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Abstract. The stability and the index of compact minimal submanifolds of the
Berger spheres S2n+1

τ , 0 < τ ≤ 1, are studied. Unlike the case of the standard
sphere (τ = 1), where there are no stable compact minimal submanifolds, the
Berger spheres have stable ones if and only if τ2 ≤ 1/2. Moreover, there are no
stable compact minimal d-dimensional submanifolds of S2n+1

τ when 1/(d + 1) <
τ2 ≤ 1 and the stable ones are classified for τ2 = 1/(d+ 1) when the submanifold
is embedded. Finally, the compact orientable minimal surfaces of S3

τ with index
one are classified for 1/3 ≤ τ2 ≤ 1.
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1. Introduction

The second variation operator of minimal submanifolds of Riemannian man-
ifolds (the Jacobi operator) carries information about stability properties of the
submanifold when it is thought of as a critical point of the volume functional.
Perhaps the starting point is the paper of J. Simons [19], where he characterized
the compact minimal submanifolds of the sphere with the lowest index (number
of independent infinitesimal deformations which do decrease the volume), prov-
ing that there are no stable ones. Later, H. B. Lawson and J. Simons [10], and
Y. Onhita [15], studied similar problems when the ambient Riemannian manifold
is a compact rank-one symmetric space.

An important particular case in this setting is when the submanifold is a two-
sided hypersurface. In this case, the normal bundle is trivial and of rank one.
Then the Jacobi operator, which acts on the sections of the normal bundle, be-
comes a Schrödinger operator acting on functions. In this case the study of the
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index of the Jacobi operator has been made for complete (not necessarily com-
pact) minimal hypersurfaces, and the results of D. Fischer-Colbrie and R. Schoen,
[7, 8], have been fundamental in the growth of this theory.

During the last forty years many papers have been devoted to study stability
and index of minimal submanifolds in different ambient Riemannian manifolds.
Among them, we only mention two of the last ones. First, the recent paper of
O. Chodosh and D. Maximo [5], where they get a lower bound of the index of
complete minimal surfaces in R3 in terms of the genus, the number of ends and
the multiplicity of the surfaces. Second, the paper of F. C. Marques and A. Neves,
[12] and references therein, where given a compact manifold Mn, 3 ≤ n ≤ 7 with
a generic metric, they use min-max theory to construct for each positive integer
number k a two-sided embedded minimal hypersurface of M with index k.

In the present work, we are interested in the index of compact minimal sub-
manifolds of the Berger spheres. If S2n+1 is the unit sphere of dimension 2n + 1,
the Berger spheres are a 1-parameter family {(S2n+1, 〈.〉τ) : 0 < τ ≤ 1}, where
〈, 〉1 is the standard metric g on S2n+1 and the metric 〈, 〉τ is given in (2.1). These
Berger spheres are often called elliptic Berger spheres. This deformation of the
standard metric g is a classical example of a collapse [4], in which the injectivity
radius iτ of 〈, 〉τ is τπ and has uniformly bounded positive curvature. This de-
formation of the standard metric g can be defined even for τ ∈ (1, ∞), but the
geometry of these Berger spheres, called hyperbolic, is quite different from the el-
liptic ones. In the paper, although some minor results are also true for τ ∈ (1, ∞),
we only consider Berger spheres with τ ∈ (0, 1].

The standard sphere S2n+1 is a geodesic sphere of Cn+1 of radius 1. In a similar
way, the Berger sphere S2n+1

τ , τ ∈ (0, 1), is isometric to a geodesic sphere of the
complex projective space CPn+1(4(1− τ2)) of radius arccos(τ)√

1−τ2 and the restrictions

to S2n+1
τ of the complex structures of Cn+1 and CPn+1(4(1− τ2)) are the same

(see Proposition 1). Along the paper, any minimal submanifold of S2n+1
τ will be

considered as a submanifold of CPn+1(4(1− τ2)) and its behaviour with respect
to the complex structure will play an important role in the proofs of the results.

On the other hand, the Hopf fibration π : S2n+1 → CPn(4) defines a Riemann-
ian submersion π : S2n+1

τ → CPn(4) for any τ ∈ (0, 1]. The induced S1-bundles
by the Hopf fibration over compact complex submanifolds of CPn(4) (see Exam-
ple 1) define examples of compact minimal submanifolds of S2n+1

τ which have a
very good behaviour with respect to the second variation of the volume. These
kind of minimal submanifolds will provide the more regular examples, some of
which will be characterized by their index.

In Section 3, we introduce some important examples of compact minimal sub-
manifolds of S2n+1

τ , classifying in Proposition 5 the totally geodesic ones. We
compute the index and nullity of the above examples in Propositions 6, 7, 8 and 9,
and, among them, stable examples appear. The computation of the index and the
nullity of these examples is not easy and, to do that, it has been crucial the paper
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of S. Tanno, [23], in which he gives important insight into the spectrum of the
Laplacian of S2n+1

τ .
The main results about stability of compact minimal submanifolds of S2n+1

τ are
obtained in Theorems 1 and 2 and they can be summarized as follows:

There are no stable immersed compact minimal d-dimensional submani-
folds of S2n+1

τ when 1
d+1 < τ2 ≤ 1.

If τ2 = 1
d+1 for some positive integer d, then an embedded compact

minimal submanifold Md of S2n+1
τ is stable if and only if d = 2m+ 1 and

M2m+1 is the induced S1-bundle by the Hopf fibration over an embedded
compact complex submanifold N2m of CPn(4).

If 0 < τ2 ≤ 1
2m+2 for some integer m ≥ 0, then any immersed sub-

manifold M2m+1 which is the induced S1-bundle by the Hopf fibration
π : S2n+1

τ → CPn(4), over a compact complex submanifold N2m of
CPn(4) is stable.

In the proof of the two first above results, we use test normal sections on
the second variation coming from parallel vector fields of the complex Euclidean
space Cn+1 and from holomorphic vector fields of the complex projective space
CPn+1(4(1− τ2)).

When M2n is a compact orientable minimal hypersurface of S2n+1
τ , then M is

unstable (Proposition 2). Hence, in this case, is natural to study the hypersurfaces
of index 1. From Proposition 9, we know that the Clifford hypersurfaces have
index 1 when 0 < τ2 ≤ 1

2n+1 . In Theorem 5, we give an answer to this problem
when M is a surface, proving:

If 1
3 ≤ τ2 ≤ 1, then a compact orientable minimal surface of S3

τ has
index one if and only if M is either the unique minimal sphere of S3

τ or
the Clifford surface in S3

1/
√

3
.

For the proof of this result, we embed isometrically CP2(4(1 − τ2)) in the
Euclidean space (see appendix), so we can see our surface isometrically immersed
in a sphere S7(r), for certain radius r. In this case, we use as test functions on
the second variation the restriction to the surface of the components of certain
conformal transformations of S7(r).

2. The Berger spheres

The Berger spheres S2n+1
τ , 0 < τ ≤ 1, are the Riemannian manifolds (S2n+1, 〈·, ·〉τ)

where 〈·, ·〉τ is the Riemannian metric on the unit sphere S2n+1 = {z ∈ Cn+1 : |z|2 =

1} given by

〈v, w〉τ = g(v, w)− (1− τ2)g(v, iz)g(w, iz), v, w ∈ TzS2n−1, (2.1)

where g is the Euclidean metric in Cn+1 and i is the imaginary unit. Notice that
〈·, ·〉1 = g. In the sequel we will denote the Berger metric simply by 〈·, ·〉 omitting
the subindex τ.

The isometry group of S2n+1
τ , 0 < τ < 1, is the subgroup of the orthogonal

group O(2n + 2) given by {A ∈ O(2n + 2) : AJ = ±J A} where J ∈ O(2n + 2)
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is the matrix associated with the multiplication by i in Cn+1. The subgroup {A ∈
O(2n + 2) : AJ = J A} is the real representation of the unitary group U(n + 1)
and hence the dimension of the isometry group of S2n+1

τ is (n + 1)2. In this
context, it is clear that the group U(n + 1) acts transitively on S2n+1

τ and the
isotropy subgroup at a point of S2n+1

τ is isomorphic to U(n). Hence the Berger
sphere is a homogeneous Riemannian manifold diffeomorphic to U(n+ 1)/U(n).

On the other hand, the Hopf fibration π : S2n+1 → CPn(4), where CPn(4)
denotes the complex projective space endowed with the Fubini-Study metric of
constant holomorphic sectional curvature 4, is a Riemannian submersion from
S2n+1

τ onto CPn(4), whose fibers are circles of length 2πτ. The unit vector field ξ

on S2n+1
τ , defined by

ξz =
1
τ iz, ∀z ∈ S2n+1

τ , (2.2)

spans the vertical line of the Hopf fibration and its uniparametric group is given
by

ζ(t, z) = cos( t
τ )z + sin( t

τ )iz, t ∈ R, z ∈ S2n+1
τ . (2.3)

Hence the action of S1 over S2n+1 can be written as eit · z = ζ(τt, z), 0 ≤ t ≤
2π. Moreover, for any z ∈ S2n+1

τ , the tangent space TzS2n+1
τ can be orthogonally

decomposed as 〈ξz〉 ⊕ Hz, where dπz : Hz → Tπ(z)CPn(4) is a linear isometry.
We note that the metrics 〈·, ·〉 and g coincide on H, and iv ∈ Hz for any v ∈ Hz.

Along the paper we will see the Berger spheres S2n+1
τ as geodesic spheres of

the complex projective space CPn+1(4(1− τ2)). The following result describes it
explicitly.

Proposition 1. The map F : S2n+1
τ → CPn+1(4(1− τ2)) given by

F(z1, . . . , zn+1) =
[(

τ√
1−τ2 , z1, . . . , zn+1

)]
,

where [w] = π(w) for any w ∈ S2n+3( 1√
1−τ2 ) and π : S2n+3( 1√

1−τ2 )→ CPn+1(4(1−
τ2) is the canonical projection, is an isometric embedding of the Berger sphere S2n+1

τ

into the complex projective space of constant holomorphic sectional curvature 4(1− τ2).
Hence, the Berger sphere S2n+1

τ can be identified with the set

S2n+1
τ ≡

{
[(w0, w1, . . . , wn+1)] ∈ CPn+1(4(1− τ2)) : |w0|2 = τ2

1−τ2

}
,

which is a geodesic sphere of CPn+1(4(1− τ2)) with radius 1√
1−τ2 arccos(τ) and center

[( 1√
1−τ2 , 0, . . . , 0)]. The Fubini-Study metric of CPn+1(4(1− τ2)) will be also denoted

by 〈·, ·〉.
Moreover, if J denotes the complex structure of CPn+1(4(1− τ2)), then JdFz(ξz) is

a unit normal vector to S2n+1
τ in CPn+1(4(1− τ2)), and dFz(iu) = JdFz(u) for any

horizontal vector u ∈ TzS2n+1
τ .

Finally, the second fundamental form of the embedding F is given by

σ̂(X, Y) =
(

τ〈X, Y〉 − 1−τ2

τ 〈X, ξ〉〈Y, ξ〉
)

Jξ, ∀X, Y ∈ X(S2n+1
τ ). (2.4)

Proof. Firstly, we can write F = π ◦ F̂, where F̂ : S2n+1
τ → S2n+3( 1√

1−τ2 ) is given

by F̂(z) =
(

τ√
(1−τ2)

, z
)

, for any z ∈ S2n+1
τ .
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Then, for any u ∈ TzS2n+1
τ we have dF̂z(u) = (0, u) and hence its horizontal

component with respect to π is (0, u)H = (0, u) − (1 − τ2)g(u, iz)iF̂(z). From
here, and taking into account (2.1), it follows that

〈dFz(u), dFz(v)〉 = g(dF̂z(u)H , dF̂z(v)H) = 〈u, v〉, ∀u, v ∈ TzS2n+1
τ , (2.5)

which means that F is an isometric immersion. As clearly F is injective, we obtain
that F is an isometric embedding.

Also, if u ∈ TzS2n+1
τ is a horizontal vector, that is, g(u, iz) = 0, we have, from

the definition of the complex structure J of CPn+1(4(1− τ2)), that

JdFz(u) = dπF̂(z)(i(0, u)H) = dπF̂(z)((0, iu)) = dFz(iu).

Moreover, using (2.2) we obtain that

JdFz(ξz) = dπF̂(z)(i(0, ξz)
H) = dπF̂(z)(

√
1− τ2,−τz). (2.6)

So, for every u ∈ TzS2n+1
τ , we have

〈dFz(u), JdFz(ξz)〉 = g(dF̂z(u)H , (
√

1− τ2,−τz)) = 0,

and hence z ∈ S2n+1
τ 7→ JdFz(ξz) defines a unit normal vector field to F.

Finally, it is clear that F(S2n+1
τ ) is a geodesic sphere of CPn+1(4(1− τ2)) of

radius 1√
1−τ2 arccos(τ) and hence it is a pseudoumbilical hypersurface with two

constant principal curvatures: τ with multiplicity 2n and 2τ2−1
τ with multiplicity

1, see [21]. As ξ ≡ F∗ξ is an eigenvector for the eigenvalue 2τ2−1
τ , the second

fundamental form σ̂ of the embedding F is given by (2.4). �

Taking into account Proposition 1 and the expression for the curvature tensor
in the complex projective space, we get that the curvature tensor R of S2n+1

τ is
given by

R(X, Y, Z, W) = 〈Y, Z〉〈X, W〉 − 〈X, Z〉〈Y, W〉

+ (1− τ2)
[
〈JY, Z〉〈JX, W〉 − 〈JX, Z〉〈JY, W〉 − 2〈JX, Y〉〈JZ, W〉

]
+ (1− τ2)〈Z, ξ〉

[
〈X, ξ〉〈Y, W〉 − 〈Y, ξ〉〈X, W〉

]
+ (1− τ2)〈W, ξ〉

[
〈Y, ξ〉〈X, Z〉 − 〈X, ξ〉〈Y, Z〉

]
, (2.7)

for every X, Y, Z, W ∈ X(S2n+1
τ ).

