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Abstract

A Markovian Arrival Process with Marked arrivals is used to model a discrete-time
complex warm standby multi-state system in a well-structured way. The online unit is
subject to internal failure, repairable or non-repairable, and/or external shocks. These
shocks can produce total failure, modification of the internal performance or cumulative
damage. To avoid serious damage and considerable financial loss, random inspection is
performed. Internal degradation and cumulative external damage are partitioned into
minor and major states. Both are inspected and if a major state is observed the unit is
sent to the repair facility for preventive maintenance. Each warm standby unit may
undergo a repairable failure at any time. Thus, three different time distributions are
applicable to the repairpersons: corrective repair for the online unit and the warm
standby units, and preventive maintenance. The repair facility is composed of multiple
and variable repairpersons. When a non-repairable failure occurs, the system continues
working with one less unit and the number of repairpersons may be modified. The
system continues working with fewer units as long as this is possible. Measures of
interest in the reliability field are calculated. Costs and rewards are included in the
model. A numerical example shows how the optimum system may be achieved,
according to the number of repairpersons and the preventive maintenance performed.
The model is built in an algorithmic form, which facilitates its computational
implementation.
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1. Introduction

Redundant systems and preventive maintenance, to improve overall reliability, prevent
system failures and reduce costs, are of considerable research interest. To avoid serious
damage and major financial losses, various reliability-enhancing methods can be
applied, such as redundancy and periodic maintenance. In this respect, cold, hot and
warm redundant standby and k-out-of-n systems were proposed. In a cold standby
system, the redundant units are not subject to failure before being put into full
operation, whereas in hot standby all units can fail at any time, with an identical pattern
of behaviour. In warm standby the units can fail at any time but at different rates. In the
first case, the redundant units are not exposed to wear, whereas in the second and third
the failure rate of redundant units is greater than zero. In a warm standby system, the
failure rate of a unit in online mode is usually higher than that of one in warm standby
mode.

Warm standby systems are commonly examined in reliability literature. Thus, Singh
(1989) used differential equations to model a system with multiple operating units, in
conjunction with warm standby units. Levitin et al. (2013) considered an optimal
standby element sequencing problem (SESP) for 1-out-of-N: G heterogeneous warm-
standby systems, seeking to determine the initiation sequence of the system elements
that would minimise the mission cost of the system. Li et al. (2016) studied a warm
standby repairable system in which the concept of vacation time in the repair facility
was included. A Markovian system with a Laplace transform was considered by
Sadeghi and Roghanian (2017) in the analysis of a warm standby repairable system that
incorporated an imperfect switching mechanism. Zhai et al. (2015) built a multi-valued
decision diagram to analyse a demand-based warm standby system, in which each
component had a nominal capacity and if the total capacity of the working components
did not correspond to the system, it would fail. Recently, Goel and Kumar (2018)
analysed a two-unit cold standby system, considering general distributions for the
embedded random variables. In another paper, the probability of mission success for an
arbitrary redundancy level was evaluated by Levitin et al. (2017). Other approaches
have been adopted by Wang et al. (2018) who studied a redundancy allocation problem
for cold-standby systems with degrading components, and by Jia et al. (2017), who
considered a general demand-based warm standby system subject to a component

degradation process.



Preventive maintenance is intended to improve system reliability and thus increase
the benefits produced. This question was discussed by Osaki and Asakura (1970),
regarding the behaviour of a two-unit standby redundant system. Maintenance policies
for reliability systems have also been addressed by Nakagawa (2005). Zhong and Jin
(2014) analyzed, using semi-Markovian processes, a cold standby two-component
system with preventive maintenance. Redundant systems with preventive maintenance
were also described by Ruiz-Castro (2013, 2014). Finally, Qiu et al. (2018) developed
reliability and maintenance models for a single-unit system subject to hard failures

within an environment of random external shocks.
1.1. Multi-state systems (MSS)

A system that has a finite number of performance levels and various failure modes with
different effects on the entire system performance is called a multi-state system (MSS).
This concept was first discussed by Murchland (1975), and the question of MSS
reliability has since been developed extensively. Important early achievements (up to
the mid-1980s) have been reviewed by Natvig (1985) and by EI-Neweihi and Proschan
(1984), and Lisnianski et al. (2010) performed a comprehensive analysis of MSS. These
systems can also be studied using Markov and semi-Markov models (Ruiz-Castro and
Dawabsha (2018), Li et al. (2017), Peng et al. (2017)). In this field, Ruiz-Castro (2016b)
analysed a complex multi-state system, based on Markov counting and reward
processes. Lisnianski and Frenkel (2012), too, have used Markov processes to analyse
MSS, reporting favourably on this approach. Finally in this regard, Yu et al. (2018)
presented a continuous-time Markov process-based model for evaluating

time-dependent reliability indices of multi-state degraded systems.
1.2. Phase-type distributions (PH) and Markovian Arrival Processes (MAP)

For reliability, several distributions are frequently used, including the exponential,
Erlang and Weibull distributions. However, the latter involves calculations that may
become unmanageable, due to the analytic expression required. Phase-type distributions
(PH) play an important role in this respect. This class of distribution was introduced by
Neuts (1975), and subsequently described in greater detail by the same author, Neuts
(1981); it has been applied in fields such as reliability and queuing theory. Phase-type
distributions have been modelled using multiply-redundant MSS (Ruiz-Castro and Li
(2011)).



A Markovian Arrival Process (MAP) is a counting process where PH distributions
play an important role. Neuts (1979) introduced them and Artalejo et al. (2010)
provided a comprehensive review on MAPs. MAPs are used to model MSS in a well-
structured form and count events associated with the system both algorithmically and
computationally. A special case of this process is that of the Marked MAP, which
enables several types of arrivals to be counted. The arrival rates (or probabilities for the
discrete case) of events can be customised for different situations. Important results
associated with MAPs were presented recently by He (2014) and Alfa (2016). These
studies develop MAP theory in an intuitive way, observing that MAPs with marked
arrivals, or MMAPs, are an extension of MAPs when marked arrivals occur. This
approach is of interest in fields such as telecommunications. Many reliability systems
have inputs to the system over time, such as a repairable failure, a non-repairable
failure, inspections or an external shock. In this respect, Ruiz-Castro (2016a, 2016b)

used a MMAP to analyse redundant standby systems.
1.3. Discrete time systems

Most reliability models discussed in the literature have been considered in continuous
time. However, discrete time should also be taken into account due to the way in which
certain systems perform or because some events, such as periodic inspections, only
occur in discrete time. The behaviour of devices in fields such as civil and aeronautical
engineering was analysed through reliability systems that evolve in discrete time. Thus,
Shatnawi (2016) used them in software reliability engineering. Discrete time systems
have been modelled by using semi-Markov processes (Barbu and Limnios (2008);
Georgiadis and Limnios (2014)), and redundant Markovian MSS (Li et al. (2017); Ruiz-
Castro and Li (2011)).

1.4. Multiple and variable repairpersons

In reliability literature, the repair facility is usually composed of a single repairperson,
when systems are subject to repairable failures and/or preventive maintenance.
However, this assumption is not always realistic and it would also be useful to model
systems with multiple and variable repairpersons over time. Recently, Ruiz-Castro et al.
(2018) modelled multi-state complex cold standby systems subject to multiple events
with loss of units with a variable number of repairpersons. This study showed that the



optimum system obtained depended on the number of repairpersons available and on

the preventive maintenance performed.

It is normally assumed that when a system unit undergoes a non-repairable failure it
is replaced by a new one within a negligible time. This assumption, however, is not
always realistic. Another setting considered is that of redundant systems, in which a unit
that undergoes a non-repairable failure is not replaced as long as the system remains
operational. This situation has been analysed for different redundant multi-state systems
(Ruiz-Castro (2018), Ruiz-Castro and Fernandez-Villodre (2012), Ruiz-Castro et al.
(2018)).

