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Abstract We inspect the Littlest Higgs model with T-parity, based on a global symmetry
SU(5) spontaneously broken to SO(5), in order to elucidate the pathologies it presents due to
the non-trivial interplay between the gauge invariance associated to the heavy modes and the
discrete T-parity symmetry. In particular, the usual Yukawa Lagrangian responsible for pro-
viding masses to the heavy ‘mirror’ fermions is not gauge invariant. This is because it contains
an SO(5) quintuplet of right-handed fermions that transforms nonlinearly under SU(5), hence
involving in general all SO(5) generators when a gauge transformation is performed and not
only those associated to its gauge subgroup. Part of the solution to this problem consists of
completing the right-handed fermion quintuplet with T-odd ‘mirror partners’ and a gauge
singlet, what has been previously suggested for other purposes. Furthermore, we find that the
singlet must be T-even, the global symmetry group must be enlarged, an additional nonlinear
sigma field should be introduced to parametrize the spontaneous symmetry breaking and new
extra fermionic degrees of freedom are required to give a mass to all fermions in an economic
way while preserving gauge invariance. Finally, we derive the Coleman–Weinberg potential
for the Goldstone fields using the background field method.

1 Introduction

Besides supersymmetry, Composite Higgs models [1] are one of the most elegant proposals
to alleviate the fine-tuning in the Higgs mass afflicting the Standard Model (SM). In this
family of models, the Higgs boson arises as the pseudo-Nambu–Goldstone boson (pNGB) of
a spontaneously broken global symmetry. Within this class of models, one of the most popular
frameworks is the Littlest Higgsmodel with T-parity (LHT) [2–8] based on a global symmetry
group SU(5) spontaneously broken to an SO(5) subgroup by the vacuum expectation value
(vev) of a symmetric tensor field Σ at a scale f ∼ 1–10 TeV. Using the Callan–Coleman–
Wess–Zumino (CCWZ) formalism [9,10], a nonlinear field ξ is introduced, built as the
exponential of the 14 Goldstone bosons in the direction of the broken generators. Since
the coset SU(5)/SO(5) is symmetric, there is an inherited Z2 automorphism in the algebra,
allowing the definition of the T-parity discrete symmetry. This T-parity symmetry significantly
relaxes direct and indirect constraints from electroweak precision data (EWPD) [11,12]: the
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SM particles are T-even and (most of) the new particles are T-odd and hence pair-produced.
The Goldstone sector includes a physical T-even doublet, which is identified with the SM
Higgs, and an extra T-odd physical triplet with zero vev or otherwise T-parity would be
broken. A subgroup [SU(2) × U(1)]2 of the full global symmetry group SU(5) is gauged
and gets broken spontaneously to the diagonal subgroup SU(2) × U(1), leading to a set of
T-odd massive vector bosons with masses of order f after eating up the rest of Goldstone
scalar fields. The Higgs mass, apart from being protected by the T-parity, is also protected by
the so-alled collective symmetry breaking mechanism [11,13]: the global symmetry is also
broken explicitly by gauge and Yukawa interactions, but this breaking only occurs when two
or more couplings are not vanishing at the same time. Otherwise there would still remain
an unbroken global symmetry that is sufficient to ensure the Goldstone nature of the Higgs
boson. When those couplings are not set to zero the model predicts a divergence in the Higgs
mass sensitive to just the logarithm of the cut-off, hence solving the problems of quadratic
divergences and fine-tuning of the SM.

In spite of its success to cope with the issues above, the LHT suffers pathologies in the
fermionic sector (except for the third-generation quarks [11,14]). The matter content, that
includes extra fermions, breaks explicitly the gauge invariance of the model, as was already
pointed out in [15,16]. In most phenomenological studies [17–24], the left-handed SM and
the so-called mirror fermions are introduced in incomplete multiplets of SU(5) whereas
their right-handed counterparts come in multiplets of SO(5) that include an SU(2) doublet
of mirror fermions (sometimes completed with a SU(2) doublet of mirror partners and a
gauge singlet). The mirror fermions acquire a vector-like mass by a Yukawa coupling to
the nonlinear sigma field ξ and the rest (when they are not ignored) need extra mass terms.
However, as we will show, this assumption breaks gauge invariance, due to the nonlinear
transformation of the SO(5) multiplet that mixes all the right-handed fermionic fields, being
impossible to separate them to give different masses to its components. On the other hand, it
is usually claimed that the T-parity of the singlet field can be chosen to be either odd [6,7,25]
or even [26,27], what gives rise to a very different phenomenology [27]. But again a close
look will reveal that only a T-even singlet is compatible with gauge invariance. In this work
we propose an economic cure to these problems which consists in enlarging minimally the
global group, introducing a new pattern for the spontaneous symmetry breaking (SSB) and
adding extra fermionic degrees of freedom.

Once the new Lagrangian is built, we derive the Coleman–Weinberg potential for the scalar
fields [28] following the background field method [29–33], that allows for the calculation of
the divergent part of the potential in terms of the nonlinear sigma fields of the theory. The
logarithmic divergences were already given by a master formula [32,33] that was derived
rewriting the one-loop effective action in the Schwinger representation and applying a heat
kernel expansion in the so-called proper time variable using dimensional regularization.
However, we are interested in distinguishing between quadratic and logarithmic divergences
so we will rather impose a cut-off in the proper time [34]. We will reproduce the previous
formula for the logarithmic part and find a new master formula for the quadratic divergences
in the cut-off regularization scheme.

This paper is organized as follows. In Sect. 2, we review the usual LHT to fix the notation.
Section 3 contains a detailed explanation of the pathologies of the model. Section 4 is devoted
to address the issues and construct the Lagrangian of a new and gauge invariant Littlest Higgs
model with T-parity. In Sect. 5, we introduce the background field method to evaluate the
Coleman–Weinberg potential for the Goldstone fields. Finally, in the last section we present
our conclusions and outlook.
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2 The littlest Higgs model with T-parity in a nutshell

2.1 Global symmetries

In this section we review the usual LHT, following closely the notation of Refs. [26,27]. The
model is based on the symmetric coset SU(5)/SO(5) parametrized by the vev of a symmetric
tensor,

Σ0 =
⎛
⎝

02×2 0 12×2

0 1 0
12×2 0 02×2

⎞
⎠ , (1)

leaving 24 − 10 = 14 unbroken generators. This spontaneous breaking direction fixes the
embedding of SO(5) in SU(5) with the fundamental representation of the latter reduced to the
defining (real) representation of the former. The unbroken generators preserve the vacuum
verifying the relation

T aΣ0 + Σ0T
aT = 0. (2)

The expression above suggests the definition of an automorphism in the Lie algebra under
which the unbroken generators transform as [6]

T a aut−→ −Σ0T
aTΣ0 = T a, (3)

where the last equality follows from Eq. (2). The set of broken generators will be orthogonal
to the unbroken ones if their eigenvalue under the automorphism is the opposite,

Xa aut−→ −Σ0X
aTΣ0 = −Xa . (4)

This characterizes the broken generators as the set that verifies

XaΣ0 − Σ0X
aT = 0. (5)

Broken and unbroken generators verify the following schematic commutation relations,

[T, T ] ∼ T, [T, X ] ∼ X, [X, X ] ∼ T, (6)

that can be derived from the automorphism. One usually takes an orthogonal basis of gen-
erators. The broken generators expand the Goldstone matrix Π = πa Xa and allows the
introduction of a nonlinear field ξ that transforms under the global symmetry group,

ξ = eiΠ/ f , ξ
G−→ V ξU † (7)

where f is the scale of new physics, V is an SU(5) transformation and U = U (V,Π) is the
compensating SO(5) nonlinear transformation, that depends on V and Π . According to the
CCWZ formalism, the transformation of ξ is such that it keeps the exponential form.

Let us derive a relevant property that U satisfies. The characterization of the broken
generators (5) leads to

ξ = Σ0ξ
TΣ0 (8)

and applying the transformation given by the CCWZ formalism to this expression one finds

V ξU † = Σ0(V ξU †)TΣ0 = UξΣ0V
TΣ0, (9)
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where we have used Eq. (8), the hermiticity of the generators and the defining property of
the unbroken ones in Eq. (2) that implies UΣ0 = Σ0U∗. Equation (9) can be interpreted as a
definition for the nonlinear transformation U and it is also a consequence of the spontaneous
breaking of SU(5) to SO(5).

This formalism allows to define a tensor field Σ that transforms linearly under the global
symmetry group

Σ = ξΣ0ξ
T = ξ2Σ0, Σ

G−→ VΣV T , (10)

where we have used Eq. (2) to commute ξ with Σ0.

2.2 Gauge group

The group SU(5) contains two copies of SU(2)×U(1). In order to implement the collec-
tive symmetry breaking mechanism in the gauge sector, one gauges the subgroup Gg =
[SU(2) × U(1)]1 × [SU(2) × U(1)]2 expanded by the Hermitian and traceless generators

Qa
1 = 1

2

⎛
⎝

σ a 0 0
0 0 0
0 0 02×2

⎞
⎠ , Y1 = 1

10
diag (3, 3,−2,−2,−2) , (11)

Qa
2 = 1

2

⎛
⎝

02×2 0 0
0 0 0
0 0 −σ a∗

⎞
⎠ , Y2 = 1

10
diag (2, 2, 2,−3,−3) , (12)

with σ a the three Pauli matrices. The normalization of the gauge generators is tr
(
Qa

j Q
b
k

)
=

1
2 δabδ jk and tr

(
Y jYk

) = 1
10 δ jk + 1

5 and the rest of the traces vanish. A useful property that
the gauge generators verify is

Qa
1 = −Σ0Q

aT
2 Σ0, Y1 = −Σ0Y

T
2 Σ0, (13)

which relates the generators of both gauged subgroups. The vev along the direction of Σ0

also breaks spontaneously the gauge group down to the diagonal subgroup SU(2)L × U(1)Y
identified as the SM gauge group, generated by the combinations

{
Qa

1 + Qa
2, Y1 + Y2

} ⊂
{T a}, while the broken combinations

{
Qa

1 − Qa
2, Y1 − Y2

} ⊂ {Xa} expand the Goldstone
matrix

Π =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ω0

2
− η√

20
− ω+

√
2

−i
π+
√

2
−iΦ++ −i

Φ+
√

2

− ω−
√

2

ω0

2
− η√

20

v + h + iπ0

2
−i

Φ+
√

2

−iΦ0 + ΦP
√

2

i
π−
√

2

v + h − iπ0

2

√
4

5
η −i

π+
√

2

v + h + iπ0

2

iΦ−− i
Φ−
√

2
i
π−
√

2
− ω0

2
− η√

20
− ω−

√
2

i
Φ−
√

2

iΦ0 + ΦP
√

2

v + h − iπ0

2
− ω+

√
2

ω0

2
− η√

20

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (14)

where v is the Higgs vev. Under the SM gauge group the Goldstone matrix decomposes as

Π : 10 ⊕ 30 ⊕ 21/2 ⊕ 31, (15)
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including a complex symmetric SU(2) triplet and its hermitian conjugate

Φ =

⎛
⎜⎜⎝

−iΦ++ −i
Φ+
√

2

−i
Φ+
√

2

−iΦ0 + ΦP

√
2

⎞
⎟⎟⎠ , Φ† =

⎛
⎜⎜⎝
iΦ−− i

Φ−
√

2

i
Φ−
√

2

iΦ0 + ΦP

√
2

⎞
⎟⎟⎠ , (16)

the SM Higgs doublet

H =
⎛
⎝

iπ+
v + h + iπ0

√
2

⎞
⎠ , (17)

plus a SU(2) triplet

ω =

⎛
⎜⎜⎝

−ω0

2
−ω+

√
2

−ω−
√

2

ω0

2

⎞
⎟⎟⎠ (18)

and a singlet (η). The latter two will become the longitudinal modes of the heavy gauge fields.

2.3 Lagrangian

2.3.1 Gauge sector

In the construction of the Lagrangian we take into account the action of the discrete T-parity
symmetry which is introduced to keep the SM gauge bosons T-even and light while the new
ones are T-odd and heavy. The action of T-parity consists in an interchange of the two gauge
groups

G1
T←→ G2, (19)

where G1 = [SU(2) × U(1)]1 and G2 = [SU(2) × U(1)]2. This requires that the coupling
constants of both copies must be the same g1 = g2 = √

2g, g′
1 = g′

2 = √
2g′, with the first

set of couplings referring to SU(2) and the second to U(1). In this way, the T-parity affects
the collective symmetry breaking in the gauge sector, since being the couplings equal for
both subgroups they are different from zero at the same time. The gauge Lagrangian takes
the usual form

LG =
2∑
j=1

[
−1

2
tr
(
W̃ jμνW̃

μν
j

)
− 1

4
BjμνB

μν
j

]
, (20)

in terms of fields and field strength tensors,

W̃ jμ = Wa
jμQ

a
j , (21)

W̃ jμν = ∂μW̃ jν − ∂νW̃ jμ − i
√

2g
[
W̃ jμ, W̃ jν

]
, (22)

Bjμν = ∂μBjν − ∂νBjμ, (23)

where in the first expression the index j is fixed. Before the electroweak SSB, the SM gauge
bosons come from the T-even combinations

W± = 1

2

[(
W 1

1 + W 1
2

)∓i
(
W 2

1 + W 2
2

)]
, (24)
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W 3 = W 3
1 + W 3

2√
2

, B = B1 + B2√
2

, (25)

while the remaining T-odd combinations will define the heavy fields

W±
H = 1

2

[(
W 1

1 − W 1
2

)∓i
(
W 2

1 − W 2
2

)]
, (26)

W 3
H = W 3

1 − W 3
2√

2
, BH = B1 − B2√

2
. (27)

2.3.2 Scalar sector

In order to assign a T-even parity to the SM Higgs boson and T-odd parities to the rest of the
scalar fields, one defines

Π
T−→ −ΩΠΩ, Ω = diag (−1,−1, 1,−1,−1) . (28)

It is important to remark that Ω is an element of the center of the gauge subgroup and
consequently only commutes with the gauge generators. This fact will be crucial in the
following. The T-parity transformation of the Goldstone matrix implies

ξ
T−→ Ωξ†Ω, Σ

T−→ Σ̃ ≡ ΩΣ0Σ
†Σ0Ω. (29)

With these ingredients one builds the scalar Lagrangian which is gauge and T-parity invariant
using Eq. (13),

LS = f 2

8
tr
[(
DμΣ

)†
DμΣ

]
, (30)

where the covariant derivative is defined as

DμΣ = ∂μΣ − √
2i

2∑
j=1

[
gWa

jμ

(
Qa

jΣ + ΣQaT
j

)

− g′Bjμ

(
Y jΣ + ΣY T

j

) ]
. (31)

2.3.3 Fermion sector

Implementing T-parity and giving masses to all the fermions is less straightforward. In fact,
this is the main source of the trouble we will address and try to solve. Here, we will focus
on the leptonic sector but the same construction applies to quarks, except for the top quark,
that has extra couplings and additional partners.

