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SUMMARY

The continual advances in the diagnosis of diseases have led Statistics to develop new
methods to solve the problems that have been posed in this field. This Doctoral Thesis
seeks to make a contribution to research into new statistical methods in the field of the
statistical methods in diagnostic medicine. This Doctoral Thesis is focused on the study
of the estimation and the comparison of parameters of two binary diagnostic tests
subject to paired design and subject to partial verification of the disease. In the first
situation, the problem leads to the analysis of 2x4 table and in the second situation it
leads to the analysis of a 3x4 table. As tangible results of this doctoral thesis, one
article has been published, two more are currently accepted for publication and a fourth
article is being reviewed. These articles are included in their entirety in Appendices I -

IV.

Traditionally, the comparison of the sensitivities and the specificities of two binary
diagnostic tests subject to a paired design was made comparing the two sensitivities and
the two specificities independently, applying a comparison test with two binomial
proportions paired to an « error. An alternative method consists of comparing the two
sensitivities and the two specificities simultaneously, solving a global hypothesis test to
an ¢ error. This PhD has analysed in depth the study of the global test, proposing two
test statistics, one obtained applying the Rao score test and the other with the Wald test.
Moreover, based on the results of the simulation experiments carried out, some rules of

application are given for the different methods studied.

The likelihood ratios of a binary diagnostic test are very widely used parameters to

compare the effectiveness of two binary diagnostic tests, as they are technically



equivalent to a relative risk. This Doctoral Thesis proposes new confidence intervals to
compare the positive (negative) likelihood ratios of two binary diagnostic tests subject
to a paired design, analysing the problem both from a frequentist perspective and a
Bayesian one. The simulation experiments carried out to compare the asymptotic
behaviour of the confidence intervals have allowed us to give some general rules of
application for the intervals studied. Furthermore, a method is proposed to calculate the
sample size to compare the positive (negative) likelihood ratios of two binary diagnostic

tests through a confidence interval.

When considering the losses of a misclassification with a diagnostic test, the
parameter of effectiveness of the diagnostic test is the weighted kappa coefficient. This
parameter depends on the sensitivity and specificity of the diagnostic tests, on the
prevalence of the disease and on the relative importance between a false positive and a
false negative. This Doctoral Thesis has related the comparison of the two weighted
kappa coefficients with the relative true (false) positive fraction between the two binary
diagnostic tests, and has studied the comparison of the weighted kappa coefficients of
two diagnostic tests through confidence intervals for the difference and for the ratio
between the two weighted kappa coefficients, analysing the problem from frequentist
and Bayesian perspectives. Simulation experiments have been carried out to study the
asymptotic behaviour of the confidence intervals proposed, and some general rules of
application have been given. Moreover, a method has been proposed to calculate the
simple size to compare the two weighted kappa coefficients through a confidence

interval.

When comparing the effectiveness of two binary diagnostic tests in the presence of
partial disease verification, the selection of an individual to verify his or her disease
status may depend on discrete covariates which are related to the disease. In this
situation, a hypothesis test has been studied to compare the weighted kappa coefficients
of both diagnostic tests. This problem has been solved applying two computational
methods: the EM algorithm and the SEM algorithm. Simulation experiments have been

carried out to study the behaviour of the test statistic proposed.

Granada, September, 2020
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CHAPTER 1

INTRODUCTION

The application of a diagnostic test for the diagnosis of a determined disease is a
fundamental stage in medical practice, prior to the phases of treatment and prognosis.
The diagnosis of the disease is not only important for the doctor or the clinician, since it
conditions the treatment and the prognosis of the disease, but also for the individual
concerned, as it eliminates the level of uncertainty that the individual has about his or
her disease status. A diagnostic test is a medical test that is applied to an individual in
order to determine the presence or the absence of a certain disease. There are different

types of diagnostic tests:

a). Binary diagnostic tests are those which lead to two results: positive (indicating
the disease presence) or negative (indicating the absence of the disease). Examples
would include a mammography for breast cancer or an echocardiography for the

diagnosis of coronary disease.

b). Quantitative diagnostic tests are those which lead to numerical values e.g. the

concentration of PCR in cerebrospinal fluid for the diagnosis of meningitis.

). Ordinal diagnostic tests are those which lead to different values with a
hierarchical structure e.g. the classification of the disease presence in ‘definitely yes’,

‘probably yes’, ‘probably no’, and ‘definitely no’.
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The most common diagnostic tests are binary diagnostic tests and these are the tests
which are studied in this doctoral thesis. The application of a diagnostic test has various

purposes (McNeil and Adelstein, 1976; Sox et al., 1989; Pepe, 2003; Zhou et al, 2011):

a). To provide reliable information about the disease status of an individual (diseased

or non-diseased).

b). To intervene in the planning of the treatment of an individual.

c). To investigate the mechanism and the nature of the disease.
Moreover, the result of a diagnostic test depends on several factors:

a). On the intrinsic accuracy of the test itself to distinguish between diseased and

non-diseased individuals (discriminatory accuracy).
b). On external factors (e.g. taking medication, consumption of alcohol, etc.).

€). On the characteristics of each individual (e.g. the sex or the abnormal
physiological conditions of an individual may interfere in the measurement of the

test, etc.).

The application of a diagnostic test may lead to mistakes, and therefore its accuracy is
measured in terms of probabilities of functions of probabilities. In order to obtain
unbiased estimators of those probabilities or of their functions it is necessary to assess
the diagnostic test in relation to a gold standard. A gold standard (GS) is a medical test
that objectively determines whether or not an individual has a disease. A biopsy for the
diagnosis of breast cancer and a coronary angiography for the diagnosis of coronary

disease are examples of GS.

This doctoral thesis studies binary diagnostic tests (BDTSs), the estimation of their
parameters and the comparison of parameters of two BDTS subject to different types of
sampling.

Let us consider a disease that may or may not be present among the individuals in a
population. Let D be a random variable that models the result of the GS, in such a way
that D =1 when the individual has the disease and D =0 when the individual does not
have it. The probability of an individual in the population chosen at random having the

disease is called disease prevalence (p), Le. p= P(D=1). Let us consider a BDT
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whose effectiveness is assessed in relation to a GS. Let T be the random variable that
models the result of the BDT in such a way that T =1 when the result of the diagnostic
test 1s positive and T =0 when it is negative. We then study different measurements of
the effectiveness of a BDT whose inference has been studied in this doctoral thesis, as
well as two types of situation in which it is possible to compare the effectiveness of two

BDTs: complete disease verification and partial disease verification.

1.1. Parameters of a BDT

The parameters which have been subject to study in this doctoral thesis were: sensitivity

and specificity, likelihood ratios and weighted kappa coefficient.

1.1.1 Sensitivity and specificity

The sensitivity (Se) is the probability of the result of the BDT being positive when the

individual has the disease, i.e.
Se:P(T =1| D:I).

The specificity (Sp) is the probability of the result of the BDT being negative when the

individual does not have the disease, i.e.
Sp= P(T =0] D:0).

The sensitivity and the specificity represent the measurements of the accuracy of a BDT,
as they only depend on the intrinsic ability of the test to distinguish diseased and non-
diseased individuals i.e. they depend on the physical, chemical or biological bases with
which the BDT has been developed. A BDT with a high sensitivity is useful to rule out
the presence of the disease and a BDT with a high specificity is useful to confirm the

disease. We must demand of a BDT that its Youden Index (Youden, 1950), defined as

Y=Se+Sp-1,

be greater than zero (Y > 0). The Youden Index takes values between -1 and 1, and

verifies the following properties:
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a). If the sensitivity and the specificity are complementary (Se =1—Sp) then Y =0

and the BDT is non-informative. In this situation, the BDT is not related to the
disease and the diagnosis of the disease can be made by tossing a coin whose

probability of being either heads or tails is equal to 0.5.

b). If Y <0 then T=1 must be a negative result and T =0 a positive result.

Therefore, if Y <0, the results of the BDT must be exchanged.

1.1.2. Likelihood ratios

Likelihood ratios (LRS) are other parameters which are used to assess the effectiveness

of a BDT. Each likelihood ratio is a quotient of two probabilities defined as

R PO=iD=) o
P(T=i|D=0)

The likelihood ratio represents the quotient between the probability of a postive or a
negative result of the BDT in diseased individuals and the probability of the same result
in non-diseased individuals. When the result of the BDT is positive, the LR, called the

positive LR, is the quotient between the sensitivity and one minus the specificity, i.e.

\p _P(T=1D=1) s
~P(T=1|D=0) 1-Sp’

When the result of the BDT is negative, the LR, called the negative LR, is the quotient
between one minus the sensitivity and the specificity, i.e.

_P(T=0/D=1) 1-Se

LR = =—.
P(T=0/D=0) Sp

The LRs vary between 0 and infinity, and have the following properties:
a). If the BDT and the GS are independent then LR =LR™ =1.
b). If the BDT correctly classifies all of the individuals then LR =o0 and LR™ =0.

c). If LR >1 then a positive result in the BDT is more probable for an individual

who has the disease than for an individual who does not.
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d). If LR™ <1 then a negative result in the BDT is more probable for an individual

who does not have the disease than for an individual who does.

e). The LRs quantify the increase in knowledge of the presence of the disease through
the application of the BDT. Before applying the test, the odds of an individual having

the disease are pre-test odds = p/ (1— p), where p is the disease prevalence. After

P(D=1[T =i)

2 i=0,1. The LRs
P(D=0|T =|)

applying the BDT, the odds are post-test odds =

relate the pre-test odds and the post-test odds:

post test odds (T =1)= LR xpre test odds
post test odds (T = O) = LR™ x pre test odds.

Therefore, the likelihood ratios quantify the change in the odds of the disease
obtained by knowledge of the application of the BDT.

1.1.3. Weighted kappa coefficient

Let us consider a BDT that is assessed in relation to a GS. Let L (L') the loss which
occurs when for a diseased (non-diseased) individual the BDT gives a negative
(positive) result. Therefore, the loss L (L') is associated with a false negative (positive).
If an individual (with or without the disease) is correctly diagnosed by the BDT then
L=L"=0.Let p= P(D = 1) be the prevalence of the disease and q=1-p. Table 1.1

shows the losses and the probabilities associated with the assessment of a BDT in

relation to a GS, and the probabilities when the BDT and the GS are independent, i.e.
when P(T =i|D = j) =P(T =i). Multiplying each loss in the 2x2 table by its

corresponding probability and adding up all the terms, we find
p(1-Se)L+q(1-Sp)L’,

a term that is defined as expected loss. Therefore, the expected loss is the loss that
occurs when misclassifying with the BDT an individual with or without the disease.

Moreover, if the BDT and the GS are independent, multiplying each loss by its



Estimation and hypothesis test for parameters of BDTs

corresponding probability (subject to the independence between the BDT and the GS)
and adding up all of the terms we find

p[ px(1-Se)+axSp |L+q[ pxSe+qx(1-Sp)]L’,

a term that is defined as random loss. Therefore, the random loss is the loss that occurs

when the BDT and the GS are independent. The independence between the BDT and the

GS is equivalent to the Youden index of the BDT being equal to zero (Y = 0) and is also

equivalent to the expected loss being equal to the random loss. In terms of expected and

random losses, the weighted kappa coefficient of a BDT is defined as

o Random loss — Expected loss

Random loss

Substituting in this equation each loss with its expression, the weighted kappa
coefficient of a BDT is expressed (Kraemer et al, 1990; Kraemer, 1992; Kraemer et al,

2002) as

pqy
p(1-Q)c+qQ(l-c)’

k(C)=

where Y =Se+Sp—1 is the Youden index, Q = pSe+ q(l—Sp) is the probability that

the BDT result is positive, and € = L/ ( L'+ L) is the weighting index.

The weighted kappa coefficient of a binary test has the following properties:

a). If the classificatory agreement between the BDT and the GS is perfect
(Se:Sp:l) then K(C)zl.

b). If the sensitivity and the specificity are complementary (Se=1-Sp) then

k(c)=0.
c). If the random expected loss is greater than the expected loss then K(C) >0,

d). If the expected loss is greater than the random expected loss then K(C) <0 and

the results of the diagnosis are interchanged, T =1 should be a negative result and
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T =0 should be a positive result; and the analysis should be limited only to the

positive values of the weighted kappa coefficient.

e). The weighted kappa coefficient is a function of the weighting index ¢ which may

be increasing (if Q > p), decreasing (if Q < p) or it can be a constant function which

is equal to the Youden index if Q= p.

Table 1.1. Losses and probabilities.

Losses
(Probabilities)

T=1 T=0 Total

0 L L

o=l (pxSe) (px(1-Se)) (p)

D-0 L' 0 L'

) (9x(1-5p)) (ax5Sp) ()
L' L L+L'

Total (Q=pxSe+qx(1-Sp)) (1-Q=px(1-Se)+qxSp) (p+q=1)
Probabilities when the BDT and the GS are independent

T=1 T=0 Total
D=1 pxQ px(1-Q) p
D=0 qxQ qx(1-Q) g
Total Q 1-Q 1

The weighting index C is a measure of the relative importance between the false
positives and the false negatives. For example, let us consider the diagnosis of breast
cancer using as a diagnostic mammography test. If the mammography test is positive in
a woman that does not have cancer (false positive), the woman will be given a biopsy
that will give a negative result. The loss L' is determined from the economic costs of
the diagnosis and also from the risk, stress, anxiety, etc., caused to the woman. If the
mammography test is negative in a woman who has breast cancer (false negative), the
woman may be diagnosed at a later stage, but the cancer may spread, and the possibility
of the treatment being successful will have diminished. The loss L is determined from
these considerations. The losses L and L' are measured in terms of economic costs and

also from risks, stress, etc., which is why in practice their values cannot be determined.
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Therefore, as loss L cannot be determined, L is substituted by the importance that a false
positive has for the clinician; in the same way, as loss L' cannot be determined, then L'
is substituted by the importance that a false negative has for the clinician. The value of
the weighting index ¢ will depend therefore on the relative importance between a false
positive and a false negative. If the clinician has greater concerns about false positives,
as it is the situation in which the BDT is used as a definitive test prior to a treatment that
involves a risk for the individual (e.g., a definitive test prior to a surgical operation),
then 0<c<0.5. If the clinician is more concerned about false negatives, as in a
screening test, then 0.5 <c <1. The index c is equal to 0.5 when the clinician considers

that the false negatives and the false positives have the same importance, in which case

K(O.S) is the Cohen kappa coefficient. Weighting index C quantifies the relative

importance between a false positive and a false negative, but it is not a measure that
quantifies how much bigger the proportion of false positives is compared to the false

negatives. If ¢ =0 then

_Sp—(1-Q) _ p(I-FNF—FPF)

Q p(1-FNF)+qFPF’

x(0)

which is the chance-corrected specificity according to the kappa model. If ¢ =1 then

KU)_Se—Q__qU—FNF—FPF)
~ 1-Q  pFNF-q(1-FPF)’

which is the chance-corrected sensitivity according to the kappa model. A low (high)

value of K‘(l) will indicate that the value of FNF is high (low), and a low (high) value

of K(O) will indicate that the value of FPF is high (low). The weighted kappa

coefficient can be written as

«(c)= pc(1-Q)x(1)+0a(1—c)Qx(0)
pc(1-Q)+q(1-c)Q

which is a weighted average of K(O) and K(l). Therefore, the weighted kappa

5

coefficient is a measure that considers the proportion of false negatives (FNF) and the
proportion of false positives (FPF). Moreover, for a set value of the ¢ index and of the

accuracy (Se and Sp) of the BDT, the weighted kappa coefficient strongly depends on
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the disease prevalence among the population being studied, and its value increases when
the disease prevalence increases. The weighted kappa coefficient is a measure of the
beyond-chance agreement between the BDT and the GS. The properties of the kappa

coefficient can be seen in the manuscript of Roldan-Nofuentes and Amro (2018).

The weighted kappa coefficient is a valid parameter to assess and compare the
performance of BDTs (Kraemer et al, 1990; Kraemer, 1992; Kraemer et al, 2002; Bloch,
1997; Roldan-Nofuentes et al, 2009; Roldan-Nofuentes and Amro, 2018).

1.2. Complete verification and partial verification

The comparison of the effectiveness of two BDTS can be made in two types of situations
depending on whether or not the disease status of all of the individuals is known or not.
When the disease status of all the individuals is known through the application of a GS,
the situation is called complete disease verification, since all of the individuals have had
their disease status verified (present or absent). If the disease status of some individuals
in unknown, the situation is called partial disease verification, since for a subset of
individuals it is not known if they have the disease or not. Each one of these situations

will now be explained.

1.2.1. Complete verification

Complete disease verification corresponds to the situation in which the disease status is
known for all of the individuals in the study. In this situation, when comparing two
BDTs the most frequent type of sample design is the paired design (Pepe, 2003; Zhou et
al, 2011). This type of design consists of applying the two BDTSs and the GS to all of the
individuals in a random sample sized n. Table 1.2 shows the frequencies that are
obtained when comparing two BDTS in relation to a GS subject to a paired design,

where T, is the variable that models the result of the hth BDT, in such a way that T, =1
when its result is positive and T, =0 when it is negative, and D models the result of the

GS, in such a way that D =1 when the individual has the disease and disease and D =0

when this is not the case.
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Table 1.2. Frequencies subject to a paired design.

T =1 T,=0

T, =1 T,=0 T,=1 T,=0 Total
D=1 S Sio Soi Soo S
D=0 N Mo o) oo r
Total Sty Sio T ho Sor 1o Soo + Too n

1.2.2. Partial verification

In clinical practice, when assessing a single BDT it is common for the GS not to be
applied to all of the individuals in the sample. Therefore, if the GS consists of a costly
test or it means an important risk for an individual, the GS is not applied to that
individual and, therefore, his or her disease status is unknown (present or absent). In this
situation, the result of the BDT is known for all of the individuals in the sample, but the
disease status (i.e. the result of the GS) is only known for a subset of them (and
consequently it is unknown for a subset composed of the rest). This situation is known
as partial disease verification (Begg and Greenes, 1983). If the sensitivity and the
specificity (and the likelihood ratios and the weighted kappa coefficient) of a BDT are
estimated excluding those individuals who have not been verified with the GS, the
estimators obtained are affected by what is known as verification bias (Begg and
Greenes, 1983; Roldan-Nofuentes and Luna, 2008; Montero-Alonso and Roldan-
Nofuentes, 2019).

The problem of partial disease verification can also appear when comparing the
effectiveness of two BDTSs. In this situation, we obtain the frequencies given in Table
1.3, where the variable V models the verification process, in such a way that V =1
when the individual is verified with the GS and V =0 when the individual is not
verified with the GS. Assuming that the verification process is missing at random
(MAR), there are several different studies that have been carried out to compare
parameters of two BDTs. Zhou (1998) studied a hypothesis test to compare the
sensitivities (specificities) of two BDTs applying the method of maximum likelihood.
Harel and Zhou (2007) applied multiple imputation to compare the two sensitivities

(specificities) through confidence intervals. Roldan-Nofuentes and Luna (2006) studied

10
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a hypothesis test to compare the weighted kappa coefficients of two BDTS applying the
method of maximum likelihood. Roldan Nofuentes and Luna (2008, 2009) studied
hypothesis tests to compare the sensitivities (specificities) of two BDTs applying the
EM and SEM algorithms.

Table 1.3. Cross-classification of test results by verification status and disease status.

T, =1 T,=0
T, =1 T,=0 T, =1 T,=0
V=1
D=1 Sy Sio Sor S0
D=0 M [ o Too
V=0 u, Uy, Uy, Uoo
Total Ny, Ny Ny, Noo

11






CHAPTER 2

OBJECTIVES

2.1. Recommended methods to compare the accuracy of two

binary diagnostic tests subject to a paired design

Traditionally, the comparison of the accuracy of two BDTS subject to paired design

consists of solving the two hypothesis tests

H,:5¢, =Se, vs H,:Se #Se,
and

H,:Sp, =Sp, vs H,:Sp, #Sp,,

each one of them to an « error applying a comparison test with two paired binomial
proportions e.g. applying the well-known McNemar test (Zhou, 2013) or another
method (Fagerland et al, 2014). Therefore, the classic method consists of comparing the
two sensitivities and the two specificities independently, solving each hypothesis test to
an o error. An alternative to the classic method consists of contrasting the equality of
the two sensitivities and of the two specificities simultaneously (Lachenbruch and

Lynch, 1998), i.e. solving the global test

H,:(Se,=Se, and Sp,=Sp,) vs H,:(Se #Se, and/or Sp, #Sp,)

13
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to an a error. The objectives to be studied are: 1) to obtain new test statistics to solve
the global test; and 2) to compare the asymptotic behaviour of the previous test statistics
with others based on the individual hypothesis tests or with others based on the
individual hypothesis tests to an & error and applying methods of multiple comparison.
The study of these objectives will allow us to determine the optimal asymptotic methods
to compare the accuracy of two BDTS subject to paired design, giving some general

rules of application.

2.2. Comparison of the likelihood ratios of two diagnostic tests

subject to a paired design: confidence intervals and sample size

The comparison of the LRs of two BDTs through hypothesis tests subject to a paired
design has been the subject of several studies. Leisenring and Pepe (1998) studied the
estimation of the LRs of a BDT through a regression model, and Pepe (2003) adapted
this model to compare the LRS of two BDTSs. Biggerstaff (2000) proposed a graphical
method to compare the LRS of two (or more) BDTS. Nevertheless, this method is non-
inferential and can only be applied to the estimators. Rolddn-Nofuentes and Luna
(2007) studied hypothesis tests to compare the LRs individually and also
simultaneously. Dolgun et al (2012) extended the method of Leisenring and Pepe (1998)
to compare the LRS simultaneously. Nevertheless, the comparison of the LRs through
confidence intervals has not been studied in depth. From the studies by Pepe (2003) and
by Roldan-Nofuentes and Luna (2007), confidence intervals are obtained for the ratio of
the positive (negative) LRs. Therefore, the following objectives are posed: 1) to obtain
new confidence intervals for the ratio of the positive (negative) LRS; 2) to compare the
asymptotic behaviour of the confidence intervals studied; and 3) to study a method to

calculate the sample size necessary to compare the LRs through a confidence interval.

14
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2.3. Asymptotic confidence intervals for the difference and the
ratio of the weighted kappa coefficients of two diagnostic tests

subject to a paired design

Bloch (1997) studied the comparison of the weighed kappa coefficients of two BDTs
subject to a paired design deducing a Wald type statistic. Based on this study, inverting
the test statistic we obtain a confidence interval for the difference between the two
weighted kappa coefficients. The objectives that are posed are: 1) to study new
confidence intervals for the difference and the ratio of the weighted kappa coefficients
of two BDTs; 2) to compare the asymptotic behaviour of the confidence intervals
studied, giving some general rules of application; and 3) to study a method to calculate
the sample size necessary to compare the two weighted kappa coefficients through a

confidence interval.

2.4. EM and SEM algorithms to compare the weighted kappa
coefficients of two diagnostic tests in the presence of partial

verification and discrete covariates

In the presence of partial disease verification, the selection of an individual to verify his
or her disease status with the GS may also depend on the discrete covariates that are
related to the disease. Zhou (1998) studied a hypothesis test to compare the sensitivities
(specificities) of two BDTs when in the presence of partial disease verification, discrete
covariates are observed in all the individuals. The objective that is posed is to study a
hypothesis test to compare the global weighted kappa coefficients of two BDTs when in
the presence of partial disease verification a discrete covariate is observed in all the

individuals.

15






CHAPTER 3

METHODOLOGY

3.1. Recommended methods to compare the accuracy of two

binary diagnostic tests subject to a paired design

Traditionally, the comparison of the accuracy of two BDTS subject to a paired design

consisted of solving the two hypothesis tests

H,:5¢, =Se, vs H,:Se #Se,
and

H,:Sp, =Sp, vs H,:Sp, #Sp,,

each one of them to an « error applying a comparison test with two paired binomial

proportions. Subject to a paired design these hypothesis tests are equivalent to the tests
Hy:Pw=Py vs H Py # Py

and
Hy:0y =0, Vs H, 0y # 0y,

respectively. Another alternative method is to solve the global test

H,:(Se =Se, and Sp,=Sp,) vs H, :(Se #Se, and/or Sp, = Sp,)

17
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We will now summarize the methods that exist to solve the individual tests and the

global test.

3.1.1. Individual tests

The comparison of the sensitivities (specificities) of two BDTS subject to a paired
design consists of the comparison of two paired binomial proportions. We will now

summarize some different methods to solve this problem.

3.1.1.1. Conditional exact test

In hypothesis test H,: p,, = p,, the proportions p,, and p, do not appear, and so it is
possible to discard these proportions and, consequently, also discard the frequencies s,
and s, . Conditioning on the sum of the discordant frequencies, i.e. conditioning on

S,, + Sy » 1t 1s verified that p,+ p,, =1, and it is also verified that s, is the product of a

o1
binomial distribution of parameters s, +s, and p,, i.e. Bin(s,,+5,,p,,). If the null
hypothesis is true then p,=p, =1/2, and, therefore, both the hypothesis test
H,:0, =0d,Vs H,:p,# P, Is also equivalent to test H,: p,,=1/2 vs H, :p,, #1/2.
Finally, the two-sided exact p-value for the comparison test of the two sensitivities is

Min(s;9.501) S +5S S10+501
two-sided exact p-value =2 x Z ( 0 Olj(%j .
j=0 J

If s, =s,, then the two-sided exact p-value equals one. In a similar way, the two-sided

exact p-value to compare the two specificities is

Min(rg.%;) rO + ro 1 fo+To1
two-sided exact p-value = 2 x Z oo (Ej )
=0 J

3.1.1.2. Conditional mid-p test

The conditional mid-p test (Lancaster, 1961) is a modification of the exact conditional

test. This method consists of subtracting the probability of the observed outcome s,

18
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from the two-sided exact p-value. Thus, the mid-p values to compare the two

sensitivities and the two specificities are

. . SlO + 801 1 Si0+So1
mid-p value = two-sided exact p-value — ‘ )
10

and

. . IFlO + IFOI 1 fortlr
mid-p value = two-sided exact p-value — , ) ,
10

respectively. The conditional mid-p test is also referred to as quasi-exact test.

3.1.1.3. McNemar test

The McNemar test (McNemar, 1947) is the asymptotic version of the conditional exact
test. Conditioning on the sum of discordant frequencies and applying the Central Limit

Theorem, the statistic for hypothesis test H, : p,, = p,, 1S

which is distributed according to a standard normal distribution, where

2
Var(leO— pm): Pio + Pos _iplo_ p01) .

If the null hypothesis is true, then

): plo"'pm_

Varo( f)lo - pm S

Finally, the test statistic for the McNemar test is

Zy :(510 _501)/\/510 + S -

It is very common to express this statistic in terms of the chi-square distribution, i.e.

2 (SIO _501)2
v =
Sip T Spy
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which is distributed asymptotically according to a chi-square distribution with one
degree of freedom. In a similar way, the test statistic of the McNemar test is obtained to

compare the two specificities:

2 (rlo _r01)2
Im = .
fo + 1oy

3.1.1.4. McNemar test with continuity correction

In the McNemar test the binomial distribution is approximated through the normal
distribution. In this situation, it is common to apply continuity correction (cC). Edwards

(1948) proposed the following continuity correction version of the McNemar test,

R R 1
Pio — p01|_g
Zyee = = = .
i Jvar(pm_pm)

Performing the same algebraic operations in the previous section, it is obtained that the

statistics of the McNemar test with cc are

2 _(|S]0_SOI|_1)2 2 _(|r10_r01|_1)2
Aee = Sio t Soy and Hiee = No + 1o ’

respectively.