1.5. Main differences between cold and warm standby system: main contributions

In the present paper, we develop a complex redundant MSS that evolves in discrete
time, in a well-structured way, using MAPs with Marked arrivals (MMAPSs), thus
extending the system given by Ruiz-Castro et al. (2018) to the warm standby case. Here,
the online unit is subject to similar events but in addition failures may occur in the
standby units. This new system is not an immediate consequence of the cold standby
system (Ruiz-Castro et al. (2018)). It has the following main features and contributions:
a) a lifetime distribution is introduced for warm standby units. In consequence, the
complex behaviour of warm standby units is modelled. The lifetime of each warm
standby unit follows a geometric distribution; b) new measures associated with warm
standby units, such as the expected duration of working in warm standby and the
expected number of warm standby failures, are obtained; c) a different corrective repair
time distribution for the warm standby units is considered, such that three different
types of tasks may be required of the repairpersons. Therefore, the modelling of the
repair facility has been extended, as has the state-space; d) rewards and costs are
introduced in this new model, according to the operational phases, number of repairable
failures from warm standby and from the online unit, and the different types of repair
performed. The expected cost from corrective repair of a unit that failed from warm
standby is taken into account; e) when warm standby units are considered, multiple
units may fail simultaneously. The system is modelled assuming that both the online
unit and one or more of the warm standby units can fail simultaneously; f) a new
MMAP is constructed and measures of warm standby failures are recorded. The

structure of this new MMAP is totally different from the cold case; with new transitions



between macro-states given that multiple failures can occur simultaneously and a new
type of repair for units that failed from warm standby units. The new transition
probabilities are built from the MMAP according to the new state space; g) a numerical
example extends the cold standby case to that of warm standby and a new optimum
system is obtained, depending on the number of repairpersons available and the

preventive maintenance performed.

As in the cold standby case, a variable number of repairpersons is considered. The
MMAP built for the warm standby system is completely different from that used in the
cold case. The state-space is different and so, therefore, are the transition probabilities.
The lifetime of each warm standby unit is included in the model and consequently new
events, such as the failure of a warm standby unit, are considered. Multiple
interdependent time distributions are embedded in the system (covering events such as
internal failure, external shock, inspection time, corrective repair time and preventive
maintenance) and multiple events can occur simultaneously. This fact complicates the
modelling and makes the algorithm much more necessary. MMAPSs enable us to model
complex systems in a matrix-algorithmic way. All of these distributions are embedded

in the proposed MMAP, which contains the interdependence of these distributions.
1.6. Some application examples

In the present paper, we present and discuss a real life system. In computer engineering,
the backup server is periodically inspected by an installed monitoring program that
analyses logic and physics parameters to detect possible errors arising from internal
and/or external events. Data are regularly mirrored and replicated to all warm servers
using disk-based replication or shared disks. In industrial engineering, any facility that
requires a reliable electrical supply must have available generating sets capable of
generating electricity in case of need. For instance, the power station of a ship consists
of three generator sets. During cruising and berthing, the power station normally keeps
one generator set for power supply, and another two in standby state. In civil
engineering, in a fluid transfer system, if a valve fails to operate, the pump can be
disabled and the system shut down. Warm redundancy systems, thus, are designed to
prevent absolute, fatal failure.

The paper has the following organization. Section 2 is focused in the system, it is

described and assumptions are given. In Section 3 the state-space is built, the modelling
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of the online and warm standby units and the repair facility is developed and The
MMAP is constructed. Section 4 is focused on building interesting measures in transient
and stationary regime. The mean number of events is then calculated. Rewards are
introduced in Section 5. A numerical example illustrates the versatility of the model,
and the optimum system is obtained in Section 6. Finally, the main conclusions drawn

from this study are presented in Section 7.

2. Describing the system: Assumptions

In this paper, we consider a complex warm standby system composed of K units, one of
which is online, while the remainder are in warm standby. Warm standby units are
expected to operate in warm standby mode for a period of time until failure, until the on
line unit enters a failure state or until a major damage stage is inspected. At this point, a
warm standby unit enters online mode, replacing the faulty unit. The online unit
has features similar to those of the online unit described in Ruiz-Castro et al. (2018).
Thus, it is a multi-state unit partitioned between major and minor damage, which is
subject to internal failure, repairable or not, and/or external shocks, and is inspected at
random intervals. The internal operational time is PH distributed with representation

(a,T) and two types of internal failure may occur, repairable or non-repairable.
Whenever a repairable failure occurs, the unit is sent to the repair facility. The internal
repair time distribution is PH with representation (Bl,Sl) :

When a non-repairable failure occurs, the online unit is removed and the number of
repairpersons may be modified. In this system, therefore, units may be lost and the
number of repairpersons is variable.

The time distribution between two consecutive external shocks is PH distributed with

representation (y,L). External shocks may produce multiple consequences, including

total failure, altered internal performance or cumulative external damage. The
cumulative external damage is also differentiated into minor and major states. The
transition probability matrix for the transitions between external damage states is
denoted by D (initially the state is one, no damage). When the cumulative external
damage reaches a given threshold, a non-repairable failure occurs. The cumulative

external damage may increase each time that an external shock occurs and total failure

occurs after an external shock with a probability equal to ®°. After an external shock,



the internal behaviour of the online unit may also be altered. This probability is
governed by the matrix W.
Random inspections are conducted, during which the internal behaviour and the

cumulative external damage of the online unit are observed. The time between two

consecutive inspections is PH distributed with representation (n,M). Whenever major
damage (internal and/or external) is observed, preventive maintenance is carried out.
Preventive maintenance time is PH distributed with representation (BZ,SZ). At any

time, one or more of the warm standby units may undergo a repairable failure with a
probability equal to p and multiple events can occur simultaneously.

The system verifies the assumptions (1-12) given for the online unit of the cold
standby system described in Ruiz-Castro et al. (2018) and commented above. In this
work the system incorporates the following three assumptions associated to the warm
standby units.

Assumption (a). Each warm standby unit may undergo a repairable failure at any time
with a probability equal to p.

Assumption (b). The distribution of the corrective repair time for a unit that failed from
warm standby is phase-type with representation([i(’,so). The number of corrective
repair phases in this case is equal to z.

Assumption (c). Multiple failures may occur simultaneously. The priority in the repair

facility is the following: corrective repair for the online unit, preventive maintenance

and corrective repair for warm standby units.

Figure 1 shows the general behaviour of the system.
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Figure 1. General behaviour of the system

3 The model

To model this complex system several steps are given in this section. Firstly, the online
unit, the warm standby units and the repair facility are modelled, algorithmically and
computationally. Then, it will be used to model the system through a Marked
Markovian Arrival Process (MMAP).