First of all, in the usual procedure [6,7] one introduces two left-handed SU(5) quintuplets
in the anti-fundamental and fundamental representations, respectively,

Ψ1 =
⎛
⎝

−iσ 2l1L
0
02

⎞
⎠ , Ψ2 =

⎛
⎝

02

0
−iσ 2l2L

⎞
⎠ . (32)

The explicit form of these multiplets breaks explicitly the global SU(5) symmetry, because
they are incomplete, but the gauge subgroup is preserved. In particular, under a gauge trans-
formation,
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Ψ1
Gg−→ V ∗

g Ψ1, Ψ2
Gg−→ VgΨ2. (33)

For a T-parity transformation it is common to contemplate two options [6,7,26,27]:

a) Ψ1
T−→ ΩΣ0Ψ2, (34)

b) Ψ1
T−→ −Σ0Ψ2. (35)

Then one can define T-even and T-odd combinations given, respectively, by

a) Ψ+ = Ψ1 + ΩΣ0Ψ2√
2

, Ψ_ = Ψ1 − ΩΣ0Ψ2√
2

, (36)

b) Ψ+ = Ψ1 − Σ0Ψ2√
2

, Ψ_ = Ψ1 + Σ0Ψ2√
2

. (37)

The T-odd combination lH L = (l1L +l2L)/
√

2 needs to be paired with a right-handed doublet
lH R so that ‘mirror’ leptons lH may get a vector-like mass. To that end, a right-handed SO(5)
quintuplet is introduced,

ΨR =
⎛
⎝

−iσ 2 (̃lc_)R
iχR

−iσ 2lH R

⎞
⎠ . (38)

We will denote with a subscript ± the T-parity assignment to be defined below. The T-odd
doublet (̃lc_)R describes the ‘mirror partner’ leptons and χR is a gauge singlet, that in principle
can be taken either (χ+)R or (χ−)R . Some authors [19,22–24] leave this quintuplet incom-
plete, including in it just the doublet lH R . The transformation under the gauged subgroup
reads

ΨR
Gg−→ UgΨR, (39)

where Ug is an SO(5) nonlinear transformation that verifies Eq. (9) for a given Vg . Under
T-parity, there are two possible realizations:

a) ΨR
T−→ ΩΨR, (40)

b) ΨR
T−→ −ΨR . (41)

The first one differs from the second in that χR is T-even; the rest of the fields are all T-odd.
With this in mind, one can correspondingly construct two versions of a Yukawa Lagrangian,

L
(a)
YH

= −κ f
(
Ψ 2ξ + Ψ 1Σ0ξ

†)ΨR + h.c., (42)

L
(b)
YH

= −κ f
(
Ψ 2ξ + Ψ 1Σ0Ωξ†Ω

)
ΨR + h.c. (43)

tailored to provide the mirror leptons with a mass of order κ f .
In order to give a mass of order λv to the SM leptons after the electroweak SSB, the

following Yukawa Lagrangian has been proposed [11,12,35–38],

LY = i
λ f

4
εxyzεrs

[
(Ψ X∗

2 )xΣr yΣsz + (Ψ X
1 Σ0Ω)x Σ̃r yΣ̃sz

]
�R

+ h.c., (44)
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where {x, y, z} = 3, 4, 5 and {r, s} = 1, 2. Here, the left-handed fermions are embedded in
incomplete SU(5) quintuplets,

Ψ X
1 =

⎛
⎝

Xl1L
0
02

⎞
⎠ , Ψ X∗

2 =
⎛
⎝

02

0
X∗l2L

⎞
⎠ , (45)

transforming under the gauge group as

Ψ X
1

Gg−→ VgΨ
X

1 , Ψ X∗
2

Gg−→ V ∗
g Ψ X∗

2 (46)

and under T-parity as

Ψ X
1

T−→ ΩΣ0Ψ
X∗

2 = −Σ0Ψ
X∗

2 , (47)

where the last equality follows from the field content of these quintuplets. Despite the �R
is an SU(5) singlet and all indices are contracted, this Lagrangian is not invariant under
the global SU(5) symmetry, broken due to Σ0 and the incomplete multiplets. Nevertheless,
we just need that the gauge symmetry Gg is preserved, and this requires the introduction of
Ψ X

1 (Ψ X∗
2 ) transforming opposite to Ψ1 (Ψ2) so that the SM charged leptons, with left-handed

components in the T-even doublet lL = (l1L − l2L)/
√

2, get a mass.1 On the other hand, �R
inherits no hypercharge from the global symmetry group. To give it the proper hypercharge
(Y = −1) one has to enlarge SU(5) with two extra factors U(1)′′1 and U(1)′′2 hence preserving
gauge invariance [22],

SU(5) × U(1)′′1 × U(1)′′2 . (48)

Then for any field the actual hypercharges under the gauged U(1)1 and U(1)2 will be the
sum of those under the U(1)′1 and U(1)′2 present in SU(5) plus the extra ones. The auxiliary
field X and its complex conjugate X∗ are introduced in Eq. (45) in order to reverse the U(1)
charges of the left-handed components and at the same time compensate for the hypercharge
assignment of the right-handed leptons. From the hypercharges of the Σ components in
Table 1 (note that all relevant products have the same values) and the requirements above
one derives the charge assignments for the fermion fields of Table 2. A particular realization
of the scalar X can be constructed with the fields already present in the model [11,22,37].
The element Σ33 has hypercharges (Y1, Y2) = (− 2

5 , 2
5 ), and it is a SU(2) singlet, so we can

identify X = Σ
− 1

4
33 and X∗ = (Σ

†
33)

− 1
4 , which also verifies the right transformation under

T-parity X
T−→ X∗.2

The mirror partner leptons (̃lc_) and the gauge singlet (χ+ or χ−) must be heavy. It is cus-
tomary [6,7] to give them a large vector-like mass introducing their left-handed components
(̃lc_)L and (χ±)L in incomplete SO(5) multiplets,

ΨL =
⎛
⎝

(̃lc−)L
0
02

⎞
⎠ , Ψ

χ
L =

⎛
⎝

0
(χ±)L

02

⎞
⎠ . (49)

1 The neutrinos are massless throughout this work.
2 In view of the charge assignments in Table 2, it is clear that X∗ is not the complex conjugate of X , since
they do not have opposite hypercharges under the U(1) factors. However only gauged hypercharges matter
and they are actually opposite, so we prefer to keep this notation. Indeed, the particular realization for these
fields shows that one is the Hermitian conjugate of the other.
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Table 1 Hypercharges under U(1)′1 × U(1)′2 ⊂ SU (5) of the Σ components in Eq. (44)

Y ′
1 Y ′

2

Σ13
1

10
2
5

Σ14
1

10 − 1
10

Σ15
1

10 − 1
10

Σ23
1

10
2
5

Σ24
1

10 − 1
10

Σ25
1

10 − 1
10

Σ13Σ24
1
5

3
10

Σ13Σ25
1
5

3
10

Σ23Σ14
1
5

3
10

Σ23Σ15
1
5

3
10

Table 2 Hypercharge assignments under U(1)′1 × U(1)′2 × U(1)′′1 × U(1)′′2, where the single-prime abelian
groups are inside SU(5) and the others are extra factors

Y ′
1 Y ′

2 Y ′′
1 Y ′′

2 Y1 Y2

�R 0 0 − 1
2 − 1

2 − 1
2 − 1

2

l2L − 1
5 − 3

10 0 0 − 1
5 − 3

10

l1L − 3
10 − 1

5 0 0 − 3
10 − 1

5

X∗l2L 1
5

3
10 − 1

2 − 1
2 − 3

10 − 1
5

Xl1L
3

10
1
5 − 1

2 − 1
2 − 1

5 − 3
10

X∗ 2
5

3
5 − 1

2 − 1
2 − 1

10
1

10

X 3
5

2
5 − 1

2 − 1
2

1
10 − 1

10

The hypercharges Y = Y1 + Y2 under the gauge group U(1)1 × U(1)2 come from Y j = Y ′
j + Y ′′

j , j = 1, 2

Their direct mass terms are assumed to be a soft breaking of the SO(5) global symmetry and
have the form

LM,Mχ = −M (̃lc_)L (̃lc_)R − Mχ (χ±)L(χ±)R + h.c. (50)

Finally, the CCWZ formalism provides us with the kinetic terms and the gauge interactions
of all fermions,

LF = LFL + LFR + (ΨR → ΨL) + (ΨR → Ψ
χ
L ) (51)

where

LFL = iΨ 1γ
μD∗

μΨ1 + iΨ 2γ
μDμΨ2 (52)

and depending on the T-parity implementation,

L
(a)
FR

= iΨ Rγ μ

[
∂μ + 1

2
ξ† (Dμξ

) + 1

2
ξΣ0D

∗
μ

(
Σ0ξ

†)
]

ΨR, (53)
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L
(b)
FR

= iΨ Rγ μ
[
∂μ + 1

2
ξ† (Dμξ

)

+ 1

2
ΩξΣ0D

∗
μ

(
Σ0ξ

†)Ω
]
ΨR, (54)

with the covariant derivative defined as

Dμ = ∂μ − √
2ig

(
Wa

1μQ
a
1 + Wa

2μQ
a
2

)

+ √
2ig′ (B1μY1 + B2μY2

)
. (55)

And for SM right-handed leptons,

LF ′ = i�R

[
∂μ − √

2ig′
(

−1

2
B1μ − 1

2
B2μ

)]
�R

= i�R
(
∂μ + ig′Bμ

)
�R . (56)

3 Non-gauge invariance of the original model

This section is devoted to one of the main points of this work: the incompatibility between
gauge invariance associated to the heavy modes and the usual T-parity implementation in
which the gauge singlet χ is assumed T-odd. We will also show that in any case the content
of the fermion multiplets transforming nonlinearly under SO(5) cannot be arbitrary in order
to preserve the gauge invariance and T-parity at the same time.

Let us consider a generic global SU(5) transformation V and find the corresponding
nonlinear transformation U of SO(5), related by the spontaneous breaking of the first group
down to the second. Both transformations can be parametrized by

V = ei(α
a Xa+βbT b), U = eiσ

bT b
, (57)

where U depends only on the SO(5) unbroken generators T b and V depends on all the
generators of SU(5). The fact that U is a function of V and the Goldstone fields Π is
encoded in the parameters σ b = σ b(αa, βb,Π). We can derive these parameters by taking
infinitesimal transformations and using Eq. (9):

(
1 + iαa Xa + iβbT b

)
ξ
(

1 − iσ bT b
)

=
(

1 + iσ bT b
)

ξΣ0

(
1 + iαa XaT + iβbT bT

)
Σ0

⇒ σ b{T b, ξ} = βb{T b, ξ} + αa [Xa, ξ
]
, (58)

where we have used Eqs. (2) and (5) to eliminate Σ0. As ξ is a power expansion in the inverse
of the high energy scale f ,

ξ = eiΠ/ f =
∞∑
n=0

in

n!
Πn

f n
, (59)

one can assume the following ansatz for the parameters σ b,

σ b =
∞∑
n=0

σ b
n

f n
. (60)

123



Eur. Phys. J. Plus          (2022) 137:42 Page 11 of 44    42 

At zero-th order in 1/ f , ξ = 1 and we find σ b
0 = βb, which gives the linear part of the

transformation. Particularizing for a gauge transformation, if higher order corrections were
neglected, Ug would only depend on the SM gauge generators and then the Lagrangians of
Eqs. (42) and (43) would be both gauge invariant, with or without completing the SO(5)
quintuplet ΨR with the gauge singlet and the partner leptons, because then the SM gauge
generators would not mix the upper and lower components of the quintuplet. However, this
simplification cannot be done. To obtain the nonlinear Π-dependent effects of the transfor-
mation, one must solve Eq. (58) for higher orders,

∞∑
n,m=0

σ b
m

1

f n+m

in

n! {T
b,Πn} = βb

∞∑
n=0

1

f n
in

n! {T
b,Πn}

+ αa
∞∑
n=0

1

f n
in

n!
[
Xa,Πn] . (61)

Renaming the indices of the term in the l.h.s. we have

∞∑
n,m=0

σ b
m

1

f n+m

in

n! {T
b,Πn}

=
∞∑
n=0

n∑
m=0

σ b
m

1

f n
in−m

(n − m)! {T
b,Πn−m} (62)

and then
n∑

m=0

σ b
m

in−m

(n − m)! {T
b,Πn−m} = βb i

n

n! {T
b,Πn}

+ αa i
n

n!
[
Xa,Πn] , n ≥ 0, (63)

that can be rewritten using that σ b
0 = βb,

n∑
m=1

σ b
m

in−m

(n − m)! {T
b,Πn−m} = αa i

n

n!
[
Xa,Πn] , n ≥ 1, (64)

where we see that the nonlinear part of the infinitesimalU transformation only depends on the
coefficients that go with the broken generators. With this expression we can obtain directly
the coefficient σ b

1 using that the basis of generators is orthogonal,

2σ b
1 = iαa tr

([
Xa,Π

]
T b

)
. (65)

This trace is different from zero because the automorphism in the Lie algebra implies[
Xa, Xb

] ∼ T c. The fact that in this expression appears the commutator between the Gold-
stone matrix and the broken generators in short implies that σ b

1 T
b depends in principle on a

linear combination of all the SO(5) generators. Coming back to Eq. (64), separating the term
m = n from the rest and taking traces, we obtain a recursive formula for the n-th coefficient
(n > 1),

2σ b
n T

b = −
n−1∑
m=1

σ b
m

in−m

(n − m)! {T
b,Πn−m} + αa i

n

n!
[
Xa,Πn] . (66)
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In general, the right-handed side will depend on all the SO(5) generators. Using the orthonor-
mal basis of generators, we can multiply both sides of the previous equation by T c and take
the trace to find