3.1.1.5. Modified McNemar test

Bennett and Underwood (1970) proposed a modification of the statistic of the McNemar
test adding 0.5 to the observed frequencies. This correction improves the approximation

to the chi-square distribution. The statistics of MMT are:

(510_301)2 and thﬂM =(r10—r01)2

T =
MM s, +1 fo+ 1, +1
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3.1.1.6. Wald test

The comparison of the two sensitivities (specificities) can also be made applying the

Wald test (1943). The Wald test statistic to compare the sensitivities is

Zz _ S(310_501)2
W )
4510501 + (511 + Sy )(SIO + S01)

which is distributed asymptotically according to a chi-square distribution with one
degree of freedom. To compare the two specificities, the Wald test statistics is
2
2 r ( No — Mo )

Xw = .
" 4r10r01+(r11+r00)(r10+r01)

3.1.1.7. Modified Wald test

As the WT tends to reject too often under the null hypothesis when the sample size is
small or moderate, May and Johnson (1997) proposed a modification of the Wald

statistic adding 0.5 to each one of the discordant frequencies, i.e.

2 2

S, —S r,—r
C — and 2, = (o ="o1) _.

(310_5501) (I.l0+r01+1)_(|]0—sr01)

2 _
Xvw =

(Si0+So +1)-

This modification reduces the size of the Wald statistic, and for n <50 the size of the

test is close to the nominal error.

3.1.1.8. Likelihood ratio test

Conditioning in the sum of the discordant frequencies, if the null hypothesis

H,: P, = Py, is true then it is verified that Py, = Py, =(S,,+$, )/(25). The likelihood

ratio statistic to compare the sensitivities is

I = 2{510 ln[ 25 }+ So1 ln[ 25y ﬂ ,
SIO + SOI SIO + SOI

and in a similar way, the likelihood ratio statistic to compare the specificities is
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ZER=2{%1H( 2l J"’rmln( 2l ]},
fio + Tox Nio + Tor

whose distributions are asymptotically a chi-square with one degree of freedom.

3.1.1.9. Unconditional exact test

The conditional exact test and the mid-p test are based on the conditioning on the sum
of the discordant frequencies. Suissa and Shuster (1991) proposed, based on the statistic
of the McNemar test, an exact test which uses all the frequencies in the sample and,
therefore, does not condition in the sum of the discordant frequencies. When we

compare the two sensitivities, the power function of the test is

S s—m
P(pmapm):Z[s S s—mJ 15(1)(J g(il (1_p10_p01) >
10 0

C 1
where m=s,+s,, and C= {(Slo,m): S;p = h(m); S, =0,1,....m;m :O,l,...,S} , with
h(m) = (ZM Jm+ m) / 2 and z,, the calculated value of the McNemar statistic. If the
null hypothesis is true, then the distribution of (S,O,m,s - m) is a trinomial distribution

with parameters s and probability vector is (5/2,6/2,1-6 )T ,i.e.

ro)-3(, ) 0o

and where & = p,, + p,, is the nuisance parameter. The nuisance parameter is eliminated

by maximizing this function over the range of & . The function P(5 ) is simplified as

P(5)=i(?J5j(l_5)sj Fj(j_ii_l)’
=k
where k:int[zé+1], i :int[h(j)], int[.] is the integer function and F; is the

cumulative binomial distribution function with parameters j and 1/2. Finally, the two-

sided exact p-value is calculated as
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two sided exact p-value = 2 x sup { P(s )} :

0<o<l

The two-sided exact p-value to compare the two specificities is calculated in a similar

way, substituting “s” with “r” and “p” with “q”.

3.1.1.10. Unconditional McNemar test

Lu (2010) proposed a statistic for the McNemar test that considers all the frequencies in
the sample, and which therefore does not condition in the sum of the discordant

frequencies. The hypothesis test H;:p,=p, vs H,:p,# P, 1S equivalent to the

hypothesis test

HO : plO — pOl Vs H1 . plO # pOl .
plO + pOl plO + pOl plO + pOl plO + pOl

Subject to the null hypothesis, the frequency s,, (or s, ) is the product of binomial

distribution of parameters S and 0 = ( Pio + Py ) / 2. The estimators of the average and of

~

the variance of the binomial distribution are S5 =(s, +501)/ 2 and

_ St Su _ (Si+ S01)2
4s

35(1—3)

Approximating to the normal distribution and

applying the Central Limit Theorem, the statistic for the hypothesis test of equality of

the two sensitivities is

Sip — so Sip — Spy

Z ’
™ \/35(1—3) \/(510+501)(S+311+500)

S

or in terms of the chi-square distribution

2
S(Slo _501)
9
Sio+ S0 ) (S+5S,; +5y0)

ZjM:(

whose distribution is asymptotically a chi-square with one degree of freedom. In a

similar way, we obtain the statistic to compare the two specificities:
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2
r(rlo_rm) '
r10+r01)(r+r11+r00)

ZLZJM :(

3.1.1.11. Unconditional likelihood ratio test

Lu (2011) also proposed a likelihood ratio test statistic to compare two paired binomial
proportions without discarding the concordant frequencies. The likelihood ratio test
statistic is obtained in two phases: in the first phase we obtain the likelihood ratio test

: and in

statistic when the four frequencies s; are combined in two, s, and s, +S,, + S, ;

the second phase we obtain the likelihood ratio test statistic when the four frequencies

s; are combined in another two, s, and s, +s,,+5, . Finally, the likelihood ratio test

statistic is calculated as an average of the two likelihood ratio test statistics. In the

context studied here, the likelihood ratio test statistics are

2s 2s
;(jLR =S, ln( 2 |+5s,In LU
SIO + SOI SIO + SOI

(S—Slo)ln[m}(s—sm)ln{z(_s;s_m)}

25—S,, =S,

2r 2r,
ZSLR =1, ln[ o |+ o1 In |+
fo + 1o fo + 1o

(=] Bl o) S0

2r—r10_r01

and

which in both cases asymptotically follow a chi-square with one degree of freedom.

3.1.2. Global test

Lachenbruch and Lynch (1998) studied the simultaneous comparison of the sensitivities

and of the specificities, i.e. solving the global test
H,:(Se,=Se, and Sp,=Sp,) vs H,:(Se #Se, and/or Sp, #Sp,)

to an a error. Therefore, these authors have proposed these test statistics:
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2s 25 2r 2r
X =2 Sloln( - )-Fsmln( ol }+r101n( 10 }+r011n( ol ]
SIO + SOI SIO + SOI r-10 + r‘01 r-10 + I‘-01

Z; _ (Slo _501)2 + (rIO B r01)2 .
Sio * Soy fo + 1o

and

The first one is obtained applying the likelihood ratio test and the second one adding the

test statistics of the individual tests of the McNemar test.

3.1.3. Methodology

We have studied in greater depth the global test applying the Wald Method (1943) and
the Rao Method (1948), in order to obtain new asymptotic solutions for this hypothesis
test. Moreover, Monte Carlo simulation experiments were carried out to compare the
different methods based on the individual tests (to an « error and applying the multiple
comparison methods of Bonferroni (1936) and Holm (1979)) and in the global test, and
in this way we were able to determine which are the methods with the best asymptotic
behaviour to compare the sensitivities and specificities of two BDTS subject to a paired

design.

3.2. Comparison of the likelihood ratios of two diagnostic tests

subject to a paired design: confidence intervals and sample size

Pepe (2003) and Roldan-Nofuentes and Luna proposed confidence intervals for the ratio
of the LRs of two BDTSs subject to a paired design.

3.2.1. Regression model

Leisenring and Pepe (1998) studied the estimation of the LRS of a BDT in presence of

covariates through a regression model. For the positive LR, the regression model with p

p
covariables 1s ln( LR+(X1)) =B, + Z BiX,,, where B are the parameters of the model
i=1
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and X, = (X“,..., X lp) is the matrix of covariates. This model can be used to compare

two BDTs (Pepe, 2003), i.e. ln[LR+ ( X; )] =B, + B, X;, where X, is a variable dummy

to compare a BDT in relation to another. The regression model to compare the two

negative LRS is ln[LR+(XT )} = o, + o, X+ . In these models, the ratio @" = LR /LR; is

estimated as e/ and the ratio @~ = LR /LR, as €. The confidence interval for " is

@ xexp {i 2y o Aaro [ln (aA)+ )} } ’

where 7, is the 100(1—cy/2)th percentile of the standard normal distribution and

) <7 1-Se Sp 1-Se Sp
Varo[ln(a) )]_ séell +r(1—épl)+ s§e22 +r(1—§p2)

is the estimated variance of @ subject to the null hypothesis H,:LR" =LR;. The
confidence interval for @ s similar to the previous one, where

Se, +1—A§pur Se, +1—A§pl.
I—Sel) rsp, s(l—Sel) rsp,

Varo[ln(é)‘)] = S(

3.2.2. Logarithmic interval

Roldan-Nofuentes and Luna (2007) studied a hypothesis test to compare the LRS
applying the method of maximum likelihood and the delta method to solve the

hypothesis test H,:In(@)=0 vs H, :In(@)#0, where » is @" or @ . The test

statistic is In () / JVar (&), and its distribution is asymptotically normal. Inverting the

test, the logarithmic CI for @ is

@ x exp{izla/21 /QAaI’ [ln((f)):l} ,

where Var [ln(d))] is obtained applying the delta method.
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3.2.3. Methodology

New confidence intervals were studied for the ratio of the positive (negative) LRS
applying the Wald Method (1943), the Fieller method (1940), Bootstrap (Efron and
Tibshirani, 1993) and the Bayesian Monte Carlo method (Boos and Stefanski, 2013).
Monte Carlo simulation experiments were carried out to study the asymptotic coverage
and the average width of the confidence intervals studied. Moreover, a method has been
proposed to calculate the sample size to compare the positive (negative) LRs through a
confidence interval, applying for this purpose an iterative method of calculation of the

sample size based on a pilot sample.

3.3. Asymptotic confidence intervals for the difference and the
ratio of the weighted kappa coefficients of two diagnostic tests

subject to a paired design

The comparison of the weighted kappa coefficients of two BDTS subject to a paired
design was studied by Bloch (1997).

3.3.1. Bloch method

Bloch (1997) studied the comparison of the weighted kappa coefficients of two BDTs

subject to a paired design, i.e.
H,:x(c)=x,(c) vs H,:x(c)=x,(c).

The test statistic for this hypothesis test is

&(0)-4,(c) NGO,

=
\/\7ar (£ (c)]+Var[£,(c)]-2Cov[ £ (c).&,(c)] "~
where the variances-covariances are obtained applying the delta method. Inverting the

test statistic, a Wald type confidence interval for ;(c)—x,(c) is

#(c)-&,(c) £z, Var[ & (c)]+Var[£,(c)]-2Cov[ £ (c).% (c) .
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3.3.2. Methodology

New confidence intervals were obtained for the difference and for the ratio of the
weighted kappa coefficients of two BDTSs, thus extending the study by Bloch (1997).
Therefore, we used the Wald method (1943), the Fieller method (1940), Bootstrap
(Efron and Tibshirani, 1993) and the Bayesian Monte Carlo method (Boos and
Stefanski, 2013). Monte Carlo simulation experiments were carried out to study the
asymptotic coverage and the average width of the confidence intervals studied, giving
some general rules of application for the intervals for the difference and for the ratio.
Furthermore, a method has been proposed to calculate the sample size to compare the
two weighted kappa coefficients through a confidence interval, applying for this

purpose a methodology similar to that applied in Section 3.2.

3.4. EM and SEM algorithms to compare the weighted kappa
coefficients of two diagnostic tests in the presence of partial
verification and discrete covariates

In the presence of partial disease verification, the comparison of the weighted kappa
coefficients of two BDTs when a discrete covariate is observed in all of the individuals

is a question that has not been previously studied. Therefore, in this situation it is

considerd that in all of the n individuals in the sample we observe a vector

X =(X1,X2,...,XM) of a discrete covariate, where X, (m =1,..., I\/l) is each one of the

different values or patterns that the covariate can take. For the mth pattern of the

covariate (X =X, ) we obtain the frequencies from Table 3.1. The total sample of n

individuals can be seen as a mixture of M multinomial independent 3 x 4 tables.

The objective is to study a hypothesis test to compare the two weighted kappa

coefficients in this situation.
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Table 3.1. Observed frequencies in the presence of partial verification for X =X .

T =1 T.=0
T,=1 T,=0 T,=1 T,=0 Total
V=1
D=1 Siim Siom Sotm Soom S
D=0 Mim Nom Toim Toom M
V=0 Upim Ujom Upim Ugom Uy,
Total Mo Miom Noim Noom N

3.4.1. Methodology

This problem was solved applying two methods of computation: the EM algorithm and

the SEM algorithm.

3.4.1.1. EM algorithm
The EM algorithm (Dempster et al, 1977) is a very well known method in Statistics to
impute the estimators of parameters in presence of missing data, and it requires that

missing data to be missing at random (MAR). For the mth table (X = Xm) let us suppose
that from each frequency u;, of non-verified individuals, d;;, have the disease and
U;, —dj, do not have the disease, with i, j=0,1. Then each one of the M 3x4 tables
can be expressed in the form of a 2x4 table with frequencies s, +d;, for D=1 and

lim + Ujjn — 0y, for D =0. Table 3.2 shows the frequencies of the complete data for

ijm
X =X, . For each one of the multinomial 3x4 tables the missing information is the true
disease status of the individuals not verified with the GS. This information is
reconstructed in the E step of the algorithm and in the M step the values of the
maximum likelihood estimators are imputed. The application of the EM algorithm

allows us to obtain the estimations of the weighted kappa coefficients of the BDTS.
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Table 3.2. Complete data for X =X .

T, =1 T,=0
T,=1 T,=0 T,=1 T,=0 Total
D:l Sllm +d11m lem +d10m SOlm +d01m S00m +d00m Sm +dm
i T Ui liom + Uiom oim + Uoim Toom T Uoom I +U,
D=0
_dllm _dIOm _dOIm _dOOm _dm
Total Nim Nom Noim Noom Ny,

3.4.1.2. SEM algorithm

The estimation of the matrix of variances-covariances of the estimators was obtained
through the application of the SEM algorithm (Meng and Rubin, 1991). The SEM
algorithm (Supplemental EM) is a computational method that allows us to estimate the
variance-covariance matrix of a vector of estimators using the calculations made in the

application of the EM algorithm. Let >, be the variance-covariance matrix, and

Dempster et al (1977) demonstrated that

Y. =1(1-DM)"

0

where | is the identity matrix and DM =1_,1.', when | is the Fisher information

matrix of the complete data and 1 is the Fisher information matrix of the missing

S

data. The SEM algorithm consists of three phases: (1) to assess the matrix 17, (2) to

oc

assess the DM matrix, and (3) to assess the variance-covariance matrix Zé. The main

objective of the SEM algorithm is to calculate the elements of the DM matrix, which is
done through an algorithm that uses calculations made by the EM algorithm that runs
iterations of the EM algorithm. Therefore, the application of the SEM algorithm allows

us to estimate the variances-covariances of the weighted kappa coefficients of the BDTS.

3.4.1.3. Hypothesis Test

Once we have obtained the estimators of the weighted kappa coefficients and their
variances-covariances applying the previous algorithms, the test statistic for the

hypothesis test
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H,:x(c)=x,(c) vs H, :x (c)#x,(c)

7— IQI(C)—Iez(C)
\/Var [#(c)]+Var[#,(c)]-2Cov[ £ (c).&,(c)]

which is distributed according to a normal distribution when the sample size n is large.

b

Once the hypothesis test is solved, Monte Carlo simulation experiments were carried

out to study its type I error and its power.
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CHAPTER 4

RESULTS

This Doctoral Thesis has obtained different results related to the comparison of
parameters of two BDTs. We will summarize the results obtained for each one of the

objectives. The complete results can be seen in the Appendices.

4.1. Recommended methods to compare the accuracy of two

binary diagnostic tests subject to a paired design

e Applying the Rao score test, a test statistic was obtained for the global
hypothesis test:

Z; _ (510 _301)2 n (rIO B r01)2
Sio + So1 fio 1oy

whose distribution is a chi-square with two degrees of freedom when the sample

size N is large.

e Applying the Wald method, a test statistic was obtained for the global
hypothesis test:
2 2
2 S(310_301) r(rw_rm)

T = +
" 4510301+(511+Soo)(slo+so1) 4nor01+(nl+roo)(r10+r01)

2
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whose distribution is a chi-square with two degrees of freedom when the sample

size N is large.

Based on the results obtained in the simulation experiments, the following

general rules of application can be established:

1). When the prevalence is small (p=10%) or very small (p=5%) and the

sample is small (n=50) or moderate (N=100), solve the tests H,: Se, = Se,
and H,:Sp, = Sp, individually applying the Wald test or the Likelihood ratio

test along with the Bonferroni (or Holm) method to an error o =5% .

2). In any other situation, solve the global test H,:(Se, = Se, and Sp, =Sp,) to

an error « =5% applying the likelihood ratio test or the Wald test. In this
situation, if the global test is not significant then the equality of the accuracy of
both BDTs is not rejected, and if the global is significant then the causes of the

significance will be investigated: a) testing the tests H,:Se =Se, and
H,:Sp, = Sp, individually applying the Wald test or the likelihood ratio test
along with the Bonferroni or Holm method to an error o = 5% if the sample size
is small or moderate (n < 100) or if the sample size is very large (n > 1000) ; or
b) testing the tests H,:Se, =Se, and H,:Sp, =Sp, individually applying the
McNemar test with continuity correction to an error o = 5% if the sample size is

large (200 <n<500).

4.2. Comparison of the likelihood ratios of two diagnostic tests

subject to a paired design: confidence intervals and sample size

34

Applying the Wald method, a confidence interval was obtained for the ratio of

the two positive (negative) likelihood ratios:

(R ) lizla/z\/\;ar(lle)+\73r(|:Rz)_260V(|:R1>|:R2)

1
LR, LR? LR? LR LR,



LR,

Chapter 4: Results

Applying the Fieller method, a confidence interval was obtained for the ratio of

the two positive (negative) likelihood ratios:
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where &, =Var (LR ) and 6, =Cov(LR,,[R,)

The ratio of the positive (negative) likelihood ratios was estimated applying
Bootstrap, calculating the bias-corrected interval.

The ratio of the positive (negative) likelihood ratios was estimated applying the
Bayesian Monte Carlo method, calculating a confidence interval based on
quantiles.

From the simulation experiments carried out, the following general rules of

application for the intervals were given:

1). For the ratio of the positive likelihood ratios, use the logarithmic confidence
interval, whatever the sample size may be, although when n>200 we can also

use the Wald, the Fieller and the Bootstrap intervals.

2). For the ratio of the negative likelihood ratios, use the Wald Cl, whatever the
sample size may be.

A method was proposed to calculate the sample size necessary to estimate the
ratio of the positive (negative) likelihood ratios through the Wald confidence

interval. The method requires the estimation of all the parameters starting from a

pilot sample.
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4.3. Asymptotic confidence intervals for the difference and the

ratio of the weighted kappa coefficients of two diagnostic tests

subject to a paired design

36

The relation between the two weighted kappa coefficients and the true (false)
positive fraction between the two BDTs was studied.

The difference and the ratio between the two weighted kappa coefficients was
estimated applying Bootstrap, calculating the bias-corrected interval for the
difference and for the ratio.

The difference and the ratio between the two weighted kappa coefficients was
estimated applying the Bayesian Monte Carlo method, calculating a confidence
interval based on quantiles for the difference and for the ratio.

A logarithmic interval was obtained for the ratio of the two weighted kappa

coefficients:
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Applying the Fieller method, a confidence interval was obtained for the ratio of

the two weighted kappa coefficients:

where @y =K (c)x&;(c) =64z, G =\7ar[12i (C)] and
6,, =Cov[ & (c),%,(c)]

Based on the simulation experiments carried out, the following general rules of

application for the intervals were given:
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I). If n is small (n<100), use the Wald CI for the ratio increasing the

frequencies s; and r; in 0.5.

2). If 100 < n <400, use the Wald ClI for the ratio without adding 0.5.

3). If n>500, use any of the Cls (for the difference or for the ratio) without
adding 0.5.

e A method was proposed to calculate the sample size necessary to estimate the
ration between the two weighted kappa coefficients through the Wald
confidence interval. The method requires estimation of all the parameters
starting from a pilot sample.

e A programme written in R that allows us to calculate all of the confidence
intervals studied and also calculate sample size necessary to compare the two
weighted kappa coefficients. The programme, called “citwke” (Confidence
Intervals for Two Weighted Kappa Coefficients) is available free of change at
the following URL:

https://www.ugr.es/~bioest/software/cmd.php?seccion=mdb

4.4. EM and SEM algorithms to compare the weighted kappa
coefficients of two diagnostic tests in the presence of partial

verification and discrete covariates

e Assuming that the missing data mechanism is MAR, the estimations of the
weighted kappa coefficients are obtained in each pattern of the covariate
applying the EM algorithm. The estimator of each global weighted kappa
coefficient is obtained combining properly the estimators in each pattern of the
covariate.

e The variances-covariances of the weighted kappa coefficients were estimated
applying the SEM algorithm. It has been demonstrated that the elements of the
DM matrix between two different patterns of the covariate are equal to zero, and

therefore the DM matrix is expressed as

DM = Diag{DM,,DM,,...DM,, },
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when DM, is the DM matrix in the mth pattern of the covariate.

e A Wald type test statistic was proposed to solve the hypothesis test of equality
of the weighted kappa coefficients and simulation experiments were carried out
to study its asymptotic behaviour, and it was found that its type I error fluctuates
around the nominal error without overwhelming it when the sample size is large

and that for the power to be high it is necessary to have a large sample size.
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CHAPTER 5

CONCLUSIONS

5.1. Recommended methods to compare the accuracy of two

binary diagnostic tests subject to a paired design

Traditionally, the comparison of the accuracy of two BDTS subject to a paired design is
made conditioning on the individuals with (without) the disease and comparing the two
sensitivities (specificities) applying a comparison test with two paired binomial
proportions to an o« error. Therefore, each one of the tests H,:Se =Se, and

H, :Sp, = Sp, are tested independently to an o error. An alternative to this method is

to compare the two sensitivities and the two specificities simultaneously, i.e. performing
the global test H, :(Se, =Se, and Sp, =Sp,) vs H, :(Se, # Se, and/or Sp, # Sp, ). This
manuscript studies this global hypothesis test, extending the study by Lachenbruch and
Lynch (1998), through the application of Rao’s score test and the Wald test.
Lachenbruch and Lynch proposed two statistics for the global test, one obtained
applying the likelihood ratio test and another one obtained as the sum of the McNemar

statistic for the test H;:Se,=Se, and of the McNemar statistic for the test
H,:Sp, = Sp,. In this study the same statistic has been derived applying Rao’s score

test. Another statistic has also been obtained using the Wald test, which is also the sum
of the Wald statistics for the individual tests. Another alternative method that has been

studied to compare the accuracy of two BDTS consisted of testing the two individual
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tests H,:Se, =Se, and H,:Sp, =Sp, through a comparison test of paired binomial

proportions and application of the Bonferroni method or the Holm method. Simulation
experiments were carried out to study the asymptotic behaviour of the different methods
to compare the sensitivities and specificities, giving some general rules of application

for the hypothesis tests studied.

5.2. Comparison of the likelihood ratios of two diagnostic tests

subject to a paired design: confidence intervals and sample size

The likelihood ratios are parameters that are used to assess and compare the
effectiveness of BDTS, and only depend on the sensitivity and specificity of the BDT.
The comparison of the likelihood ratios of two BDTS consists of the comparison of two
relative risks. This manuscript has studied this comparison through CIs for the ratio of
the two positive (negative) likelihood ratios, considering paired design as a type of
sampling. Six ClIs were studied, of which five were frequentist and one was Bayesian.
The five frequentist intervals are based on the asymptotic normality of the estimators of
the LRs or of functions of the LRS. Regarding the Bayesian interval, this was obtained
applying the Monte Carlo method and considering distribution which a priori are non-
informative. The comparison of the asymptotic behaviour of the Cls was studied though
simulation experiments. The results of these experiments have shown that in order to
estimate the ratio of the two positive likelihood ratios, in general terms, the intervals
with the best behaviour are the logarithmic interval (for all sample sizes), the Wald
interval, the Fieller interval or the Bootstrap (these last three for large or very large
samples); on the other hand, in order to estimate the ratio of the two negative likelihood
ratios the interval with the best behaviour is the Wald interval (for all sample sizes). A
method has also been proposed to determine the sample size necessary to compare the
ratio between the two positive (negative) likelihood ratios with a precision and

confidence level.
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5.3. Asymptotic confidence intervals for the difference and the
ratio of the weighted kappa coefficients of two diagnostic tests

subject to a paired design

The weighted kappa coefficient of a BDT is a measure of the beyond-chance agreement
between the BDT and the GS, and depends on the sensitivity and specificity of the BDT,
on the disease prevalence and on the weighting index. The weighting index C is a
measurement of the relative loss between a false positive and a false negative, and it is a
value set by the clinician depending on the way that the BDT is going to be used. We
have studied the comparison of the weighted kappa coefficients of two BDTs through
confidence intervals subject to a paired design. Three intervals were studied for the
difference of the two weighted kappa coefficients and another five intervals for the ratio
between the two parameters. All of the intervals studied are asymptotic and simulation
experiments were carried out to study their asymptotic behaviour, and based on the
results of these experiments some general rules of application have been given. A
method has also been proposed to calculate the sample size to estimate the ratio between

the two weighted kappa coefficients with a determined accuracy and confidence.

5.4. EM and SEM algorithms to compare the weighted kappa
coefficients of two diagnostic tests in the presence of partial

verification and discrete covariates

The weighted kappa coefficient of a BDT 1is used to assess and compare the
effectiveness of BDTs when considering the losses of a misclassification with the BDTSs.
A hypothesis test has been studied to compare the weighted kappa coefficients of two
BDTs when in the presence of partial disease verification a discrete covariate is
observed in all of the individuals. The hypothesis test proposed is based on the fact that
the verification process with the gold standard only depends on the results of the two
BDTs and on the covariate, and therefore on the fact that the verification process is
MAR. The solution of the hypothesis test of equality of the two weighted kappa
coefficients was achieved applying computational methods: the EM algorithm for the
calculation of the estimators and the SEM algorithm for the calculation of the variances-

covariances. The EM algorithm is very well known and applied in a multitude of
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problems with missing data. Nevertheless, the application of the SEM algorithm is not
so frequent, even though this is a method which is inherent to the EM algorithm since it
uses many of its calculations. Applying the SEM algorithm, it has been demonstrated
that the elements of the DM matrix between estimators of two different patterns of the

covariate are equal to 0, and therefore the DM matrix is expressed as a diagonal matrix
of the form DM = Diag{DM],..., DMM} , when each DM, matrix is the DM matrix in
the mth pattern of the covariate. This decomposition of the DM matrix simplifies the
calculations of the variance-covariance matrix. Simulation experiments were carried out
to study the asymptotic behaviour of the hypothesis test when the covariate is binary,

which is a type of covariate which is frequent in clinical practice.
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Abstract

This manuscript assesses different methods to compare the sensitivities and the
specificities of two diagnostic tests. It studies the comparison conditioning on the
disease status and testing each hypothesis test individually to an « error, a global
hypothesis test to simultaneously compare the parameters, and the individual
comparison of the parameters along with the multiple comparison methods of
Bonferroni and Holm. Simulation experiments were carried out to study the global type
I errors and the global powers of the different methods, providing some general rules of
application. When the prevalence is small and the sample size is small or moderate, it is
recommended to compare the parameters individually along with the method of
Bonferroni or Holm; in any other situation, it is recommended to compare the
parameters simultaneously through a global test. The results were applied to an example

of the diagnosis of coronary disease.

Keywords: Binary diagnostic test, global hypothesis test, sensitivity, specificity.

