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Abstract

Consider the Lorentz-Minkowski 3-space L3 with the metric dx2 + dy2 − dz2 in
canonical coordinates (x, y, z). A surface in L3 is said to be separable if satisfies an
equation of the form f(x) + g(y) + h(z) = 0 for some smooth functions f , g and h
defined in open intervals of the real line. In this article we classify all zero mean
curvature surfaces of separable type, providing a method of construction of examples.
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1 Introduction

A zero mean curvature (ZMC, for short) surface in the Lorentz-Minkowski 3-space L3 is a
non-degenerate surface whose mean curvature is zero at every point of the surface. There
are two types of non-degenerate surfaces, namely, spacelike and timelike surfaces if the
induced metric is Riemannian and Lorentzian respectively. A spacelike ZMC surface is
called a maximal surface because it locally maximizes the area functional. A timelike ZMC
surface is also called a timelike minimal surface. In general, we will allow ZMC surfaces
of mixed type, that is, it may exist regions on the surface of spacelike type and timelike
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type. On the other hand, the zero mean curvature equation in non-parametric form is a
PDE which is of elliptic type (resp. hyperbolic type) in case the surface is spacelike (resp.
timelike).

One of the problems in the theory of ZMC surfaces is the construction of examples. Among
the different techniques commonly proposed in the literature, we point out the use of
complex analysis by means of the Weierstrass representation [16, 24] and the Björling
formula [3, 5] or the use of integrable systems in the method of loop groups [6, 14].
It is also of special interest to provide examples of surfaces with particular geometric
properties. A clear example of this idea is the family of ZMC surfaces that are invariant
by a uniparametric group of rotations of L3. These surfaces, the so-called rotational ZMC
surfaces, are classified: see for example [16, 18, 23]. More recently, there is a great activity
in the search of explicit examples of ZMC surfaces of mixed type where the transition
between the spacelike and timelike regions occurs along degenerate curves: here we refer
[2, 9, 10, 11, 12, 13, 15, 22] without to be a complete list.

In this paper we present a new method for constructing ZMC surfaces in Lorentz-Minkowski
space L3 by the technique of separable variables. The Lorentz-Minkowski L3 is the vector
space R3 with canonical coordinates (x, y, z) and endowed with metric 〈, 〉 of signature
(+,+,−). Any surface of L3 is locally the zero level set F (x, y, z) = 0 of a smooth func-
tion F defined in an open set O ⊂ R3, being 0 a regular value of F . Our strategy in the
construction method consists in to assume that the function F is a separable function of
the three variables x, y and z. This transforms the zero mean curvature equation into an
ODE which may be more manageable.

Definition 1.1. A surface S in L3 is said to be separable if can be expressed as

S = {(x, y, z) ∈ L3 : f(x) + g(y) + h(z) = 0}. (1)

Here f , g and h are smooth functions defined in some intervals I1, I2 and I3 of R, respec-
tively. Also, f ′(x)2 + g′(y)2 + h′(z)2 6= 0 for every x ∈ I1, y ∈ I2 and z ∈ I3.

In this paper, we pose the following

Problem. Classify all separable surfaces in L3 with zero mean curvature.

A first example of separable surface occurs if one of the functions in (1) is linear in its
variable. Without loss of generality, we suppose that h is the linear function h(z) = az+b,
with a, b ∈ R. If a = 0, then the implicit equation of the surface is f(x) + g(y) + b = 0,
which says that the surface is a cylindrical surface whose base curve is a planar curve
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contained in the xy-plane. If now we assume that the surface has zero mean curvature,
then this planar curve is a straight-line and the surface is a plane. If a 6= 0, then the
implicit equation of the surface is z = −f(x)/a− g(y)/a− b/a. In the literature, a surface
expressed as z = φ(x) + ψ(y) is called a translation surface. The family of ZMC surfaces
of translation type was classified in [16, 17, 23]. These surfaces are the (spacelike and
timelike) analogous ones in the Lorentzian setting of the classical minimal surfaces in the
Euclidean space discovered by Scherk in 1835 ([21]; see also [20]), together a flat B-scroll
over a null curve which appears as an exceptional case when the surface is a timelike
minimal surface [23]. In the rest of the paper we will assume that the surface is neither
cylindrical nor translation type, or equivalently, none of the functions f , g and h are linear
functions.

Other examples of separable surfaces are the rotational surfaces when the rotation axis is
one of the coordinate axes. Indeed, if the rotational axis is the z-line, the implicit equation
of the surface is G(z) = x2 + y2. In case that the rotational axis is the x-line (resp. the
y-line), then the rotational surface is G(x) = y2 − z2 (resp. G(y) = x2 − z2). Rotational
surfaces with zero mean curvature will appear as a particular case in our method of
construction of separable ZMC surfaces: see the beginning of Section 3.

In the Euclidean space, the minimal surfaces of separable type were initially studied by
Weingarten [24] in 1887 with the purpose to generalize the translation surfaces z = φ(x)+
ψ(y) obtained by Scherk [21]. Later, in 1956-7 Fréchet gave a deep study of these surfaces
obtaining explicit examples [7, 8]. Our paper is inspired of the calculations of Fréchet
(see also [20, Sect. 5.2]). It deserves to point that Sergienko and Tkachev [22] gave an
approach to the study of separable maximal surfaces in L3 because they were interested
in the construction of doubly periodic maximal surfaces which satisfy an implicit equation
of type ζ(z) = φ(x)ψ(y), which is equivalent to (1).

The goal of our paper is to investigate the problem in all its generality, assuming mixed
type causal character and providing an exhaustive method to construct all separable ZMC
surfaces. This allows to present a plethora of new examples of ZMC surfaces, including
also other known surfaces in the literature.

In Section 2, we compute the zero mean curvature equation of a separable surface obtain-
ing for each one of the functions f , g and h a differential equation of fourth order. After
successive integrations, we finally obtain three ODEs of first order on f , g and h respec-
tively depending on a real constant K and a set of nine constants ai, bi, ci, 1 ≤ i ≤ 3.
These constants are not arbitrary because they are linked by six nonlinear equations. A
first step in our strategy is to search the constants ai, bi and ci satisfying the above six
equations and once obtained these constants, to solve the ODEs. In general, this system
can not be solved by quadratures and the solutions will be expressed in terms of elliptic
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functions. We separate this discussion in the sections 3, 4 and 5 depending on the sign
of the constant K. We will obtain explicit examples of separable ZMC surfaces and we
will study the causal character of the surface and, if possible, its extension to regions of
lightlike points in each case.

