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COMPACT RETRACTIONS AND SCHAUDER
DECOMPOSITIONS IN BANACH SPACES

PETR HAJEK AND RUBEN MEDINA

ABSTRACT. In our note we show the very close connection between the
existence of a Finite Dimensional Decomposition (FDD for short) for a
separable Banach space X and the existence of a Lipschitz retraction
of X onto a small (in a certain precise sense) generating convex and
compact subset K of X.

In one direction, if X admits an FDD then we construct a Lips-
chitz retraction onto a small generating convex and compact set K. On
the other hand, we prove that if X admits a small generating compact
Lipschitz retract then X has the m-property. We note that it is still
unknown if the m-property is isomorphically equivalent to the existence
of an FDD.

For dual Banach spaces this is true, so our results lead in particular
to a characterization of the FDD property for dual Banach spaces X
in terms of the existence of Lipschitz retractions onto small generating
convex and compact subsets of X.

It is conceivable that our results will find applications in the area of
Lipschitz isomorphisms of Banach spaces.

Our arguments make critical use of the Lipschitzization of coarse
Lipschitz mappings due to J. Bourgain, and of an unpublished comple-
mentability result of V. Milman.

We give an example of a small generating convex compact set which
is not a Lipschitz retract of C|0, 1], although it is contained in a small
convex Lipschitz retract and contains another one.

In the last part of our note we characterize isomorphically Hilbertian
spaces as those Banach spaces X for which every convex and compact
subset is a Lipschitz retract of X. Finally, we prove that a convex and
compact set K in any Banach space with a Uniformly Rotund in Every
Direction norm is a uniform retract, of every bounded set containing it,
via the nearest point map.

1. INTRODUCTION

The study of retractions is a large area of research in topology and non-
linear analysis with many applications. In the uniform or Lipschitz setting
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the authoritative monograph [BL0O0] contains many fundamental results and
the general point of view.

The results in our paper were originally motivated by the natural ques-
tion asked by Godefroy and Ozawa in [GO14] (and then subsequently in
[God15al, [God15b], [God20], and [GLP19]) whether every separable Banach
space admits a generating convex and compact Lipschitz retract (GCCR, for
short). By a generating set in a Banach space X we mean the set C' such
that the closed linear span of C' is the whole space X. We will say that
C is a A-GCCR if it is a GCCR and there exists a A-Lipschitz retraction
from X onto C. A positive answer to this problem would immediately im-
ply that every separable Banach space is Lipschitz approximable, solving
an important open problem of Kalton. Using a rather short, but ingenious
argument, Kalton [Kall2] showed that indeed if X has a separable dual
(or it is itself a separable dual) then X is approximable. But his compact
identity-approximating mappings are far from being retractions. In [GO14]
it is noted that the retractions can be constructed rather easily if X has
an unconditional basis, but the same approach fails even for spaces with a
Schauder basis.

Our first result (Theorem 3.3) is that a Banach space X with an FDD
admits a GCCR. Moreover, if X has a monotone FDD, then it has a (5+¢)-
GCCR, for every ¢ > 0. If X has a monotone Schauder basis, then it
has a (1 + €)-GCCR, for every ¢ > 0. Our GCCR is roughly speaking a
diamond shaped set, and the retraction mapping is somehow aligned with
the canonical projections but it is certainly not the nearest point map.

The compact sets used in our arguments are in some sense small. Later
on, for the purposes of proving results going in the opposite direction, we
proceed by formally defining the quantitative concept of a small set, which is
intuitively a generating compact subset of X that is contained in sufficiently
small neighbourhoods of its finite dimensional sections. The smallness con-
dition restricts the asymptotic behaviour of the compact set, in a certain
sense, but otherwise it leaves a complete freedom as regards its possible
shape. It is curious that our results in both directions lead to small com-
pacts of roughly the same size.

Our second, and perhaps the main result of the note (Theorem 4.7), is
that if a Banach space admits a small Lipschitz retract (in particular, a
small GCCR) then it has the m-property. Note that a Banach space with
the metric mw-property has an FDD [Joh70], see also [Cas01] Thm. 6.4, and
it is still open if the m-property implies metric m-property (and hence FDD)
under an equivalent renorming. So our previous results combined together
are possibly a characterization of the existence of an FDD property for the
Banach space X in terms of the existence of Lipschitz retractions onto small
GCCR. In the case of dual spaces the characterization holds true, thanks to
Theorem 1.3 in [JRZ71].
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The proof is based on several deep ingredients. Of course, one would like
to use the (Gateaux) differentiation theory for Lipschitz mappings in sepa-
rable Banach spaces in order to pass from the compact Lipschitz retraction
to its linearization with a small range. However, to do this directly using
the abundance of points of Gateaux differentiability does not seem possible.
Instead, our proof takes a detour, and produces the finite rank linear pro-
jections (needed for the w-property) indirectly, only proving their existence.
We first pass from the small retract K to a finite dimensional subspace FE,,,
which contains the bulk of the points of K, in a certain sense. Of course, we
do not immediately have in our hands a good Lipschitz retraction from X
onto F,, but using the ”Lipschitzization” of coarse Lipschitz mapings due
to Bourgain [Bou87] (in the formulation of Begun [Beg99]) we obtain a good
Lipschitz almost retraction to E,, from finite dimensional subspaces G of X,
of controlled dimension, which contain F,,. For the next step we use the deep
and yet unpublished result, due to Vitali Milman, communicated to us by
Bill Johnson. Namely, the projection constant A(E,, X) of a n-dimensional
subspace E,, of X is witnessed by A\(E,,G) for a certain finite dimensional
subspace G of X, of dimension roughly 3™. This unexpected fact makes
our subsequent argument quantitatively independent of the Banach space
X. At this point we may use the differentiation theory and averaging in
the finite dimensional setting, applied to the finite dimensional approximate
version of our retraction (crucially using the smallness assumption for K)
to produce a good linear projection from G to F,. But this implies that
A E,, X) cannot be too large, which eventually yields the m-property for X.

Since the m-property is equivalent to the FDD property for dual Banach
spaces [JRZT1], as a corollary to our above results we obtain a retractional
characterization of an FDD in the class of dual Banach spaces.

We remark that our techniques above are applicable to small compacts
only, and we do not know if analogous results hold for general convex com-
pact subsets of X.

Using the same approach, we also give a variant of the result of Godefroy
and Kalton in [GK03], who characterized the BAP property by means of
a sequence of finite rank Lipschitz mappings pointwise convergent to the
identity. Namely, using the finite rank Lipschitz retractions we characterize
the m-property.

We also note that if there is a Lipschitz retraction of X onto a convex
compact set K, and Y is a closed linear subspace of X spanned by K,
which is linearly complemented in its bidual Y**, then Y is a complemented
subspace of X. This means that a natural way of getting the Lipschitz
retraction from X onto K is to simply compose the linear projection from
X onto Y with a Lipschitz retraction from Y onto K.

In the next section, we give an example of a small compact convex set K in
the space C[0, 1], which is contained in a small GCCR, and contains another
small GCCR, but such that K is not a GCCR for the space C[0,1]. This
example underlines the subtleness of the existence of Lipschitz retractions.
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In our final section we first give a new characterization of isomorphically
Hilbertian spaces as those Banach spaces for which every convex and com-
pact subset is a Lipschitz retract.

Then we proceed to the problem of uniformly continuous retractions onto
convex compact sets. Our main result is that if a Banach space is equipped
with a URED norm, then every convex and compact subset is a uniformly
continuous retract, from any bounded superset, with respect to the nearest
point map. We recall that every separable Banach space admits an equiva-
lent URED renorming. This result implies, in particular, that every convex
and compact set is an absolute uniform retract, a fact recently established
in [CCW21]. The case of a general (nonseparable) space X is also treated.

2. PRELIMINARIES

Our notation and terminology is standard. We work in the setting of real
Banach spaces throughout this note. For the general concepts and results of
Banach space theory we refer to [Fab+11]. The background on the various
forms of the approximation property can be found in [Cas01]. For the theory
of Lipschitz and uniform retracts we refer to the first two chapters in the
monograph [BLO0O].

Let us now pass to some definitions and results which are used heavily in
our note. We start with the formulation of several classical concepts related
to the approximation property, in the growing generality.

A Schauder basis for a real Banach space X is a sequence (z,) C X with
the property that for every z € X, there exists a unique sequence («,) C R

such that
n
xr — Z ;5
i=1

In this case we say that X has a Schauder basis and we call the projections

n— 00
— 0.

n
P,(x) = ) a;x; the natural projections of the Schauder basis. If (z,) is a
i=1
Schauder basis in a Banach space X, then we denote by () the coordinate
functionals, which form a basic sequence in the dual space X*.

