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ABSTRACT

Complex multi-state warm standby systems subject to different types of failures and preventive mainte-
nance are modelled by considering discrete marked Markovian arrival processes. The system is composed
of K units, one online and the rest in warm standby and by an indefinite number of repairpersons, R.
The online unit passes through several performance states, which are partitioned into two types: minor
and major. This unit can fail due to wear or to external shock. In both cases of failures, the failure can
be repairable or non-repairable. Warm standby units can only undergo repairable failures due to wear.
Derived systems are modelled from the basic one according to the type of the failure; repairable or non-
repairable, and preventive maintenance. When a unit undergoes a repairable failure, it goes to the repair
facility for corrective repair, and if it is non-repairable, it is replaced by a new, identical one. Preventive
maintenance is carried out in response to random inspections. When an inspection takes place, the online
unit is observed and if the performance state is major, the unit is sent to the repair facility for preventive
maintenance. Preventive maintenance and corrective repair times follow different distributions according
to the type of failure. The systems are modelled in transient regime, relevant performance measures are
obtained, and rewards and costs are calculated. All results are expressed in algorithmic form and imple-
mented computationally with Matlab. A numerical example shows the versatility of the model presented.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Redundant systems and preventive maintenance, which are two
ways to improve system reliability and availability, are of consider-
able research interest. Serious damage, financial losses and, possi-
bly, total system failure can be provoked by poor reliability. Two
approaches can be adopted to improve the reliability of a com-
plex system: standby systems and preventive maintenance. Vari-
ous classes of redundant systems have been proposed, depending
on the problem to be addressed. Levitin, Xing, and Dai (2014) de-
veloped an optimisation problem, in which a fixed set of elements
was distributed between cold and warm standby groups; an ap-
propriate element initiation sequence was then selected to min-
imise the expected mission operation cost of the system while pro-
viding the desired level of system reliability. In this respect, too,
Vanderperre and Makhanov (2014) analysed a repairable duplex
system characterised by cold standby and by pre-emptive priority
rules. In this paper, general probability distributions for failure and
repair were allowed. There exists an extensive body of literature
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related to warm standby systems, from significant initial research
such as that by Gnedenko (1965), who analysed a warm standby
system with a general number of components, to recent papers
such as Wells (2014) where known analytic results are extended
to a case with repairable and non-repairable failures.

Preventive maintenance is intended to improve system relia-
bility and to increase profits. Nakagawa (2005) studied standard
and advanced problems of maintenance policies for system relia-
bility. Zhong and Jin (2014) included preventive maintenance in a
cold standby two-component system, using semi-Markovian pro-
cesses. In order to keep components running properly, the work-
ing component receives periodic preventive maintenance. An opti-
mal replacement policy was developed by Zhang and Wang (2011)
to cope with a deteriorating system with multiple types of fail-
ures. Under this approach, the application of an optimal replace-
ment policy ensures that the long-run expected reward per unit
of time is maximised. Preventive maintenance has also been de-
scribed for use in complex systems, with either a multi-state unit
or with a general set of cold standby multi-state units (Ruiz-Castro,
2013, 2014).

Nowadays, multi-state systems are of particular importance in
ensuring reliability. Most texts on reliability theory analyse sys-
tems in which the units perform in terms of traditional binary



J.E. Ruiz-Castro / European Journal of Operational Research 252 (2016) 852-865 853

models: up state (performing) and down state (failure). Many real-
life systems, termed multi-state systems, are composed of multiple
components with different performance levels and incorporating
several failure modes. In this respect, Natvig and Morch (2003)
analysed the Norwegian offshore gas pipeline network in the North
Sea, transporting gas to Emden in Germany, and Lisnianski, Frenkel,
and Ding (2010) have studied multi-state systems, presenting a
variety of significant cases of interest to engineers and industrial
managers. Lisnianski and Frenkel (2012) included Markov processes
in the analysis of multi-state systems, highlighting the benefits of
their application.

When complex systems are modelled, intractable expressions
are often encountered. Several methodologies have been proposed
to analyse the behaviour of a multi-state system, and one such
method is that of Markov process theory. Markov processes en-
able us to model the behaviour of a complex multi-state system
and to obtain measures in an algorithmic and computational form.
One class of distributions that makes it possible to model complex
systems with well structured results, thanks to its matrix-algebraic
form, is the phase-type distribution (PH), which was introduced
and analysed in detail by Neuts (1975, 1981), who pointed out its
useful algorithmic properties. Phase type distributions and Markov
processes have been applied in fields such as queuing theory, sur-
vival and reliability, where real-life problems have been modelled
in an algorithmic form (Ruiz-Castro & Fernandez-Villodre, 2012).

Many stochastic systems have inputs to the system over time
that can be counted to control events, e.g. electrical systems at
which electric shock waves arrive at random intervals. Multi-state
systems that evolve over time may be subject to different types
of failures, whether repairable or non-repairable, and benefit from
measures such as preventive maintenance to enhance performance
and economic results. The analysis of these systems requires a
mathematical tool that can describe the input analytically and give
rise to a numerically tractable model. The Markovian arrival pro-
cess (MAP) class that was introduced by Neuts (1979) counts the
number of events in an underlying Markov chain. Two special
cases of this process are Batch MAP and Marked MAP. In the first
case, arrivals in batch are allowed, and in the second, several types
of arrivals are counted. In all cases, the arrival rates of events can
be customised for different situations, which highlight the inherent
versatility of this class of processes. In a recent study, He (2014)
presented the main results associated with MAPs.

Reliability systems are usually studied in the continuous case.
However, not all systems can be continuously monitored, and some
must be observed at certain times, for reasons such as the internal
structure of the system, the need for periodic inspections, etc. Re-
liability systems that evolve in discrete time have been proposed
to analyse the behaviour of devices in fields such as civil and aero-
nautical engineering. Ruiz-Castro and Quan-Lin (2011) considered
a Markovian structure to model a k-out-of-n: G system with multi-
state components by means of well-structured blocks. Recently,
Ruiz-Castro (2014) included preventive maintenance in a discrete
system to analyse its effectiveness with respect to performance
measures and related costs in a complex device.

The aim of the present paper is to model certain warm standby
complex systems that evolve in discrete time, are subject to dif-
ferent types of failure (repairable and non-repairable) and are pro-
tected by means of preventive maintenance with an indeterminate
number of repairpersons. External shocks are included and from a
basic system various complex ones are derived. This evolution is
analysed using a Markov model and the main measures are deter-
mined in an algorithmic and computational form. Events occur at
different times and are modelled by a marked, batch-arrival MAP.
Costs are introduced and a numerical example shows the versa-
tility of the modelling, comparing two similar complex systems
with and without preventive maintenance. Various measures are

applied to determine whether preventive maintenance is profitable
from performance and financial standpoints. The results presented
in this paper were obtained in an algorithmic and computational
form, through the use of this methodology.

Section 2 presents the basic system, the assumptions and the
state space, and Section 3 describes Marked MAPs in detail and ob-
tains the matrix blocks and the transition probability matrix that
describes the evolution of the system. Section 4 then addresses
the modelling of the four systems derived. Section 5 is focused on
the performance measures; thus, availability, reliability, conditional
probability of failure, mean times and mean number of events are
determined in transient regime. Section 6 introduces the concept
of rewards, together with measures such as mean costs and profit
up to a certain time. Finally, the versatility of the modelling is
shown in Section 7, with a comparison of two similar systems,
with and without preventive maintenance.