2 The method of construction of separable ZMC surfaces

The Lorentz-Minkowski space L3 is the vector space R3 with canonical coordinates (x, y, z)
and endowed with the Lorentzian metric 〈, 〉 = dx2 + dy2− dz2. A vector ~v ∈ R3 is said to
be spacelike, timelike or lightlike if the inner product 〈~v,~v〉 is positive, negative or zero,
respectively. The norm of ~v is |~v| =

√
〈~v,~v〉 if ~v is spacelike and |~v| =

√
−〈~v,~v〉 if ~v

is timelike. More generally, a surface (or a curve) S of L3 is called spacelike, timelike or
lightlike if the induced metric on S is Riemannian, Lorentzian or degenerated, respectively.
This property is called the causal character of S. We refer the reader to [19, 25] for some
basics of L3. In order to have no confusion, we denote by E3 for the Euclidean 3-space,
that is, R3 endowed with the Euclidean metric dx2 + dy2 + dz2.

Let S be a surface in L3 whose induced metric 〈, 〉 is non-degenerated. Recall that it is
equivalent to say that S is spacelike (resp. timelike) if there is a unit normal timelike
(resp. spacelike) vector field defined on S. Here we allow that the surface is of mixed
type, so it may exist regions on the surface of spacelike and timelike type and, eventually,
we will study if the surface can be extended to regions of L3 of lightlike type. In both
types of surfaces, the mean curvature H is defined as the trace of the second fundamental
form. If H = 0 everywhere, we say that S has zero mean curvature and we abbreviate by
saying a ZMC surface.

We know that any surface S is locally given by an implicit equation F (x, y, z) = 0, where
0 is a regular value of F . The mean curvature H is calculated by means of the gradient
and the Hessian matrix of F where the computations are similar as in E3. The Lorentzian
gradient of F is

∇LF = (Fx, Fy,−Fz)

where, as it is usual, the subscripts indicate the partial derivatives with respect to the
corresponding variable. The surface is spacelike (resp. timelike) if 〈∇LF,∇LF 〉 < 0 (resp.
〈∇LF,∇LF 〉 > 0) and consequently N = ∇LF/|∇LF | defines a unit normal vector field
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on S. The mean curvature H is the Lorentzian divergence divL of N ,

divL

(
∇LF

|∇LF |

)
=

(
Fx

|∇LF |

)
x

+

(
Fy

|∇LF |

)
y

−
(

Fz

|∇LF |

)
z

= H.

Therefore the ZMC equation H = 0 is equivalent to

∆LF

|∇LF |
+

ε

|∇LF |3
(∇LF )t ·HessF · ∇LF = 0,

where ε = 1 (resp. ε = −1) if S is spacelike (resp. timelike), ∆LF = Fxx + Fyy − Fzz and

HessF =

 Fxx Fxy Fxz

Fyx Fyy Fyz

Fzx Fzy Fzz

 .

Proposition 2.1. If S = F−1({0}) is a non-degenerate surface in L3, then H = 0 if and
only if

−〈∇LF,∇LF 〉∆LF + (∇LF )t ·HessF · ∇LF = 0. (2)

Now suppose that the function F = F (x, y, z) is of separable variables F (x, y, z) = f(x) +
g(y)+h(z). The causal character of S is determined by the sign of 〈∇LF,∇LF 〉 = f ′2+g′2−
h′2, where the symbol ′ indicates the derivative with respect to the corresponding variable.
Thus if S is spacelike (resp. timelike) then f ′2 + g′2 − h′2 < 0 (resp. f ′2 + g′2 − h′2 > 0).
The equation H = 0 in (2) is now

f ′′(g′2 − h′2) + g′′(f ′2 − h′2)− h′′(f ′2 + g′2) = 0. (3)

Let us introduce the notation

u = f(x), v = g(y), w = h(z)

and
X(u) = f ′2, Y (v) = g′2, Z(w) = h′2.

In the new variables, the implicit equation of the surface (1) is now u + v + w = 0. In
terms of the functions X, Y and Z, the causal character of the surface is determined by
the sign of X(u) + Y (v) − Z(w), with u + v + w = 0, which is spacelike (resp. timelike,
lightlike) if the sign is negative (resp. positive, zero).

The ZMC equation (3) can be expressed as

A := (Y − Z)X ′ + (X − Z)Y ′ − (X + Y )Z ′ = 0, (4)
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for all values u, v and w with the condition u+ v + w = 0.

Since we are assuming that the separable surface is not cylindrical or translation type,
then none of the functions f , g and h are linear, in particular, none of the three functions
X ′, Y ′ or Z ′ can vanish identically in some open interval of the corresponding domain.

We need the following auxiliary result.

Lemma 2.2. Let Q = Q(u, v, w) be a smooth function defined in a domain Ω ⊂ R3.
If Q(u, v, w) = 0 for any triple of the section Ω ∩ Π, where Π is the plane of equation
u+ v + w = 0, then on the section we have

Qu = Qv = Qw.

Proof. If we write w = −u− v, then Q(u, v,−u− v) = 0. Differentiating with respect to
u, we deduce Qu−Qw = 0. Changing the roles of u, v and w, we conclude the result.

Using this lemma, the identities Au − Av = 0, Av − Aw = 0 and Au − Aw = 0, are
respectively

B1 :=(Y − Z)X ′′ − (X − Z)Y ′′ − (X ′ − Y ′)Z ′ = 0,

B2 :=(Y ′ + Z ′)X ′ + (X − Z)Y ′′ + Z ′′(X + Y ) = 0,

B3 :=(Y − Z)X ′′ + (X ′ + Z ′)Y ′ + (X + Y )Z ′′ = 0.

(5)

From (4) and the first two equations in (5), we have a system of linear equations on Y −Z,
X − Z and X + Y . The determinant of the coefficients of this system is −M , where

M = X ′′Y ′′Z ′ +X ′Y ′′Z ′′ +X ′′Y ′Z ′′.

We find directly that

M(Y − Z)X ′ = −X ′Y ′Z ′(Y ′′(X ′ + Z ′) + Z ′′(Y ′ −X ′)),

M(X − Z)Y ′ = −X ′Y ′Z ′(X ′′(Y ′ + Z ′)− Z ′′(Y ′ −X ′)),

M(X + Y )Z ′ = −X ′Y ′Z ′(X ′′(Y ′ + Z ′) + Y ′′(X ′ + Z ′)).

