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Working with proton and pion valence distribution functions (DFs) determined consistently at the same,
unique hadron scale and exploiting the possibility that there is an effective charge which defines an
evolution scheme for DFs that is all-orders exact, we obtain a unified body of predictions for all proton
and pion DFs - valence, glue, and four-flavour-separated sea. Whilst the hadron light-front momentum
fractions carried by identifiable parton classes are the same for the proton and pion at any scale, the

pointwise behaviour of the DFs is strongly hadron-dependent. All calculated distributions comply with
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quantum chromodynamics constraints on low- and high-x scaling behaviour and, owing to emergent
hadron mass, pion DFs are the most dilated. These results aid in elucidating the sources of similarities
and differences between proton and pion structure.
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1. Introduction

Protons, neutrons, and pions are amongst the most fundamen-
tal entities in Nature. From many perspectives, these hadrons are
the primary components of atomic nuclei; yet, within the stan-
dard model of particle physics, they are bound-states, built from
the gluon and quark parton fields used to express the Lagrangian
of quantum chromodynamics (QCD) [1]. The light up (u) and down
(d) quarks are key here. They were the first quarks discovered [2]
and provide the seeds for the proton, p, which is comprised of one
valence d and two valence u quarks, hence a definitive baryon, and
the pions, which, considering the positive charge state, 7+, is con-
stituted from one valence u quark and one valence d quark (d an-
tiquark) - definitively, a meson. However, as highlighted by Fig. 1,
valence quark partons are only part of the explanation for proton
and pion structure. Owing to the character of strong interactions in
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the standard model, the valence parton quanta are embedded in a
dense medium of gluons and sea quarks of their own making [3].
Viewed from this position, the proton and pion each contain an
enumerably infinite number of QCD’s Lagrangian quanta; and ever
since the formulation of QCD, physics has sought to measure and
understand the distributions of these quanta throughout bound-
state volumes [4-7].

Using any framework that enables the reliable calculation of
Poincaré-covariant wave functions for the proton and pion, one can
obtain the light-front wave functions in terms of which the gluon
and quark parton distribution functions (DFs) can rigorously be
defined [8,9]. One-dimensional DFs have been the focus of exper-
iment and theory for more than fifty years [10]. These quantities
are probability densities, each of which describes the light-front
fraction, x, of the bound-state’s total momentum carried by the
given parton species within the bound-state [4]. Today, notwith-
standing the enormous expense of time and effort, much must
still be learnt before proton and pion structure may be consid-
ered understood in terms of DFs; even, most simply, what are the
differences, if any, between the distributions of partons within the
proton and the pion.
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Fig. 1. Left panel-A. In terms of QCD’s Lagrangian quanta, the proton, p, contains
two valence up (u) quarks and one valence down (d) quark; and also infinitely many
gluons and sea quarks, drawn here as “springs” and closed loops, respectively. The
neutron, as the proton’s isospin partner, is defined by one u and two d valence
quarks. Right panel - B. The pion, 7+, contains one valence u-quark, one valence d-
quark, and, akin to the proton, infinitely many gluons and sea quarks. (In terms of
valence quarks, 7~ ~ dii and 70 ~ uii — dd.)

The question of similarity/difference between proton and pion
DFs has particular resonance today as science seeks to explain
emergent hadron mass (EHM) [11-19]. Namely, how can a La-
grangian that possesses no mass-scale in the absence of Higgs bo-
son couplings produce both an absolutely stable proton with mass
mp ~ 1GeV and electric charge radius rg ~ 0.84 fm, and, simulta-
neously, a massless pion, the Nambu-Goldstone boson associated
with dynamical chiral symmetry breaking (DCSB), of similar size?
And supposing it does, how are these macroscopic differences ex-
pressed in the structure of these two bound-states? Modern ex-
periments [20-29], at upgraded and anticipated facilities, aim to
provide data that can be used to answer these and related ques-
tions.