In particular, the sectional curvature of the plane Π ⊂ TpS2n+1
τ generated by

an orthonormal frame {v, w} is given by

K(Π) = 1 + (1− τ2)
[
3〈v, Jw〉2 − |ξΠ|2

]
, (2.8)

where ()Π denotes the tangent component to Π. Moreover, the Ricci curvature
Ric of a unit vector v is

Ric(v) = 2n + 2(1− τ2)[1− (n + 1)〈v, ξ〉2], (2.9)

and the scalar curvature is ρ = 2n[2(n + 1) − τ2]. It is interesting to note that
Ric ≥ 2nτ2 > 0 .

In the next result we relate some geometric objects of the metrics 〈·, ·〉 and
g(·, ·) on the sphere S2n+1.
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Lemma 1. Let ∇ and g∇ be the Levi-Civita connections of the Berger metric 〈·, ·〉 and
the standard metric g(·, ·) on S2n+1 respectively. Then:

(1) For any X, Y ∈ X(S2n+1)

g∇XY = ∇XY + 1−τ2

τ

[
〈Y, ξ〉J(X− 〈X, ξ〉ξ) + 〈X, ξ〉J(Y− 〈Y, ξ〉ξ)

]
, (2.10)

where ξ is the vector field defined in (2.2).
(2) For any X ∈ X(S2n+1

τ ),

∇Xξ = τ J(X− 〈X, ξ〉ξ), (2.11)

So ξ is a unit geodesic Killing field on S2n+1
τ .

(3) The gradients and the Laplacians of a function f : S2n+1 → R with respect to
both metrics are related by

g∇ f = ∇ f − (1− τ2)(Lξ f )ξ,
g∆̄ f = ∆̄ f − (1− τ2)(Lξ)

2 f ,
(2.12)

where Lξ is the Lie derivative with respect to the vector field ξ.
(4) The spectrum of the Laplacian operator ∆̄ of S2n+1

τ is contained in the set{
µk,p = λk +

1−τ2

τ2 (k− 2p)2 : k ∈ Z+, p ∈ Z, 0 ≤ p ≤ b k
2c
}

,

where {λk = k(2n + k), k ∈ Z+} is the spectrum of (S2n+1, g) and b·c stands
for integer part. Moreover, g∆̄ ◦ Lξ = Lξ ◦

g∆̄ and the eigenspace V(λk) of the
eigenvalue λk decomposes as

V(λk) = V(µk,0)⊕ · · · ⊕V(µk,[ k
2 ]
),

where some of V(µk,p) may be trivial. Moreover, for each ϕ ∈ V(µk,p) we have
(Lξ)

2 ϕ + 1
τ2 (k− 2p)2 ϕ = 0.

Remark 1. For n = 0, the metrics 〈, 〉τ and g are homothetic on S1. Hence, we have
that V(λk) = V(µk,0) and so V(µk,p) are trivial for all p 6= 0. For n ≥ 1, Tanno [22]
shows that V(µk,0), V(µk,k/2) and V(µk,(k−2)/2) (k even), and V(µk,(k−1)/2) (k odd)
are always non-trivial.

Proof. Using the expression of the Levi-Civita connection given in the Koszul
formula and the relation between the metrics 〈·, ·〉 and g(·, ·) given in (2.1), it is
straightforward to get (2.10). Now using that

g∇Xiz is the tangential component
to the sphere of iX and (2.10) we easily get (2.11).

If f is a smooth function on S2n+1 then X( f ) = 〈∇ f , X〉 = g(g∇ f , X). Now,
using (2.1) we get the relations between the gradients given in (2.12). Under
this condition, the relations between the Laplacians given in (2.12) is a direct
consequence of (2.10). Finally, item (4) was proved by S. Tanno [23]. �

3. Minimal submanifolds in the Berger spheres

Let Φ : Md → S2n+1
τ be an immersion of a compact d-dimensional manifold

M in the Berger sphere S2n+1
τ . Then, Φ∗TS2n+1

τ = TM ⊕ T⊥M, where T⊥M is
the normal bundle of Φ. Let ∇ be the Levi-Civita connection of S2n+1

τ , ∇ be
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the Levi-Civita connection of the induced metric on M, and ∇⊥ be the normal
connection.

Suppose now that Φ is a minimal immersion, that is Φ is a critical point for the
volume functional. The second variation operator, known as the Jacobi operator
of Φ and which will be denote by L, is a strongly elliptic operator acting on the
sections of the normal bundle, L : X⊥(M)→ X⊥(M) given by

L = ∆⊥ +A+R,

where ∆⊥ is the normal Laplacian

∆⊥ =
d

∑
i=1

(
∇⊥ei
∇⊥ei
−∇⊥∇ei ei

)
,

and A,R are the endomorphisms of the normal bundle defined as follows

A(η) =
d

∑
i=1

σ(ei, Aηei), R(η) =
d

∑
i=1

(R(η, ei)ei)
⊥,

where {e1, . . . , ed} is an orthonormal reference tangent to M, σ is the second
fundamental form of Φ, Aη is the Weingarten endomorphism associated to η ∈
X⊥(M) and ⊥ stands for normal component. Let Q : X⊥(M) → R be the qua-
dratic form associated to the Jacobi operator L, defined by

Q(η) = −
∫

M
〈Lη, η〉dv.

We will denote by Ind(Φ) and Nul(Φ) (they will be also denoted by Ind(M) and
Nul(M)) the index and the nullity of the quadratic form Q, which are respec-
tively the number of negative eigenvalues of L and the multiplicity of zero as an
eigenvalue of L. The immersion Φ will be called stable if Ind(Φ) = 0.

Using (2.7) we obtain that

Lη = ∆⊥η +Aη +
(
d− (1− τ2)|ξ>|2

)
η− d(1− τ2)〈η, ξ〉ξ⊥− 3(1− τ2)[J(Jη)>]⊥,

(3.1)
where > and ⊥ denote respectively tangential and normal components to M.

In the particular case M is an orientable hypersurface, i.e. d = 2n, and N is a
unit normal vector field to Φ, any normal section η can be written η = f N and so
X⊥(M) ≡ C∞(M) (η ≡ f ). The operator L becomes in the Schrödinger operator
L : C∞(M)→ C∞(M) given by

L = ∆ + |σ|2 + 2n− 2(1− τ2)
(
(n + 1)ν2 − 1

)
, (3.2)

where ∆ is the Laplacian operator on M and ν = 〈ξ, N〉 is the so-called angle
function. Considering the constant function 1 as a test function, we obtain that

Q(1) = −
∫

M
|σ|2 dv−

∫
M

2(n + 1− τ2)dv +
∫

M
2(n + 1)(1− τ2)ν2 dv

≤ −
∫

M
2(n + 1− τ2)dv +

∫
M

2(n + 1)(1− τ2)dv = −
∫

M
2nτ2 dv,

where we have used that ν2 ≤ 1. Hence we get the following result:

Proposition 2. Every orientable compact minimal hypersurface of S2n+1
τ is unstable and

the first eigenvalue of L is λ1 ≤ −2nτ2.
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Now we define an important family of minimal submanifolds of S2n+1
τ .

Example 1. (1) Induced S1-bundle by the Hopf fibration over a complex submanifold
of CPn(4). Let Ψ : N2m → CPn(4) be a complex immersion of a complex
manifold N and

M2m+1
0 = {(p, x) ∈ N × S2n+1

τ : Ψ(p) = π(x)},

where π : S2n+1
τ → CPn(4) is the Hopf fibration. We define π0 : M0 → N

by π0(p, x) = p and Φ0 : M0 → S2n+1
τ by Φ0(p, x) = x. Then, the following

diagram is commutative:

M2m+1
0

Φ0−−−−→ S2n+1
τ

π0

y yπ

N2m −−−−→
Ψ

CPn(4)

π ◦Φ0 = Ψ ◦ π0, (3.3)

and M2m+1
0 is a S1-bundle over N2n, where the action S1 ×M0 → M0 is given

by z · (p, x) = (p, zx) for any z ∈ S1 and (p, x) ∈ M0. Now, as ξ is tangent
to M0, i.e. ξ⊥ = 0, and Ψ is a minimal immersion, it is easy to check that Φ0

is also a minimal immersion, which will be called the induced bundle by the
Hopf fibration over the complex immersion Ψ : N2m → CPn(4).

We observe that Φ0 is an embedding if and only if Ψ is an embedding.
(2) S1-bundle compatible with the Hopf fibration over a complex submanifold of CPn(4).

An immersion Φ : M2m+1 → S2n+1
τ is called a S1-bundle compatible with the

Hopf fibration if there exists a complex immersion Ψ : N2n → CPn(4) such
that M is a S1-bundle over N whose associated projection π̂ : M→ N satisfies
Ψ ◦ π̂ = π ◦Φ.

Since in this case ξ is also tangent to M and Ψ is minimal we get that Φ is
a minimal immersion.

Moreover, if Φ0 : M2m+1
0 → S2n+1

τ is the induced S1-bundle over N, then
there exists an integer s ≥ 1 and a s-sheeted covering map π̃ : M → M0 such
that π0 ◦ π̃ = π̂ and Φ = Φ0 ◦ π̃, where π0 : M0 → N is the projection. In
such case, the following diagrams are commutative

M2m+1 π̃ //

Φ

&&

π̂ $$

M2m+1
0

Φ0 //

π0
��

S2n+1
τ

π

��
N2m

Ψ
// CPn(4)

(3.4)

In fact, let ϕ : R×M→ M be the uniparametric group of ξ̂, where ξ̂ is the
restriction of ξ to M. Then (Φ ◦ ϕ)(t, p) = ζ(t, Φ(p)) (see (2.3)). If λ ∈ R is the
minimum period of all the curves ϕp (see [3]), then ζ(t+λ, Φ(p)) = ζ(t, Φ(p))
for any p ∈ M and so there exists an integer s ≥ 1 such that λ = 2πτs.
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The action S1 ×M→ M is given by

eit · p = ϕ(sτt, p), 0 ≤ t ≤ 2π,

so the subgroup Gs ⊂ S1 given by Gs = {1, e
i2π

s , . . . , e
i2π(s−1)

s } also acts on M
and Φ̂ : M/Gs → S2n+1

τ given by Φ̂([p]) = Φ(p) is well-defined and it is also
a S1-bundle over N compatible with the Hopf fibration.

Let Φ0 : M2m+1
0 → S2n+1

τ be the induced S1-bundle over the complex sub-
manifold Ψ : N → CPn(4). Then it is easy to see that

F : M/Gs → M0

F([p]) = (π̂(p), Φ(p))

is a S1-bundle isomorphism and so the assertion follows.
The integer s ≥ 1 will be called the order of the immersion Φ.

In the next result we characterize two important families of minimal submani-
folds of S2n+1

τ which will play an important role along the paper.

Proposition 3. Let Φ : Md → S2n+1
τ be a minimal immersion of a d-dimensional

manifold M.

(i) The normal component of the Killing vector field ξ vanishes identically and the
normal bundle of Φ is invariant under the complex structure J of CPn+1(4(1− τ2))

if and only if, d = 2m + 1 is odd and M is a S1-bundle π̂ : M2m+1 → N2m over a
complex submanifold Ψ : N2m → CPn(4) compatible with the Hopf fibration.

(ii) The tangent component of the Killing vector field ξ vanishes identically if and only
if, J(TM) ⊂ T⊥M. In particular Φ : Md → S2n+1

τ ⊂ CPn+1(4(1− τ2)) is a
totally real immersion and d ≤ n. In this case the metrics induced on M by the
Berger metric 〈·, ·〉 and the standard metric g are the same.

In both cases, the immersion Φ : Md → S2n+1
τ′ is also minimal for all τ′ ∈ (0, 1].

Proof. (i) Suppose that ξ⊥ = 0 and the normal bundle of Φ is invariant under the
complex structure J. Then, as the normal bundle is of even dimension, we get
that d = 2m + 1 for some integer m ≥ 0. Also, as ξ⊥ = 0, the restriction ξ̂ of ξ to
M is tangent to M and so TM orthogonally decomposes as TM = D⊕ 〈ξ̂〉, where
the subbundle D is invariant under J.

If η is the 1-form on M given by η(v) = 〈ξ̂, v〉, then using (2.10) and that ξ⊥ =

0, it follows that the differential of η is given by dη(X, Y) = 2τ〈JX, Y〉 for any
vector fields X, Y tangent to M. So, if {e1, . . . , em, Je1, . . . , Jem} is an orthonormal
basis of Dp, p ∈ M, we have that

(η ∧ (dη)m)p(ξ̂p, e1, . . . , em, Je1, . . . , Jem) 6= 0,

and hence η defines a contact structure on M. We remark that, in particular,
M is orientable. Now, from a result of W. Boothby and H. Wang [3] and A.
Morimoto [13], we have that M is a S1-principal bundle over a complex manifold
N2m. If π̂ : M → N is the projection, then we define Ψ : N → CPn(4) by
Ψ(q) = π(Φ(p)), where p ∈ π̂−1(q). It is clear that Ψ is well defined, i.e., it is
independent of the point p in π̂−1(q), and so Ψ defines a complex immersion of
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the manifold N in CPn(4) satisfying Ψ ◦ π̂ = π ◦ Φ. More precisely, Φ : M →
S2n+1

τ is a S1-bundle compatible with the Hopf fibration (see Example 1.(2)).
Conversely, if M2m+1 is a S1-bundle π̂ : M2m+1 → N2m over a complex sub-

manifold Ψ : M2m → CPn(4) compatible with the Hopf fibration, then ξ⊥ = 0
and, as the normal bundle of Ψ is complex, then the normal bundle of Φ is in-
variant under the complex structure J.

(ii) If ξ> = 0, then ξ ∈ X⊥(M), and by (2.11) and the Weingarten equation:

τ JX = ∇Xξ = −Aξ X +∇⊥X ξ, ∀X ∈ X(M).

So 〈σ(X, Y), ξ〉 = −τ〈JX, Y〉. As σ is symmetric and 〈J−,−〉 skew-symmetric, we
obtain that Aξ = 0 and hence last equation says that JX ∈ X⊥(M).