Applying Lemma 2.2 again to the functions B1, B2 and B3 in (5), we have (B1)v−(B1)w =
0, (B2)u − (B2)w = 0 and (B3)u − (B3)v = 0. These three equations write, respectively,

X ′′(Y ′ + Z ′)− Y ′′′(X − Z)− Z ′′(Y ′ −X ′) = 0,

X ′′(Y ′ + Z ′) + Y ′′(X ′ + Z ′)− Z ′′′(X + Y ) = 0,
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X ′′′(Y − Z)− Y ′′(X ′ + Z ′)− Z ′′(Y ′ −X ′) = 0,

and so
M(Y − Z)X ′ = −X ′Y ′Z ′(Y − Z)X ′′′,

M(X − Z)Y ′ = −X ′Y ′Z ′(X − Z)Y ′′′,

M(X + Y )Z ′ = −X ′Y ′Z ′(X + Y )Z ′′′.

Since X ′Y ′Z ′ 6= 0, we deduce

X ′′′

X ′
=
Y ′′′

Y ′
=
Z ′′′

Z ′
= K, (6)

where K ∈ R is a real constant. We solve these ODEs according to the sign of K.

1. Case K > 0. Let K = k2, k > 0. The solutions of (6) are

X(u) = a1 + b1e
ku + c1e

−ku,

Y (v) = a2 + b2e
kv + c2e

−kv,

Z(w) = a3 + b3e
kw + c3e

−kw,

(7)

where ai, bi, ci ∈ R, 1 ≤ i ≤ 3. These nine constants are not arbitrary because there
is a relation between them thanks to (4). We introduce the functions X, Y and Z
in (4) and we replace w by −u− v because u+ v + w = 0. Then (4) is an equation
of type

P1e
−ku + P2e

−kv + P3e
ku + P3e

kv + P5e
−ku−kv + P6e

ku+kv = 0.

Since the exponential functions are linearly independent, the coefficients Pi must be
0. A computation of Pi, 1 ≤ i ≤ 6, and setting to be 0, yields

(a2 − a3)c1 + 2b2b3 = 0,

(a1 − a3)c2 + 2b1b3 = 0,

(a2 − a3)b1 + 2c2c3 = 0,

(a1 − a3)b2 + 2c1c3 = 0,

(a1 + a2)b3 + 2c1c2 = 0,

(a1 + a2)c3 + 2b1b2 = 0.

(8)

2. Case K < 0. Let K = −k2, k > 0. Then the solutions of (6) are

X(u) = a1 + b1 cos(ku) + c1 sin(ku),

Y (v) = a2 + b2 cos(kv) + c2 sin(kv),

Z(w) = a3 + b3 cos(kw) + c3 sin(kw).

(9)
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As in the previous case, and using that the trigonometric functions cos(ku), sin(ku),
cos(ku) and cos(kv) are linearly independent, the relations between the constants
ai, bi and ci are now: 

(a2 − a3)c1 − b3c2 − b2c3 = 0,

(a1 − a3)c2 − b3c1 − b1c3 = 0,

(a2 − a3)b1 + b2b3 − c2c3 = 0,

(a1 − a3)b2 + b1b3 − c1c3 = 0,

(a1 + a2)b3 + b1b2 − c1c2 = 0,

(a1 + a2)c3 − b2c1 − b1c2 = 0.

(10)

3. Case K = 0. Now the solutions of (6) are

X(u) = a1 + b1u+ c1u
2,

Y (v) = a2 + b2v + c2v
2,

Z(w) = a3 + b3w + c3w
2.

(11)

As in the case K 6= 0, we insert the above solutions in (4) and replace w by −u− v,
obtaining an equation of type

P1 + P2u+ P3v + P4uv + P5u
2 + P6v

2 + P7u
2v + P8uv

2 = 0.

The functions on u and v are linearly independent, so all coefficients Pi must vanish,
1 ≤ i ≤ 8. A computation of Pi yields P7 = P8 and P4 is a linear combination of P5

and P6. Once computed the coefficients Pi and setting to be 0, we deduce

a1(b2 − b3) + a2(b1 − b3)− a3(b1 + b2) = 0,

b1b2 + b2b3 + 2c1(a2 − a3) + 2c3(a1 + a2) = 0,

b1b2 + b1b3 + 2c2(a1 − a3) + 2c3(a1 + a2) = 0,

c1(b2 + b3) + c3(b1 − b2) = 0,

c2(b1 + b3)− c3(b1 − b2) = 0,

c1c2 − c1c3 − c2c3 = 0.

(12)

Definitively, the functions f , g and h in (1) are the solutions of the ODEs of first order
(7), (9) and (11). We summarize in the following result the method of constructions of all
separable ZMC surfaces of L3.

Theorem 2.3. Let S be a separable ZMC surface given by (1). Then the derivatives f ′,
g′ and h′ given in terms of the functions X, Y and Z are the following:
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1. Case K 6= 0. Then the functions X, Y and Z are given by expressions (7) or (9)
and the constants ai, bi and ci satisfy the relations (8) or (10) respectively.

2. Case K = 0. Then the functions X, Y and Z are given by the expressions (11) and
the constants ai, bi and ci satisfy the relations (12).

In order to integrate (7), (9) and (11), we remark that the functions in the right-hand sides
of these equations must be positive because the functions X, Y and Z are positive. In
addition, we need to consider a choice of the sign for the square roots of the first derivative,
namely, ∫ u du√

X(u)
= ±x,

∫ v dv√
Y (v)

= ±y,
∫ w dw√

Z(w)
= ±w,

where the (+) or (−) sign is chosen depending on whether the derivatives f ′(x), g′(y) and
h′(z) are positive or negative. For simplicity, we will usually choose the positive sign.

We now prove that varying the value of k in (7) or (9), the solution surface is the same
up to a homothety. This will allow to fix the value of k in (7) or (9).

Proposition 2.4. A change of k in the solutions of (7) or (9) produces a homothetical
ZMC surface which is also of separable type.

Proof. Let S be a separable ZMC surface given by f(x) + g(y) + h(z) = 0 and suppose
that it is a solution of (7) or (9) with λ 6= 0. Define the functions f̃(x) = λf(x/λ),
g̃(y) = λg(y/λ) and h̃(z) = λh(z/λ), defined in the intervals λI1, λI2 and λI3 respectively.
Then the separable surface S̃ = {(x̃, ỹ, z̃) : f̃(x̃) + g̃(ỹ) + h̃(z̃) = 0} is the dilation of the
surface S by λ, in particular, S̃ is also a ZMC surface.