2. The basic system (system I)

We assume a K-system with the online unit and the rest in
warm standby that evolves in discrete time. The online unit is sub-
ject to repairable or non-repairable internal failures due to wear
out. Also, the online unit is subject to random external events
which can produce external shocks by producing failure. This one
can be repairable and non-repairable depending on time up to fail-
ure. Any warm standby unit can undergo only repairable failures
due to wear. When one failure occurs, the unit goes to the re-
pair facility for corrective repair. The repair facility is composed of
an indefinite number of repairpersons R where R <K. The online
unit is a multi-state one where it passes through several perfor-
mance stages which are partitioned in minor (the first n; states)
and major (the rest). Inspections occur randomly and in response
to these ones preventive maintenance can be carried out. The on-
line unit goes to preventive maintenance only when one major
state is observed under inspection. Corrective repair times are dif-
ferent according to the type of failure, from either the online place
or standby. The order of the type of failure in queue keeps in mem-
ory.

2.1. The assumptions

The system described above is subject to the following assump-
tions.

Assumption 1. The internal operational time of the online unit is
PH-distributed with representation (e, T). The number of opera-
tional states is equal to n, and these are partitioned in minor (the
first n; states) and major states (states ny + 1, ..., n).

Assumption 2. Internal failures can be repairable and non-
repairable. When an internal repairable failure occurs, a transition
occurs to a subset of states, and the same happens for the non-
repairable failures with another subset of states. The internal time
up to failure can be written by blocks as (T|T?|T9.) where the
blocks T? and TY, are column vectors including the absorbing prob-
abilities from the transient states for an internal repairable and
non-repairable failure, respectively. The absorbing probabilities for
an internal failure from the transient states are given by the col-
umn vector TO = T9 + TY,.

Assumption 3. Events that produce failures of the online unit due
to external shocks occur according to a phase type renewal pro-
cess. If the online place is occupied, this event produces the failure
of the unit. The time between two consecutive events is PH dis-
tributed with representation (p, L). The order of the matrix L is
equal to t.
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Assumption 4. External failures can be repairable and non-
repairable. When an external repairable failure occurs, a transi-
tion occurs to a subset of states, and the same happens for the
non-repairable failures with another subset of states. The external
time up to failure can be written by blocks as (L|L?|L%,) where the
blocks L? and LY, are column vectors including the absorbing prob-
abilities from the transient states for an external repairable and
non-repairable failure, respectively. The absorbing probabilities for
an external failure from the transient states are given by the col-
umn vector L% = L0 + LY.

Assumption 5. When the online unit undergoes a non-repairable
failure then it is replaced by a new and identical one in a negligi-
ble time.

Assumption 6. Any warm standby can fail at any time with prob-
ability p.

Assumption 7. While the online place is occupied by a unit, ran-
dom inspections can occur. The time between two consecutive in-
spections is PH distributed with representation (», M). The order
of the matrix M is equal to .

Assumption 8. The corrective repair time for any warm standby
that fails is PH distributed with representation (B, S¢). The order
of this matrix is equal to z,.

Assumption 9. The corrective repair time when the online unit
undergoes a repairable failure is PH distributed with representa-
tion (B4, S1). The order of this matrix is equal to z;.

Assumption 10. The preventive maintenance time is PH dis-
tributed with representation (B3, Sp). The order of this matrix is
equal to z,.

Assumption 11. When all standby units, the online unit does not
undergo a failure, none unit is repaired and one inspection oc-
curs then the online unit keeps on working independent of the
observed state.

Assumption 12. The random times defined above are independent.

One interesting aspect that must be taken into account in this
model is that events can occurs simultaneously. Thus, for instance,
failures on several warms standby units and one inspection on the
online unit can occur at same time.

2.2. State space

The system described above can be modelled by a discrete
Markov process with a finite number of states. We define as X
the number of non-operational units in the repair facility at time
k. This is a vector Markov process and the state space is composed
of macro-states. This one is defined as E={E°, E!,... EK}, where E¥
contains the phases when there are k units in the repair facility. On
the order hand, the order of the units in the repair facility is im-
portant to be considered, given that the type of failure determines
the type of repairing.

For this reason the macro-state EX is partitioned in several
macro-states depending on the order of the units in the repair
facility. Then, EX = {E; ;, ;:6=0,1,2,1=1,...,k}, k=1...K-1,
and EX={E ;, :ix=0,1,ii=0,1,2,1=1,...,K—1}, contains
the phases when there are k units in the repair facility and the
order of these units to repair is given by iy, ..., i,in lexicographical
order; where 0 indicates that the unit comes from warm standby, 1
indicates that the online unit undergoes a repairable failure and 2
indicates that the online unit is in the repair facility for preventive
maintenance. The first min{R, k} units are being repaired and the
rest are in repairing queue given that there are R repairpersons.

Finally, the phases of the macro-states are given by

EC={@G,jm;l<i<nl<j<t1l<m<eg} 1)

for k<K

Eiip = {(L.Jm e Tinpery)s 1 <i<n 1 <j <t
l<m=<el<n fzi,],hzl,...,min{k,R}} andfor k =K

w={0 sl <j<t1<rm <z, h=1,. R}

where i denotes the phase of the operational time of the online
unit, j is the phase of the external shock time, m the phase of the
inspection time and finally, r,, is the phase of the repair time of
the hth units that is being repaired.

3. Modelling through MMAPs

The system that is being analysed can be modelled through a
Discrete Marked Markov Arrival Process (MMAP). As it has been
described, several types of events can occur while the system is
working on. We have focused on the analysis of the different types
of failures and preventive maintenance. Besides the modelling of
the system, this methodology enables us to count the number of
events by time.

3.1. Matrix blocks

The transition probability matrix is built by taking into account
the state space defined in (1). To clarify certain expressions, we
denote by e, a column vector containing all 1 of order h (if the
subscript is not noted, then the order of e is the appropriate for a
correct product). The Kronecker product of two matrices is used in
this paper. Given two matrices, A and B, with order axb and cxd
respectively, the Kronecker product is a matrix with order ac x bd
defined as

A®B = (aijB),

for any element g;; of the matrix A.
The following auxiliary matrices have been built to facility the
complex modelling.

3.1.1. Auxiliary matrices

The following auxiliary matrices, U; and U,, are defined which
are used when one inspection occurs. The element (i, j) of these
matrices is given by
lii=j<m Li=j>n+1

U1(iwj)={ . Uz(i,j)={

0; otherwise 0; otherwise.

These matrices consider only the minor and major phases re-
spectively.

If there are g units being repaired and a of them finishes its
repairing then the transition probability by considering only the
phases for these g units is given by

For
a<gg=>2a>1,

C(g,a; i],.,.,l.g,a;j],...,jg; k], ,..,ka)

SH®---®S(9):; js=1 a ,
M (8): Js S*l(azn'gl(kﬁs)

= s=1,....g¢5#k;,z=1,...,a
0; otherwise,
where
Si:h#k,z=1,...,a
Sthy=1{0
Sih; otherwise
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and iy, jp, kp indicates the type of failure of the hth unit that is
being repaired after the transition, before the transition and the
ordinal of the repairpersons that concluded the repair, respectively.

For instance, if there are g =4 units being repaired (types j; =0,
jo=1,j3=1,j4=2) and 2 of them are repaired (the second and the
fourth, k; =2, k; =4) then the transition probability by considering
the repair phases is given by

C(4,2;0,1;0,1,1,2;2,4) =S, 25’ ®S; ®SY.

From this matrix function the transition probability for any or-
der of repairing is given by

B(g,a;h,...,ig,a;j1,...,jg)
S, ® - ®S,;a=0is=js,s=1,....8
g—a+1 g—a+2 g . .
Y. CEaiy,....igga
ki=1 ko=ki+1  ko=kq_1+1
Jio- ok kd);0<a<g

B(l.a: ji,.... Jp) =S) ®---®S):a=g

If the same example above is considered then the general tran-
sition probability when 2 units are repaired from j; =0, j,=1,
J3=1js=2toi;=0,i,=1is given by

B(4.2;0,1;0,1,1,2) =C(4,2;0,1:0,1,1,2; 2, 4)
+C(4,2;0,1;0,1,1,2;3,4)
=S ®S1®S$1®SI+S S ®S!®S).