Mathematics Subject Classification: 62P10, 6207.
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1. Introduction

A diagnostic test is a medical test that is applied to an individual to determine the
presence or absence of a disease. When the result of a diagnostic test is positive or
negative, the diagnostic test is called a binary diagnostic test (BDT). The mammography
for the diagnosis of breast cancer and the stress test for the diagnosis of coronary
disease are two examples of BDTs. The accuracy of a BDT is assessed in relation to a
gold standard (GS), which is a medical test used to objectively diagnose the presence or
absence of the disease. From this point on, it is assumed that the GS is an error-free test,
and therefore it objectively determines if an individual does or does not have the
disease. A biopsy for breast cancer and an angiography for coronary disease are two
examples of the GS. The accuracy of a BDT is measured in terms of two fundamental
parameters: the sensitivity and the specificity. The sensitivity (Se) is the probability of
the BDT result being positive when the individual has the disease (positive GS), and the
specificity (Sp) is the probability of the BDT result being negative when the individual
does not have the disease (negative GS). Both parameters only depend on the intrinsic

ability of the BDT to distinguish between individuals with and without the disease.

The comparison of the accuracy of two BDTS in relation to a GS is an important topic
in the study of statistical methods for clinical diagnosis, and consists of comparing the
two sensitivities and the two specificities. This comparison can be made subject to two

types of sample designs: unpaired design and paired design [1, 2]. Unpaired design

consists of applying a BDT to a sample of n, individuals and the other BDT to a sample
of n, individuals. The paired design consists of applying the two BDTs to all the

individuals in a random sample sized n. In both types of designs, the disease status is
known for all the individuals through the application of a GS. In unpaired design, the
comparison of the two sensitivities (specificities) consists of solving the hypothesis test
H,:Se,=Se, vs H,:Se,#Se, (H,:Sp,=Sp, vs H,;:Sp,#Sp,) to an « error
applying a method to compare two independent binomial proportions. In paired design,
the problem is traditionally solved conditioning on the disease status and applying a
comparison test of two paired binomial proportions. Thus, the comparison of the two
sensitivities (specificities) is made conditioning on the individuals with (without) the

disease and solving the test H,:Se, =Se, vs H,:Se #Se, (H,:Sp,=Sp, vs

H,:Sp, #Sp,) to an « error applying a comparison test of two paired binomial
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proportions, e.g. the McNemar test. Therefore, the two sensitivities and the two

specificities are compared independently solving each test, H,:Se =Se, and

H,:Sp, =Sp,, to an « error.

When the two BDTs and the GS are applied to all the individuals in a sample sized n,
an alternative method to the traditional one consists of comparing the two sensitivities

and the specificities simultaneously, i.e. performing the global hypothesis test

H,:(Se, =Se, and Sp,=Sp,) vs H,:(Se # Se, and/or Sp, # Sp,). Lachenbruch and

Lynch [3] studied this hypothesis test succinctly, proposing two statistics for the test,
one based on the likelihood ratio test and another on the sum of the McNemar tests of

each individual test.

This manuscript is motivated by a study [4] in which the accuracy of two BDTSs
(dobutamine echocardiography and myocardial perfusion scintigraphy) is compared,
using the coronary angiography as the GS. Conditioning on the individuals with the

disease and testing the test H,:Se, =Se, vs H,:Se, #Se, to an error a =5% applying

the McNemar tests, the equality of the two sensitivities is rejected. Testing the test

H,:Sp, =Sp, vs H,:Sp, #Sp, to the same error applying the same method the equality

of the two specificities is not rejected. Nevertheless, when performing the global test

H,:(Se,=Se, and Sp,=Sp,) vs H, :(Se #Se, and/or Sp, #Sp,) to an error

a=5% applying the results obtained by Lachenbruch and Lynch [3], the null
hypothesis of equality of the two sensitivities and of the two specificities is not rejected.
In Section 4, this example is discussed. The conclusions obtained (which are partly
contradictory) in this example have motivated to study the comparison of the
sensitivities and the specificities of two BDTs subject to a paired design using the
classic method (the individual tests) and the alternative one (the global test), as well as

an attempt to determine which methods should be applied and under what conditions.

Section 2 reviews and proposes different methods to compare the two sensitivities
and the two specificities individually and simultaneously. In Section 3, simulation
experiments are carried out to study the global type I errors and the global powers of the
different methods described in Section 2, and some general rules of application are
given for the methods. These rules of application are based on the disease prevalence

and the sample size. In general terms, when the prevalence is very small or small and
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the sample size is small or moderate, it is recommendable to compare the two

sensitivities and the two specificities individually along with the Bonferroni or Holm

method, i.e. solving the tests H:Se, =Se, and H, :Sp, = Sp, individual along with the

Bonferroni (or Holm) method to an « error; in any other situation, it is recommendable
to compare the two sensitivities and the two specificities simultaneously, i.e. solving the

global test H,:(Se =Se, and Sp, =Sp,) to an « error. In Section 4, the results

obtained are applied to the example of the diagnosis of coronary artery disease, and in

Section 5 the results obtained are discussed.

2. Methods to compare the accuracy

Let us consider two BDTs and one GS that are applied to all of the individuals in a
random sample of n individuals. Let T, be the random variable that models the result of
the hth BDT, in such a way that T, =1 when the result of the BDT is positive and T, =0

when it is negative. Let the random variable D that models the result of the GS: D =1
when the individual has the disease and D =0 when this is not the case. The application
of the two BDTs and of the GS to all the individuals in the sample leads to the
frequencies in Table 1. In this Section, we present different methods to compare the two
sensitivities and the two specificities, considering that the hypothesis tests are always

two-tailed.

2.1. Individual hypothesis tests

The sensitivities are compared in the individuals with the disease (D = 1) and testing
the hypothesis test H,:Se, =Se, vs H,:Se, #Se, to an « error. By conditioning on
D=1 the sample (s,,S,,,S),S,) is the product of a multinomial distribution with

probabilities p; =P(T,=i,T,= j|D=1), with > p;=1. Using the conditional

dependence model of Vacek [5], the probabilities p;; are written as

p, =S¢ (1-Se) ' Sel (1-Se,) "+ 4¢,,

ij
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where 4; =1 if i=] and 4;=-1 if i# |, and ¢ is the covariance between the two

BDTs when D =1, verifying that 0< & < Min{Se, (1-Se,),Se,(1-Se,)}. If & =0 then

the two BDTs are conditionally independent when D =1, an assumption that is not

realistic, and therefore in practice & >0. In terms of the probabilities p;, the
sensitivities are expressed as Se, = p,, + p,, and Se, = p,, + p,,, with P, =s; /s . In this

situation, the hypothesis test of equality of the sensitivities is equivalent to test

Ho:Pio=Po vs Hiipy# Py - (1)

Table 1. Observed frequencies and probabilities when two BDTSs are compared in
relation to a GS subject to a paired design.

Observed frequencies

T =1 T =0

T,=1 T,=0 T,=1 T,=0 Total
D= Si Sio Sor S0 S
D=0 M Mo fo1 oo r
Total Suthy Sio 1o Soi 1o Soo T oo n

In a similar way, the specificities are compared conditioning on the individuals without

the disease (D =0) and testing the test H,:Sp, =Sp, vs H,:Sp, # Sp, to an & error.
Conditioning on D=0 the sample (r“,rlo,rm,roo) is the product of a multinomial

distribution with probabilities ¢; = P(Tl =i,T,=j|D= 0), with Zij q; =1. Using the
model of Vacek [5] again it is obtained that

G, = 5P} (1-5p,)' Spi ! (1-5p,)" + A4,
where &, is the covariance between the two BDTs when D=0, verifying that
0<g, < Min{Spl(l—sz),sz(l—Spl)}. The same as for ¢, in practice &, >0. In
terms of ¢, the specificities are expressed as Sp, =0, +0,, and Sp, =q, +0,,, with

d; =1 / r. Therefore, the comparison test of the two specificities is equivalent to the

test
Hy: 0y, =0, vs H,:0, #0,. (2)
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The hypothesis tests (1) and (2) are solved applying a test to compare two paired
binomial proportions. Then eleven methods (two exact methods, one quasi-exact and
eight asymptotic ones) are described to compare two paired binomial proportions, in the
context studied here (sensitivities and specificities) and using the notation in Table 1.

These methods are:
1) Conditional exact test (CET)
2) Conditional Mid-p test (Midp)
3) McNemar test (MT)
4) McNemar test with continuity correction (MTcc)
5) Modified McNemar test (MMT)
6) Wald test (WT)
7) Modified Wald test (MWT)
8) Likelihood ratio test (LRT)
9) Unconditional exact Test (UET)
10) Unconditional McNemar test (UMT)
11) Unconditional likelihood ratio test (ULRT)

In Appendix A there is a detailed explanation of each method. The comparison of the
asymptotic behaviour (in terms of type I error and power) of methods to compare two
paired binomial proportions has been the subject of several studies. May and Johnson
[6] compared the methods CET, Midp, MT, MTcc, MMT, WT, MWT and LRT, and they
recommended using the Midp, the MT or the MWT when the sum of discordant
frequencies is lower than 40. Fagerland et al [7] compared the methods CET, Midp, MT,
MTcc and UET, and they recommended using the MT and the Midp.

2.2. Global hypothesis tests

Another way of comparing the accuracy of two BDTS consist of comparing the two
sensitivities and the two specificities simultaneously, i.e. performing the global

hypothesis test
H,:(Se,=Se, and Sp, =Sp,) vs H, :(Se #Se, and/or Sp, # Sp, ). (3)
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The solution of this hypothesis test is achieved without conditioning on the disease
status. Therefore, this hypothesis test is solved based on the sample design used, in

which the researcher has only set the size (n) of the only sample in the study. The

observed frequencies given in Table 1, X =(S,;,8,0,S>Su0s 1> o> Fors T ) » are the
product of a multinomial distribution. Let @ = (g, .10 Pr1>Pro> Pors Poo )T be the
vector of probabilities of the multinomial distribution, where ¢, = P(D =1,T, =i,T, = j)

and ¢, =P(D=0,T, =i,T, = j) with i, j=0,1. It is verified that

¢ij :ﬂ-[Se:(]—Sel)H SezJ (l—Sez)H +i-51i| )

i

and
= 7] sp (1-5p,) S0y (1-5p.)’ + 4¢3 |, (5)

where 7=P(D=1)= Zij ¢, is the disease prevalence and 7 =1-7 = Zij @, - In terms
of the probabilities ¢q and ¢;, the sensitivities and the specificities are expressed as
Se,=(4,+d)/7, Se,=(d,+8)/7. P, =0+ ¢y )/T and Sp, = (@, + @y )/ 7 . As
¢?ij =s;/n and @; =1, /n, the estimators of the sensitivities and of the specificities are
Se, =(s,,+5,)/s. Se,=(s,, +s,)/n, Sp, = ,)/r and Sp, =(r, +1,)/r, and the
estimator of the prevalence is 7 =s/n. Applying the delta method, its corresponding
estimated variances are \7ar(§eh) =Se, (1 —Se, )/( nz), \7ar(§ph) =Sp, (1 -Sp, )/( nfz)
and \7ar(fr) = 7%7%/ n, with h=1,2. The global hypothesis test (3) is equivalent to the
test

Hy:(do =4, and @, =0,) vs H :(d,#d, andlor ¢, =g,). (6)
Subject to the null hypothesis it is verified that ¢ =g, =(¢,+4,)/2 and that
P =00 =(Pn+9,)/2, and its estimators are @, =g, =(s,+S,)/(2n) and
P =Py = (1, +1,,)/(2n). It is obvious that the hypothesis test (6) is also equivalent to

the test H,:(p,=0p, and q,=0,) vs H :(p,#p, and/or g, #q,), since

¢, =7p; and ¢, =7(q;. Nevertheless, in the inconditional model the probabilities
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involved are ¢ij and ¢;, and not the probabilities p; and ¢; obtained under
conditioning.

Lachenbruch and Lynch [3] briefly studied the global hypothesis test, proposing two
statistics: one obtained through the likelihood ratio test and another obtained by adding
the two McNemar statistics (the sum of equations (19) and (20), see Appendix A). Three
statistics are then presented to solve the global hypothesis test. Firstly, we present the
likelihood ratio test statistics of Lachenbruch and Lynch. Secondly, we obtain a statistic
applying the Rao’s score test [8], demonstrating that this statistic is the same as the
second statistic (the sum of the two McNemar statistics) obtained by Lachenbruch and

Lynch. Finally, the global test is solved by applying the Wald test [9].

2.2.1. Likelihood ratio test (LRT)

Lachenbruch and Lynch [3] solved the global hypothesis test (6) by applying the
likelihood  ratio  test. ~ The  likelihood  function of the data is

L (o:x) = ke gl iy 6 o1 0l @l 0l . where k =n / HHSU !J[H 3 H . Subject to the
ij ij

null hypothesis, this function is L (@;x) =kl g5 "'doreiog " ow . Applying the

likelihood ratio test and performing algebraic operations, it is obtained that the

likelihood ratio statistic is

Xin = 2{810 ln(ﬂl +Sy, ln( 2y ]+ ho ln( 2o ]+ I, In [ﬁﬂ , (1)
SIO + SOI SIO + SOI r-10 + rOl rlO + rOl

which is distributed asymptotically according to a chi-square distribution with two

degrees of freedom when the null hypothesis is true. This statistic is the sum of the
statistics obtained by applying the likelihood ratio test to compare the two sensitivities
and the two specificities independently, i.e. the sum of expressions (27) and (28) (see

Appendix A), and in which only the frequencies of the discordant pairs intervene.
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2.2.2. Rao’s score test (RST)
The global hypothesis test can be solved applying Rao’s score test [8]. The log-

likelihood function of the data in Table 1 is |(@;x)=1Ink + Zij S; ln(¢\|j ) + Zij d ln(goij ) :

Let U(®) be a vector whose components are the derivates of |(@;x) with respect to ®
1e.
;
U(m):[hhi Sﬂiiihj
S Do P Do P P P Poo

As o is the probability vector of a multinomial distribution, the variance-covariance

matrix of @ is 2, =(diag (0)-oo’ )/n The estimator of @ subject to the null

hypothesis is

T
(”:) — (i S10 + SOI SIO + SOI Sﬂ rll rlO + r-Ol r-10 + r-01 @j
0 b ) .

n~2n " 2n "n’n’ 2n ° 2n ’n

Substituting in U(®) each parameter ¢ and ¢; with its corresponding estimator

subject to the null hypothesis given in @, it is obtained that

.
n 2SN 2s,.N 2r.n  2r.n
U((’)O)z(n’ 10 , 01 ’n,n, 10 , 01 ,n .
S10 + S01 SIO + S01 r10 + r01 IFlO + r01

Finally, the Rao’s score test statistic for the global hypothesis test is

which is distributed asymptotically according to a chi-square distribution with two
degrees of freedom when the null hypothesis is true, and where iﬁo is the matrix X

assessed in @, . Performing algebraic operations, it is obtained that the Rao’s score test

statistic is

Zé:(SIO—SOI)Z_'_(I’w—I’OI)Z . (8)
Sio t Soy No + Toy

This statistic is the sum of the statistics obtained applying the McNemar test to compare
the two sensitivities and the two specificities independently, i.e. the sum of expressions

(19) and (20) (see Appendix A), and therefore it is in line with the one proposed by
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Lachenbruch and Lynch [3] based on the construction of two separate 2x2 tables

obtained from Table 1 using the results of Hamdan et al [10].

2.2.3. Wald test (WT)

Another way of performing the global test is through the classic Wald test [9]. Let
0 =(Se,,Se,,Sp,,Sp, )T be the vector whose components are the sensitivities and the

specificities. As the sensitivities and the specificities are written in terms of the

probabilities of @, applying the delta method, the variance-covariance matrix of vector

; 00 (8
0is X, = (a—jz 5 (6_j . The hypothesis test (3) is equivalent to
s T

Hy:w0=0 vs H :w0=0. )

where y is a complete range matrix sized 2x4 defined as

(1 -1 0 0
Y=o o 1 -1)
Through the Multivariate Central Limit Theorem, it 1is verified that

Jn (6 - G)W N (0,%,). Finally, the Wald test statistic for the hypothesis test (9) is

A -1
Zi =00y (wEwT) v, (10)

which is distributed asymptotically according to a chi-square distribution with two
degrees of freedom when the null hypothesis is true. Performing algebraic operations, it

is obtained that the Wald test statistic is

s(5’10_301)2 n r(rlo_rm)2 (11)

2

2
Z =
" 4810801+(Sll+SOO)(SIO+SOI) 4r10r01+(r11+r00)(r10+r01)

which is also the sum of the statistics obtained applying the Wald test to compare the
two sensitivities and the two specificities independently, i.e. the sum of expressions (24)

and (25) (see Appendix A). In this statistic, all the observed frequencies are used.
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2.3. Other alternative methods

The methods described in Section 2.1 compare the two sensitivities and the two
specificities individually, testing each one of the hypothesis tests, H,:Se, = Se, and
H,:Sp, =Sp,, to an a error, and the methods described in Section 2.2 compare the

parameters simultaneously to an « error. Another alternative consists of comparing the
sensitivities and the specificities individually (through the methods described in 2.1)
and then applying a multiple comparison method to an & error. As multiple comparison
methods, we propose the application of the Bonferroni method [11] and the Holm
method [12]. The Bonferroni method is a classic one in post-hoc comparisons and, in
the situation studied here, it consists of testing each individual test to an «/2 error to
thereby control the global « error. The Holm method is a less conservative post-hoc
method than the Bonferroni one. Let p, and p, be the p-values obtained in each

individual hypothesis test and let us suppose that p, < p,, the Holm method consists of

the following two steps:
1) If p, > /2 then none of the two null hypothesis H, : Se, =Se, and H, : Sp, = Sp,

are rejected. In the opposite case (p, < «/2), the null hypothesis corresponding to that

hypothesis test is rejected and we go on to the next step.

2) If p,>a then the null hypothesis corresponding to that hypothesis test is not
rejected. In the opposite case (p, <) that null hypothesis is rejected and the process

ends.

3. Simulation experiments

Monte Carlo simulation experiments were carried out to study the global type I errors
and the global powers of the methods described in Section 2. For the methods described
in Sections 2.1 and 2.3, the objective is to study the global type I error and the global
power of each method when comparing the two sensitivities and the two specificities.

Thus, the global type I error is the one made when we reject the hypothesis

H, : Se, = Se, and/or the hypothesis H, :Sp, = Sp, when both are true, whether or not

each test is to an « error or applying the Bonferroni method (or the Holm method). The
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argument for the global power is similar to that of the global type I error. Therefore, the

objective is not to study the type I error and the power of each individual hypothesis

test, H,:Se, =Se, or H,:Sp, = Sp,, which is a question that has been studied by other
authors [6, 7]. For the methods described in Section 2.2, the objective is to study the
type I error and the power of the global test H:(Se =Se, and Sp, =Sp,). The
experiments consisted of generating N =10,000 random samples with multinomial
distributions of different sizes, n = {50,100, 200,300,400,500,1000,2000}, and whose
probabilities were calculated from equations (4) and (5). As sensitivity and specificity,
the values {0.70,0.75,...,0.95} were taken for each BDT, which are frequent values in
clinical practice. As disease prevalence, the values 7r={5%,10%,25%,50%} were

taken, which can be considered to be a very small (5%), small (10%), moderate (25%)

and high value (50%) respectively. For the covariances &, and &, we took for both 25%
(a low value), 50% (intermediate value), 75% (high value) and 90% (very high value) of
its  maximum  value, ie. & ="fxMin{Se (1-Se,),Se,(1-Se )} and
g, = f xMin{Sp, (1-5p,),Sp,(1-Sp,)} where f ={0.25,0.50,0.75,0.90}. The N

multinomial random samples were generated independently, and in such a way that in
all of them it was possible to apply all the methods described in Section 2. Thus, for
example, if a sample has a discordant frequency equal to zero, then it is not possible to
apply the likelihood ratio test, and in this situation that sample has been discarded and

another one has been generated instead until the completion of N samples. This situation

has mainly occurred when the sample size has been small (n=50) or moderate

(n=100). As a error, the value 5% has been taken. For the N samples generated from

the same multinomial distribution, we calculated the global type I error or the global
power, according to the situation of each one of the different methods to compare the

two sensitivities and the two specificities, i.e.: 1) H,:Se, =Se, and H, :Sp, = Sp, each
one to an error @=5%, 2) H,:(Se =Se, and Sp, =Sp,) to an error a=5%, 3)
H,:Se, =Se, and H,:Sp, =Sp, and application of the Bonferroni method to an error
a=5%,and 4) H,:Se, =Se, and H,:Sp, =Sp, and application of the Holm method

to an error & =5%.
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3.1. Global type I errors

For each one of the previous methods (1, 2, 3 and 4), the global type I errors were

calculated in the different scenarios considered. For Method 1, a count was made of the

number of samples in which H,:Se, # Se, and/or H,:Sp, # Sp, were accepted (when
H,:Se, =Se, and H,:Sp, =Sp, are true), each one to an error o =5%, and then we

calculated the global type I error dividing the value obtained by N. For Methods 3 and
4, the global type I errors were calculated in a similar way but applying the Bonferroni

method and the Holm method respectively. Regarding Method 2, a count was made of

the number of samples in which H, :(Se, # Se, and/or Sp, # Sp,) was accepted when
H,:(Se, =Se, and Sp, =Sp,) was true, and that value was divided by N. The

comparison of the global type I errors of the different methods was made using the
following criteria. For those methods based on exact tests it was considered that the
method performs well when its global type I error is <5%; if the global type I error is
>5% then the global type I error goes too far above the nominal error. For those
methods based on approximate tests, it was considered that the method shows good
global type I error performance when the global type I error fluctuates around the
nominal error of 5% without going too far above it. Here it has been considered that the
global type I error goes too far above the nominal error when the global type I error is

> 7% . In Appendix B these criteria are justified.

In Tables 2, 3 and 4, we show some of the results obtained for methods 1, 2 and 3
respectively, and for different values of the parameters, indicating in bold that the global
type I goes too far above the nominal error. The results for the Holm method are not
shown, as they are practically identical to those obtained applying the Bonferroni
method. The Monte Carlo standard error of a nominal error of 5% based on 10,000

samples is 0.22%, and the overall average Monte Carlo error obtained is 0.21% (a value

very close to 0.22%). Prevalence p and the covariances ¢&; have an important effect on

the type I global error of the methods proposed: the increase in prevalence involves (if

the other parameters remain constant) an increase in the global type I error, whereas the

increase in ¢, and/or &, involves (if the other parameters remain constant) a decrease in

the global type I error. From the results the following conclusions are obtained:

64



a) Method 1: H,:Se =Se, and H,:Sp, =Sp, each one to an error ¢ =5%. In

general terms, the global type I errors of the methods CET, Midp and UET go too far
above the nominal error (global type I errors >5%) when the sample size is large

(200<n<500) or very large (n>1000) depending on the prevalence and on the

covariances. The asymptotic tests MT, MMT, WT, MWT and LRT clearly go too far
above the nominal error (global type I errors >7%), and can even double it, when the
sample size is large (the LRT can goes too far above the nominal error even with
n=100) or very large. The MTcc test only goes too far above the nominal error when
the sample size is very large. The UMT and ULRT tests never exceed the nominal error,
and their global type I errors are very small (they are not usually over 3%), and,
therefore, they are excessively conservative tests (even more than the exact tests when
they do not exceed the nominal error). In general terms, when comparing the two
sensitivities and the two specificities testing the tests H,:Se, =Se, and H,:Sp, =Sp,
individually each one to an error & =5%, the method with the best behaviour when
N <500 is the McNemar test with cc (MTcc), although for n=1000—-2000 its global

type I error can be clearly > 7% depending on the prevalence and on the covariances ¢;
. If the prevalence is very small (p =5%), the global type I error of the MTcc fluctuates

around the nominal error without going too far above it; if the prevalence is higher

(p=10%) the global type I error can easily be above the nominal error. As for the

effect of the covariances ¢;, the global type I error of the MTcc fluctuates around the

nominal error without going too far above it when the covariances take very high values
(even when Nn>3500); for other values of the covariances, the global type I error of the

MTcc can go well above the nominal error especially when n is very large.

b) Method 2: H, :(Se, = Se, and Sp, = Sp,) to an error a=5%. The global type I

errors of LRT, RST and WT methods do not go too far above the nominal error. From a
sample size between 200 and 500, depending on the prevalence and on the covariances,
the global type I error of each test fluctuates around the nominal error. In general terms,
although there is no important difference between their type I errors, the LRT presents a
global type I error closest to 5%, followed by the WT and the RST, especially when
N <500. For n>1000 the three methods have a very similar global type I error, as these

methods are asymptotically first order equivalent. Moreover, these three methods have a
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global type I error which is slightly lower than the MTcc to an error & =5% when the

prevalence is very small (p=5%); for p>10%, the global type I errors of these three

methods are nearer to 5% than the global type I error of the del MTcc (Table 1: MTcc)
with a =5% (when the latter does not go too far above the nominal error). Regarding

the effect of the covariances ¢, their increase involves (if the other parameters remain

constant) a decrease in the global type I error, especially when Nn<500. When the
covariances are very high, the global tests LRT and WT have a global type I error whose

fluctuations are slightly better around the nominal error than the MTcc with o =5%.

¢) Method 3: H,:Se,=Se, and H,:Sp, =Sp, and application of the Bonferroni

method to an error & =5% . The global type I errors of the methods Midp and UET can

be >5% when the sample size is very large (n > 1000) , in the rest of the situations

their corresponding global type I errors are <5% . The rest of the methods have global
type I errors that do not exceed the nominal error. As in case a), the UMT and ULRT
methods are very conservative. In general terms, applying the Bonferroni method, the
MT, WT and LRT methods have a global type I error closer to 5% than the rest of the
methods. Furthermore, in very general terms, there is no important difference between
the global type I errors of the WT and of the LRT methods along with Bonferroni and
the global type I error of the method based on the McNemar test with cc to an error
a =5% (when this method has a global type I error <7%). The MT along with
Bonferroni has a global type I error which is slightly lower than that of the McNemar
test with cc to an error a =5% . Moreover, although there is no important difference
between the global type I errors of the individual methods (MT, WT and LRT) along
with Bonferroni and the global type I errors of the methods to solve the global test

H, :(Se, = Se, and Sp, = Sp, ), in very general terms when N<100 the global tests are

slightly more conservative than the individual tests along with Bonferroni.

d) Method 4: H,:Se, =Se, and H,:Sp, = Sp, and application of the Holm method

to an error @ =5% . The results are practically identical to those obtained with Method

3.
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Table 2. Global type I errors (%) of the individual tests with & =5%.