With the utilized notation in this section, we have ũ = λu, ṽ = λv and w̃ = λw. Then
X̃(ũ) = f̃ ′(x̃)2 = f ′(x/λ)2 = X(u), and similarly, Ỹ (ṽ) = Y (v) and Z̃(w̃) = Z(w). It is
immediate

X̃ ′(ũ) =
d

dũ
X̃(ũ) =

1

λ
X ′(u),

and similarly X̃ ′′′(ũ) = X ′′′(u)/λ3. From (6) we deduce

K̃ =
X̃ ′′′(ũ)

X̃ ′(ũ)
=

1

λ2
X ′′′(u)

X ′(u)
=

1

λ2
K,

obtaining the result.

In the next sections we will show explicit examples of ZMC surfaces. In some particular
cases, the ODEs can be solved by quadratures obtaining expressions in terms of trigono-
metric or hyperbolic functions. In general, we will see that the class of ZMC surfaces of
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separable type can be expressed in terms of elliptic functions which are the inverses of
certain elliptic integrals.

3 Separable ZMC surfaces: case K = 0.

In this section we will obtain particular examples of separable ZMC surfaces in case K = 0
of Theorem 2.3.

Firstly, we will prove that the rotational ZMC surfaces belong to the case K = 0, exactly
when some of the constants ci in (12) are 0. Indeed, and without loss of generality, we
suppose c1 = 0. From the last equation of (12), we have c2c3 = 0. Because the arguments
are symmetric on c2 and c3, we will assume in what follows that c2 = 0. The fifth equation
of (12) is c3(b1 − b2) = 0. Now there are two possibilities.

1. Case c3 = 0. Then the second and third equations of (12) are b2(b1 + b3) = 0 and
b1(b2 + b3) = 0, respectively. If b1 = 0 (resp. b2 = 0), then X ′ = 0 (resp. Y ′ = 0),
which it is not possible. Hence b1 = b2 = −b3 with bi 6= 0. Now the first equation of
(12) yields a3 = a1+a2. Then X(u) = a1+b1u, Y (v) = a2+b1v and Z(w) = a3−b1w,
in particular, X + Y − Z = a1 + a2 − a3 = 0 proving that the surface is degenerate
everywhere, which is not possible.

2. Case c3 6= 0. Then b2 = b1 6= 0. If we set b1 = b, then X(u) = a1 + bu and
Y (v) = a2 + bv and the integration leads to

f(x) =
b

4
x2 − a1

b
, g(y) =

b

4
y2 − a2

b
.

Thus the implicit equation of the surface is

x2 + y2 +
4

b
h(z)− 4(a1 + a2) = 0,

proving that the surface is a surface of revolution with respect to the z-axis.

As it was discussed in the Introduction, the rotational ZMC surfaces are classified, so we
will discard this case, or equivalently, we will assume that ci 6= 0 for all 1 ≤ i ≤ 3.

3.1 Example where all ai and bi are 0

Let choose the constants as ai = bi = 0, 1 ≤ i ≤ 3, in (12). Then

X(u) = c1u
2, Y (v) = c2v

2, Z(w) = c3w
2,
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where (12) reduces into the single equation c1c2 − c1c3 − c2c3 = 0. Note that ci > 0,
1 ≤ i ≤ 3, because X, Y and Z are positive functions. The solutions are

f(x) = ±e
√
c1x, g(y) = ±e

√
c2y, h(z) = ±e

√
c3z,

and the surface is

{(x, y, z) ∈ L3 : ±e
√
c1x ± e

√
c2y ± e

√
c3z = 0}.

See Figure 2, left. For the causal character of the surface, we study the sign of X+Y −Z.
By using w = −u− v,

X(u) + Y (v)− Z(w) = c1u
2 + c2v

2 − c3w2 =
(c1u− c2v)2

c1 + c2
.

Since ci > 0, the surface is timelike and it may be extended to regions of lightlike points if
c1u− c2v = 0. If we choose opposite signs in the definition of the functions f and g, then
c1u− c2v 6= 0 and the surface is always timelike. Now suppose that the functions have the
same sign, that is, f(x) = e

√
c1x and g(y) = e

√
c2y. Then the surface is

{(x, y, z) ∈ L3 : e
√
c1x + e

√
c2y − e

√
c3z = 0}

and
c1u− c2v = c1e

√
c1x − c2e

√
c2y = e

√
c1x+log(c1) − e

√
c2y+log(c2).

Thus c1u− c2v = 0 is equivalent to
√
c1x+ log(c1) =

√
c2y + log(c2). Using w = −u− v,

we deduce
√
c3z =

√
c1x + log(c1 + c2) − log(c2), obtaining a straight-line. We conclude

that the surface can be extended to the set

{(x, y, z) :
√
c1x+ log(c1) =

√
c2y + log(c2),

√
c3z =

√
c1x+ log(c1 + c2)− log(c2)}

which is a straight-line formed by lightlike points.

3.2 Example where all bi are 0 and all ai are not 0: case 1

In this subsection, we will show two examples where the difference will be that the con-
stants ai, bi and ci have opposite signs. For the first example, the constants ai, bi and ci
are

b1 = b2 = b3 = 0, c1 = −α2β2, c2 = −α2, c3 = −β2

a1 = α2β2, a2 = α2β4, a3 = α4β2,

with α2 − β2 = 1 and β 6= 0. Then it is immediate that they satisfy the equations (12)
and the ODEs (11) are
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X(u) = α2β2 − α2β2u2, Y (v) = α2β4 − α2v2, Z(w) = α4β2 − β2w2.

After integrating, we obtain

x =

∫
1

αβ

du√
1− u2

=
1

αβ
arcsin(u)

y =

∫
1

α

dv√
β4 − v2

=
1

α
arcsin(

v

β2
)

z =

∫
1

β

dw√
α4 − w2

=
1

β
arcsin(

w

α2
)

Therefore
f(x) = sin(αβx), g(y) = β2 sin(αy), h(z) = α2 sin(βz)

and the surface is

{(x, y, z) ∈ L3 : sin(αβx) + β2 sin(αy) + α2 sin(βz) = 0}.

This surface is a triply periodic ZMC surface because the functions f , g and h are periodic.
See Figure 1, left.

We study the causal character of the surface. Letting w = −u− v, we have

X(u) + Y (v)− Z(w) = −α2β2u2 − α2v2 + β2w2 = −β2(β2u2 +
v2

β2
− 2uv)

= −β4(sin(αβx)− sin(αy))2 ≤ 0.

This implies that the surface is spacelike except satisfy the equation sin(αβx)−sin(αy) = 0,
which are lightlike points. The region of these points is included in the set of straight-lines
of equations

{y = βx+ 2πZ, z = −αx+ 2πZ} ∪ {y = π − βx+ 2πZ, z = αx+ π + 2πZ}.