Working with QCD, some predictions are available. For instance,
considering DFs measured in processes that do not involve beam
or target polarisation, then at some hadron scale, {4 < mp, the
valence-quark DFs in the proton and pion behave as follows [30-
33]:

AP (% 0g0), 4P (% 690) " (1= %02, (1a)
47 (% 030), 07 (6 00 5 (1= 02 (1b)

the exponent on the associated gluon DFs is approximately one
unit larger; and that for the sea quark DFs is roughly two units
larger. With increasing scale, ¢ > ¢4y, all these exponents increase
logarithmically in a manner prescribed by the DGLAP equations
[34-37]. However, feeding controversy and leading some to chal-
lenge the veracity of QCD [32,33,38], these constraints are typically
ignored in fits to the world’s deep inelastic scattering data [39-43].
Furthermore, proton and pion data have not been considered si-
multaneously, largely because pion data are scarce [17, Table 9.5].

Against this backdrop, we exploit recent progress made using
continuum Schwinger function methods (CSMs) [32,33,44-47] in
developing a unified set of predictions for all proton and pion DFs.
Crucially, their common origin enables meaningful comparisons to
be made between them.

2. Hadron scale and DF evolution

Using CSMs, the hadron scale, ¢4, is naturally identified with
the resolving scale at which dressed valence degrees-of-freedom
carry all measurable properties of the hadron, including its light-
front momentum [32,33,44-47], and ¢4 is the same for both the
proton and the pion. Defining the n™ moment of a given DF as
(H=p,m)
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(X" by =f dxx" p(x; ¢), (2)
0

then this identification of ¢4 entails
Wi+ 07 =1, WP+ 0% =1; (3)
P o
further, that all glue and sea DFs vanish identically at ¢¢.
At this point, given hadron scale valence DFs for the proton and

pion, then predictions for all DFs at any scale ¢ > ¢4/ follow im-
mediately from the following proposition [32,33]:

P1: There exists an effective charge, a1¢(k?), that, when used
to integrate the one-loop perturbative-QCD DGLAP equations,
defines an evolution scheme for parton DFs that is all-orders
exact.

Charges of this type are discussed elsewhere [48-50]. They need
not be process-independent (PI); hence, not unique. Neverthe-
less, a suitable PI charge is available: the coupling discussed in
Refs. [45,46,51] has proved efficacious. On the other hand, as high-
lighted elsewhere [32,33], the pointwise form is largely immate-
rial. In being defined by an observable - in this case, structure
functions, each such o, (k?) is [52]: consistent with the renormal-
isation group, independent of renormalisation scheme, everywhere
analytic and finite; and, further, provides an infrared completion of
any standard perturbative running coupling.

Employing this approach and supposing that the evolution ker-
nels are independent of quark mass, explicit solutions of the evo-
lution equations are presented elsewhere [53, Sec. VII]. We now
introduce a simple generalisation that expresses salient effects of
quark mass dependence in the evolution kernels. For simplicity
of presentation here, we focus on evolution equations for DF mo-
ments.

Consider four quark flavours: the two light quarks, [ = u,d,
treated as degenerate; strange, s; and charm, c. Regarding their
dynamically determined mass functions, one may define the fol-
lowing quark infrared masses [17, Fig. 2.5] Mg = ¢y + 8¢, 6 ~ 0,
8s ~ 0.1GeV, § ~ 0.9GeV. The ¢ > ¢4y scale dependence of the
moments of all the hadron’s DFs (valence, glue, and singlet i.e.,
Z‘L =g+ @, g=u, d, s, c) is obtained by solving the following set
of coupled differential equations, using the nonzero valence DFs as
initial values at ¢ = ¢gy:

d e 0115({2) ¢

2 G, = = 2y e, )
d ¢ a10(¢?) ¢ s ¢

2(1;_2<xn>2‘}, =T ar [anq@n)zgl +2PgVog X" |+ (4b)
d ¢ a1(¢?) ¢ ¢

P W = g | Ve Wy + Ve W | (40)

q
where Ygo, Vgor Vgg» Vge are anomalous dimensions [53, Sec. VII].
Moments of the sea quark DFs are readily obtained:

(g = (3 — ()G, - (5)

Sh =h
Notably, so long as ¢4y and the evolution equations are the same
for a given family of hadrons - herein, nucleons and pions, then
the light-front momentum fractions stored in each parton class are
also the same for these kindred hadrons at any scale, e.g.:

x>f‘p+‘fp - <x>;+z_{n ’ (x>é§7p = <x>§ﬂ ’ (6)
¢ ¢ R e =08

<X>Eg+d = (X) E;’ﬁa ) 2;,5 = ):;.c .
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These equations highlight the relevant four distinct parton classes:
collected valence degrees-of-freedom; associated sea quarks;
flavour-distinct sea quarks; and glue.