3.1. The state-space
The system is governed by a discrete Markov process vector with the following state-

space. The state-space of the system has three levels of nested macro-states and is given

by S={U*,U""*... U}, where U is the third level that contains the phases when
there are k units in the system, for k =1,..., K. The second level of macro-states is given
by U ={E'§,,E§,...,Et}. The macro-state E! is composed of the phases when the

number of the units in the system is k and s of them are non-operational (in the repair
facility). The Figure 2 shows the transition diagram for this macro-state. There are three

different types of actions by repairpersons, corrective for online and warm standby units



and preventive maintenance. All of them must be saved in memory in order to be
addressed. Thus, the macro-state E! is composed of the macro-states Et, (first level),

k units in the system of which s are in the repair facility. The ordered sequence iy, ... . is
indicate the types of repair where i, is equal to 0 (the unit comes from warm standby), 1
(the unit comes from online place) or 2 (preventive maintenance). The description of the

macro-states can be seen in Ruiz-Castro et al. (2018). The phase

(k,s;i, jumr,...r ) indicates:

1 'min{s,Ry }

k: units in the system

= Ry repairpersons when there are k units in the system

* s units in the repair facility

= . internal performance phase

= j: external shock phase

= u: cumulative damage phase

= m: phase of the inspection phase

* rp. corrective repair/preventive maintenance phase for the h-th unit being

repaired

Although the state-spaces of cold and warm standby systems are similar, the possible
transitions are different because of, in the first case, at most only one failure can occur

at a certain time. If the cold standby system is considered, the only transitions from

macro-state EX (k units in the system, s of them in the repair facility) is to E

s—min{s,R,}

E EX, and to E¥? ET , EX™. Given that multiple failures

s—min{s,R }+1°° "% s+l s—min{s,R,} ' —s—min{s,R }+1°°"*
can occur for the warm standby case, the possible transitions between macro-states are

more complex. . The Figure 2 shows the transition diagram from macro-state EX .
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3.2. The online unit

The online unit may undergo the following types of event; repairable failure, non-
repairable failure or major inspection, whether or not an external shock occurs. We
denote them as,

A1 Internal repairable failure because of wearing out (rep, 1)

A, Internal repairable failure as a consequence of an external shock (rep, 2)

Bi1: Major revision 1 (only major internal damage observed) (mr, 1)

B.: Major revision 2 (only major external damage observed) (mr, 2)

Bs: Major revision 3 (internal and external damage observed) (mr, 3)

C1: Non-repairable failure because of wearing out (nrep, 1)

C,: Non-repairable failure as a consequence of an external shock (nrep, 2)

O: No events (0)

These events are interdependent and the dependency relationship is embedded in the
model. Ruiz-Castro and Dawabsha (2019) describe the dependence relationship between

the events in a discrete general MMAP.

The case B; is developed in detail in this subsection. The rest is given in Appendix A.

B;1: Major revision in response to major internal damage

11



L A major revision is always performed after an inspection (Mon), whether or not there

has been an external shock. In this case, the event is only counted when major internal
damage is observed.

Auxiliary matrices V and U are constructed to identify cumulative external damage
and internal degradation, respectively. Subscript 1 or 2 indicates the type of damage
observed, minor or major, respectively. These matrices are

1 ; 1<s=t<n 1 ; s=t>n
U.(st) . T Uy(sit) . .
0 :; otherwise 0 : otherwise

1 ; 1<s=t<d, 1 ; s=t>d,
Vi(s,t)q o Vy(sit)g .
0 : otherwise 0 : otherwise.

Thus, two possibilities may arise
= Inspection reveals major internal damage but no internal failure (Uz(e—To)a);
there is no external shock (L) and inspection reveals minor cumulative external
damage (Veo). Then,
Uz(e—TO)a®L®Vle(o.
e An external shock occurs (Loy), which may worsen the internal behaviour of

the online unit but without provoking failure (TWea). The external shock may

provoke cumulative external damage without failure (Dew(l—a)o)) . Inspection

reveals only major internal damage. Then, for this case,
U,TWea ® L’y ® V,Dewr(1-o°).
Therefore, for this case, the transition for the online unit is given by

Ho.= [Uz (e—TO)(x@L ®V,em+U,TWea ® Ly ®V1Dem<1— o’ )}@Mon :

3.3. Warm standby system

In this section we now introduce warm standby units into the model. In a cold standby
system only one unit can fail at a certain time, however in this new system, multiple
warm standby units may fail simultaneously at a certain time. To model the failures of

these warm standby units with that of the online unit a new matrix function is built.

! Throughout the paper, given a matrix A the column vector A° is equal to e-Ae where e is a column
vector of 1's with appropriate order. If e has the subscript r, the order of this vector is r

12



If wr indicates the number of standby units which are in a fail state at a certain time,

k is the number of units in the systems (I of them in the repair facility), then the number

k—1-1
of possible combinations for this number of failures is given by ( wr ]

The probability of having r failed standby units is ( j P (1-p) .

Wwr

Therefore, if the online unit is introduced, the following transition matrix for the
online and warm standby units is defined by considering the different types of events

K—1-1 e
Hk,c,,,wr=( r ]p””(l— p)" " H,,

| =0,..., k-1; r <k-I-1, where ¢ = {0, (rep,1), (rep,2), (mr,1), (mr,2), (mr,3), (nrep,1),
(nrep,2)}.

The matrix Hi ¢, wr cOntains the transition probabilities when:
e the system has k units
e | units are non-operational
e wr warm standby units break down at the next time point
e the online unit goes to situation c.

This matrix for the case, the online unit is broken and wr = k-1-1 is

Hy o =P H,, forc={(rep,1), (rep,2), mr, (nrep,1), (nrep,2) }.

3.4. Repair facility

Our aim in this section is to model the repair facility with multiple repairpersons, using
various matrix auxiliary functions for this purpose. New functions and transitions for
the repair facility are developed by considering that a new type of corrective repair is
introduced for the failures from warm standby units. The MMAP that governs the
system is built. The matrix blocks of this counting Markov process contain new
transition probability matrices given that new transitions between macro-states can

occur in the warm standby system.
3.4.1. Auxiliary functions

An interesting aspect of this situation is that if the number of repairpersons is fewer than

units remaining to be repaired after a transition (it is possible because of the number of

13



repairpersons can be modified after a non-repairable failure). If this fact occurs, the

number of units that will be returned to the queue is

2b:max{min{I,Rk}—a—l R, —| Rk,O},

{nr=1} {nr=0}

where nr is the indicatory value which is equal to 1 if a non-repairable failure occurs

and equal to 0 otherwise.

The following auxiliary matrix functions govern the behaviour of the units under

repair,

o C(k,Lab;ky,....K;iy, sl ymerwrs i Jy) - The output is the transition

probability matrix associated with the units that are being repaired (the order of

the repaired units is specified).

o B(k,L,a,b;iy,...,i\_s.;rswrs Ji--- i) - The response is the transition probability

matrix of the units that are being repaired (the order of repaired units is not

specified).
In these functions:
e aisthe number of units for which the repair process has concluded.
e ky denotes the ordinal of the h-th repairpersons who concluded the repair(s)

e iy and j, are the types of repair for the broken h-th unit, after and before the
transition (corrective warm standby, O, corrective online unit, 1, preventive

maintenance, 2).

e mris equal to 1 if the online unit goes to the repair facility at this transition and

0 otherwise.
These matrices are developed in Appendix B.
3.4.2. Transition for the repair facility

After a transition, the amount of new units (whether in the queue or not) that may enter
for repair depending on the number of repairpersons available before and after the

transition time (if one non-repairable failure has occurred) is

? The function I is the indicatory function where the output is 1 when the condition is true and zero
otherwise

14



e= min{max{l -R,,0}+mr +Wr,max{l{nr=l}Rk_1+ |y Re —min{Rk,I}+a,0}}.