Definition 2.1. A sequence (E),) of finite dimensional subspaces of a Ba-
nach space X is called the finite dimensional decomposition (FDD for short)
if for every z € X there is a unique sequence x, € E, so that

n

LE—E ZT;

i=1

n—oo

— 0.

In this case we say that X has an FDD and we call the projections P, (z) =
n
>~ x; the natural projections of the FDD.

=1

If X is a Banach space with a Schauder basis (resp. FDD) then the natural
projections of the basis (resp. FDD) are uniformly bounded. Moreover, X
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can be equivalently renormed so that this uniform bound is 1. In this case
we say that the Schauder basis (resp. FDD) is monotone.

Definition 2.2. A Banach space X is said to have the m-property if there
is a uniformly bounded net of finite rank projections (S,) on X converging
strongly to the identity on X. If this uniform bound is A > 1 then we say
that X has the my-property. In the case when A\ = 1 we say that X has the
metric m-property.

Proposition 2.3 ([Cas01]). For a separable Banach space X and A > 1,
the following are equivalent:

e X has the wy-property
e There is a sequence of \-bounded finite rank projections (Sp) on X
pointwise converging to the identity such that

SmSn =S, VYm>n.

As we mentioned above, it seems to be an open problem whether the
m-property is equivalent to the existence of an FDD for a separable Banach
space.

Definition 2.4. Let X be a Banach space. If there is a uniformly bounded
net of finite rank operators (T},) on X tending strongly to the identity on
X, then we say that X has the bounded approximation property (BAP for
short). If A > 1 is a uniform bound for the net then we say that X has
the A-bounded approximation property (A-BAP for short). We refer to the
1-BAP as the metric approximation property (MAP for short).

Definition 2.5. Let X be a Banach space. If there is a net of finite rank
operators (T, ) on X converging to the identity on X uniformly on compacta,
then we say that X has the approximation property (AP for short).

Definition 2.6. A Banach space X is said to have the compact approxi-
mation property if for every € > 0 and every compact set K in X there is a
compact operator T € L(X) so that ||[Tz — z|| < e for all z € K.

For an arbitrary Banach space X, the previously defined concepts are
ordered from the strongest to the weakest, that is,

Schauder basis = FDD = m-property = BAP = AP = CAP.

With the possible exception of FDD = m-property , none of the above
implications can be reversed ([Sza87],[Rea], [FJ73] and [Wil92]).
Let us pass to the non-linear approximation properties.

Definition 2.7. A map T from a metric space M into another metric space
N is said to be Lipschitz if there exists some A > 0 such that

d(T(z), T(y)) < Md(z,y) Vx,ye€ M.
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We say that ) is the Lipschitz constant for 1" and we call the infimum of all
Lipschitz constants for T the Lipschitz norm of T, that is,

d(T(z), T
||T||Lip = inf {X > 0, Lipschitz constant for T} =  sup M
z,yeM,x#y d(‘ra y)

If A > 0 is a Lipschitz constant for T then we say that T' is A-Lipschitz.

Definition 2.8. Let X be a Banach space. If there is a net of finite rank
Lipschitz maps (T,) on X, whose Lipschitz norms are uniformly bounded,
converging uniformly on compacta to the identity on X, then we say that X
has the Lipschitz bounded approximation property. If this net is bounded
by A > 1 then we say that X has the A-Lipschitz bounded approximation
property.

Theorem 2.9 ([GKO03] Theorem 5.3). Let X be an arbitrary Banach space.
Then the following conditions are equivalent:

e X has the \-BAP.
e The Lipschitz free space F(X) has the \-BAP.
e X has the \-Lipschitz bounded approximation property.

Definition 2.10. We say that a complete metric space M is approximable
whenever there is a subadditive map w : [0,00) — [0, 00) with %E)I(l) w(t) =0
so that for every finite set £ C M and every € > 0 we can find a uniformly
continuous map ¢ : M — M such that d(z,¥(z)) < ¢ for every z € E,
(M) is relatively compact and the modulus of continuity of ¢ is bounded
by w.

If w(t) = Lt for some L > 0 then we say that M is Lipschitz approximable.

If M is separable then it is easy to see that M is approximable (resp.
Lipschitz approximable) if and only if there is an equi-uniformly continu-
ous (resp. equi-Lipschitz) sequence of maps ¢, : M — M with relatively
compact range such that nh_)n(f)lo d(x, 1 (z)) =0 for every x € X.

These concepts were introduced and studied in several papers, [Kal04],
[Kall2] and [GLZ14].

Kalton proved in [Kall2] that every Banach space with a separable dual
(or a separable dual space itself) is approximable. It is still an open prob-
lem if every separable Banach space is approximable. Godefroy, on the
other hand, observed in [God20] that the compact approximation property
implies that the space is Lipschitz approximable, showing that the Lipschitz
approximability is a strictly weaker property than the AP.

In the next sections, we are going to make a repeated use of the following
concepts.

Definition 2.11. Let M be a metric space and N C M. A retraction from
M onto N is a map R : M — N such that R‘N = Idy. In this case we say
that N is a retract of X. If R is Lipschitz (resp. uniformly continuous) then
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we say that R is a Lipschitz (resp. uniformly continuous) retraction onto N
and N is a Lipschitz (resp. uniformly continuous) retract of M.

If N is a Lipschitz (resp. uniformly continuous) retract of M for every
metric space M containing it, we say that N is an absolute Lipschitz (resp.
uniformly continuous) retract.

We will say that a subset K of a Banach space X generates X whenever
the closed linear span of K is equal to X. A Lipschitz retract K of a Banach
space X that is convex, compact, and generates X is going to be called a
generating convex compact retract (GCCR for short) of X.

Note that the existence of a GCCR implies that the space X is Lipschitz
approximable.

Definition 2.12. Let M be a metric space, N C M. We say that R : M —
N is a proximity map (or a nearest point map) onto N if

d(R(x),x) = ylgjf;[ d(y,z) Vre M.

A proximity map may not exist in some situations and if it exists it may
not be unique. If M is a uniformly convex Banach space then this map
is known to be unique and uniformly continuous whenever N is a closed
convex subset [Bjo79].

Definition 2.13. A normed space X is said to be uniformly rotund in the
direction z € X if whenever (z,) and (y,) are two sequences in X such that

(1) [|zn]| = [|lyn]| = 1 for every n € N,

(2) Jim [[fge]] =1,
n—oo
(3) There is a sequence of real numbers (r,) such that x,, —y, = ryz for
every n € N|
then nh_)rrolo l|zn, — ynl| = 0.

If X is uniformly rotund in the direction z for every z € Sx then we say
that X is uniformly rotund in every direction (URED for short).

3. COMPACT LIPSCHITZ RETRACTS

The problem whether every separable Banach space has a GCCR was
posed in [GO14]. In fact, having a GCCR for a Banach space X gives a lot
of information. For instance, it implies that X is Lipschitz approximable
and that X has the BAP if and only if F(K) has the BAP by Theorem
2.9. Our goal in this section is a construction of a certain diamond shaped
convex and compact set K, which generates the Banach space X, together
with a Lipschitz retraction from X onto K. Our construction is performed
under the assumption that X has a FDD so in particular it gives a positive
answer to the question asked in [GLP19], whether Pelczynski’s space has a
GCCR. In order to make the construction work, we are forced to make K
in some sense small. The method breaks down if we try to replace the FDD
by a weaker concept, e.g. a Markushevich basis or so. As we will find out in
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the subsequent parts of our note, there is a good reason for that. Namely,
the kind of retractions we are using here imply that X has the m-property
(which is possibly equivalent to having an FDD).

Our approach is to define some Lipschitz retractions onto increasing finite-
dimensional sections of K, so that then we proceed by taking a limit of these
mappings to define the final retraction onto K. All these initial retractions
will be defined as compositions of little perturbations of the natural pro-
jections of the FDD. To this end, we first prove some Lemmas stating the
Lipschitz behaviour of the perturbed projections.