The second example appears when we reverse of sign all constant ai and ci, that is,

b1 = b2 = b3 = 0, c1 = α2β2, c2 = α2, c3 = β2

a1 = −α2β2, a2 = −α2β4, a3 = −α4β2.

Then they satisfy (12) again and the integrations lead to

f(x) = ± cosh(αβx), g(y) = ±β2 cosh(αy), h(z) = ±α2 cosh(βz)
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and the surface is

{(x, y, z) ∈ L3 : ± cosh(αβx)± β2 cosh(αy)± α2 cosh(βz) = 0}.

There must be two opposite signs in the implicit equation of the surface because on the
contrary the above set would be empty. As in the above example, now the surface is a
timelike minimal surface. In order to study when the surface can be extended by lightlike
points, without loss of generality, we suppose that the implicit equation of the surface is
cosh(αβx) + β2 cosh(αy)− α2 cosh(βz) = 0. Then

0 = β2u2 +
v2

β2
− 2uv = β2 (cosh(αβx)− cosh(αy))2 .

Hence y = ±βx. By using u + v + w = 0, we deduce cosh(αx) = cosh(z), so z = ±αx.
Thus the surface can be extended to four straight-lines of lightlike points which meet at
the origin of coordinates. See Figure 1, right. Here we point out that a ZMC surface
containing a non-degenerate straight-line can be extended by symmetry by the reflection
principle [3, 15]. However, we can not expect symmetries along lightlike straight-lines.
Recently, Akamine and Fujino have proved that if two lightlike line segments do intersect,
a conelike singularity always appears at that intersection point, and hence there exists
the reflection property [1]. This situation occurs for this surface: by the way, it did not
appear in the surface of subsection 3.1 because there was only one straight-line.

Figure 1: Left: the surface sin(αβx) + β2 sin(αy) + α2 sin(βz) = 0. Right: the surface
cosh(αβx)+β2 cosh(αy)−α2 cosh(βz) = 0, where we have indicated the four straight-lines
of lightlike points
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3.3 Example where all bi are 0 and all ai are not 0: case 2

Let take the constant as b1 = b2 = b3 = 0, a1 = a2 = a3/2 = a and c1 = c2 = 2c3 = 2c,
where a and c are non-zero real numbers. Then the functions are

X(u) = a+ 2cu2, Y (v) = a+ 2cv2, Z(w) = 2a+ cw2.

Since the functions X, Y and Z are positive, the case a, c < 0 is not possible. The
computation of the integral depends on the sign of a and c, being

∫
dt√

m+ nt2
=


1√
n

arcsinh
(√

n
m t
)

m > 0, n > 0

1√
−n arcsin

(√
−n
m t
)

m > 0, n < 0

1√
n

arcosh
(√

−n
m t
)

m < 0, n > 0.

If a, c > 0, then the implicit equation of the surface is√
a

2c
sinh(

√
2cx) +

√
a

2c
sinh(

√
2cy) +

√
2a

c
sinh(

√
cz) = 0.

See Figure 2, right. If a > 0, c < 0, then

√
−a
2c

sin(
√
−2cx) +

√
−a
2c

sin(
√
−2cy) +

√
−2a

c
sin(
√
−cz) = 0.

If a < 0, c > 0, then

±
√
−a
2c

cosh(
√

2cx)±
√
−a
2c

cosh(
√

2cy)±
√
−2a

c
cosh(

√
cz) = 0.

By using the equation
X(u) + Y (v)− Z(w) = c(u− v)2,

we can say that the surface is spacelike or timelike if c < 0 or c > 0 respectively, except
at the points {u = v, w = −2v}.

Let us observe that the solution of the case a > 0, c < 0 and the case a < 0, c > 0 are
similar to the surfaces of subsection 3.2. In such a case, we know that the surface can be
extended to lightlike points which are contained in a set of straight-lines.

Finally, in the case a, c > 0, the surface is a timelike minimal surface except in the set
u = v, w = −2v. This set is now f(x) = g(y), h(z) = −2g(y), or equivalently, the
straight-line {x = y, z = −

√
2y}.
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Figure 2: Left: the surface ex + ey − e
√
2z/2 = 0 of subsection 3.1. Right: the surface

sinh(
√

2x) + sinh(
√

2y) + 2 sinh(z) = 0 of subsection 3.3. We have indicated the straight-
lines of lightlike points

4 Separable ZMC surfaces: case K > 0.

In this section we obtain particular examples of separable ZMC surfaces when K > 0 in
Theorem 2.3. By Proposition 2.4, we can assume that k = 2 without loss of generality. To
find explicit examples of separable ZMC surfaces, we follow the same procedure as in the
previous section. Firstly we determine the real numbers ai, bi and ci that satisfy (8), then
we integrate the differential equations (7) and finally we will study the causal character of
the surface.

We divide this section in subsections according the numbers of the differential equations
of (7) that can be solved by quadratures. The other solutions will be expressed in terms
of elliptic integrals.

4.1 Case where the three differential equations are solved by quadra-
tures

In this section we give four examples of ZMC surfaces of separable type where all integrals
in (7) can be solved by quadratures.
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4.1.1 Example 1

Consider the following constants:

a1 = 1, b1 = 0, c1 = 1
a2 = 1, b2 = 0, c2 = m
a3 = 1, b3 = −m, c3 = 0,

where m ∈ {−1, 1}. Then

X(u) = 1 + e−2u, Y (v) = 1 +me−2v, Z(w) = 1−me2w.

The integration of the first equation yields f(x) = log(sinh(x)). The integration of the
other two differential equations depends on the sign of m:

g(y) =

{
log(sinh(y)) m = 1
log(cosh(y)) m = −1,

h(z) =

{
− log(cosh(z)) m = 1
− log(sinh(z)) m = −1.

In each case of m, the implicit equation of the surface is given by

sinh(x) sinh(y) = cosh(z) (case m = 1)

sinh(x) cosh(y) = sinh(z) (case m = −1).
(13)

See Figure 3. The second surface in (13) is known as the timelike Scherk surface of second
kind [10] which is an entire graph over the xy-plane.

For the causal character of the surface,

X(u) + Y (v)− Z(w) = 1 + e−2u +me−2v +me−2u−2v

= (1 + e−2u)(1 +me−2v) = X(u)Y (v) > 0.

In case m = 1, the surface is timelike and it can not be extended to regions of lightlike
points. In case m = −1, the surface is timelike again and also it can be extended to regions
of lightlike points when g′(y) = 0, which is equivalent to y = 0. From the equation of the
surface, we deduce sinh(x) = sinh(z), so we have x = z. Thus the lightlike points consists
in the straight-line {y = 0, x = z}. Therefore the surface is a timelike minimal surface
that can be extended to one lightlike straight-line but the surface does not change type
across this line.