2σ c
n = tr

[(
−

n−1∑
m=1

σ b
m

in−m

(n − m)! {T
b,Πn−m}

+ αa i
n

n!
[
Xa,Πn

])
T c

]
, n > 1. (67)

Just for completeness, we also derive σ c
2 that turns out to be zero,

2σ c
2 = tr

[(
−iσ b

1 {T b,Π} − 1

2
αa [Xa,Π2]

)
T c

]

= 1

2
tr
[(

αa tr
([

Xa,Π
]
T b

)
{T b,Π} − αa [Xa,Π2]) T c

]

= 1

2
tr
[(

αa{[Xa,Π
]
,Π} − αa [Xa,Π2]) T c]

= 1

2
tr
[(

αa [Xa,Π2] − αa [Xa,Π2]) T c] = 0, (68)

where first we have substituted σ b
1 calculated above, then we have replaced A = 1

2 [Xa,Π] =
tr(AT b)T b in {A,Π} = tr(AT b){T b,Π} and finally we have used {[Xa,Π

]
,Π} =[

Xa,Π
]
Π + Π

[
Xa,Π

] = [
Xa,Π2

]
. Therefore, given an infinitesimal SU(5) transfor-

mation

V ≈ 1 + iαa Xa + iβT b, (69)

the corresponding infinitesimal SO(5) transformation reads

U ≈ 1 + iβbT b − 1

2 f
αa [Xa,Π

] + O
(

Π3

f 3

)
, (70)

which is a result of the particular embedding of SO(5) into SU(5).
Now we focus on a gauge transformation, belonging to the subgroup [SU(2)× U(1))]1 ×

[SU(2) × U(1))]2 ⊂ SU(5) that is spontaneously broken to the SM group [SU(2) × U(1))].
Then Vg is expanded by no more than the union of the set

{
Xa
g

}
= {

Qa
1 − Qa

2, Y1 − Y2
}

of broken generators and the set
{
T b
g

}
= {

Qa
1 + Qa

2, Y1 + Y2
}

of unbroken ones. However,

from Eq. (70) it is clear that, due to the nonlinearity ofU , restricting ourselves to transforma-
tions along the gauge directions in the group does not imply that the matrix Ug depends only

on the diagonal gauge subgroup generators: the commutator
[
Xa
g,Π

]
cannot be expanded

entirely in terms of the SM gauge generators because
[
Xa
g ,Π

]
�= tr

([
Xa
g,Π

]
T b
g

)
T b
g , so it

requires the full set of SO(5) generators. As a consequence, the Lagrangian L
(b)
YH

in Eq. (43)
whose second term (the T-parity transformed of the first one) depends explicitly on Ω (the
element of the center of the gauge group, commuting only with the gauge generators) is not
invariant under a gauge transformation,

−κ f (Ψ 2ξΨR + Ψ 1Σ0Ωξ†ΩΨR)

Gg−→ −κ f
(
Ψ 2ξΨR + Ψ 1Σ0Ωξ†U †

gΩUgΨR

)
, (71)
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Fig. 1 One-loop Feynman
diagrams contributing to the
ultraviolet divergences of lepton
flavor changing Higgs decays in
the original LHT if the gauge
singlet χ is T-odd (’t
Hooft–Feynman gauge)

Φ±, ω±

(χ−)R
h (χ−)R

Φ±, ω±

h

(a) (b)

because in general Ug does not commute with Ω .
This has two important implications. First, this implementation of T-parity in the fermionic

sector with a χ T-odd must be discarded because it is incompatible with gauge invariance. In
fact we have found that this Lagrangian gives rise to unmatched divergent contributions in
lepton flavor changing Higgs decays [27] from the one-loop diagrams of Fig. 1 that involve
a (χ−)R . On the other hand, regardless of the T-parity realization, it results apparent that
the SO(5) multiplets must be complete (as it is the case of ΨR) because a nonlinear gauge
transformationUg mixes all its components and not just those laying in the invariant subspaces
under the linear part of (70). In particular, the incomplete SO(5) representations ΨL and Ψ

χ
L

of Eq. (49), introduced to give direct mass terms to l̃c− and χ through Eq. (50) by coupling
them with ΨR , do not only break the global SO(5) but also the gauge invariance, as we have
just shown.

In contrast to the case of a T-odd χ− discussed above, the amplitudes for lepton flavor
changing Higgs decays are finite at one loop if the gauge singlet is χ+, T-even. However,
these amplitudes exhibit a non-decoupling behaviour proportional to the logarithm of the
mirror partner masses and to the misalignment between the mass matrices of mirror and
mirror-partner leptons [26]. This new source of lepton flavor violation can be viewed as a
vestige of the broken gauge invariance, that is restored when partners and mirror partners
share a complete multiplet and hence get their masses from the same coupling. Actually
the one-loop amplitudes are finite thanks to the contributions of both types of T-odd leptons
that are individually divergent but cancel each other, so mirror partners cannot be ignored.
Interestingly, the contribution of χ+ does decouple and is finite by its own.

At any rate, we need a new mechanism to give masses at least of order f to the partner
leptons and the χ , because they must be heavy enough to fulfill the EWPD constraints [11,12].
A way to proceed that at the same time is compatible with the gauge symmetry and T-parity
is the object of next section.

4 A gauge-invariant littlest Higgs with T-parity

In this section, we construct in detail the Lagrangian of a new LHT with explicit compat-
ibility between gauge invariance and T-parity in order to address and eventually solve the
problems we encountered in previous sections. The guiding line is the necessity of giving
gauge-invariant mass terms to the gauge singlet χR and the mirror-partner leptons l̃cR without
introducing their left-handed counterparts in additional SO(5) multiplets transforming like
ΨR , which would then be incomplete and hence at odds with the gauge symmetry.
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4.1 A minimal extension of the global symmetry

The simplest way to proceed consists of assuming that the new fermion fields (left-handed
components of χ and l̃c) transform only under an external SU(2) × U(1). Then they will not
mix with the others, as it would happen if they belonged to the same SO(5) multiplet. This
requires the enlargement of the original global symmetry group (48) to at least:3

SU(5) × [SU(2) × U(1)]′′1 × [SU(2) × U(1)]′′2 . (72)

This larger global group gets broken spontaneously when two nonlinear tensor fields, Σ and
Σ̂ , acquire a vev at an energy scale f (for simplicity we take the same scale in both sectors),

SU(5) × [SU(2) × U(1)]′′1 × [SU(2) × U(1)]′′2
Σ0,Σ̂0−−−→ SO(5) × [SU(2) × U(1)]′′ , (73)

where Σ0 in Eq. (1) breaks spontaneously SU(5) down to SO(5) as before (see Sect. 2.1),
and Σ̂0 = Σ0 breaks the extra piece to its diagonal subgroup [SU(2) × U(1)]′′, leaving
14+4 = 18 Goldstone bosons. This particular breaking direction allows us to take advantage
of all the properties already mentioned. On the other hand, since extra U(1) factors had to be
introduced before to accommodate the hypercharges of the right-handed SM charged leptons,
this is the minimal and most natural extension one can think of.

Throughout the rest of the work, the notation we follow for the extra fields and their corre-
sponding transformations consists of putting a hat over their symbols. In our construction the
new sigma field Σ̂ transforms only under the diagonal subgroup SU(2)′′ ×U(1)′′. To be con-
sistent, for the scalar and fermionic sector we take the representation of [SU(2) × U(1)]′′1 ×
[SU(2) × U(1)]′′2 over a five-dimensional complex space generated by the same set of matri-
ces of Eqs. (11) and (12).

The gauged subgroup is again [SU(2)×U(1)]1 ×[SU(2)×U(1)]2 but now it is the sum of
the [SU(2)×U(1)]′1 ×[SU(2)×U(1)]′2 ⊂ SU(5) plus the extra [SU(2)×U(1)]′′1 ×[SU(2)×
U(1)]′′2 of Eq. (72), so there are the same number of gauge bosons. Likewise, the SM gauge
group will be the sum of the [SU(2) × U(1)]′ inside SO(5) and the extra [SU(2) × U(1)]′′. In
this way, we can have fermions that transform only under the SM gauge group alleviating the
aforementioned difficulties. The Lagrangian for the gauge fields and their self-interactions
is as shown before in Eq. (20).

4.2 The additional Goldstone fields

According to the SSB, the additional Goldstone matrix is expanded by the broken generators
of the extra group {Qa

1 − Qa
2, Y1 − Y2}. It reads

3 In [16] the same extension of the symmetry group was proposed. However, they chose to embed the right-
handed mirror leptons in a representation of the diagonal subgroup, coupling them to their left-handed coun-
terparts through the new nonlinear scalar field. There no mirror partners are introduced, and the fermion SU(2)
singlet does not couple to the Higgs hence preventing the unwanted quadratic mass corrections. Here, we prefer
to keep the fermion content and the structure of Yukawa couplings of the usual LHT, completing the SU(5)
fermion multiplets and providing singlet and mirror partners with masses compatible with gauge invariance.
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Π̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ω̂0

2
− η̂√

20
− ω̂+

√
2

0 0 0

− ω̂−
√

2

ω̂0

2
− η̂√

20
0 0 0

0 0

√
4

5
η̂ 0 0

0 0 0 − ω̂0

2
− η̂√

20
− ω̂−

√
2

0 0 0 − ω̂+
√

2

ω̂0

2
− η̂√

20

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (74)

These Goldstone fields are charged only under [SU(2) × U(1)]′′1 × [SU(2) × U(1)]′′2. Under
the SM gauge group they decompose in

Π̂ : 10 ⊕ 30, (75)

including a new SU(2) triplet

ω̂ =

⎛
⎜⎜⎝

− ω̂0

2
− ω̂+

√
2

− ω̂−
√

2

ω̂0

2

⎞
⎟⎟⎠ (76)

and a singlet (̂η). These scalars have the same quantum numbers as the corresponding unhatted
would-be Goldstone bosons (to be eaten by the heavy gauge fields) and will actually mix
with them at order v2/ f 2. From this matrix we build the nonlinear sigma field

ξ̂ = eiΠ̂/ f G ′′−→ V̂ ξ̂Û † = Û ξ̂Σ0V̂
TΣ0, (77)

where V̂ , Û are transformations of the extra group. In the particular case of a gauge transfor-
mation Vg and V̂g coincide. However, from Eqs. (9) and (77), Ug and Ûg are different, since
the former depends on Vg and Π , involving all SO(5) generators, while latter depends on Vg

and Π̂ , requiring just SM generators.
We also introduce the field that transforms linearly under the extra group,

Σ̂ = ξ̂Σ0ξ̂
T = ξ̂2Σ0, Σ̂

G ′′−→ V̂ Σ̂ V̂ T . (78)

To assign a T-odd parity to all new scalars we define

Π̂
T−→ −Π̂ (79)

and therefore

ξ̂
T−→ ξ̂†, Σ̂

T−→ Σ0Σ̂
†Σ0. (80)

A gauge-invariant and T-parity preserving Lagrangian for the kinetic terms and self-
interactions of the new scalars can be built similarly to LS (30),

LŜ = f 2

8
tr
[(
DμΣ̂

)†
DμΣ̂

]
, (81)

where the covariant derivative for Σ̂ is defined analogously to that in Eq. (31),

DμΣ̂ = ∂μΣ̂ − √
2i

2∑
j=1

[
gWa

jμ

(
Qa

j Σ̂ + Σ̂QaT
j

)

− g′Bjμ

(
Y j Σ̂ + Σ̂Y T

j

) ]
. (82)
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Fig. 2 One-loop Feynman
diagrams that would lead to
unacceptable quadratic
divergences in the Higgs mass if
the mixed Lagrangian of Eq. (83)
did not vanish

h h

AH

h h

ZH

h h

W±
H

(a) (b)

(c)

At this point one may argue that an additional term mixing both scalar sectors,

LSŜ = αSŜ f 2tr
[(
DμΣ

)†
DμΣ̂

]
+ h.c., (83)

is both gauge and T-parity invariant and hence should be included. However, this Lagrangian
involves couplings of heavy gauge bosons to scalars that lead to unmatched quadratically
divergent contributions to the Higgs mass from the diagrams of Fig. 2. Therefore, one must
take αSŜ = 0.

4.3 Extra fermions and their interactions

The original LHT allows for masses of SM and mirror leptons through Yukawa interactions
but, in order to be consistent with gauge and T-parity invariance, the right-handed components
of mirror leptons must share a complete SO(5) quintuplet ΨR with T-odd mirror-partner
leptons (̃lc−)R and a singlet (χ+)R that must be T-even according to Eq. (71). To provide
these fields with a heavy mass one needs to introduce their left-handed components as well,
but they cannot live in SO(5) multiplets transforming like ΨR (as the ΨL and Ψ

χ
L of Eq. (49)

usually introduced) because then they would be incomplete and their vector-like mass terms
would break gauge invariance.

We show below that the goal of giving masses to all fermions compatible with gauge
invariance and T-parity can be achieved in the context of an extended global symmetry with
the modified spontaneous breaking pattern described in previous section. In a first proposal
we include (̃lc−)L and (χ+)L in a quintuplet charged only under the gauged SU (2) × U (1)

subgroup of the enlarged global symmetry, but this minimal model will generate undesired
quadratic contributions to the Higgs mass. Then, as a viable solution, we are forced to
further extend the fermion content with additional T-even mirror partners l̃c+ and a T-odd χ−
embedding their left and right handed components in appropriate representations of SU(5)
and SU(2) × U(1), respectively.