Let us proceed with the construction. Let (X, || -||) be a Banach space
with a monotone FDD (X,,),en whose natural projections are (P,)nen. For
every € X and i € N we are going to denote z; = (P; — P,_1)(x) where
Py = 0. Let (rp)nen be an arbitrary decreasing sequence of positive real
numbers. For every m € N we define the function f,, : X — R, by setting
f1: X — {r1} the constant function, and

> , m > 2.

m—1
fm(z) =1m (1 — Z
i=1

We will define for n € N the following subsets of X

n
KZ@(U rkBXk> R Kn:@<U rkBXk>-

keN k=1

Finally, given n,m € N such that m < n we consider E,, ,, = Py, (X) U K,
and F), », : By — Ep -1 given by

|||
T4

m
z, if > il <
i=1 "
o S )
Fm(@) = { Pna(2) | it Y 2L
1=
m o T2 ) 2l
Pr@) + qeig fm(z) s 3 30 58 <1< 3 5
1= 1=
00 jaall
where, if m =1, we consider Y " = 0.
i=1 "

One may see every F,,, as a perturbation of P, _; restricted to K, ,,.
The next Lemma 3.1 states that it is possible to approximate the Lipschitz
behaviour of F, ., by Fj—1m-

Lemma 3.1. There exists a sequence (Ap)men C RY such that

P Ap_
fm s mimll—Lipschitz VYm > 1,
m—

and if m,n € N such that m < n — 1 then,

rnAn
HFn,m(x)_me(y)H <

T'n—1

‘"T—yH"H’Fn—l,mopn—l(x)_Fn—l,moPn—l(y)"7

for every x,y € Eyp .
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Proof. Just consider A,, = 2m. Then,
1P (@) [ey (i3 ,) < Aml[P(2)]| - V2 € X,

-1
mz: ||1L"z'|| - ||yi||
i—1 T

r m—1
<l — il
T'm—1 1
rmA

-1 TmAm—1
< ———||Pn-1(z -yl < wux —yll.
T

T'm— m—1

so we have that

|fm($) - fm(y)| = |Tm

Now, to prove the second part of the lemma, let us define Gy,—1 1 @ Epm —
En—l,m—l by

Grno1m(t) = Fuoim(Pao1(x) Vo € By
Taking into account the previous definitions, it is immediate that
Grn1m(x) = Fym(Po-1(z)) Vo€ Eyp.
Hence, it holds that g, := Fj, ,n — Gp—1,m = P — Pr—1.

m m
Now, if x # y € E,, ,, are such that 2:1 ‘T—Z <
1= =1
HFH,M(CU) - Fn,m(y)H -1
||z — yl|

If that is not the case, then we may assume that z Hyl” > 1,80 ||yn]| =0
and Fy, m(y) = Fom(Pa—1(y)) = Gn—1,m(y). It turns out that

[Enm(2) = Eam @) _ [lgn @] + [[Gr-1,m(2) = Gn1m()ll
CEr =
n
It is enough to prove that |‘|‘g;(y)‘\‘ < Z’;‘i‘? If 5 ‘fj” > 1 then ||z,]| =0

=1

and it is obviously true. Otherwise,

Z [l = will

Tn—1

]| IIszI Iwzll IIwz yzll
< <
Z " Z Z

=1 =1
So it is true that

T'n—
12 =yl xapy) 2 llzall =

Finally,
llgn(@)]| _ ||zn]|An - ||| A <7‘nAn

"'m—1 —

lz =yl = llz = ylloqxagp,y ~ leall=r = o
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Proposition 3.2. For every j € N and x,y € P;(X) the following implica-
tions hold true:
(3.1)

j—1
T Yi A
#23”' S <12 @ - Bl < (54 22 e -l

7j—1

7j—1
. i riAi_
62 i X s 1o 5@ - il < (14225 -l

i=1 ! j—1

Proof First we prove (3 1) case by case:

If Z Hle > 1 and Z IIy@II > 1, then from the definition of f; we know

that f]( ) <[yj| so

iyl £5 () = yjllas]1 £50)]|

;1T |
_ Nl o) = syl L 11+ s fs@lsl] - wallal )
< Te; T
_ 1E@lll = 5@l ey~ yl5)
o1 o]
uy|mn—ﬁ<nmm;y]|mn Wil o
=m@wﬁmm+ﬁﬂ%%ﬁ@Lw@—wn
g”%*m—w+mm—wns@+”%*>m—ML
j—1 Tj—1
Hence, we have that
1Fy5(@) - Fiyw)l
< NPrs( =] + (Fyy — Prs)(@) — (Fy — Pr) )]
= || P; J
= - H+WIME \wmb(ﬂ
H%M@H

A
G+—Jﬂj>nx—ML
Ty
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3 < ” > 1, then from the definition of f; it follows
thatHfC;H fila )andHy]H fi(y) > 0so
[z llysll = v Fi ] Hsllysll = willws ] + [y llwsll = 9]

[ly;] - [y
= [l = y;ll + (llysll = f;(v))
= [lzj =yl + (sl = ll=511) + (51| = £3(»)
< 2z — yill + (f5(2) — fi())

riA;_
<4+ >|I:c—y||
7‘]_1

Hence, we deduce that

1F;5(@) — Bys)l
< NP1 — | + I(Fyy — Pro)(@) — (Fyy — P @)l
7= T H

sllysll = vifi ()]
7

= [[Pj1(z =)l + ||

1Py — )|+
A

<5+” - 1)!\x—yH-
] 1

The case when E H“H <1 and Z [l H < 1 is trivially true because Fj ;
i=1 i=1
acts as the identity, so we have proven (3.1).

Finally, we prove (3.2) distinguishing between 3 different cases:

j—1
If 2ill > 1 then F; j(x)—Fj;(y) = Pj—1(x—y) so it is straightforward.
i=1
= = / Iz T il
If Z L then, as 1 < > ff , it holds that
i=1 i=1 i=1

22 |
fi(@) = r; (1— > . )

j—1
; i A
( o fi ”) = 1f5@) - )] < FE e -y,

=1 J
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Hence,
X
13560 = Fyso)l = |[Prosto =) + 241
J
A
< (1+ —1) e — gl
7’]'_1
J
Finally, if <
S ) sl = ]
|l < 7 (1_ - ) <Z Z : ) = |fj(x) = ;)]
i=1 ¢
riAi_q
< 5 1p ),
7‘]_1
and so,

[|1Fj5(x) = Fj i)l = [|Pj—1(x — y) + 24|
r: A
<1+ i4i- 1)||w—y||.
7‘]_1

Theorem 3.3. There is a sequence (qn)nen C RT such that for every Ba-
nach space X with a monotone FDD (X,,), and every decreasing sequence
(rn) the set

<om(Yre)

18 a compact Lipschitz retract of X.

Proof. Consider some § > 0 and (d,,)neny C RT such that
[[a+6) <1454

neN

and consider a sequence (a,)neny C RT such that the sequence given by

(an)nen = ( > akAk>
neN

k=n+1

verifies that

Now we set

= min< a On
Qn - s 2An_1 .

Suppose that (r,,) is a sequence as in the statement of the Theorem. Given
any n € N we define the following retraction

F, = n,1 OO0 n,noPn:X%Kn-
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For a given z € X and n € N we set m = max{kz e {l,....,n+ 1}

< 1} so that it is possible to compute F,,(z) as

Fo(z) = Pr1(z) + Hiﬁ“fﬁ(az), if m <n,
n Pn(l‘) fm=n+1.

Now, if z,y € P,(X), we claim that ||F,(x) — F,(y)|| < 5(1 4+ 9). Indeed,
let us consider

k—
m:max{k‘e{l, ,n+1}: ZH?H Z

=1 i=1

| /\
H,_/

If m =n+1 then F,(x) — F,(y) =z — v.

If m = n then F,(z) = F,, »(z) and F,(y) = Fy, »(y) and we use Proposi-
tion 3.2 to finish this case.

If m =n—1then F,(z) = Fyn—1(Fun(x)) and F,(y) = Fppn-1(Fnn(y)),
and we know from the definition of m that x or y verifies (3.2) of Proposition
3.2 for j = n. Hence, using Lemma 3.1 together with Proposition 3.2 we get
that

[Fn(2) — Fu(y)|| = Han 1(Fnn (@) = Fan—1(Fnn(y))l]
Fnq n—10 P, 1)(Fn n($)) - (Fn—l,n—l o Pn—l)(Fn,n(y))H

rn An A,
1An2 | 7 ) 1 Fon(@) = Fun(y)]

Tn—1

( rnotdn-g | 7o )(1#" l)ux—yu
T'n—2 Tn—1 Tn—1

>(1+5 )Hx—yu<5<1+6>ux—yu

| A

Otherwise, if m < n — 2 then
Fo(z) = Fymo- o Fyp(x) and Fy(y) = Fom o0 Fyn(y).