Conversely, if J(TM) ⊂ T⊥M then, since Jξ is normal to S2n+1
τ in CPn+1(4(1−

τ2)) (see Proposition 1),

0 = 〈JX, Jξ〉 = 〈X, ξ〉, for any X ∈ X(M),

so ξ is normal to Φ which finishes the proof of (ii).
Finally, in both cases, from (2.1) it follows that

0 = 〈v, η〉 = g(v, η) = 〈v, η〉τ′ , ∀v ∈ TM, η ∈ T⊥M, τ′ ∈ (0, 1],

which means that T⊥M = T⊥τ′ M, where T⊥τ′ M stands for the normal bundle of
the immersion Φ : M → S2n+1

τ′ , for any τ′ ∈ (0, 1]. Under this condition, taking
normal components in (2.10), the mean curvature Hg of the immersion Φ with
respect to the metric g is given by

dHg = 2(1−τ2)
τ

d

∑
i=1
〈ξ, ei〉(Jei)

⊥ = (Jξ>)⊥ = 0,

which means that Φ is also minimal with respect to the metric g. Repeating the
argument, we get that Φ : M→ S2n+1

τ′ is minimal for any τ′ ∈ (0, 1]. �

Proposition 4. Let Φ : M2m+1 → S2n+1
τ be a S1-bundle compatible with the Hopf

fibration over a complex submanifold Ψ : N → CPn(4). Then, the multiplicities of the
eigenvalues of the Jacobi operator of Φ are even. In particular, its index and nullity are
even.

Proof. Firstly, as ξ⊥ = 0, we can decompose TM = D ⊕ 〈ξ〉. As Ψ is a complex
immersion, D and the normal bundle T⊥M are invariant by the complex structure
J of CPn+1(4(1− τ2)). Hence, by (3.1), the Jacobi operator is

Lη = ∆⊥η +Aη + (2m + τ2)η. (3.5)

Moreover, as TM = D⊕ 〈ξ〉, then for any vector field X ∈ Γ(D), (2.11) and the
fact that D is invariant by J imply that

∇ξ ξ = 0, ∇Xξ = τ JX, σ(ξ, ξ) = 0, σ(X, ξ) = 0. (3.6)

If D is the Levi-Civita connection of CPn+1(4(1− τ2)), using the Gauss and Wein-
garten formulae joint with (2.4) and (3.6) in the equation DJ = 0, it is easy to get
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that
∇X JY = J

(
∇XY + τ〈JX, Y〉ξ

)
− τ〈X, Y〉ξ, σ(X, JY) = Jσ(X, Y)

AJηX = JAηX = −Aη JX, ∇⊥X Jη = J∇⊥X η,
(3.7)

for any X, Y ∈ Γ(D) and any η ∈ X⊥(M).
Using (3.7) we easily get that ∆⊥ J = J∆⊥ and AJ = JA, and so LJ = JL. This

implies that the eigenspace associated to an eigenvalue of L is invariant under J
and hence of dimension even. �

Now, we are going to give explicit examples of the two families of minimal
submanifolds of S2n+1

τ studied in Proposition 3.

Example 2. Using the easiest examples of complex submanifolds of CPn(4) and
following Example 1, we give two explicit nice examples of minimal submanifolds
of S2n+1

τ of the family (i) of Proposition 3:

(1) Let m ≥ 0 and Ψ : CPm(4) → CPn(4) be the totally geodesic complex em-
bedding given by Ψ([(z1, . . . , zm+1)]) = [(z1, . . . , zm+1, 0, . . . , 0)]. Then, the in-
duced bundle by the Hopf fibration is the minimal embedding Φ0 : S2m+1

τ →
S2n+1

τ given by Φ(z1, . . . , zm+1) = (z1, . . . , zm+1, 0, . . . , 0).
If m ≥ 1 then S2m+1 does not have any covering. If m = 0 then, for any

s ∈ N there exists a s-sheeted covering π̃ : S1 → S1, π̃(z) = zs, and the
corresponding totally geodesic immersion Φs = Φ0 ◦ π̃ : S1 → S2n+1

τ is given
by Φs(z) = (zs, 0, . . . , 0). Moreover, the induced metric by Φs in S1 is s2τ2g.

(2) Let Ψ : CP1(2) → CP2(4) be the degree two Veronese complex embedding
given by Ψ([z, w]) = [(z2,

√
2zw, w2)] and

M0 = {
(
[(z, w)], x

)
∈ CP1(2)× S5

τ : [z, w] ∈ CP1(2), π(x) = [z2,
√

2zw, w2]}

its induced bundle by the Hopf fibration. Then M0 can be identified with the
three dimensional real projective space RP3 = {[[(z, w)]] ∈ S3/{I,−I}} via
the diffeomorphism RP3 → M0 given by

[[(z, w)]] 7→
(
[(z, w)], (z2,

√
2zw, w2)

)
.

Now, the corresponding minimal embedding Φ0 : RP3 → S5
τ is given by

Φ0([[(z, w)]]) = (z2,
√

2zw, w2).
In this case, π̃ : S3 → RP3 is a 2-sheeted covering and the minimal im-

mersion Φ = Φ0 ◦ π̃ : S3 → S5
τ (see Example 1.(2)) is given by Φ(z, w) =

(z2,
√

2zw, w2). The map π0 ◦ π̃ : S3 → CP1(2) is the Hopf fibration and the
induced metric on S3 by the immersion Φ is 2〈·, ·〉√2τ .

In the next result we classify the totally geodesic submanifolds of S2n+1
τ , ap-

pearing an example of the family described in Proposition 3.(ii). Although the
result must be known, we have not find it in the literature and we include it for
completeness.

Proposition 5. Let Φ : Md → S2n+1
τ , 0 < τ < 1, be an immersion of a d-dimensional

manifold M. Then Φ is totally geodesic if and only if, up to congruences, Φ(M) is an
open subset of either one of the following spheres of S2n+1

τ :



12 FRANCISCO TORRALBO AND FRANCISCO URBANO

(i) A Berger sphere S2m+1
τ , m ≥ 0 given in Example 2.(1)

(ii) Sd = {(a1, . . . , ad+1, 0, . . . , 0) ∈ S2n+1
τ ⊂ Cn+1 : ai ∈ R}, 1 ≤ d ≤ n.

or Φ(M) is a geodesic.

Remark 2. The Killing field ξ satisfies ξ> = 0 in the example (ii). The cases m = 0
in (i) and d = 1 in (ii) correspond to embedded closed geodesic in S2n+1

τ .

Proof. Firstly, the submanifold presented in item (i) is totally geodesic since it is

the fixed point set of the isometry A =
(

Idm+1 0
0 −Idn−m

)
∈ U(n + 1).

Also, as item (ii) is also totally geodesic with respect to the metric g on S2n+1,
then

g∇XY is tangent to Sd for any X, Y ∈ X(Sd). Moreover, ξ> = 0 and so,
from (2.10), it follows that σ(X, Y) = 0, and hence Sd is totally geodesic in S2n+1

τ .
Suppose now that Φ : Md → S2n+1

τ is a totally geodesic immersion with d ≥ 2.
We consider the orthogonal decomposition ξ = ξ> + ξ⊥ of ξ in tangential and
normal components to Φ. Now, by (2.11) and as σ = 0,

τ J(X− 〈X, ξ〉ξ) = ∇Xξ = ∇X(ξ
> + ξ⊥) = ∇Xξ> +∇⊥X ξ⊥, (3.8)

which implies that ∇Xξ> = τ(JX)> and so ξ> is a Killing field over M. But any
Killing vector field on M satisfies ∇X∇Xξ> −∇∇X Xξ> + R(ξ>, X)X = 0 for any
tangent vector field X. Now we compute the members of this equation for any
X orthogonal to ξ> with |X|2 = 1. As σ = 0, from Gauss equation and (2.7) we
obtain

R(ξ>, X)X = (R(ξ>, X)X)> =
(
1− (1− τ2)|ξ>|2

)
ξ> + 3(1− τ2)〈ξ>, JX〉(JX)>.

Also, if D is the Levi-Civita connection of CPn+1(4(1 − τ2)), as (DX J)X = 0,
taking into account that σ = 0 and equations (2.4) and (3.8) we get that

∇X∇Xξ> −∇∇X Xξ> = τ{∇X(JX)> − (J∇XX)>} = −τσ̂(X, X)ξ> = −τ2ξ>.

From last two equations we finally obtain that

(1− τ2)
[
(1− |ξ>|2)ξ> + 3〈ξ>, JX〉(JX)>

]
= 0.

Multiplying by ξ> and as τ 6= 1 we obtain that either |ξ>| = 1 (i.e. ξ⊥ = 0), or
ξ> = 0.

Now, the normal bundles of Φ with respect to the Berger metric and the stan-
dard one g are the same. Hence, from (2.10) and taking into account (3.8) we
deduce that, the second fundamental form σg of Φ : M → S2n+1 with respect to
the standard metric satisfies:

σg(X, Y) = 1−τ2

τ2 (〈Y, ξ>〉∇⊥X ξ⊥ + 〈X, ξ>〉∇⊥Y ξ⊥) = 0.

Hence Φ : M → S2n+1 is totally geodesic, and so Φ(M) is an open subset of a
d-dimensional sphere Sd ⊂ S2n+1.

In the case ξ⊥ = 0, the complex structure J leaves invariant the normal bundle
(see (2.11)) so, using Proposition 3, we obtain that, up to an isometry of the Berger
sphere, Φ is an embedding and Φ(M) is an open subset of one of the examples
shown in the result. When ξ> = 0, the result follows from Proposition 3.(ii). �
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Example 3 (Clifford hypersurfaces). Now, we are going to introduce a family of
minimal hypersurfaces of S2n+1

τ , that we will name Clifford hypersurfaces. These
examples will be those classical Clifford hypersurfaces of S2n+1 which satisfies
ξ⊥ = 0 (ν = 0), which, from Proposition 3, will be minimal in S2n+1

τ for any
τ ∈ (0, 1].

Let consider, for any integers d1, d2 ≥ 1 with d1 + d2 = 2n, the canonical

embedding Φ : Sd1(r1) × Sd2(r2) → S2n+1 where r1 =
√

d1
2n and r2 =

√
d2
2n

are the radii of the spheres. It is well-known that Φ is minimal, that N(p,q) =

(
√

d2
d1

p,−
√

d1
d2

q) is a unit normal vector field to Φ and that |σg|2g = d1 + d2. Un-
der these conditions it is not difficult to check that g(N(p,q), i(p, q)) = 0 for any
(p, q) ∈ Sd1(r1) × Sd2(r2) if and only if d1 = 2m1 + 1, d2 = 2m2 + 1 and, up to
congruences,

S2m1+1(r1)× S2m2+1(r2) = {(z, w) ∈ Cm1+1 ×Cm2+1 : |z| = r1, |w| = r2} ⊂ S2n+1
τ .

In fact, since i(p, q) is a unit tangent vector field to Sd1(r1)× Sd2(r2), the Poincaré-
Hopf theorem ensures that the Euler characteristic of Sd1(r1)× Sd2(r2) is 0. This
only happens when d1 and d2 are odd.

Now, Proposition 3 says that the embedding Φ : S2m1+1(r1) × S2m2+1(r2) →
S2n+1

τ is a minimal hypersurface for any τ ∈ (0, 1], satisfying ξ⊥ = 0. From (2.1)
the normal bundles with respect to the Euclidean metric and the Berger metric
are the same and both metric coincide on the normal bundle. So N is also a unit
normal vector field to Φ : S2m1+1(r1) × S2m2+1(r2) → S2n+1

τ and from (2.10) it
follows that

g(σg(X, Y), N) = 〈σ(X, Y), N〉+ 1−τ2

τ [〈Y, ξ〉〈JX, N〉+ 〈X, ξ〉〈JY, N〉].

From last formula it follows, taking into account that |σg|2g = 2(m1 +m2 + 1), that
|σ|2 = 2(m1 + m2 + τ2).

In the following results we study the index and the nullity of the Examples 2

and 3.

Proposition 6. Let Φ : S2m+1
τ → S2n+1

τ be the totally geodesic embedding given in
Example 2.(1). Then:

(i) Ind(S2m+1
τ ) =

0, if τ2 ≤ 1
2(m+1) ,

2(n−m), if 1
2(m+1) < τ2 ≤ 1,

(ii) Nul(S2m+1
τ ) =


2(n−m)(m + 1), if τ2 < 1 and τ2 6= 1

2(m+1) ,

2(n−m)(m + 2), if τ2 = 1
2(m+1) ,

4(n−m)(m + 1), if τ2 = 1.

Moreover, let m = 0 and Φs : S1 → S2n+1
τ be the totally geodesic immersion Φs(z) =

(zs, 0, . . . , 0) described in Example 2.(1). Then Φs is stable if and only if τ2 ≤ 1
2s .

Proof. From (3.5) and as σ = 0, we have that the Jacobi operator of Φ is given by

Lη = ∆⊥η + (2m + τ2)η,



14 FRANCISCO TORRALBO AND FRANCISCO URBANO

for any η ∈ X⊥(S2m+1
τ ). First, considering the spheres embedded in Cn+1, it is

clear that {aj, iaj : 1 ≤ j ≤ n−m} defined by

aj = (0, . . . , 0,
m+1+j

1 , 0, . . . , 0) ∈ Cn+1

is a global orthonormal reference of the normal bundle of Φ. IfDj = span {aj, iaj},
then the normal bundle can be decomposed as T⊥S2m+1

τ = D1 ⊕ · · · ⊕ Dn−m.
Hence any normal section η ∈ X⊥(S2m+1

τ ) can be written as η = ∑n−m
j=1 { f jaj +

gj iaj}, with f j, gj ∈ C∞(S2m+1
τ ).

Since
g∇uaj =

g∇uiaj = 0 for any tangent vector u ∈ TS2m+1
τ , we easily get

from (2.10) and (3.7) that

∇⊥u aj = − 1−τ2

τ 〈u, ξ〉Jaj, ∆⊥aj = − (1−τ2)2

τ2 aj, ∇⊥u iaj = i∇⊥u aj, ∆⊥iaj = i∆⊥aj.

Hence, the Jacobi operator is given by

Lη =
n−m

∑
j=1

[
∆ f j + (2m + 2− 1

τ2 ) f j + 2 1−τ2

τ Lξ gj

]
aj

+
n−m

∑
j=1

[
∆gj + (2m + 2− 1

τ2 )gj − 2 1−τ2

τ Lξ f j

]
iaj, ∀ η =

n−m

∑
j=1
{ f jaj + gj iaj}.