4.3.1 A first attempt introduces quadratic Higgs mass corrections

Let us introduce the left-handed components of l̃c and χ+ in such a way that they transform
under the SM gauge group but do not mix under an SO(5) transformation. Then, taking a
representation of the extra group that acts over the five-dimensional space, we compose the
following multiplet
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Ψ̂L =
⎛
⎝

−iσ 2(̃lc_)L
i(χ+)L

0

⎞
⎠ , Ψ̂L

Gg−→ ÛgΨ̂L (84)

emphasizing that it transforms nonlinearly, and not under SO(5) but just under the diagonal
subgroup of the extra group. For simplicity, we have chosen that both fields lay in the same
multiplet, but they could be split into two and our conclusions would not change. Under the
discrete T-parity symmetry we define

Ψ̂L
T−→ ΩΨ̂L , (85)

in order to assign the proper parities. The right-handed fields form the SO(5) quintuplet ΨR

of Eq. (38) with

ΨR =
⎛
⎝

−iσ 2 (̃lc−)R
i(χ+)R

−iσ 2lH R

⎞
⎠ , ΨR

Gg−→ UgΨR, ΨR
T−→ ΩΨR . (86)

We may now pair Ψ̂L with ΨR in the following Yukawa Lagrangian

L
ξ̂ ξ
Y = −κ ′ f Ψ̂L

(
ξ̂†ξ + ξ̂ ξ†

)
ΨR + h.c. (87)

to give l̃c− and χ+ a mass of order κ ′ f , compatible with gauge invariance and T-parity since

ξ̂†ξ
Gg−→ Ûg ξ̂

†ξU †
g , (88)

ξ̂†ξ
T−→ Ωξ̂ξ†Ω, (89)

where we have used that [Ω, ξ̂ ] = 0 because only gauge generators are involved.
Unfortunately, these interactions lead to unacceptable quadratic divergences to the Higgs

boson mass from the diagrams in Fig. 3. Diagrams (a) and (b), already in the original LHT,
cancel each other.4 However (c) and (d), from the new interaction in Eq. (87), add up to yield

δm2
h = 3κ ′2Λ2

4π2 . (90)

In order to prevent such a quadratic divergence, an alternative mechanism is needed to give
masses to χ and the mirror partner leptons.

4.3.2 A viable model with consistent fermion representations

Instead of including the new left-handed fields in quintuples transforming nonlinearly under
the SM gauge group as above, we proceed to complete the SU(5) multiplets as follows,

Ψ1 =
⎛
⎝

−iσ 2l1L
iχ1L

−iσ 2̃lc1L

⎞
⎠ , Ψ2 =

⎛
⎝

−iσ 2̃lc2L
iχ2L

−iσ 2l2L

⎞
⎠ , (91)

with the usual

Ψ1
Gg−→ V ∗

g Ψ1, Ψ2
Gg−→ VgΨ2, Ψ1

T−→ ΩΣ0Ψ2, (92)

4 The cancellation occurs regardless the mechanism that gives mass to χ+ because the divergence is indepen-
dent of the χ mass [27].
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Fig. 3 One-loop Feynman
diagrams contributing to the
quadratic divergences of the
Higgs self-energy from the
fermion sector in the LHT
extended with Ψ̂L (84). Diagrams
(a) and (b) from LYH cancel
each other, whereas (c) and (d)

from L
ξ̂ ξ
Y (87) are proportional

to κ ′2 and do not cancel

h h

(χ+)R

νL h h

νH

h h

χ+

h h

ν̃c
−

(a) (b)

(d)(c)

so that the (χ+)R and the (̃lc−)R inside the SO(5) quintuplet ΨR of Eq. (86) can couple to
them and get a mass proportional to κ f through the same LYH in Eq. (42), like the mirror
leptons lH do.

But still the T-odd combination (χ_)L = (χ1L − χ2L)/
√

2 and the T-even combination
of the mirror partners (̃lc+)L = (̃lc1L − l̃c2L)/

√
2 remain massless. [Note that although the

T-parities of these fields are different the relative sign in previous definitions is the same
according to Eq. (36).] At this stage, barring the explicit breaking due to the gauge interactions
of [SU(2) × U(1)]2, the theory would be SU(5) invariant because now the fermion multiplets
are complete, so the Higgs would be an exact Goldstone boson with no mass corrections from
this sector through loops at any order in perturbation theory. To give a mass to these additional
combinations of fields, we introduce their corresponding right-handed components in an
incomplete multiplet that only transforms under the SM gauge group [analogous to Eq. (84)
but for opposite chiralities and T-parities],

Ψ̂R =
⎛
⎝

−iσ 2(̃lc+)R
i(χ_)R

0

⎞
⎠ , Ψ̂R

Gg−→ ÛgΨ̂R, Ψ̂R
T−→ −ΩΨ̂R, (93)

where we emphasize one more time that the new T-even partner lepton doublet and the new T-
odd singlet do not mix under a gauge group transformation what allows them to be separated
in different SO(5) multiplets. Finally, we couple this multiplet to Ψ1 and Ψ2 through the
nonlinear field ξ̂ ,

LŶH = −κ̂ f
(
Ψ 2ξ̂ − Ψ 1Σ0ξ̂

†
)

Ψ̂R + h.c., (94)

using again that Ω commutes with ξ̂ . This way l̃c+ and χ− get a mass of order κ̂ f .
As this new sector does not have a direct coupling with the Higgs field and the Lagrangian in

Eq. (42) with complete multiplets is SU(5) invariant, we do not expect quadratic divergences
in the Higgs mass. In fact, the relevant one-loop diagrams, shown in Fig. 4, result in a
logaritmically divergent correction to the Higgs mass of

δm2
h = 3 f 2κ2κ̂2

4π2 log Λ2. (95)

This result obtained diagrammatically will be reproduced in Sect. 5 from the calculation of
the Coleman–Weinberg potential using the background field method.
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Fig. 4 One-loop Feynman
diagrams contributing to the
quadratic divergences of the
Higgs self-energy from the
fermion sector in the new LHT.
Diagrams (a) and (b) arise from
LYH and cancel each other, as in
Fig. 3. The rest stem from LŶH
(94) and also cancel among
themselves

h h

h h

(χ+)R

νL h h

νH

χ+

h h

ν̃c
−

h h

(χ−)L

νHR

h h

(χ−)L

(ν̃c
−)R

h h

(χ+)R

(νc
+)L

(a) (b)

(d)(c)

(e) (f)

(g)

There remains the introduction of kinetic terms and gauge interactions of all fermion
fields in the model. The new fields l̃cr L and χr L that make up the left-handed components
of l̃c± and χ± belong to the SU(5) quintuplets Ψr (r = 1, 2) so they will get their kinetic
terms and gauge interactions from the same Lagrangian LFL of Eq. (52). The right-handed
components of l̃c− and χ+ were already in the SO(5) quintuplet ΨR with kinetic terms and
interactions from LFR in Eq. (53). For the right-handed fields (̃lc+)R and (χ−)R in the new
SO(5) quintuplet Ψ̂R we introduce

LF̂R
= iΨ̂ Rγ μ

[
∂μ + 1

2
ξ̂†

(
Dμξ̂

)
+ 1

2
ξ̂Σ0D

∗
μ

(
Σ0ξ̂

†
)]

Ψ̂R, (96)

with the covariant derivative in Eq. (55). Notice that under a T-parity transformation

Ψ̂ R ξ̂†Dμξ̂ Ψ̂R
T−→ Ψ̂ R ξ̂Σ0D

∗
μ

(
Σ0ξ̂

†
)

Ψ̂R, (97)

since Ω commutes with ξ̂ and the gauge generators. The SM right-handed leptons are singlets
under SU(2)′′1 × SU(2)′′2 and only the charged ones get their proper hypercharge under the
extra U(1)′′1 × U(1)′′2 with gauge interactions LF ′ already given in Eq. (56).

For the sake of clarity, we show in Tables 3 and 4 the transformation properties of the
fermion fields under the different SU(2)×U(1) factors. The fields belonging to the complete
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Table 3 Charge assignments under the different [SU(2) × U(1)]1 × [SU(2) × U(1)]2

[
SU(2)′ × U(1)′

]2 ⊂ SU(5)
[
SU(2)′′ × U(1)′′

]2 [SU(2) × U(1)]2
gauge

l2L (1, 2)(− 1
5 ,− 3

10

) (1, 1)(0,0) (1, 2)(− 1
5 ,− 3

10

)

l1L (2, 1)(− 3
10 ,− 1

5

) (1, 1)(0,0) (2, 1)(− 3
10 ,− 1

5

)

χ2L (1, 1)(− 1
5 , 1

5

) (1, 1)(0,0) (1, 1)(− 1
5 , 1

5

)

χ1L (1, 1)( 1
5 ,− 1

5

) (1, 1)(0,0) (1, 1)( 1
5 ,− 1

5

)

l̃c2L (2, 1)( 3
10 , 1

5

) (1, 1)(0,0) (2, 1)( 3
10 , 1

5

)

l̃c1L (1, 2)( 1
5 , 3

10

) (1, 1)(0,0) (1, 2)( 1
5 , 3

10

)

�R (1, 1)(0,0) (1, 1)(− 1
2 ,− 1

2

) (1, 1)(− 1
2 ,− 1

2

)

X (1, 1)( 3
5 , 2

5

) (1, 1)(− 1
2 ,− 1

2

) (1, 1)( 1
10 ,− 1

10

)

X∗ (1, 1)( 2
5 , 3

5

) (1, 1)(− 1
2 ,− 1

2

) (1, 1)(− 1
10 , 1

10

)

Table 4 Charge assignments under the different [SU(2) × U(1)]

SU(2)′ × U(1)′ ⊂ SO(5) SU(2)′′ × U(1)′′ [SU(2) × U(1)]gauge

ΨR =
⎛
⎝

−iσ 2 (̃lc_)R
i(χ+)R

−iσ 2lH R

⎞
⎠

⎛
⎜⎝

2 1
2

10
2− 1

2

⎞
⎟⎠ 10

⎛
⎜⎝

2 1
2

10
2− 1

2

⎞
⎟⎠

(̃lc+)R 10 2 1
2

2 1
2

(χ_)R 10 10 10

SO(5) representation are written in their corresponding multiplet in order to emphasize that
they mix under a gauge transformation.

To summarize, the full Lagrangian of the new LHT model reads:

L = LG + LS + LŜ + LFL + LFR + LF̂R
+ LF ′

+ LYH + LŶH + LY . (98)

4.4 Physical fields

4.4.1 Gauge bosons

After the electroweak SSB, the SM gauge bosons are obtained from the T-even fields of
Eq. (25) by diagonalizing the Lagrangian LS of Eq. (30),

W± = 1√
2

(
W 1∓iW 2) ,

(
Z
A

)
=

(
cW sW

−sW cW

)(
W 3

B

)
(99)
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with

Wa = Wa
1 + Wa

2√
2

, B = B1 + B2√
2

. (100)

To get the T-odd gauge bosons, one needs to expand both LS and LŜ (81) up to order v2/ f 2

to derive the heavy physical fields from those in Eq. (27),

W±
H = 1√

2

(
W 1

H∓iW 2
H

)
, (101)

(
ZH

AH

)
=

⎛
⎝ 1 −xH

v2

f 2

xH
v2

f 2 1

⎞
⎠

(
W 3

H
BH

)
(102)

with

Wa
H = Wa

1 − Wa
2√

2
, BH = B1 − B2√

2
, xH = 5gg′

8
(
5g2 − g′2) . (103)

Their corresponding masses to order v2/ f 2 are

MW = gv

2

(
1 − v2

12 f 2

)
, MZ = MW /cW , (104)

MWH = MZH = √
2g f

(
1 − v2

16 f 2

)
, (105)

MAH =
√

2

5
g′ f

(
1 − 5v2

16 f 2

)
. (106)

Notice that even though the gauge bosons are the same as in the original model, the masses
of the T-odd combinations are at leading order a factor of

√
2 heavier (see for instance [26]).

This is because the new extra scalar sector parametrized by Σ̂ also takes the vev Σ0 hence
giving an additional contribution to the heavy gauge boson masses. However, the T-even
gauge bosons couple only to the Higgs field, belonging to Σ , and higher order corrections
are forbidden by T-parity, so their masses do not change.

4.4.2 Scalars after gauge fixing

The spontaneous breaking of gauge symmetries leads to kinetic mixing between gauge bosons
and would-be Goldstone boson fields. In the mass eigenbasis, these unwanted mixing terms
can be removed, up to an irrelevant total derivative, by introducing the appropriate gauge-
fixing Lagrangian

Lgf = − 1

2ξγ

(∂μA
μ)2 − 1

2ξZ
(∂μZ

μ − ξZ MZπ0)2

− 1

ξW
|∂μW

μ + iξWMWπ−|2 − 1

2ξAH

(∂μA
μ
H + ξAH MAH η)2

− 1

2ξZH

(∂μZ
μ
H − ξZH MZH ω0)2

− 1

ξWH

|∂μW
μ
H + iξWH MWH ω−|2, (107)
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defining which Goldstone fields are unphysical and can be absorbed.
After the SSB, the kinetic terms of the scalar fields we have introduced are neither diagonal

nor canonically normalized. Besides, the new set of T-odd scalars from the extra group mix
with the old ones that have the same quantum numbers. In order to define the physical scalars
and identify the actual would-be-Goldstone fields we will perform the following redefinitions
in two steps. First we perform a rotation of 45◦ in the subspace of every scalar pair with same
quantum numbers, so that only one of them (the unhatted) will retain the kinetic mixing with
a gauge boson hence becoming the actual would-be-Goldstone field at leading order,

ω± → 1√
2

(
ω± − ω̂±)

, ω̂± → 1√
2

(
ω± + ω̂±)

, (108)

ω0 → 1√
2

(
ω0 − ω̂0) , ω̂0 → 1√

2

(
ω0 + ω̂0) , (109)

η → 1√
2

(η − η̂) , η̂ → 1√
2

(η + η̂) . (110)

At this point all kinetic-mixing terms are of order v2/ f 2. In the next step we impose that all
kinetic terms are canonically normalized and diagonal so that the actual would-be-Goldstone
fields could still be removed by the gauge fixing (107) at order v2/ f 2. To that end we rescale
and mix them as follows,5

h → h, (111)

π0 → π0
(

1 + v2

12 f 2

)
, (112)

π± → π±
(

1 + v2

12 f 2

)
, (113)

Φ0 → Φ0
(

1 + v2

12 f 2

)
, (114)

ΦP → ΦP
(

1 + v2

12 f 2

)

+
(
−ω0 − ω̂0 + √

5 (η + η̂)
) v2

12 f 2 , (115)

Φ± → Φ±
(

1 + v2

24 f 2

)
±i

(
ω± + ω̂±) v2

12
√

2 f 2
, (116)

Φ±± → Φ±±, (117)

η → η

(
1 + 5v2

48 f 2

)

+ −5g′η̂ − √
5
[
g′ (ω0 − ω̂0 + 2ΦP

) − 12gxHω0
]

12g′
v2

f 2 , (118)

ω0 → ω0
(

1 + v2

48 f 2

)

+
5g

(
−ω̂0 + 2ΦP + √

5η̂
)

− √
5
(
5g + 12g′xH

)
η

60g

v2

f 2 , (119)

5 We follow the same procedure as in [12] for the original LHT, but the shifts are different in our model.
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ω± → ω±
(

1 + v2

48 f 2

)
+

(
±i

√
2Φ± − ω̂±) v2

12 f 2 , (120)

η̂ → η̂

(
1 + 5v2

48 f 2

)
+

(
5η − √

5ω0
) v2

24 f 2 , (121)

ω̂0 → ω̂0
(

1 + v2

48 f 2

)
+

(
ω0 − √

5η̂ − √
5η

) v2

24 f 2 , (122)

ω̂± → ω̂±
(

1 + v2

48 f 2

)
+ ω± v2

24 f 2 . (123)

After these redefinitions, the scalars η, ω0 and ω± are the would-be-Goldstone bosons of the
SSB of the gauge group down to the SM gauge group, eaten by AH , ZH and W±

H . Similarly,
π0 and π± are the would-be-Goldstone bosons of the SSB of the SM gauge group down to
U(1)em, eaten by Z and W±. The remaining scalar fields are all physical. They are the Higgs
boson, a triplet of hypercharge Y = 1 composed of Φ±±, Φ±, Φ0 and ΦP , and the four
new scalars of hypercharge Y = 0, a singlet η̂ and a triplet composed of ω̂0 and ω̂±. All of
them get a mass by gauge and Yukawa interactions from the Coleman–Weinberg potential
[28,35]: the triplet Φ receives a mass of order f from quadratic contributions and the rest
from logarithmic contributions to the potential. As a consequence the masses of η̂, ω̂0 and ω̂±
are independent of f , but they can still be large thanks to the interplay of different Yukawa
couplings (see Sect. 5.2.3).