Also, from the definition of m we get that, if n > p > m + 2, then the point
Fppo---oF, »(x) or the point F}, ,0---0F, ,(y) satisfies (3.2) of Proposition
3.2 for j = p— 1. Also the point x or the point y satisfies (3.2) for j = n.
Having this in mind and using the same argument as in the previous step,
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we check that
[[F(@) = Fn(W)|| = [|[Fhm o0 Fun(®) = Fam o -+ 0 Fyp(y)]|

T Am— oA
< <5+m—"“+ > o k)an,mHo-.-an,n<x>—Fn,mﬂo---anmww

fm—t S TRl
T Am— " oA r A "o A
S 5+ mim—1 + Z kAL 1+ m—+1 m+ Z kAL
Tm—1 Tk—1 r Tk—1
m k=m+1 "~ m k=m+2 T

N EFnmt2 00 Fon(®) = Famiz 00 Fup(y)|l < -+

TmAm-1 ~ rpdg = rjAj1 ~ rrAg
---§<5+7+ > ) IT (1+=27—+ >

Tm— Te— — Tk—
mel g L\ j=m T g TR

N () = Fon ()l

n

A A A, _
<5 1_|_T]7]1_|_ § Tk ik <1+M>||$_y||
; [y Tk—1 Tn—1
—i+1

n—1 n
d; on
<s (T (1+%+a) | (145 ) e - sl <s TLa+5)lle—l
j=m

j=m
< 5(1+ )|z —yll-

It is easy to see that Vo € P,(X), if k > n then Fj(z) = F,(z) so we may
define the following map

F: U P,(X) — co <U Tann> )

neN neN
F(z) = lim F,(z),

which is a 5(1 + ¢)-Lipschitz retraction. Considering now R : X — K as the
extension of F' to the whole X, we are done. =

Remark 3.4. We may actually choose ¢, = 712—}1“ This arises from choosing
8, = 27" and a; = ﬁ, so that a,, = 27".

Notice that the restriction of the previous retraction R to one of the blocks
of the FDD is the radial projection. Hence, it is not possible to obtain an
estimate for the Lipschitz norm of R better than 2 for general FDD spaces.
Next, we are going to treat the special case when the blocks of the FDD are
of dimension 1, that is when X has a Schauder basis, which leads to a much
better estimate on the Lipschitz norm of the retraction.

From now on, dimX,, =1 for every n € N and (e, €}, )nen is a monotone
Schauder basis in X such that |le,|| = 1 and (e,) = X,,. From now on
rn, € RT is a decreasing sequence, (P,) is the sequence of projections of
the basis and we keep denoting z; = (P; — P,_1)(z) for every z € X. We
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are going to keep the previous definition for F, ,, and f,,, as well as for
E, . The main difference between this case and the general one is stated
in Proposition 3.5.

Proposition 3.5.

A
Frm is <1+L m—1

T'm—1

> -Lipschitz  VYm € N.
Proof. We are going to prove it case by case. We have already proved
in Proposition 3.2 the case when z,y € Ep ., = Py(X) are such that

m—1 m—1
Z M >1lor Y, @ > 1, so let us assume throughout all the proof

. 1
1= =1

Iz S il
that z d<land ) fz <1
; o
Z = L <1 and > H‘;’H 1 then Fy, p(x) — Frym(y) = x —y so it is

i=1

stralg forward that ||Fmm(2) — Frm (@) = ||z — |-

3

If > ”TfH 1 and Z HyZH > 1, then we split this case into 2 different
_1 g

Subcages For these Subcases we are going to set
ep(a) — O fuy)
() — €5, (y)

whenever e (z) # e’ (y) and ¢ = oo otherwise.

Subcase t ¢ [0,1].
In this subcase |ef,(y)] = |lym|| > fm(y) > 0 so then e, (x) # 0 because
em(®) _ em(v)

otherwise t = |£ E g| [0,1]. We claim that in this subcase |

e (@) T len @I
Indeed, if not, multiplying and dividing ¢ by é;”éig‘ = ‘zmgzg = — ‘z;}gzg‘, it
is easy to see that
ey ()] + lex, (y)]
which is not possible. This means that ‘z’”gg' = é’fgz;' so now it can be

easily seen that
 Jet(@)] = fuly)
les (@) — les ()]

As e (2)] — fm(y) = lef,(x)] — e, (y)| we claim that [e7, (z)] — fm(y) = 0
In fact, we check case by case and obtain the following scheme

if t=o00 = |ep ()] —le, (W) =0 = |ef,(x)| = fm(y) 20,

if t<0 = |ep (o) —len, ()] <0 = |ep (@) — fm(y) >0,

if t>1 = |ep (o) — e, ()] >0 = |eg(x)] — fm(y) > 0.
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Then,
en(x) — W g 0 >‘ e (@) () < (@) )] < AL oy
e )] —
and we have
1o (@) = Fmm W)} = HP”“I“” —u (m Tyl >H
< llo ol + fenta) = 20010
<l —yll + T Aty

m—1
The subcase t € [0, 1] is simpler. Due to the convexity of the norm and
the fact that ||Py,—1|| = 1 we have

1 Fmm(2) = Fnm (@I = [[Pm—1(z = ) + t(@m — ym)[| < [lz = yl],

so we are finally done with both subcases. Now, if Z HZZH > 1and z loill
1=1 i=1 "
1 then ||x,,|| > 0 and ||ym|| > 0 and we are also sphtlng this case into 2

subcases for technical reasons:

Subcase Zm. = ¥m_ Here,
[|2m]] [[yml|
1—”” Ful) — <>H @) = Funl)] < ARy
Tewll ™ @ = Ty m(@) = fmW) = =0 ’
so then

Fnin() = Fonn)ll = || Pcato =)+ (22

|||

< <1+ M) |z — yl].
Tm—1

ko) = 20|

[y

Finally, for the subcase when T mH HZ—:H we consider
|I$m|| + IIymII

and again by convexity,
Fmm (@) = Enan (W) = [[Pr-1(z — ) + t(zm — ym)l| < [lz —yll.

Theorem 3.6. For every § > 0 there exists a sequence (g,) C R such that
for every Banach space X with a monotone Schauder basis (ey,) and every
decreasing sequence (1) the set

K =¢co <U TkB<ek))

keN
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is a (1 + 0)-Lipschitz retract of X.
Proof. Consider (8, )nen C RT such that

[[a+6) <1+

neN
and consider a sequence (a,)neny C RT such that the sequence given by
o
(atn)nen = ( > akAk)
k=n+1 neN

verifies that

Now we set

= min< a 5—"
Qn - >y 2An_1 .

Suppose that (1) is as in the statement of the Theorem. We fix n > 1, so
that making use of Lemma 3.1 and Proposition 3.5, the following holds

TkAk
If m=1 :>||Fn1||sz§1+Z
P Tk—l
TmA rA
If me{2,....,n—1} :>HanHLZP<1+n;7M+ Z —.
m—1 Jo— Tk—1
A, _
If m=n = || Fonllpip < 1+ 22n=t,
n—1

Let us consider now the composed retraction
F,=F,10--0F,,0P,: X = K,.
As in Theorem 3.3 it is enough to show that ||F},||r:p < 1+ 6:

n
1Fallip < TT 11Fml 2

m=1

L) 2 22

T
k-1 m=2 k=m+1

) <1 + rnAn—1>
Tn—1

<(1+a) <ﬁ <1+7m+ >> <1+%”>§ ﬁ(1+5m)§1+5.

m=2
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4. m-PROPERTY AND COMPACT LIPSCHITZ RETRACTIONS

We pass to the results concerning the necessary conditions on the Ba-
nach space X so that X admits a GCCR K C X. Our methods require
a certain quantitative ”smallness” condition to be satisfied for K. Under
such assumption we show that X must have the m-property. In fact, our
argument makes no use of the convexity of K. The crucial condition is
smallness. Our proof uses three main ingredients. The unpublished Milman
lemma (communicated to us, with proof, by Bill Johnson) concerning the
projection constant of a finite dimensional subspace of a Banach space, the
finite dimensional ” Lipschitzization” of coarse Lipschitz maps due to Bour-
gain (and streamlined by Begun), and the averaging of derivatives for finite
dimensional Lipschitz maps. We start with a well-known fact.

Given r € R*, we are going to denote [r] = max{n e NU{0} : n <r}.

Lemma 4.1. For everyn € N and € € (0,1), if (E,||-||) is a Banach space
of dimension n, then there exists a renorming |- | of E such that (E,| - )
embeds isometrically in (5, where N = [(1+2/¢)"] and

2] < Jjal| < 2L
1—¢

Proof. By Lemma 2.6 of [MS86], we know that there exists an e-net in

Sx+ consisting of N points, namely {z7,...,2}}. Just consider the norm
|z = max xf(z). =
ie{1,..,N}

If X is a Banach space and £ C X is a subspace, then the projection
constant of E in X is defined as

ME,X)=if{[|P|| : P: X - E, P|,=Idp}.