As a consequence, if Γ(Dj) is the space of sections of the subbundle Dj, then
L(Γ(Dj)) ⊂ Γ(Dj), and so Ind(L) = ∑n−m

j=1 Ind(Lj), where Lj is the restriction of
L to Γ(Dj).

We are going to compute the index and nullity of Lj and prove that these
numbers are independent of the subbundles Dj. To simplify the notation, let
D = span{a, ia} and L : Γ(D)→ Γ(D).

Let η = f a + g(ia) be an eigensection of L associated to the eigenvalue ρ, i.e.
Lη + ρη = 0. Then, from the previous equation we get

∆ f + [ρ + (2m + 2− 1
τ2 )] f = −2 1−τ2

τ Lξ g,

∆g + [ρ + (2m + 2− 1
τ2 )]g = 2 1−τ2

τ Lξ f .
(3.9)

From Lemma 1.(4) we have that ∆ ◦ Lξ = Lξ ◦ ∆, and so applying Lξ to both
equations of (3.9) we obtain

∆Lξ f + [ρ + (2m + 2− 1
τ2 )]Lξ f = −2 1−τ2

τ (Lξ)
2g,

∆Lξ g + [ρ + (2m + 2− 1
τ2 )]Lξ g = 2 1−τ2

τ (Lξ)
2 f .

(3.10)

Let f = ∑k,p fk,p and g = ∑k gk,p be the decompositions of f and g in eigen-
functions of the Laplacian ∆ of S2m+1

τ with fk,p, gk,p ∈ V(µk,p) (see Lemma 1).
More precisely,

∆ fk,p + µk,p fk,p = 0, ∆gk,p + µk,pgk,p = 0, µk,p = k(2m + k) + 1−τ2

τ2 (k− 2p)2,

with k and p integer numbers satisfying k ≥ 0 and 0 ≤ p ≤ b k
2c.
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As (Lξ)
2 fk,p = − 1

τ2 (k− 2p)2 fk,p, from (3.10), it follows that

[
(
−µk,p + ρ + (2m + 2− 1

τ2 )
)2 − 4 (1−τ2)2

τ4 (k− 2p)2] fk,p = 0,

[
(
−µk,p + ρ + (2m + 2− 1

τ2 )
)2 − 4 (1−τ2)2

τ4 (k− 2p)2]gk,p = 0,
(3.11)

for any k ≥ 0 and 0 ≤ p ≤ b k
2c, and so, the eigenvalue ρ of L takes the form

ρ = (2m + 1 + k)(k− 1) + 1−τ2

τ2 (k− 2p± 1)2. (3.12)

for some k ≥ 0 and 0 ≤ p ≤ b k
2c. Notice that ρ > 0 for k ≥ 2 and so we only need

to analyse the cases k = 0 and k = 1. In both cases we know by the decomposition
in Lemma 1.(4) that V(µ0,0) = V(λ0) and V(µ1,0) = V(λ1).

On the one hand, if k = 0, then p = 0 and ρ = 1
τ2 − (2m + 2). Hence, in this

case, ρ is positive if τ2 < 1
2m+2 , ρ = 0 if τ2 = 1

2m+2 and ρ is negative if τ2 > 1
2m+2 .

Moreover, from (3.11) and if τ2 6= 1
2m+2 , we deduce that f and g are constant

functions and so the eigensections associated to ρ are of the form αa + βia, with
α, β ∈ R. From here it follows that Ind(L) = 0 for τ2 ≤ 1

2m+2 . Also we obtain
that, for τ2 > 1

2m+2 , Ind(L) is twice the multiplicity of µ0,0, which is one. So, in
this case, Ind(L) = 2.

On the other hand, when k = 1, we have that p = 0 and so ρ = 0. Now,
by (3.11) and assuming τ2 6= 1

2m+2 , we get that f and g are eigenfunctions of

the Laplacian associated to the eigenvalue µ1,0 = 2m + 1 + 1−τ2

τ2 . But, if τ2 6= 1,
using (3.9) we get that g = −τLξ f and so the eigensections associated to ρ are
f a − τ(Lξ f )ia, with f ∈ V(µ1,0) = V(λ1). Finally, if τ2 = 1

2m+2 then αa + βia,
α, β ∈ R are also eigensections associated to ρ = 0 by the analysis in the previous
paragraph. We deduce that, if τ2 6= 1

2m+2 and τ2 6= 1, Nul(L) coincides with the
multiplicity of µ1,0 that is, Nul(L) = (2m + 2). When τ2 = 1

2m+2 , then Nul(L) is
increased by 2 and so, in this case, Nul(L) = 2m + 4. If τ2 = 1 then the normal
section η = f a + gia with f , g ∈ V(λ1) satisfies Lη = 0 and so the nullity in this
case is 2(2m + 2) (see also [19, Proposition 5.1.1]).

We finally observe that the index and the nullity of L is the same for any
subbundle Dj, and so the result follows.

We finally analyse the immersion Φs : S1 → S2n+1
τ , Φs(z) = (zs, . . . , 0). Notice

that the Laplacian ∆ of the induced metric by Φs is ∆ = (Lξ)
2 and if f is an eigen-

function associated to the k-th eigenvalue of the Laplacian then ∆ f = (Lξ)
2 f =

− k2

s2τ2 f . Following the previous arguments we easily get that the eigenvalues ρ of
L take the form (cp. (3.12))

ρ±(k) = ( k2

s2 − 1) + 1−τ2

τ2 ( k
s ± 1)2.

Now, it is clear that ρ±(k) ≥ 0 for k ≥ s and, if we assume τ2 ≤ 1
2s it is not

difficult to show that ρ±(k) is also non-negative for 0 ≤ k ≤ s − 1. Hence, the
immersion Φs is stable for τ2 ≤ 1/2s. Moreover, by a direct computation

ρ−(s− 1) = 1
s2 (

1
τ2 − 2s),
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with associated eigensection f a + τs
s−1 (Lξ f )ia if s 6= 1 or a and ia if s = 1, where

f is any eigenfunction of ∆ associated to the (s− 1)-th eigenvalue. Hence, Φs is
unstable if τ2 > 1

2s and the proof finishes. �

Proposition 7. Let Φ0 : RP3 → S5
τ be the minimal embedding given in Example 2.(2).

Then:

Ind(RP3) =


8 if 1

2 < τ2 ≤ 1,

6 if 1
4 < τ2 ≤ 1

2

0 if τ2 ≤ 1
4 .

, Nul(RP3) =


16 if τ2 = 1 or τ2 = 1

4 ,

12 if τ2 = 1
2 ,

10 otherwise.

Moreover, if Φ : (S3, 2〈·, ·〉√2τ) → S5
τ is the minimal isometric immersion given in

Example 2.(2), then

Ind(S3) =


≥ 14 if 1

4 < τ2 ≤ 1,

8 if 1
8 < τ2 ≤ 1

4

0 if τ2 ≤ 1
8 .

, Nul(S3) =


16 if τ2 = 1 or τ2 = 1

4 ,

18 if τ2 = 1
8 ,

≥ 10 otherwise.

Proof. Let consider the global orthonormal reference of the normal bundle of Φ
given by {N, iN} where N(z,w) = (w̄2,−

√
2z̄w̄, z̄2). Then, given an arbitrary nor-

mal section η = f N + giN, f , g ∈ C∞(S3), straightforward computations shows
that the Jacobi operator L (see (3.5)) satisfies

Lη =
[
∆ f + 4

(
2− 1

τ2

)
f + 2 (2−τ2)

τ Lξ g
]

N +
[
∆g + 4

(
2− 1

τ2

)
g− 2 (2−τ2)

τ Lξ f
]

iN.

Decomposing f = ∑ fk,p and g = ∑ gk,p, where fk,p and gk,p are eigenfunction
of the Laplacian associated to the eigenvalue µk,p (see Lemma 1.(4)), and follow-
ing a simular argument as in the proof of Proposition 6 we can deduce that the
eigenvalues of L take the form

ρ±(k, p) =
1
2
(1 + k(2 + k)) +

1
4τ2 (k− 2p± 4)2 − 8− 1

2
(k− 2p± 1)2.

for certain integers k ≥ 0 and 0 ≤ p ≤ b k
2c. Moreover, the associated eigensections

to ρ±(k, p) are

fk,pN ± 2τ
k−2p Lξ fk,piN if k− 2p 6= 0, or fk,pN and fk,piN if k = 2p.

Hence, the multiplicity associated to ρ±(k, p) is

dim V(µk,p) if k 6= 2p, or 2 · dim V(µk,k/2) if k = 2p.

The result about the index and the nullity of Φ follows by a careful analysis of
the sign of ρ±(k, p).

In the case of the embedding Φ0, it is clear that N and iN project on RP3 and
they give also a global orthonormal reference of the normal bundle of Φ0. Hence,
the eigenvalues of its Jacobi operator are those of the Jacobi operator of Φ with k
even. From here the result for the index and nullity of Φ0 follows easily. �

Proposition 8. Let Φ : Sd → S2n+1
τ be the totally geodesic embedding given in Proposi-

tion 5.(ii) . Then:
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(i) Ind(Sd) =

2n + 1 + d(d−1)
2 if τ2 < 1,

2n + 1− d if τ2 = 1.

(ii) Nul(Sd) =

(d + 1)(2n + 1− 3d
2 ) if τ2 < 1,

(d + 1)(2n + 1− d) if τ2 = 1.

Proof. The result for τ2 = 1 is well-known, see [19], so we will assume that τ2 < 1.
Let Sd, d ≤ n, be the totally geodesic sphere given in Proposition 5.(ii). We

recall that ξ> = 0 and Sd is totally real in CPn+1(4(1− τ2)). Then, its normal
bundle can be orthogonally decomposed as

T⊥Sd = J(TSd)⊕ 〈ξ〉 ⊕ D.

Firstly, it is clear that {aj : 1 ≤ j ≤ 2(n− d)} defined by

aj = (0, . . . , 0,
2(d+1)+j

1 , 0, . . . , 0) ∈ R2n+2

is a global orthonormal reference of the bundle D. Hence any section of the
bundle D can be written as η = ∑

2(n−d)
j=1 f jaj with f j ∈ C∞(Sd).

Now, since
g∇uaj = 0 and aj is orthogonal to ξ, we get from (2.10) that ∇⊥u aj =

0. As a consequence ∆⊥aj = 0 and so, using (3.1),

Lη =
2(n−d)

∑
j=1

(∆ f j + d f j)aj.

If Γ(D) is the space of sections of the subbundle D, then L(Γ(D)) ⊂ Γ(D).
Moreover, since the first eigenvalues of ∆ are 0 and d with multiplicities 1 and
d + 1 (see Lemma 1.(4)) we get that Ind(L|Γ(D)) = 2(n− d) and Nul(L|Γ(D)) =

2(n− d)(d + 1).
Secondly, given X ∈ X(Sd) then JX is normal and, if D is the Levi-Civita

connection of CPn+1(4(1 − τ2)), we have that Du JX = JDuX for any tangent
vector u ∈ TSd. Taking normal components in this equation, using Gauss and
Weingarten formulae and (2.4), we get that

∇⊥u JX = J(∇uX) + Jσ̂(u, X) = J(∇uX)− τ〈u, X〉ξ. (3.13)

Now, thanks to (3.13) we easily get that

∆⊥ JX = J(∆X− τ2X)− 2τ(div X)ξ.

Using this equation and (3.1), we get that, for any f ∈ C∞(Sd),

L(JX + f ξ) = J[∆X + (d + 3− 4τ2)X + 2τ∇ f ] + [∆ f − 2τ div X]ξ, (3.14)

where we have used that ξ is a Jacobi field, i.e., Lξ = 0.
Now, we consider the identification Γ(JTSd ⊕ 〈ξ〉) ≡ Ω1(Sd) ⊕ C∞(Sd) given

by
JX + f ξ ≡ (α, f ),

where α is the 1-form on Sd given by α(Y) = 〈X, Y〉, for any Y ∈ X(Sd) and
Ωp(Sd) denotes the space of p-forms on Sd. If ∆̂ represents the Hodge Lapla-
cian acting on forms of Sd, then the vector field ∆X − Ric(X) = ∆X − (d− 1)X
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corresponds with the 1-form ∆̂α, and so the Jacobi operator L acting on the
sections of the bundle JTSd ⊕ 〈ξ〉 computed in (3.14) becomes in an operator
L : Ω1(Sd)⊕ C∞(Sd)→ Ω1(Sd)⊕ C∞(Sd) given by

L(α, f ) = (∆̂α + 2(d + 1− 2τ2)α + 2τd f , ∆ f − 2τδα),

where d is the differential and δ is the codifferential operator on Sd given by
δα = ∑d

i=1(∇ei α)(ei) being {e1, . . . , ed} a local orthonormal reference on Sd. It is
clear that Ind(L) and Nul(L) are the index and the nullity of the Jacobi operator
L acting on Γ(JTSd ⊕ 〈ξ〉).

Now, as the first Betti number of Sd is 0, the Hodge decomposition theorem
says that

Ω1(Sd) = dC∞(Sd)⊕ δΩ2(Sd),

which allows to write in a unique way any 1-form α as α = dg + δω, with g ∈
C∞(Sd) and ω ∈ Ω2(Sd). Now we can split the operator L as L = L1 ⊕ L2 where

L1 : dC∞(Sd)⊕ C∞(Sd)→ dC∞(Sd)⊕ C∞(Sd)

L1(dg, f ) =
(
d(∆g + 2(d + 1− 2τ2)g + 2τ f )), ∆( f − 2τg)

)
,

(3.15)

and
L2 : δΩ2(Sd)→ δΩ2(Sd)

L2(δω, 0) =
(
δ(∆̂ω + 2(d + 1− 2τ2)ω)), 0

)
.

(3.16)

It is clear that Ind(L) = Ind(L1) + Ind(L2) and Nul(L) = Nul(L1) +Nul(L2). We
now compute the index and nullity of both operators.

Let ρ ≤ 0 be an eigenvalue of L1 with associated eigenfunction (dg, f ). Then,
from the equality L1(dg, f ) + ρ(dg, f ) = 0 and the expression of L1 in (3.15) we
deduce that

0 = d[∆g +
(
ρ + 2(d + 1− 2τ2)

)
g + 2τ f ],

0 = ∆ f − 2τ∆g + ρ f .
(3.17)

Notice that if dg = 0 then from the first equation f is constant and so, from the
second one, ρ = 0. Hence, (0, a), a ∈ R, is in the nullity of L1.