4.4.3 Fermion masses and mixings

When the fermion content of the model is extended beyond one family, the Yukawa couplings
κ , κ̂ and λ in LYH , LŶH and LY , respectively, must be understood as 3×3 matrices in flavor
space. Omitting flavor indices, for each of the three SM (T-even) left-handed lepton doublets
(lL ) there is a vector-like doublet of heavy T-odd mirror leptons (lH ),

lL =
(

νL
�L

)
= l1L − l2L√

2
, (124)

lH L =
(

νHL

�HL

)
= l1L + l2L√

2
, lH R =

(
νHR

�HR

)
, (125)

where

lr L =
(

νr L
�r L

)
, r = 1, 2 (126)

are part of the SU(5) multiplets Ψr in Eq. (91) and lH R is part of the SO(5) multiplet ΨR in
Eq. (38). The SM right-handed charged leptons �R are singlets under the full SU(5) but have
hypercharges under the external U(1)′′ groups.

In addition there are two heavy right-handed mirror-partner doublets,

(̃lc_)R =
(

(̃νc_)R
(�̃c_)R

)
, (̃lc+)R =

(
(̃νc+)R
(�̃c+)R

)
. (127)

The first one is T-odd and is necessary to complete the SO(5) multiplet ΨR together with
(χ+)R , while the second is T-even and lives in the incomplete multiplet Ψ̂R in Eq. (93)
along with (χ_)R , charged only under the external SU(2)′′ × U(1)′′. Their corresponding
left-handed counterparts come from the SU(5) multiplets,
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(̃lc_)L =
(

(̃νc_)L ,

(�̃c_)L

)
= (̃lc1)L + (̃lc2)L√

2
, (128)

(̃lc+)L =
(

(̃νc+)L ,

(�̃c+)L

)
= (̃lc1)L − (̃lc2)L√

2
. (129)

with

(̃lcr )L =
(

(̃νcr )L
(�̃cr )L

)
, r = 1, 2. (130)

Finally we have the aforementioned (χ+)R and (χ−)R . Their left-handed counterparts
are the combinations with proper T-parities of the fields χ1L and χ2L completing the SU(5)
multiplets,

(χ+)L = χ1L + χ2L√
2

, (χ_)L = χ1L − χ2L√
2

. (131)

Next we introduce flavor indices and derive the mass eigenstates. Since T-parity is exact,
the SM (T-even) charged leptons � do not mix with the heavy T-odd combinations. They
cannot mix with the T-even �̃c+ either, because they have opposite hypercharge and a coupling
through the Yukawa LagrangianLŶH would require a non-existing scalar field of hypercharge
Y = 1 acquiring a vev. Therefore, the SM mass eigenstates result from the diagonalization
of the matrix λ in Eq. (44) leading to the replacements

�L → V �
L�L , �R → V �

R�R, (132)

and the tree-level SM charged lepton masses from

λv√
2

(
1 − v2

12 f 2

)
= V �

Lm�V
�†
R , (133)

where V �
L ,R are unitary matrices in flavor space. Likewise, the heavy charged lepton mass

eigenstates are obtained by the replacements

�HL → V H
L �HL , �HR → V H

R �HR, (134)

(�̃c_)L → V H
L (�̃c_)L , (�̃c_)R → V H

R (�̃c_)R, (135)

(�̃c+)L → V
�̃c+
L (�̃c+)L , (�̃c+)R → V

�̃c+
R (�̃c+)R, (136)

with

√
2κ f = V H

L m�H V
H†
R = V H

L m �̃c_
V H†
R , (137)

√
2̂κ f = V

�̃c+
L m �̃c+V

�̃c+†
R , (138)

where V H
L ,R and V

�̃c+
L ,R are unitary matrices. In contrast to [26], in our model the T-odd mirror

lepton doublets lH and their partners l̃c− rotate with the same matrix as the T-even singlets χ+,
getting a mass proportional to κ from the Yukawa Lagrangian LYH . The new combinations
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Table 5 Order of the mixing between neutral fields

(χ+)L (χ_)L νL νHL (̃νc+)L (̃νc_)L

(χ+)R • – ∼ v – ∼ v –

(χ_)R – • – – – –

νHR – ∼ v – • – ∼ v2

(̃νc+)R – – – – • –

(̃νc_)R – ∼ v – ∼ v2 – •
A dot means that they are connected by the mass term and a dash indicates that no mixing term is generated
to order v2

with opposite T-parities, l̃c+ and χ_, get masses proportional to κ̂ from LŶH . Then for the
neutral lepton sector the fields have to be redefined as follows,6

νHL → V H
L νHL , νHR → V H

R νHR, (139)

(̃νc_)L → V H
L (̃νc_)L , (̃νc_)R → V H

R (̃νc_)R, (140)

(̃νc+)L → V
�̃c+
L (̃νc+)L , (̃νc+)R → V

�̃c+
R (̃νc+)R, (141)

(χ+)L → V H
L (χ+)L , (χ+)R → V H

R (χ+)R, (142)

(χ_)L → V
�̃c+
L (χ_)L , (χ_)R → V

�̃c+
R (χ_)R (143)

and the corresponding mass matrices are diagonalized by

√
2κ f

(
1 − v2

8 f 2

)
= V H

L mνH V
H†
R = V H

L m ν̃c_
V H†
R , (144)

√
2κ f

(
1 − v2

4 f 2

)
= V H

L mχ+V
H†
R , (145)

√
2̂κ f = V

�̃c+
L mχ_V

�̃c+†
R = V

�̃c+
L m ν̃c+V

�̃c+†
R . (146)

To find the mass eigenstates of the neutral leptons one also has to take into account that those
with same gauge quantum numbers mix as well when the Lagrangian is expanded up to order
v2/ f 2 (see Table 5). The mixing of order v/ f is the most pressing to include, since it corrects
the masses at order v2/ f 2. The mixing of order v2/ f 2 only plays a role in the diagonalization
matrix because it enters in the masses at order v4/ f 4.

The misalignment between the sectors κ , κ̂ and λ is a source of flavor mixing. The flavor
mixing matrices parametrizing this misalignment can be defined as follows:

V ≡ V H†
L V �

L , Ŵ ≡ V
�̃c+†
L V H

L . (147)

One could argue that another mixing matrix V
�̃c+†
L V �

L is also needed, but this is not the case
because there is no gauge or Yukawa coupling between the SM doublet lL and the new fields.

On the other hand, the matrices W ≡ V
�̃c−†
L V H

L and Z ≡ (V χ
R )†V H

R introduced in [26,27]

6 In [26] the partner lepton fields l̃ are rotated with matrices V �̃
L ,R . Here, we adopt the convention of rotating

their conjugates l̃c , which seems more natural as these are the ones embedded in the SO(5) quintuplet. To

relate both conventions, V �̃
L ≡

(
V

�̃c_
R

)∗
and V �̃

R ≡
(
V

�̃c_
L

)∗
.
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are both the identity in our model, since now the T-odd combination of the mirror-partner
leptons and the T-even combination of the χ receive their masses from the same Yukawa
Lagrangian LŶH .

This completes the derivation of the full Lagrangian. Next, we proceed to the calculation
of the Goldstone potential, which is generated radiatively.

4.5 New fermion contribution to LFV Higgs decays

In the original LHT model one can define two different implementations of T-parity on
the fermion fields. Depending on the T-parity realization, the singlet χR inside the SO(5)
quintuplet ΨR in Eq. (38) can be chosen T-odd (χ_)R or T-even (χ+)R . As we have shown,
the T-odd case is incompatible with gauge invariance, resulting in an infinite contribution to
lepton flavor violating (LFV) Higgs decays at order v2/ f 2 [27]. However, the T-even option
gives a finite result. In short, this is because the infinite contribution of mirror and mirror
partner leptons cancels each other [26] but the individual contribution of a T-odd singlet is
divergent. On the other hand the contribution of a T-even singlet is finite, as will be presented
elsewhere.

As already emphasized, gauge invariance requires the singlet in the SO(5) quintuplet to be
T-even. Our model verifies this requirement. Our (χ+)R has the same couplings with the SM
charged leptons as the T-even singlet of the original LHT, so its contribution to LFV Higgs
decays is finite as well. Moreover, to provide gauge invariant mass terms to all the fermions
in our model, we had to enlarge the fermion field content. Firstly we have completed the
left-handed SU(5) quintuplets in Eq. (91). Their combination with well-defined T-parity now
includes two new singlets (χ±)L and two new doublets of mirror partners leptons (̃lc±)L apart
from the usual doublets lL and lH L of SM and mirror leptons, respectively. And secondly
we have introduced the right-handed quintuplet Ψ̂R in Eq. (93) including a T-even doublet
of mirror partners (̃lc+)R and a T-odd singlet (χ_)R . One may argue that these new fields
could reintroduce unwanted divergences in LFV Higgs decays, since in particular there is
a new T-odd (χ_)R . To prove that this is actually not the case, below we will analyze their
couplings to the SM charged leptons. They are needed to compute the divergences of the
different classes of one-loop diagrams (see e.g. [26]). The relevant vertices come from the
Lagrangians LFL , LYH , LŶH and LY in Eqs. (52), (42), (94) and (44), respectively.

The couplings between gauge bosons and left-handed fermions in LFL involve the gauge
generators in Eqs. (11) and (12), that cannot connect the upper and lower components of
the quintuplets, hence forbidding any coupling between the SM charged leptons and the new
left-handed fermion fields. Concerning the Yukawa Lagrangian LYH , the new left-handed
fields share quintuplets with l1L and l2L preventing any coupling to the SM charged leptons.
On the other hand, the new Yukawa Lagrangian LŶH couples l1L and l2L to the multiplet
Ψ̂R in Eq. (93) through the nonlinear sigma field ξ̂ . Since it is built as the exponential of the
new Goldstone bosons multiplying the broken combination of gauge generators, the same
argument applied in LFL is also valid here. In particular, the T-odd right-handed singlet only
couples to its T-even or T-odd left-handed counterpart through the new Goldstone fields.
Therefore, its interactions are completely different to those of the original model with the
T-odd singlet option. Finally, the Yukawa Lagrangian LY only couples the right-handed
SM charged leptons �R to l1L and l2L because the multiplets Ψ X

1 and Ψ X∗
2 in Eq. (45) are

incomplete. As a consequence, in our model there are no vertices between the SM charged
leptons and the new fermion fields.

Finally, the new neutral fields might still generate a divergent contribution through mixing
with other fields that have direct couplings, as νHR for instance. Restricting ourselves to

123



Eur. Phys. J. Plus          (2022) 137:42 Page 27 of 44    42 

order v2/ f 2 the possible terms are presented in Table 5. Among the one-loop diagrams listed
in [26] one can distinguish two different cases. In the case where the diagram involves a
Higgs coupling to two neutral fermions, that can be inferred from Eq. (144) and Table 5 by
substituting the vev by a Higgs boson, at least a mass or one mixing insertion is required.
On the other hand, one may check that before the mixing insertion the degree of divergence
of this kind of topologies is at most of order log Λ in the cut-off regularization scheme.
Therefore, the contribution of the new fermion fields to this kind of topologies is finite. This
is because the mass contributes as M/p2 to the loop and each mixing insertion is followed by
the introduction of a new propagator contributing at least as 1//p, with p the corresponding
momentum. In the other case, at least two mixing insertions are required. Furthermore the
degree of divergence of the involved topologies is at most of order Λ before the mixing
insertions. Thus, the contribution of the new fermion fields to these topologies is also finite.
As a consequence, LFV Higgs decays are finite. This stems from two reasons: our new model
is gauge invariant and we have chosen the appropriate fermion field representations.

5 The Coleman–Weinberg potential

In this section, we calculate the Coleman–Weinberg potential [28] generated by integrating
out fermions and gauge bosons at one loop. For this purpose, we apply the background field
method (BFM) with a proper time cut-off, that allows the classification of divergences into
quadratic and logarithmic. This is relevant because only logarithmic divergences in the Higgs
mass are admissible. First we will derive generic expressions for the potential that then will
be applied to our model in order to derive the physical scalar masses and the Higgs potential.