Lemma 4.2 (Vitali Milman-unpublished). Let X be a Banach space. For
every € € (0,1) and a subspace E C X of dimension dim(E) = n, there is
another subspace Gg C X containing E such that dim(Gg) < (1 + %)" and

AB.X) < (B, Gp)

Proof. (communicated to us by Bill Johnson) We follow the trace duality
arguments set up in [Joh+79]. Pick € € (0,1). For a given Banach space Y
with a finite dimensional subspace ¥ C Y we define a pair of norms on the
space of all linear operators L(E)

IT|ly = inf {||T|| : T € L(Y,E), T‘E:T}’

I Tllay = [lieT ||,
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where ig : E — Y is the inclusion map and ||-||a refers to the nuclear norm
in L(E,Y), that is,

n n
1T Ay = inf{z il lyill : n €N, T = af @y;,a} € B,y € Y}.
i=1 =1

We know from [Joh+79] pg. 377 that both norms are in trace duality. More
precisely, we have a dual pairing (L(E), L(E)) given by (T, S) = tr(ST) for
every T, S € L(FE), such that

(LE) - [Iv)" = (L(E), [ - [|ay)-

Thanks to this interpretation, we can compute

T
ME)Y) =||Idg|ly = sup tr(TIdg)= sup tr<7>
I T|ay

Ty =1 TeL(p)
1 1 1
= sup ——— = sup = — .
_1 ||T f ||T
TeL(E) %‘ r(1)=1 [|Tl|ay tr(l;l)le Ay

Returning to the situation of our theorem, E is now a subspace of X. Let
us first take u € (0,1/2). Now we take, for § = (1_6)(1;(’27_)(()1_6)1/2 >0, a
trace one operator S € L(FE) such that

inf ||T[|xx = [[S]|ax — 0.
tr(T)=1

We also take the norm |-| given by Lemma 4.1 so that (E, |-|) is isometrically
n

a subspace of 2" where o(n) = {(1 + %) }

norm taking (E, | -|) as the domain of the operators instead of (E, || ||), we
have for every superspace Y D FE that

and, denoting |-|oy the nuclear

S
Illay < Islyy < 12y

It is well-known (Proposition 47.6 in [Tre06]) that igS admits an exten-
sion § : ¢2™ 5 X almost preserving the nuclear norm, that is |S|ax >

(1 — 1)||S|la. By Proposition 8.7 from [TJ89] we know that there exist
~ #0)
T1,...,Tymn) € X such that S = ) ef ® x; and

=1

w(n)

15]1a =) llill,
i=1

where e € (Efé"))* are the coordinate functionals. Just considering Gg =

[mi]fz(rf), we can see that
1S][ax > (1= &)[S|ax > (1 —&)(1 — p)]|S]|a

> (1 —e)(1 = p)|Slace = [IS]lace (1 =) (1 = p).
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Finally, taking into acount that \(E,Gg) < A(F, X), we finish the proof
because

1
ME,X) < <
B X) < 8Tax =3 = T=50@ = 10)1STac, =3
= 1 1 '1f T 1)
(1=e)A—p) inf ITlacs -
1 2
= \E,GE) AME,GE).

90— ) —oNE.Gr) = 1-¢

Definition 4.3. Given a separable Banach space X, we will say that g8 =
(en) C X is a fundamental sequence if [e,] = X and we will denote Ef =

leilizy -

Definition 4.4. Let X be a separable Banach space, § = (e,) a fundamen-
tal sequence and K C X a bounded subset. We will define the following
concepts:

e The sequence of inner radii (7‘5 ) given by

ngsup{rzo : BEg(a:,r)CKﬂEg,ajeX} Vn € N.

e The sequence of heights (hg) given by
hp = sup{d(m,Eﬁ) cxeK} VneN.

Definition 4.5. We say that a bounded subset K of a separable Banach
space X is small if there exist an ¢ € (0, 1), a fundamental sequence 5 = (e,)
in X and a strictly increasing ¢ : N — N such that

B
ho(n) 1

< Vn € N.
rg(n) 20(n)? ((1 + %)U(n) + 2)

0<

Note that such sets are necessarily compact and generate X.

If 5 = (e,) is a monotone Schauder basis and X; = (e;), then we know
from Theorem 3.3 and Remark 3.4 that for every sequence (r,) C Rt such
that

rn< 1

>Aqn = (77
Tr—1 " pontl?

the compact K = co < U TkBXk> is a GCCR. In this case it is easily seen
keN
that there is a C > 0 independent of n € N and X with
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where the right hand side of the inequality is a very similar sequence to the
one given in the definition of smallness.

More generally, it is easy to check using Remark 3.4 that the following
result holds.

Proposition 4.6. If a separable Banach space X has an FDD then X ad-
mits a small GCCR.

We now pass to the promised opposite implication. Note that the con-
vexity assumption on the generating compact K is not needed.

Theorem 4.7. Let X be a separable Banach space. If there exists a Lipschitz
retraction from X onto a small compact subset, then X has the m-property.

Proof. Assume that there is a Lipschitz retraction from X onto a small
compact K. Take ¢ € (0,1), 8 = (e,) a fundamental sequence of X and
o : N — N strictly increasing for which the inequality of Definition 4.5

holds true, and let ¢(n) = [(1 + %)J(n)}, E, = Ef(n), h, = hg(n) and

T =T Lemma 4.2 guarantees that for every n € N there is a finite

o(n)’
dimensién)al subspace G, C X of dimension dim(G,) = ¢(n) such that
for every projection P : G,, — E,, the inequality ||P|| > (1 — 5)%
holds. Assume that R : X — K is the Lipschitz retraction, then taking
Cn : K — E, a nearest point map (it may not be unique), we define
En = (Cpo R)‘Gn : G, = E, for every n € N. Now,

- - %y,
I12u(o) = Falll < 1R (lle =yl + T2 ) Vo € G

so by the Proposition of [Beg99], for every 7 > 0, there is a Lipschitz map-
ping

Rn,ﬂ- :Gp — By
such that ( )h
@e\n)nin
1Rl §||R||<1+ )
v IR|[x
~ 2h,,
1R r(2) — Bn(w)]] < ”R”<T+||R||> o

For the rest of the argument we fix z, € K, := K N E, such that
Bg, (xn,m) C K, (it exists by the definition of the inner radius and the

compactness). Now we choose 7, = ¢\(\72||n’ and define R, : G,, — E, by

R,(x) = Ry, (z + xp) — 2. If 24 2, € K, then R, (x4 x,) = x + x, acts
as an identity. Hence we have that for every z € K, + {—z,}

|Rn(2) = || = || Rnro (2 + 20) = Bu(@ + 20)|| < ha(i2(n) +2) =: pu.

Now, let (a;, Z)f(l) be a normalized linear basis for G,, with projections
(Si)f:(? such that (a;, a’-k)?z("l) is an Auerbach basis for E,,. Then,

1

By =rpco({xa;, i=1,...,0(n)}) C Ky + {—z,}.
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Fix a sequence (dy) of positive numbers converging to zero. Now we define
for every k € N the compact
o(n)
Bn,k =B, + 5k Z [_aia ai] C Gn
=o(n)+1

The geometrical shape of this set can be described as a r,-multiple of the
unit ball of E‘f(n), a sort of a base of a hypercylinder, located in F,, times
a hypercube of side length 20 sticking into the remaining dimensions of
G,. Letting é; go to zero of course means that this set gets squashed
down to its base in E,. For any i € {1,...,0(n)} we denote (B, )i =
(Id — af ® a;)(Byp ). This set is just a one-codimensional section (or a
projection of rank ¢(n)—1) of B,, ; which reduces the base by one coordinate.