If dg 6= 0, we decompose f = ∑k≥0 fk and g = ∑k≥0 gk in eigenfunctions of
the Laplacian ∆ of Sd, so ∆ fk + λk fk = 0 and ∆gk + λkgk = 0 for all k ≥ 0 where
λk = k(d + k− 1) are the eigenvalues of the Laplacian on Sd. Notice that f0 and
g0 are constant functions. Hence, (3.17) now reads

0 = [ρ + 2(d + 1− 2τ2)− λk]dgk + 2τd fk,

0 = 2τλkgk + (ρ− λk) fk,
k ≥ 0. (3.18)

We now substitute fk from the second equation in the first one to obtain[
ρ + 2(d + 1− 2τ2)− λk +

4τ2λk
λk−ρ

]
dgk = 0, k ≥ 1. (3.19)

And so, since we have assumed that dg 6= 0, the eigenvalue ρ ≤ 0 takes the form

ρ = λk − (d + 1− 2τ2)−
√
(d + 1− 2τ2)2 + 4τ2λk.

for some k ≥ 1. Moreover, its associated eigenfunction is
(
dg, 2τλk

λk−ρk
g
)
, where g is

an eigenfunction of the Laplacian associated to λk.
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Now, ρ < 0 if and only if λk < 2(d + 1) which only occurs if k = 1. As a
consequence Ind(L1) = d + 1. If ρ = 0 then we get from (3.18)

fk = 2τgk, [2(d + 1)− λk]dgk = 0, k ≥ 1.

so, since dg 6= 0, we get that g = g2 is an eigenfunction of the Laplacian associated
to λ2 = 2(d+ 1) and f = 2τg. Hence, we obtain Nul(L1) =

1
2 (d+ 2)(d+ 1) which

is exactly the multiplicity of the eigenvalue λ2 plus 1 since we have previously
analysed that (0, a), a ∈ R, are also in the nullity of L1 and corresponds to the
case dg = 0.

Finally, we compute the index and nullity of L2. From [9], it follows that only
the eigenvalue 2(d − 1) of ∆̂ acting on Ω2(Sd) provides a non-positive eigen-
value of L2, which is −4(1− τ2). As its multiplicity is 1

2 d(d + 1), we obtain that
Ind(L2) =

1
2 d(d + 1) and Nul(L2) = 0.

From the previous analysis of the index and nullity of L|Γ(D), L1 and L2 we
get the result. �

Proposition 9. Let Φ : S2m1+1(r1)× S2m2+1(r2) → S2n+1
τ , with m1 + m2 + 1 = n,

r2
1 = 2m1+1

2n , r2
2 = 2m2+1

2n , be a Clifford hypersurface described in Example 3. Then

(i) Ind(Φ) =

1 if τ2 ≤ 1
2n+1 ,

2n + 3 if 1
2n+1 < τ2 ≤ 1.

(ii) Nul(Φ) =

2(m1 + 1)(m2 + 1) if τ2 6= 1
2n+1 ,

2(m1 + 1)(m2 + 1) + 2(n + 1) if τ2 = 1
2n+1 .

Proof. Our first goal is to show a similar relation to (2.12) between the Laplacian ∆
of the induced metric by Φ and the Laplacian g∆ of the standard product metric of
S2m1+1(r1)× S2m2+1(r2) so we can write down an expression for the eigenvalues
of ∆ following a similar argument as in Lemma 1.(4). We will denote by ∇, g∇
the Levi-Civita connections of the Clifford hypersurfaces induced by the Berger
〈·, ·〉 and the standard product metric g respectively.

Firstly, notice that, for any tangent vector field X and any smooth function f ,
g(g∇ f , X) = X( f ) = 〈∇ f , X〉. Hence, using (2.1), we easily get

∇ f = g∇ f + 1−τ2

τ2 (Lξ f )ξ.

Secondly, by Example 3, we can take orthonormal references on the Clifford
hypersurface {e1, . . . , en−1, ξ} (respectively {e1, . . . , en−1, τξ}) with respect to the
metric 〈·, ·〉 (respectively with respect to the metric g). Now, using (2.10) and the
above relation between the gradients we easily deduce

∆ f = g∆ f + (1− τ2)(Lξ)
2 f . (3.20)

Now, it is well-known that each eigenvalue λ of g∆ is of the form λ = λk1 +λk2 ,
where λkj

= 1
r2

j
k j(2mj + k j) is the k j-th eigenvalue of the Laplacian of (S2mj+1(rj), g).

The associated eigenspace V(λk1 + λk2) to λk1 + λk2 is generated by f1(p) · f2(q)
for eigenfunctions f j associated to the eigenvalue λkj

. More precisely, f j is the

restriction to S2mj+1(rj) of a homogeneous harmonic polynomial of degree k j.
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Hence, f1 · f2 is the restriction to S2m1+1(r2)× S2m2+1(r2) of a homogeneous har-
monic polynomial of degree k1 + k2. As a consequence, so it is any eigenfunction
h ∈ V(λk1 + λk2).

Since Lξ and g∆ commutes and Lξ is skew-symmetric we get that (Lξ)
2 is a

self-adjoint linear transformation of V(λk1 + λk2) with positive real eigenvalues.
Then, we can decompose h = ∑p hp, with hp ∈ V(λk1 + λk2) eigenfunctions of
(Lξ)

2. But, thanks to the previous paragraph and following [23, Lemma 3.1],

(Lξ)
2hp +

1
τ2 (k1 + k2 − 2p)2hp = 0, for certain 0 ≤ p ≤ b 1

2 (k1 + k2)c. (3.21)

Therefore, using (3.20), each eigenvalue µk1,k2,p of ∆ takes the form

µk1,k2,p = 2(m1 + m2 + 1)
(

k1
2m1+k1
2m1+1 + k2

2m2+k2
2m2+1

)
+ 1−τ2

τ2 (k1 + k2 − 2p)2, (3.22)

for some integers k j ≥ 0 and 0 ≤ p ≤ b 1
2 (k1 + k2)c, where we have taken into

account the relation between the radii r1, r2 and m1, m2.
Finally, from (3.2) and Example 3, the Jacobi operator of the Clifford hypersur-

face is given by L = ∆ + 4(m1 + m2 + 1) = ∆ + 4n. Then, thanks to (3.22) the
non-positive eigenvalues of L are:

(i) −4n < 0 with multiplicity 1 (corresponds to µ0,0,0).
(ii) 1

τ2 − (2n + 1) < 0 with multiplicity 2(n + 1) when τ2 > 1
2n+1 (corresponds

to µ1,0,0 and µ0,1,0).
(iii) 0 with multiplicity 2(n+ 1) when τ2 = 1

2n+1 (corresponds to µ1,0,0 and µ0,1,0)
(iv) 0 with multiplicity 2(m1 + 1)(m2 + 1) (corresponds to µ1,1,1).

where the multiplicities are obtained from the fact that the multiplicities of the
first two eigenvalues of (S2m+1(r), g) are given by 1 and 2m + 2 respectively and
a careful analysis of the condition (3.21) in the case of µ1,1,1. So the proof follows.

�

4. Stable compact minimal submanifolds of S2n+1
τ

Propositions 6 and 7 compute the index of the S1-bundles compatible with
the Hopf fibration over the totally geodesic CPm(4) ⊂ CPn(4) and the Veronese
surface CP1(2) ⊂ CP2(4), showing that they are stable when τ2 ≤ 1

s(d+1) , where
d and s are respectively the dimension and the order of the submanifold.

In the next result we generalize this property to any minimal submanifold of
S2n+1

τ which is a S1-bundle compatible with the Hopf fibration over a complex
submanifold of CPn(4).

Theorem 1. Let Φ : M2m+1 → S2n+1
τ be a S1-bundle over a complex immersion Ψ :

N2m → CPn(4) compatible with the Hopf fibration and order s. If 0 < τ2 ≤ 1
s(2m+2) ,

then Φ is stable.

Remark 3. In the case Φ is the induced S1-bundle then s = 1 and so it is stable if
τ2 ≤ 1

2m+2 .

Proof. Following the proof of Proposition 4, TM = D ⊕ 〈ξ〉, D and T⊥M are
invariant under the complex structure J of CPn+1(4(1− τ2)) and the quadratic
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form associated to the Jacobi operator is

Q(η) =
∫

M
|∇⊥η|2 − 〈Aη, η〉 − (2m + τ2)|η|2 dv. (4.1)

We consider, for any X ∈ Γ(D), the operator DX : X⊥(M)→ X⊥(M) given by

DXη = ∇⊥JXη − J∇⊥X η.

Let {e1, . . . , em, Je1, . . . , Jem, ξ} be a local tangent orthonormal reference to M.
Then

m

∑
i=1
|Dei η|

2 =
m

∑
i=1
{|∇⊥Jei

η|2 + |J∇⊥ei
η|2 − 2〈∇⊥Jei

η, J∇⊥ei
η〉}

= |∇⊥η|2 − |∇⊥ξ η|2 − 2
m

∑
i=1
〈∇⊥Jei

η, J∇⊥ei
η〉.

Now, let consider, for any η ∈ X⊥(M), the 1-form on M defined by α(u) =

〈∇⊥J(u−〈u,ξ〉ξ)η, Jη〉. Then, taking into account (3.6) and (3.7), its codifferential is

δα =
m

∑
i=1
{ei(α(ei))− α(∇ei ei) + (Jei)(α(Jei))− α(∇Jei Jei) + ξ(α(ξ))− α(∇ξ ξ)}

=
m

∑
i=1
{〈∇⊥ei

∇⊥Jei
η, Jη〉 − 〈∇⊥Jei

∇⊥ei
η, Jη〉+ 2〈∇⊥Jei

η, J∇⊥ei
η〉 − α(∇ei ei)− α(∇Jei Jei)}

=
m

∑
i=1
{R⊥(ei, Jei, η, Jη) + 〈∇⊥[ei ,Jei ]

η, Jη〉+ 2〈∇⊥Jei
η, J∇⊥ei

η〉 − α(∇ei ei)− α(∇Jei Jei)},

where R⊥ is the normal curvature of the immersion Φ. Now, again from (3.7) we
easily get that

m

∑
i=1
〈∇⊥[ei ,Jei ]

η, Jη〉 − α(∇ei ei)− α(∇Jei Jei) = −2τm〈∇⊥ξ η, Jη〉.

Moreover, from Ricci equation and using (2.7) and (3.7)

m

∑
i=1

R⊥(ei, Jei, η, Jη) =
m

∑
i=1

R(ei, Jei, η, Jη) + 〈[Aη , AJη ]ei, Jei〉

= −2m(1− τ2)|η|2 − 〈Aη, η〉.

As a consequence of all the above computations we obtain that

m

∑
i=1
|Dei η|

2 = |∇⊥η|2 − 〈Aη, η〉 − |∇⊥ξ η|2 − 2m(1− τ2)|η|2 − 2τm〈∇⊥ξ η, Jη〉 − δα.

Using the last expression in (4.1), the quadratic form Q over any normal vector
field η can be written as

Q(η) =
∫

M

(
m

∑
i=1
|Dei η|

2 + |∇⊥ξ η|2 − τ2(2m + 1)|η|2 + 2τm〈∇⊥ξ η, Jη〉
)

dv

≥
∫

M

(
|∇⊥ξ η|2 − τ2(2m + 1)|η|2 + 2τm〈∇⊥ξ η, Jη〉

)
dv,

(4.2)

where we have used that |Dei η|2 ≥ 0.
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Now, to get a lower bound of (4.2) we change the Berger metric 〈, 〉 in S2n+1
τ by

the standard one g. It is clear that the volumen forms dv of (M, Φ∗〈·, ·〉) and dvg

of (M, Φ∗g) are related by dv = τdvg. Also, thanks to (2.10) and (3.6), we get

∇⊥ξ η = 1
τ

(
g∇⊥V η − (1− τ2)Jη

)
, Ag

ηV = 0, (4.3)

where Ag is the shape operator of Φ : M → S2n+1, and V is the tangent vector
field on M defined by Vp = ip, ∀p ∈ M. Hence, by the previous formula and
(2.2) the inequality in (4.2) becomes

Q(η) ≥ 1
τ

∫
M

[
|g∇⊥V η|2g + (τ2(2m + 2)− 2)g(g∇⊥V η, Jη) + (1− τ2(2m + 2))|η|2g

]
dvg.

Claim: The operator G : X⊥(M)→ X⊥(M) given by

Gη = g∇⊥V g∇⊥V η − g∇⊥g∇VVη = g∇⊥V g∇⊥V η,

is a self-adjoint operator with spectrum { k2

s2 : k ∈ Z, k ≥ 0}.
Now, we can write η = ∑k≥0 ηk, with ηk an eigensection of G associated to the

eigenvalue k2

s2 , i.e., Gηk +
k2

s2 ηk = 0. In particular η0 satisfies g∇⊥V η0 = 0. Hence

from the last expression for the quadratic form Q and as G(g∇⊥V ηk)+
k2

s2
g∇⊥V ηk =

0 we get

Q(η) ≥ 1
τ

∫
M
(1− τ2(2m + 2))|η0|2g dvg

+ 1
τ ∑

k≥1

∫
M

[
|g∇⊥V ηk|2g +

(
τ2(2m + 2)− 2

)
g(g∇⊥V ηk, Jηk) +

(
1− τ2(2m + 2)

)
|ηk|2g

]
dvg

≥ 1
τ ∑

k≥1

∫
M

[(
k2

s2 + 1− τ2(2m + 2)
)
|ηk|2g +

(
τ2(2m + 2)− 2

)
g(g∇⊥V ηk, Jηk)

]
dvg,

(4.4)

where we have used that 1− τ2(2m + 2) ≥ 0.
Now, for any k ≥ 1 we have that

0 ≤ 1
2

∫
M
|g∇⊥V ηk − k

s Jηk|2g dvg =
k2

s2

∫
M
|ηk|2g dvg −

k
s

∫
M

g(g∇⊥V ηk, Jηk)dvg.