If there are | units in repair facility and a of them are repaired for | >0 and a # |, then the

transition probability matrix is

E(k.1,a,b;iy, i gumesrs doreeos Jysmr,wr,nr) =

B(K, 1,05 i gomrsrs e By ) ®B™ 0 @ @B 550
B(K,La,b;i,, .. i omrswes Jio-0 1) ; ¢=0
0 ;. otherwise.
Ifl=0o0ra=1=0with | <Ry then
e Forl=a=0,mr=0andnr=0,1
s min{S, oy Rec+ ey R
E(k,l =0,a=0,b=0;0,...,0;mr=0,Wr=s,nr=0,1j= ooy p’® ®p° +l g

e Forl=a=0,mr=1andnr=0

E(k,l =0,a=0,b=0;i O,.?.,O;mrzl,wr:s,nrzo)

T 'mr!?

min{s'I{nr:O}RkJrl{nr:lle—l}
irar 0 ‘ 0
=B ®| 10| B°® ®B° [+1,y |

e Forl=a#0,mr=0andnr=0,1

E(k,l,azl,bzo;o,j.,o; | j,;mr:O,wr:s,nrzo,lj

min{S* I{nr:O} R JrI{nr:l} Rk—l}

=B(k,1,1,0; j,,.... j, ) ®p° ® Qp°,
e Forl=a=0,mr=1andnr=0
E(k,l,a=I,b:0;'m,,0,.f.,0; | jl;mr=1,wr=s,nr:0j

min{s' I{nr:o} Re+ I{nr:1} kal}

=B(k,1,1,0; j,,..., j, ) ® B ®B° ® Qp°.
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3.5. The MMAP
The system is modelled by a MMAP, according to the events given in Section 3.2. The
representation of this MMAP is ,

(p°,0*,D*,D* D% D% D% D% D" D) .
The events FC; and FC; are the events C; and C,, respectively, for the case only one
unit in the system.

The superscript in D" indicates the type of event that has occurred. This matrix is
composed of three matrix blocks levels. The last one corresponds to the transitions
U*5U* or U*5U ™ and it is noted as DY ¥ In turn, the matrix D" * is composed of the
matrix blocks Dj.* which correspond to the transitions E; —E{ or Ef —E;™ (level 2).
Finally, several types of repair may take place. The matrices D) *are composed of
matrix blocks Dy (i,...,iy; J...., j;) for the transitions E{ . — E; ,or Ef . —

Ei', (level 1). This matrix block Dy*(i,...,i,; J....., j;) contains these transition

probabilities, where the type of failure in the repair facility is sequenced for the case
before and after transition. Case A, in which a repairable internal failure occurs without
any previous external shock, is described in the following section. Appendix C contains
the rest of the cases.

Matrix D**

We assume that the system has k units and one repairable failure occurs without a

previous external shock. The elements of the matrix D** for k = 1,..., K are given by

DA% =(Dp*)

where D™ =0 if h <I+1- min{l, R} or | = k.

e If the system is composed of k units, all of them operational, then the transition to h
units in the repair facility, for h = 1, ..., k, occurs because both the online and h-1

warm standby units undergo a repairable failure. Then,

h-1 .
Dglh’k (1’ 0,..., Oj = (Hk,(rep,l),O,h—lI{h<k} + Hk,(rep,l),o,h—ll{h:k})

h-1
® E(k,0,0,0;l,O,...,O;l, h-1, Oj.
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e If the system is composed of k units, | of them in the repair facility, wr warm
standby units fail, a units are repaired and the online unit is broken type repairable,
for 1I=1,... k—1; a=0,...,min{l, R}; wr = 0,..., k-1-1 with k > 1, then the transition

probability matrix is

wr
A Lk,wr H H . H _ '
DI,I+wr+1—a (Il' R Il—a’l7 0' R O! Jli seey JI j - ( Hk,(rep,l),l,wr I{wr<k—|—l or a>0} + Hk,(rep,l),l,wr I{wr:k—l—l and a=0} )

®E(k,l,a,o;il,...,i,_a,l,o,.vfr.,o; i j,;l,wr,Oj
Finally, for any number of warm standby failures,

min{k—h,min{I,Rk}}

D (s Jyoeeen i) = z D™ (s e ) -

a=max{0,I-h+1}

4. Measures

Several interesting reliability measures are worked out in this section. Firstly, the
transient and stationary distribution is obtained in a well-structured way. The results
have a similar structure to those developed in Ruiz-Castro et al. (2018), but in this case
taking into account the new MMAP for the warm standby system. New measures are
built, such as the expected time working on corrective repair from warm standby and
the expected number of warm standby failures up to a certain time and in the stationary

regime.

4.1. Transient and stationary distribution

The transition probability matrix associated to the system is given by
D=D°+D" +D"* +D* + D% + D% + D® + D% + D™ + D™ The transient distribution
is calculated as p” =0D", where 0 is the initial distribution of the system and we

denote as p7, to the probability of occupying the macro-state E¥ at time v. It can be

worked out from p”.

It is well-known that the stationary distribution, =, is built solving the balance
equations, w=xnD. It has been calculated by applying matrix analytic methods. The
stationary distribution for the macro-states E“and E! is denoted by =_ and L

respectively. The development to calculate the stationary distribution is given in

Appendix D.

17



4.2. Reliability measures

The availability, reliability, mean times and mean number of events for the complex
system are built in this section. These are calculated in transient and stationary regime.
The availability is the probability that the system is operational at time v. The reliability
can be defined in different ways for this system. One of them is the time up to first time
that the system is stopped (none operational unit) and other is the time up to first time
that the all units of the system undergoes a non-repairable failures and therefore it is
replaced by a new one. In both cases the time distribution is phase-type with

representation (6',D') and (6,D*). The initial vector 0' and D' are 6 and D
restricted to the macro-states EE fork =1,..., Kand s = 0,...,k—1, respectively. The

matrix D" is the matrix D with blocks D** = D°** =0,

The mean time in each macro-state up to a certain time has also been calculated.
From this measure, the mean operational time and the expected time that the
repairpersons are either idle or busy are worked out. These measures are given in Table
1.

Transient regime Stationary regime

(up to time v)

Availability K K

A(v):l—Zpékk~e Azl_ankk e
k=1 k=1
Mean time in E'; Ve, (v) B ip:k 0 Wi =T €
m=0
Mean time in E* k k
Ve (V) =2 v (V) Vi =D Wi
s=0 s=0
Mean operational K k-1 K k-1
time HUD (V):; OWK,S (V) uop :kz;z(;\vk,s
=] s=l =1 s=

k-1 K k-1

e (V)= 35 (R =min (R, 8) v, (v) | e s =35 (R ~min{R,.5}) v

k=1 s=0 k=1 s=0

Mean idle time

Kk

Housy (V) = ZK:Zk:min{Rkas}‘\Vk,s (V) Housy s = ZZmin{Rk , S} Wi

k=1 s=1

Mean busy time

Table 1. Some Measures associated to the system
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4.3. Expected time working on corrective repair from online, warm standby and
preventive repair

Three different types of repair can be carried out by the repairpersons: corrective repair
(units from warm standby and from online place) or preventive maintenance. The
expected time that all repairpersons are working on each type up to time v is given

respectively by

N

uwarmcorr

\_/
=
o
=
S
@
g
—~
<
N
Il
Nl
Mw
©
S 3
0
w x
—~—~
~
QD
>
o

Kk
2.2.Pe s

m=0 k=1 s=1 m=0 k=1 s=1

where g (0), qi(1)qs(1) and q5(2) are column vectors with the number of

repairpersons working on corrective repair for warm standby units, corrective repair for

online units and preventive maintenance respectively according to the macro-state EX .
The column vectors are

hsk (1) et(nds)l{s*k} 2,1 D)7, 950) min{s Ri-hE@)-¢5)

h(2)e

K t(nd)' 57K} 7% (2)7,85(2) minis Re-HE(0)-45(2)
(0)= .