In order to recover the shape B, from its section (B, ); we pass from
any point z* € (Bn,k)i to boundary point of B, ; which got projected onto
it. The newly acquired coordinate vector will then be denoted by z;(z?) and
given by the formula

a(n)
xi(z') = (rn - Z aj(:n’))ai, x' € (Bp k)i
j=1
J#i
For convenience in our computations, we also introduce the quantity
2i(2%) = Ry (2" + x4(2")) — Ry(a® — zi(2%)) — 22 (2").
As S,(n) is a linear projection, we know that —Sg() (2" + x(2%)) +
So(n) (2" — zi(2")) = —2x;(z"). Using this and a triangle inequality with
four terms we have that

[l2i(@)]] <||Ra (2 + 2i(2)) = Ru(So(m) (2" + zi(2")))]]
IS +2) - S ¢ w )|
IR o =) — R ) |
+{1Som) (9«’ = 2i(@")) = Bn(Som) (¢ —@i(2")))|
<2|[Rnl(n)dr. + 2pn.-
For a set J C {1,...,¢(n)} with #J = m > 1, we define the measure in
ailics as
AT(A):Am<H(a;(A)>> YA € M7,
ieJ

where )\, is the Lebesgue measure in R™ and M} = {A C laglies

H] (a;k (A)> is Lebesgue measurable subset of ]Rm}. If J={1,...,¢(n)}
1€
we denote A\?(") = /\f(n) and forevery i € {1,...,0(n)},if J ={1,...,p(n)}\
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{i}, we denote )\f(n)_l = )\ﬁ(n)_l. Then, we are ready to define the linear
operators P, j, : G, — E,, for every k € N, as

! z)[v () (4
/;mkdfax A ().

Fl) = 5B

In [Bra+14] pg. 47 the volumes of £} balls B} have been computed as

n 27L1"(l+1)7l . .
|By| = P Using this result for p = 1 (for the base part of our

TG+
set By ) and the standard properties of Lebesgue measure we obtain the
following values for our sets for arbitrary i € {1,...,0(n)}

n)—1_.0(n)—1 n)—o(n

()1, ()1 geln) o)
(o(n) —1)! ’

()50 yp(m)=o ()

a(n)! ’

N (Buih) =

Ae(n) (Bnk) —

so the quotient is
MO (Bor)) _ o)

X)) (B, k) 2r,

Note that the expression

Ru(z' + zi(2")) — Ru(a' — x4(z")) = z(2") + 2z4(2Y)
represents the difference of the values of the operator R, between the end-
points of a segment cutting through B, j, which passes through the point
x' with direction a;. As By = {u+w € G, : u € (Bpyg)i , w €

[—xi(2%), 2;(2")]}, thanks to Fubini’s Theorem and the Fundamental The-
orem of Calculus applied to the i-th coordinate, we can compute for each

iefl,...,on)}
|

/ zi(z") 4 22, (a:i)d)\f(")_l (z)
(Bn,k)i

1
~ X¢()(B, )
1
~ X¢()(B)
)t / zi(xi)d)\f(n)_l(:ni)
(Bn,k)i

llai — Puslai)|| = ||as L AR (2)[0]dA?") (z)

= ai

)\SO(”) (Bn,k)

AN (Ba)i)
< 2 20 (21| Ry, Sk + 2pn
< Aw(n)(Bn’k)(n||so<n>k+p)

_ 9| Bu[lo(n)ok + o (n)pn

We may assume that P, ) pointwise converge in k and define P,(z) =
klim P, ;(x) for every x € G, which is a linear operator from G, to E,
—00
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satisfying that
(n)hn(p(n) +2)

Tn

1P (ai) — as]] < 2 Vie{l,...,0(n)).

Using the fact that K is small and ||a}|| = 1, 7 € {1,...,0(n)}, we obtain
that for every x € F,

o(n) 2
1Pa(a) —all = || 3 ai @) (Pafan) —a|| < 22Dy Ly
i=1 "

- -1
Finally, we construct the projection P, = (Pn‘ 5 > oP, : Gy, — E, of
norm

~ -1
1Zall < ||(Pal,) || 11Pall < 2- 20 RI = 4llRY - ¥ne W,

This implies that X has the m-property since
8[| ||

- N.
1 Vn €

2 2 =
(B X) < =2 M(En, Go) < ——||Bu

Recall that thanks to Theorem 1.3 in [JRZ71], dual Banach spaces have
an FDD if and only if they enjoy the m-property. Hence we have the next
characterization.

Corollary 4.8. Let X be a separable dual Banach space. Then X has an
FDD if and only if X admits a small GCCR, if and only if X admits a small
subset which is a Lipschitz retract of X.

In Section 3 we have found a sequence (g,) C R such that for every
sequence r = (r,) C RT satisfying that -"=— < g, there is a A-Lipschitz

Tn—1

retraction R(r) : X — K(r), where K(r) = co ( U TkBXk) for some FDD

keN
(Xn)nen- Let r = (r,) be such a sequence and denote for every k,m € N the
sequence rFm = (riy. oy TmsTma1/ky .oy rn/k, ... ). Taking subsequences,

we may assume that for every x € X and every m € N there exists R,,(z) =
klim R(r*™)(x) which define retractions onto increasing finite dimensional
—00

compacts. This leads to the m-property for Lipschitz retractions.

Definition 4.9. Let X be a separable Banach space and A > 0. We say
that X has the Lipschitz my-property if there exists an increasing sequence

of finite dimensional convex subsets (C,) of X such that X = |J span(C),,)
neN
and there exists a A-Lipschitz retraction R, : X — C,, for every n € N.

Analogously to the result of Godefroy and Kalton on the Lipschitz bounded
approximation property (Theorem 2.9), we are going to prove that this new
property is nothing else but the well-known m-property. This result is a
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direct consequence of the next Theorem, which is mainly based on an ul-
traproduct technique similar to the result of Lindenstrauss in [Lin64], see
Corollary 7.3 of [BL0O].

Theorem 4.10. Let X be a Banach space, A1, o > 0 andY C X a subspace
A1 -complemented in its bidual. If there is a Ay-Lipschitz retraction from X
onto a conver subset K containing 0 such that span(K) =Y then Y is
A Ao-complemented in X.

Proof. Let R: X — K C Y be such a retraction. Then for every n € N we
define the Ao-Lipschitz retraction R, : X — nK given by R, (z) = nR(x/n),
for every x € X. As in the proof of Theorem 7.2 of [BL00] we let U to be a
free ultrafilter on N, and we put

S(z) = lig{an(:E) Vr e X.

It is standard to check that S : X — Y™** is a Ao-Lipschitz mapping, which
is identity on Y. Now, if L : Y** — Y is a bounded linear projection, we
just define R: X — Y by

R(z)=LoS(z) VzeX.
Finally Risa A1 Ao-Lipschitz retraction from X onto Y so by Corollary 7.3
of [BLOO] we are done. =

Corollary 4.11. Let X be a separable Banach space and A > 0. Then X
has the Lipschitz wy-property if and only if it has the mx-property.

Proof. 1t is straightforward from Proposition 2.3 and Theorem 4.10. =

5. COMPACTS WITHOUT LIPSCHITZ RETRACTIONS

We proceed by constructing an example of a small convex and compact K
in C[0, 1], which is contained in a small GCCR, contains a small GCCR, and
yet there is no Lipschitz retraction onto K. The idea behind the construction
can be described as follows. The GCCR constructed at the beginning of our
note are well "aligned” with the FDD on X, and in the proof that the
smallness condition of GCCR implies the m-property the projections are
also aligned with the structure of the compact. So our strategy is to employ
badly complemented finite dimensional subspaces (in fact, Hilbert spaces)
of C[0,1] as the sections of the sought compact K. In order to glue the
decreasing sequence of these pieces together, we use the L,-FDD in C10, 1].
We start with a standard argument.

Lemma 5.1. For any € > 0 there is an FDD in C[0,1] with associated
projections P, and a sequence (an) C CI0,1], (1 + €)-equivalent to the {2
basis such that
e supd(P,(C|0, 1]),62&")) < oo where d(n) = dim(P,(C0,1])).
neN
e a, € (P,— P,_1)(C[0,1]) for every n € N.
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Proof. By Remark 5.2 of [JRZT71] there is an FDD (X,,) in C]0, 1] such that
(5.1) sup d(Qn(C[0,1]), 04 = d < o,
neN

where the Q,, are the natural projections of the FDD given by Qn(Z;ﬁl x;) =
S, xi. Take an f9-basis (bp)neny C C[0,1], which is certainly a w*-null
normalized sequence. For a given € > 0 apply the standard Bessaga-
Pelczynski blocking principle (e.g. [Fab+11] p. 194) to obtain a subse-
quence (by)) of the original /3 basis, and its perturbed companion (ay),
> et llan = byyl| < €, such that a, € (Qn(n) - Qn(n_l))(C[O, 1]), for some
increasing sequence of indices (n(n)). To finish the proof it remains to let
(P, = Pa-1)(C[0,1])) be the desired FDD, where P, = Q). =

To simplify the notation, let us put X = C[0,1] and let P, and (a,)
be given by Lemma 5.1 for some fixed ¢ € (0,1). Now define the func-
tion 0 : N — N, so that o(1) = 1 and o(n) = o(n — 1) + n for every
n > 2. Then, letting Q,, = P,(,) and X, = (Q, — Qn-1)(X) we have that
Yy = span({@o(n—1)+1,- - -, do(n)}) is a subspace of X, (1 + ¢)-isometric to
¢3. From now on in this section we are going to denote E,, = Q,(X).