The situation of any unit can be modified at any time and
changes on the online unit and on any warm standby unit can oc-
cur at any time and simultaneously.

Throughout the paper, given a matrix A we denote A° to the
matrix A’ = e—Ae. A matrix of zeros with appropriate order is de-
noted by 0 and the function Iy is the indicatory function.

3.1.2. The online unit

Firstly, we are going to focus on the online unit. While this one
is operational, then it can undergo internal failure, external shock
and/or one inspection. These possibilities are considered in the
definition of the following matrices that describe different transi-
tion probabilities for the online unit.

The transition probability when the online unit changes of
phase without failure and preventive maintenance by considering
the corresponding phases is given by

Hy=TQLeM+U;T®Le M.

The first term indicates the changes in the internal performance
states, phases of the external shock time and phases of the in-
spection time (T ® L ® M). The changes when one inspection oc-
curs and a minor state is observed are given in the second term
(U;T®L® M%,). The matrix U;T contains the transition probabili-
ties between any two internal operational phases of the online unit
when a minor state is observed by inspection, an external failure
does not occur (L) and one inspection takes place and the time up
to the following inspection is reinitialised (M%n).

A repairable failure on the online unit takes place when an in-
ternal failure, an external shock by producing repairable failure or
both things occur. If there are units in warm standby or one unit
is repaired at same time, then the matrix transition probability is
given by

H; =Tl ® (L+Ly) ® (M’ + M)
+(en —T)a @ Lly ® (M) +M).
The above case when the only operational unit is the online,

and at same transition time a repaired is not produced is given
by

=T e ((L+Lly)ce: + (e, —T°) oLy ®e..

When one inspection occurs and a major state is observed then
the unit goes to the repair facility to preventive maintenance (at
same time a failure does not occur). If there are units in warm
standby or one unit is repaired at same time then the transition
probability block is given by

H, =U,(e; - T)a @ L@ M%)

In the previous case, we assume that when there is only one
operational unit and a repaired is not produced at a certain time,
then the online unit keeping on working although a major state is
observed by inspection. It is considered to optimise the operational
time of the system. This transition probability block is given by

H,=U,T® Lo M.

A non-repairable failure on the online unit takes place when a
non-repairable external shock is produced. The non-repairable fail-
ure is ‘stronger’ than a repairable one and preventive maintenance.
Then, the matrix transition probability is given by

H; = T)a ® (L+ L) ® (M’ + M)
+(en =T )a @ LYy ® (MO + M).

Table 1 shows the matrices associated to the events over the
online unit.

3.1.3. The online unit and the warm standby units

The matrices described above are the basis of the modelling of
this multi-state complex system. The transition probability matrix
is composed of matrix blocks according to the macro-states de-
fined in (1). We have already analysed the behaviour of the online
unit, next warm standby units are introduced in the analysis.

If r indicates the number of standby units which are broken at a
certain time and [ the number of units in the repair facility before
that time, then we define the matrix

K—-1-1
Hc,l,r = ( r >pr(-1 - p)KililirHc,

where
c=0,1,2,3;1=0,.... K—-1;r<K-1-1.

This matrix Hc,,r contains the transition probabilities when
there are [ non-operational units, and at next time r warm standby
units breaks down and the online unit passes to the situation c
in that time; where c is equal to 0 when the online unit keeps
on working the next time, 1 when this one undergoes a repairable
failure, 2 when it undergoes a major inspection and 3 when the
online unit undergoes a non-repairable failure.

If the online unit goes to repair facility, all warm standby units
fail and a repair does not occur then

H g 1=p"""Hforc=1,2.

Fig. 1 shows the possible transitions for only the online and
standby units.

3.2. The MMAP with arrivals in batch

The behaviour of the system; when the online unit, the standby
units, and the repair facility are considered, is modelled through a
MMAP with arrivals in batch. We distinguish among four types of
events:

0: the only units that fail at a certain time are warm standby
units.

A: the online unit undergoes a repairable failure and any unit
in warm standby can fail.

B: the online unit undergoes a major inspection and any unit in
warm standby can fail.
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Table 1
Matrices associated to the events over the online unit.
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Matrix ~ Repairable failure ~ Non-repairable failure = External shock  Major inspection  All units fail in this transition
Ho NO NO NO NO -
H, YES NO YES/NO YES/NO NO
H| YES NO YES/NO YES/NO YES
H; NO NO NO YES NO
H, NO NO NO YES YES
H; YES/NO YES YES/NO YES/NO YES/NO
Online unit E - Online unit @
Online unit =
: H = H : O
5 D 017 11,7 < D
) n >
3 Online unit " Online unit )
3 K-kr-1 Operational ‘é Repairable N i K-Fr-2
D t ranfmon o!' 3 failure D
minor inspection 3
2
Online unit @ 8 : K-i-1 Online unit E
2]
: H,, H,,, s
c
g— D Online unit Online unit g_ D
2 :  ¥-ir-1 [Non-repairable Major 2. k2
& . " . :
failure inspection 4
] State! ]

Fig. 1. Events associated to the matrices H, .

C: the online unit undergoes a non-repairable failure and any
unit in warm standby can fail.

When the events A, B and C have place at a certain time, the
number of warm standby units that fail can vary from O to the
total units in standby at the previous moment. We defined D,
DA" DB and D, for r=0,..., K— 1, as the matrices that contain the
transition probabilities between any two phases described in the
state space when the event O, A, B or C occurs, respectively, and r
standby units fail.

The system is modelled by the following MMAP,

(DOO, DO1, o DO,K—l, DAO, DA1, o, DA,K—l’ DBO,
DB] . DB,K—] DCO DC] L DC,K—])_

Fig. 2 shows the transitions when there are [ units in the repair
facility, a of them are repaired and r standby units fail.

3.2.1. The matrices of the MMAP

In this section the matrices associated to the MMAP are worked
out. Some of them are developed in this section and the rest are
given in the Appendix.

Matrix DO

The matrix D contains the transition probabilities when the
online unit does not go to repair facility and r warm standby units
fail at a certain time. This fact depends on the number of units in
the repair facility before and after the transition time. The block (1,
k) of the following matrix corresponds to this transition between
the macro-states E! and EX. This matrix is given by

Or_( Or)
D™ = (Dy 1,k=0,...K’

where

Di =0if k>1+rork<I+r—min{l,R} or I =I;_,,(K—1).

rzl

Once again, the matrices Dﬁ[ are composed by matrix blocks
corresponding to the transition between macro-statesEj  ;and
E;, ...i,- The matrix block Dﬁ{r(il, «.oy ik J1, -+, jp) contains the tran-
sition probabilities described by considering the order under re-
pairing and in queue of failure types before and after transition.
These blocks are built by considering the H blocks and the auxil-
iary matrix functions defined in Section 3.1. Then,

00
Doo = HO,O,O,

Dgrr(lls cees lr) = (HO,O,r + H/Z.O,rl{rzkfl}) ® 'Bil QR Q 'Bimin(r.k);
is=0,s=1,...,nr=1,..., K-1,

DX (oo Ji) = (Hogo +H2polir—k-1-1y) ® B I ja, .
I=1,2,... ,R#K
=0 1,2s=1, .1

DB

DY (.- ) = @ ® (L+ L) ® n@BK.K: ji. ... ji);
K =R
k=01,
js=0,1,2,s=1,...,K—1.

Fora=1,...,R#K,ig_qss = jrys;
s=1,...,min{K —R,a}and jx =0, 1,

D% (i1, .- ik—as J1v-- - JK)
=a® (L+LOJ/) ®@NBK, a;iy,....ik—q: j1.---. jK)
® ﬁik—a+l ® ‘BiR—a+2 ® -® ﬁimin(K—u.R).