Se, =Se, =0.80,Sp, =Sp, =0.90,, p=5%, & =0.04 , &, =0.0225 (25% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0.47 1.32 1.32 0.47 1.30 3.06 1.32 3.04 1.32 0.05 0.15
100 1.67 2.97 3.06 1.46 2.48 3.72 3.01 4.09 3.06 0.40 0.48
200 3.03 4.49 5.39 2.95 4.45 5.59 4.75 5.58 5.39 0.62 0.77
300 3.33 4.90 5.11 3.23 4.70 5.83 5.09 6.01 5.11 0.57 0.70
400 3.81 5.43 5.44 3.71 5.37 6.79 5.52 6.80 5.44 0.71 0.81
500 4.24 6.20 6.26 4.10 6.05 8.32 6.29 8.32 6.26 0.92 1.06

1000 6.14 8.84 8.85 5.99 8.49 10.84 8.86 10.93 8.85 1.28 1.67
2000 7.33 9.42 10.25 7.21 9.29 10.29 9.79 10.29 10.25 1.72 1.88
Se, =Se, =0.80,Sp, =Sp, =0.90 , p=10%, & =0.08 , &, =0.045 (50% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0.11 0.42 0.42 0.11 0.42 1.50 0.43 1.48 0.42 0.01 0.02
100 0.77 1.77 1.77 0.75 1.71 2.16 1.80 3.63 1.77 0.14 0.24
200 2.86 4.78 5.04 2.48 4.25 6.02 4.78 6.23 5.04 0.41 0.73
300 3.15 5.09 5.87 3.08 4.96 7.35 4.97 7.36 5.87 0.55 0.84
400 3.58 5.89 6.48 3.54 5.83 8.48 5.89 8.74 6.48 0.63 0.93
500 4.51 7.28 7.36 436 7.08 9.16 7.28 10.13 7.36 0.77 1.03

1000 6.38 9.19 9.60 6.03 8.56 10.20 9.18 10.52 9.60 1.33 1.45
2000 7.38 9.60 10.20 7.35 9.52 10.44 9.96 10.44 10.20 1.37 1.45
Se, =Se, =0.90, Sp, =Sp, =0.90 , p=25% , &, =0.045 , &, =0.045 (50% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0 0.10 0.10 0 0.18 0.48 0.10 0.48 0.10 0 0
100 0.82 1.72 1.72 0.82 2.20 2.00 1.72 4.20 1.72 0.12 0.26
200 2.68 4.82 4.88 2.40 6.42 6.12 4.82 7.72 4.84 0.44 1.02
300 3.62 6.30 6.92 3.26 8.46 7.12 5.96 9.52 6.84 0.58 1.80
400 4.72 7.46 8.24 4.68 8.18 8.68 7.46 11.30 7.90 0.92 1.30
500 5.18 8.18 8.54 5.06 8.70 9.26 8.18 10.94 8.44 0.86 1.44

1000 6.04 8.66 9.60 5.58 9.10 9.60 8.32 9.80 9.60 1.06 1.54
2000 7.36 9.40 9.40 7.22 9.10 9.54 9.40 9.66 9.40 1.26 1.60
Se, =Se, =0.90 , Sp, =Sp, =0.90 , p=50% , & =0.0675 , &, =0.0675 (75% of the max.)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0 0 0 0 0 0 0 0 0 0 0
100 0.04 0.08 0.08 0.04 0.36 0.18 0.08 0.38 0.08 0.02 0.04
200 0.28 1.18 1.18 0.28 3.36 1.22 1.18 3.42 1.18 0.02 0.30
300 1.58 3.70 3.70 1.58 4.90 3.92 3.70 8.26 3.70 0.08 0.74
400 3.30 6.28 6.28 3.26 6.58 6.66 6.12 11.02 6.28 0.30 0.96
500 3.82 7.20 7.20 3.66 7.42 7.20 6.80 11.82 7.20 0.48 1.56

1000 5.74 8.58 10.14 5.40 8.34 10.14 8.10 10.26 10.14 1.06 1.26
2000 7.54 10.30 10.32 7.20 8.86 10.32 10.30 10.62 10.32 0.98 1.10
Se, =Se, =0.90, Sp, =Sp, =0.80 , p=25%, &, =0.0225 , £, =0.04 (25% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 1.14 2.80 2.80 1.12 2.70 542 3.04 542 2.80 0.16 0.62
100 3.40 5.00 5.28 2.88 434 6.26 5.30 6.42 5.04 1.00 1.00
200 3.76 6.44 6.74 3.74 6.16 8.76 6.64 9.68 6.66 0.86 0.96
300 5.36 8.38 8.40 5.20 8.32 9.20 8.40 11.36 8.38 1.28 1.52
400 6.18 8.96 9.12 5.80 8.24 9.92 9.08 10.76 9.10 1.34 1.66
500 6.20 8.70 9.44 5.64 8.76 9.88 8.92 10.04 9.28 1.28 1.34

1000 7.68 9.72 10.16 7.62 9.38 10.40 9.82 10.40 10.15 1.72 1.68
2000 8.12 9.56 9.64 8.02 9.38 9.90 9.56 9.90 9.64 1.34 1.54
Se, =Se, =0.90 , Sp, =Sp, =0.80 , p=50% , & =0.081, & =0.144 (90% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0 0 0 0 0 0 0 0 0 0 0
100 0.01 0.02 0.02 0.01 0.02 0.06 0.02 0.14 0.02 0 0
200 0.03 0.16 0.16 0.03 0.16 0.16 0.16 0.72 0.16 0 0
300 0.19 0.71 0.71 0.19 0.71 0.73 0.71 1.46 0.71 0 0.01
400 0.66 1.85 1.87 0.66 1.87 1.88 1.87 3.89 1.87 0.01 0.06
500 1.22 2.93 2.94 1.22 291 2.93 291 6.23 2.93 0.04 0.15

1000 4.05 7.35 7.56 3.72 6.75 7.56 6.76 10.03 7.56 0.41 0.89
2000 5.90 8.83 9.62 5.52 8.35 9.62 8.38 9.84 9.82 0.90 1.34

CET: Conditional exact test. Midp: Mid-p test. MT: McNemar test. MTcc. McNemar test with cc. MMT: Modified
McNemar test. WT: Wald test. MWT: Modified Wald test. LRT: Likelihood ratio test. UET: Unconditional exact test.

UMT: Unconditional McNemar test. ULRT: Unconditional likelihood ratio test.

67



Table 3. Global type I errors (%) of the global tests with o =5%..

Se, =Se, =0.80, Sp, =Sp, =0.90

p=5%, & =0.04, & =0.0225 (25% of the max.) P=10%, & =0.08, &, =0.045 (50% of the max.)

n LRT RST WT LRT RST WT
50 0.45 0.18 0.56 0.13 0.03 0.15
100 1.23 0.94 1.26 0.82 0.53 0.75
200 2.07 1.83 2.13 2.65 1.93 2.59
300 2.61 2.16 2.57 3.12 2.49 3.06
400 3.03 2.71 3.10 3.48 2.79 342
500 3.82 2.99 3.91 441 3.79 4.08

1000 5.01 4.48 5.10 5.19 4.81 5.12
2000 5.14 4.95 5.23 5.08 5.02 5.11
Se, =Se, =0.90, Sp, =Sp, =0.90
P =25%, & =0.045, &, = 0.045 (50% of the max.) P =50%, & =0.0675, &, =0.0675 (75% of the max.)

n LRT RST WT LRT RST WT
50 0 0 0 0 0 0
100 0.84 0.50 0.72 0.08 0.06 0.06
200 2.86 2.10 2.36 0.58 0.32 0.40
300 3.92 3.10 3.46 2.74 1.74 1.84
400 5.00 4.16 4.52 4.44 3.22 3.38
500 5.08 4.40 4.64 4.94 3.94 4.06

1000 4.82 4.72 4.80 5.22 5.15 5.18
2000 4.92 4.85 4.89 5.10 4.88 4.96
Se, =Se, =0.90, Sp, =Sp, =0.80
P =25%, & =0.0225, &, =0.04 (25% of the max.) P =50%, & =0.045, & =0.08 (90% of the max.)

n LRT RST WT LRT RST WT
50 1.16 0.46 1.32 0 0 0
100 2.82 230 2.86 0.01 0 0.01
200 3.70 3.10 3.78 0.06 0.02 0.02
300 5.12 4.46 4.94 0.34 0.20 0.20
400 4.86 4.28 4.66 1.04 0.55 0.77
500 5.04 4.56 4.98 1.86 1.14 1.36
1000 5.52 5.44 5.52 4.73 3.71 3.96

2000 5.22 5.18 5.20 5.14 4.84 4.91

LRT: Likelihood ratio test. RST: Rao’s score test. WT: Wald test.

3.2. Powers

The global powers were calculated in a similar way to the global type I errors. Table 5
shows some of the results obtained for the methods that have a global type I error with
better behaviour, i.e. H;:Se =Se, and H,:Sp, =Sp, through the McNemar test with
cc to an error & =5% (Table 5: individual MTcc), the three global tests (Table 5: global
LRT, global RST and global WT), and H,:Se, =Se, and H,:Sp, = Sp, through the MT,
WT and LRT along with the Bonferroni method (Table 5: Bonferroni MT, WT and LRT).
The choice of McNemar test with cC to an error @ =5% is justified because its global
type I error has a good behavior when Nn<500. The global powers of the rest of the

methods are not shown, since these methods have global type I errors that very

frequently go too far above the nominal error. Nor do we show the results obtained with
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the Holm method, as they are practically the same as those obtained with the Bonferroni

method. From the results, the following conclusions are obtained.

The prevalence of the disease and the covariances have an important effect on the
global powers of the methods. The increase in the prevalence (if the other parameters
remain constant) means an increase in the powers, whereas the increase in the

covariances & means (if the other parameters remain constant) a decrease in the

powers. These results are to be expected, since an increase in the prevalence means an
increase in the global type I errors, and an increase in the covariances means a decrease
in the global type I errors. In general terms, the LRT and the WT for the global
hypothesis test are a little more powerful than the RST, especially when n <300-400
depending on the differences between the two sensitivities (specificities). Moreover,
regarding the global test, there is no important difference between the power of the LRT
and of the WT.

Comparing the power of the LRT (WT) for the global test and the power of the
McNemar test with cC to an error & =5%, in very general terms, the global tests are a
little less powerful, between 1% and 5% approximately, when the prevalence is small or

very small(p<10%) and n<200, and the powers are very similar when n>300.

When n <500 and the prevalence is moderate (25%) or large (50%), the global tests are
more powerful, between 2% and 10% approximately depending on the sample size and

on the prevalence. When n>1000 the powers are practically equal.

Regarding the methods based on the individual tests along with the Bonferroni
method, there is no important difference between the powers of the three methods,
especially when n>200. When the sample size is small or moderate, the WT and the
LRT along with Bonferroni are slightly more powerful than the MT along with
Bonferroni. Comparing the powers of these three methods with the power of the MTcc

to an error & =5%, there is no method that is clearly more powerful than another. In

very general terms,: when the sample size is small (n=50) or moderate (n=100) the

WT and the LRT along with Bonferroni are usually slightly more powerful; when the

sample size is large (200 <n<500) the individual MTcc to an error  =5% is usually

slightly more powerful, and when the sample size is very large (n > 1000) the powers

are practically equal.
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Table 4. Global type I errors (%) of the individual tests with Bonferroni method

Se, =Se, =0.80, Sp, =Sp, =0.90 ,p=5%, & =0.04, &, =0.0225 (25% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0.15 0.47 0.47 0.06 0.15 0.56 0.47 0.99 0.47 0.01 0.02
100 0.80 1.39 1.39 0.60 1.19 1.57 1.42 1.51 1.39 0.07 0.14
200 1.53 1.99 1.99 1.39 221 2.05 2.26 2.01 1.99 0.19 0.24
300 1.56 233 233 1.44 2.11 2.59 2.15 2.58 2.33 0.16 0.21
400 1.73 2.52 2.52 1.58 221 3.06 2.61 3.03 2.52 0.16 0.18
500 2.09 3.02 3.02 1.82 2.53 3.78 3.04 3.64 3.02 0.22 0.28
1000 3.00 4.51 4.53 2.64 3.72 5.02 4.53 5.03 4.53 0.34 0.47

2000 3.62 4.87 4.88 3.50 4.67 5.45 4.92 5.09 4.88 0.59 0.70

Se, =Se, =0.80,Sp, =Sp, =0.90,,p=10%, ¢ =0.08 , &, =0.045 (50% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0.02 0.11 0.11 0.01 0.02 0.25 0.11 0.38 0.11 0.00 0.00
100 0.34 0.75 0.75 0.17 0.38 0.82 0.79 1.13 0.75 0.01 0.03
200 1.32 2.28 2.28 1.12 2.00 2.57 2.29 2.60 2.28 0.14 0.22
300 1.48 2.48 2.48 1.32 2.15 3.07 2.46 3.05 2.48 0.16 0.23
400 1.83 2.89 2.89 1.45 2.24 3.45 2.89 3.72 2.89 0.16 0.20
500 2.07 3.42 3.42 1.72 2.67 3.67 3.40 4.38 3.42 0.19 0.26
1000 3.13 4.66 4.67 2.81 4.26 4.85 4.64 4.91 4.67 0.27 0.43

2000 3.60 4.91 4.95 3.34 4.58 4.94 4.86 4.97 5.04 0.39 0.46
Se, =Se, =0.90, Sp, =Sp, =0.90,, p=25%, & =0.045 , g, =0.045 (50% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0 0 0 0 0 0.10 0 0.10 0 0 0
100 0.28 0.82 0.82 0.14 0.28 0.84 0.82 1.48 0.82 0 0.06
200 1.32 2.36 2.36 0.94 2.18 2.40 2.36 2.96 2.36 0.06 0.34
300 1.62 2.92 2.92 1.46 3.86 3.08 2.92 3.98 2.92 0.14 0.54
400 2.52 3.98 3.98 2.14 4.02 4.10 3.98 4.92 3.98 0.14 0.34
500 2.40 4.26 4.26 1.94 4.22 4.28 4.26 4.94 4.26 0.34 0.40
1000 2.98 4.48 4.48 2.80 4.62 4.70 4.42 4.70 4.48 0.28 0.52

2000 3.88 4.92 4.98 3.78 4.86 5.10 4.88 5.12 5.06 0.30 0.50
Se, =Se, =0.90, Sp, =Sp, =0.90 , p=50% , & =0.0675 , &, =0.0675 (75% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0 0 0 0 0 0 0 0 0 0 0
100 0.04 0.04 0.04 0.02 0.04 0.04 0.04 0.08 0.04 0 0
200 0.06 0.28 0.28 0.02 0.54 0.28 0.28 1.14 0.28 0 0.04
300 0.62 1.58 1.58 0.16 1.64 1.58 1.58 3.06 1.58 0 0.26
400 1.64 3.26 3.26 0.68 2.44 3.26 2.78 4.78 3.26 0.08 0.24
500 1.92 3.66 3.66 1.14 3.42 3.66 2.62 4.50 3.66 0.08 0.46
1000 2.78 434 434 2.72 3.86 4.88 4.04 4.88 4.34 0.28 0.42

2000 3.46 5.06 5.06 3.22 4.38 5.34 4.88 5.36 5.06 0.20 0.24

Se, =Se, =0.90, Sp, =Sp, =0.80 , p=25%, & =0.0225 , 5, =0.04 (25% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0.40 1.12 1.12 0.16 0.70 2.60 1.14 2.00 1.10 0 0.08
100 1.64 2.56 2.56 1.48 222 3.50 2.80 2.90 2.56 0.18 0.26
200 1.86 2.88 2.88 1.56 2.26 3.08 2.94 3.88 2.88 0.22 0.26
300 2.70 4.14 4.14 2.14 3.28 4.28 4.16 5.00 4.14 0.24 0.38
400 2.86 436 436 2.46 3.72 4.74 4.40 4.76 4.36 0.30 0.56
500 2.78 4.16 4.16 2.58 4.14 4.44 4.16 4.44 4.16 0.26 0.56
1000 4.16 5.36 5.38 3.94 4.92 5.38 5.38 5.38 5.38 0.52 0.52

2000 3.96 5.08 4.92 3.82 4.30 4.96 4.92 4.94 5.10 0.34 0.42
Se, =Se, =0.90, Sp, =Sp, =0.80 , p=50% , & =0.081, & =0.144 (90% of the maximum value)

n CET Midp MT MTcc MMT WT MWT LRT UET UMT ULRT
50 0 0 0 0 0 0 0 0 0 0 0
100 0 0.01 0.01 0 0 0.01 0.01 0.02 0.01 0 0
200 0 0.03 0.03 0 0 0.03 0.03 0.10 0.03 0 0
300 0.08 0.19 0.19 0.01 0.08 0.19 0.19 0.43 0.19 0 0
400 0.18 0.66 0.66 0.06 0.18 0.66 0.42 1.17 0.66 0.01 0.01
500 0.42 1.22 1.22 0.17 0.45 1.22 0.49 2.16 1.22 0.01 0.02
1000 1.79 3.52 3.52 1.29 2.47 3.70 247 4.11 3.52 0.12 0.21

2000 291 4.53 4.53 2.59 4.02 4.84 4.02 4.66 4.53 0.23 0.36

CET: Conditional exact test. Midp: Mid-p test. MT: McNemar test. MTcc. McNemar test with cc. MMT: Modified
McNemar test. WT: Wald test. MWT: Modified Wald test. LRT: Likelihood ratio test. UET: Unconditional exact test.
UMT: Unconditional McNemar test. ULRT: Unconditional likelihood ratio test.
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Table 5. Global powers (%) of the methods.

Se, =090, Se, =0.80, Sp, =0.80 , Sp, =0.70 ,p=5%, & =0.04 , £, =0.07 (25% of the maximum value)

n In('j\;l\_/llgéjal Global LRT  Global RST  Global WT Bon'l:i_rrronl Bon\flsfl’_ronl BonJeRr_Il_‘onl
50 9.01 7.11 6.10 8.69 8.48 11.96 8.99
100 29.67 25.30 24.27 26.90 27.31 30.33 27.41
200 60.89 56.12 54.86 56.00 57.88 59.66 58.16
300 82.48 78.76 78.15 79.37 80.14 80.95 80.46
400 92.96 90.05 89.74 90.25 90.14 90.44 90.26
500 97.54 96.35 96.24 96.38 96.27 96.43 96.38

1000 99.99 99.98 99.98 99.98 99.98 99.99 99.98
2000 100 100 100 100 100 100 100
Se, =0.90 , Se, =0.80 , Sp, =0.80 , Sp, =0.70 , p=10% , & =0.072 , &, = 0.126 (90% of the maximum value)

n nawidual  Global LRT  Global RST ~ Glopalw ~ POfferront - Bonferroni - Borferroni
50 12.36 12.55 8.62 13.41 12.36 16.49 20.61
100 60.07 58.64 55.37 57.56 59.91 60.65 61.73
200 96.39 96.51 95.84 96.27 95.55 96.17 96.17
300 100 100 100 100 100 100 100
400 100 100 100 100 100 100 100
500 100 100 100 100 100 100 100

1000 100 100 100 100 100 100 100
2000 100 100 100 100 100 100 100
Se =095, Se,=0.85,5p, =0.90, Sp, =0.80 , p=25%, & =0.0213 , &, =0.04 (50% of the maximum value)

n ndwidual  Global LRT  Global RST ~ Glopalw ~ POfferront - Bonferroni - Borferroni
50 7.0 8.4 4.6 9.7 7.0 13.2 12.1
100 40.7 46.4 41.8 46.1 40.3 433 43 .4
200 83.6 89.3 88.3 89.2 82.0 82.5 84.0
300 96.7 98.0 97.7 98.0 95.8 95.9 96.3
400 99.6 99.9 99.8 99.9 99.4 99.4 99.5
500 99.9 100 100 100 99.9 99.9 99.9

1000 100 100 100 100 100 100 100
2000 100 100 100 100 100 100 100
Se =095, Se,=0.85,5p, =0.90, Sp, =0.80, p=25%, & =0.0319, & =0.06 (75% of the maximum value)

n '”mgé‘a' Global LRT ~ Global RST  Global WT B°”,‘:;¥°”' BO”\BS;rO”' BO”J;rTrO”'
50 4.7 5.6 2.6 6.3 4.7 10.0 4.7
100 453 51.7 459 49.6 453 46.2 453
200 914 95.2 94 .4 94.9 90.3 91.2 91.4
300 99.3 99.7 99.6 99.6 99.2 99.2 99.3
400 99.9 99.9 99.9 99.9 99.9 99.9 99.9
500 100 100 100 100 100 100 100

1000 100 100 100 100 100 100 100
2000 100 100 100 100 100 100 100
Se =0.85,Se,=0.80,Sp, =0.95,5p, =0.90 , p=50%, & =0.06 , &, =0.0425 (50% of the maximum value)
Individual Bonferroni Bonferroni Bonferroni

n MTco Global LRT  Global RST  Global WT MT WT LRT
50 0.4 0.8 0.6 1.2 0.4 1.3 1.2
100 8.0 12.5 9.7 12.4 7.9 8.4 12.3
200 28.2 352 32.6 34.6 27.5 28.5 28.8
300 46.8 51.5 49.6 51.1 43.6 452 45.1
400 58.6 64.4 63.4 64.2 56.8 57.8 57.9
500 71.5 75.2 74.4 75.0 67.5 69.9 68.9

1000 95.8 96.9 96.8 96.9 93.9 95.0 95.0
2000 100 100 100 100 99.9 99.9 99.9
Se, =0.85,Se,=0.80, Sp, =0.95,Sp, =0.90 , p=50%, & =0.09 , &, =0.0634 (75% of the maximum value)

n '”?V'I‘?gga' Global LRT ~ Global RST ~ Global WT B°”§¥°”' BO”\fAe/;m”' BO”J;rTrO”'
50 0.1 0.2 0.1 0.2 0.1 0.4 0.4
100 4.3 8.2 6.1 73 4.3 4.5 8.9
200 34.4 46.8 42.2 445 343 34.4 39.3
300 59.8 70.5 67.9 69.1 58.5 59.5 60.3
400 78.3 85.6 84.5 85.0 75.3 717.3 77.4
500 86.6 90.7 90.1 90.4 84.3 85.6 85.6

1000 99.6 99.7 99.7 99.7 99.4 99.4 99.4
2000 100 100 100 100 100 100 100
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Finally, comparing the powers of the global tests with those of the MT, WT and LRT
methods along with Bonferroni, in general terms, the MT, WT and LRT methods along
with Bonferroni are usually a little more powerful than the three global tests when

p<10% and n<100, and the powers are very similar when Nn2>200. When
200<n <500 and the prevalence is moderate or large (p>25%), the global tests are

more powerful, between 2% and almost 10% approximately, depending on the sample

size.

3.3. Rules of application

Based on the results obtained in the simulation experiments, the following general rules

of application can be established:

1). When the prevalence is small ( p= 10%) or very small ( p=15%) and the sample
is small (n=50) or moderate (n=100), solve the tests H,:Se =Se, and

H, : Sp, = Sp, individually applying the WT or the LRT along with the Bonferroni (or

Holm) method to an error o =5%.

2). In any other situation, solve the global test H,:(Se = Se, and Sp, = Sp,) to an

error @ =5% applying the LRT or the WT. In this situation, if the global test is not
significant then the equality of the accuracy of both BDTS is not rejected, and if the
global is significant then the causes of the significance will be investigated: a) testing
the tests H,:Se, =Se, and H,:Sp, =Sp, individually applying the WT or the LRT
along with the Bonferroni or Holm method to an error a =5% if the sample size is
small or moderate (n<100) or if the sample size is very large (n>1000); or b) testing

the tests H, :Se, =Se, and H, : Sp, = Sp, individually applying the McNemar test with

cc to an error & =5% if the sample size is large (200 <n <500).

4. Example

The results obtained were applied to the diagnosis of coronary artery disease [4], using
dobutamine echocardiography (DE) and myocardial perfusion scintigraphy (MPS) as
diagnostic tests and coronary angiography (CA) as the GS. Table 6 shows the
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frequencies obtained applying the two BDTs and the GS to a sample of 548 men, and
where the variable T, models the result of the DE, T, models the result of the MPS and

D the result of the CA. This table also shows the estimation (estimation * standard
error) of the accuracy of each BDT and of the disease prevalence, as well as the results
obtained performing the global hypothesis test applying the three methods studied (the
likelihood ratio test, Rao’s score test and the Wald test), and those obtained testing the
individual hypothesis tests applying the McNemar test, the McNemar test with cc, the
Wald test and the likelihood ratio test. With the three statistics for the global hypothesis
test the same conclusion is obtained: the homogeneity of the two sensitivities and of the
specificities is not rejected. The same conclusion is reached applying the individual
hypothesis tests along with the Bonferroni (or Holm) method. Nevertheless, if each one
of the individual hypothesis tests is solved to an error & =5% applying the McNemar
test (Wald test or likelihood ratio test), we conclude that the two sensitivities are
different (the sensitivity of the DE test is significantly greater than that of the MPS) and

the equality of the two specificities is not rejected.

Through the general rules given from the simulation experiments, this example must
be solved applying the global test; incorrect conclusion would be obtained if the
individual hypothesis tests (MT, WT and LRT) are applied to an error a =5%. If the
two individual tests are solved to an error @ =5% applying the McNemar test with cc
the same conclusions are obtained as applying the global hypothesis test. Nevertheless,
the simulation experiments have shown that this method can overcome in excess the
nominal error when the sample size is very large and, therefore, it should not be used in

this situation.
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Table 6. Study of coronary disease.

Observed frequencies

T, =1 T,=0

T,=1 T,=0 T,=1 T,=0 Total
D=1 152 17 7 36 212
D=0 25 10 11 290 336
Total 177 27 18 326 548

Results
Dobutamine ecocardiography Myocardial perfusion scintigraphy Prevalence
Se, + SE Sp, + SE Se, + SE Sp, + SE p+SE
0.797+0.028 0.896+0.017 0.750%£0.030 0.893+£0.017 0.387%0.021
Global hypothesis test:
H,:(Se, = Se, and Sp, =Sp,) vs H, :(Se, # Se, and/or Sp,  Sp, )
Likelihood ratio test (LRT) Rao score test (RST) Wald test (WT)

72 =4344 p-value=0.114 x> =4214,p-value=0.122 4> =4.298,p-value=0.117

Individual test: H,:Se, =Se, vs H,:Se, # Se,

McNemar test McNemar test with cc Wald test Likelihood ratio test
7 =4.167 7> =3.375 7> =4.250 7> =4.296
p —value =0.041 p —value = 0.066 p —value =0.039 p —value =0.038
Individual test: H, :Sp, =Sp, vs H,:Sp, # Sp,
McNemar test McNemar test with cc Wald test Likelihood ratio test
7> =0.048 7' =0 7> =0.048 7> =0.048
p —value =0.827 p-value=1 p —value =0.827 p —value =0.827

5. Discussion

Traditionally, the comparison of the accuracy of two BDTS subject to a paired design is
made conditioning on the individuals with (without) the disease and comparing the two
sensitivities (specificities) applying a comparison test with two paired binomial
proportions to an « error. Therefore, each one of the tests H,:Se =Se, and
H, :Sp, = Sp, are tested independently to an « error. An alternative to this method is
to compare the two sensitivities and the two specificities simultaneously, i.e. performing
the global test H, :(Se =Se, and Sp,=Sp,) vs H, :(Se = Se, and/or Sp, # Sp, ). This
article studies this global hypothesis test, extending the study by Lachenbruch and
Lynch [3], through the application of Rao’s score test and the Wald test. Lachenbruch

and Lynch proposed two statistics for the global test, one obtained applying the

likelihood ratio test and another one obtained as the sum of the McNemar statistic for

the test H,:Se, = Se, and of the McNemar statistic for the test H, : Sp, = Sp,. This last
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statistic 1s obtained considering two independent 2x2 tables, one made up of
individuals with the disease and another one made up of individuals without the disease
and applying the results of Hamdan et al [10]. That is to say, it is considered that each
table is extracted from a population, and that the two populations considered differ in
their disease status. In Section 2.2.2 the same statistic has been derived applying Rao’s
score test, assuming that there is a single sample extracted from a population that has a
determined disease prevalence. Another statistic has also been obtained using the Wald
test, which is also the sum of the Wald statistics for the individual tests. Another

alternative method that has been studied to compare the accuracy of two BDTS consisted

of testing the two individual tests H,:Se,=Se, and H,:Sp,=Sp, through a

comparison test of paired binomial proportions and application of the Bonferroni

method or the Holm method.