Eq. (4b) features a threshold function Pég ~ 6(¢ — 8¢). This
factor ensures that a given quark flavour only participates in DF
evolution when the resolving energy scale exceeds a value deter-
mined by the quark’s mass. Its effect can be anticipated. If each
quark flavour were light, then all would be emitted with equal
probability at any ¢ > ¢4 and evolution would lead to a cer-
tain hadron gluon momentum fraction plus a sea-quark fraction
shared equally amongst all quark species. Accounting for mass dif-
ferences between the quarks, with some heavier than the light-
quark threshold, then Eqgs. (4) entail that at any ¢ > ¢4y, the gluon
fraction is approximately as it was in the all-light quark case, but
the sea-quark momentum fraction is shared amongst the quarks
in roughly inverse proportion to their mass. Reviewing Ref. [45,
Sec. 73], one could also introduce a factor multiplying ygq in
Eq. (4c) that serves to suppress the emission of gluons by heavier
quarks, with a linked momentum-balance correction to yg,. How-
ever, in the present context, our calculations show this subleading
effect to be negligible.

We subsequently work with the integro-differential evolution
equations from which Eqgs. (4) are derived because they are satis-
fied by the DFs themselves and directly yield their x-dependence.
Their forms are obtained by using the PI charge described in
Ref. [45, Sec. 3] to integrate the one-loop DGLAP equations; and

Pie =3 (1+tanhic? — 82)/c31) . (7)

Notably, as explained elsewhere [32,33,44,45], the value of the
hadron scale is a prediction: ¢y = 0.331(2). Nevertheless, we re-
port results with ¢¢y — ¢4¢(1 £ 0.05) in order to provide a conser-
vative indication of uncertainty.

3. DFsat =mjy

Modern CSM analyses of hadron scale valence DFs for the pion
and proton are detailed elsewhere [45,47] and the results therein
are drawn in Fig. 2A. In considering these DFs, the following re-
marks are worth recording. (a) Each DF is consistent with the
appropriate large-x scaling law in Eq. (1). Hence, from the begin-
ning, whilst the ¢ = {y momentum sum rules are saturated by
valence degrees-of-freedom for each hadron, Egs. (3) -

()i =0.687, (07 =0.313, (x5 =0.5, (8)
P

the pion and proton valence DFs nevertheless have markedly dif-
ferent pointwise behaviour. (b) Owing to DCSB [55-60], a corollary
of EHM, QCD interactions simultaneously produce a dressed /-
quark mass function, M/(k®), that is large at infrared momenta,
Mp := M/ (k* ~ 0) ~ {3, and a nearly massless pion, m2 /M2 <0.2.
(See the discussion in Ref. [17, Sec. 2].) Consequently, u™ (x; ¢y) is
Nature’s most dilated hadron-scale valence DF. This is exemplified
in Fig. 2A and Refs. [44,45], and implicit in many other symmetry-
preserving analyses, e.g., Refs. [61-64].

Employing the evolution scheme described in Sect. 2, one ob-
tains the ¢ =mj/y =:¢3 DFs in Fig. 2B. Plainly, the individual
valence degrees-of-freedom in the pion possess significantly more
support on the valence domain than those in the proton. This fea-
ture is an observable expression of EHM.

The curves in Fig. 2B can usefully be interpolated using the fol-
lowing functional form:

o + n1X + nyx?

=x*(1-x)*
xp() =x7(1 =) 1+dix+dyx?’

(9)
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Fig. 2. Upper panel- A. Hadron scale valence parton DFs for the proton and pion:
xuP (x; ¢g¢) - solid red curve; xd P (x; {¢) — dot-dashed blue curve; and xu™ (x; z() -
dashed green curve. Middle panel - B. Valence DFs in panel A evolved to {3 =mj/y =
3.097 GeV. Lower panel - C. Isovector distribution [#P (x; ¢3) — d P (x; ¢3)] (solid purple
curve) compared with a 1QCD result from Ref. [54] (dashed grey curve). The band
surrounding each CSM curve expresses the response to a 5% variation in gy.