D%)K(l.],,..,i)@j],...,j[() = (L+LO)/)

®B(l<;0;i1,...,i](;j1,...,j1<);i5=j5,S=1,...,K,
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Online unit Online unit
Operational transition or minor inspection Repairable Failure
2 Py
Online unit m §D Online unit E §[:]
O |lic 0 |lic
@ 2 @ b
g gl l|po || 4l
2 D ll+r-a w 1i+r-a+l| 2 D
- @ B c -] ¢
e | [ oniineunit B | |5 [] 2 kil 3]
% g 5 . & T
¢ z [ 50 0
= [}
c
2 [ =
| g v | |
w “w
. " c c s o D . . c
Online unit E %D g : K--1 g Online unit E g[]
o Lo 2 8. 3
= o = £ [-R Br o
2 l:] §|:‘l Dz,m-a D © 13er-as)] | 2 D §[:|
S 4 [—— % 5 <
z D o z D
E (] H 3]
§ SRRl § (KHr+a | (|2
S &
] 3 State!l ] g
(3 D < D
Online unit Online unit

Non-repairable Failure

Major inspection

Fig. 2. Events associated to the matrices D.

and

forr=0,....K-2;1=1,..., K—r—1;
a=0,....min{lLRI+r-1}, i os=0;s=1,....1,
jk =0,1andig 45 = jres;S=1,..., = Rifl > R,

D?lurfa(il’ cee il+r—u; jlv cees ]l)
(Hour +Hy | Ji—k-i-1.0-0)) ® BAL @y, . iig; s 1)
®ﬂil—a+1 ® IBILHZ R ® ﬂimin(l—a+r.R);
— min{l—a+rR}>l—a+1
(Horr+Hy | Jirokoi-1.a-0)) ® BAL @iy, . digs Jao -0 1)
min{l—a+nrR} <l—-a+1,

where Iy is the indicatory function.

For instance, if there are [ units in the repair facility with order
J1, ..., ji, then the probability that the online unit does not go to
repair facility, r warm standby units fail (Hg ), a units that are be-
ing repaired are finished (B(l, a; iy, ..., ij_g; j1, -, Jj1)) and the pos-
sible units in queue entry to be repaired (Bi-o+1 @ fil-e2 @ ... ®

Bmini-airki) is given by DYy, (i, .. -

[l+r—a S lgr—as J15 - -

Matrices D"

The matrix D*"contains the transition probabilities when the
online unit undergoes a repairable failure and r warm standby
units fail at a certain time. This fact depends on the number of
units in the repair facility before and after the transition time. The
block (I, k) of this matrix corresponds to this transition between
the macro-states Eland E¥. This matrix is given by

D = (Dfk)

where

Lk=0....K

w =0ifk>1+r+Tork<I+1+r—min{l,Rjor [ =K —r.

As above, the matrices Dﬁ{r are composed by the matrix blocks
D’,“,j(il,...,ik;jl,...,j,) that contains the transition probabilities
described by considering the order in queue of failure types be-
fore and after transition. These blocks are built by considering the

H blocks defined above. Then,
DY, (ias s ira) = (Hoordgpek—1y + Hi g Jir—x—1})
®'3i1 ®ﬁi2 ®,_,®ﬁimin(r+l‘R);r — O”I<_‘l
i1 =1
is=0;s=2,....,r+1
Forr=0,..., K-2; I=1,..., K—-r—-1;
a=0,..., min{lLR}, ij_qp1=1,0j_qs=0;5=2,...,1
jK = 0,1andiR,a+s :jR+s§S: 1,...,1 =Rifl > R,

Dﬁ’lﬁJrrJrlfa(i]’ cee il+r+1—a; j]v (RN .]1)
(Hl,l,rl[r<K—l—10ra>0} + H/H_rl[r:K—l—l and u:O})
®B(1,a; i], ‘-~7il—a;j1’ ...,j[)

®ﬁilfa+] ® ﬂil—a+2 ® - ® ‘Bimill(l+r+1—a.R);
= min{l+r+1—-a+rR}>1-a+1

(H1,1,r1{r<l<_1_1 ora=0) + Hy | Jr—k-1-1and a=0})

@Bl asiy, ... 0_g: J1, -, J1);
min{l+r+1—-a+nrR} <l—-a+1
Thus, in the Ilast case, if there are [ units in the re-

pair facility with order ji,...,j;, then the probability that the
online unit undergoes a repairable failure, r warm standby
units fail (Hy;,), a units that are being repaired are finished
(B(l,a;iqy,...,1j_g; j1,---,J;)) and the possible units in queue en-
try to be repaired (ﬁil—a+1 ® ﬁil—a+2 R ® ﬁin‘nin[1+r+1—a,R)) is given by
DY G 1 D)

The rest blocks are given in the Appendix.

3.2.2. The transition probability matrix

The system is modelled through a vector Markov process as it
has been described above. Given the MMAP that governs the be-
haviour of the system, the transition probability matrix associated
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to the Markov process is given as the addition of the matrices built
above. Thus,

K-1
P=) (Dor +DV 4+ D7 + Dcr) = (D) 1-0....x , (2)
r=0 k=max {0,I-R},...K

where these blocks can be expressed through the blocks different
of zero in the following way.

For=0,...,K; k=max{0,] -R},...,K,

min {I,R,max {K—k—1,0}}
Dy = iy D + I - kemax (1R 0)) DS;"”*“

a=max {I—k,0}
min {I,R,max {K—k,0}}
+ <k k=max {I-R+1,1}}) > D tret

a=max {I-k+1,0}
min {/,R,max {K—k.,0}}

B.k—I+a—1
Z le

a=max {I—k+1,0}

+ I{I<K,max {I-R+1.1}<k<K}

min {/,R,max {K—k—1,0}}

k-1
+ 1<k max {I-R,0} <k<K} Z D tre

a=max {I—k,0}

The transient distribution of the model can be worked out from
the transition probability matrix by considering the different ma-
trix blocks. Given the initial distribution o = (wg, w1, ..., wg) the
probability that at time v the system is in the different states of
the macro-state E¥ is noted by p;k and it is given by considering
the matrix block structure as

K
v
Py = @Dy,
1=0

where
min {k+min {/,R},K} min {k+min {l; R} K}
W) _
D, = Z Dy, Z Dy,
l;=l-min {l.R} L=l —min {l;,R}

min {k+min {l,_3,R},K} min {k+min {l,_,,R} K}

X Z Dl\>73«lu72 Z Dlvfzvlwlelvflvk'

Iy a=l,_3—min {l,_3.R} I, 1=l,_»—min{l, 5.}

4. Derived systems

Some different systems can be derived from the basic system.
Repairable and non-repairable failures on the online unit where
these failures may, or may not depend on the time up to inter-
nal failure of the online unit are considered. These new systems
are modelled by considering similar structure as given above but
with different matrices H.

SYSTEM II: A System with only repairable or non-repairable inter-
nal failures depending on the time up to failure of the online unit

We assume the system I where external failures cannot occur.
This one is a particular case of the system above but the state
space changes in the following way

E'={@{,m);l1<i<nl<m<eg}

for k<K

Ei.io={(Lmrr, . . Tmngg)i1<isnl<m<e,
1<m<z,h=1.. min{kR}}

and for k=K

Eil,,..,iK={(H,Tz,..-,rR);] Sr,,szih,hzl,...,R}.

The matrix blocks are given by
Hy=T®M+U;Te M,
H; = Tha ® (M%) + M),
H =T'®e,.
H; = Uy (e, — T)a @ M%)
H, = U,T ® M.
H; = Tha ® (M%) + M).