4.1.2 Example: the Scherk surfaces

Consider the following constants:

a1 = 1, b1 = 0, c1 = −1
a2 = 1, b2 = 0, c2 = m
a3 = 1, b3 = m, c3 = 0,
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Figure 3: Left: the surface sinh(x) sinh(y) = cosh(z). Right: the surface sinh(x) cosh(y) =
sinh(z)

where m ∈ {−1, 1}. Then

X(u) = 1− e−2u, Y (v) = 1 +me−2v, Z(w) = 1 +me2w.

The integration yields f(x) = log(cosh(x)) and

g(y) =

{
log(sinh(y)) m = 1
log(cosh(y)) m = −1

h(z) =

{
− log(sinh(z)) m = 1
− log(cosh(z)) m = −1.

Form = 1, the surface is cosh(x) sinh(y) = sinh(z), which appeared in the above subsection
interchanging the roles of the variables x and y.

For m = −1, the implicit equation of surface is cosh(x) cosh(y) = cosh(z), see Figure
4, left. This surface is called the timelike Scherk surface of first kind [10]. The causal
character of the surface is given by the sign of the function

X(u) + Y (v)− Z(w) = (1− e−2u)(1 +me−2v) = f ′(x)2g′(y)2,

and it says that the surface is timelike. We study the extension of the surface to regions of
lightlike points. This occurs if f ′(x) = 0 or g′(y) = 0, that is, sinh(x) = 0 or sinh(y) = 0.
We conclude that this region is formed by four straight-lines of equations {x = 0, z = ±y}
and {y = 0, z = ±x}. Here we have a conelike point at the origin according [1].

If m = −1, it is possible to obtain new examples of separable ZMC surfaces by changing
the signs of the constants ai, bi and ci (this is not possible to do it for m = 1 because the
functions Y and Z would be negative). Now

a1 = −1, b1 = 0, c1 = 1
a2 = −1, b2 = 0, c2 = 1
a3 = −1, b3 = 1, c3 = 0.
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Figure 4: Left: the surface cosh(x) cosh(y) = cosh(z). Right: the surface sin(x) sin(y) =
sin(z)

The integration of the three differential equations gives the surface as

{(x, y, z) ∈ L3 : sin(x) sin(y) = sin(z)}.

This surface is known in the literature as the spacelike Scherk surface [10], see Figure 4,
right. Since the sign of the function X + Y −Z has changed, the surface is now spacelike
and can be extended to lightlike points when f ′(x)g′(y) = 0. This occurs when cos(x) = 0
or cos(y) = 0. Thus the set of lightlike points is {x = π/2 + 2πZ, y = z + 2πZ} ∪ {x =
π−z+2πZ, y = π/2+2πZ}. This maximal surface is a triply periodic surface and belongs
to a family of triply periodic maximal surfaces which contains as particular examples, the
H-type Schwarz surface and the D-type maximal surface [13]. Moreover, it is also the
Scherk saddle tower under the motion of the Wick rotation of E3 [2].

4.1.3 Example 3: helicoids

A right helicoid in L3 is the surface obtained by moving a straight-line contained in a
plane by means of a uniparametric group of skew motions of L3 around an axis contained
in the plane ([4]). The right helicoids have zero mean curvature. In this subsection we will
obtain the right helicoids whose axis is spacelike or timelike. These surfaces have regions
of the three types of causal character. Firstly, consider the following constants

a1 = 0, b1 = 1, c1 = 0
a2 = 0, b2 = 0, c2 = 1
a3 = 2, b3 = 1, c3 = 1.
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Then the functions are

X(u) = e2u, Y (v) = e−2v, Z(w) = 2 + e2w + e−2w.

The integration yields

f(x) = − log(−x), g(y) = log(y), h(z) = log(tan(z)),

and the surface writes as x = −y tan(z). It is the right helicoid whose axis is the z-axis
(timelike axis) and also known as the elliptic helicoid ([15]) or the helicoid of the first kind
([16]).

Other choice of the constants is the following:

a1 = 0, b1 = 1, c1 = 0
a2 = −2, b2 = 1, c2 = 1
a3 = 0, b3 = 0, c3 = 1.

Then
X(u) = e2u, Y (v) = −2 + e2v + e−2v, Z(w) = e−2w.

The integration of the three differential equations yields

f(x) = − log(−x), g(y) = log(− tanh(y)), h(z) = log(z),

and the implicit equation of the surface is x = z tanh(y). This surface is the right helicoid
whose axis is the y-axis (spacelike axis) and known as the hyperbolic helicoid ([15]) or
the helicoid of the second kind ([16]). Each helicoid is transformed into the other one by
means of the Wick rotation [2].

4.1.4 Example 4

Consider the following constants:

a1 = −2, b1 = 1, c1 = 1
a2 = −2, b2 = 1, c2 = 1
a3 = −1, b3 = 1/2, c3 = 1

2 .

Then

X(u) = −2 + e2u + e−2u, Y (v) = −2 + e2v + e−2v, Z(w) = −1 +
1

2
e2w +

1

2
e−2w.
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The integration of the first differential equation is

x =

∫
df√

−2 + e2f + e−2f
=

∫ ef dτ√
(1− τ2)2

,

and similarly for the second one. For the third equation, we have

z =

∫
dg√

−1 + e2f/2 + e−2f/2
=

∫ eh
√

2dτ√
(1− τ2)2

.

The integration by quadratures depends on the case of τ2 < 1 or τ2 > 1. If τ2 < 1 in
the first equation, that is, if f < 0, then f(x) = log tanh(x) and if τ2 > 1 (f > 0), then
f(x) = − log tanh(x). Since the functions f , g and h can not have the same sign, without
loss of generality, we suppose that f, g < 0 and h > 0. In such a case, g(y) = log(tanh(y))
and h(z) = − log(tanh(z/

√
2)). Thus the surface is

{(x, y, z) ∈ L3 : tanh(x) tanh(y) = tanh(z/
√

2)}.

This surface appeared in [22] and it is of mixed type: see Figure 5, left.

4.2 Case where two differential equations are solved by quadratures

We will give three examples where two differential equations in (7) can be solved by
quadratures and the solution of the other differential equation is given in terms of elliptic
integrals.