5.1 Integrating out fermions and gauge bosons in the background field method

The BFM allows to find the divergent terms of a theory in a gauge invariant way, translating
the divergences in the spacetime integration into those of the functional trace of a heat kernel
in a new variable called proper time [29,39]. This method has been extensively employed
in the literature to study the renormalization of the linear realization of the SM [30,31] and
more recently has been applied to its nonlinear realization in [32], where a master formula
was derived in the dimensional regularization scheme using super-heat kernel tools [40]. The
BFM is also useful when dealing with the Standard Model Effective Field Theory (SMEFT;
see [41] for a recent review). In particular, in [33] a master formula that includes the effects
of bosonic operators up to dimension six is applied to the calculation of the Renormalization
Group equations in the context of the SMEFT.

Our starting point is a general Lorentz-invariant four-dimensional action containing real
bosonic fields and operators at most bilinear in the fermion fields,

S
[
ϕi , Aa

μ,ψb, ψ
b
]

=
∫

d4x L
(
ϕi , Aa

μ,ψb, ψ
b
)

, (148)

where Latin indices refer to the different species of bosons and fermions in our theory.7 To
obtain the generating functional of Green functions, we couple the fields to external sources

Z [ ji ,Jμ
a , ρb, ρb] =

∫ [
DϕDAμDψDψ

]

× exp
{
i
(
S +

〈
jiϕ

i + Jμ
a Aa

μ + ψ
b
ρb + ρbψ

b
〉)}

, (149)

7 If the bosonic fields are complex they are split into real and imaginary parts.
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where Z = eiW with W the generating functional of connected Green functions and 〈· · · 〉
stands for integration over spacetime. The path integral is normalized to Z [0] = 1. The
classical, or background, fields are the solutions of the classical equations of motion (EoM)

δS

δϕi

∣∣∣∣
ϕi

cl

+ ji = 0,
δS

δAa
μ

∣∣∣∣∣
Aa

μ,cl

+ Jμ
a = 0, (150)

δS

δψ
b

∣∣∣∣
ψb

cl

+ρb = 0,
δS

δψb

∣∣∣∣
ψ

b
cl

−ρb = 0. (151)

(‘cl’ stands for classical and the Grassmannian character of fermion fields has been used.)
In order to integrate out gauge bosons and fermions and get the scalar potential, we perform

a change of variables in the path integral consisting in a linear split of each gauge or fermion
field in two parts: the background field and the (quantum) fluctuating field which will be the
new variable of integration in the path integral,

Aa
μ = Aa

μ,cl + aaμ, (152)

ψb = ψb
cl + χb, (153)

ψ
b = ψ

b
cl + χb. (154)

The scalar fields are fixed by the EoM, ϕi = ϕi
cl. The background fields only appear as

external legs in the Feynman diagrams whereas the fluctuating fields only occur in loops.
Substituting in the Lagrangian and keeping terms up to second order in fermion and gauge
fluctuations one may parametrize the action as

S +
〈
jiϕ

i + Jμ
a Aa

μ + ψ
b
ρb + ρbψ

b
〉

= S(0) +
〈
jiϕ

i
cl + Jμ

a Aa
μ,cl + ψ

b
clρb + ρbψ

b
cl

〉

+ S(2)
[
ϕi

cl; aaμ, χb, χb
]
. (155)

The first term on the r.h.s is the classical action evaluated in the background fields and the
last is quadratic in the fluctuations,8 and takes the general form

S(2)
[
ϕi

cl; aaμ, χb, χb
]

=
∫

d4x L (2)
(
ϕi

cl; aaμ, χb, χb
)

, (156)

with

L (2)
(
ϕi

cl; aaμ, χb, χb
)

= −1

2
φk A l

k φl + χb (i /∂ − G
)
bc χc

≡ −1

2
φT Aφ + χBχ, (157)

where φi collects the bosonic (gauge) fluctuations, and all the dependence on the background
fields ϕi

cl is encoded in the matrices A and G, with {k, l} indices of any type. After integrating
by parts, the interaction between bosonic fields is given by second-order differential operators

A = DμDμ + V, with Dμ = ∂μ + Nμ, (158)

8 The part of the action that is linear in the fluctuating fields is identically zero since it is proportional to the
EoM and the background fields are on shell.
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where Nμ and V depend on the background scalar fields, and the most general Lorentz
structure of the Scalar–Fermion interaction is

G = r PR + l PL . (159)

To express the bosonic interactions in the canonical form of Eq. (158), one must introduce
appropriate gauge-fixing terms for the fluctuating gauge fields, still preserving the gauge
invariance of the one-loop effective action [42]. Now we redefine all the fluctuating gauge
fields to have the same sign in the derivatives of time and space components,

ãaμ = (
iaa0, aai

) ≡ M ν
μ aaν , M ν

μ = diag (i, 1, 1, 1) . (160)

The contravariant vector aaμ = (
aa0,−aai

)
transforms with the inverse matrix

ãaμ = (
M−1)μ

ν
aaν = (−iaa0,−aai

)
, (161)

(
M−1)μ

ν
= diag (−i, 1, 1, 1) , (162)

implying that ãaμ = −̃aaμ.9 In terms of these new gauge fields, the kinetic term reads

Lkin,g = −1

2
ãa0∂ 2̃aa0 − 1

2
ãai ∂

2̃aai = −1

2

(−̃aaμ
)
δν
μ∂ 2̃aaν . (163)

Comparing with Eq. (157) we have φk = −̃aaμ = ãaμ and φl = ãaμ. The advantage of this
redefinition of the fluctuating gauge fields is that the functions at both sides of the operator
A are the same, which is necessary to later perform a Gaussian integration.

The expansion of the action to second order in the fluctuations is enough to get the
generating functional W to one loop,

W = WL=0 + WL=1 + higher order corrections, (164)

where L is the number of loops. Then, to this order, the generating functional Z can be written
as Z = ZL=0ZL=1. The first factor is

ZL=0 = eiWL=0 = e
i
(
S(0)+

〈
jiϕi

cl+Jμ
a Aa

μ,cl+ψ
b
clρb+ρbψ

b
cl

〉)
, (165)

a constant for the path integral, independent of the quantum variables. Taking logarithms,

WL=0 = S(0) +
〈
jiϕ

i
cl + Jμ

a Aa
μ,cl + ψ

b
clρb + ρbψ

b
cl

〉
, (166)

which after subtracting the source term is nothing but the classical action. Focusing on the
contribution of gauge bosons and fermions to the scalar potential, the one loop correction to
the generating functional W comes from the quadratic Lagrangian in Eq. (157),

eiWL=1 =
∫

[DφDχDχ ] ei S
(2)

=
∫

[DφDχDχ ] e
i
∫
d4x

(
− 1

2 φT Aφ+χBχ
)
. (167)

Performing the Gaussian integration over the gauge and fermion fields in the path integral
and taking logarithms, the one-loop generating functional reads

WL=1 = i

2
log Det A − i log Det B (168)

9 The auxiliary matrix M appears in intermediate steps of the calculation but it will cancel at the end.
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where Det stands for the functional determinant and capital letters indicate that it involves a
spacetime integration. Since it does not depend on the source term, WL=1 can be interpreted
as the one-loop effective action. Squaring the operator B as in [29,43], we may write

log Det B = 1

2
log Det

(
BBc) , (169)

where Bc = −i /∂ − G†. Then

WL=1 = i

2
log Sdet

(
A 0
0 BBc

)
≡ i

2
log Sdet Δ. (170)

In this compact notation borrowed from supersymmetry, SdetM stands for the superdeter-
minant or Berezinian of a supermatrix M ,

M =
(
a α

β b

)
, Sdet M ≡ Det

(
a − αb−1β

)
/Det b, (171)

where the entries a, b (α, β) are bosonic (fermionic) variables. In our case α = β = 0. Notice
that Δ can be written in the canonical form,

Δ = (
∂μ + Λμ

) (
∂μ + Λμ

) + Y, (172)

expression which holds in our case because our starting Lagrangian is, at most, bilinear in
the fermion fields [32,33]. Going to the Euclidean spacetime, performing the usual change
of variables in the time coordinate, t = −iτ , we can rewrite the one-loop effective action

WE
L=1 = −iWL=1 = 1

2
log Det

(
−ΔE

)
= 1

2
StrE log

(
−ΔE

)
, (173)

where StrE is the supertrace (StrM = tr a − tr b) that also includes a Euclidean spacetime
integration.10 In the last expression, the operator ΔE is defined as

ΔE = −Δ =
(
∂E
μ + ΛE

μ

) (
∂E
μ + ΛE

μ

)
− Y E , (174)

where the Euclidean versions of the matrices above verify

Λμ (t, x) =
{

Λ0 (t, x) = iΛE
0 (τ, x)

Λi (t, x) = ΛE
i (τ, x) ,

(175)

Y (t, x) = Y E (τ, x) . (176)

To obtain the divergences of the one-loop functional, we rewrite it using the proper time or
Schwinger representation [44]:

WE
L=1 = −1

2

∫ ∞

0

ds

s
StrE esΔ

E

= −1

2

∫ ∞

0

ds

s

∫
d4x E str K(s; x E ; x E ), (177)

where the integrand is the supertrace of the heat kernel of the elliptic operator ΔE . The
reason to go to Euclidean spacetime is that the heat kernel is better behaved [45]. DeWitt
[46] proposes the following ansatz for the heat kernel in the limit s → 0,

10 The supertrace and the superdeterminant have the same properties as the usual trace and determinant with
respect to the logarithms.
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K(s; x E ; x E ) = 1

(4πs)2

∞∑
n=0

an
(
x E , x E

)
sn . (178)

The coefficientsan are the so-called Seeley–DeWitt coefficients [46,47] which are completely
regular. As we will show below, the divergences we are looking for are proportional to the
first coefficients. The integral converges in the upper limit.

To regularize the integral in the lower limit, let us focus in the units of the proper time
variable s. Since the argument of the exponential is dimensionless, s has units of inverse
mass squared. Using a proper time cut-off in the lower limit we may write [34]

WE
L=1,reg = −1

2

∫ ∞

Λ−2

ds

s

∫
d4x E str K(s; x E ; x E ), (179)

with Λ → ∞ the usual energy cut-off. Then we can use the DeWitt expansion in Eq. (178)
to solve the integral in the proper time variable to find the divergences in the lower limit:

∫ E−2
0

Λ−2

ds

s
sn−2 ∼

⎧⎪⎨
⎪⎩

1
2−nΛ4−2n n < 2

log Λ2 n = 2

− 1
n−2Λ2n−4 n > 2

(180)

where we have introduced an upper limit E−2
0 related to the maximum value of the proper

time variable for which the DeWitt expansion of the heat kernel is valid. Actually this energy
scale should appear in the argument of log Λ2 making it dimensionless, but it is omitted
here and in the following. As previously advertised, the divergences are found just in the
first three coefficients.11 Since we are interested in quadratic and logarithmic divergences,
only the expressions of a1 and a2 are needed. These can be found in [29] and their values in
Euclidean spacetime are

a1

(
x E , x E

)
= −Y E (181)

a2

(
x E , x E

)
= 1

12
Z E

μν Z
E
μν + 1

2
Y E2, (182)

Z E
μν = ∂E

μ ΛE
ν − ∂E

ν ΛE
μ +

[
ΛE

μ,ΛE
ν

]
. (183)

Writing everything together, the effective action reads

WE
L=1,reg = −1

2

1

16π2

∫
d4x E str

[
− Y EΛ2

+
( 1

12
Z E

μν Z
E
μν + 1

2
Y E2

)
log Λ2

]
. (184)

Turning back to the Minkowski spacetime using Eq. (175), the divergent part of the
Lagrangian at one loop is

L div
L=1 = − 1

32π2 str

[
YΛ2 −

(
1

12
Zμν Zμν + 1

2
Y 2

)
log Λ2

]
. (185)

In order to find the scalar potential we can ignore all the interactions involving derivatives of
the background scalar fields. Then only Y and the commutator [Λμ,Λν] in Zμν are needed.
Besides, in our model Nμ = 0. Reversing the sign in previous expression we obtain

V div
L=1 ⊂ −L div

L=1. (186)

11 The coefficient a0 = 1 is independent of the background fields, being only important if we were dealing
with gravity, since it contributes to the vacuum energy.
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Finally, using Eqs. (170) and (172), the expressions for the matrices Λμ and Y read

Λμ =
(
Nμ 0
0 i

2

(
Gγ μ − γ μG†

)
)

, (187)

and

Y =
(
V 0
0 Y22

)
, (188)

with

Y22 = − i

2
∂μ

(
Gγ μ − γ μG†)

+ 1

4

(
Gγ μGγμ − γ μG†Gγμ + γ μG†γμG

†) . (189)

Evaluating the supertrace of the matrix Y ignoring all the derivative interactions involving
background scalars and performing the traces in spinor space [48] using the definition of G,
the quadratic and logarithmic parts of the scalar potential are given by

V Λ2

L=1 = Λ2

32π2 tr V − Λ2

8π2 tr (lr) , (190)

and

V
log Λ2

L=1 = − 1

64π2 log Λ2tr V 2 + 1

16π2 log Λ2tr (lrlr) . (191)

These are the two master formulas that we will employ in the following.