Table 1

Used in Eq. (9), the listed powers and coefficients provide useful interpolations of
all ¢ = ¢3 DFs calculated herein. For the endpoint powers, ¢, B, uncertainties asso-
ciated with ¢gy — {¢¢(1 £ 0.05) are also shown.

b1 o ﬁ no n ny d] dz

u 0.78+1) 2.47F7) 1.56 35.7 26.6 18.7 —7.34
g 0584y 38837 043 2.70 0.51 946 —6.15
Su —0.49 (1) 4.90(58) 0.058 0.12 0.10 5.00 —2.97
Ss —0.51(12) 4.90(Fs) 0.045 0.092 0.081 5.10 —-2.94
S  —056u2 496 0023 0072 0024 721 —468
p o« B no m n dq dy

u 0.78(11) 411 (F6) 3.75 0.79 20.7 —4.56 12.3
d 0781 411zs 202  —1.47 488 529 13.1
Vi —0.59(12) 5.45(x6) 0.46 —-0.93 0.76 —1.01 1.63
S —051uy 6414 0063 —0.098  0.055 378 —2.82
& 051w 641G 0069  —0.12 012  —0.022 432
S —052u2 641G 0051 —0.084 0062  1.64 0.30
& —057ua 641s 0025 —0.040  0.025 239  —1.04

with the powers and coefficients listed in Table 1. (The powers
are measurable effective exponents, extracted from separate lin-
ear fits to In[xp(x)] on the domains 0 < x < 0.005, 0.85 <x < 1.)
Evidently, the valence distributions in the proton and pion each
have the same power-law behaviour on x >~ 0; and on x ~ 1,
Bproton = Ppion + 1.6, viz. evolution to ¢ > ¢z preserves the differ-
ences in large-x scaling behaviour described in Eq. (1). Typical phe-
nomenological fits to relevant scattering data yield DFs that fail to
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meet many of these QCD-based expectations, e.g., Refs. [40,65,66],
something which increases the value of our predictions. Additional
discussion is provided elsewhere [32,33,67].

Owing to difficulties in handling so-called disconnected con-
tributions, the calculation of individual valence DFs using lattice-
regularised QCD (IQCD) is problematic [75]; so, 1QCD results are
typically only available for isovector distributions, from which dis-
connected contributions vanish in the continuum limit. Therefore,
Fig. 2C displays the isovector distribution [#? (x; £3) — dP(x; £3)],
calculated from the curves in Fig. 2B, along with a 1QCD result
from Ref. [54], extracted using large-momentum effective theory
and extrapolated to a continuum limit and physical pion mass. The
level of agreement is encouraging, as is also that with the anal-
ogous DF difference described in Ref. [76]; and this is especially
true because refinements of both continuum and lattice calcula-
tions may be anticipated.

When evolving singlet and glue DFs, we include a Pauli blocking
factor in the gluon splitting function, as discussed elsewhere [47,
Sec. 6]:

i
., 10
1+(¢/¢n—1)2 (10)

where P g(x) is the standard one-loop gluon splitting function,
Fs5=0= g and Hoa=034=—ga=:gisa strength parame-
ter. This term preserves baryon number. It shifts momentum into
d+d from u + u, otherwise leaving the total sea momentum frac-
tion unchanged, and vanishes with increasing ¢, reflecting the
waning influence of valence-quarks as the proton’s glue and sea
content increases.

Our predictions for the ¢ = ¢3 glue DFs in the proton and pion
are drawn in Fig. 3A. Regarding the glue-in-7 DF, our result is
straightforwardly connected via evolution to the form in Ref. [46];
thus, as discussed therein, it agrees with a recent 1QCD calcula-
tion of this DF [77]. It is clear from Fig. 3A that the glue-in-w DF
possess significantly more support on the valence domain than the
kindred glue-in-p DF. This outcome is also a measurable expres-
sion of EHM.