SYSTEM III: A System with repairable or non-repairable external
and internal failures depending on the time up to failure of the online
unit without preventive maintenance

We assume system [ without random inspections. Preventive
maintenance is removed. This one is a particular case of system
I with the following state space

EC={G,jrl1<i<nl<j<t},

for k <K
Ei..i, = {(i,j, rlsr2s~~~:rmin{k,R})3 l<isnl<j<t,
1<ry<z,.h=1_.. min{kR}}.

and for k=K
Ei.ig={0. .12 omei1<j<t.1<m <z, h=1. R}

The matrix blocks are given in this case as

Ho=T®L,
Hi =Tlo® (L+LYy) + (e —T°)a @ LYy,
H =T'® (L+Ly) + (e: - T°) o Ly,

H; =T ® (L+L%%) + (e - T)a @ LY, y.
Finally, in this case the MMAP is given by
(Doo pO!  pOK-1 pA0 pAl  pAk-1 pco pcl DC,K—]).

SYSTEM IV: A System with repairable or non-repairable internal
and external failure of the online unit independent of the time up to
failure

We assume the basic system I where the internal (external) op-
erational failure can be repairable with probability pj; o (Pex_re)
and non-repairable with probability pi; pre= 1— Din pre (Pex_nre=
1— pex_nre)- The type of failure is independent of the failure time.
The model of this system is achieved from system I by consid-
ering 1? = pin_reTOv Tgr = pin_nreTOv L? = pex,reLO and Lgr = pex,nreLO
SYSTEM V: A System with repairable internal failure and external re-
pairable or non-repairable failure independent of the time up to fail-
ure

We assume the basic system I where the internal operational
failure is always repairable (pj, ,=1) and the external opera-
tional failure can be repairable with probability pex re and non-
repairable with probability pex nre =1 — pex_nre- The type of fail-
ure is independent of the failure time. The model of this system
is achieved from system I by considering T =T°, T9. =0, L? =
Pex_reL® and Lgr = Pex_nrel.

Remark. New systems can be obtained by considering inde-
pendence on the type of failure. In this case, new models
can be achieved by considering system I, Il and Il with T =
Topin_rev Tgr = Topin_nre’ L? = Lopex,re and Lgr = Lopex,nre-
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5. Performance measures

Some interesting measures associated to system I (the more
general system) are calculated. Particular cases can be worked out
for the other systems in a similar way.

5.1. Availability

The availability is the probability that the system is working on
at a certain time v. It is given by

A(v) =1-ppe i R .
( ) pEK I(R,,GZ-BK’R"‘ZRE)RZ%) ﬁzng i j+’(R:K)t(Zu+Zl)RZ;RZ;]] %szézg i-j-1
i=0 j=t i=0 j=
where the subscript of the vector e is the number of columns of
pEK (defined in Section 3.2.2).
If the system is new initially then

A(w)=1-wD e
oK & ki [ETTEE o

Iy 23K RNUY Y Rl A AT b gt o421) ¥ 3 ke 22!

Gk &5

5.2. Reliability

The reliability function is defined as the probability that the
system fails by first time after a certain time. This function can
be defined by considering different stop times while the system is
evolving by time. The distribution function of this stop time is PH-
distributed where the absorbing state is the fact that produces the
stop event. For instance, if the system is new initially, then the dis-
tribution of the time up to first time that the system has not oper-
ational units is PH distributed with representation (w,, P,) where
wsand P, are the initial distribution and the matrix P restricted to
the macro-states {E°,..., EX-1},

Thus, the mean time up to first time that the system is not op-
erational is given by

w=w,0-P,)?P’=w,(I-P,) e
5.3. Conditional probability of failure

Some different conditional probability of failure can be defined
if the different types of failures and preventive maintenance are
considered. We focused on system I, a similar reasoning can be de-
veloped for the rest of systems.

5.3.1. Conditional probability of internal repairable failure
The conditional probability of internal repairable failure is the
probability that the system is working on at the beginning of a
certain time v, and an internal repairable failure on the online unit
and r warm standby units fail at that moment (an accidental non-
repairable failure on the online unit does not occur). This probabil-
ity is given by
K-1
e =Y Tk P ' [T0 @ (e — L)) @ e]p' (1 - p)<r
k=0

5.3.2. Conditional probability of internal non-repairable failure

The conditional probability of internal non-repairable failure is
the probability that the system is working on at the beginning of a
certain time v, and an internal non-repairable failure on the online
unit and r warm standby units fail at that moment (any accidental
failure can occur). This probability is given by

K-1
lrzinre = Z I{rgl(—k—l}pgl:1 [Tgr ® e]pr(] - p)K—k—r—l .
k=0

The conditional probability of internal failure is achieved by
adding both measures above.

5.3.3. Conditional probability of repairable external failure

A similar reasoning as above can be made for the external fail-
ures. Thus, the conditional probability of repairable external failure
is the probability that the system is working on at the beginning
of a certain time v, and a repairable external failure on the on-
line unit and r warm standby units fail at that moment (an inter-
nal non-repairable failure does not occur). This probability is given
by

K-1
g}clire = ZI{rSK—k—l}pgtjl [(en - Tgr) ® L? ® e]pr(l - p)K—k—r—].
k=0

5.3.4. Conditional probability of non-repairable external failure

The conditional probability of non-repairable external failure is
the probability that the system is working on at the beginning of a
certain time v, and a non-repairable external failure on the online
unit and r warm standby units fail at that moment (any internal
failure can occur). This probability is given by

K-1

e e = Zl{rgK—k—]}p;::] [en oL, ® e] pr(1-p)rt,
k=0

The conditional probability of external failure is achieved by
adding both measures above.

5.3.5. Conditional probability of major inspection

The conditional probability of major inspection is the proba-
bility that the system is working on at the beginning of a cer-
tain time v, and a major inspection occurs by producing pre-
ventive maintenance and r warm standby units fail (the online
unit does not undergo failures at that time.). This probability is
given by

K-2

Gom= k)Pl '[(en—T%) @ (e:—L°) @ e]p"(1—p)* .
k=0

5.4. Mean times

One interesting measure from economic and performance point
of view is the mean sojourn time. While the system is working on,
this one passes through several states, how long does it spend in
each macro-state up to a certain time?

5.4.1. Mean sojourn time in macro-state k up to a certain time

From the Markovian theory, it is well-known that the mean so-
journ mean time at any macro-state k up to time v can be worked
out as

v
vy =) phe.fork=0, 1, ... K ()
m=0

5.4.2. Mean working time of the repairpersons

The units of the system are partitioned between online and
warm standby, and the repair time of any one, when a repairable
failure occurs, depends on it. In this section we are interested
about the mean time that the repairpersons are working on units
that failed from the online place and from the standby up to a cer-
tain time.

5.4.3. Mean working time on standby repairable failures up to a
certain time

The mean time that the repairpersons are working on
standby repairable failures from the beginning up to time v is
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given by
v K
0
s‘;by = Z Zpgn’qu’ (4)
m=0 k=1

where @}/ is a column vector defined for k=1,..., K~1 as

qw(0.0, min{k.R} 0 0)e

nte3 Ry 6 lZ[ i(00...0.0)
1
i=0
min {k, R}
qw (0» 0, .0, l)ent53‘(k>R)“"R) ﬁth(“-‘)" 0.1)
=0 '
min {k, R}
qw (0, 0, ,0, Z)ent83"k>R) (k-R) ﬁzgi(n.o, ..02)
1
i=0
dw (07 0,....1, O)ent53'(’<>m(kim lZ[Z?i(n.o....l.O)
1
w i=0
q =
qw(0,0,...,1, 1)ents3'(’<>R)(k7R) lzlzgi(o.o..ul.n
1
i=0
qw(0,0,....1,2)e ) .
Ij-gynte (k=R) ] z?‘ ©0-12)
i=0
qw(2,2,...,2, Z)ent£3’(k>R)<"’R’ lzlzqi(z_z, 2.2)
i=0 !
0.0, R ,0,0)e
QW( ) 23K ] 10000
i=0
0,0, R .0, 1)e
CIW( s Uy ) 2r3(K-R-1) lZ[Z?i(o.o....oAl)
i=0
0.0, R ,02)e
QW( ) 23R ] 10002
i=0
0,0,...,1,0)e
qw(0,0,...,1,0) 23K-R-1) lZ[Zgi(o‘n.,..,m)
qv = =0
K = 0,0,....1,1)e
QW( , U, , 1 ) 2E3K-R-1) ]Z[Z(';i(o_n...,u)
1
i=0
0,0,....1,2)®e
QW( , U, s 1y ) ® 23K-R-1) ]Z[Zgl.((m. 12)
=0
2,2,...,2,2)e
qw( ) 2¢3K-R-1) ]Z[Zqi(n" 2.2)