As τ2(2m + 2)− 2 < 0, using the above inequality in (4.4) we obtain

Q(η) ≥ 1
τ ∑

k≥1

(
k
s
− 1
) [(

k
s
− 1
)
+ 2τ2(m + 1)

] ∫
M
|ηk|2g

≥ 1
τ

s−1

∑
k=1

(
k
s
− 1
) [(

k
s
− 1
)
+ 2τ2(m + 1)

] ∫
M
|ηk|2g ≥ 0,

because for 1 ≤ k ≤ s− 1 we have that ( k
s − 1)2τ2(m + 1) ≥ ( k

s − 1) 1
s . Hence Φ is

stable.
Proof of the claim: Firstly, since divg V = 0,

0 =
∫

M
divg(g(g∇⊥V η, ζ)V)dvg =

∫
M

[
g(g∇⊥V g∇⊥V η, ζ) + g(g∇⊥V η, g∇⊥V ζ)

]
dvg,

=
∫

M
g(Gη, ζ) + g(g∇⊥V η, g∇⊥V ζ)dvg,

and so
∫

M g(Gη, ζ)dvg =
∫

M g(η, Gζ)dvg, which proves that G is self-adjoint.
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In fact, G is the vertical normal Laplacian with respect to the fibration π̂ :
M2m+1 → N2m, because if p ∈ M and Fp is the fiber through p, then

(Gη)|Fp = ∆⊥p (ηx|Fp),

where ∆⊥p is the normal Laplacian of the totally geodesic immersion Fp ⊂ M2m+1 →
S2n+1. As the order of M is s, all these immersions are congruent to the immer-
sion : ν : S1 → S2n+1 given by z 7→ (zs, 0 . . . , 0), and so the eigenvalues of the
normal Laplacian ∆⊥p will be those of the normal Laplacian of ν. If ∆⊥ν is the
normal Laplacian of the immersion ν, and {e1, . . . , en, Je1, . . . , Jen} is a global or-
thonormal reference of the normal bundle, then if ν = ∑n

i=1{ fiei + gi Jei} is a
normal section, then

∆⊥ν ν =
n

∑
i=1
{(∆ fi)ei + (∆gi)Jei}.

Hence the eigenvalues of ∆⊥ν will be those of the Laplacian of S1 endowed with
the induced metric by ν, i.e., the set { k2

s2 : k ∈ Z, k ≥ 0}. �

Since any compact minimal submanifold of the sphere (S2n+1, g) is unstable,
any compact minimal submanifold of S2n+1

τ is also unstable for τ next to 1. In the
following result we obtain the first value of τ for which the instability disappears.
This value is τ2 = 1

d+1 , where d is the dimension of the submanifold and for this τ

we classify the stable compact minimal embedded submanifolds. This value of τ

can be also interpreted as the first value of τ for which the minimal submanifold
Md of S2n+1

τ is also minimal in CPn+1(4(1− τ2)). In fact, from (2.4), the mean
curvature H of Md in CPn+1(4(1− τ2)) is given by

H = 1
d

(
τd− 1−τ2

τ |ξ
>|2
)

Jξ.

Hence H = 0 if and only if τ2d = (1− τ2)|ξ>|2. As |ξ>|2 ≤ 1, if H = 0 then
τ2 ≤ 1

d+1 . It is clear that if τ2 = 1
d+1 and ξ⊥ = 0 then H = 0.

Theorem 2. Let Φ : Md → S2n+1
τ be a minimal immersion of a compact d-manifold

M in the Berger sphere S2n+1
τ . If 1

d+1 ≤ τ2 ≤ 1 and Φ is stable then τ2 = 1
d+1 ,

d = 2m + 1 and M is a S1-bundle π̂ : M2m+1 → N2m over a complex submanifold
Ψ : N2m → CPn(4) compatible with the Hopf fibration.

As a consequence of Theorems 1, 2, and Proposition 3.(i) we get the following
result:

Corollary 3. Let Φ : Md → S2n+1
τ be a minimal embedding of a compact d-manifold M

in the Berger sphere S2n+1
τ . If 1

d+1 ≤ τ2 ≤ 1, then Φ is stable if and only if τ2 = 1
d+1 ,

d = 2m + 1 and M is the induced S1-bundle by the Hopf fibration over a complex
embedded submanifold Ψ : N2m → CPn(4).

Remark 4. The authors believe that the minimal examples described in Proposi-
tion 3.(i) are unstable when τ2 = 1

2m+2 and the order s ≥ 2, as Example 2.(1) for
m = 0 and Example 2.(2) corroborate (see Propositions 6 and 7).
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Proof. Claim 1: If 1
d+1 ≤ τ2 ≤ 1 and Φ is stable then τ2 = 1

d+1 and ξ⊥ = 0.
Firstly, we are going to define certain vector fields on S2n+1

τ , whose normal
components will be test sections for the quadratic form Q. To do that, for each
a ∈ Cn+1 let Xa ∈ X(S2n+1) = X(S2n+1

τ ) be the vector field given by

(Xa)p = a− g(a, p)p, for all p ∈ S2n+1.

If gD is the Levi-Civita connection of the Euclidean metric g in Cn+1, then we
get for any u ∈ TpS2n+1,

0 =
gDua =

gDu(Xa + g(a, p)p) = g∇uXa + g(a, p)u,

where we recall that
g∇ is the Levi-Civita connection of (S2n+1, g) (see Lemma 1).

So
g∇uXa = − fau, where fa : S2n+1 → R is given by fa(p) = g(a, p).
Now, using the relation between the Levi-Civita connections ∇ of S2n+1

τ and
g∇ given in (2.10), we get the following behaviour of the vector field Xa with
respect to ∇

〈∇uXa, v〉 = − fa〈u, v〉 − 1−τ2

τ (〈Xa, ξ〉〈Ju, v〉+ 〈u, ξ〉〈JXa, v〉) . (4.5)

for any u, v ∈ TpS2n+1
τ .

In this situation, given the immersion Φ : Md → S2n+1
τ , we decompose Xa ∈

X(S2n+1
τ ) in its tangent a normal component to Φ, i.e. Xa = X>a + X⊥a . Our goal

is to compute the Jacobi operator (3.1) acting on X⊥a .
From (4.5) we deduce that, for any u ∈ Tp M,

∇uX>a = − fau + AX⊥a
u− 1−τ2

τ

[
〈Xa, ξ〉(Ju)> + 〈u, ξ〉(JXa)

>], (4.6)

∇⊥u X⊥a = −σ(u, X>a )− 1−τ2

τ

[
〈Xa, ξ〉(Ju)⊥ + 〈u, ξ〉(JXa)

⊥]. (4.7)

We will make the computation of LX⊥a at a point p ∈ M and we will use a
orthonormal tangent reference {e1, . . . , ed} to M satisfying (∇ek ej)p = 0. Hence,
taking normal derivatives with respect to ei in (4.7) and using Codazzi equation
we deduce

∇⊥ei
∇⊥ei

X⊥a = (R(X>a , ei)ei)
⊥ − σ(ei,∇ei X

>
a )− 1−τ2

τ ∇
⊥
ei

(
〈Xa, ξ〉(Jei)

⊥ + 〈ei, ξ〉(JXa)
⊥
)

.

But, using (4.6), the minimality assumption and that ∑i σ(ei, (Jei)
>) = 0 because

the skew-symmetry of J, we get

d

∑
i=1

σ(ei,∇ei X
>
a ) = AX⊥a − 1−τ2

τ σ(ξ>, (JXa)
>).

As a consequence

∆⊥X⊥a =
d

∑
i=1

(R(X>a , ei)ei)
⊥ −AX⊥a + 1−τ2

τ σ(ξ>, (JXa)
>)

− 1−τ2

τ

d

∑
i=1
∇⊥ei

(
〈Xa, ξ〉(Jei)

⊥ + 〈ei, ξ〉(JXa)
⊥
)

.

(4.8)
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We now compute the last sum. Firstly, using the minimality assumption, (2.11)
and (4.5), we get

ei(〈Xa, ξ〉) = − fa〈ei, ξ〉 − τ〈JXa, ei〉 and
d

∑
i=1

ei(〈ei, ξ〉) = 0. (4.9)

As a direct consequence of the previous equation

d

∑
i=1
∇⊥ei

(
〈Xa, ξ〉(Jei)

⊥ + 〈ei, ξ〉(JXa)
⊥
)
= − fa(Jξ>)⊥ − τ[J(JXa)

>]⊥

+
d

∑
i=1

(
〈Xa, ξ〉∇⊥ei

(Jei)
⊥ + 〈ei, ξ〉∇⊥ei

(JXa)
⊥
)

.

Now, in order to compute the last term of the above formula we are going to
obtain a general expression for ∇⊥u (JY)⊥ where Y is any vector field in S2n+1

τ

and u ∈ Tp M. To do so, we are going to consider S2n+1
τ isometrically embedded

in CPn+1(4(1− τ2)) (see Proposition 1). On the one hand, decomposing JY ∈
X(CPn+1(4(1− τ2))) as JY = (JY)>+ (JY)⊥+ 〈Y, ξ〉Jξ and using (2.4) and (2.11)
we deduce

(Du JY)⊥ = (Du(JY)>)⊥ + (Du(JY)⊥)⊥ + 〈Y, ξ〉(Du Jξ)⊥

= σ(u, (JY)>) +∇⊥u (JY)⊥ + 1−τ2

τ 〈Y, ξ〉〈u, ξ〉ξ⊥,

where D is the Levi-Civita connection of CPn+1(4(1− τ2)).
On the other hand, using (2.4)

(Du JY)⊥ = (JDuY)⊥ = (J∇uY)⊥ −
(

τ〈u, Y〉 − 1−τ2

τ 〈u, ξ〉〈Y, ξ〉
)

ξ⊥.

Therefore, from both expressions of (Du JY)⊥, we get

∇⊥u (JY)⊥ = (J∇uY)⊥ − σ(u, (JY)>)− τ〈u, Y〉ξ⊥. (4.10)

As a consequence, taking into account the minimality of Φ and (4.10), we get

d

∑
i=1
∇⊥ei

(Jei)
⊥ = −τdξ⊥, (4.11)

and also, by (4.5) and (4.10),

d

∑
i=1
〈ei, ξ〉∇⊥ei

(JXa)
⊥ =− fa(Jξ>)⊥ − 2 1−τ2

τ 〈Xa, ξ〉|ξ>|2ξ⊥ + 1−τ2

τ |ξ
>|2X⊥a

− τ〈Xa, ξ>〉ξ⊥ − σ(ξ>, (JXa)
>).

Lastly, using (2.7) we get

d

∑
i=1

(R(X>a , ei)ei)
⊥ = −3(1− τ2)[J(JX>a )>]⊥ + (1− τ2)(1− d)〈X>a , ξ〉ξ⊥. (4.12)
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Using the above computations in (4.8) and taking into account the expression of
the Jacobi operator given in (3.1), we finally obtain

LX⊥a =
(

d− 1−τ2

τ2 |ξ>|2
)

X⊥a + 2 1−τ2

τ σ(ξ>, (JXa)
>) + 2 1−τ2

τ fa(Jξ>)⊥

− 2(1− τ2)[J(JXa)
>]⊥ + 2(1− τ2)

(
〈Xa, ξ>〉+ 1−τ2

τ2 |ξ>|2〈Xa, ξ〉
)

ξ⊥.

(4.13)

We will now compute ∑j〈LX⊥aj
, X⊥aj
〉 for a g-orthonormal basis of Cn+1 {aj : j =

1, . . . , 2n + 2}. Taking into account the definition of the Berger metric (2.1) we get

2n+2

∑
j=1
〈Xaj , u〉〈Xaj , v〉 = 〈u, v〉 − (1− τ2)〈u, ξ〉〈v, ξ〉. (4.14)

Then, as a direct consequence of the previous formula,

2n+2

∑
j=1
〈X⊥aj

, X⊥aj
〉 =

q

∑
α=1

2n+2

∑
j=1
〈Xaj , ζα〉2 = q− (1− τ2)|ξ⊥|2,

2n+2

∑
j=1

faj〈(Jξ>)⊥, Xaj〉 =
2n+2

∑
j=1

g(aj, p)
(

g((Jξ>)⊥, aj)− (1− τ2)g((Jξ>)⊥, ip)g(aj, ip)
)

= g((Jξ>)⊥, p)− (1− τ2)g((Jξ>)⊥, ip)g(p, ip) = 0,

2n+2

∑
j=1
〈J(JXaj)

>, X⊥aj
〉 = −

d

∑
i=1

2n+2

∑
j=1
〈Xaj , Jei〉〈Xaj , (Jei)

⊥〉 = −
d

∑
i=1
|(Jei)

⊥|2,

2n+2

∑
j=1
〈Xaj , ξ>〉〈Xaj , ξ⊥〉 = −(1− τ2)|ξ⊥|2|ξ>|2,

2n+2

∑
j=1
〈Xaj , ξ〉〈Xaj , ξ⊥〉 = τ2|ξ⊥|2,

where {ζα : α = 1, . . . , q} is an orthonormal reference of the normal bundle of Φ.
Moreover, using again (4.14) and taking into account that σ(ξ>, u) = τ(Ju)⊥ −
∇⊥u ξ⊥ from (2.11),

2n+2

∑
j=1
〈σ(ξ>, (JXaj)

>), X⊥aj
〉 = −∑

i,α
〈σ(ξ>, ei), ζα〉

2n+2

∑
j=1
〈Xaj , Jei〉〈Xaj , ζα〉

= −
d

∑
i=1
〈σ(ξ>, ei), Jei〉 = −τ

d

∑
i=1
|(Jei)

⊥|2 +
d

∑
i=1
〈∇⊥ei

ξ⊥, Jei〉 =

= −τ
d

∑
i=1
|(Jei)

⊥|2 + τd|ξ⊥|2 + δβ,

where β is the 1-form β(X) = 〈ξ⊥, JX〉 whose codifferential is given by

δβ =
d

∑
i=1

(
〈∇⊥ei

ξ⊥, Jei〉+ 〈ξ⊥,∇⊥ei
(Jei)

⊥〉
)
=

d

∑
i=1
〈∇⊥ei

ξ⊥, Jei〉 − τd|ξ⊥|2,

thanks to (4.11).
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Finally, after a long but straightforward computation writing |ξ>|2 = 1− |ξ⊥|2,

2n+2

∑
j=1
〈LX⊥aj

, X⊥aj
〉 = −P(|ξ⊥|2) + 2 1−τ2

τ δβ,

where P is the polynomial

P(x) = (1−τ2)2

τ2 x2 − 1−τ2

τ2

(
1 + q + τ2(d− 1)

)
x− q

(
d + 1− 1

τ2

)
. (4.15)

Now, if M is stable and 1
d+1 ≤ τ2 ≤ 1 then, using the divergence theorem, we

have that

0 ≤
2n+2

∑
j=1
Q(X⊥aj

) =
∫

M
P(|ξ⊥|2) ≤

∫
M
− (1−τ2)

τ2 (q + τ2d)|ξ⊥|2 − q(d + 1− 1
τ2 )

≤ −q(d + 1− 1
τ2 )vol(M) ≤ 0,

where we have used that |ξ⊥|4 ≤ |ξ⊥|2 in the second inequality and that |ξ⊥|2 ≥ 0
in the third one. Therefore, τ2 = 1

d+1 and ξ⊥ = 0.
Claim 2: Let Φ : Md → S2n+1

τ be a stable minimal immersion of a compact d-
dimensional manifold. If τ2 = 1

d+1 and ξ⊥ = 0 then the normal bundle T⊥M and the
subbundle D defined by TM = D ⊕ 〈ξ〉 are invariants under J.