2.3 4]

k(s _ S
h; (I N I{S:K} {5¢K}3 )et(nds)l{w; 2,"40) 8800, min{s Ri-1E i)-¢£(0)

k
dS (1)e (ndg) sk} Z hS 1)2 ds(l)z min{s,Ry |- hs (1)~ dsk(l}

k
dS ( 2) et(ndg)l{#k; Zohg(z}zldg(z)zzm'"{Ska}*hg(z)fdg(z)

A (i=1,2:37 41,8 e k

s t(nde)'is# Zoré‘(i)zldé‘(i)zzmin{s,Rk}fhsk(i)fds(i)
and

l)e
gs( ) t(nde) 54 Zohs“(l)Zldé‘(l mins, R }-hE (1)-d€ (1)
k

2
95 ( )et(ndg)l{wk; Zohsku)zlu&z)zzmin{sﬁk;—hsk(z>—ask<z>

k ( k-1 s
=1 02871, 3 )e ko
gs {s=K} {s=K} t(nds)”s*k} Zohé‘(.)zldsk(u)zzmm{s Re-h& (i)-a¥ (i)

being
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min{s,R, }
e h* i the i-th element of the vector 1 <s <k; h¥=|0|O O| 0 |®€ ey g
0 0
with
(1 1 1 1
) k k1 1
hkzl{k:RkiK} 00| 0 +I{k:Rk:K} 01000 O[oj
0 0 0 0
1 - 1 1 - 1
+I{K¢k>Rk} 010--0|0 ®e3k—Rk+|{K:k>Rk} 0/0--0|0 ®92_3kw71
0 0 0 0
0 min{s,R}
e d¥ i thei-thelement of the vector d* =| 1 |© O| 1 |®€ uun s With
0 0
(0 0 0 0
) k k-1 0
dk—l{k R #K) 10---0|1 +|{k:Rk:K} 10---0|1 O(lj
10 0 0 0
0 - 0 - 0
+I{K¢k>Rk} 1 OO 1 ®e3k7Rk +I{K:k>Rk} 1 OO 1 ®ez'3k7Rk4
0 0 0
min{s,R } 0
e g i thei-th element of the vector g¥ =| 0 |© O| 0| ®€ e With
1 1
(0 (0 0 . (O
gt I{k Re#K) 0/0--0|0 +I{k:Rk:K} 0/0---0| 0 |®e,
1 1 1 1
0 - 0 0 - 0
+I{K¢k>Rk} 0/0---0|0 ®e3k_Rk+I{K=k>Rk} 0|0--0|0|®e, qa
1 1 1 1
fork=1,..., Kand s=1,....k , where the operator © is defined as follows. Let a and b

1

be column vectors with order n and m respectively, then a©b=a®e_ +e, ®b.

In the stationary case they are

K

Hwarmeorr = Z

k=1 s=1

Kk
Honllnecorr Z Z TITE: s

k=1 s=1

T qS

20

K Kk

C Hom =22 o4 (2)

k=1 s=1



4.4. Expected number of events

The expected number of events up to time v is determined using the Markovian Arrival
Process with Marked arrivals obtained in Section 3.5. If the event considered is denoted
by Y then it is

A (v)= Zvlp“‘lDYe,
u=1

forY = Al,sz Bl, BZ, Ba, Cl, C FCl FCo..
This value in stationary regime is A" =aD"e.

4.4.1. Mean number of warm standby failures

The expected number of failures from warm standby units is given by
A (v)=2p"V,
u=1

where V is the column vector V=(V¥ V1 V2 VA VY, where
VE=(V5 V.0 V,,0,0)" fork=2,..., Kand V' = (0, 0)°. The column vector V) is
given by

k71+|iA1vA2vB1szE

V- ¥ >

¥=0.Cy,Cy A Ay By By h=l=min{l Re}+1+1 1y 0, 5, 551

min{k-h—L+14 p, g1 gy MIN{l R }}

(h—l+a—|

Y,k,h7|+a*|{A1,A2_Bl,Bz} .
‘{AilAlelle})Dlh ®

a:max{o,l—h+|{A1,A2,BlvBZ}}
forl=0,1, ..., k-2

In the stationary case it is given by A” = aV .

5. Net profit vector and total net profit
To analyze the effectiveness of the model from an economic point of view, costs and
rewards have been taken into account and from them a net profit vector associated to the

state-space is built. The following values have been introduced:

B: Gross profit per unit of time if the system is operational

Co: expected cost per unit of time depending on the operational phase if the system is
operational

cro. expected cost per unit of time for a unit that failed from online depending on the
repair phase
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cry: expected cost per unit of time for a unit that failed from warm standby depending
on the repair phase

cry: expected cost per unit of time for a unit that was observed with major damage
depending on the preventive maintenance phase

H: fixed cost for each repairperson per unit of time

C: loss per unit of time while the system is not operational

fcr: fixed cost each time that the online unit undergoes a repairable failure from the
online unit

fwr: fixed cost each time that the online unit undergoes a repairable failure from warm
standby

fpm: fixed cost each time that the online unit undergoes a major inspection

fnu: cost for a new unit

5.1. Net profit vector

When the system occupies a state, a net profit value is produced. Costs and rewards
from the online unit and the cost provoked by the repairpersons have been taken into

account to build the net profit vector.

Online unit

If only the online unit is considered when the system visits the macro-state E, a net

reward for the phases of this macro-state is provoked as

Bentda —Cy ®ey, ; s=0
Be |
3 Ky akii K/:
ntda-z Zth(I)Z1 s(')zzgs(')
i=1
Co ® etdSzonsk(l)zldsk(l)zzgm
k _ . _ _
nr = c,® . . ;. s=1...,k-1
_ IdSZOhS(Z)ZldS(Z)ZzgS(Z)
c,®e
O e ), ), o)
_C. =K.
C e I{SzK}z.?,k’lH{S‘K}Iik Ko kot Koo ! S
t- Zohs(')zlds(')zzgs(')
i=1

Then, if the state space is considered it is

K K K K K-11 K-11 11 1\
nr=(nr0 0PN oV oo o TSN o T NN o1 Sk o | i o )
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Repair facility

If only the repair facility is considered when the system visits the macro-state Ef, a cost

vector for the phases of this macro-state, for s = 1,..., k, with (k, s) # (K, K), is
min{s,R, }
®cr,Ocr,© -+ Ocr,

min{s,R, }

, ®cr,ocr,© -+ Ocr

- f 1
t(nd)'is=k) g R

t(nda)l{s’tk} 3s—min{s,Rk

min{s,R }

, ®Cr,oCr,© -+ Ocr,

t(nde)'ts#k} g R

min{s,R, }

®cr,ocr,© -+ Ocr,

min{s,R, }

, ®cr,ocr,© -+ Ocr,

t(nde)'is#k} ge-mints R}

t(nds)'{s*k} 3sfmin{s,Rk

min{s,R, }

,®cr,ocr,© -+ OCr,

© gt s

RK
 ®cr, Ocr, 0--acr, Ocr,

et(2'3K—RK4)I{K>RK

RK
, ®cCr, Ocr, ©---Ocr, Ocn

t(z‘SK—RK—l)I{KWK

RK
et(2<3K7RK71)I{K>RK} ® Crp O CF, ©---OCr OCK,
— R

nc K
, ®cr, Ocr, ©---Ocr, ocrn

~ =
|

et(zAaK—RK—l)l{Kﬂ?K

R

, ®cr, ocr, ©---Ocr, Ocr,

I(ZSK’RKfl)I{K*K

K
®cr,ocr, ©---0cr, Ocr,

t(2.3K*RK*1)'{K>RK}

Then, the cost vector associated to the state space due to repair is given by

nc:(nc{j “nc',...,ncg ', nck ne L. nek ... ne ',nci')' :

Therefore, the net profit vector for the macro-state E* is given by Cg :nr(f and

¢t =nrf —nc! for s =1,... k. Then, if the macro-state E* is considered, the net column
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profit vector is c :(cg,...,ci)'. From these, the global net column profit vector is built

for the state-space,

C
c=nr—-nc=

5.2. Expected net profit, expected cost and total net profit

Rewards measures are worked out, in transient and stationary regime, to analyze the
effectiveness of the system from an economic point of view.

Expected net profit from the online unit up to time v

If the online unit is considered, the expected net profit up to time vis

\4

®, =>p"-nr,

m=0
In stationary regime it is given by @, ;==-nr.