} i
i=0

with K#R and for K=R,

qw (O, 0, R .0, O)etﬁzf’“o'o" 00)
i=0 !
R
qQw (0, 0, ,0, l)e[ lglzgi(o,g_ .0.1)
i=0 !

qw(0,0,...,1, O)etﬁ
i=0
qw(0.0..... 1, l)etﬁzf“‘”’“"”

i=0 5

qw(0,0,...,2, O)etﬁ

:(0.0.....1,0;
A )

=
=z
Il

:(0,0.....2,0;
£ )

qx(0,0,....2, 1)e ,
e

i=0

:(0,0,....2,1
Z;:,( )

qw(2,2,...,2, 2)et ]Z[Z?,v(z.z..v,.z.Z)
i=0

being the function ¢, (-)the number of types of failure w=0, w=1

or w=2, that are being repaired given in the corresponding se-

quence.

5.4.4. Mean working time on online repairable failures up to a
certain time

The mean time that the repairpersons are working on re-
pairable failures of online units from the beginning up to time v
is given by

v K
(;)nline = Z Zp?"qlz (5)

m=0 k=1

5.4.5. Working mean time on preventive maintenance up to a certain
time

The mean time that the repairpersons are working on preven-
tive maintenance from the beginning up to time v is given by

v K-1

Yom =D D PRG;- 6)

m=0 k=1

5.5. Mean number of events

The most general system that has been modelled, System I, is
subject to several types of events; repairable and non-repairable
failures and preventive maintenance. These events are happening
by time and it is interesting to analyse the mean number of these
ones up to a certain time.

Given a type of event, the mean number of occurrences up to
time v is worked out as

v
> P{event occurs at time m}.
m=1

These measures are calculated by considering the MMAP struc-
ture in the modelling.

Thus, the mean number of repairable failures of the online unit
up to a certain time v is

v
T}, =w) P"'Dle, (7)
m=1
where
K-1
D' = Y DAY,
r=0

Analogously, the mean number of non-repairable failures and
major revisions of the online unit up to a certain time v is equal
to these expressions respectively,

v v
Tye=w) P"'De and T}, =w ) P"'Dle, (8)
m=1 m=1
where
K-2 K-1
D = ZDB’ and D€ = ZDC’.
r=0 r=0

Finally, the mean number of warm standby units that fail up to
a certain time v is equal to

v K-1
sl;by —w Z Pm—] Z r[DOr + DAT + DBr + DCT]e. (9)
m=1 r=1
6. Rewards

When a complex system is going to be analysed, at least two
points must be taken into account: performing times and rewards.
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In this section we analyse the behaviour of the costs and benefits
associated to the system over time.

6.1. The cost vector

We assume two logical classes of rewards and costs: per unit of
time and due to events.

6.1.1. Rewards and costs per unit of time

While the system is operational, a gross profit is obtained
per unit of time. The mean gross profit per unit of time is de-
noted by B. Also, each unit produces an operational cost per unit
of time according to the type of unit. Each operational standby
unit produces a mean cost per unit of time equal to ¢; and
the online unit produces a cost depending to the operational
phase. The mean cost per unit of time produced by the on-
line unit and for each operational phase is given by the column
vector cg.

On the other hand, while a repairperson is working, a cost
is produced per unit of time, depending on the type of repair
(online unit, standby unit and preventive maintenance) and de-
pending on the repair phase in each case. Then, the mean cost
per unit of time when a unit is being repaired; type standby,
online unit or preventive maintenance is given by the column
vectors cry, cr; and cr, respectively. Finally, while the system
is not working, a mean loss equal to C is produced by unit of
time.

Different column vectors containing the mean net reward
per unit of time, depending on performing phase and on the
types of failures and on the number of units in the re-
pair facility is calculated. Next, the case system [ is devel-
oped in this section; it can be performed for the other systems
analogously.

6.1.2. Net profit associated to the state space
The profit vector containing the mean net profit per unit of
time associated to the macro-state EX is given by

(B— (K —1)cs)€ne — Co ® € k=0

(B—(K—k—1)cs)e

min K R) min (k)i )
e gty Y e A
e 3 :
te.3k-min(kR) ] 2% (0, MIN {k.R} o0

I

Qe .
te.3emntkhl [z 0, MIN{K R} o1
1

e .
0 te.3k-min (KR} ﬁz,“v (0, Min {k, R} 0.2)
}

e .
O e semnien 0 . min (k. R} 50
I

oe .
0® te.3e-mintin) ] 70 2, M {k, R} 50
o

e .
0 te-3k-min (kR} ]z[z,“v e.min{k,R} 50
1 .

—C.e k=K
t(23%) |)"’[R:K}

[P S
(r=x) R-ig=k) R-lipgy)! Rei-j-lig_
5 (lipei)! iy R k) (o+21) =K}

it (R=i—j—Iy | 0172
i=0 = i i-lir=ky

and the cost vector containing the mean cost per unit of time de-
pending on the type of repair associated to the macro-state E; __;
is given by

k _ ) .
ncil,...,ik = et(ng)l(k#’() ®Cr, ©---0 crlmin{k.R)’
where given two column vectors v and w, with order a and b re-
spectively, then v ® wis defined asvow=v®e, +e; ®w.

The mean cost per unit of time depending on the type of repair
associated to the macro-state EX is given by

k k k
(nco,o,...,o,O’ NCyo 01 M0 027 -+

k k k !,
NG, 200G, 210 ncz,z.“,,z,z) 10<k<K
nck =

k k k k k
(nco,o,....o‘Ov NCo .01 MCo,..1.00 MC00,...1,1- M0, 2,00

k k k "
NCyo 21 ----MNG5 20 ncz,z,...,2,1) k=K

For the case k units in the repair facility the global net column
cost vector is built as ¢® = nr? and ¢k = nr¥ —nck for k=1,... K.

Finally, the global net column profit vector by considering the
state space given in Section 1 is built as ¢ = (c?, ..., cX)’.

6.1.3. Fixed costs per event

The complex system, described in this work, is subject to sev-
eral events; repairable failures of the online, repairable failures of
the standby units, preventive maintenance and non repairable fail-
ure of the online unit. Each time that an event occurs, a mean
fixed cost is produced due to several reasons such as materials,
new units, etc. We introduce in the model these costs as

fcs: mean fixed cost due to one repairable failure of one standby
unit

fco: mean fixed cost due to one repairable failure of the online
unit

fcpm: mean fixed cost due to one preventive maintenance

fenr: mean cost of a new unit

6.2. Reward measures

Different reward measures can be defined from the vectors de-
scribed above. The costs and profit per unit of time are given by
the following expressions.