Simulation experiments were carried out to study the global type I errors and global
powers of the methods to compare the accuracy of the two BDTS. To study the sizes of
the exact tests the criterion that was followed was that their global type I errors would
not be over 5%. For approximate tests, the criterion that was followed was that their
global type I errors fluctuate around 5% without exceeding it too much (global type I
errors are not > 7% ). This difference in criteria between both types of methods is based
on the idea that we should not consider that both types of tests (exact and asymptotic)
must be have the same type I error behaviour: an exact test should not give false
significances whereas an asymptotic test may exceed the nominal error without giving
too many false significances. The 7% is an acceptable value, very close to 5%, and does
not lead to too many false significances. Fagerland et al [7] compared exact and
asymptotic tests subject to the same criterion of 5%. If this criterion is used to interpret
the results of the simulation experiments, in general terms the conclusions are the same
regarding the global hypothesis test and the individual hypothesis tests along with

Bonferroni or Holm, although on some occasions (n>500) the global type I error may

very slightly greater than 5%. Regarding the individual tests to an error o =5%, the
asymptotic tests exceed the 5% with a sample size which is smaller than with the
criterion of 7%, which further invalidates these methods for their practical application.
Taking into account the “approximate” nature of an asymptotic test, the criterion of 7%

for the asymptotic tests is more flexible than the one used by Fagerland et al.
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Finally, when the sample is small or moderate, it may happen that there are too
frequencies equal to zero, and therefore the tests given in the application rules can not
be used. In this case, one solution is to add the value 0.5 to each of the observed
frequencies, which is a solution that is widely used in the analysis of contingency tables.
Simulation experiments carried out, similar to those in Section 3, have shown that this

does not have an important effect either on the type I error or on the power of the tests.
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Appendix A
1. Conditional Exact Test (CET)

In hypothesis test (1) the proportions p,, and p,, do not appear, and so it is possible to
discard these proportions and, consequently, also discard the frequencies S, and S, .
Conditioning on the sum of the discordant frequencies, i.e. conditioning on S, +S,,, it is
verified that p,,+ P, =1, and it is also verified that S, is the product of a binomial
distribution of parameters s, +S, and p,,,i.e. Bin(s,+S,,p,,). If the null hypothesis
is true then p,, = p,, =1/2, and, therefore, both the hypothesis test (1) is also equivalent

to test H,:p,=1/2 vs H,:p,#1/2. Finally, the two-sided exact p-value for the

comparison test of the two sensitivities is
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' Min(s;9,501) Slo + 501 1 Si0+So1
two-sided exact p-value = 2 x Y . (12)
j=0

If s, =S, then the two-sided exact p-value equals one. In a similar way, the two-sided

exact p-value to compare the two specificities is

Min( 1o, 1o, rlo +1, 1 N+
two-sided exact p-value = 2 x Z 5 . (13)
i=0 j

2. Conditional Mid-p Test (Midp)

The conditional mid-p test [13] is a modification of the exact conditional test. This
method consists of subtracting the probability of the observed outcome S,, from (12).

Thus, the mid-p values to compare the two sensitivities and the two specificities are

. . sl() +501 1 S10*S01
mid-p value = two-sided exact p-value — — (14)
P P s \2
10
and
. . o+ T (1)
mid-p value = two-sided exact p-value —( . j(EJ (15)
10

respectively. The condicional mid-p test is also referred to as quasi-exact test.

3. McNemar Test (MT)

The McNemar [14] test is the asymptotic version of the conditional exact test.
Conditioning on the sum of discordant frequencies and applying the Central Limit

Theorem, the statistic for hypothesis test (1) is

- p

01 (16)
\/V ar plO p01
which is distributed according to a standard normal distribution, where
A pm + p01 ( plO B pm)2
var (- o) = . (17)

S

If the null hypothesis is true, then
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n n +
Varo(pw_pm):w- (18)

Substituting in equation (18) the parameters with their estimators, and substituting the
expression obtained in equation (16), it is obtained that the statistic for the McNemar

test z,, =(S,,— Sy, ) / S, +S,, - It 1s very common to express this statistic in terms of the

chi-square distribution, i.e.

(S =Su)°
Z,\ZA — 10 01 , (19)
SIO+SOI

which is distributed asymptotically according to a chi-square distribution with one
degree of freedom. In a similar way, the statistic of the McNemar test is obtained to

compare the two specificities:

(=)
P = 20)
I’-10+r01

4. McNemar Test with continuity correction (MTcc)

In the McNemar test the binomial distribution is approximated through the normal
distribution. In this situation, it is common to apply continuity correction (cC). Edwards

[15] proposed the following continuity correction version of the McNemar test,

. R 1

P — p01|_g

Zyjee = = = .
) \/V&r(plo_pm)

Performing the same algebraic operations in the previous section, it is obtained that the

1)

statistics of the McNemar test with cc are
2
(|r10 B r01| _1)

2
—(|SIO_S°1|_1) and yo. =~—"—", (22)

2
AMec =
Sio T Soy fo + 1o

respectively.
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5. Modified McNemar Test (MMT)

Bennett and Underwood [16] proposed a modification of the statistic of the McNemar
test adding 0.5 to the observed frequencies. This correction improves the approximation

to the chi-square distribution. The statistics of MMT are:

(310_501)2 and Zz _(rlo_rm)2
MM

. (23)
S+ Sy +1 o+, +1

2 _
Xvum =

6. Wald Test (WT)

The comparison of the two sensitivities (specificities) can also be made applying the
Wald test [9]. The statistic of the McNemar test is obtained substituting in equation (16)
Var(p,,— f, ) with its expression subject to the null hypothesis, i.e. Var,(p,,— By, )
(equation (7)). Substituting in (16) the Var(p,,—f,,) with its expression given in

equation (17), and substituting the parameters with their estimators, we obtain the Wald

test statistic to compare the sensitivities, i.e.

2 S(SIO — Sy )2
Yo = , (24)
" 4510301 +(Sll +SOO)(SIO +301)

which is distributed asymptotically according to a chi-square distribution with one
degree of freedom. To compare the two specificities, the Wald test statistics is
2
2 r ( o — Ty )

72 = . (25)
YA, (0 ) (e + 1)

7. Modified Wald Test (MWT)

As the WT tends to reject too often under the null hypothesis when the sample size is
small or moderate, May and Johnson [6] proposed a modification of the Wald statistic

adding 0.5 to each one of the discordant frequencies, i.e.

(510_5’01)2 (rlo_rm)2

(Slo —8501)2 ("10""’01"'1)_([‘10 —Srol)z .

and z, =

(26)

2
Avw =

(S1+ Sy +1)—
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This modification reduces the size of the Wald statistic, and for N <50 the size of the

test is close to the nominal error.

8. Likelihood Ratio Test (LRT)

Conditioning on the sum of the discordant frequencies, if the null hypothesis (1) is true

then it is verified that f,, = Py, =(s,,+5,,)/(25). It is easy to prove that the likelihood

ratio statistic to compare the sensitivities is

2s 2s
I = 2[310 ln( - j+ Sui ln[ ! ﬂ , (27)
S10 + s0] S10 + sO]
and in a similar way, the likelihood ratio statistic to compare the specificities is
Xir :2{r101n[ 2ho }"‘rmln( 2l ]}, (28)
r10 + r01 r10 + r-01

whose distributions are asymptotically a chi-square with one degree of freedom.

2.1.9. Unconditional Exact Test (UET)

The conditional exact test and the mid-p test are based on the conditioning on the sum
of the discordant frequencies. Suissa and Shuster [17] proposed, based on the statistic of
the McNemar test, an exact test which uses all the frequencies in the sample and,
therefore, does not condition in the sum of the discordant frequencies. When we

compare the two sensitivities, the power function of the test is

S Si0 n S s-m
P(ploapm):Z(s S s—mj 10 Pot (l_plo_pm) >
0 >0

C 1
where m=s,,+s,, and C={(s,,m): s, >h(m); s,=0,1,..m; m=0,1,...,s}, with
h(m) =(ZM\/H +m) / 2 and z,, the calculated value of the McNemar statistic. If the

null hypothesis is true, then the distribution of (s,,,m,s—m) is a trinomial distribution

10°

with parameters s and probability vector is (5/2,5/2,1-6 )T ,i.e.
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=T, o s3] 00"

and where 0 = p,, + P,, is the nuisance parameter. The nuisance parameter is eliminated
by maximizing this function over the range of & . The function P () is simplified as

Z[ J5'1 8) R (i-i-1),

=k

where k=int[2;+l], i :int[h(j)], int[.] is the integer function and F; is the
cumulative binomial distribution function with parameters j and 1/2. Finally, the two-

sided exact p-value is calculated as

two sided exact p-value = 2 x sup { P(6 )} . (29)

0<5<1

The two-sided exact p-value to compare the two specificities is calculated in a similar

way, substituting “s” with “r” and “p” with “q”.

2.1.10. Unconditional McNemar Test (UMT)

Lu [18] proposed a statistic for the McNemar test that considers all the frequencies in
the sample, and which therefore does not condition in the sum of the discordant

frequencies. The hypothesis test (1) is equivalent to the hypothesis test

H0 : plO — pOl Vs H1 . p]O + pOl .
plO + pOl plO + pOl plO + pOl plO + pOl

Subject to the null hypothesis, the frequency S,, (or S, ) is the product of binomial

distribution of parameters s and & =(p,, + p,,) / 2. The estimators of the average and of

A

the variance of the binomial distribution are s6=(S,+S,)/2 and

+S (SIO + S01)2
4s

) (1—5‘ ) = S0 Approximating to the normal distribution and

applying the Central Limit Theorem, the statistic for the hypothesis test of equality of

the two sensitivities is
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— S0 =80 — Sio — Soi

Z ,
™ \/83(1—5) \/(SIO+SOI)(S+SII+SOO)

S

or in terms of the chi-square distribution

S(SIO _SOI) (30)

Xow =
- b
M (0450, )(S+5S,, +5y)

whose distribution is asymptotically a chi-square with one degree of freedom. In a

similar way, we obtain the statistic to compare the two specificities:

r(rlo_rm) (31)

2
Xom = .
M (e )(r+n,+1y,)

2.1.11. Unconditional Likelihood Ratio Test (ULRT)

Lu [19] also proposed a likelihood ratio test statistic to compare two paired binomial
proportions without discarding the concordant frequencies. The likelihood ratio test

statistic is obtained in two phases: in the first phase we obtain the likelihood ratio test

statistic when the four frequencies s; are combined in two, S, and S, +S,, +S;,; and in

the second phase we obtain the likelihood ratio test statistic when the four frequencies

s; are combined in another two, S, and S, +S5,,+5,. Finally, the likelihood ratio test

statistic is calculated as an average of the two likelihood ratio test statistics. In the

context studied here, the likelihood ratio test statistics are

WA 2s
o =St ln( 0 1+s,In LI
SlO + SOI le + SOI

(32)
2(s—5 2(s—5s
(3_510)1n M +(S_301)ln M
28— S0 — So 28— S0 — So
and
ZSLRzrloln( 20 J"’rmln( 2y ]+
r,+r r,+r
10 T Yo1 10 7 To1 (33)

(r=rtn] UL g ol 2B

2r—r,—r, 2r—r,—r,

which in both cases asymptotically follow a chi-square with one degree of freedom.
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Appendix B

The choice of the method with the best performance of the global type I error was made
comparing the fluctuations of this error around the nominal error & =5%. For the
methods based on exact tests, it was considered that the method has a good type I error
performance when the type I error is <5% . For the methods based on asymptotic tests,
it was considered that the method has a good global type I error performance when the
global type I error fluctuates around 5% without going too far above it, a situation
considered when the global type I error is >7%. This difference in criteria between
exact methods and asymptotic methods is based on the idea that we should not consider
that both types of methods (exact and asymptotic) must have the same type I error
performance: an exact method must not go above the nominal error (it must not give
false significances) whereas an asymptotic method may go above the nominal error

without giving false significances.

For asymptotic methods, the cut-off point of 7% is due to the relation that exists
between the asymptotic hypothesis tests and their confidence intervals, and it has been
used by different authors to compare the asymptotic performance of approximate
intervals [20, 21, 22, 23]. Therefore, these authors have established the following
criterion for the choice of an optimum confidence interval (to 95% confidence): the

probability of the coverage of the confidence interval being higher than 93%, in which

case it is said that the interval does not fail. We define Aa =a—a =y —y, where

y=1-a=0.95 is the nominal confidence of the confidence interval and y the
coverage probability calculated. A confidence interval fails if its coverage probability is
<93%, i.e. if Aa<-2. In this situation, the type I error of the corresponding two-
tailed hypothesis test is > 7%, and therefore it is an excessively liberal hypothesis test
and one which gives false significances. If Aa >2%, i.e. the coverage probability is
higher than 97%, then the corresponding hypothesis test is very conservative (its type I

error is very small, <3%).
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Comparison of the likelihood ratios of two diagnostic tests
subject to a paired design: confidence intervals and
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Abstract

Positive and negative likelihood ratios are parameters which are used to assess and
compare the effectiveness of binary diagnostic tests. Both parameters only depend on
the sensitivity and specificity of the diagnostic test and are equivalent to a relative risk.
This article studies the comparison of the likelihood ratios of two binary diagnostic tests
subject to a paired design through confidence intervals. Six approximate confidence
intervals are presented for the ratio of the likelihood ratios, and simulation experiments
are carried out to study the coverage probabilities and the average lengths of the
intervals considered, and some general rules of application are proposed. A method is
also proposed to determine the sample size necessary to estimate the ratio between the
likelihood ratios with a determined precision. The results were applied to two real

examples.

Keywords: Likelihood ratios, binary diagnostic test, sample size.

Mathematics Subject Classification: 62P10, 6207.
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1. Introduction

A diagnostic test is a medical test that is applied to an individual in order to determine
the presence or absence of a disease. When the result of a diagnostic test is positive or
negative, the diagnostic test is called a binary diagnostic test (BDT). A stress test for the
diagnosis of coronary disease is an example of BDT. The effectiveness of a BDT is
measured in terms of two fundamental parameters: sensitivity and specificity. The
sensitivity (Se) is the probability of the BDT being positive when the individual has the
disease, and the specificity (Sp) is the probability of the BDT being negative when the
individual does not have it. The Se and the Sp of a BDT are estimated in relation to a
gold standard (GS), which is a medical test which objectively determines whether or not
an individual has the disease or not. An angiography for coronary disease is an example
of GS. Other parameters that are used to assess the effectiveness of a BDT are the

likelihood ratios (LRS) (Pepe, 2003; Zhou et al, 2011). When the BDT is positive, the

likelihood ratio, called the positive likelihood ratio (LR*), is the ratio between the

probability of correctly classifying an individual with the disease and the probability of

incorrectly classifying an individual who does not have it. When the BDT is negative,

the likelihood ratio, called the negative likelihood ratio (LR_) , 1s the ratio between the

probability of incorrectly classifying an individual who has the disease and the
probability of correctly classifying an individual who does not have it. The LRS only
depend on the sensitivity and the specificity of the BDT and do not depend on the
disease prevalence, and therefore the LRS are superior parameters of the accuracy of a

BDT (Zhou et al, 2011).

The comparison of the parameters of two BDTs has been the subject of numerous
studies in Statistical literature. When the two BDTs and the GS are applied to all of the
individuals in a random sample sized n (paired design), the comparison of the two
sensitivities (specificities) is made by applying a comparison test of two paired binomial
proportions. Subject to this same sample design, the comparison of the LRs of two
BDTs is more complex. Leisenring and Pepe (1998) studied the estimation of the LRs of
a BDT through a regression model. Pepe (2003) adapted this model to compare the LRs
of two BDTs, for which in the regression model a variable dummy is considered to
compare a BDT in relation to another. Moreover, Pepe proposed a confidence interval

for the ratio of the two positive (negative) LRs estimating the variance of the ratios
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subject to the null hypothesis of equality of the two LRS. Section 3.1 summarizes the
method of Pepe (2003). Biggerstaff (2000) proposed a graphical method to compare the
LRs of two (or more) BDTs. Nevertheless, this method is not inferential and can only be
applied to the estimators. Roldan-Nofuentes and Luna (2007) studied hypothesis tests to
compare the LRs individually and simultaneously, and they also studied the same
problem for the case of ordinal diagnostic tests. The hypothesis tests proposed by
Roldan-Nofuentes and Luna (2007) are based on the logarithmic transformation of the
ratio of the positive (negative) LRS, and therefore by inverting the test statistics of the
individual tests, confidence intervals are obtained for the ratio of the two LRS (in
Section 3.2 we summarize this method). Dolgun et al (2012) extended the method of

Leisenring and Pepe (1998) to compare the LRs simultaneously.

Comparing the sensitivities (specificities) of two BDTS, we compare the intrinsic
accuracy of both BDTs, and we determined which BDT is more accurate for an
individual who has the disease (which BDT has the greatest sensitivity) or for an
individual who does not have the disease (which BDT has the greatest specificity).
Comparing the positive (negative) LRs of two BDTSs it is possible to quantify with
which BDT it is more likely to obtain a positive (negative) result for the BDT for an

individual who has the disease than for an individual who does not.

In this manuscript we study the comparison of the LRs of two BDTs through
confidence intervals (CIs), making the following contributions: a) four intervals to
compare the LRS, and b) a method to calculate the sample size to compare the LRS
through CIs. Section 2 presents the LRS and their properties. Section 3 presents the CIs
studied by Pepe (2003), by Roldan-Nofuentes and Luna (2007), and four new CIs are
proposed: a Wald type interval, an interval based on the Fieller method, a bootstrap
interval based on the bias-corrected interval, and a Bayesian interval based on non-
informative beta distributions and on the application of the Monte Carlo method. In
Section 4, simulation experiments are carried out to study the coverage probabilities and
the average lengths of the Cls presented in Section 3. Section 5 presents a method to
calculate the sample size to compare the LRs through ClIs. In Section 6, the results are

applied to two real examples, and in Section 7 the results obtained are discussed.
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2. Likelihood ratios

Let us consider a BDT that is assessed in relation to a GS. Let T be the variable that
models the result of the BDT: T =1 when the BDT is positive and T =0 when it is
negative. Let D be the variable that models the result of the GS: D=1 when the

individual has the disease and D = 0 when this is not the case. Let 7= P( D= l) be the

disease prevalence in the population studied, and 7 =1-x. The positive LR (Pepe,

2003; Zhou et al, 2011) is defined as

P(T=1D=1) se

R P(T=1lD=0) 1-Sp

: (1)

and the negative LR as

_P(T=0D=1) 1-Se

R P(T=0/D=0) Sp

2)

The LRs vary between 0 and infinity, and have the following properties:
a) If the BDT and the GS are independent then LR™ =LR™ =1.

b) If the BDT correctly classifies all of the individuals then LR"=o and
LR™=0.

¢) If LR™ >1 then a positive result in the BDT is more probable for an individual

who has the disease than for an individual who does not.

d) If LR™ <1 then a negative result in the BDT is more probable for an individual

who does not have the disease than for an individual who does.

e) The LRs quantify the increase in knowledge of the presence of the disease
through the application of the BDT. Before applying the test, the odds of an
individual having the disease are pre-test odds = 72/ (1—72') , where 7 is the disease

P(D=1]T =i)
P(D=0[T =i)’

prevalence. After applying the BDT, the odds are post-test odds =

1 =0,1. The LRs relate the pre-test odds and the post-test odds:

post test odds (T =1)= LR xpre test odds
post test odds (T = 0) = LR™ xpre test odds.
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Therefore, the likelihood ratios quantify the change in the odds of the disease
obtained by knowledge of the application of the BDT.

We then study the comparison of the LRs of two BDTSs subject to a paired design
through Cls.

3. Confidence intervals

Let us consider two BDTSs that are assessed in relation to the same GS. Let T, be the
variable that models the result of the hth BDT, with h=1,2, defined in a similar way to
the variable T given in Section 2. Let Se, and Sp,, be the sensitivity and the specificity
of the hth BDT, and LR and LR, the positive and negative likelihood ratios

respectively. Table 1 shows the frequencies and the theoretical probabilities obtained
when comparing two BDTS in relation to a GS subject to a paired design. In the

observed frequencies given in Table 1, the only value set by the researcher is the sample

size N.
Table 1. Frequencies and probabilities subject to a paired design.
Frequencies
T, =1 T,=0
T, =1 T,=0 T, =1 T,=0 Total
D=1 Si Sio Soi S0 S
D=0 M Mo o1 Too
Total Sty Sip Tl So1 T oy Soo T Too n
Probabilities
T, =1 T,=0
T, =1 T,=0 T, =1 T,=0 Total
D=1 P Pio Poi Poo 7
D=0 4 Qo Ao, Uoo T
Total P+ 0 Pio + o Por + 0oy Poo Yoo 1

Applying the model of conditional dependence of Vacek (1985), the theoretical

probabilities are expressed as
i 1-i i 1-j
o :7z[Se1 (1-Se,)  Sel(1-Se,) +§ijgl} (1)
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and

o~ 1= 050 5]

when §; =1 if i=j and §; =—1 if i # j, with i, j=0,1, and verifying that 7Z'=Zij Py

and 7 = Z g; - The parameters ¢, and ¢, are the dependence factors between the two
ij

BDTs when D=1 and when D=0  respectively, verifying that
0<& <Min{Se (1-Se,),Se,(1-Se )} and 0<&, <Min{Sp,(1-Sp,),Sp,(1-Sp,)}. If
& =&, =0 then the two BDTSs are conditionally independent from the disease, which is

not normally a realistic one. In practice, the BDTs are conditionally dependent on the

disease, so that & >0 and/or &, >0. The frequencies of Table 1 are the product of a
multinomial distribution whose vector of probabilities is

W = (P15 Pros Pors Poos i1 Gio» Yo > oo )T. The maximum likelihood estimators of these
probabilities are fi; =s; /n and d; =1, /n, those of 7 and 7 are #=s/n and 7 =r/n,
and the variance-covariance matrix of  is 2, = {diag(\y) —yy' } / n.

In terms of the probabilities of the vector Wy, the sensitivity and the specificity of
each BDT are written as Se, =(p,,+ p“)/ﬂ, Sp, = (g, +q01)/77, Se, =(p,, + p“)/ﬂ

and Sp, :(q00+q10)/77. The estimators of the sensitivities and the specificities are

y S, +S 2 S, +S 2 r, +r 2 I+
Se=-1—0  Se =" Sp="L—9 and Sp,=-2—2 and those of the
S S
~ Pyo&é.  SiiSe0 =SS
dependence factors are & = pA” —Se,Se, =100 1001 and
T S

A

&= q}; ~Sp,Sp, =

Moo — Mol

. Applying the delta method, it holds that the variances-

covariances of Se, and Sp, are

Var (Se,) :M, Var(Sp,) =M’

nrz nrz (5)
Cov(éel,éez) =:_71r’ Cov(§p1,§p2) :rf_:?'

The rest of the covariances are zero. Regarding the LRs, applying the delta method

again, their variances-covariances (the proof can be seen in Appendix A) are
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N SeﬁVar(SAph)+(1—Sph )2Var(§eh)

Var(I:R;) ~ (=) ,
) .
Var( IZR,;) N (1-Se,) Var (Sph4) + SpﬁVar(Seh) |
Spy

A <A (6)
SeISe2Cov(Spl, Sp, ) +(1-5p,)(1- sz)Cov(Sel, Sez)

(1-3p,)’ (1-3p,)’
(1-Se,)(1-Se, )Cov(épl, Sp, ) + SpISp2Cov(§el, §e2)
Sp;'Sp;

Cov( LR’, IZRf) ~

3

Cov( LR, I:Rl‘) ~

Substituting in the previous expressions the parameters with their estimators, we obtain

the expressions of the estimators of the variances-covariances. Pepe (2003) studied the

comparison of the LRs considering the ratio between them, i.e. " =LR’/LR; and
@ =LR/ / LR, . Roldan-Nofuentes and Luna (2007) considered the Napierian
logarithm of @. In this study, we are going to follow the same criteria as Pepe, and
therefore we are going to compare the LRs through Cls for ®" and @ . From here
onwards, we are going to consider that LR, is LR, or LR, and that @ is ®" or @,

depending on whether we compare the positive LRS or the negative LRS. If the Cl for @
contains the value one, then we do not reject the equality of the LRs of both BDTs; in
the opposite case, the LR of a BDT is significantly higher than that of the other BDT.
Applying the delta method (see Appendix A), the variance of @ is

Var(LR) Var(LR,) 2Cov(LR,LR,)
R LR LRLR

(7)

Var(&) = o’

Then six Cls are presented for each ratio " and @ . The first interval was proposed by
Pepe (2003), the second is deduced from the study by Rolddn-Nofuentes and Luna

(2007), and the rest of the intervals are contributions made by this manuscript.

3.1. Regression model

Leisenring and Pepe (1998) studied the estimation of the LRS of a BDT in presence of

covariates through a regression model. For the positive LR, the regression model with p
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p
covariates 1is ln( LR™( X1)) =0, + Z BX,, , where B, are the parameters of the model
i=l

and X, = (X“,..., X ) is the matrix of covariates. This model can be used to compare

Ip
two BDTS (Pepe, 2003), i.e. In[ LR* (X )]= B, + B X, where X, is a variable dummy
to compare a BDT in relation to another. The regression model to compare the two

negative LRs is ln[LR*(XT )] =, +a,X; . In these models, the ratio @" is estimated

as e and the ratio @~ as €% . The confidence interval for @" is

@" xexp {izl_a/z‘/\iaro [ln(aﬂ)+ )]} , (8)

where 7, is the 100(1—cy/2)th percentile of the standard normal distribution and

A .7 1-Se Sp 1-Se Sp
Var, | In(é") |~ ssAe11+r(1—lsA|01)+ S§922+r(1‘§p2)

is the estimated variance of @ subject to the null hypothesis H,:LR"=LR;. The
confidence interval for @™ s similar to the previous one, where

SAe1 +1_A§p1+ SAe1 +1—A§p1.
l—Sel) rSp, s(l—Sel) rSp,

Varo[ln(@*)} ~ s(

The book by Pepe (2003) discusses the confidence interval obtained from the regression

model.

3.2. Logarithmic interval

Roldan-Nofuentes and Luna (2007) studied a hypothesis test to compare the positive
(negative) LRs of two BDTS subject to a paired design. These hypothesis tests are based

on the transformation of the Napierian logarithm of the ratio between the two positive

(negative) LRs, i.e., Hy:In(@)=0 vs H, :In(@)#0, where @ is " =LR’/LR; or

@ =LR’ / LR; , and the test statistic is

In(&)

Nar [In(®)]

—N(0,1), ©)
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where Var [ln(@)] is an unrestricted estimator of the variance and is calculated

applying the delta method (see Appendix A), i.e.

Var(CR) Var(LR,) 2Cov(LR,LR,)
N _

Var| In(®) | =
ar[n(@)] LR’ LR LR LR,

: (10)

and substituting in this expression each parameter with its estimator. Inverting the test

statistic (9), it holds that the Cl for In(w) is ln((?))izlfa/zﬂﬁar[ln(a})] . Finally, the

logarithmic Cl for @ is

d)xexp{izl_m,/QAar[ln(c?)):I}. (11)

Roldan-Nofuentes and Luna studied the size (and the power) of the test H, :ln(a)) =0

through simulation experiments. As the logarithmic interval (11) is obtained by
inverting the test statistic (9), the coverage probability of this interval is equal to 1
minus the type I error obtained in the simulations carried out by Roldan-Nofuentes and

Luna, and therefore the results are equivalent.

3.3. Wald CI

The Wald interval (Wald, 1943) is a classic interval for a parameter. Assuming the

asymptotic normality of @, i.e. ®———N [a), Var(a))] , the Wald Cl for @ is

(12)

~

) \7ar(I:R1) \7ar(I:R2) Zéov([Rl,[Rz)
wwz”‘“\/ (R (R [RIR

3.4. Fieller CI

The Fieller method (1940) is a classic method used to calculate a Cl for the ratio of two
parameters, and requires us to assume that the estimators are distributed according to a

normal bivariate distribution. Therefore, assuming the bivariant normality, i.e.