Expected cost from corrective repair and preventive maintenance

The expected cost because of corrective repair from online, warm standby and

preventive maintenance up to time v is calculated. It is

4 4 \
v _ m online _cr \ _ m warm_cr Voo m pm
(I)online_cr - Zp -mc ) q)warm_cr - Zp -mc and q)pm - Zp ‘mc™ where
m=0 m=0 m=0
mc"*™-" is the vector nc with cr, =0, , cr,=0, ; mc™"™-" is the vector nc with

cr, =0, , cr, =0, and mc™ is the vector ncwith Cr, =0, and cr, =0, , being 0, a

column vector of 0’s with order a.

If the stationary regime is considered, then

q) :n_mconllne_cr (D :n.mcwarm_cr and (me S :n.mcpm )

online_cr_s ' warm_cr_s

Total net profit

If costs, fixed costs and profits are considered, the total net profit up to time vis

24



o' = q):v _q)gnline_cr _CD\\/,varm_cr _CD;;m _(1+AFC1 (V)+AFC2 (V)) K- fnu

—A"(v)- fwr —(AM(V)+AA2 (v)) fer

—(ABl (\/)+AB2 (v)+ A" (v)) fpm —(uid,e + pbusy)- H.

In the stationary case it is

D, =0, ~D, ~D, —(1+AT+AT?). K- fu

pm_s

—A". fwr—(AAl+AA2)- for
_(ABl +ABZ +A83)' fpm _(uidle +Hbusy)' H '

6. A numerical example

In this section, we consider a system similar to that described in Ruiz-Castro et al.
(2018) but in which warm standby units are included. This kind of system is motivated
by situations such as the following. A ship’s power station consists of three generator
sets, to ensure reliable electrical supply. During cruising and berthing, the power station
normally employs one generator set for power supply, while another two remain in
standby state. This constitutes a typical warm standby system in which any of the
generating sets may fail, from different levels of degradation, and preventive
maintenance may be necessary. For this reason, a warm standby system with three units
is employed. Two questions are addressed to optimise the system; the first about
whether preventive maintenance is profitable or not, and the second question about the
number of repairpersons that would have to be deployed to optimise the profitability.
The optimum number of repairpersons and the effectiveness of preventive maintenance
is calculated in this complex numerical example. We show that the optimum system
when warm standby units are included is different from the cold case.

Five internal performance levels for the online unit are assumed, in which the first
three stages correspond to minor degradation and the last two, to major degradation.
This online unit can undergo external shocks and inspections. The time distributions are

all phase-type distributed and the representations are given in Table 2.
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Internal operational time External shock Inspection time
(l=(1,0,0,0,0) Y=(1,0) 1]=(1,0)
099 0002 O 0 0
0 09 0001 0 0||L= [0-89 0-1j Vi (0.85 0.1J
T=| 0 0 09 0002 O 01 08 045 0.4
0 0 0 06 0
o 0 0 0 06 _ _
Mean time: 102.0201 Mean time: 25 | Mean time: 15.56

Table 2. Operational times embedded in the system.

The probability of undergoing a total extreme failure (non-repairable) after an external
shock is equal to «’=0.05. If this failure does not occur, the internal performance level
may be modified under the probability matrix

06 02 01 01 O

0 06 02 01 01
W= 0 0 06 02 02|

0 0O O 05 03

0O 0 O 0 04

Each time that an external shock takes place, cumulative external damage occurs. The
number of external degradation levels is four, where the first two are minor and the rest

are major. The following probability matrix governs these changes

0 03 07 O

|0 0 06 04

1o 0o 0 o5(
0O 0 0 03

Initially, the external degradation level is 1 (no external damage). Each warm standby is
also subject to failure. Each one can fail at any time with a probability equal to p =
0.008.

When the online unit is broken or major damage is observed by inspection, it goes to
the repair facility. The corrective repair times, for the cases from online and from warm

standby place, and the preventive maintenance time distribution are shown in Table 3.
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Corrective repair time

Corrective repair time

Preventive maintenance time

distribution distribution distribution
Warm standby unit Online unit
B° =(1,0) B' =(10) B’ =(1,0)

0.9 0.02
S, =
0 06

Mean time: 10.5

s _ 0.91 0.01
Lo o8

Mean time: 11.67

0.1 01
S, =
0 01

Mean time: 1.23

Table 3. Time distributions embedded in the repair facility

Analysis of the system according to the number of repairpersons

A comparative study is performed to analyse the behaviour of the systems with and
without preventive maintenance by considering all possible combinations for the
number of repairpersons. We denote as i_j_k to the system with i, j, k repairpersons
when there are 1, 2, 3 units in the system respectively, where the number of
repairpersons is always fewer or equal to the number of units. Six possible systems with

preventive maintenance and six without are analyzed and compared.

The expected operational time (first row in figure) and the expected number of idle
repairpersons (second row in figure) for all systems are shown in Figure 3. The first
column of this figure is focused on the case with preventive maintenance and the second
on without it. If the mean operational ratio is observed (first row) the optimum value for
the system with preventive maintenance, in the stationary case, is reached for system
1 2 3anditis equal to 0.9410. The optimum value is reached for system 1 2 3 and it
is equal to 0.9292 for without preventive maintenance case.

The expected number of idle repairpersons per unit of time is also studied. If Figure
3 is observed (second row), this value is equal to 1.8023 for the case with preventive
maintenance and 1.6940 for the case without both in the stationary regime. In both case

it is reached for system 1 _2 3.

Each time that the units of the system undergo an event, a cost occurs. The expected
number of events in a period of time has been calculated for every system in transient

regime. The Tables 4 and 5 show these values for the case up to 1500 units of time.

The last column of Table 5 shows the number of replacements up to time 1500. This
fact is essential given that each new system has a cost. The minimum is reached for
system 1 1 1 (one repairperson when there are 1, 2 or 3 units in the system).
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With preventive maintenance Without preventive maintenance
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Figure 3. Expected operational time per unit of time (first row) and expected number of idle

repairpersons per unit of time (second row)

A" (1500) | A" (1500) | A*(1500) | A™(1500) | A™ (1500)
SYSTEM
123 21.5309 0.0159 0.0702 11.7203 0.2394
(22.2357) (0.0157)
122 21.5260 0.0159 0.0701 11.7174 0.2393
(22.2310) (0.0157)
S 121 21.4674 0.0159 0.0680 11.5083 0.2331
= (22.1762) (0.0156)
e 113 21.4132 0.0158 0.0697 11.6528 0.2379
i (22.1166) (0.0156)
112 21.4083 0.0158 0.0697 11.6499 0.2379
(22.1119) (0.0156)
111 21.3324 0.0158 0.0675 11.4354 0.2316
(22.0481) (0.0155)

Table 4. Expected number of events up to time 1500 (no preventive maintenance in parenthesis)
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A"(1500) | A%(1500) | A% (1500) | A" (1500)
SYSTEM
+A"% (1500)
123 0.3397 3.5492 5.6844 4.1467
(0.2751) (3.1521) (8.4947) (5.2923)
122 0.3396 3.5484 5.6832 4.1458
(0.2750) (3.1514) (8.4929) (5.2912)
S 121 0.3301 3.5343 5.7003 4.1469
3 (0.2698) (3.1440) (8.4729) (5.2785)
g 113 0.3379 3.5303 5.6554 4.1226
= (0.2735) (3.1358) (8.4508) (5.2624)
112 0.3378 3.5295 5.6541 4.1216
(0.2735) (3.1351) (8.4490) (5.2613)
111 0.3282 3.5129 5.6665 4.1191
(0.2682) (3.1265) (8.4257) (5.2463)

Table 5. Expected number of events up to time 1500 (no preventive maintenance in parenthesis)

Including costs and rewards

An optimization from an economical point of view has been performed by including

rewards and costs. The following costs and rewards have been considered,

B=100
¢, = (10,20,30,40,50)'
cro=(3, 3’

cri=(5,5)
cr=(0.5, 0.5)’
fcr =20
fwr =5

fpm=1
fnu = 200

Reward per unit of time while the system is operational.
Operational cost per unit of time while the online unit is working.