4.2.1 Example 1

Consider the following constants that satisfy (8):

a1 = 1, b1 = 0, c1 = 1
a2 = −1, b2 = 1, c2 = 0
a3 = 2m− 1, b3 = m, c3 = m− 1,

where m is a real parameter. The functions X, Y and Z are

X(u) = 1 + e−2u, Y (v) = −1 + e2v, Z(w) = 2m− 1 +me2w + (m− 1)e−2w.
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Notice that Z(w) is a positive function, so the value of the parameter m is not arbitrary:
for example, if m = 0, then Z(w) = −1− e−2w < 0, which is not possible. The solutions
of the first two differential equations are

f(x) = log(sinh(x)), g(y) = − log(sin(y)).

For the third equation, ∫ eh dτ√
mτ4 + (2m− 1)τ2 +m− 1

= ±z,

or ∫ eh dτ√
(τ2 + 1)(mτ2 − 1 +m)

= ±z. (14)

This integral is elliptic and can not be solved by quadratures in general. We show two
examples by taking particular values of m.

1. Case m = 1/2. Then Z(w) = sinh(2w) and (14) is

ξ :=
√

2

∫ eh 1√
τ4 − 1

dτ = z. (15)

Let V the inverse of the function ξ. Then

h(z) = log

(
V (

z√
2

)

)
and the surface is

{(x, y, z) ∈ L3 : sinh(x)V (
z√
2

) = sin(y)}.

On the other hand,

X(u) + Y (v)− Z(w) = e−2u + e2v − e2w − e−2w

2

=
1

2
e−2u−2v

cosh(x)4 − cos(y)4

sin(y)4
> 0

and the surface is timelike at every point, except when cosh(x) = cos2(y) = 1.
However, there are not points with cosh(x) = 1 and sin(y) = 0 because of the
definitions of the functions f and g. Thus the surface is timelike and can not be
extended to lightlike points.
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2. Case m = 1. Now the integral (14) can be solved by quadratures, exactly, h(z) =
− log(sinh(z)). The surface is

{(x, y, z) ∈ L3 : sinh(x) = sin(y) sinh(z)}.

This surface is singly periodic along the y-direction by the periodicity of sin(y), see
Figure 5, middle. We study the causal character of the surface. Since w = −u− v,
we have

X(u) + Y (v)− Z(w) = e−2u + e2v − e2w − 1 = (1 + e−2u−2v)(e2v − 1) > 0

because e2v−1 = g′(y)2 > 0. Then the surface is timelike. At the set of points where
g′(y) = 0, that is cos(y) = 0, the surface can be extended into a region of lightlike
points. By the equation of the surface, sinh(x) = sinh(z) or sinh(x) = − sinh(z).
This set is formed by the straight-lines {x = z, y = π/2 + 2πZ} ∪ {x = −z, y =
−π/2 + 2πZ}. Let us observe that this surface is a singly periodic surface along the
y-axis and it is the Wick rotation of the timelike Scherk surface of second kind that
appeared in (13): see details in [2].

Figure 5: Left: the surface tanh(x) tanh(y) = tanh(z/
√

2). Middle: the surface sinh(x) =
sin(y) sinh(z). Right: the surface M(y/

√
2) = sinh(x)/ sinh(z)

4.2.2 Example 2

Consider the following constants:

a1 = 1, b1 = 1, c1 = 0
a2 = 1− 2m, b2 = m− 1, c2 = m
a3 = 1, b3 = 0, c3 = 1,
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where m is a real parameter. The functions X, Y and Z are

X(u) = 1 + e2u, Y (v) = 1− 2m+ (m− 1)e2v +me−2v, Z(w) = 1 + e−2w.

The integrations of the first and third differential equation yield

f(x) = − log(sinh(x)), h(z) = log(sinh(z)).

For the function g, we have the elliptic integral

±y =

∫ eg dτ√
(m− 1)τ4 + (1− 2m)τ2 +m

=

∫ eg dτ√
(τ2 − 1)((m− 1)τ2 −m)

. (16)

1. Case m = 0. Then g(y) = − log(cosh(y)) and the implicit equation of the surface is
sinh(x) cosh(y) = sinh(z) which appeared in the subsection 4.1.

2. Case m = 1. Then the surface is sinh(x) = sin(y) sinh(z), which appeared again in
the above subsection.

3. Case m = 1/2. The integral (16) is now

ψ :=

∫ eg dτ√
1− τ4

=
y√
2
. (17)

Let M(ψ) be the inverse of the function ψ. Then

g(y) = log

(
M(

y√
2

)

)
,

and the surface is

{(x, y, z) ∈ L3 : sinh(z)M(
y√
2

) = sinh(x)}.

This surface is singly periodic along the y-axis, see Figure 5, right. For the causal
character, we determine the sign of the function

X(u) + Y (v)− Z(w) =
1

2
e−2u−2v

(
e4u(e2w + 1)2 − (e2u + 1)2

)
=

1

2
e−2u−2v

cosh(z)4 − cosh(x)4

sinh(x)4
,

hence the surface is of mixed type. The lightlike points is the set of points such that
cosh(x) = cosh(z), that is, {(x = z,M(y/2) = 1} ∪ {(x = −z,M(y/2) = 1} up to
periodicity. By the function M , this set of points is formed by straight-lines.
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4.2.3 Example 3

We show two new examples of separable ZMC surfaces with similar choices of the constants.
The first example corresponds with the choice of constants

a1 = −1, b1 = 0, c1 = 1
a2 = 1, b2 = −1, c2 = 0
a3 = m, b3 = 1−m

2 , c3 = −1−m
2 ,

where m is a real parameter. The functions X, Y and Z are

X(u) = −1 + e−2u, Y (v) = 1− e2v, Z(w) = m+
1−m

2
e2w − 1 +m

2
e−2w.

The integration of the first two differential equations yields

f(x) = log(sin(x)), g(y) = − log(cosh(y)).

For the function h, we have∫ eh dτ√
(1−m)τ4 + 2mτ2 − 1−m

=

∫ eh dτ√
(τ2 − 1)((m− 1)τ2 −m− 1)

=
z√
2
. (18)

In general the integral (18) is elliptic. We show two particular examples.

1. Case m = 1. Then the integration of (18) yieldsh(z) = log(cosh(z)) and the surface
is

{(x, y, z) ∈ L3 : sin(x) cosh(z) = cosh(y)}.

Notice that the values of x such that sin(x) = 0 are not in the domain of the surface,
so the surface is not singly periodic along the x-axis: see Figure 6, left. In this case,

X(u) + Y (v)− Z(w) = (1− e−2u)(e−2w − 1) > 0

and the surface is timelike. The surface extends to lightlike points in the set
f ′(x)h′(z) = 0, that is, cos(x) = 0 or sinh(z) = 0. Without loss of generality,
we assume that the domain of f is (0, π), then cos(x) = 0 yields x = π/2, so the
set of lightlike points is formed by two straight-lines, namely, {x = π/2, z = ±y}. If
sinh(z) = 0, then z = 0 and from the equation of the surface, sin(x) = cosh(y), hence
x = π/2, y = 0, showing that the point (π/2, 0, 0) is a singularity of the surface.
Furthermore the surface reflects along this singularity ([1]).
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2. Case m = 0. Then the integral (18) is∫ eh dτ√
τ4 − 1

=
z√
2
.