We define for every n € N and d > 0 the set

Bg = {:17 e X, : d(:n,Byn) < 5}.
It is clear that BY is a compact convex subset of (1 + §)Bx, that generates
X,,. We will need the following results to continue with our construction.

Lemma 5.2. Let d be as in (5.1) . For every n € N, if there is a Lipschitz
retraction ¢ : Bg, — By, , then there is a Lipschitz retraction ¢ : loo — 05
satisfying the following inequality

2d| ||| Lip

llzip < =52

Proof. By composing ¢ with the norm 2 radial retraction from E, onto Bg,
we have a retraction ¢ : E,, — By, with ||®||Lip < 2||¢||Lip. Using the
technique in the proof of Theorem 4.10, since Y, is finite dimensional, there
exists even a linear projection ¢ : E, — Y, of norm ||¢|| < 2||¢||Lip. Since
E, is d-isometric to 2! and Y, is (1+4¢) isometric to £4 the desired estimate
follows. =

Lemma 5.3 (Lindenstrauss,’64). For every n € N, if ¢ : log — €5 is a
Lipschitz retraction then
1/4
n
1llzip = ——

Proof. Just use Lemma 1.28 of [BL00] with r = n'/* ande =1. =
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Proposition 5.4. There exist sequences (M), (6,) C RY, M,, — oo, 8, —
0, such that for every n € N there is no My-Lipschitz retraction from Bg,
onto Bo".

Proof. 1t suffices to let

n'/4(1 —¢)

Now, for a fixed n € N we are going to prove the existence of 9,, > 0 satisfying
the statement of the Proposition by contradiction. Suppose that for every
§ > 0 there exists a retraction ¢° : Bp, — BY satisfying ||¢°||Lip < M.
Then we define N : E,, — Bp, the radial projection, and C° : B — By,
a nearest point map. The map ¢° = C® 0 ¢’ o N : E,, — By, satisfies the
following inequality

0
199 - )l <200, 1l = ol + 57 )
n
so we are allowed to use the Proposition of [Beg99]. Then, for every 7 > 0
denoting by x, the indicator function of 7Bg, we have that ¢*7 = % x y, :
Bg, — By, is a Lipschitz map satisfying

n

)
657 (a) = @l <200, (4 5 ) Vo€ B,

SN,
T < 2M, [ 1 no.
1™ | Lip < 2Mp, +27Mn

51N
20,

every k € N. Denoting ¢, = ¢’ we have that ¢, pointwise converge to
a retraction ¢ : B, — By, with the norm [|¢||zi, < 4M,,. By Lemma 5.2
there exists a Lipschitz retraction ¢ : £o — £ such that

Let us take a sequence (d;) C Rt decreasing to 0, and put 7, = for

6k7

nl/4

2d||l|ip < 8d My _ §n1/4 < .
1—¢ 1—¢ 25 3

This contradicts Lindenstrauss’ Lemma 5.3. =

19llLip <

Finally, we are ready to construct nonretractable convex subsets of C[0, 1].
Note that if A\,, below are decreasing sufficiently fast then the resulting set
K will be small.

Theorem 5.5. For every sequence (\,) C RT, the subset of C[0,1] given

by
K = m( U Antn>

neN
18 not Lipschitz retractable.
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Proof. Suppose there exists a Lipschitz retraction ¢ : C[0,1] — K and
let ||¢||zip = L. Then, there is an n € N such that L < 22 where M
is the constant of the FDD (@), that is, ||Qn|] < M for every n € N.
Now, the retraction R, = (Qn — Qn—1) © (b‘En B, — )\anL” has norm

l|RnllLip < 2ML < M, Finally, the retraction F,, : E, — B given by
Fo(z) = A\ R, (\yz) for every o € E,, has norm ||F,||Lip < ||RnllLip < M,
which contradicts Proposition 5.4. =

6. NEAREST POINT MAP

The radial projection mapping from a Banach space X onto Bx can be
shown to have a Lipschitz constant at most 2, [DW64].

Figueiredo and Karlovitz [FK67] proved that a real normed linear space
of dimension 3 or higher is an inner product space if and only if the radial
projection onto the unit ball is nonexpansive (see also [Phe58], [Sch65]).

For more general sets C' a natural candidate for the retraction mapping is
the nearest point map (sometimes also called the proximity map, of which
the radial projection is a special case), provided the nearest point is unique.
Again, it turns out that such a mapping is nonexpansive for every closed
convex set if and only if the space is Hilbertian [Phe58|. In fact, in the
papers [Bru74] [FK70], the following characterization is shown. Let X be a
strictly convex Banach space with 3 < dim(X); then there exists a nonex-
pansive retraction onto the unit ball if and only if X is a Hilbert space. The
restriction to dimension at least 3 is necessary. Karlovitz [Kar72] showed
that if X is 2-dimensional then a non-expansive retraction onto any closed
convex set always exists and it can be realized as a proximity mapping with
respect to a new norm.

Let us begin our last section with a new characterization of the Hilbert
space in the spirit of the above results.

Theorem 6.1. Let X be a Banach space. Then X is isomorphic to a Hilbert
space if and only if every conver and compact subset K C X is a Lipschitz
retract of X.

Proof. Of course, it suffices to deal with infinite dimensional spaces X, and
in light of the Phelps [Pheb58] characterization, it suffices to prove only one
implication (passing from retractions to Hilbert space). By inspection of
the proof of the Lindenstrauss-Tzafriri characterization of the Hilbert space
[LT71], it is clear that a Banach space is isomorphically Hilbert if and only
if there exists some A > 0 such that every finite-dimensional subspace E C
X is A-complemented in X. Proceeding by contradiction, suppose that
every convex compact is a Lipschitz retract of X, but the complementation
constants A(E, X), where E runs through all finite-dimensional subspaces of
X, are not uniformly bounded. It is easy to see that this also means that for
any finite-codimensional subspace Y C X, the complementation constants
AE, X), where E' C Y is finite dimensional, are not uniformly bounded. We
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construct inductively a sequence (FE,,) of finite -dimensional subspaces of X,
such that this sequence forms an FDD with the projection constant at most
2 of its closed span (a subspace of X), so that A(E,, X) > n. Let us describe
the inductive step. Having constructed the initial sequence (£, )} such that
the FDD has the projection constant bounded by 2 — %, we use the Mazur
technique for constructing basic sequences [Fab+11] p.191. Namely, there
exists a finite set of functionals {f;} from X* that is (1 + ﬁ)—norming
for BE1®---®En. Let Y = ﬂ{\/f Kerf; be a finite-codimensional subspace of
X. Now, it suffices to choose a finite dimensional subspace En1q of Y such
that A(En+1,X) > N. The projection constant for the new FDD is under
control.

By the same argument as in the proof of Theorem 4.10 it follows that
the Lipschitz norm of any Lipschitz retraction from X onto Bpr cannot be
less than A(F,X). Let us pass to the construction of K. Fix a sequence
(7n) of positive numbers such that > 7, is finite. Finally, set K to be the
closed convex hull of Ur, Bg,. Supposing that ¢ : X — K is a A\-Lipschitz
retraction, for some A > 0, we compose ¢ with the canonical retraction r,, of
K onto 7,,Bg, (which exists due to the structure of K, and has a Lipschitz
constant at most 6), for n > 10\. Then r,, 0 ¢ : X — 7,,Bpg, is a Lipschitz
retraction of Lipschitz norm at most 6\, hence A(E,, X) < 6\ which is a
contradiction. m

This leaves us with the natural question whether at least uniformly contin-
uous retractions onto convex compact subsets of a general Banach space are
always possible. We give a strong positive answer to this problem, showing
that in fact under the URED renorming every convex and compact subset
K is a uniform retract, from any bounded set B containing K, by means of
the nearest point map. Without loss of generality, it suffices to deal with
the case when B = By is the unit ball of X.

Definition 6.2. Given a subset K of a Banach space X, we will say that X
is K-URED if it is uniformly rotund in the direction z for every z € span(K).

Definition 6.3. Given a subset K of a Banach space X, we will say that X
is K-UR if for every pair of sequences (), (y,) € Sx such that z, —y, € K
and ||z, + yn|| — 2 we have that ||z, — y,|| — 0.