Mean net profit up to time v

v K-1

@y, =>" > ppnrk, (10)

m=0 k=0
Mean cost due to corrective repair of standby units up to time v

v K
v m k,0
®y =) ) Py -me (11)
m=0 k=1
where
k.w k.w k.w
(mco,o....,o,o’ mcy, 01 MCqg 025 -+
kw k.w k.w /.
mey; 20 MGH 51 mcz,z....,z,z) :0<k<K
kw _ k,w k,w k.w kw
mes = (mco,o.,..,o.Ov meyg o1 MCyo 1,0 Mg 11
k.w k.w k.w k.w /,
meyy 20 MCyo 2q:---- MGG 5o mcz.z,...,z.l) ;
k=K
bein, mcY . —e ca’o---ocr where o =
g (S nte ® Ih © © min{k,R} type

Cryypeif type=w and crg’,pe = Oztypeotherwise for w=0, 1, 2.
Mean cost due to corrective repair of online units up to time v

v K

0= pji-mc (12)

m=0 k=1

Mean cost due to preventive maintenance up to time v

v K
py=Y_ Y pp-mc2 (13)

m=0 k=1
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Table 2

Time distributions for the online unit, times between shocks and inspections.

Lifetime distribution online unit

Time distribution between two
external shocks

Time distribution between two
consecutive inspections

o = (1,0,0)
y=(1.0) n=(1.0)
0.995 0.005 0
0.987 0.006 0.8 0.1
T= 0 0.95 0.05 L= M=
0.995 0.0005 0.5 0.4
0 0 0.95
Table 3 1% T T T T T T T T T
Time distributions for corrective repairs and preventive maintenance. @Q O with PM
09} i H
Corrective repair Corrective repair Preventive maintenance 9O *  without PM
distribution warm distribution on line time distribution osk *20 i
standby unit unit ' '*'OO
*’0
L * O -
fo=(1.0) pr=01.0) pr=(1.0) = +0,
02 075 07 028 07 02 06} **000 -
So = S = Sy = = *, Oy
0.8 0.15 0.8 0.18 0.1 0.2 = ** Q,
o5} O, 4
© ** OO
@ * OO
o *4 (o)
04t *y, 00, .
The total net profit up to time v is worked out by adding costs *4 Oy
. o 03 *'*,*_ OQ:)
produced by the events. It is worked out from (7)-(9) and it is r ey }
4,
equal to ool F op, |
F b
O = O}~ O — DY — DY, — (14 Th) fom .l Hetrppg]
-TIy, - feo— Fs”tby - fes — F;m - fcom.
. D 1 1 1 1 1 1 1 1
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profit generated by the online unit while the system is working Time % 10°

on, whereas the mean total net profit, ®", includes profit and costs
due to repair and preventive maintenance.

7. Numerical example

We assume a system with 4 units, the online one and the rest
in warm standby, and 2 repairpersons. The objective of this study
is to analyse the effectiveness of preventive maintenance in the
behaviour of the reliability system. It is going to be studied by
comparing some reliability measures by considering the system I
(with preventive maintenance) and IIl (without preventive mainte-
nance) described in Section 4. The lifetime distribution for the on-
line unit, the time distributions between two external shocks and
two inspections, the preventive maintenance time distribution and
the repair time distributions according to the types of failures are
given in Tables 2 and 3. Any standby unit can undergo a repairable
failure at any moment with probability p = 0.001.

The internal behaviour of the online unit is composed of three
phases (good, fair, poor). These phases are disposed consecutively.
The mean time in each phase is equal to 200, 20 and 20 respec-
tively; therefore the mean time up to internal failure is 240 units
of time. The inspections over this unit occur randomly with a mean
time between two consecutive inspections equal to 10 units of
time. In this case, the online unit is inspected and if phase one
or two is observed then the unit continues working. Therefore, if
phase three (poor) is observed then the unit goes to repair facility
for preventive maintenance. The online unit is subject to external
shocks. The mean time between two consecutive shocks is equal
to 143.16 units of time.

On the other hand, the mean corrective and preventive main-
tenance time depends on the type of corrective repair. We assume
that the mean corrective repair time for the online unit is higher
than preventive maintenance. The mean time for corrective repair
of the online unit is equal to 50 units of time whereas that the
mean preventive maintenance time is 10 unit of time. Preventive
maintenance is important to improve the reliability of the system.

Fig. 3. Reliability function for system I (with preventive maintenance) and system
IIl (without preventive maintenance).

Finally, the mean corrective repair time for any standby unit is
equal to 20 units of time. This failure type is more important than
preventive maintenance but not such as the failure of the online
unit.

When the online unit fails, this one is repairable with proba-
bility 0.8 and non repairable with probability 0.2. The column vec-
tors that determine the type of failures for the external shocks are
given by

0.005 0.002
L?:( )andL2r=< )
0.0035 0.001

Thus, when one external shock occurs then it is repairable with
probability 0.7145 and non-repairable with probability 0.2855.

This system has been compared with and without preventive
maintenance. We assume that the initial vector of the system is
built by considering new units, new operational times and, given
that the events that produces external shocks occurs consecutively,
independently of the rest of the system, the stationary distribu-
tion of the time between external shocks is considered. The relia-
bility functions have been built and plotted from Section 5.2. Fig. 3
shows the reliability functions in both cases.

We can see that the reliability function for the system with
preventive maintenance is higher than the case without preven-
tive maintenance. The mean time up to no operational unit by first
time is equal to 28,166.16 and 22,619.54 for the system with and
without preventive maintenance respectively.

Some measures associated to both systems have been compared
to analyse the effectiveness of preventive maintenance. Firstly, the
mean sojourn time in each macro-state has been calculated in sev-
eral times from (3). It is shown in Table 4 where we can observe
that if preventive maintenance is considered, the mean time with
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Table 4
Mean sojourn time in each macro-state for the system with preventive maintenance
and without preventive maintenance (in parentheses).

Time (v) ¥ 2% 12 vy vy

50 44,0332 6.4482 0.4903 0.0272 0.0010
(442065)  (6.2963) (04710)  (0.0252)  (0.0010)

100 80.7078 18.1054 1.9967 0.1782 0.0118
(801987)  (18.5224)  (20878)  (04791)  (0.0121)

1000 691.0202 260.3024 42.4224 6.4413 0.8136
(6542809)  (2859510)  (51.8471)  (7.8756)  (1.0455)

5000 3396.1893 1340.9278 224.2753 35.0539 45537
(3194.7798)  (1480.2687) (276.7143) (43.3207) (5.9165)

10,000 6777.6506 2691.7096 451.5914 70.8196 9.2288
(6370.4034) (2973.1659) (557.7984) (87.6271) (12.0052)

all units being operational is higher, whereas the mean time with
units in the repair facility is lower.

It is also very interesting to analyse the mean time that the re-
pairman is working by considering the different types of failures
and preventive maintenance up to a certain time. These measures
have been worked out from (4)-(6) and they are given in Table 5
for both systems.

In Table 5 we can observe that the repairpersons work more
time in units that had an online repairable failure when preventive
maintenance was not introduced. Thus, if the case up to 20,000
units of time is considered, the mean time working in online failed
units increases a 27.07 percent when preventive maintenance is
not taken into account. In this same case, the mean time that the
repairpersons are occupied increases a 14.24 percent when preven-
tive maintenance is not applied. This fact is very important from an
economic standpoint.

Finally, preventive maintenance avoids the failure of the online
unit. Therefore, it is interesting to compare the mean number of
events occurred up to a certain time between both systems, with
and without preventive maintenance. These events are repairable
and non-repairable failures of the online unit, repairable failures of
the warms standby units and major revisions for preventive main-
tenance. These measures are worked out by considering the results
given in (7)-(9). They are compared in Table 6.

From Table 6 we can observe that the mean number of events
up to any time on the online unit is lower when preventive main-
tenance is considered. This fact is essential when high costs are
presented when a failure happens.

7.1. Costs
The behaviour of the system has been analysed from the per-

formance point of view, but is preventive maintenance profitable
from an economic standpoint? This question is answered by intro-

Table 5

Table 6

Mean number of events (repairable and non-repairable failures
of the online unit, major revisions inspected and standby fail-
ures) for both systems (without preventive maintenance be-
tween parentheses) up to a certain time.