Unlike Claim 1, where we construct test sections coming from fixed vectors in
Cn+1, now we are going to obtain test sections coming from fixed matrices B ∈
HM(n + 1), the space of Hermitian matrices of order n + 1 (see Section 5). To do
so, we consider the Berger sphere S2n+1

τ isometrically embedded in CPn+1(4(1−
τ2)) (see Proposition 1) and the complex projective space isometrically embedded
in HM(n + 1) (see Proposition 10).

In fact, given B ∈ HM(n + 1), from Proposition 10, it is not difficult to check
that its tangent component XB to CPn+1(4(1− τ2)) is a holomorphic vector field.
So, we consider the orthogonal decomposition

B = XB + BN = B> + B⊥ + 〈B, Jξ〉Jξ + BN ,

where BN denotes the normal component of B to T : CPn+1(4(1 − τ2)) →
HM(n + 1) (see Proposition 10), B> is the tangent component to M, B⊥ is the
normal component to Φ : M → S2n+1

τ , and 〈B, Jξ〉Jξ the normal component to
F : S2n+1

τ → CPn+1(4(1− τ2)) (see Proposition 1).
Now, for each B ∈ HM(n + 1), we consider the test normal section B⊥ and

our goal is to compute the quadratic form Q(B⊥). Let {ei : i = 1, . . . , d} be a
orthonormal tangent reference to M. We will make the computation at a point
p ∈ M assuming that (∇ei ej)p = 0.

Firstly, since the covariant derivative of B in HM(n + 1) vanishes, we deduce
that, for any u ∈ Tp M,

∇uB> = AB⊥u− 〈B, Jξ〉(Du Jξ)> + (ABN u)>,

∇⊥u B⊥ = −σ(u, B>)− 〈B, Jξ〉(Du Jξ)⊥ + (ABN u)⊥,

where D is the Levi-Civita connection of CPn+1(4(1− τ2)) and A is the shape
operator of CPn+1(4(1− τ2)) in HM(n + 1). Now, using that ξ is tangent to M,
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(2.4) and (2.11) we get

Du Jξ = JDuξ = J
(
∇uξ + σ̂(u, ξ)

)
= −τu + 1−τ2

τ 〈u, ξ〉ξ.

Hence, the previous two equalities become in

∇uB> = AB⊥u + 〈B, Jξ〉
(

τu− 1−τ2

τ 〈u, ξ〉ξ
)
+ (ABN u)>, (4.16)

∇⊥u B⊥ = −σ(u, B>) + (ABN u)⊥. (4.17)

Now, using Codazzi equation, the minimality of Φ, (4.16) and (4.17), and the
fact that σ(ei, ξ) = τ(Jei)

⊥ thanks to (2.11), we get

∆⊥B⊥ = −AB⊥ +
d

∑
i=1

[
(R(B>, ei)ei)

⊥ − σ(ei, (ABN ei)
>) +∇⊥ei

(ABN ei)
⊥
]

.

Then, taking into account that ξ is tangent to M, that B> + B⊥ = XB −
〈B, Jξ〉Jξ, using (2.7), (3.1) and the previous formula, we deduce that

LB⊥ = [d− (1− τ2)]B⊥ − 3(1− τ2)[J(JXB)
>]⊥

−
d

∑
i=1

[
σ(ei, (ABN ei)

>)−∇⊥ei
(ABN ei)

⊥
]

. (4.18)

Let {Bj : j = 1, . . . , (n + 1)2} be a orthonormal reference in HM(n + 1). We
compute the sum ∑j〈LB⊥j , B⊥j 〉. Notice that

−∑
j
〈J(JXBj)

>, B⊥j 〉 = ∑
i,j
〈(JXBj)

>, JB⊥j 〉 = ∑
i,j
〈JXBj , ei〉〈ei, JB⊥j 〉

= ∑
i,j
〈XBj , Jei〉〈Bj, (Jei)

⊥〉 = ∑
i,j
〈Bj − BN

j , Jei〉〈Bj, (Jei)
⊥〉

=
d

∑
i=1
|(Jei)

⊥|2,

∑
j
|B⊥j |2 = ∑

j,α
〈Bj, ζα〉2 =

q

∑
α=1
|ζα|2 = q,

∑
j
〈σ(ei, (ABN

j
ei)
>), B⊥j 〉 = ∑

j,k
〈ABN

j
ei, ek〉〈σ(ei, ek), Bj〉 = ∑

i,k
〈σ(ei, ek), σ(ei, ek)〉 = 0,

where {ζα : α = 1, . . . , q} represents an orthonormal reference of the normal bun-
dle of Φ.
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We now compute the last term in (4.18)

∑
i,j
〈∇⊥ei

(ABN
j

ei)
⊥, B⊥j 〉 = ∑

i,j,α
〈∇⊥ei

(〈ABN
j

ei, ζα〉ζα), B⊥j 〉 = ∑
i,j,α
〈∇⊥ei
〈σ(ei, ζα), Bj〉ζα, Bj〉

= ∑
i,j,α

[
ei(〈σ(ei, ζα), Bj〉)〈ζα, Bj〉+ 〈σ(ei, ζα), Bj〉〈∇⊥ei

ζα, Bj〉
]

= ∑
i,j,α
〈ζα, Bj〉〈−Aσ(ei ,ζα)ei + DN

ei
σ(ei, ζα), Bj〉

= −∑
i,α
〈Aσ(ei ,ζα)ei, ζα〉+ ∑

i,α
〈DN

ei
σ(ei, ζα), ζα〉

= −∑
i,α
|σ(ei, ζα)|2 = −(1− τ2)dq + (1− τ2)

d

∑
i=1
|(Jei)

⊥|2,

where we have used that {Bj} is an orthonormal reference in HM(n + 1), that σ

is parallel (see Proposition 10), and (5.6). We finally obtain that

(n+1)2

∑
j=1
Q(B⊥j ) = −

(n+1)2

∑
j=1

∫
M
〈LB⊥j , B⊥j 〉 dv

= −
∫

M
q[τ2(d + 1)− 1]dv− 4(1− τ2)

d

∑
i=1

∫
M
|(Jei)

⊥|2 dv

= − 4d
d + 1

d

∑
i=1

∫
M
|(Jei)

⊥|2 dv,

where we have used the hypothesis τ2 = 1
d+1 in the last equality. As a conse-

quence, if Φ is stable we obtain that (Jei)
⊥ = 0 for any i ∈ {1, . . . , d}. This proves

Claim 2.
Finally, the results follows from Proposition 3.(i) �

Using some ideas developed in the proof of Theorem 2, we can estimate the
index of the minimal submanifolds of S2n+1

τ with either ξ⊥ = 0 or ξ> = 0.

Corollary 4. Let Φ : Md → S2n+1
τ be a minimal immersion of a compact manifold M.

Then:

(i) If ξ⊥ = 0, then 1
τ2 − (d + 1) is an eigenvalue of the Jacobi operator L. Its multi-

plicity is either 2n + 1− d (and Φ(M) is congruent to the totally geodesic Berger
sphere S2m+1

τ ⊂ S2n+1
τ ) or ≥ 2(n + 1).

Moreover, if 1
d+1 < τ2 ≤ 1 then

(a) Ind(M) ≥ 2n + 1− d and the equality is attained if and only if d = 2m + 1
and M is congruent to the totally geodesic Berger sphere S2m+1

τ ⊂ S2n+1
τ .

(b) If M is not the totally geodesic Berger sphere then Ind(M) ≥ 2(n + 1).
(c) If M is an orientable hypersurface then Ind(M) ≥ 2n + 3.

(ii) If ξ> = 0, then Ind(Φ) ≥ 2(n + 1).

Proof. Following the proof of Claim 1 in Theorem 2, for each a ∈ Cn+1 we have
computed in (4.13) LX⊥a , where Xa is the vector field on S2n+1

τ defined by Xa =

a− g(a, Φ)Φ.
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(i) Since ξ⊥ = 0, using (2.11), we deduce that σ(ξ, u) = τ(Ju)⊥ for any tangent
vector u ∈ TM. As a consequence, from (4.13) we get

LX⊥a +
( 1

τ2 − (d + 1)
)
X⊥a = 0.

So the normal sections of W = {X⊥a : a ∈ Cn+1} are eigensections of the eigen-
value 1

τ2 − (d + 1).
If dim W < 2(n + 1), then there exists a nonzero vector a ∈ Cn+1 such that

X⊥a = 0. Hence Xa is tangent to M. Now, since ξ⊥ = 0 we know that T⊥M =

T⊥g M, where T⊥g M stands for the normal bundle of the immersion Φ : M →
S2n+1. Then, it is not difficult to check that Hessian with respect to the met-
ric g of the function h = g(Φ, a) satisfies Hess h = −hg, and so using Obata’s
theorem [14], we have that (M, g) is isometric to a unit sphere or h = 0. In
the first case, from Proposition 3, Φ : M → S2n+1 is also a minimal immer-
sion and so, from the Gauss equation, Φ : M → S2n+1 is totally geodesic and
dim W = 2(n + 1)− d. Now, using (2.10) and (2.11) we get that Φ : M → S2n+1

τ

is also totally geodesic and from Proposition 3, M is congruent to the totally
geodesic Berger sphere S2m+1

τ ⊂ S2n+1
τ . In the second case, h = 0, its gradient

g∇h = Xa also vanishes which is imposible since a 6= 0.
On the other hand, the other possibility is that dim W ≥ 2(n + 1).
Now, as consequence of this and Proposition 6, (a) and (b) follow easily. If M

is an orientable hypersurface, then the Jacobi operator is a Schrödinger operator
acting on C∞(M). It is well-known that its first eigenvalue has multiplicity 1, and
hence 1

τ2 − (d + 1) can not be the first eigenvalue of the Jacobi operator. Hence
Ind(M) ≥ 1 + 2(n + 1) which proves (c).

(ii) Assume that ξ> = 0. Then, from Proposition 5.(ii) and (4.13) we get

LX⊥a = dX⊥a − 2(1− τ2)[J(JXa)
>]⊥,

for any vector a ∈ Cn+1. But from Proposition 3 the normal bundle of Φ decom-
poses orthogonally as

T⊥M = J(TM)⊕ 〈ξ〉 ⊕ D,

where D is a subbundle invariant by J. It is clear that [J(JXa)>]⊥ = J(JXa)> is a
normal section on J(TM). Moreover, if Y is any vector field tangent to M, then
〈J(JXa)>, JY〉 = 〈JXa, Y〉 = −〈Xa, JY〉 and so −J(JXa)> is the component X J(TM)

a

of the vector field Xa in the subbundle J(TM). Hence, for any a ∈ Cn+1 we have

LX⊥a = dX⊥a + 2(1− τ2)X J(TM)
a .

So

Q(X⊥a ) = −d
∫

M
|X⊥a |2 dv− 2(1− τ2)

∫
M
|X J(TM)

a |2 dv ≤ −d
∫

M
|X⊥a |2 dv.

From this inequality we have that Ind(M) ≥ dim{X⊥a : a ∈ Cn+1}. Now following
a similar reasoning as in (i) we conclude that either M is the totally geodesic
sphere Sd given in Proposition 3 or Ind(M) ≥ 2(n + 1). But, by Proposition 8,
Ind(Sd) ≥ 2(n + 1) and so the proof finishes. �
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5. The case of surfaces in S3
τ

Let Φ : M → S3
τ be a minimal immersion of a compact orientable surface M.

Then Φ is two-sided and, if N is a unit normal vector field to Φ, we choose the
orientation on M which makes {ξ>, (JN)>} a positively oriented reference on the
open set {p ∈ M : ν2(p) < 1}, where ν = 〈N, ξ〉. If z = x + iy is a conformal
parameter on M, then the two-differential

Θ(z) =
(
〈σ(∂z, ∂z), N〉+ 2i(1−τ2)

τ 〈Φz, ξ〉2
)

dz⊗ dz

is holomorphic [1, 6], where ∂z =
1
2 (∂x − i∂y).

If M is a sphere, then Θ = 0 and so, from last equation and the above remark
about the orientation, it follows that

σ(X, Y) = 1−τ2

τ {〈Y, ξ〉〈X, JN〉+ 〈X, ξ〉〈Y, JN〉},

for any tangent vector fields X, Y. So, (2.10) becomes in
g∇XY = ∇XY + 1−τ2

τ

[
〈Y, ξ〉(JX)> + 〈X, ξ〉(JY)>

]
∈ X(M),

which says that σg = 0. So, Φ : M → S3 is totally geodesic and hence, up to
congruences, there exists only one minimal sphere in S3

τ , which is given by

S2 = {(z1, z2) ∈ S3
τ : Im z2 = 0}.

On the other hand, there is only a Clifford surface in S3
τ (see Example 3) which

is given by

T2
τ = S1

(
1√
2

)
× S1

(
1√
2

)
=
{
(z1, z2) ∈ C2 : |zi|= 1√

2

}
⊂ S3

τ .