(CR.R,) —oN [(LR,LR,)" .2, |, where
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s Var(LR))  Cov(LR,LR,)
“ | Cov(LR,LR,) Var(LR,) )

and applying the Fieller method, it is verified that
LR - &lR,———>N(0,var(LR )-2aCov(LR,LR,)+a'Var(LR,)).

The Fieller Cl is obtained by searching for the set of values for @ that satisfy the
inequality

(liR1 ~olR, )2

\iar(ﬁRl)—ZaﬁOV(ﬁRl,I:R2)+a)2\7ar(|:R2) e

Solving this inequation, the Fieller Cl for @ is

I:RI:R ~- 6,2, /2—\/(|-R|—R -6, /2) (LR2 o 1a/2)(LR —0, 12a/2)
(LR2 epoy: 1(1/2)

., (13)

where &; =\7ar(I:Ri) and 612=(50V(|:R1,|:R2). This interval is valid when

(CRLR,~6,2,,) >(LR?~6,22,,) (LR} ~6,,22,,) and LRE—6,,22,, #0.

3.5. Bootstrap ClI

The Bootstrap method is one which is widely used for the estimation of parameters. The
Bootstrap Cl is calculated generating B random samples with replacement from the
sample sized n, and then a Cl is calculated. For the interval, we considered the bias-

corrected Bootstrap Cl (Efron and Tibshirani, 1993). For each one of the B samples

with replacement, we calculate the estimators of the LRS and of w, i.e. I:RlBi , I:RzBi

and @, with i=1,..,B. The parameter @ is estimated as the average of the B

o P . .
Bootstrap estimations, 1.e. a)B:—Za)Bi. Let Az#(a)Bi <(o) be the number of
i=1

samples in which the Bootstrap estimator @, is lower than the maximum likelihood

estimator @ . Let Z, = CD_I(A/ B), where o () is the inverse function of the standard
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a

normal  cumulative  distribution  function. Let ¢, =® (220 -7, /2) and

q, = CD(220 + Zl_a/z) , then the bias-corrected Bootstrap Cl is
(Cbéql) ’ a’)(th)) (14)

where c?)éq) is the qth quantile of the distribution of the B Bootstrap estimations of @ .

The bias-corrected bootstrap Cl is consistent, as it verifies (Shao and Tu, 1995) that
P [\/ﬁ(a)n ~w)< x] - P, I:\/H(a’)B,n ~&,)< x] converges in probability to zero when the
sample size is very large (n—>00) for every value X, where P, is the bootstrap

distribution and @y, is the is the upper (lower) limit of the bootstrap CI.

3.6. Bayesian Cl

The previous Cls are all frequentists, the problem can also be addressed from a

Bayesian perspective. Conditioning on D=1, i.e. on the individuals who have the

disease, it is verified that S,+S,—>B(s,S¢) and that s,+s, —B(s,Se,).
Conditioning on D=0 it is verified that r01+r00—>B(r,Spl) and that

o+ I, —>B(r,Sp,). Considering the distribution of the BDT 1, the estimators of its

Il + 1

e e A S, +S 2 . .
sensitivity and specificity are Se, =—1—1% and Sp, =-2—% which are estimators of
S

+ +1y

. . . .. . A S S 2 I
binomial proportions. In a similar way, the estimators Se, = ——2 and Sp, =-1~—%
S r

are also estimators of binomial proportions. Therefore, for these estimators, conjugate

beta prior distributions are proposed, i.e.
Se, — Beta(a, . 3, ) and Sp, — Beta(ay, . Sy, ). (15)

with h=1,2. Let n=(S,,,5,0, S0 So0> 11> o> Fo1» roo) be the vector of observed frequencies,

then the posteriori distributions for the estimators of the sensitivity and the specificity of

the BDT 1 are
Se, [ — Beta(s,, + 5, + ctg, » Sy, + Sy + s, ) (16)

and
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Sp1|n—>Beta(rm+r00+a5p],r“+rlo+ﬂsp]). (17)

In a similar way, the posteriori distributions for the estimators of the sensitivity and the

specificity of the BDT 2 are

Se,[n — Beta(s11 +5,, +a$ez,sm+soo+,6’5ez) (18)
and

§p2|n—>Beta(l’10+r00+asp2,r“+r01+ﬂsp2). (19)

Once all the distributions have been defined, the posteriori distribution for the LRS of

each BDT, and for ®" and @ , can be approximated by applying the Monte Carlo
method (Boos and Stefanski, 2013). This method consists of generating M random

values of the posteriori distributions given in equations (16) to (19). In each interaction

the generated values of sensitivities (§ehi) and specificities (§phi) are plugged in the

A

equations LR’ = 1 Sghi and LR} = lgsehi , and from these each ratio @, is calculated.
- phi phi

As an estimator of each ratio the average of the M Bayesian estimations is calculated,

A

M

Le. @y, :ﬁZaA}i. Finally, from the M values @ a Cl based on the quantiles is
i=l

calculated, i.e. the 100x(1-a)% Cl for @ is

(cz,gf;m : a‘)g‘“/2>) , (20)

a

where c?)é? is the gth quantile of the distribution of the M Bayesian estimations &, .

All of the Cls presented are for @w=LR /LR, . If we want to calculate the Cl for
LR,/LR (=« =1/w), the regression, logarithmic, Fieller, Bootstrap and Bayesian

intervals are obtained by calculating the inverse of each boundary of the corresponding

interval for @ . Nevertheless, the Wald Cl for @' is obtained from the Wald CI for o

dividing each boundary by &°, i.e. if (L,,U,) is the Wald Cl for @ then the Wald ClI

for o' =1/w is (Lw/aBz,Uw/cbz).
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4. Simulation experiments

Monte Carlo simulation experiments were carried out to study the coverage probability
(CP) and the average length (AL) of each one of the CIs presented in the Section 3. For

this purpose, N =10,000 random samples of multinomial distributions with sizes
n ={50,100,200,300,400,500,1000} were generated, and their probabilities were
calculated from equations (1) and (2). As the sensitivity and the specificity of each
BDT, the values Se,,Sp, ={0.70,0.75,...,0.90,0.95} were taken, which are realistic
values in clinical practice, and the LRS were calculated with the equations
LRy =Se,/(1-Sp,) and LR; =(1-Se,)/Sp, with h=1,2. For the disease prevalence,
72'2{10%,25%,50%} was considered, and for the dependence factors & and g,
intermediate values (50% of the maximum value of each ¢&;) and high values (80% of

the maximum value of each ¢&; ) were taken, i.e.
& =kxMin{Se,(1-Se,),Se, (1-Se, )} and &, =kxMin{Sp, (1-Sp,),Sp,(1-Sp,)} .

where K = {0.50,0.80}. Once the value of the parameters in each scenario was set,

the probabilities of each multinomial distribution were calculated by substituting the

value of the parameters in equations (3) and (4).

For the Bootstrap interval, for each one of the N random samples generated,

B=2,000 replacement samples were generated in turn, and from the B replacement

samples the bias-corrected bootstrap Cl was calculated through the method described in

Section 3.5.

Regarding the Bayesian ClI, for the estimators of the two sensitivities and of the two
specificities, the Beta(l,l) distribution was considered as prior distribution. The choice
of this distribution is justified by the fact that it is a non-informative distribution, which
is flat for every possible value of the sensitivities and the specificities, and it has a

minimum impact on the posteriori distributions. Moreover, for each one of the N

generated random samples, M =10,000 random samples were generated in turn, and

from the M samples the Bayesian Cl was been calculated by applying the method

described in Section 3.6.
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The simulation experiments were designed so that in every random sample

generated, it is possible to estimate all the parameters and their variances-covariances.
Therefore, if a parameter could not be estimated in a sample (for example, §eh =0) then

that sample was discarded and another one was generated in its place. This problem

mainly occurred in the samples with a size of 50. In each one of the scenarios

considered (values set for Se,, Sp,, 7, & and &) the coverage probability (CP) and

the average length (AL) were calculated for each one of the six Cls for »* and » . The
CP of each Cl was calculated as the quotient between the number of intervals that
contained the parameter (o or » , depending on the case) and the number of samples
generated N, and the AL was calculated adding the length of the N intervals and dividing
this number by N. As the confidence level we took 95%.

The comparison of the asymptotic behaviour of the Cls was made following the
criterion based on whether the Cl “fails” or “does not fail” for a confidence of 95%.
This criterion, which has been used by other authors (Price and Bonett, 2004; Martin-
Andrés and Alvarez-Hernandez, 2014a, 2014b; Montero-Alonso and Roldan-Nofuentes,
2018), establishes that a Cl fails (or does not fail) if its coverage probability is <93%

(> 93%) . The selection of the Cl with the best asymptotic behaviour was made through

the following steps: 1) Choose the Cls with the fewest failures, and 2) Choose the Cls
which are the most accurate, i.e. those with least AL, and among these those which have

a CP closest to 95%. This method is justified in Appendix B.

4.1. Positive LRs

Tables 2 and 3 show some of the results obtained for the intervals of ", considering
two different scenarios of sensitivities and specificities. In these tables, failures are
indicated in bold type. From the results of the experiments, the following conclusions

are reached:

a) Regression method. The Cl obtained applying the regression method does not fail,
and it has a CP of 100% or very close to this value. In general terms, its AL is larger

than that of the rest of the intervals.

b) Logarithmic CIl. The logarithmic Cl does not fail. In very general terms, when the

sample size is small (n = 50) or moderate (n = 100) its CP is 100% or very near to this
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value. When the sample size is large (n =200—400) or very large (n 2500) its CP

fluctuates around 95%. The AL of this interval is lower than that of the interval

calculated through regression.

c) Wald Cl. When @" #1, this interval may fail if n<100 and the prevalence is

moderate (7[ = 25%) or large (7z = 50%), whereas if n>200 the interval does not fail.

When @' =1 the interval does not fail. In situations in which the Wald CI does not fail,

its CP and AL are very similar to those of the logarithmic CI.

c) Fieller Cl. The Fieller Cl does not fail. In general terms, its CP is 100% or very
close to this value when n <100. When n > 200 its CP behaves in a very similar way to
the CP of the logarithmic and Wald intervals (and the ALS are very similar). Therefore,
when n>200, the behaviour of the Fieller Cl is very similar to the logarithmic and

Wald intervals.

d) Bootstrap Cl. In very general terms, when n <100 this interval may fail if @" #1
or its CP is equal (or very near) to 100% if @" =1. When n > 200, the Bootstrap ClI
does not fail, its CP fluctuates around 95% and its AL is very similar to that of the
logarithmic, Wald and Fieller intervals. Therefore, when n>200 the Bootstrap interval
has an asymptotic behaviour which is very similar to that of logarithmic, Wald and

Fieller intervals.
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Table 2. Coverage probabilities and average lengths of the Cls for the ratio of the two

positive LRs ().

LR’ =9.5 LRI =4.5 LR =0.056 LR, =0.125 o' =2.111 & =0.444

Se, =0.95 Sp, =0.90 Se, =0.90 Sp, =0.80

7=10% & =0.0225 &, =0.0400

Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.95 7.06 99.40 5.72 97.20 4.53 100 8.93 98.30 3.09 99.90 5.90
100 99.25 5.73 97.90 4.75 97.40 4.16 99.80 5.64 98.50 3.69 99.10 5.42
200 99.40 3.04 96.85 2.49 96.60 2.38 97.90 2.61 96.90 2.52 99.30 3.04
300 98.90 2.26 96.15 1.86 96.10 1.81 96.85 1.90 95.60 1.89 99.00 2.27
400 99.10 1.86 95.90 1.53 95.85 1.50 96.10 1.55 95.80 1.55 99.15 1.86
500 98.50 1.61 95.55 1.33 95.45 1.31 95.90 1.35 95.05 1.34 98.35 1.62
1000 98.20 1.07 95.45 0.89 95.30 0.88 95.65 0.89 95.35 0.90 98.20 1.08
7=10% & =0.0360 ¢, =0.0640
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.95 6.54 99.10 4.78 95.50 3.93 99.95 7.74 91.80 2.51 99.95 5.48
100 99.90 5.15 98.60 3.76 96.55 3.39 99.45 4.57 95.60 2.72 99.90 491
200 99.60 2.93 96.90 2.09 96.00 2.01 98.15 2.19 96.35 1.95 99.55 2.93
300 99.65 221 96.30 1.57 95.90 1.53 97.25 1.61 96.00 1.53 99.60 222
400 99.80 1.82 95.90 1.30 95.95 1.28 97.10 1.32 96.30 1.28 99.85 1.83
500 99.75 1.59 95.80 1.13 95.75 1.12 96.35 1.15 95.65 1.13 99.80 1.60
1000 99.55 1.07 95.45 0.76 95.35 0.76 95.70 0.77 95.50 0.76 99.60 1.08
m=25% & =0.0225 &, =0.0400
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.85 6.04 97.80 4.89 91.30 3.95 99.90 6.38 93.60 2.72 99.65 5.49
100 99.50 5.19 97.90 428 95.05 3.74 99.40 4.52 97.45 3.28 99.35 4.90
200 98.45 2.96 95.60 2.44 94.75 232 97.30 2.50 95.90 2.62 98.40 291
300 98.45 228 95.45 1.88 95.25 1.83 97.05 1.91 94.95 2.03 98.30 225
400 99.00 1.91 96.10 1.59 95.95 1.55 96.65 1.60 95.60 1.68 98.85 1.90
500 98.55 1.65 95.60 1.37 95.25 1.35 96.15 1.38 95.55 1.43 98.55 1.65
1000 98.30 1.14 95.15 0.95 94.90 0.94 95.30 0.95 94.65 0.97 98.35 1.14
7 =25% & =0.0360 ¢, =0.0640
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 5.77 96.80 421 91.50 3.50 99.65 5.56 83.55 2.20 100 5.25
100 99.85 4.45 95.40 3.19 91.85 2.88 97.15 3.45 89.15 2.31 99.80 4.25
200 99.60 2.85 96.15 2.02 94.00 1.95 96.40 2.08 94.85 1.93 99.60 2.80
300 99.40 223 94.15 1.59 94.10 1.55 95.15 1.62 94.10 1.60 99.40 221
400 99.55 1.87 94.95 1.32 94.85 1.30 95.15 1.34 94.65 1.35 99.50 1.85
500 99.15 1.66 94.85 1.18 94.75 1.16 95.70 1.19 95.05 1.21 99.15 1.65
1000 99.50 1.14 95.00 0.81 95.15 0.81 95.70 0.82 94.90 0.83 99.30 1.14
7 =50% & =0.0225 &, =0.0400
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.75 5.98 96.75 4.88 89.35 3.80 99.75 6.11 86.45 231 99.55 5.39
100 99.60 591 96.35 4.87 92.20 3.97 98.90 5.22 94.45 2.81 99.40 5.38
200 98.85 3.78 95.90 3.13 94.15 2.89 97.70 3.21 96.85 3.10 98.70 3.65
300 98.50 2.87 95.00 2.38 94.70 2.26 96.40 241 95.40 2.61 98.30 2.82
400 98.50 2.40 95.35 1.99 95.05 1.92 96.80 2.02 94.65 2.20 98.25 2.37
500 98.35 2.08 95.80 1.72 95.45 1.68 95.25 1.74 95.25 1.88 98.20 2.06
1000 97.50 1.41 94.55 1.17 94.80 1.15 95.50 1.17 93.80 1.22 97.60 1.40
7 =50% ¢& =0.0360 &, =0.0640
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.90 5.47 94.15 4.03 88.70 3.28 99.20 5.26 67.35 1.89 99.80 4.97
100 99.85 5.20 93.80 3.80 91.40 3.22 96.65 424 78.55 2.13 99.75 4.79
200 99.70 3.45 93.75 2.47 93.65 2.32 93.70 2.56 89.75 2.15 99.45 3.34
300 99.55 2.72 94.65 1.93 94.45 1.86 94.65 1.98 94.10 1.90 99.55 2.67
400 99.65 2.33 95.15 1.66 94.90 1.62 95.45 1.69 95.35 1.69 99.65 231
500 99.45 2.06 95.55 1.46 95.15 1.43 95.25 1.48 96.00 1.51 99.20 2.04
1000 99.20 1.40 94.75 1.00 94.80 0.99 94.85 1.00 94.80 1.03 99.25 1.40
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Table 3. Coverage probabilities and average lengths of the CIs for the ratio of the two

positive LRs (II).

LR =6 LR; =6 LR =0.118 LR, =0.118 o' =1 o =1

Se, =0.90 Sp, =0.85 Se, =0.90 Sp, =0.85

7=10% & =0.0450 &, =0.0638

Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.95 3.61 99.50 2.51 99.85 2.18 100 4.67 100 1.96 99.95 3.16
100 99.80 2.38 97.75 1.65 97.90 1.52 98.85 2.37 98.60 1.51 99.75 2.33
200 99.65 1.33 96.40 0.92 96.90 0.89 97.65 1.02 97.00 0.91 99.60 1.35
300 99.65 1.00 96.25 0.70 96.45 0.68 97.90 0.74 96.75 0.69 99.70 1.01
400 99.65 0.84 95.60 0.58 96.00 0.58 96.95 0.61 96.10 0.58 99.65 0.84
500 99.50 0.72 95.30 0.51 95.70 0.50 96.35 0.52 95.70 0.51 99.60 0.73
1000 99.25 0.48 94.65 0.34 94.30 0.34 95.15 0.35 94.80 0.34 99.25 0.49
7=10% & =0.0720 ¢,=0.1020
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 3.18 100 1.79 99.90 1.62 100 3.65 100 1.43 100 2.77
100 100 2.19 99.85 1.11 99.75 1.06 100 1.58 99.95 0.99 100 2.15
200 100 1.28 98.15 0.60 98.20 0.59 98.75 0.67 98.55 0.57 100 1.29
300 100 0.98 97.05 0.45 97.15 0.45 97.45 0.48 97.95 0.43 100 0.98
400 100 0.82 96.85 0.37 96.90 0.37 97.05 0.39 97.15 0.37 100 0.82
500 100 0.71 96.30 0.33 96.40 0.32 96.80 0.34 96.65 0.32 100 0.72
1000 100 0.49 95.80 0.22 95.80 0.22 96.15 0.22 96.32 0.22 100 0.49
m=25% & =0.0450 &, =0.0638
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.90 3.24 99.35 2.25 99.55 1.97 100 3.58 99.95 1.81 99.85 3.06
100 99.65 2.05 96.95 1.39 96.95 1.30 100 1.78 99.15 1.38 99.75 2.00
200 99.30 1.24 95.00 0.86 94.85 0.84 98.45 0.94 95.00 0.90 99.15 1.23
300 99.70 0.97 94.45 0.68 94.10 0.66 97.35 0.71 94.20 0.70 99.65 0.96
400 99.45 0.82 95.55 0.57 94.85 0.57 97.10 0.60 95.05 0.59 99.35 0.82
500 99.45 0.73 94.70 0.51 94.15 0.50 96.15 0.53 94.25 0.52 99.40 0.72
1000 99.60 0.51 95.45 0.36 95.25 0.36 95.85 0.36 95.15 0.36 99.50 0.51
7 =25% & =0.0720 ¢,=0.1020
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.80 100 1.49 99.85 1.38 100 2.51 100 1.27 100 2.66
100 100 1.93 99.30 0.89 99.25 0.86 100 1.15 100 0.82 100 1.89
200 100 1.21 96.95 0.53 96.50 0.53 98.70 0.59 98.30 0.53 100 1.20
300 100 0.96 95.85 0.42 95.65 0.42 96.75 0.45 97.65 0.42 100 0.95
400 100 0.82 95.35 0.36 94.95 0.36 96.30 0.38 96.35 0.37 100 0.82
500 100 0.73 95.25 0.32 95.25 0.32 95.90 0.33 95.80 0.33 100 0.73
1000 100 0.50 95.25 0.22 95.25 0.22 95.70 0.23 95.40 0.23 100 0.50
7=50% & =0.0450 &, =0.0638
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.95 3.27 99.95 2.27 99.60 1.97 100 3.54 100 1.67 99.95 3.06
100 100 2.51 98.90 1.69 97.65 1.52 100 2.39 99.85 1.50 99.85 2.39
200 99.55 1.54 95.60 1.06 94.30 1.01 98.80 1.22 96.45 1.12 99.35 1.51
300 99.35 1.20 96.00 0.83 95.10 0.81 97.70 0.90 95.65 0.86 99.25 1.19
400 99.55 1.02 95.40 0.71 95.40 0.69 96.10 0.75 95.55 0.74 99.50 1.01
500 99.55 0.89 95.20 0.62 94.75 0.61 96.20 0.65 94.15 0.64 99.50 0.89
1000 99.55 0.61 94.40 0.43 94.75 0.43 95.75 0.44 94.25 0.44 99.50 0.61
7 =50% ¢ =0.0720 &, =0.1020
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.81 100 1.50 99.95 1.38 100 2.58 100 1.24 100 2.66
100 100 2.25 99.90 1.05 99.70 1.00 100 1.51 100 0.94 100 2.16
200 100 1.49 99.20 0.66 98.45 0.65 99.95 0.77 99.95 0.64 100 1.47
300 100 1.17 97.70 0.51 97.05 0.50 99.50 0.56 99.45 0.51 100 1.16
400 100 1.00 96.50 0.43 96.40 0.43 98.55 0.46 97.95 0.44 100 0.99
500 100 0.89 95.75 0.39 95.35 0.38 97.55 0.40 96.80 0.39 100 0.88
1000 99.95 0.61 95.55 0.27 95.25 0.27 96.65 0.28 95.60 0.27 99.95 0.61
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e) Bayesian Cl. The Bayesian Cl does not fail and has a CP and an AL which are
very similar to those of the interval obtained by regression. The CP and the AL of the
Bayesian interval are almost always higher than those of the logarithmic, Wald, Fieller

and Bootstrap intervals.

4.2. Negative LRs

Tables 4 and 5 show some of the results obtained for @~ considering the same scenarios

as for @’. Failures are indicated in bold type. From the results, the following

conclusions are obtained:

a) Regression method. This interval has an asymptotic behaviour which is very

similar to that of the same interval for @".

b) Logarithmic Cl. In general terms, this interval can fail when @" #1 and the

dependence factors are high, whatever the sample size may be. This interval does not

fail when @" =1, and its CP is 100% or very near to this value when n <100, and even
with n>200 if the prevalence is small. When this interval does not fail, its AL is lower

than that of the interval obtained through regression.

c) Wald Cl. The Wald CI does not fail, and its CP is 100% (or very near) when
n <100, and its CP fluctuates around 95% when n >200. The AL of the Wald ClI is
slightly lower than that of the logarithmic Cl (when this does not fail), and its CP shows

better fluctuations around 95% than that of the logarithmic interval.

c) Fieller Cl. This interval does not show any failures. In very general terms, the

Fieller Cl has a very similar CP to that of the Wald Cl when @" #1. When »" =1, the
CP of the Fieller Cl is 100% (or near) when n <100, and fluctuates around 95% if
n>200. Its AL is greater than that of the Wald Cl, especially when n <500.

d) Bootstrap Cl. This interval has many failures when @" #1, especially when the

prevalence is small or moderate, and regardless of the sample size. When " =1, the
interval does not fail, and its CP is greater than that of the Wald ClI or the logarithmic
Cl, especially when the prevalence is small or moderate. Regarding the Fieller CI, the
CP of the Bootstrap interval is very similar to that of the Fieller interval, and its AL is

slightly lower than that of the Fieller Cl, especially for n <500.
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e) Bayesian Cl. The same as for @", the Bayesian Cl for @ does not fail and has a
CP and an AL which are very similar to those of the interval obtained through
regression. The same as for @", the CP and the AL of the Bayesian interval are higher

than those of the logarithmic, Wald, Fieller and Bootstrap intervals.

4.3. Rules of application

Considering the asymptotic behaviour of each one of the CIs studied, it is possible to
give some general rules of application for the ClIs studied. These rules of application are
for the different scenarios considered in the simulation experiments, scenarios that
correspond to realistic values of prevalence, sensitivities and specificities in clinical
practice. Based on the sample size, which in practice is the only parameter set by the

researcher, the rules are the following:

a) For the ratio ", use the logarithmic Cl, whatever the sample size may be,
although when n>200 we can also use the Wald, the Fieller and the Bootstrap

intervals.

b) For the ratio @, use the Wald Cl, whatever the sample size may be.
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Table 4. Coverage probabilities (%) and average lengths of the Cls for the ratio of the

two negative LRs (I).

LR’ =9.5 LRI =4.5 LR =0.056 LR, =0.125 o' =2.111 & =0.444

Se, =0.95 Sp, =0.90 Se, =0.90 Sp, =0.80

7=10% & =0.0225 &, =0.0400

Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.95 2.07 97.30 1.65 96.85 1.27 99.50 2.71 14.80 1.79 99.75 1.90
100 99.90 2.02 96.60 1.59 96.05 1.17 99.60 2.49 35.50 1.83 99.85 1.81
200 99.95 1.99 96.15 1.42 95.90 1.09 99.55 2.40 53.70 1.68 99.85 1.79
300 99.85 1.81 95.45 1.30 95.15 1.03 99.05 1.99 75.95 1.59 99.75 1.65
400 99.85 1.67 96.55 1.23 95.55 0.97 99.10 1.75 86.05 1.55 99.75 1.54
500 99.80 1.62 96.95 1.20 95.95 0.96 98.80 1.70 88.80 1.48 99.60 1.50
1000 99.55 1.22 96.90 0.93 95.90 0.81 97.85 1.16 95.80 1.05 99.45 1.16
7=10% & =0.0360 ¢, =0.0640
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.18 92.60 1.63 99.95 1.31 99.50 2.83 5.50 1.66 100 2.01
100 100 2.11 90.85 1.53 98.90 1.19 99.25 2.48 17.25 1.70 100 1.91
200 100 2.16 91.15 1.38 98.35 1.12 99.25 2.57 33.00 1.53 100 1.96
300 99.95 1.94 90.20 1.21 97.60 1.01 98.10 2.02 54.45 1.43 99.90 1.78
400 99.95 1.76 92.40 1.13 97.10 0.95 97.65 1.64 65.25 1.39 99.90 1.63
500 99.90 1.68 92.80 1.09 96.10 0.91 97.85 1.55 70.45 1.35 99.85 1.56
1000 99.90 1.22 93.40 0.79 95.60 0.71 97.45 0.97 84.65 0.93 99.80 1.16
m=25% & =0.0225 &, =0.0400
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.06 97.80 1.56 96.35 1.18 99.30 2.66 34.05 1.86 99.75 1.87
100 100 1.87 96.20 1.34 95.95 1.04 99.65 2.13 64.85 1.67 99.80 1.70
200 99.65 1.64 96.00 1.22 95.80 0.98 98.00 1.77 89.30 1.50 99.60 1.52
300 99.50 1.44 95.95 1.07 95.60 0.90 97.40 1.46 93.15 1.28 99.45 1.35
400 99.10 1.21 95.75 0.93 95.40 0.81 96.55 1.16 95.35 1.05 98.90 1.15
500 99.50 1.06 95.55 0.82 95.45 0.73 96.00 0.97 95.60 0.89 99.20 1.01
1000 98.60 0.65 95.20 0.52 95.15 0.50 94.65 0.55 95.55 0.52 98.45 0.64
7 =25% & =0.0360 ¢, =0.0640
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.13 91.90 1.48 99.90 1.19 99.30 2.60 18.35 1.71 99.95 1.95
100 100 2.07 90.35 1.29 99.00 1.08 98.45 2.31 37.80 1.53 99.95 1.89
200 99.85 1.71 91.65 1.09 96.55 0.92 97.40 1.58 67.35 1.35 99.80 1.59
300 99.85 1.48 92.25 0.95 96.35 0.82 97.15 1.28 77.20 1.14 99.75 1.39
400 99.85 1.26 91.90 0.81 95.90 0.72 96.85 1.02 82.05 0.94 99.85 1.20
500 99.85 1.06 92.70 0.69 95.70 0.63 96.35 0.80 87.20 0.77 99.65 1.02
1000 99.50 0.65 94.45 0.43 95.35 0.42 96.20 0.45 94.40 0.44 99.55 0.64
7 =50% & =0.0225 &, =0.0400
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 99.90 1.82 97.65 1.35 99.90 1.07 99.60 2.13 71.70 1.76 99.85 1.69
100 99.85 1.67 96.35 1.23 99.30 0.98 99.05 1.82 84.60 1.56 99.80 1.55
200 99.70 1.23 97.10 0.94 96.95 0.81 98.00 1.19 96.05 1.07 99.60 1.17
300 98.75 0.92 96.25 0.73 94.40 0.66 95.60 0.81 97.25 0.76 98.50 0.89
400 98.55 0.75 95.45 0.60 94.45 0.56 95.25 0.64 96.80 0.61 98.60 0.73
500 98.15 0.66 94.35 0.53 94.40 0.50 94.10 0.55 95.05 0.53 97.80 0.65
1000 98.65 0.44 95.20 0.35 95.20 0.35 94.80 0.36 94.35 0.36 98.45 0.43
7 =50% ¢& =0.0360 &, =0.0640
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 1.90 92.35 1.25 99.30 1.04 98.35 2.01 47.90 1.60 99.95 1.77
100 100 1.74 92.05 1.11 97.80 0.93 97.80 1.63 60.20 1.43 99.95 1.62
200 100 1.26 93.55 0.82 96.30 0.73 97.45 1.02 81.85 0.97 99.90 1.20
300 99.65 0.94 94.70 0.62 95.15 0.58 96.65 0.70 90.15 0.67 99.50 0.91
400 99.70 0.77 94.55 0.51 95.30 0.48 95.95 0.54 93.10 0.52 99.50 0.75
500 99.75 0.65 95.30 0.44 95.20 0.42 95.85 0.46 94.80 0.44 99.55 0.64
1000 99.65 0.43 95.75 0.30 94.80 0.29 95.40 0.30 96.30 0.29 99.55 0.43
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Table 5. Coverage probabilities (%) and average lengths of the Cls for the ratio of the

two negative LRs (II).