Lemma 6.4. Let X be a Banach space that is uniformly rotund in the
direction z € X \ {0}. If there are vy, w, € Sx such that v, —w, — z, then
there exist vy, W, € Sx such that v, — U, Wy — Wy, — 0 and U, — Wy, = Ap2
for some A\, € R.

Proof. First take for every n € N

t, =max{t >0 : w, +tz € Sx}.
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Let us prove that ¢, — t < 1. If we suppose that ¢ > 1, then taking
An = 1/t, we have that

wp + 2z = (1 = A\p)wy, + A\p(wp, + t,2),

where wy,,w, + t,z € Sx and w, — (w, + t,z) = —t,z. In particular,
wy, + z € Bx and we have that

12> flwn + 2| = [{lvall = [I2 = (vn —wn)[|[ = 1,

so by the assumption that the norm is uniformly rotund in the direction
z we get that A\, — A € {0,1} which leads to a contradiction because
A = 1/t, — 1/t € (0,1). This means we can assume that ¢ < 1.

If t = 1 then we define w,, = w, and v,, = w, + t,z and we are done. If

t < 1 we can assume that ¢, < 1 for every n € N. In this case, we define
v, = 4tz and
T Jlwatz]]

sp =max{s >0 : v, +s(—z) € Sx}.

Following the same argument as above, we know that s = lims,, < 1. As
t < 1 we know that ||w, + z|| > 1, so

W, _ _ z

Sn Just notice that ||w, + z|| = 1 because

1
2 Tamtall"
L < |lwp + 2|| < ||val] + [z = (vp —wp)|| =1,
SO

1>s=1ims, > lim = s=1.

llwn + 2]

Finally, we are able to define w,, = v, + s,(—2). =

Proposition 6.5. Let X be a Banach space and z € Sx, the following
assertions are equivalent:

e X is uniformly rotund in the direction z.
e For every pair of sequences x,,y, € Sx such that x, — y, — Az, for
some X\ € R, if [|zn + yn|| — 2 then A = 0.

Proof. If X is uniformly rotund in the direction z and we suppose by contra-
diction that the second assertion does not hold, then there exist x,,,y, € Sx
such that =, — y, — Az for some A\ # 0 with ||z, + y»|| — 2. Then us-
ing Lemma 6.4 we get T,,y, € Sx such that T, — z,,yn — yn — 0 and

Ty — Yn = Anz. Now, we have
22 |[zn + ynll 2 llzn + ynll = (lzn — Zall + [lyn — wall) = 2,
so A, — 0 which is impossible because A,z = =, — y, — Az # 0. The other

implication is straightforward. m

Proposition 6.6. Let X be a Banach space and K C X. If K is compact,
then X is K-URED if and only if it is K-UR.
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Proof. If X is K-URED, let us take z,,y, € Sx such that z, —y, € K and
[|zn + yn|| — 2. Then, as K is compact, x, — y, — z € K C span(K) so
[|zr, — yn|| — 0 just by Proposition 6.5.

If X is K-UR then it is trivially K — URED. =

Proposition 6.7. Let X be a Banach space and K C Bx be a compact
conver subset. If X is K — URFED then the nearest point map from Bx
onto K is uniformly continuous.

Proof. We are going to argue by contradiction. Assuming that the nearest
point map R : Bx — K is not uniformly continuous, then there exists an
e > 0 and a pair of sequences (2, )neN, (Yn)neny C Bx such that ||z, —yn|| —
0 and ||Rz,, — Ryy,|| > ¢ for every n € N. By compactness, we may assume
that the sequences (||Rzy, — xnl|), (||RYyn — ynll), (Rzy) and (Ryy) are all
convergent. In particular, we claim that lim || Rz, — 2, || = lim || Ry, —yn|| =
d € RT. Let us first prove that lim || Rx,,— || = lim || Ry, —yn||. Otherwise,
we may assume that lim ||Rx,, — x,|| > lim ||Ry,, — yn|| + p for some p > 0.
Then there is an n € N such that ||Rz,, — z,|| > ||Ryn — ynl| + p/2 and
|[zn = ynll < p/2, s0

1Ry = @nll < [|Ryn = ynll + 20 = yull < [|Ryn — yall + p/2 < [[Rzn — 2]l

This contradicts the definition of R. Now, if d = 0 then Rx,,x, > p € K
and Ry,,y» — ¢ € K so p = q because z,, — iy, — 0. This means that
lim || Rz, — Ryy|| — 0 which is impossible.

Assuming that d > 0, we are going to use the previous Lemma 6.4 with
_  _Rxn—z4 _ _Ryn—yn _ p—q 1
Upn = MRen—znll Wn = Ry and z = 7 where p = lim Rz;,, and
q = lim Ry,,. Indeed,

Ry, Ryn, Ynl|Rzn — x| — zn|[Ryn — ynl|

[Rn — zall  [[Ryn — yall |R2p — x| [[Ryn — yall

VUp — Wy = 9

0 vy, — wyp, — z = 4. Let us take v, w, € Sx given by Lemma 6.4. As
[0 + wal| > [|vn + wal| = ([[vp — vnl + [[wn — wal]),

we have that 2 > lim ||v,, + w,|| > lim ||v, + wy,]||. For this reason, in order

to prove that ||v,, + w,|| — 2, it is enough to prove that H% — 1.

Equivalently, we are going to prove that H(Rm”_%);(}zy”_y") ‘ — d. If
that does not hold, then there exists p > 0 such that

Rx,, — Ry, —
d = lim || Rz, — z,|| > lim ‘( Tn = Tn) —21_( Yn = Yn) ‘ + p.
Now, there exists an n € N such that
Rxp —xp) + (Ryn —
o ] > || =) B =)y, — g <
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So taking into account the convexity of K, the next inequality is a contra-
diction with the definition of R:

Rxn"‘Ryn_:En < (Rxn_xn)+(Ryn_yn) + xn"‘yn_:pn
2 2 2
Rn_ n Rn_ n

Finally, we know that |[v,, +w,|| — 2 and vy, — w,, = A\, (p —q) with \, € R.
As the norm of X is K-URED, we get that A\, — 0. This is in fact impossible
because

o = wall = [lvn = wall = (I[vn = vnll + [[wn = wal]) = ||2]] > 0.

Recall that thanks to Zizler’s result ([Ziz71]) every separable Banach space
has an equivalent URED renorming.

Corollary 6.8. If X is a separable Banach space, then it can be renormed
so that the nearest point map from Bx onto any compact and convex subset
of Bx 1is uniformly continuous.

The next proof is a slight modification of the proof given by V. Zizler to
renorm separable spaces with URED norm ([Ziz71]).

Proposition 6.9. For every compact subset K of a Banach space X, there
1 an equivalent K-URED norm on X.

Proof. Let us take V' = span(K) which has to be a separable Banach space.
Now, there is a countable set { f,, }nen C Sx+ separating the points of V. We

define the linear operator T': X — {y as Tx = <f’§—(f)> o It is easily seen
ne

that T" is bounded and its restriction to V is injective. Our new equivalent

norm is going to be
lzll] = /125 + 1T]]3,

where || - ||x is the initial norm on X and || - ||2 is the usual norm on fy. If
we suppose that there exists a bounded sequence (x,,) C X such that

(6.1) 2(||zn + 2lI* + l|zall*) = (/1220 + 2[]]* = 0,
for some z € V, then
2(||zn 2l 2|zl *) = 1220 +2|P+2(| Ton+T 2|3+ T2nl3) 12T 20+ T2|[3 — 0.

In particular, 2(||Tx, + Tz|13 + ||[Tznl|3) — |[2T2, + Tz||2 — 0. Making
use of Proposition 1 of [Ziz71], the equivalence 1 < 7 means that ¢ is not
uniformly rotund in the direction 7'z, leading to a contradiction because /o
is in fact UR. Then, (6.1) does not hold for any bounded sequence (z,,) C X
which again by the equivalence 1 < 7 means that X is uniformly rotund in
the direction z. =
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Corollary 6.10. For every compact and convex subset K C Bx of a Banach
space X, there is an equivalent norm on X such that the nearest point map
from Bx onto K is well defined and uniformly continuous.

The following corollaries were recently established in [CCW21].

Corollary 6.11. For every compact and convex subset K of a Banach space
X there is a uniformly continuous retraction from X onto K.

Proof. We may assume without loss of generality that K C Bx. It suffices
to compose the 2-Lipschitz retraction of X onto Bx with the uniformly
continuous retraction from Bx onto K obtained earlier. =

Corollary 6.12. Compact convex subsets of Banach spaces are absolute
uniform retracts.

Proof. Just embed the metric space into £ (I') for some set I' and use Corol-
lary 6.11. =
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