As |σ|2 = 2τ2 (see Example 3) and ν = 0, from the Gauss equation it follows that
T2

τ is flat. Also, from [24] we have that the finite coverings of the Clifford surface
are the only minimal flat tori in S3

τ . Hence we have a parameter family {T2
τ : 0 <

τ ≤ 1} of flat tori, whose conformal structures we are going to determine.
The universal covering of T2

τ is (t, s) ∈ R2 7→ 1√
2
(eit, eis) and so, as ξ⊥ = 0,

from (2.1) we obtain

〈∂t, ∂t〉 = 〈∂s, ∂s〉 = 1
4 (1 + τ2), 〈∂t, ∂s〉 = 1

4 (τ
2 − 1).

Hence T2
τ = R2/Λτ where Λτ is the lattice of R2 generated by {π(τ, 1), π(τ,−1)}.

Using the following representation of the conformal structures of the tori (see [2]
and Fig. 1), we have that the torus T2

τ is conformally equivalent to the torus
generated by the lattice {(1, 0), ( 1−τ2

1+τ2 , 2τ
1+τ2 )}, for τ2 ≥ 1

3 , and it is conformally
equivalent to the torus generated by the lattice {(1, 0), ( 1

2 , 1
2τ )} when τ2 ≤ 1

3 .
This means that the conformal structures of {T2

τ : 0 < τ2 ≤ 1} sweep the thick
curve in Fig. 1. So the conformal structure of T2

1/
√

3
is the equilateral one.

The next result can be considered as the version for the Berger sphere S3
τ of the

result in [26], where the Clifford torus in S3 was characterized by its index. We
remark that in the theorem 1

dim(M)+1
≤ τ2 ≤ 1 like in the previous results.

Theorem 5. Let Φ : M → S3
τ be a minimal immersion of a compact orientable surface

M with 1
3 ≤ τ2 ≤ 1. Then
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τ2 = 1
3

τ2 = 1

11
2

v

Figure 1. Each vector v in the shaded region represents a con-
formal structure on a torus (generated by the lattice {(1, 0), v}).

(i) Ind(M) = 1 if and only if Φ is an embedding and M is either the minimal sphere
S2 or τ2 = 1

3 and M is the Clifford surface T2
1/
√

3
.

(ii) Ind(M) ≥ g
4 , where g is the genus of M.

Proof. (i) From Proposition 9, the Clifford surface T2
1/
√

3
has index one. Also,

in [25, §4] it was proved that the index of the minimal sphere S2 is also one for
any τ ∈ (0, 1].

Suppose now that Ind(M) = 1. If g = 0, then M is the minimal sphere S2.
Hence we can assume that the genus of M is g ≥ 1.

Thanks to Proposition 10, we can consider the isometric embeddings

CP2(4(1− τ2)) ⊂ S7(c, r) ⊂ HM1(3) ⊂ H(3),

where S7(c, r) stands for the sphere of center c = ( 1
3
√

2(1−τ2)
)I and radius r =

1√
3(1−τ2)

, and HM1(3) is the affine hyperplane of the Hermitian matrices of order

three H(3) defined in (5.5). We then consider the immersion Ψ = 1
r (Φ− c) : M→

S7(0, 1).
As M has index 1, let ϕ be an eigenfunction associated to the first eigenvalue

λ1 < 0 of the Jacobi operator L. Then, by [11] there exists B ∈ H1(3), |B| < 1,
and a conformal transformation FB : S7(0, 1)→ S7(0, 1),

FB(p) = B + 1−|B|2
|p+B|2 (p + B) ∀p ∈ S7(0, 1),

such that ∫
M

ϕ · (FB ◦Ψ)dv = 0.

As the second eigenvalue of L is non-negative, the above expression implies that
Q(FB ◦Ψ) = ∑8

i=1Q((FB ◦Ψ)i) ≥ 0.

Now, if K is the Gauss curvature of Φ, the Gauss equation K = − |σ|
2

2 + τ2 +

4(1− τ2)ν2 of Φ joint with (3.2), allow to write the Jacobi operator of Φ as

L = ∆− 2K + 4 + 4(1− τ2)ν2. (5.1)

So, using that |FB ◦Ψ|2 = 1, we obtain

Q(FB ◦Ψ) =
∫

M
|∇(FB ◦Ψ)|2 +

[
2K− 4− 4(1− τ2)ν2]dv ≥ 0,
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which can be rewritten, using Gauss-Bonnet theorem, as∫
M
|∇(FB ◦Ψ)|2 dv ≥ 8π(g− 1) + 4

∫
M
[1 + (1− τ2)ν2]dv. (5.2)

As FB is a conformal transformation of the sphere and dΨ = 1
r dΦ we easily get

|∇(FB ◦Ψ)|2 =
2
r2

(1− |B|2)2

|Ψ + B|4 ,

and so, the inequality (5.2) becomes in∫
M

(1− |B|2)2

r2|Ψ + B|4 dv ≥ 4π(g− 1) + 2
∫

M
[1 + (1− τ2)ν2]dv. (5.3)

To estimate the first term of (5.3), we are going to compute ∆ log|Ψ + B|2, which
is a well defined function because |B| < 1. To do it, we decompose

B = B> + 〈B, N〉N + B⊥ + 〈Ψ, B〉Ψ,

where B> is the tangent component of B to M and B⊥ is the normal component
of B to S3

τ ⊂ S7(c, r). From this equation it is clear that ∇|Ψ + B|2 = 2
r B>, and so

∆|Ψ + B|2 =
2
r

2

∑
i=1
〈σ̃(ei, ei), B〉 − 4

r2 〈Ψ, B〉,

where σ̃ is the second fundamental form of the embedding S3
τ ⊂ S7(c, r). Hence

we obtain that

∆ log|Ψ + B|2 =
2

r|Ψ + B|2
2

∑
i=1
〈σ̃(ei, ei), B〉 − 4〈Ψ, B〉

r2|Ψ + B|2 −
4|B>|2

r2|Ψ + B|4 .

Now,∫
M

(1− |B|2)2

r2|Ψ + B|4 dv =
∫

M

[
1
r2 −

4
r2|Ψ + B|4 (|B|

2 + 〈Ψ, B〉2 + 〈Ψ, B〉(1 + |B|2))
]

dv

≤
∫

M

[
1
r2 −

4
r2|Ψ + B|4 (|B

>|2 + |B⊥|2 + 2〈Ψ, B〉2 + 〈Ψ, B〉(1 + |B|2))
]

dv

=
∫

M

[
1
r2 −

4|B⊥|2
r2|Ψ + B|4 −

2
r|Ψ + B|2

2

∑
i=1
〈σ̃(ei, ei), B〉

]
dv,

(5.4)
where the first equality is a direct computation, the second inequality comes from
|B|2 ≥ |B>|2 + |B⊥|2 + 〈Ψ, B〉2 and the third equality comes from

∫
M ∆ log|Ψ +

B|2 dv = 0.
On the other hand, using the inequality

0 ≤
∣∣∣ B⊥

r|Ψ + B|2 + 1
4

2

∑
i=1

σ̃(ei, ei)
∣∣∣2 =

|B⊥|2
r2|Ψ + B|4 +

∑2
i=1〈σ̃(ei, ei), B〉

2r|Ψ + B|2 +
1
16

∣∣∣ 2

∑
i=1

σ̃(ei, ei)
∣∣∣2,

in (5.4) we get that

∫
M

(1− |B|2)2

r2|Ψ + B|4 dv ≤
∫

M

[
1
r2 +

1
4

∣∣∣ 2

∑
i=1

σ̃(ei, ei)
∣∣∣2] dv.
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So, using that 1/r2 = 3(1− τ2), the previous inequality and (5.3) becomes in

1
4

∫
M

∣∣∣ 2

∑
i=1

σ̃(ei, ei)
∣∣∣2 dv ≥ 4π(g− 1) +

∫
M

[
3τ2 − 1 + 2(1− τ2)ν2]dv.

But the second fundamental form σ̃ of the embedding S3
τ ⊂ S7(c, r) is given

σ̃ = σ̂ + σ + 1
r 〈·, ·〉Ψ, where σ is the second fundamental form of the embedding

CP2(4(1− τ2)) ⊂ HM(3). Now, from (2.4) and (5.6), we easily get that

1
4

∣∣∣ 2

∑
i=1

σ̃(ei, ei)
∣∣∣2 = 1

4τ2

[
3τ2 − 1 + (1− τ2)ν2]2 + (1− τ2)ν2.

Finally, the last inequality above reads

4π(g− 1) + 1
4τ2

∫
M

[
3τ2 − 1 + (1− τ2)ν2] · [τ2(1 + ν2) + (1− ν2)

]
dv ≤ 0

Since 1
3 ≤ τ2 ≤ 1, g ≥ 1 and ν2 ≤ 1 we get that g = 1, τ2 = 1

3 and ν = 0.
Therefore, the Killing field ξ is tangent to M and so an orthonormal reference on
TM is given by {ξ, JN}, where N is a unit normal vector field to Φ. Now, from
(2.11) it follows that

σ(ξ, ξ) = 0, σ(JN, ξ) = −τN,

which implies that |σ|2 = 2τ2. The Gauss equation says us that M is flat and
so M is congruent to a finite covering of the Clifford torus ([24]). As the Jacobi
operator is L f = ∆ + 4, M is congruent to the Clifford torus.

(ii) The argument we use to prove (ii) is inspired in the papers [17, 18].
As Ind(M) ≥ 1, we can assume g ≥ 5. Then, if ∆̂ is the Hodge Laplacian

acting on 1-forms on M, it is well-known that ker ∆̂ is the space of harmonic
1-forms of M, whose dimension is 2g. Using the metric on M, the 1-forms and
the vector fields on M are identified and we say that a vector field X is harmonic
if the corresponding 1-form is harmonic. It is well-known that this property is
equivalent to

div X = 0, 〈∇vX, w〉 = 〈∇wX, v〉,

for any tangent vectors v, w to M. Also, if X is a harmonic vector field on M then

∆X = KX,

where K is the Gauss curvature of M and ∆ is the rough Laplacian defined by
∆ = ∑2

i=1{∇ei∇ei −∇∇ei ei}.
Given a harmonic vector field X on M we consider the vectorial function X :

M → HM1(3) and we are going to compute Q(X) = ∑8
i=1Q(〈X, Bi〉), where

Bi : 1 ≤ i ≤ 8} is an orthonormal reference of HM1(3). If ∆̃ demotes the Laplacian
of the Euclidean space HM1(3), then

〈∆̃X, X〉 = 〈∆X, X〉 − 〈A2X, X〉 −
2

∑
i=1

[
|σ̂(X, ei)|2 + |σ(X, ei)|2

]
=
(

K− 1
2 |σ|

2
)
|X|2 −

2

∑
i=1

[
|σ̂(X, ei)|2 + |σ(X, ei)|2

]
,
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where {e1, e2} is an orthonormal reference on M. Now, from (5.1), the Gauss
equation of Φ, (2.4) and (5.6) we obtain that

Q(X) =
∫

M

(
(τ2 − 4)|X|2 +

2

∑
i=1
{|σ̂(X, ei)|2 + |σ(X, ei)|2

)
dv

=
∫

M

(
(1− 3τ2)

(
|X|2 + 1−τ2

τ2 〈X, ξ〉2
)
− (1− τ2)

[
|(JX)>|2 + 1−τ2

τ2 〈X, ξ〉2ν2]) dv ≤ 0.

Moreover, if Q(X) = 0, then τ2 = 1/3, (JX)> = 0 and 〈X, ξ〉ν = 0. In this case
it is not difficult to get that ν = 0, which implies that M is the Clifford surface.
This is imposible because we are assuming that the genus g ≥ 5. So Q(X) < 0
for any non-null harmonic vector field X on M.

Suppose that Ind(M) = m and let { f1, . . . , fm} the eigenfunctions of L cor-
responding to the m negative eigenvalues. If H(M) denotes the linear space of
harmonic vector fields on M, we define a map F : H(M)→ R8m by

F(X) =
( ∫

M
f1X, . . . ,

∫
M

fmX).

If X ∈ ker F, then Q(X) ≥ 0, and so X = 0. This means that 2g = dim Img F ≤
8m, which proves (ii). �

Appendix: The Tai embedding

Let HM(n + 1) = {A ∈ gl(n + 1, C) : A = At} be the space of Hermitian
matrices of order n + 1, endowed with the Euclidean metric

〈A, B〉 = tr AB.

Let I ∈ HM(n + 1) be the identity matrix. Then

HM1(n + 1) = {A ∈ HM(n + 1) : 〈A, I〉 = 1√
2(1−τ2)

} (5.5)

is an affine hyperplane of HM(n + 1).
Let π : S2n+1( 1√

1−τ2 ) → CPn(4(1− τ2)) be the Hopf fibration of the sphere

of radius 1√
1−τ2 over the complex projective space of constant holomorphic cur-

vature 4(1− τ2). The Tai map [20] T : CPn(4(1− τ2)) → HM(n + 1) is given
by

T([z]) =
√

1−τ2√
2

ztz, z ∈ S2n+1( 1√
1−τ2 ) ⊂ Cn+1.

Proposition 10. The Tai map T verifies the following properties:

(i) It is an isometric embedding.
(ii) Its image is contained in the sphere Sn2+2n−1(c, r) of HM1(n + 1) with center

c = ( 1
(n+1)

√
2(1−τ2)

)I and radius r =
√

n√
(n+1)2(1−τ2)

.

(iii) The second fundamental form σ of T : CPn(4(1− τ2)) → HM(n + 1) is parallel
and σ(JX, JY) = σ(X, Y). Moreover, for any x, y, v, w ∈ T[z]CPn(4(1− τ2))

〈σ(x, y), σ(v, w)〉 = (1− τ2)
[
2〈x, y〉〈v, w〉+ 〈x, w〉〈y, v〉+ 〈x, v〉〈y, w〉

]
+(1− τ2)

[
〈x, Jw〉〈y, Jv〉+ 〈x, Jv〉〈y, Jw〉

]
.

(5.6)

(iv) T : CPn(4(1− τ2))→ Sn2+2n−1(c, r) is a minimal embedding.
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Proof. This is a well-known result and it was proven in [16, §1] for CPn(1). The
result follows after minor modifications of his proof. �
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