LR =6 LR; =6 LR =0.118 LR, =0.118 o' =1 o =1

Se, =0.90 Sp, =0.85 Se, =0.90 Sp, =0.85

7=10% & =0.0450 &, =0.0638

Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.55 100 1.84 99.50 1.55 100 335 100 1.72 100 2.34
100 100 2.54 100 1.74 98.85 1.44 99.95 3.04 100 1.65 100 2.33
200 100 2.52 100 1.58 95.90 1.36 99.90 3.01 100 1.56 100 2.32
300 100 2.48 100 1.52 93.85 1.34 99.60 2.70 100 1.52 100 2.31
400 100 2.39 99.65 1.51 93.15 1.32 99.20 2.53 100 1.51 99.90 2.26
500 100 2.35 99.65 1.43 94.35 1.31 99.05 245 100 1.50 100 2.25
1000 99.85 1.98 97.15 1.33 93.95 1.24 96.85 1.86 98.70 1.38 99.85 1.91
7=10% & =0.0720 ¢,=0.1020
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.73 100 1.76 99.90 1.56 100 345 100 1.39 100 2.51
100 100 2.68 100 1.56 99.80 1.40 100 2.84 100 1.34 100 2.49
200 100 2.65 100 1.42 99.80 1.30 100 2.78 100 1.23 100 2.40
300 100 2.61 100 1.28 98.60 1.19 99.95 2.62 100 1.12 100 2.33
400 100 2.52 100 1.19 97.70 1.11 98.90 2.05 100 1.07 100 2.27
500 100 242 100 1.13 97.10 1.07 97.95 1.85 100 1.03 100 2.18
1000 100 1.91 99.80 0.85 96.80 0.82 97.15 1.16 100 0.80 100 1.85
m=25% & =0.0450 &, =0.0638
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.56 100 1.72 98.20 1.46 100 3.23 100 1.67 100 2.40
100 100 2.51 100 1.53 95.45 1.35 99.85 291 100 1.55 99.95 2.35
200 99.95 2.40 99.50 1.50 93.90 1.31 98.90 2.57 99.95 1.53 99.90 2.20
300 99.85 2.26 98.55 1.48 94.65 1.25 98.00 2.35 99.75 1.47 99.80 2.15
400 99.70 1.98 96.95 1.33 93.05 1.19 96.20 1.85 98.20 1.37 99.55 1.92
500 99.55 1.74 95.20 1.18 92.35 1.10 94.55 1.50 96.40 1.24 99.40 1.70
1000 99.25 1.15 94.80 0.79 94.25 0.75 94.40 0.86 94.15 0.84 99.20 1.13
7 =25% & =0.0720 ¢,=0.1020
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.86 100 1.57 99.80 1.41 100 3.11 100 1.40 100 2.65
100 100 2.81 100 1.37 98.90 1.26 100 2.95 100 1.22 100 2.54
200 100 2.45 100 1.14 97.75 1.07 100 1.86 100 1.04 100 2.30
300 100 2.22 99.90 1.01 97.20 0.97 99.80 1.54 100 0.93 100 2.10
400 100 1.92 96.95 0.86 96.80 0.83 98.55 1.17 99.95 0.80 100 1.85
500 100 1.69 96.55 0.74 96.45 0.72 98.15 0.94 99.90 0.71 100 1.65
1000 100 1.13 96.05 0.49 95.95 0.48 96.50 0.53 98.45 0.49 100 1.10
7=50% & =0.0450 &, =0.0638
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.45 100 1.59 95.50 1.40 99.90 2.80 100 1.65 99.95 2.31
100 99.95 2.42 99.25 1.56 94.70 1.35 99.00 2.69 99.95 1.55 99.90 2.25
200 99.80 2.01 96.90 1.34 93.30 1.25 96.20 1.89 98.85 1.37 99.70 1.94
300 99.65 1.57 96.75 1.08 94.30 1.05 96.30 1.29 97.20 1.15 99.60 1.54
400 99.70 1.32 95.40 0.91 94.65 0.88 95.20 1.02 95.20 0.97 99.70 1.30
500 99.70 1.17 95.10 0.81 94.90 0.78 94.70 0.88 94.20 0.85 99.65 1.15
1000 99.40 0.78 95.20 0.54 94.60 0.54 95.05 0.56 94.75 0.56 99.35 0.77
7 =50% ¢ =0.0720 &, =0.1020
Regression Logarithmic Wald Fieller Bootstrap Bayesian
n CP AL CP AL CP AL CP AL CP AL CP AL
50 100 2.67 99.95 1.36 99.50 1.26 99.95 2.64 100 1.30 100 2.51
100 100 2.49 100 1.16 98.45 1.09 100 1.95 100 1.09 100 2.36
200 100 1.94 99.55 0.86 97.30 0.83 99.40 1.18 100 0.81 100 1.88
300 100 1.55 98.80 0.67 97.00 0.66 98.55 0.80 99.75 0.65 100 1.51
400 100 1.30 96.95 0.56 96.90 0.55 97.80 0.63 99.60 0.55 100 1.28
500 100 1.14 96.25 0.50 96.25 0.49 96.05 0.54 98.20 0.50 100 1.13
1000 100 0.78 95.35 0.34 95.10 0.34 95.35 0.35 95.30 0.35 100 0.77
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5. Sample size

An important question when comparing two parameters is the calculation of the sample
size necessary to compare the parameters with a determined error and power. In the

context of the comparison of the LRS, Roldan-Nofuentes and Luna (2007) proposed a

method to calculate the sample size to solve the hypothesis test H, :ln(a))=0 Vs
H, ln(a)) #0. We then study the same problem but from the perspective of the CIs.
Therefore, we study the problem of calculating the sample size necessary to estimate the

ratio between the two LRs with a precision & and a confidence 100(1—c)%. As in the

previous sections, we consider that @ is @" or @ . Let us first consider the Wald ClI,

which can be applied both to estimate " (with n>200) and @~ (for any sample size).

Based on the asymptotic normality of the estimator of @, it is verified that

dew+z,_,,\Var(@), ie. the probability of obtaining an estimator @ is in this
interval with a probability 100(1—a)%. Let us consider that LR, > LR, and, therefore,

that @ <1 (the Wald interval will be lower than one) and let 6 be the precision set by
the researcher. As it has been assumed that w <1, then § must be lower than one, and
if we want to have a high level of precision then & must be a small value. The sample

size N is calculated from the expression

Var((R) Var(LR,) 2Cov(LR,LR,)
0=1_ —a2@ \/ |_R121 + |_R22 — LRIL;:QQ . (21)

This equation is obtained from the Wald Cl (equation (12)). Substituting the variances
and the covariance with their respective expressions given in equations (6) and clearing

n we obtain the expression of the sample size to estimate @ with a precision 6 and a

confidence IOO(I—a)%. For @" the equation of the sample size is

2
Z_,pn® | | & 1-Se, Sp, 2¢, 26,
o _ _ , (22
) ) s

and for @ is

1-a/2® h h |_ 1 - 0 . (23
" ( ] l:zl[ﬂ 1- Seh) ”Sph j 7(1-Se )(1-Se,) ﬁSplspj >
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If it is considered that @ >1 (and consequently the Wald CI is higher than one) the
BDTs can always be permuted and @ will then be lower than one. Another alternative

consists of setting a value for a precision d’, in a similar way to the previous situation
when @ <1, and then apply equation (22) or (23) considering & = ®°5’ . As is explained
at the end of Section 3, this is due to the fact that if (L,,U,) is the Wald ClI for

@=LR /LR, <1 then the Wald Cl for &' =1/@w=LR,/LR, is (# , UA—’;’j It is easy to
& @

2
check that the calculated value of the sample size n is the same both if @ <1 (with a
precision &) and if @ >1 (with precision 6 = ®’5").

In order to be able to apply the previous equations, it is necessary to know the
sensitivities, the specificities (and therefore the LRs, ®" and @ ), the dependence

factors between the two BDTs (gi) and the prevalence (7[) In practice, these values

can be estimated from a pilot sample or can be obtained from another similar study.
Therefore, the method to calculate the sample size requires us to know some estimations
of the accuracy (Se and Sp) of each BDT, of the dependence factors between the BDTs
and of the disease prevalence, obtained for example from a pilot study or from other
previous studies. The method to calculate the size of the sample consists of the

following steps:
Step 1. Take a pilot sample sized n, (in general terms, N, >200 if @ is estimated to
then be able to calculate the Wald CI), and with this sample we calculate §eh, éph
(and therefore LR, & and &), & and #. The Wald Cl for @ is then calculated,
and if this interval has a precision &, i.e. z,,,\Var(®) <4, then the required
precision has been reached; if not, go to the following step.

Step 2. Based on the estimations obtained in Step 1, calculate the sample size n

applying equation (22) or (23).
Step 3. Take the sample of n individuals (add n—n, individuals to the initial pilot

sample), and from this new sample we calculate §eh , §ph , &, 7 and the Wald CI. If
the Wald CI has a precision &, then the set precision has been achieved; if not,

consider the new sample to be a pilot sample (no = n) and go back to Step 1.
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This proposed procedure to calculate the sample size is iterative, and therefore it
does not guarantee that with the sample size calculated we can then estimate the
parameter @ with the required precision. Moreover, if the researcher sets a precision
0" to estimate " and also sets a precision & to estimate @, once both sample sizes
have been calculated through the previous method, the researcher must take a sample
size of at least the maximum of the two sample sizes, to thus guarantee the precision in
both estimations. In general, the calculation of the sample size makes sense when the
confidence interval for @ does not contain the value one, since in this situation (the
interval contains the value one) the equality of both LRS is not rejected and it does not
make sense to determine how much larger one LR is compared to the other.
Nevertheless, if the pilot sample is small (for example to estimate @ ) and the Wald ClI
for ™ contains the value 1, it may be useful to calculate the sample size to estimate the

@ . In this situation, the Wald Cl for @~ will be very wide (as the pilot sample is

small) and may contain the value 1 even if LR and LR, are different.

The calculation of the sample size depends on the estimations obtained from an
initial pilot sample. In order to study the effect that this sample has on the calculation of
the sample size, simulation experiments were carried out which were similar to those
carried out in Section 4. From the values of the parameters, we calculated the sample
size n applying equation (22) or (23) depending on the case, taking a precision equal to
0.10, and we then generated N =10,000 random samples with multinomial

distributions sized n. In each one of the N random samples, we calculated the sample
size N’ from the estimators calculated with the random sample, and then calculated the

average sample size ﬁ:Zni’/N and the relative bias RB(n')z(ﬁ—n)/n. Table 6
shows the results obtained for the scenarios considered in Tables 5 and 6 (@ #1). From
the results, it holds that that the dependence factors & have an important effect on the

calculation of the sample size, and the sample size is smaller when the dependence

factors are larger. Moreover, the increase in the prevalence means an increase (decrease)

in the sample size to estimate " (af ) The relative biases obtained are very small, and

therefore the sample sizes calculated from equations (22) and (23) are robust.
Consequently, the initial pilot sample does not have an important effect on the

determination of the sample size to estimate o .
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Table 6. Sample size to estimate o .
LR =9.5 LR; =4.5 LR =0.056 LR, =0.125 " =2.111 & =0.444
Se, =0.95 Sp, =0.90 Se, =0.90 Sp, =0.80

Sample size for o"
£ =0.0225 ¢,=0.0400

7=10% 7=25% 7 =50%
Sample size 958 1,073 1,571
Average sample size 981 1,084 1,597
Relative bias (%) 2.40 1.03 1.66

g =0.0360 &, =0.0640

7 =10% T=25% 7 =50%
Sample size 701 786 1,152
Average sample size 734 796 1,160
Relative bias (%) 4.71 1.27 0.69

Sample size for @~
g =0.0225 g, =0.0400

7=10% 7=25% 7 =50%
Sample size 14,439 5,793 2,922
Average sample size 14,715 5,896 2,966
Relative bias (%) 1.91 1.78 1.51

£ =0.0360 &, =0.0640

7 =10% 7=25% 7 =50%
Sample size 10,336 4,147 2,092
Average sample size 10,482 4,186 2,118
Relative bias (%) 1.41 0.94 1.24

If the initial pilot sample has a small or moderate size, then in order to estimate @"

we use the logarithmic Cl. In this situation, the process is similar to the previous one,

and the sample size is calculated from the equation In(5)=2_,, ar[ln(éf )] , where

the expression of Var [ln(c?f )J is given in equation (10). Following a similar process to

the previous one, it holds that

Z g 2 1-Se, Sp; 2¢, 2¢,
- - - . (24
" (m(&)} h_l(ﬂSeh +7?(1—Sph)j Sese, #(1-sp)(1=sp) | 7

6. Applications

The results obtained were applied to two real examples: a) a study of the diagnosis of

coronary disease, and another study of the diagnosis of colorectal cancer.
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6.1. Diagnosis of coronary disease

The results obtained were applied to the study by Weiner et al (1979) on the diagnosis
of coronary disease, which is a widely used study to illustrate statistical methods for the
estimation and comparison of parameters of BDTS. Weiner et al studied the diagnosis of
coronary artery disease using as diagnostic tests the exercise test and the resting EKG,

and the coronary arteriography as a GS. Table 7 shows the frequencies obtained by

applying three medical tests to a sample of 1,465 males, where T, models the result of
the exercise test, T, models the result of the resting EKG and D the result of the GS.

Table 7 also shows the estimations of the LRs (a)) and their standard errors, as well as

the Cls for »" and @ .

For ", from any of the six Cls (all of them are greater than one) it holds that the
positive LR of the exercise test is significantly larger than the positive LR of the resting
EKG, i.e. a positive result in the exercise test is more indicative of the presence of the
disease than a positive result in the resting EKG. Interpreting the results of the
logarithmic Cl, the positive LR of the exercise test is (with a confidence of 95%) a value

between 1.632 and 2.713 times larger than the positive LR of the resting EKG.

Regarding @, all of the CIs intervals (all are less than one) we reject the equality of
the two negative LRS, and it holds that a negative result for the resting EKG is more
indicative of the absence of the disease than a negative result of the exercise test.

Interpreting the Wald CI, the negative LR of the resting EKG is (with a confidence of
95%) a value between 2.872 (=0.262/0.302") and 3.783 (=0.345/0.3027) times larger

than the negative LR of the exercise test.

Moreover, in order to illustrate the method to calculate the sample size, we are going
to consider that the researcher wants to estimate @’ with a precision equal to 0.10,

which can be considered to be a high precision. The Wald Cl for o is (1.569 , 2.639) ,

and therefore multiplying this interval by 1/ (a3+)2 =1/2.109* it holds that the 95%
Wald Cl for @ =LR; /LR is (0.353,0.593), and the precision is 0.12. As 0.12 is

higher than 0.10, it is necessary to increase the sample size to estimate @’ with the

required  precision.  Setting the  confidence at 95% and  taking
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5=(a )2 5'=2.109>x0.10 ~ 0.445, applying equation (22) it holds that n=2,146.

Consequently, it is necessary to add 681 new individuals to the initial sample of 1,465
individuals, and once the data are obtained it is necessary to check that the required

precision has been achieved.

Table 7. Diagnosis of coronary disease.

T =1 T,=0
T, =1 T,=0 T, =1 T,=0 Total
D=1 224 591 32 176 1,023
D=0 35 80 41 286 442
Total 259 671 73 462 1,465
Results
Se Sp LR* LR"
Exercise test 0.797+0.013 0.740+0.021 3.065+0.250 0.274+0.019
Resting EKG 0.250+0.014 0.828+0.018 1.453+0.171 0.906+0.026
P & & " =LR’/LR;  =LR/LR;
0.698 0.020 0.034 2.109+£0.273 0.302+0.021
Cls for @ = LR/ /LR;
Regression ClI Logarithmic ClI Wald CI
(1.589, 2.786) (1.632,2.713) (1.569, 2.639)
Fieller CI Bootstrap ClI Bayesian Cl

(1.647 , 2.765)

(1.501, 2.612)

(1.668 , 2.567)

Cls for @ = LR /LR;

Regression CI Logarithmic ClI Wald CI
(0.263, 0.351) (0.265, 0.348) (0.262, 0.345)
Fieller CI Bootstrap ClI Bayesian Cl

(0.262 , 0.346)

(0.280, 0.348)

(0.264 , 0.343)

6.2. Diagnosis of colorectal cancer

The results obtained were applied to a study of the diagnosis of colorectal cancer, using
as diagnostic tests Fecal Occult Blood Testing (FOBT) and Fecal Immunochemical
Testing (FIT), and the biopsy as the GS. Table 8 shows the results obtained by applying
the three tests to a sample of 168 adult men with suspicious symptoms of the disease,

where the variable T, models the result of the FOBT, T, models the result of the FIT

and D models the result of the biopsy. This data came from a study carried out at the
University Hospital of Granada in Spain. Table 8 also shows the estimations of the LRs,

their standard errors and the confidence intervals for »* and o .
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Applying the rule given in Section 4.3, as n =168 <200 the logarithmic Cl for ®"

must be used in addition to the Wald ClI for @™ . For ®", the logarithmic Cl contains the

value one, and therefore we do not reject the equality of both positive LRS. Regarding

o, the Wald CI does not contain the value one, and therefore we reject the equality of
both negative LRsS. Thus, a negative result for the FOBT is more indicative of the
presence of colorectal cancer than a negative result for the FIT. The negative LR of the

FOBT is (with a confidence of 95%) a value between 1.321 and 3.183 times larger than
the negative LR of the FIT. The Wald CI for l/a)_ 18 (0.260 , 0.628), calculated as

(1.321/2.252* , 3.183/2.2527).

Table 8. Diagnosis of colorectal cancer.

T =1 T,=0
T, =1 T,=0 T,=1 T,=0 Total
D= 68 1 18 13 100
D=0 4 2 1 61 68
Total 72 3 19 74 168
Results
Se Sp LR* LR
FOBT 0.690+0.046 0.912+0.034 7.841+£3.093 0.340£0.052
FIT 0.860+0.035 0.926+0.032 11.622 +5.057 0.151+£0.038
P & & o =LR"/LR} @ =LR"/LR;
0.595 0.087 0.052 0.675+£0.215 2.252+0.475
Cls for @" =LR"/LR;
Regression ClI Logarithmic ClI Wald ClI
(0212, 2.108) (0356 ,1.255) (0.254,1.096)
Fieller Cl Bootstrap Cl Bayesian Cl

(0.278 ,2.277)

(0.281,1.283)

(0.222, 2.057)

Cls for @ = LR /LR;

Regression CI Logarithmic CI Wald CI
(1.265, 4.001) (1.488 ,3.403) (1.321,3.183)
Fieller CI Bootstrap Cl Bayesian Cl

(1.556 , 3.894)

(1,553, 3.778)

(1281, 4.006)

In order to illustrate in this example the method of sample size calculation, let us

suppose that the researchers want to estimate 1/ @  with a precision equal to 0.10, or in
other words, to estimate o~ with a precision of 0.10><(c?)’)2 =0.10x2.252> ~0.50. As

with the sample of 168 individuals the precision obtained with the Wald Cl for @™ is
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0.931> 0.50, or rather a precision equal to 0.184 (> 0.10) with the Wald CI for 1/af ,

then it is necessary to calculate the sample size. Considering the sample of 168
individuals to be a pilot sample, applying equation (23) it holds that n =561. Therefore,
561 individuals are needed (we have to add 393 to the sample of 198) in order to

estimate @~ (1/ af) with a precision equal to 0.50 (0.10) with a confidence of 95%.

7. Discussion

The LRs are parameters that are used to assess and compare the effectiveness of BDTS,
and only depend on the accuracy (sensitivity and specificity) of the BDT. The
comparison of the positive (negative) LRS of two BDTS subject to a paired design is a
topic which has not been widely studied in Statistical literature and consists of the
comparison of two relative risks subject to the same type of design. The previous
studies (Leisenring and Pepe (1998) and Pepe (2003), Roldan-Nofuentes and Luna
(2007), Dolgun et al (2012) focused mainly on the study of hypothesis tests to compare
the positive (negative) LRs of the two BDTs. The comparison of the positive (negative)
LRs through Cls has been the object of the very little research, and the studies that have
been published by Pepe (2003) and Roldan-Nofuentes and Luna (2007) have focused on
proposing ClIs without dealing with this question in more depth. In this article, we
extend the scope of these previous studies, proposing four new intervals: three of which
are frequentist (Wald, Fieller and Bootstrap) and one which is Bayesian. The Wald and
Fieller intervals are based on the asymptotic normality of the ratio of the LRs, and the
Bootstrap interval is based on the fact that the bootstrap estimator of the ratio of the LRs
can be transformed to a normal distribution. Regarding the Bayesian Interval, this was
obtained by applying the Monte Carlo method considering a priori non-informative
distributions. The importance of the study of the CIs for the ratio of the positive
(negative) LRs does not only lie in the fact that these CIs allow us to compare the two
positive (negative) LRs, but also that it allows us to determine (when the equality of
both LRs is rejected) how much bigger one LR than the other, which means an

advantage over the hypothesis tests.

The comparison of the asymptotic behaviour of the six CIs was studied through

simulation experiments. The results of these experiments has shown that, in the
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scenarios considered, in order to estimate the ratio @* = LR /LR; , in general terms, the

intervals with the best behaviour are the logarithmic one (for all the sample sizes), the
Wald, Fieller or Bootstrap intervals (these last three for large or very large samples);

whereas in order to estimate @~ = LR, /LR, the interval with the best behaviour is the

Wald interval (for all of the samples sizes). The use of different Cls for " and for @~
may be due to the convergence to the normal distribution of the estimators. For an

informative BDT, ie. for a BDT whose Youden index is higher than 0

(Y =Se+Sp—1>0), it must be verified that LR*>1 and that LR <1. Then,

considering that the two BDTs are informative (as should be the case in clinical
practice), @ is the ratio between two values greater than 1 and @ is the ratio between
two values lower than 1. For ®", In@" converges better to the normal distribution than
@" for n <200, but when n>200 both (&" and In®") has a good approximation to
the normal distribution. The Wald Cl for @ has a better asymptotic behaviour than the
logarithmic Cl for @™, which must be due to the fact that @ converges more quickly

to the normal distribution (even with large samples) than In@ .

An important question when comparing parameters of two BDTS is the calculation of
the sample size necessary to compare the parameters based on certain specifications.
When a hypothesis test is carried out, the sample size is calculated based on an o error,
a @ power and a difference (or ratio) to be detected among the parameters. Roldan-
Nofuentes and Luna (2007) proposed a method to calculate sample size to solve the

hypothesis test (H,:In® =0) of equality of the positive (negative) LRs. This article

proposes, as a complement to the study of the Cls, a method to determine the sample
size necessary to estimate the ratio between the LRs with a previously set precision.
This is a topic that has never been studied and, therefore, represents a contribution to
Statistical literature on the subject analysed in this article. The method, which is based
on the Wald (logarithmic) CI, requires knowledge of the estimations of the sensitivities,
specificities, dependence factors and disease prevalence. These estimations can be
obtained from a pilot sample or another similar study and, therefore, as it depends on
the pilot sample selected. Therefore, the method does not guarantee that with the
calculated sample size the parameter @ can be estimated with the set precision, and it is

necessary to check this precision.
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The intervals studied in this article can also be applied when the sample design is

case-control. In this type of design, the two BDTSs are applied to all of the individuals in

two random samples, one of N, individuals with the disease and another one of n,

individuals without the disease. If thus type of sampling is used, two multinomial

distributions are involved, one for the case sample, whose probabilities are
p; =Se (1-Se, )1_i Se) (l—Sez)l_j +8,¢, with ) p; =1, and the other for the control
sample, whose probabilities are g, = Sp/™ (1-Sp,) Spi7 (1-Sp,) + 8¢, with > ¢, =1.
Here, the variances-covariances of the sensitivities and specificities are

_ Se,(1-Se,)
B n

, Var(§ph) _Sp(1=5p,) Sph),

Var(SAeh ) .

1

Cov(éel,éez) = % Cov(§p1,§p2) = %

1 2

The equations of the estimators and of the variances-covariances given in the

regression, logarithmic, Wald and Fieller intervals are valid substituting s with n, and r
with n,. Regarding the Bootstrap interval, it is necessary to generate B samples with

replacement from the case sample and another B samples with replacement from the

control sample, and the process is the same as the one described in Section 3.5.

Regarding the Bayesian interval, the process is similar substituting s with n, and r with

n,.

The methodology used in this article, both to obtain the CIs and to calculate the

sample size, can be used to compare other parameters of BDTS, e.g. the odds ratios. The

odds ratio of a BDT is defined as OR = SeSp/[(l —Se)(1- Sp)] and is a measure of the

association between the BDT and the GS. It is easy to check that the ratio of the odds
ratios of two BDTs is LR'LR; / (LR(LRQ+ ), and therefore from this expression it is
possible to deduce CIs similar to those given in Section 3 and can also be applied to the

same procedure as in Section 5 to determine the sample size necessary to compare the

odds ratios of two BDTS through a CI.

In this manuscript we studied the comparison of the LRs of two binary diagnostic
tests. When the diagnostic test is quantitative, its accuracy is measured by the area under

the ROC curve. The LRs are related to the equation of the ROC curve. Thus, for a single
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quantitative diagnostic test, for each one of the cut off points ¢ of the estimated ROC

curve a value for Se and a value 1—§p are obtained, and therefore a value for LR

(and another one for LR" ). For |:R+, its numerator Se is the “y” coordinate of the
estimated ROC curve, and the denominator 1— §p is the “X” coordinate of the estimated

ROC curve. The estimator of LR for an interval (C,,C, ) of test values corresponds to the

slope of the line segment between C, and C, on the estimated ROC curve. In the case of

two quantitative diagnostic test, for each cut off point of each estimated ROC curve, we
obtain a value for @* and another one for &, and therefore it is possible to calculate the

Cls studied in Section 3.