Time (v) T ry. r, T,

50 52458 1.9690 20260 23325
(65267)  (22911)  (-) (2.2929)

100 5.5456 2.0814 21463 2.4674
(6.8996)  (24218)  (-) (2.4270)

1000 109580  4.1070 43315 48232
(13.7397)  (4.8065)  (-) (4.7340)

5000 35.0131 13.1095 140426 152818
(441394)  (15.4043)  (-) (14.9690)

10,000 65.0820 243626 261814 283551
(821390)  (28.6516) (-) (27.7627)

ducing costs and rewards associated to the evolution of the system
according Section 6. The following assumptions are considered.

While the system is working a profit equal to B=5 and differ-
ent costs per unit of time are produced. If the online unit is at
degradation level 1, 2, or 3, then a cost of 0.5, 1 and 2, respec-
tively, per unit of time is produced while it is working. Each warm
standby unit produces a mean cost per unit of time equal to 0.25.
The units can fail, and in this case they go to the repair facility.
The repairman can be working in different situations; with a unit
that failed from online, standby or preventive maintenance. In each
case the cost per unit of time is equal to 1.5, 1 and 0.25, respec-
tively. Of course, while the system is not working (all units in the
repair facility), this one is having a loss per unit of time equal to
C=4.

When a failure occurs, a mean fixed cost is produced due to
several causes such as new pieces. These ones have a mean cost
equal to 1 for any type of failure. Finally, a new unit has a cost
equal to 500.

The cost vector and the measures given in (10)-(13) have been
worked out. The results are compared for system [ (with pre-
ventive maintenance) and system III (without preventive mainte-
nance). These measures are given in Table 7.

A comparison from Table 7 can be performed. The net profit
due to performance of the system and performing costs are given
by &), and we can observe that preventive maintenance is prof-
itable if any time is considered. Regarding costs, these ones pro-
duced by the repairable online failures are higher when preventive
maintenance is not considered. Also, we can achieve that the cost
due to preventive maintenance is negligible in this case. In this
way, the last column show that the total net profit up to a certain
time is greater when preventive maintenance is included. Preven-
tive maintenance avoids repairable and non repairable failures of
the online unit, and this fact avoids great costs.

Mean sojourn time working the repairman in each type of task for the system with preventive maintenance and without preventive maintenance (in parentheses).

Time (v) S”tby VYo ine 'ﬁ}’m One idle repairperson time  Two idle repairpersons time  Mean time repairpersons are working
50 1.8671 5.1048 0.5119 6.4482 44.0332 7.4854
(1.8695) (5.4213) (=) (6.2963) (44.2065) (7.2907)
100 4.5262 16.2622 1.6702 18.1054 80.7078 22.4790
(4.5207) (18.5596) (=) (18.5224) (80.1987) (23.0802)
1000 51.6561 282.9543 23.5147 260.3024 691.0202 359.6572
(50.6816) (356.8056) (=) (285.9510) (654.2809) (407.4872)
5000 260.8283 1478.6434 120.6253 1340.9278 3396.1893 1868.6936
(255.3816) (1876.7901)  (-) (1480.2687) (3194.7798) (2132.1717)
10,000 522.2936 2973.2548 242.0134 2691.7096 6777.6506 3754.9892
(511.2566) (3776.7708)  (-) (2973.1659) (6370.4034) (4288.0273)
20,000 1045.2242 5962.4775 484.7898  5393.2731 13,540.5733 7527.5803
(1023.0066)  (7576.7321)  (-) (5958.9602) (12,721.6506) (8599.7386)
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Table 7 where
Mean costs and mean total net profit up to a certain time for both systems (without
preventive maintenance, system V, between parentheses). Dﬁ: =0ifk>Il+r+1ork<Il+1+r—min {17 R} orl
Time (v) @, oY @Y oy, oY >K-rork=K.
50 3309.4282 444795 356.3679 4.9566 1409.5055
(3270.5373)  (43.7009)  (444.7389) (-) (1127.7113) ) ) )
100 34967787 471386 3731322 52462 15204228 D, (i1, ... i) =Hoo, @ B @ 2 @ - @ Binnirsin;
(34553723)  (463520)  (464.4464) (-) (1224.3234)
1000 6880.7683 94.2686 775.4378 10.7073  3426.7550 r=0,....K-2
(6797.0484)  (92.5130)  (971.8153)  (-) (2811.0140) =2
5000 21,922.0615 303.4408 2579.5683 349850 11,884.9822 .
(21,651.0168)  (297.2130)  (3251.7921) (-) (9840.7618) is=0;s=2,....r+1
10,000 40,723.6780 564.9060 4834.7315 65.3320 22,457.7663
(40,218.4774)  (553.0880) (6101.7631) (-) (18,627.9466)

Forr=0,..., K-2;1=1,..., K—-r—-1;

. a=max{0,!/ +r+2—K},...,min{l, R},
8. Conclusions . .
g1 =2,01qs=0;5=2,...,1,

When we wish to model a complex reliability system in order andig_qys = jressS=1,..., [ = Rifl > R,
to analyse its evolution over time, it is essential to express this
modelling and its associated measures in a well-structured form.
In .this paper, E.i complexi model with an i.nde.terminate number Qf Dﬁ?+r+l—a(i1’ oAl t—as J1s o5 J1)
units and repairpersons is developed. Derivative systems from this
one have also been modelled, examining Markov models by means
of a marked, batch-arrival Markovian process. Redundancy is incor- @i @ Bi-arz @ ... @ Bimnitirsi-an;
porated into the system, where the online unit is subject to inter-
nal failures, which may or may not be repairable, and to external =

H2,l,r®B(lsa; i], ...,l.l,a;j1, ...,j,)

min{l+r+1—-a,R}>1—-a+1

shocks. Preventive maintenance is carried out to improve system Hy @Bl a;iy, ..., a jir--os Ji):
reliability. The different types of corrective repair and the preven- )
tive maintenance performed all follow different time distributions min{l+r+1-aR} <l—-a+1

while the unit is in the repair facility. For this reason, the order of
the failures must be taken into account and saved in memory, in Matrix D
modelling the process.

The Markovian arrival processes examined are versatile and
provide an excellent tool for stochastic modelling. Any stochastic D = (chkr) k=0 K
counting process can be approximated arbitrarily by a sequence of o
Markovian arrival processes. We highlight the versatility of MAPs, where
and an.alyse several complex mode.ls with the .corre.spondi.ng mea- chkr —0ifk>I+rork<[+r—min{LR)orl>K—r.
sures, in a well structured form using an algorithmic matrix struc-
ture.

In summary, in this study we model general reliability systems Dgg =Hs 0,
and associated measures to analyse the behaviour and effective-
ness of preventive maintenance, in an algorithmic and computa-
tional form. Costs are introduced into the system and a numerical Cr s . i ; i
example given to compare the performance and cost behaviour of Dor(_ll’ i) =H0, @1 @B @@ finen;
two similar multi-state reliability systems, with and without pre- i=0:s=1....r1
ventive maintenance, by means of the features presented in the r=1,....,K-1
proposed methodology.

Aomledsment DO (jr, .. ) =Hs o ®B(L L i jt) 31=1.2,...,R#K
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Df?+r-a(i]a ey il+r—c13 jl! ER ] jl)
Appendix Hs @ B(La; iy, ... igs J1. -5 1)
Matrix blocks of the transition probability matrix given in (2). QPBi-ent @ Bi-az @ ... @ Blmint-arr)

min{l—a+rR}>l—-a+1
Matrix DF" = { }

Hs , @B(La:iy, ... 0_q: ji, ... J1):

) - (Dﬁ{r)”{:0 min{l—a+rR} <l—a+1
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