Cost associated to a unit broken from warm standby that is being
repaired per unit of time.

Cost associated to a unit broken from online that is being
repaired per unit of time.

Cost associated to a unit in preventive maintenance per unit of
time.

Fixed cost each time that a repairable failure takes place (online
unit).

Fixed cost each time that a repairable failure takes place (warm
standby).

Fixed cost due to one major inspection.

Cost of a new unit.

The expected net reward has been worked out for every system and the most profitable

one is achieved. Figure 4 and Table 6 show this value per unit of time.

If the stationary case is observed, the optimum expected net profit is observed for

system 1_2 2 with preventive maintenance (1 repairperson when there is only 1 unit, 2

repairpersons when there are 2 units in the system and 2 repairpersons for the case 3

units in the system). The optimum expected net profit is equal to 72.6360 as it can see in

Table 6.
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Mean Net Reward per unit of time with p.m Mean Net Reward per unit of time without p.m.
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Figure 4. Expected net profit per unit of time up to time 25 and 500 units of time and the stationary case

(with and without preventive maintenance)

o' /(v+1)

System 123 122 121 113 112 111
v=25 | 61.6543 | 62.5604 | 63.3604 | 61.6905 | 62.5965 | 63.3758
(61.4718) | (62.3677) | (63.2103) | (61.5142) | (62.4102) | (63.2470)
y=500 | 73.5558 | 73.9376 | 73.6411 | 72.9723 | 73.3527 | 72.9027
(70.9204) | (71.2474) | (71.1516) | (70.3308) | (70.6565) | (70.4836)
Stationary | 72.3181 | 72.6360 | 72.3478 | 71.6840 | 72.0000 | 71.5751
(69.6454) | (69.9214) | (69.8170) | (69.0346) | (69.3091) | (69.1337)

Table 6. Expected net profit per unit of time up to time 25 and 500 and the stationary case (without

preventive maintenance in parenthesis)
7. Conclusions

A complex multi-state warm standby system subject to multiple events, with a variable
number of repairpersons, is modelled. A Markovian Arrival Process with Marked
arrivals is employed in this modelling process. The online and the warm standby units
may undergo failures. Both repairable and non-repairable failures may take place,
according to the internal behaviour of the online unit and the possible occurrence of
external shocks. The system may experience the loss of units. Whenever a non-
repairable failure occurs, the unit is discarded and the number of repairpersons may be
modified. The system continues working as long as it contains at least one unit. The
system is optimised according to this number. In addition, preventive maintenance is
performed to establish an optimum system, according to the distribution of the number

of repairpersons.
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Multiple events (including failures) may occur simultaneously, affecting any warm
standby unit and/or the online unit. Several performance and economic measures were
obtained, algorithmically and computationally. A numerical application shows that the
number of repairpersons at any time can be determined, and whether preventive

maintenance is profitable, with respect to optimising the system.

The methodology used in this paper, in which phase type distributions and
Markovian arrival processes play an essential role, makes it possible to successfully
model complex systems, and thanks to the well-matched properties of these
distributions and processes, the main results are obtained in a matrix-algorithmic form.
Moreover, with the structure described, costs and rewards can be included. The results
obtained can be interpreted straightforwardly and implemented without computational
difficulties. In addition, the methodology applied to model the system proposed can also
be used to analyse other types of redundant complex multi-state systems, such as
k—out—of-n: G systems. Finally, other features, such as the vacation time taken by
repairpersons, can be included in the system and the effects of this circumstance

determined.

The model proposed can be applied to the analysis of real-world systems. As stated
in the Introduction, this system can be applied in many fields, including civil and
industrial engineering. Examples of a warm standby repairable system in practical use
include the installation of a back-up server, or the provision of a reliable electrical
supply, a fluid transfer system or a control system for an industrial-scale greenhouse.
This control system consists of a warm standby repairable system that is available as an
immediate replacement if the main CPU fails. During the standby time, because of the
aging effect and the impact of the environment, many units (especially those with
delicate instrumentation) will break down.

A major problem that can arise when phase type distributions and MMAPs are used
to model real-life problems is that of estimating the parameters embedded in the model.
Such estimation depends on the model in question, and diverse results have been
obtained. Asmussen et al. (1996) developed an EM algorithm to estimate these
parameters, and Buchholz et al. (2014) analysed this method in detail. This research
group is currently working to estimate PH distributions and MMAPS in real-world

problems (Acal et al., 2019; Pérez et al., 2019), determining the number of phases and
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parameters using the EM algorithm and various models, and performing pre-analyses in

order to reduce the number of parameters to be addressed.

The authors of this paper are currently investigating several fields of research, one of
which is the modelling of complex redundant systems, such as cold, warm and k-out-of-
n: G systems. The number of possible events affecting the units and the features of the
repair facility are addressed in detail. The ideas presented in this paper can be extended
in several ways. For example, different types of replacement policies, when a minimal
repair is required, might be included. Another possibility would be to consider a k-out-
of-n: G system with an indeterminate and variable number of repairpersons in the repair
facility with and without the loss of units. Thus, each time that a non-repairable failure
occurs and the system is able to continue working, the number of repairpersons can be
modified, which would enable us to optimise the model.
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Appendix A

Modelling the online unit

e O: No events:

Ho=|TOL®I+TWRLY®D(1-0") |®M
+HUTOLOV,+UTWELY®VD(1-0") |®M%

H, =[UTO®L®V,I+U,TOL®I
+UTWOLY®V,D(1-0°)+ U,TWO Ly ®D(1-0°) |© M’y

e A;: Internal repairable failure (online unit)

H. .= [Trou R®L®en+T o ® L'y ® Dew (1—600 )] ®e,n.

rep,l

H —[Tf’@L@ed+T,°®L°~{®De(1—a)°)}®eg.

rep,1 —
e A, External repairable failure of the online unit
H_ = [TWOa ®L’y ®Dewr (1- o’ )} ®e,n.

rep2
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Hpo =| TW @ Ly @ De(1-0') | ®e,

e B: Major revision

o Bi: Major revision (only internal major damage)
H,o = [uz (e-T°)a®L® Ve +U,TWea ® L’y ® V,Dews (1- o° )] OM°
o Ba: Major revision (only external cumulative damage)
Hpo = [Ul(e—To)a ®L® V,en+U,TWea ® L’y ® V,Dews (1- o° )}@M"n
o Bs: Major revision (both internal and external cumulative damage)
Hos = [Uz (e-T°)e®L® V,ew + U,TWea ® L’y ® V,Dew (1—a)°)] OM°
e C: Non-repairable failure

o Cj: Non-repairable internal failure:

H —Toa®L®em®en+T°ra®L°y®Deco(1—a)°)®e77

nrep,1

H s =Ty ®L®e®e+ Ty ® Ly ®De(1-0" ) ®e

nrep,1

o Cy: Non-repairable failure because of shock:

H :ea®L°y®(ecoa)°+D°m(1—a)°))®e77

nrep,2

H —e®L°y®(ea) +D°(1 @ ))@e

nrep,2

Appendix B

Auxiliary functions for the repair facility

The output of the matrix function C(k,l,a,b;k,,.. ji) is the

transition probability for the units that are being repalred when the order of the units
repaired is specified.

o a’ 1' Il—a+mr+wr' Jl""'

C kL abiky, ki ooy e e 1) =
i, =jgs=1...,I;s#k,, vz
S—ZI{WS)
S(N)®@--@S(min{l,R}) ; i,,=12 ifmr=1
i,=0;s=l-a+mr+1..1-a+mr+wr
0 ; otherwise

for k<K,1>1,a>1b>0, where
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st ze{l,...,allh=k,
S(h)=<e-S} ; histhe ordinal of the last b units being repaired without ending .