Useful interpolations of the curves in Fig. 3A are obtained us-
ing Eq. (9) and the relevant powers and coefficients in Table 1. The
powers are interesting. On x ~ 0, the proton and pion glue DFs
exhibit practically the same power-law growth; and on x >~ 1, con-
firming the QCD expectations reported in connection with Eq. (1),
Belue & Pualence + 1.4 for both proton and pion. The endpoint ex-
ponents on glue-in-p DFs are discussed in Ref. [78], from a 1QCD
perspective within the context of loffe-time distributions. Lattice-
QCD computations are currently insensitive to low-x physics. On
the other hand, a meaningful estimate of the large-x exponent is
reported [78]: B(¢ =2GeV) =4.9(1.2). Our approach delivers the

Preg(0) = Preg®++/3(1-20

following ¢ = ¢, values: oS, = —0.56(2), Bimon = 5:33(5) and
glue glue
afue = —0.54(2), pSe =3.75(5).

Evolving the valence DFs in Fig. 2A to ¢ = ¢3, one obtains the
light-quark sea DFs for the proton and pion depicted in Fig. 3B.
In keeping with the EHM-induced pattern already established, the
sea-in-r DF possess significantly more support on the valence do-
main than the kindred sea-in-p DFs.

Interpolations of the curves in Fig. 3B are provided by Eq. (9)
and the relevant powers and coefficients in Table 1. Once again,
the low- and high-x exponents match QCD expectations: on x >~ 0,
the proton and pion light-sea DFs exhibit approximately the same
power-law growth; and on x >~ 1, Bsea & Bvalence 1+ 2.4 for both pro-
ton and pion.

Owing to the Pauli blocking factor, Eq. (10), an in-proton sepa-
ration between d and i is evident in Fig. 3B. This entails a violation

Physics Letters B 830 (2022) 137130
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Fig. 3. Upper panel - A. Glue DFs - ng, in the proton (solid purple curve) and pion
(dashed green curve) at ¢ = ¢3. Middle panel - B. Light quark sea DFs in the pro-
ton and pion: x2S} (x; £3) - solid red curve; xZ.Sj(x; ¢3) - dashed blue curve; and
xzj’f (x; £3) - dot-dashed green curve. Lower panel - C. c- and s-quark sea DFs in the
proton and pion: x2SP(x; £3) - solid red curve; x2SE (x; ¢3) - dashed green curve;
x2SP (x; r3) - dot-dashed blue curve; and xZSC” (x; £3) - long-dashed orange curve.
(The band surrounding each curve expresses the response to a 5% variation in
(D)

of the Gottfried sum rule [79,80], which has been found in a series
of experiments [68,81-84]. Using the DFs in Fig. 3B, one obtains

0.8
/ dx[d (x: ¢3) — x; ¢3)] = 0.116(12) (11)
0.004

for the Gottfried sum rule discrepancy on the domain covered by
the measurements in Refs. [81,82]. This value may be compared
with that inferred from recent fits to a variety of high-precision
data (¢ = 2GeV) [40, CT18]: 0.110(80). Evolved to ;S?Q = 30GeV?,
the result in Eq. (11) becomes 0.110(11), a value that is < 20%
larger than that determined in Ref. [47], which ignored quark mass
effects in the evolution equations. On the other hand, we imple-
mented mass-dependent evolution via Eq. (7) and this increases
the magnitudes of the proton’s light-quark sea DFs. Nevertheless,
as revealed by Fig. 4A, our result for the ratio d (x; {sq)/#(x; &sq)
reproduces that in Ref. [47, Fig. 2B] and matches modern data
Ref. [68, E906].

Using the scheme described in Sect. 2, DFs for heavier sea
quarks are also generated via evolution. The predictions are drawn
in Fig. 3C. Evidently, the ¢ = ¢3 s and ¢ quark sea DFs are commen-
surate in size with those of the light-quark sea DFs; and, for s- and
c-quarks, too, the pion DFs possess significantly greater support on
the valence domain than the kindred proton DFs. Interpolations of
the curves in Fig. 3C are provided by Eq. (9) and the appropriate
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Table 2

Low-order Mellin moments, (x™)

&3
P

&3
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of the DFs drawn in Figs. 2B -3, measured in %. As an illustration of the numerical

accuracy of our evolution procedure, we note that (x),. and (x)iz differ by only 0.3%. Uncertainties associated with {¢ —

Z3¢(1 £ 0.05) are shown. To simplify comparisons with phenomenological fits to relevant data, results for (xm>ﬁ,, 5=
2GeV, are also listed. The m =1, 2,3 moments of the proton isovector distribution, [u — d], are: & - 17.9(8)%, 5.1(3)%,

1.8(2)%; and ¢3 - 16.6(7)%, 4.5(3)%, 1.6(1)%.