5.2 Quadratic and logarithmic corrections to the scalar potential

To obtain the quadratic and logarithmic contributions to the scalar one loop effective potential,
we have to evaluate the expression for the matrices V , l and r defined in Eqs. (157), (158),
(159). In this work we neglect the contribution of the lightest SM lepton Yukawa interactions
in Eqs. (44) as well as those of the lightest SM quarks, since their Yukawa couplings are
parametrically small. Thus, the leading contributions come from the interaction between
scalars and gauge bosons in Eqs. (30), (81), the Yukawa Lagrangian for the heavy leptons
in Eqs. (42) and (94) with the field content of Eqs. (86), (91) and (93), plus the analogous
heavy quark Yukawa Lagrangians given by

LYqH
= −κq f

(
Ψ

q
2ξ + Ψ

q
1Σ0ξ

†
)

Ψ
q
R + h.c. (192)

and

LŶqH
= −κ̂q f

(
Ψ

q
2 ξ̂ − Ψ

q
1Σ0ξ̂

†
)

Ψ̂
q
R + h.c., (193)

where κq and κ̂q are matrices in flavor space. Finally, one needs the top Yukawa Lagrangian
[11,14] which implements the collective symmetry breaking to avoid quadratic divergences
on the Higgs boson mass proportional to the top Yukawa,

Lt = −i
λ1

4
f εi jkεxy

[(
Q1

)
i Σ j xΣky + (

Q2Σ0Ω
)
i Σ̃ j xΣ̃ky

]
tR

− λ2√
2
f
(
T

′
1LT

′
1R + T

′
2LT

′
2R

)
+ h.c. (194)
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with {i, j, k} = 1, 2, 3 and {x, y} = 4, 5. The quark multiplets in Eqs. (192), (193) are
defined by

Ψ
q
1 =

⎛
⎝

−iσ 2q1L

iχq
1L−iσ 2q̃c1L

⎞
⎠ , Ψ

q
2 =

⎛
⎝

−iσ 2q̃c2L
iχq

2L−iσ 2q2L

⎞
⎠ , (195)

Ψ
q
R =

⎛
⎝

−iσ 2 (̃qc_)R
i
(
χ
q
+
)
R−iσ 2qHR

⎞
⎠ , Ψ̂

q
R =

⎛
⎝

−iσ 2(̃qc+)R
i
(
χq

_

)
R

02

⎞
⎠ (196)

where

qrL =
(
urL
dr L

)
, q̃cr L =

(
ũr L
d̃r L

)
, r = 1, 2 (197)

and

qHR =
(
uHR

dHR

)
,

(
q̃c±

)
R =

( (̃
uc±

)
R(

d̃c±
)
R

)
(198)

with analogous transformation properties under the gauged subgroup and T-parity as those
for leptons [see Eqs. (39), (40), (92), (93)]. The multiplets that appear in Eq. (194) are given
by

Q1 =
⎛
⎝

−iσ 2T1L

i T ′
1L

02

⎞
⎠ , Q2 =

⎛
⎝

02

i T ′
2L−iσ 2T2L

⎞
⎠ , (199)

where

Tr L =
(
tr L
br L

)
, r = 1, 2 (200)

with the transformation properties

Q1
Gg−→ V ∗

g Q1, Q2
Gg−→ VgQ2, Q1

T−→ ΩΣ0Q2 (201)

and the SU(2) singlets

T ′
1R

T−→ T ′
2R . (202)

In what follows, the Higgs potential is parametrized as

VHiggs = μ2 (H†H
) + λ

(
H†H

)2
. (203)

5.2.1 Gauge boson contribution to the scalar potential

Using Eq. (152) for the fluctuating gauge bosons in Eqs. (30) and (81),

L
(2)
S + L

(2)

Ŝ
⊃ f 2

2

2∑
j,k=1

[
g2ωa

jμω
bμ
k tr

(
Qa

j Q
b
k + Qa

jΣQbT
k Σ†

)

+ g′2b jμb
μ
k tr

(
Y jYk + Y jΣY T

k Σ†
)

− gg′ωa
jμb

μ
k tr

(
Qa

jΣY T
k Σ†

)
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− gg′bμ
j ω

b
kμtr

(
Qb

kΣY T
j Σ†

) ]

+ f 2

2

2∑
j,k=1

[
g2ωa

jμω
bμ
k tr

(
Qa

j Q
b
k + Qa

j Σ̂QbT
k Σ̂†

)

+ g′2b jμb
μ
k tr

(
Y jYk + Y j Σ̂Y T

k Σ̂†
)

− gg′ωa
jμb

μ
k tr

(
Qa

j Σ̂Y T
k Σ̂†

)

− gg′bμ
j ω

b
kμtr

(
Qb

kΣ̂Y T
j Σ̂†

) ]
, (204)

where the background scalars are parametrized in the nonlinear sigma fields Σ , Σ̂ and ωa
jμ,

b jμ are the fluctuations of the gauge bosons associated to SU(2) and U(1), respectively. As
already mentioned, using the appropriate gauge for these fluctuating fields, their kinetic terms
take the canonical form. The redefinition of the gauge fields as in Eqs. (160) and (161),

ωa
jμω

bμ
k = −

(
−ω̃

aμ
j

)
δν
μω̃b

kν, (205)

b jμb
μ
k = −

(
−b̃μ

j

)
δν
μb̃kν, (206)

ωa
jμb

μ
k = −

(
−ω̃

aμ
j

)
δν
μb̃kν, (207)

allows us to find the corresponding matrix V

V =
(
V11 V12

V21 V22

)
, (208)

where

V11 = f 2δν
μg

2tr
(

2Qa
j Q

b
k + Qa

jΣQbT
k Σ† + Qa

j Σ̂QbT
k Σ̂†

)
(209)

V12 = − f 2δν
μgg

′tr
(
Qa

jΣY T
k Σ† + Qa

j Σ̂Y T
k Σ̂†

)
(210)

V21 = − f 2δν
μgg

′tr
(
Qb

kΣY T
j Σ† + Qb

kΣ̂Y T
j Σ̂†

)
(211)

V22 = f 2δν
μg

′2tr
(

2Y jYk + Y jΣY T
k Σ† + Y j Σ̂Y T

k Σ̂†
)

. (212)

According to Eq. (190), to obtain the quadratic divergences of this sector, we must take the
trace of the matrix in Eq. (208). V is a block matrix with gauge group as well as Lorentz
indices in each block. Taking the trace implies a = b, j = k, μ = ν in each block and then
sum the diagonal terms of the matrix (sum over repeated indices in their corresponding range
is understood)

V Λ2

L=1,g = Λ2

8π2

[
g2 f 2tr

(
Qa

jΣQaT
j Σ† + Qa

j Σ̂QaT
j Σ̂†

)

+ g′2 f 2tr
(
Y jΣY T

j Σ† + Y j Σ̂Y T
j Σ̂†

) ]
(213)

where a global factor 4 comes from δ
μ
μ = 4 and irrelevant constant terms have been dropped.

This part of the potential contains a mass term for the triplet Φ and a quartic Higgs coupling
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V Λ2

L=1,g ⊃ Λ2

4π2

(
g2 + g′2) tr

(
Φ†Φ

)

+ 1

16π2

Λ2

f 2

(
g2 + g′2) (H†H

)2
(214)

and no mass terms for the rest of the physical scalars. Since the leading order of the mass
of the triplet Φ and the Higgs quartic coupling is Λ2 ∼ 16π2 f 2, we will neglect all the
logarithmic contributions to these operators in the following.

To evaluate the logarithmic divergences, from Eq. (191) we must take the trace of V 2. To
construct this matrix we must pair the indices of both V factors. For the sake of clarity, the
left upper block V 2

11 would contain

V 2
11 ⊃ f 2δν

μg
2tr

(
2Qa

j Q
b
k + Qa

jΣQbT
k Σ† + Qa

j Σ̂QbT
k Σ̂†

)

× f 2δ
μ
λ g

2tr
(

2Qb
k Q

c
l + Qb

kΣQcT
l Σ† + Qb

kΣ̂QcT
l Σ̂†

)
. (215)

Then we repeat the same procedure applied above to take the trace. Again a global factor 4
will appear from the trace over the Lorentz indices δ

μ
ν δν

μ = δ
μ
μ = 4 leading to

V
log Λ2

L=1,g = − 1

16π2 f 4 log Λ2

×
[
g4tr

(
2Qa

j Q
b
k + Qa

jΣQbT
k Σ† + Qa

j Σ̂QbT
k Σ̂†

)

× tr
(

2Qb
k Q

a
j + Qb

kΣQaT
j Σ† + Qb

kΣ̂QaT
j Σ̂†

)

+ 2g2g′2tr
(
Qa

jΣY T
k Σ† + Qa

j Σ̂Y T
k Σ̂†

)

× tr
(
Qa

jΣY T
k Σ† + Qa

j Σ̂Y T
k Σ̂†

)

+ g′4tr
(

2Y jYk + Y jΣY T
k Σ† + Y j Σ̂Y T

k Σ̂†
)

× tr
(

2YkY j + YkΣY T
j Σ† + YkΣ̂Y T

j Σ̂†
) ]

. (216)

This part of the potential contains a contribution to the μ2 term in the Higgs potential and a
mass term for the triplet ω̂

V
log Λ2

L=1,g ⊃ f 2 log Λ2
(

3g4

8π2 + g′4

40π2

) (
H†H

)

+ g4

π2 f 2 log Λ2tr (ω̂ω̂)

= 1

16π2 log Λ2 (3g2M2
WH

+ g′2M2
AH

) (
H†H

)

+ g2

2π2 M
2
WH

log Λ2tr (ω̂ω̂) , (217)

where we have used M2
WH

= 2g2 f 2 and M2
AH

= 2
5g

′2 f 2. These masses are naturally

smaller than the mass of the triplet Φ since log Λ2 is parametrically of order one and there is
a suppression of 16π2 which allows masses of order of the electroweak scale. No mass term
is induced for the physical scalar η̂ by gauge interactions.
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5.2.2 Fermion contribution to the scalar potential

In order to obtain the heavy leptons, heavy quarks and top contribution to the potential, the
matrices r and l in Eq. (159) are needed. Since the Lagrangian for quarks is more involved,
we illustrate the process with the lepton contribution. For simplicity, from Eqs. (86), (91)
and (93) we define the new multiplets

Ψ2 = A Ψ̃2, Ψ1 = A Ψ̃1, ΨR = A Ψ̃R, Ψ̂R = B˜̂Ψ R, (218)

where

A =
⎛
⎝

−iσ 2

i
−iσ 2

⎞
⎠ , B =

⎛
⎝

−iσ 2

i
02×2

⎞
⎠ (219)

to extract the matrices from the multiplets. Splitting the fields as in Eq. (152) we get

L
(2)

YH ,ŶH
⊃ − (

ψ2 ψ1 · · )
⎛
⎜⎜⎝

0 0 κ fA †ξA κ̂ fA †ξ̂B

0 0 κ fA †Σ0ξ
†A −κ̂ fA †Σ0ξ̂

†B
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

·
·

ψR

ψ̂R

⎞
⎟⎟⎠ + h.c. (220)

where ψ1, ψ2, ψR and ψ̂R are the quantum fluctuations of Ψ̃1, Ψ̃2, Ψ̃R and ˜̂Ψ R respectively
and the bullet means that the corresponding field is not present in the theory. All the flavor
dependence is encoded in the couplings κ and κ̂ . Comparing with Eqs. (157) and (159), the
form of the matrices r and l for leptons is

rl = l†l =

⎛
⎜⎜⎝

0 0 κ fA †ξA κ̂ fA †ξ̂B

0 0 κ fA †Σ0ξ
†A −κ̂ fA †Σ0ξ̂

†B
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ . (221)

To evaluate the quadratically divergent contribution to the potential arising from this sector,
we need the product lr

llrl =

⎛
⎜⎜⎜⎜⎝

0 0 0 0
0 0 0 0

0 0 2κ†κ f 215×5 κ†κ̂ f 2A †
(
ξ†ξ̂ − ξ ξ̂†

)
B

0 0 κ̂†κ f 2B†
(
ξ̂†ξ − ξ̂ ξ†

)
A 2̂κ†κ̂ f 213×3

⎞
⎟⎟⎟⎟⎠

. (222)

As in the gauge boson case, the matrix lr is block diagonal and its trace is the sum of the
trace of each of its diagonal entries,

tr (llrl) = 10tr
(
κ†κ f 2) + 6tr

(̂
κ†κ̂ f 2) , (223)

which is independent of the scalar fields. In this model, all the scalars are protected from
quadratic divergences coming from the new sector. Analogously, for the logarithmic diver-
gences we have to evaluate
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tr (llrl llrl) = 2tr
(
κκ†κ̂ κ̂† f 4)

× tr
[(

ξ̂†ξ − ξ̂ ξ†
) (

ξ†ξ̂ − ξ ξ̂†
)
BB†

]

⊃ −2tr
(
κκ†κ̂ κ̂† f 4) tr

[(
Σ̂†Σ + Σ†Σ̂

)
BB†]

= −2tr
(
κκ†κ̂ κ̂† f 4) 3∑

a=1

5∑
b=1

[
Σ̂

†
abΣba + Σ

†
abΣ̂ba

]
, (224)

using that ξ̂ commutes with BB† and Σ2
0 = 15×5. Then, the logarithmically divergent

contribution to the potential is

V
log Λ2

L=1,l = − 1

8π2 log Λ2tr
(
κκ†κ̂ κ̂† f 4)

×
3∑

a=1

5∑
b=1

[
Σ̂

†
abΣba + Σ

†
abΣ̂ba

]
. (225)

This expression contains leading order contributions to the μ2 parameter of the Higgs poten-
tial and to the masses of ω̂ and η̂

V
log Λ2

L=1,l ⊃ f 2

8π2 log Λ2tr(κκ†κ̂ κ̂†)

×
(

6H†H + 36η̂2

5
+ 8tr(ω̂†ω̂)

)
, (226)

in agreement with the diagrammatic calculation for the Higgs part in Eq. (95).
The last contribution comes from the heavy quarks in Eqs. (192), (193) and the top sector

in Eq. (194). In this last equation notice that due to the presence of the three dimensional
Levi–Civita tensor εi, j,k with {i, j, k} = 1, 2, 3, only the three upper components of Q1 and
Σ0ΩQ2 are relevant. Then, comparing Eqs. (195) and (199) we have that for i = 1, 2 one

could substitute
(
Q1,2

)
i by

(
Ψ

q
1,2

)
i

and for i = 3 we would have i T ′
1L and i T ′

2L . Then,

similarly as we did for leptons, we perform the following substitutions

Ψ
q
1 = A Ψ̃

q
1 , Ψ

q
2 = A Ψ̃

q
2 ,

Q1 → C Ψ̃
q
1 , Q2 → C Ψ̃

q
2 (227)

where

C =
⎛
⎝

−iσ 2 0 0
0 0 0
0 0 −iσ 2

⎞
⎠ (228)

since only the mentioned components of those multiplets are relevant. The zero in the middle
of C is to take into account that the multiplets Q1,2 and Ψ

q
1,2 defer in the field in its center.