S i ; otherwise

If a=0, then it is denoted as

C(k,L,a=0,b;i,..,i s Jio-or i) =
i, =j,l<s<lI
5,©..05,  ®e-s  ]@.8-5) ) ii-12ifmr=1
i, =0;s=l+mr+1..l1+mr+wr
0 ; otherwise

If a=min{l,R },itis
C(k.Lba=min{L,R},0;j,,....j) =S| ®.. ®S?m.<.pk .
Given a and if the sequence of the units that are repaired is not specified, the transition

probability function is

B(k7|’a’b;il""'il—a+mr+wr; jl"" JI)

C(k,L,0,b;iy, s iamprwes Jio-0 1) ;  a=0,b>0,1>0
min{l,R, }-a+1min{l,R, }-a+2  min{l,R}
R > > ck bk, Kb et Juee0 Bi) 5 @>0,a=min{l,R,}
- k=1 ko =k, +1 Ka=Kaq +1
C(k,1,a,0; j,,--- Jy) : a=min{l,R},
1 , a=0,b=0,1=0

Appendix C
Blocks of the Markovian Arrival Process

(DO, D*,D*,D*,D*,D%,D%,D% D D™ )
Each matrix block is composed again of matrix-blocks as follows.

D' =diag (D"*,D"**,D"*?,...,D"*), for Y = O, Ay, Ay, By, B and

0 D"
L 0 .. .. 0
0 D" : . :
DY = : ,for Y=C, C,, andD" =| B
o2 0 SR
0 0 D" 0 ... 0

for Y=FC, FC2.

34



e MatrixD"*forY = O, Cy C,, FC; FC,

The elements of the matrix D" fork=1,...KandY = O, C; C,, FC; FC,, are

( ;(hk)l,hzo ,,,,, k ! Y=0
DYk = (DTHK )lh::%,'ff.’,kk_1 ; Y =C,,C,
(Drhl)lhz%l... K Y =FC,FCyrk=1

where D2* =0 if h =k for | <k or h <l —min{l, R}, Di"* =0 if h <I — min{l, R} or
lh

| =k and D;“* =0for all | and h excepting when | = h = 0.

Fork=1,...,K,and type =1, 2,

DIk — Hk,o,o,o + I{k:l}Hlk,mr,O,O : Y=0
0w - . :
Hk,(nrep,type),O,O ! Y = Ctype ory = I:Ctype
Forl=1,..., Ry,
Hk,O,I,O®E(k’I!I!O;j11---aj|;01010) , Y=O and|<k
Do (Jpreee iy) = Hy oreppero @ E (K L1LO; ji.., j130,0,1) 5 Y =C,, and <k
¢R®E(k,LL0; ..., j;;0,0,0) ; Y=0Oandl=k,
with =0 ®(L+Ly)®®0.
Forwr=1,..., k=1 withk>1
Do e (o, o oj =
[Hyoour + Vs Himr e | © E(k,o,o,o;o,.vfr.,o;o,wr,o) . Y=0

(Hky(mepvae)vovwr I wr<kg) + Hk,(nrep,type),o,wr I w1 ) ®E (k, 0,0,0;0,...,0;0, wr,lj ;Y =Cyp.

Forl=1,..., k-1;a=0,.., mn{Ry I} ;wr=0,...,k-d-1 withk>1andl+wr-a>0
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D[;ixr'_a(il,...,i,_a,o,...,o; i jljz

|:Hk,0,l,wr + I{wr:k—l—l and a:O}HIk,mr,I,wr]
wr ’ Y = O
®E(k,|,a,0;il,...,i,_a,O,...,O; | jI;O,Wr,Oj
(Hk,(nrep,type),l,wr I{Wr<k—|—1 ora>0} + H‘k,(nrep,type),l,wr I{Wr:k—l—l and a=0} ) Sy = C
’ — Mtype*
®E (K,1,8,b3iy,...iy o5 Jyre--o 30, W, 1) "
Then,
min{k—h—1,min{l,R, }}
D,Yh'k(il,...,ih;jl,...,j,)= Z D,Yh'k'h"+a(i1,...,ih;jl,...,jl) .

a=max{0,I-h}

Fora=1,..., min{Ry k-1},
Diica (i syt droeee 3 ) =C®E (K, K, ,051;, .. i o3 Jyv- -0 §430,0,0), with k > 1.
Fork=1,..., K,

DR (i oo ) = (L+L7) ®E (K, K, 0,05y, i gy J40,0,0)-

e Matrix DA*

The elements of the matrix D** for i=1, 2 and fork = 1,... K are given by
DA* =(Dp*)

where D* =0 if h <I+1— min{l, R} or | = k.

Fortype=1,2and h=1, ..., k then

Aype K h-1 .
DOﬁp (1, 0, ooy 0) = (H k,(rep’typEB),O,h—lI{h<k} + Hk,(l’&p,type),o,h—l I {h:k} )

h-1
® E(k,0,0,0;l,O,...,O;l,h—1,0).

For1=1,... k-1; a=0,...,min{l, R¢}; wr=0,..., k-1 withk>1,
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/\y o K wr - . wr L. . _ )
DI,Iierrl—a (Il’ B II—a ’1’ 01 s O' Jl’ cen JI j - (H k,(rep,type),l,wr I{wr<k—|—l ora>0} + Hk,(rep,type),l,wr I{wr:k—l—l and a=0} )

@E[k,l,a,o;il,...,i,a,l,o,.vfr.,o; i j,;l,wr,Oj.
Then,

min{k—h,min{l,R, }}

DI (U A A 1 > DI (N R A A

a=max{0,I-h+1}

e Matrix D®*

The elements of the matrix D** fori=1, 2, 3 and for k = 1,..., K are given by

D&k — (D|Bhi'k)|,h:o k’

where DJ* =0 if h <I+1- min{l, R} orh =k or I = k.

Fortype=1,2,3thenforh=1, ..., k-1

Bype K h-1 h-1
Dgr (2,0, ...,oj =H, (e speronalgoy @ E (k,0,0,0; 2,0,...,0;1,h—1, oj.
For I=1,....k-1; a=0,...,min{l, R¢}; wr =0,..., kK-1-1 withk>1,

Dﬁtlyj-ev;/t;viia(il""’il—a’z’ol""O; Jie J.j

-H

k,(mr.type),l,wr

®E(k,|,a,o;il,...,i,_a,z,o,.vfr.,o; i j|;1,wr,oj

min{k—h,min{l,R }}

Then, D (iyyecesiys B Ji)= D D™ (i e i)

a=max{0,1-h+1}

APPENDIX D
The stationary distribution, = =(7rEK ,nEH,...,nEl) , verifies aD =mand me =1. Matrix-
algebraic methods have been used to work out =, stationary distribution for EX. The
transition probability matrices Dy and D1 corresponds to the transitions E“»>E* and
EX-E"" respectively. The balance equations are

D, =D +D**+D**+D** + D¥* +D>* ; k=1,...,K

D, =D** +D%* ; k=2,...,K

DlYK — DFC1,1 + DFCZvl
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The stationary distribution is calculated. This is equal to
n, =n R, fork=2,...,K,
being
-1
Rl,K = Dl,K (I - DK,K)
-1
Ry =RyyDyay (1-Dyy )~ fork=2,...,K-1.

The vector T, is

-1
[Dl,l + R1,2D2,1 _I:I*J J

T = (1,0)((1 +§2“le je

where A" denotes the matrix A without the first column.
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