Pion e e Vi su sd S 5

(x)%2 24.0(1.1) 24.0(1.1) 41.0(1.2) 3.3(3) 3.3(3) 2.65(22) 1.33(5)
(xz){z 9.5(7) 9.5(7) 3.7(1) 0.27(1) 0.27(1) 0.21(1) 0.092(2)
(x3)% 4.7(4) 4.7(4) 0.92(6) 0.057(1) 0.057(1) 0.044(0) 0.018(1)
(x)% 22.1(1.0) 22.1(1.0) 42.9(1.0) 3.7(3) 3.7(3) 3.0(2) 1.83(6)
(x2)%3 8.4(6) 8.4(6) 3.5(1) 0.27(1) 0.27(1) 0.22(1) 0.120(3)
(x3)8 4.003) 4.0(3) 0.82(5) 0.056(0) 0.056(0) 0.044(0) 0.022(1)
Proton uP 4P Vi Sp st S K

(x)%2 32.9(1.4) 15.0(0.7) 40.9(1.1) 2.9(2) 3.73) 2.64(22) 1.32(5)
(xH)% 8.7(6) 3.6(2) 2.4(1) 0.14(1) 0.21(1) 0.13(0) 0.059(2)
(3% 2.903) 1.1(1) 0.39(2) 0.019(0) 0.030(1) 0.019(0) 0.008(0)
(x5 30.4(1.3) 13.8(0.6) 42.8(1.0) 3.3(3) 4.1(3) 3.0(2) 1.82(6)
(x3)8 7.7(5) 3.2(2) 2.2(1) 0.15(1) 0.21(1) 0.14(0) 0.075(2)
(x3)8 2.5(2) 0.9(1) 0.35(2) 0.019(0) 0.028(0) 0.019(0) 0.010(1)

Fig. 4. Upper panel - A. Ratio of light antiquark DFs. Data from Ref. [68, E906]. Solid
purple curve: result obtained from the valence-quark DFs in Fig. 2B after evolu-
tion to ¢* = ¢& =30GeV2. Lower panel-B. Neutron-to-proton structure function
ratio. Data: open grey squares [69, BoNuS]; and gold asterisks [70, MARATHON].
Solid purple curve: result obtained from valence-quark DFs in Fig. 2B after evolution
to ¢ = ¢3. Other predictions: green star - helicity conservation in the QCD parton
model [8,30,71]; red diamond - continuum Schwinger function methods [72]; and
retaining only scalar diquarks in the proton wave function, which produces a large-x
value for this ratio that lies in the neighbourhood of the filled circle [73,74]. (Both
panels: narrow band bracketing each curve expresses response to 5% variation in
Sn)

powers and coefficients in Table 1. The low- and high-x exponents
match QCD expectations: on x 2~ 0, the proton and pion light-sea
DFs exhibit very similar power-law growth; and on x >~ 1, one also
finds Bsea & Bvalence + 2.4 for both proton and pion.

Using our results for the valence and sea DFs, it is straightfor-
ward to calculate the neutron-proton structure function ratio:

F3(x; 0) _ U 0) +4D(x: 0) + 2% §)
Flx;¢)  4UX O+ D) +Z(xE)

(12)

where, in terms of quark and antiquark DFs, U(x;¢) = u(x;¢) +

16 0), Do) = d(x ) + d(x: 0), T ) = s(x:8) + 3(x:) +

c(x;¢) + ¢c(x;¢). The ¢ = ¢3 prediction is drawn in Fig. 4B:
in comparison with modern data [70, MARATHON], it yields
x2/degree-of-freedom = 1.3. Notably, both data and calculation
indicate the presence of a significant axial-vector diquark compo-
nent in the proton wave function [85,86].

As remarked above, data on pion DFs is scarce and some con-
troversy attends interpretations of such data [32]. Notwithstanding
these things, the pion DFs calculated herein are viable, as demon-
strated elsewhere [17,44-46].