Collecting the left-handed and right-handed quantum fields in vectors

vTL =
(
ψ

qT
2 , ψ

qT
1 , ·, ·, ·, t ′T2L , t ′T1L

)
,

vTR =
(
·, ·, ψqT

R , ψ̂
qT
R , tTR, t ′T2R, t ′T1R

)
, (229)
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we may write

L
(2)

YqH ,ŶqH ,t
= −vLrqvR + h.c. (230)

where

rq =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 (r2R) α
mnβ

(
r2R̂

) α

mnβ (r2t )
α

mβ 0 0

0 0 (r1R) α
mnβ

(
r1R̂

) α

mnβ (r1t )
α

mβ 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 (r2′t )

α
β (r2′2′) α

β 0
0 0 0 0 (r1′t )

α
β 0 (r1′1′) α

β

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(231)

where the Greek indices are the SU(3) color indices and as before lq = r†
q . As announced,

this sector is more involved and it manifests in the size of the matrix rq . This is because
apart of the introduction of the right-handed singlets T ′

1,2R the field in the center of the SU(5)

multiplets Ψ
q
1,2

(
χ
q
1,2L

)
is not the same as that inside of Q1,2

(
T ′

1,2L

)
. The components of

the matrix rq are defined as

(r2R) α
mnβ = κq f

(
A †ξA

)
mn δα

β , (232)
(
r2R̂

) α

mnβ = κ̂q f
(
A †ξB

)
mn δα

β , (233)

(r2t )
α

mβ = i

4
λ1 f

(
C †Σ0Ω

)
mi εi jkεxyΣ̃ j xΣ̃kyδ

α
β , (234)

(r1R) α
mnβ = κq f

(
A †Σ0ξ

†A
)
mn δα

β , (235)
(
r1R̂

) α

mnβ = −κ̂q f
(
A †Σ0ξ

†B
)
mn δα

β , (236)

(r1t )
α

mβ = i

4
λ1 f C

†
miεi jkεxyΣ j xΣkyδ

α
β , (237)

(r2′t )
α

β = 1

4
λ1 f ε3 jkεxyΣ̃ j x Σ̃kyδ

α
β , (238)

(r1′t )
α

β = 1

4
λ1 f ε3 jkεxyΣ j xΣkyδ

α
β , (239)

(r2′2′) α
β = λ2√

2
f δα

β , (240)

(r1′1′) α
β = λ2√

2
f δα

β . (241)

Proceeding similarly as for leptons, the quadratically divergent part of the potential due to
quarks coming from the product lr reads

V Λ2

L=1,q = − 3Λ2

128π2 λ2
1 f

2εi jkεinpεxyεqr

×
(
Σ j xΣkyΣ

†
nqΣ

†
pr + Σ̃ j x Σ̃kyΣ̃

†
nqΣ̃

†
pr

)
. (242)

where the factor 3 comes from δα
α = NC = 3. This term contains a contribution to the triplet

Φ mass and to the quartic Higgs coupling,

V Λ2

L=1,q ⊃ 3λ2
1

4π2 Λ2tr
(
Φ†Φ

) + 3λ2
1

16π2

Λ2

f 2

(
H†H

)2
. (243)
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From the product lrlr we get the quark contribution to the logarithmic part of the potential
given by

V
log Λ2

L=1,q = 3

16π2 log Λ2
[ 1

16
λ2

1λ
2
2 f

4ε3 jkε3mnεxyεpq

×
(
Σ j xΣkyΣ

†
mpΣ

†
nq + Σ̃ j x Σ̃kyΣ̃

†
mpΣ̃

†
nq

)

+ 1

162 λ4
1 f

4
(
εi jkεimnεxyεpqΣ

†
jkΣ

†
kyΣmpΣnq

+ εi jkεimnεxyεpqΣ̃
†
jkΣ̃

†
kyΣ̃mpΣ̃nq

)2

+ 1

8

(
κqκ

†
q

)
33

λ2
1 f

4εi jkεi j ′k′εxyεx ′y′
(
Σ̃ j xΣ̃kyΣ̃

†
j ′x ′Σ̃

†
k′ y′

+ Σ j xΣkyΣ
†
j ′x ′Σ

†
k′y′

)

− 2tr
(
κqκ

†
q κ̂q κ̂

†
q f 4

) 3∑
a=1

5∑
b=1

(
Σ̂

†
abΣba + Σ

†
abΣ̂ba

) ]
, (244)

where the factor 3 comes from the number of colors. This term contains anegative contribution
to the μ2 parameter of the Higgs potential from the first term in brackets and a contribution
similar to leptons up to factor 3 coming from the last term

V
log Λ2

L=1,q ⊃ − 3

16π2 log Λ2 f 2λ2
1λ

2
2

(
H†H

)

+ 3 f 2

8π2 log Λ2tr(κqκ
†
q κ̂q κ̂

†
q )

×
(

6H†H + 36η̂2

5
+ 8tr(ω̂†ω̂)

)
. (245)

5.2.3 Physical scalar masses and Higgs potential

We can finally collect our results for the physical scalar masses and the Higgs potential at
one loop. From Eqs. (214) and (243) we find the mass of the heaviest T-odd triplet Φ

M2
Φ = Λ2

4π2

(
g2 + g′2 + 3λ2

1

)
(246)

and the Higgs quartic coupling

λ = 1

16π2

Λ2

f 2

(
g2 + g′2 + 3λ2

1

)
. (247)

The mass for the lightest T-odd triplet ω̂ is given by Eqs. (217), (226), (245)

M2
ω̂ = f 2

π2 log Λ2 [g4 + Tκ

]
, (248)

with

Tκ ≡ tr(κκ†κ̂ κ̂†) + 3tr(κqκ
†
q κ̂q κ̂

†
q ). (249)

The lightest T-odd scalar η̂ only receives a contribution from Eqs. (226) and (245),

M2
η̂ = f 2

π2 log Λ2 9

5
Tκ . (250)
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And the μ2 parameter of the Higgs potential follows from Eqs. (217), (226) and (245),

μ2 = f 2

16π2 log Λ2
(

6g4 + 2

5
g′4 − 3λ2

1λ
2
2 + 12Tκ

)
. (251)

To obtain the physical mass of the Higgs boson we have to minimize the potential of Eq. (203).
If the contribution of the top sector dominates over the heavy Yukawa and gauge interactions
then μ2 < 0 and the EWSB is triggered,

∂VHiggs

∂H† = 0 ⇒ μ2H + 2λ
(
H†H

)
H = 0 (252)

when the neutral component of the Higgs doublet gets a vev

〈H〉 = 1√
2

(
0
v

)
, v =

√
−μ2

λ
. (253)

In our case, this expression gives

v2 = f 4

Λ2 log Λ2 3λ2
1λ

2
2 − 6g4 − 2

5g
′4 − 12Tκ

g2 + g′2 + 3λ2
1

. (254)

Then, from M2
h = −2μ2 = 2λv2, and Eqs. (247) and (254) we have

M2
h = f 2

8π2 log Λ2
(

3λ2
1λ

2
2 − 6g4 − 2

5
g′4 − 12Tκ

)
, (255)

whose value is Mh � 125 GeV. Comparing previous expressions, we find the same relation
between the masses of the Higgs and the heaviest triplet as in the original LHT model,

M2
Φ = 2

f 2

v2 M2
h , (256)

and the following one for the new physical scalar masses,

M2
ω̂ = 8M2

h
g4 + Tκ

3λ2
1λ

2
2 − 6g4 − 2

5g
′4 − 12Tκ

, (257)

M2
η̂ = 72

5
M2

h
Tκ

3λ2
1λ

2
2 − 6g4 − 2

5 g
′4 − 12Tκ

. (258)

Let us take g2 � 0.40, g′2 � 0.12, v � 246 GeV,mt � 173 GeV and the relation λ−2
1 +λ−2

2 ≈
(v/(

√
2mt ))

2 [49] 12. The combination of Yukawa couplings Tκ in Eq. (249) has an upper
bound from Eq. (251) depending on λ1 or λ2 (correlated) to ensure μ2 < 0, and Eq. (247)
provides the value of the ratio Λ/ f as a function of λ1 given λ = M2

h/(2v2) = 0.13.
Furthermore, the cutoff scale must be Λ > f and also greater than any particle mass or else
the model would not make sense. In particular, the top quark partner T+ of mass mT+ =
f√
2

√
λ2

1 + λ2
2 is the heaviest one and has to be checked. Putting together all these constraints,

that must be fulfilled also by the original LHT model, we obtain from Fig. 5 the admissible
interval of λ1 and hence the upper limit of Tκ values that are allowed: λ1 ∈ [1.05, 1.71] and
Tκ ≤ 2.57 for λ1 ≈ 1.05 or Tκ � 0.9 for λ1 � 1.4. In addition, any heavy fermion must be

12 Notice the extra factor
√

2 multiplying the top and top partner masses due to the different definitions of the
top Yukawa couplings λ1 and λ2 in Eq. (194) with respect to [49].
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Fig. 5 The interval of λ1 yielding a top quark partner mass mT+ below the scale Λ on the plot of the left-hand

side determines the range of possible values of the combination of Yukawa couplings Tκ ≡ tr(κκ†κ̂ κ̂†) +
3tr(κqκ

†
q κ̂q κ̂

†
q ) compatible with μ2 < 0 on the plot of the right-hand side

lighter than the cutoff scale, that implies all
√

2κi and
√

2̂κi be smaller than Λ/ f , a function
of λ1 given by Eq. (247) depicted in the left panel of Fig. 5.

As for the scalars, the resulting mass of the usual triplet (256) is MΦ ≈ 0.73 f , independent
of any Yukawa couplings. However the masses of the new triplet and singlet scalars (257),
(258), independent of f , could in principle take large values but only when Tκ is extremely
close to its maximum for a given λ1, being otherwise naturally of the order of a few hundreds
of GeV within the allowed range in the right panel of Fig. 5.

Therefore there is enough room in the parameter space for the validity of the model below
the cutoff scale.

6 Conclusions and outlook

We have examined carefully the Littlest Higgs model with T-parity, which is an interesting
effective field theory that addresses the hierarchy problem justifying the lightness of the
Higgs boson mass with respect to the cut-off by assuming it is a pseudo-Goldstone boson of
a spontaneously broken approximate global symmetry. We have identified a couple of flaws
in the fermion sector of the model, related to the mass terms of heavy fermions, that have
to do with the non-trivial relation between T-parity and gauge invariance. We have probed
different realizations of T-parity in the fermionic sector, in which the SU(2) singlet field
in the middle of the multiplets can be even or odd, or it could be left out. We have shown
that the nonlinear transformation of the right-handed multiplet under the gauge group needs
all the SO(5) generators, not just those associated with the SM, what forces us to rule out
the T-odd realization and rely only on complete SO(5) multiplets. The reason for this is the
presence of the gauge group element Ω , that only commutes with the gauge generators. As a
consequence, some fermions will remain massless because in particular the usual mass terms
for the χ and the mirror-partner leptons are not gauge invariant since they come from the
coupling of incomplete SO(5) multiplets.

To fix these issues, we have proposed that the global symmetry group SU(5) is enlarged
with an extra [SU(2) × U(1)]2 factor broken spontaneously to [SU(2) × U(1)] by the vev
of a new nonlinear sigma field with four scalars. This allows us to introduce fermion fields
that only transform in this additional nonlinear representation without invoking again SO(5)
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multiplets that would need to be complete by gauge invariance. As a gauged subgroup we
take the sum of two [SU(2) × U(1)]2 factors, the one inside SU(5) and the extra one, hence
preserving the number of gauge boson fields. This is a natural extension of the model, which
was already SU(5)×[U(1)]2, with the external abelian factors required to accommodate the
hypercharges of the right-handed charged leptons.

Once the global and gauged groups were defined we have explored two different options.
In a first attempt, the left-handed components of the mirror-partner leptons and the χ were
introduced in a representation that only transforms under the SM gauge group, coupled to their
right-handed counterparts through both the original and new nonlinear sigma fields. Then
we tried with a model based on the completion of the SU(5) multiplets with new left-handed
fields and the introduction of the additional right-handed components in a representation
that only transforms under the SM gauge group. The first proposal, despite of being more
economical in terms of fermion fields, had to be discarded because the remaining symmetry
is not enough to protect the Higgs mass from quadratic divergences, as we proved with
a diagrammatic calculation. However, the model with complete SU(5) multiplets is viable
because it prevents all scalar fields from quadratic divergences: if the coupling giving masses
to the extra fermion fields is switched off the Lagrangian remains SU(5) invariant. In fact
the Higgs mass squared only presents an admissible logarithmic divergence proportional to
κ2κ̂2, involving the product of two different couplings giving masses to the non-standard
fermions hence respecting the collective symmetry breaking.

Next we have found the mass eigenfields that diagonalize the Lagrangian up to order v2/ f 2

as well as the fermion masses and flavor mixing matrices parametrizing the misalignment
of the Yukawa couplings (κ, κ̂ and λ) in the flavor space of several fermion families. This
version of the LHT keeps one of the original sources of lepton flavor violation [19–21] (the
mixing matrix V in Eq. (147)), eliminates those found in [26,27] (now W = Z = 1) and
introduces an additional source (Ŵ) related to the new Yukawa coupling κ̂ connecting the
original to the extra fermion sector.

In addition, we have considered the influence of the new fermion fields in LFV Higgs
decays. Besides the contribution of the T-even right-handed singlet (χ+)R , which is finite on
its own, the contribution of the remaining fields, including the T-odd singlet, is finite. This
is because they enter in the loops only through two insertions of their mixing term with the
original fields of the LHT model, thus reducing the degree of divergence of the topologies
involved in the process.

In the last section, we have applied the background field method to calculate the Coleman–
Weinberg potential for the scalar fields generated by integrating out at one loop vector bosons
and fermions, including both heavy quarks and leptons. We have calculated the one-loop
contributions to the masses of the Higgs and the complex triplet of the original LHT model,
as well as those of the new scalars. In our model, the Higgs mass is still not sensitive
to quadratic divergences coming from the heavy leptons and heavy quark sectors. On the
other hand, the relation between the Higgs mass and the complex triplet mass remains the
same. Besides, the Higgs quartic coupling generated al leading order from the quadratically
divergent terms of the potential does not receive contributions from the new sector. Finally,
the masses of the new physical scalars are found to be proportional to just the logarithm of
the high energy scale Λ. This is because they inherit part of the symmetry from the would-be
Goldstone bosons to be eaten after the SSB at the scale f .

As a future work, we plan to extend previous phenomenological studies on lepton flavor
changing processes in the context of the LHT model [26,50] (Z and Higgs decays, two and
three body lepton decays, μ → e conversion in nuclei) to include the contributions from the
new fermion and scalar fields. A mechanism to accommodate neutrino masses in the new
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LHT model, completing the work in [27], will also be presented elsewhere. The predictions
of this model for the quark sector should be explored as well.
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