This integral has appeared in (15). Then the surface is

{(x, y, z) ∈ L3 : sin(x)V (
z√
2

) = cosh(y)}.

This surface also appeared in [22] and it is a doubly periodic surface by the periodicity
of the functions V (z/

√
2) and sin(x).

The second example corresponds with the constants

a1 = −1, b1 = 0, c1 = 1
a2 = m, b2 = −m+1

2 , c2 = 1−m
2

a3 = −1, b3 = 1, c3 = 0,

where m ∈ R. The integration of f and h is

f(x) = log(sin(x)), h(z) = − log(sin(z)).

For the function g, we have∫ eg dτ√
−(m+ 1)τ4 + 2mτ2 + 1−m

=

∫ eg dτ√
(τ2 − 1)(−(m+ 1)τ2 + 1−m)

=
y√
2
.

We discuss two cases:

1. Case m = 1. Then g(y) = − log(cosh(y)) and the surface is

{(x, y, z) ∈ L3 : sin(x) = cosh(y) sin(z)}.

Let us observe that the surface is doubly-periodic in the xz-plane, see Figure 6,
middle. Moreover,

X(u) + Y (v)− Z(w) = 1 + e−2u − e2v − e−2u−2v = (e2v − e−2u)(e−2v − 1)

=
sin(x)2 − cosh(y)2

sin(x)2 cosh(y)2
(cosh(y)2 − 1) ≤ 0.

Thus the surface is spacelike except in those points where y = 0. By the equation of
the surface, sin(x) = sin(z) and this set of points are the straight-lines with equation
{y = 0, z = x+ 2πZ} ∪ {y = 0, z = π − x+ 2πZ}.
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2. Case m = 0. Now the elliptic integral coincides with (17) and the equation of the
surface is

{(x, y, z) ∈ L3 : sin(x)M(y/
√

2) = sin(z)}.

This surface is doubly periodic because the functions M(y/
√

2) and sin(z) are
periodic. In Figure 6, right we show a piece of the surface. In fact, and up
periodic translations, the surface contains the pair of orthogonal spacelike lines
{x = 0, z = 0} ∪ {z = 0, y = yo}, with M(yo/

√
2) = 0, yo 6= 0, where the surface can

be repeated by symmetry reflections thanks to the reflection principle for maximal
surfaces [3]. Also the surface contains singularities at the points (π/2, 0, π/2) and
(−π/2, 0, π/2) and their translations by periodicity.

Figure 6: Left: the surface sin(x) cosh(z) = cosh(y). Middle: the surface sin(x) =
cosh(y) sin(z). Right. the surface sin(x)M(y/

√
2) = sin(z) where we show the pair of

straight-lines through which the surface can be repeated by symmetries

4.3 Case that none of the three integrals can be solved by quadratures

Consider the constants in (8) given by

a1 = −2m2 + 1, b1 = m4, c1 = 1,
a2 = −1, b2 = 1, c2 = m2,
a3 = 1, b3 = 1, c3 = m2,

where m ∈ R. Then

X(u) = −2m2+1+m4e2u+e−2u, Y (v) = −1+e2v+m2e−2v, Z(w) = 1+e2w+m2e−2w.

The case m = 0 appeared in the subsection 4.2.1.
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Consider the interesting case m = 1. Now

X(u) = −1 + e2u + e−2u, Y (v) = −1 + e2v + e−2v, Z(w) = 1 + e2w + e−2w.

The solution of the first differential equation is∫
df√

−1 + e2f + e−2f
= x.

Then

x =

∫
df√

−1 + e2f + e−2f
=

∫ ef dτ√
1− τ2 + τ4

.

Denote t = F(ξ) the inverse of the elliptic integral
∫

(1 − τ2 + τ4)−1/2dτ . Similarly, let
G(ξ) the inverse of the elliptic integral

∫
(1 + τ2 + τ4)−1/2dτ . Then the surface takes the

form logF(x) + logF(y) + log G(z) = 0, or equivalently

F(x)F(y)G(z) = 1.

5 Separable ZMC surfaces: case K < 0.

In this section we obtain examples of separable ZMC surfaces when K < 0 in Theorem
2.3. Using Proposition 2.4 and without loss of generality, we suppose that K = −1 and
k = 1. We know that the constants ai, bi and ci satisfy (10) and the functions f , g and h
of 1) are the solutions of the differential equations (11). In this section, we will only show
some examples and pictures, see Figure 7.

5.1 Example 1

Consider the constants
a1 = 1, b1 = 0, c1 = 1
a2 = 1, b2 = 0, c2 = 1
a3 = 1

2 , b3 = 1
2 , c3 = 0.

Then

X(u) = 1 + sin(u), Y (v) = 1 + sin(v), Z(w) =
1

2
+

1

2
cos(w).

The integrations of the three equations yield

f(x) = 2 arctan

(
1 + sinh(x/

√
2)

1− sinh(x/
√

2)

)
,
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g(y) = 2 arctan

(
1 + sinh(y/

√
2)

1− sinh(y/
√

2)

)
,

h(z) = 2 arctan (sinh(z/2)) .

After some manipulations, the implicit equation of the surface is

sinh
(
x/
√

2
)

sinh
(
y/
√

2
)
− 1

sinh
(
x/
√

2
)

+ sinh
(
y/
√

2
) = − sinh(z/2).

Figure 7: The surfaces of Example 1 of Section 5

5.2 Example 2

Consider the following constants:

a1 = 1
2 , b1 = 1

2 , c1 = 0
a2 = 1, b2 = 0, c2 = 1
a3 = 1

3 , b3 = 0, c3 = 1
3 .

With a similar argument as the previous example, the integrations of the three differential
equations by quadratures leads to

f(x) = 2 arctan (sinh(x/2)) ,

g(y) = 2 arctan

(
1 + sinh(y/

√
2)

1− sinh(y/
√

2)

)
,

h(z) = 2 arctan

(
1 + sinh(z/

√
6)

1− sinh(z/
√

6)

)
.
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Then the implicit equation of the surface is

sinh
(
y/
√

2
)

sinh
(
z/
√

6
)
− 1

sinh
(
y/
√

2
)

+ sinh
(
z/
√

6
) = − sinh(x/2).
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