Low-order Mellin moments of all proton and pion DFs are listed
in Table 2. As signalled above, our approach entails that compa-
rable momentum fractions in the proton and pion are identical
and the total sea-quark momentum fraction is shared amongst the
quarks in roughly inverse proportion to their dressed-mass, Mg.
Importantly, the calculated values of the listed proton DF moments
are in fair agreement with those computed from phenomenolog-
ical fits obtained using a variety of methods; see, e.g., Ref. [40,
Table VI]: referred to the CT18 column, our results match at the
level of 1.7(1.5) o. This quantitative similarity also extends to the
¢ quark: we find (x)if7 =1.32(5)%, <x)§; = 1.82(6)%, which may re-
spectively be compared with the values 1.7(4), 2.5(4)% in Ref. [66,
Fig. 60]. Moreover, within mutual uncertainties, the moments of
the pion valence-quark DF agree with recent 1QCD results [87,88].
Such an array of correspondences is noteworthy because our re-
sults are predictions, derived from the pion and proton wave func-
tions in Refs. [44,45,47], using only one free parameter, viz. 4 in
Eq. (10) to introduce an asymmetry of antimatter in the proton.

Potentially drawing a line to the notion of intrinsic charm
[89], it is worth highlighting that our approach yields (x)E:M‘ =
0.64(3)% in both the pion and proton. Regarding the pion, nothing
is known about this momentum fraction; and in the proton, phe-
nomenological estimates are inconclusive, ranging from 0-2% [66,
Fig. 59]. Notwithstanding the size of these calculated fractions, we
stress that S5 p(®) have sea-quark profiles.

We have shown that contemporary CSM results for proton
and pion ¢ = ¢¢ valence DFs, obtained from symmetry-preserving
analyses and used as initial values for evolution according to
proposition P1, yield predictions for the pointwise behaviour of all
proton and pion ¢ > ¢z DFs (valence, sea, glue) that are consistent
with QCD expectations, including those described in connection
with Eq. (1). In contrast, extant phenomenological fits to rele-
vant data are inconsistent with one or more of these constraints.
Consequently, such fits cannot serve as a reliable foundation for
evaluating the validity of evolution schemes such as that described
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in Sect. 2. In large part, this explains conclusions drawn elsewhere
[90]. Future such studies should be built upon improved DF fits
and use an effective charge that excludes a Landau pole and so
furnishes an infrared completion of QCD.

4. Perspective

Beginning with hadron-scale proton and pion valence distri-
bution functions (DFs) obtained using symmetry-preserving treat-
ments of the continuum bound-state problem and assuming only
that there is an effective charge which defines an evolution scheme
for parton DFs that is all-orders exact, we delivered a unified body
of predictions for all proton and pion DFs - valence, glue, and
four-flavour-separated sea. Notably, within mesons and baryons
that share a familial flavour structure, this evolution approach
entails that the hadron light-front momentum fractions carried
by identifiable, distinct parton classes are the same at any scale.
Notwithstanding that, providing a measurable expression of emer-
gent hadron mass, the pointwise behaviour of the distributions
is strongly hadron-dependent: at any resolving scale, ¢, those in
the pion are the hardest (most dilated). The framework’s viability
was illustrated by comparisons with the x-dependence of modern
data, results from lattice-regularised QCD, and also Mellin mo-
ments computed using contemporary phenomenological DF fits.

Of particular significance is the result that all DFs calculated
herein comply with QCD constraints on endpoint (low- and high-x)
scaling behaviour. In our view, only after imposing these con-
straints on future phenomenological fits to relevant scattering data
will it be possible to draw reliable pictures of hadron structure.
This will be especially important for attempts to expose and un-
derstand the differences between Nambu-Goldstone bosons and
seemingly less complex hadrons.

Although the Poincaré-covariant pion wave function used
herein is sophisticated, having been validated through numerous
applications, that of the proton is an Ansatz informed by modern
continuum Schwinger function analyses. It is therefore worth re-
peating this study using a refined form. One may also expect that,
in the longer term, the analysis herein could be undertaken using
direct solutions of a three-body Faddeev equation for the proton
[91,92], raising the proton wave function to the same level as that
of the pion.
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