Appendix A

The variances-covariances of all of the parameters were obtained applying the delta

method. Let 0 =(Se;,Sp,,Se,,Sp,) be a vector whose components are the sensitivities
and the specificities, let LR =(LR1+ ,LR),LR/,LR; )T . be a vector whose components

.
are the positive LRs and the negative LRs, and ® = (a)*,af) . The matrix of variances-

covariances of 0 is

_(ow)s (ow)
Zé_(aejz“’(ae]'

Regarding the LRs, the matrix of variances-covariances of LR is

JLR LR Y
Z“‘_( 00 ]Zé( 00 ) '

Finally, the matrix of variances-covariances of ® is

60} oo\
(S5 =

The matrix of variances-covariances of ln(6)) is calculate in a similar way, i.e.

o) = (ah;g“’)]zé [ahg(()“’)j |
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Performing the algebraic operations in each one of the previous expressions and
substituting each parameter with its estimator, we obtain the asymptotic variances-

covariances given in the equations (5), (6), (7) and (10) respectively.

Appendix B

The selection of the Cl with the best asymptotic behaviour was made through the
following steps: 1) Choose the Cls with the least failures (CP >93% ), 2) Choose the
Cls which are the most precise (lowest AL) and among these those which have a CP
closest to 95%. The first step in this method establishes that the Cl does not fail when

CP >93%. The confidence level was set at 95%, i.e. ¥y =1—a =0.95 was set as the
nominal confidence and, therefore, a nominal error & =5%. Let ¥ be the calculated
CP,then Aa=y —y=a—a ,where & is the type I error.

Furthermore, the hypothesis test to check the equality of the two LRs is
H,:LR =LR, vs H,:LR #LR,, which is equivalent to checking H,:@=1 vs
H,:@#1.In Step 1, a Cl fails if CP <93%, i.e. if A <-2. In this situation, the type I

error of the hypothesis test is > 7% , and therefore it is a very liberal hypothesis test and
can give false significances. If Aa >2%, i.e. CP >97%, then the hypothesis test is
very conservative (its type I error is very small, <3%), but does not give false
significances. Therefore, the choice of the Cl is linked to the decisions of the hypothesis
test, and it is preferable to choose a conservative test rather than a very liberal one (as
there will be no false significances due to the fact that its type I error is lower than the

nominal one).
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Abstract

The weighted kappa coefficient of a binary diagnostic test is a measure of the beyond-
chance agreement between the diagnostic test and the gold standard, and depends on the
sensitivity and specificity of the diagnostic test, on the disease prevalence and on the
relative importance between the false positives and the false negatives. This article
studies the comparison of the weighted kappa coefficients of two binary diagnostic tests
subject to a paired design through confidence intervals. Three asymptotic confidence
intervals are studied for the difference between the parameters and five other intervals
for the ratio. Simulation experiments were carried out to study the coverage
probabilities and the average lengths of the intervals, giving some general rules for
application. A method is also proposed to calculate the sample size necessary to
compare the two weighted kappa coefficients through a confidence interval. A program
in R has been written to solve the problem studied and it is available as supplementary

material. The results were applied to a real example of the diagnosis of malaria.

Keywords: weighted kappa coefficient, paired design, binary diagnostic test.

Mathematics Subject Classification: 62P10, 6207.
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1. Introduction

A diagnostic test is medical test that is applied to an individual in order to determine the
presence or absence of a disease. When the result of a diagnostic test is positive
(indicating the presence of the disease) or negative (indicating its absence), the
diagnostic test is called a binary diagnostic test (BDT) and its accuracy is measured in
terms of two fundamental parameters: sensitivity and specificity. Sensitivity (Se) is the
probability of the BDT result being positive when the individual has the disease, and
specificity (Sp) is the probability of the BDT result being negative when the individual
does not have the disease. Sensitivity is also called true positive fraction (TPF) and
specificity is also called true negative fraction (TNF), verifying that TPF =1—FNF and
that TNF =1-FPF, where FNF (FPF) is the false negative (positive) fraction. The
accuracy of a BDT is assessed in relation to a gold standard (GS), which is a medical
test that objectively determines whether or not an individual has the disease. When
considering the losses of an erroneous classification with the BDT, the performance of
the BDT is measured in terms of the weighted kappa coefficient (Kraemer et al, 1990;
Kraemer, 1992; Kraemer et al, 2002). The weighted kappa coefficient depends on the Se
and Sp of the BDT, on the disease prevalence (p) and on the relative importance
between the false positives and the false negatives (weighting index c). The weighted

kappa coefficient is a measure of the beyond-chance agreement between the BDT and

the GS.

Furthermore, the comparison of the performance of two BDTS is an important topic
in the study of Statistical Methods for Diagnosis in Medicine. The comparison of two
BDTs can be made subject to two types of sample designs: unpaired design and paired
design. In the book by Pepe (2003) we can see a broad discussion about both types of
sample designs. Summing up, subject to an unpaired design each individual is tested
with a single BDT, whereas subject to a paired design each individual is tested with the
two BDTs. Consequently, unpaired design consists of applying a BDT to a sample of n,
individuals and the other BDT to another sample of n, individuals; paired design
consists of applying both BDTs to all of the individuals of a sample sized n. The
comparative studies based on a paired design are more efficient from a statistical point
of view than the studies based on an unpaired design, since it minimizes the impact of
the between-individual variability. Therefore, in this article we focus on paired design.

Subject to this type of design, Bloch (1997) has studied an asymptotic hypothesis test to

125



compare the weighted kappa coefficients of two BDTs. Nevertheless, if the hypothesis
test is significant, this method does not allow us to assess how much bigger one
weighted kappa coefficient is compared to another one, and it is necessary to estimate
this effect through confidence intervals (CIs). Thus, the objective of our study is to
compare the weighted kappa coefficients of two BDTs through ClIs. Frequentist and
Bayesian CIs have been studied for the difference and for the ratio of the two weighted
kappa coefficients. If a Cl for the difference (ratio) does not contain the zero (one)
value, then we reject the equality between the two weighted kappa coefficients and we
estimate how much bigger one coefficient is than another one. Consequently, our study
is an extension of the Bloch method to the situation of the Cls. We have also dealt with

the problem of calculating the sample size to compare the two parameters through a CI.

The manuscript is structured in the following way. In Section 2, we explain the
weighted kappa coefficient of a BDT and we relate the comparison of the weighted
kappa coefficients of two BDTs with the relative true (false) positive fraction of the two
BDTs. Section 3 summarizes the Bloch method and we propose ClIs for the difference
and the ratio of the weighted kappa coefficients of two BDTS subject to a paired design.
In Section 4, simulation experiments are carried out to study the asymptotic behaviour
of the proposed Cls, and some general rules of application are given. In Section 5, we
propose a method to calculate the sample size necessary to compare the two weighted
kappa coefficients through a CI. In Section 6, a programme written in R is presented to
solve the problems posed in this manuscript. In Section 7, the results were applied to a

real example on the diagnosis of malaria, and in Section 8 the results are discussed.

2. Weighted kappa coefficient

Let us consider a BDT that is assessed in relation to a GS. Let L (L’) the loss which

occurs when for a diseased (non-diseased) individual the BDT gives a negative

(positive) result. Therefore, the loss L (L’) is associated with a false negative (positive).

If an individual (with or without the disease) is correctly diagnosed by the BDT then
L=L"=0. Let D be the variable that models the result of the GS: D=1 when an

individual has the disease and D =0 when this is not the case. Let p = P(D = 1) be the

prevalence of the disease and =1-p. Let T be the random variable that models the
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result of the BDT: T =1 when the result of the BDT is positive and T =0 when the
result is negative. Table 1 shows the losses and the probabilities associated with the
assessment of a BDT in relation to a GS, and the probabilities when the BDT and the GS

are independent, i.e. when P(T =i|D= j): P(T =i). Multiplying each loss in the

2x2 table by its corresponding probability and adding up all the terms, we find
p(1-Se)L+q(1-Sp)L’, a term that is defined as expected loss. Therefore, the

expected loss is the loss that occurs when erroneously classifying with the BDT an
individual with or without the disease. Moreover, if the BDT and the GS are
independent, multiplying each loss by its corresponding probability (subject to the
independence between the BDT and the GS) and adding up all of the terms we find

p[px(l—Se)+q><Sp] L+q[pxSe+qx(l—Sp)] L', a term that is defined as random
loss. Therefore, the random loss is the loss that occurs when the BDT and the GS are

independent. The independence between the BDT and the GS is equivalent to the

Youden index of the BDT being equal to zero i.e. Se+Sp—1=0, and is also equivalent

to the expected loss being equal to the random loss. In terms of expected and random

losses, the weighted kappa coefficient of a BDT is defined as

o Random loss — Expected loss
Random loss '

Substituting in this equation each loss with its expression, the weighted kappa
coefficient of a BDT is expressed (Kraemer et al, 1990; Kraemer, 1992; Kraemer et al,
2002) as

pqy
p(1-Q)c+qQ(l-c)’

x(C) =

(1

where Y =Se+Sp—1 is the Youden index, Q = pSe+q(1-Sp) is the probability that
the BDT result is positive, and ¢=L/(L'+L) is the weighting index. The weighting

index C is a measure of the relative importance between the false positives and the false
negatives. For example, let us consider the diagnosis of breast cancer using as a
diagnostic mammography test. If the mammography test is positive in a woman that
does not have cancer (false positive), the woman will be given a biopsy that will give a
negative result. The loss L' is determined from the economic costs of the diagnosis and

also from the risk, stress, anxiety, etc., caused to the woman. If the mammography test
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1s negative in a woman who has breast cancer (false negative), the woman may be
diagnosed at a later stage, but the cancer may spread, and the possibility of the treatment
being successful will have diminished. The loss L is determined from these
considerations. The losses L and L' are measured in terms of economic costs and also
from risks, stress, etc., which is why in practice their values cannot be determined.
Therefore, as loss L cannot be determined, L is substituted by the importance that a false
positive has for the clinician; in the same way, as loss L' cannot be determined, then
L' is substituted by the importance that a false negative has for the clinician. The value
of the weighting index ¢ will depend therefore on the relative importance between a
false positive and a false negative. If the clinician has greater concerns about false
positives, as it is the situation in which the BDT is used as a definitive test prior to a
treatment that involves a risk for the individual (e.g., a definitive test prior to a surgical
operation), then 0 <c <0.5. If the clinician is more concerned about false negatives, as
in a screening test, then 0.5<C<1. The index c is equal to 0.5 when the clinician
considers that the false negatives and the false positives have the same importance, in
which case K(O.S) is the Cohen kappa coefficient. Weighting index C quantifies the
relative importance between a false positive and a false negative, but it is not a measure

that quantifies how much bigger the proportion of false positives is compared to the

false negatives. If ¢ =0 then

Sp—(1- 1- FNF — FPF
Q p(1-FNF)+qFPF
which is the chance corrected specificity according to the kappa model. If ¢ =1 then
Se— 1- FNF - FPF
e(1)=2-2_ 4 ) 3)
1-Q  pFNF —q(1-FPF)

which is the chance corrected sensitivity according to the kappa model. A low (high)

value of K‘(l) will indicate that the value of FNF is high (low), and a low (high) value
of x(0) will indicate that the value of FPF is high (low). The weighted kappa

coefficient can be written as

c(c)= pc(l—Ql)/c(l)+q(1—c)Qz<(O) @
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which is a weighted average of x(0) and «(1). Therefore, the weighted kappa

coefficient is a measure that considers the proportion of false negatives (FNF) and the
proportion of false positives (FPF). Moreover, for a set value of the ¢ index and of the
accuracy (Se and Sp) of the BDT, the weighted kappa coefficient strongly depends on
the disease prevalence among the population being studied, and its value increases when
the disease prevalence increases. The weighted kappa coefficient is a measure of the
beyond-chance agreement between the BDT and the GS. The properties of the kappa

coefficient can be seen in the manuscript of Roldan-Nofuentes and Amro (2018).

Table 1. Losses and probabilities.
Losses (Probabilities)

T=1 T=0 Total
D=1 0 (pxSe) L (px(1-Se)) L (p)
D=0 L' (ax(1-Sp)) 0 (axSp) L' (q)
L’ L ,
Total (Q=pxSe+qgx(1-Sp))  (1-Q=px(1-Se)+qxSp) L+l (1)
Probabilities when the BDT and the GS are independent
T=1 T=0 Total
D=1 pxQ px(1-Q) p
D=0 qxQ gx(1-Q) g
Total Q 1-Q 1

The weighted kappa coefficient is a valid parameter to assess and compare the
performance of BDTs (Kraemer et al, 1990; Kraemer, 1992; Kraemer et al, 2002; Bloch,
1997; Roldan-Nofuentes et al, 2009; Roldan-Nofuentes and Amro, 2018).

When comparing the accuracies of two BDTs, Pepe (2003) recommends using the

parameters I'TPF,, _58 and rFPF, :ﬂ, where FPF, =1-Sp,, with h=12. If

Se, FPF,
I'TPF, >1 then the sensitivity of Test 1 is greater than that of Test 2, and if rFPF, >1

then the FPF of Test 1 is greater than that of Test 2 (the specificity of Test 2 is greater
than that of Test 1). The comparison of the weighted kappa coefficients of two BDTs

can be related to the previous measures, and these have an important effect on the

comparison of x,(c) and «,(c). From now onwards, it is considered that 0 < Se, <1,

0<Sp, <1 and 0< p<1, with h=1,2. Let us consider the subindexes i and j, in such a

129



way thatif i=1 (i=2) then j=2 (j=1).Itis obvious that if rTPF, =rFPF, =1 then

Se, = Se, and Sp, = Sp,, and that therefore «,(c)=x,(c) with 0<c<1. Let

o (1-p)[ Se,(1-Sp,)—Se, (1-Sp,) | )
p(Se, —Se,)+(1-Sp,)(Se,— p)—(1-5p,)(Se, - p)

In terms of rTPF; and rFPF, the following rules are verified to compare «,(c) and
K, (c):

a) If rTPF,; >1 and rFPF; <1, or rITPF; >1 and rFPF; <1, then «,(c)>x;(c) for

ij ij—

0<c<l.

b). If rTPF; >1 and rFPF; >1, then:
b.1) x(c)>x;(c) if 0<c'<c<1
b.2) x,(c)<x(c) if 0<c<c'<I
b.3) x,(c)=x,(c) if c=c", with 0<c'<1
b.4) x,(c)>«;(c) for 0<c<1if ¢'<0 (or ¢'>1)and rTPF; > rFPF, >1
b.5) x;(c)<x;(c) for 0<c<1if ¢'<0 (or ¢'>1)and rFPF; > rTPF, >1
¢) If rTPF; <1 and rFPF; <1, then:
c.1) x;(c) >« (c) if 0<c<c <1
c2) x;(c)<x;(c) if 0<c' <c<1
¢3) ,(c)=x,(c) if c=c', with 0<C'<1
c4) x(c)>x;(c) for 0<c<1if ¢'<0 (or ¢'>1)and rTPF; > rFPF, >1
¢.5) x;(c)<x;(c) for 0<c<1if ¢'<0 (or ¢'>1) and rFPF, > (TPF, >1

The demonstrations can be seen in the Appendix A of the supplementary material.

Regarding ', this is obtained solving the equation «,(c)—x,(c)=0 in c. The graphs in

Figure 1 show how «,(c) (on a continuous line) and «,(c) (on a dotted line) vary
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depending on the weighting index c, taking as prevalence p= {5%,25%,50%,75%},
for Se, =0.80, Sp, =0.95, Se, =0.90 and Sp, =0.85. These graphs correspond to the
case in which I'TPF, <1 and rFPF, <1, and therefore «,(c)> x,(c) when c<c', and
K,(c)>x,(c) when ¢>c', and C' is equal to 0.95 when p=5%, 0.75 when p=25%,

0.50 when p=50% and 0.25 when p=75% . If the clinician considers that a false

positive is 1.5 times more important than a false negative, then c=0.4 and
k,(c)>x,(c) in the population with p={5%,25%,50%} and «,(c)>x (c) in the
population with p =75% . If in the population with p=75% the clinician has a greater
concern about a false positive than a false negative (0<c <0.5), then «,(c)>«,(c) if
0<c<025 and «x,(c)>x(c) if 025<c<0.5; in the populations with
P ={5%,25%,50%}, x,(c)>x,(c) when 0<c<0.5.

We will now study the comparison of the weighted kappa coefficients of two BDTs
through CIs subject to a paired design.

Figure 1. Weighted kappa coefficients with rTPF, <1 and rFPF, <1.

Se, =0.80 Sp, =0.95 Se,=0.90 Sp,=0.85 rTPF, =0.89 rFPF, =0.33

p=53% p=25%
«[c)
0g

¥ PP
04

0.2

0.2 04 0.6 0g 1.0

p=T75%

0]

04 0.6 08 1.0
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3. Confidence intervals

Let us consider two BDTs which are assessed in relation to the same GS. Let T, and T,
be the random binary variables that model the results of each BDT respectively. Let Se,

and Sp, be the sensitivity and specificity of the hth BDT, with h=1,2. Table 2

(Observed frequencies) shows the frequencies that are obtained when both BDTs and

the GS are applied to all the individuals in a random sample sized n. The frequencies s;
and r; are the product of a multinomial distribution whose probabilities are also shown
in Table 1 (Theoretical probabilities), where p;=P(D=1T =i,T,=j) and
g; =P(D=0,T,=i,T,=j), with i,j=0,1. The probability of the two BDTs being
positive when an individual has the disease is Se;Se, + ¢, , where &, is the covariance or

dependence factor between the two BDTs when D =1; and the probability of the two
BDTs being negative when an individual does not have the disease is

(1-Sp,)(1-Sp,)+¢,, where &, is the covariance or dependence factor between the

two BDTs when D=0. This model is known as the Vacek (1985) conditional

dependence model. Applying this model, the probabilities p; and g are written as

p; = p[Seli (1-Se,)™" sel (1-Se,)" +5ijgl} (6)
and

g, =a| P! (1-5p,)' P (1-8p,) + 8y, | )
where &, =1 if i=j and & =-1 if i=j, with i,j=0,1. It is verified that
0<g <Min{Se (1-Se,),Se, (1-Se,)} and 0< &, <Min{Sp, (1-Sp,),Sp,(1-Sp,)}. If

g =&, =0 then the two BDTSs are conditionally independent on the disease. In practice,

the assumption of conditional independence is not realistic, and so & >0 and/or &, >0.

Let 7 =(Py;, Pigs Por> Poos Girs Gio» Gor» Ao )’ be the vector of probabilities of the
1 1
multinomial distribution, and it is verified that p=) p, and q=1-p=>_q;. The
i.j=0 =

maximum likelihood estimators of the probabilities are fj; =s; /n and G; =1;/n.
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The rules given in Section 2 about the effect of rTPF and rFPF on the comparison

of x,(c) and «,(c) are theoretical rules that can be applied to the estimators, but they

cannot guarantee that one weighted kappa coefficient will be higher than another. This
question should be studied through hypothesis tests and confidence intervals. The Bloch
method to compare the weighted kappa coefficients of two BDTS subject to a paired
design is summarized below, and different CIs are proposed to compare these

parameters subject to the same type of sample design.

Table 2. Observed frequencies and theoretical probabilities when two BDTS are
compared in relation to a GS subject to a paired design.
Observed frequencies (Theoretical probabilities)
T =1 T,=0
T, =1 T,=0 T,=1 T,=0 Total
D:l Sll (pll) SIO (pIO) SOI (pOI) S00 (pOO) S (p)
DZO rll (qll) r10 (qIO) rOl (qOI) I‘-00 (qOO) r (q)
S11 + rll SIO + r-10 SOI + rOl S00 + rOO
n (1)
(Pui+81)  (Po+do)  (Poi+8n) (Pt )

3.1. Hypothesis test

Bloch (1997) studied the comparison of the weighted kappa coefficients of two BDTs
subject to a paired design. In terms of probabilities (6) and (7), the weighted kappa
coefficient of BDT 1 is

( P+ plO)(qOI +qoo)_( Po; + poo)(qlo +q“)

1 ’

pcg(poﬁqw)w(l—c)z(pw+qlk>

k=0

K (c)=

and that of BDT 2 is

(p11 + pOl)(qIO +qoo)_( P + poo)(qm +q“)

1 .

pckz;gpko+qk0)+q(1—c>z<pqul)

k=0

K, (c)=

Substituting in the previous expressions the parameters by their estimators, the

estimators of the weighted kappa coefficients are

133



I%l(C) — (311 + le)(r01 + roo)_(sm +Soo)(r10 + rn) (8)

sci(sw +1 ) +r(1 —C)Zl:(slk +1,)

k=0 —
and
IQZ(C) — (311 ':'501)(r10 + roo)_(sm +5100)(I’01 + rll) . (9)
SCY (Seo + 1o )+ (1-¢) D (S + 1)
k=0 —

Their variances-covariance are obtained applying the delta method (see the Appendix B

of the supplementary material). Subject to paired design the covariance between the two

e e : a & &
sensitivities and between the two specificities are given by COV[Sel,Se2]=—‘ and

np

COV[§p1, §p2] = j—a respectively (Appendix B of the supplementary material), where ¢,

and &, are the covariances between the two BDTs when D =1 and D =0 respectively.

These covariances also affect the covariances between the two weighted kappa

coefficients, just as can be seen in the expressions given in the Appendix B of the

supplementary material. Finally, the statistic for the hypothesis test H, : x;,(c) =, (c)

vs H, :x(c)#x,(c) is

£ (c) =%, (c) >N(0,1).  (10)

. \/\7ar [ (c)]+Var[£,(c)]-2Cov[ £ (c).4,(c)] "~

3.2. Confidence intervals

When two parameters are compared, the interest is generally focused on studying the

difference or the ratio between them. We then compare the weighted kappa coefficients
of two BDTs through Cls for the difference &=k (c)—x,(c) and for the ratio
0=k, (C) / K, (C) . Through the Cls: a) the two weighted kappa coefficients are

compared, in such a way that if a Cl for the difference (ratio) does not contain the zero
(one) value, then we reject the equality between the weighted kappa coefficients; and b)
we estimate (if the two weighted kappa coefficients are different) how much bigger one

weighted kappa coefficient is than the other. Firstly, three Cls are proposed for the
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difference of the two weighted kappa coefficients, and secondly five CIs are proposed

for the ratio.

3.2.1. Cls for the difference

For the difference of the two weighted kappa coefficients we propose the Wald,

bootstrap and Bayesian CIs.
Wald ClI. Based on the asymptotic normality of the estimator of 6 =, (c)-x,(c),

ie. 5>N [5,Var(5 )] when the sample size n is large, the Wald Cl for the difference

O is very easy to obtain inverting the test statistic proposed by Bloch (1997), therefore

5k (¢)=&,(c) £z, Var[# (c)]+Var[ £, (c)]-2Cov[ & (c).%,(c)]. (1D)

where z,_,, is the 100(1—a/2)th percentile of the standard normal distribution.

Bootstrap CIl. The bootstrap Cl is calculated generating B random samples with
replacement from the sample of n individuals. In each sample with replacement, we
calculate the estimators of the weighted kappa coefficients and the difference between
them, i.e. &,4(C), kg (C) and S =y 5(C) =R (C), with i=1,...,B. Then, based on

Eas B A
the B differences calculated, the average difference is estimated as o, :éZcﬂB.
i=1
Assuming that the bootstrap statistic 52 can be transformed to a normal distribution, the
bias-corrected bootstrap Cl (Efron and Tibshirani, 1993) for o is calculated in the
following way. Let A= #(5}8 <6 ) be the number of bootstrap estimators &, that are

lower than the maximum likelihood estimator &=# (c)-&,(c), and let

a

2,=®7'(A/B), where ®'(-) is the inverse function of the standard normal cumulative
distribution function. Let ¢, = @(220 - Zl_a/z) and «, = (13(220 + Zl_a/z), then the bias-
corrected bootstrap Cl is (5&“‘),5,2“2)), where Séaj) is the jth quantile of the distribution

of the B bootstrap estimations of o .

Bayesian Cl. The problem is now approached from a Bayesian perspective. The

number of individuals with the disease (S) is the product of a binomial distribution with
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parameters n and p, i.e. s— B(n, p). Conditioning on the individuals with the disease,

i.e. conditioning on D =1, it is verified that
S, +5,—>B(s,S¢) and s, +5, = B(S,Se,). (12)

The number of individuals without the disease (r) is the product of a binomial

distribution with parameters n and q, i.e. s — B(n,q) , with g =1-p. Conditioning on

the individuals without the disease (D =0), it is verified that
fy + 1 — B(r,Sp,) and r,+r, — B(r,Sp,). (13)

Considering the marginal distributions of each BDT, the estimators of the sensitivity and

_ o+l

the specificity of the BDT 1, éel ~2utSe and SAp1 , and of the BDT 2,
S

s S, +S s T+ . . . -
Se, =—1—2 and Sp, =2—"2 are estimators of binomial proportions. In a similar
S r
way, considering the marginal distribution of the GS, the estimator of the disease
.S . . . . .
prevalence, p=—, is also the estimator of a binomial proportion. Therefore, for these
n

estimators we propose conjugate beta prior distributions, which are the appropriate

distributions for the binomial distributions involved, i.e.

Se, — Beta(a, . s, ). Sp, — Beta(ay, .y, ) and p — Beta(,.3,).  (14)

Let v =(S,,,5,,50-5:FsFo.fy,N—S) be the vector of observed frequencies, with

11°*10° 1127102 "01°
S =S—S,=S,—-Sy, =n-s and r,=n-s-r,—r,—r,. Then the posteriori
distributions for the estimators of the sensitivities, of the specificities and of the

prevalence are:
Se [v— Beta(s11 + S+ Uy S =S, =Sy + Bee )
Se,|[v— Beta(s11 + Sy + 0l S =S, — Sy, + B, )
Sp,|v — Beta(r01 +h + gy N=S— T — Ty + B, ) (15)
Sp,|v — Beta(r10 g + gy N =S =Ly = Ty + fep) )

plv— Beta(s+ap,n—s+,8p).

136



Once we have defined all distributions, the posteriori distribution for the weighted
kappa coefficient of each BDT, and for the difference between them, can be
approximated applying the Monte Carlo method. This method consists of generating M

values of the posteriori distributions given in equations (15). In the ith iteration, the

values generated for sensitivities (SAe,(f)) and specificities (SApr(]i)) of each BDT, and for

the prevalence ( f)(i) ) , are plugged in the equations

. U (Sel! + Sl 1)
&) = S AT o
pO(1-Q) e +6"Q" (1-c)

h=1,2, (16)

where (jr(]i) = fJ(i)SAe,(]i) + d(i)(l— SAp,(]i)). We then calculate the difference between the two
weighted kappa coefficients in the ith iteration: 6 = £ (c) — & (c). As the estimator
of the average difference of the weighted kappa coefficients, we calculate the average of

[l M Af:
the M estimations of difference, i.c. 0 = Zé'('). Once the Monte Carlo method is
i=1

1
M
applied, based on the M values 5" we propose the calculation of a Cl based on

quantiles, i.e. the 100x(1-a)% Cl for & is

(oo Ohga) (17)

where @, is the yth quantile of the distribution of the M values sV,

3.2.2. Cls for the ratio

We propose five Cls for the ratio of the two weighted kappa coefficients: Wald,

logarithmic, Fieller, bootstrap and Bayesian CIs.
Wald CI. Assuming the asymptotic normality of the estimator of 6 =« (c)/x,(c),

ie. 6 >N |:6’, Var(@)] when the sample size n is large, the Wald Cl for & is

Oeb+ zlfa/z,ﬁar(é), (18)
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where Var(é) is obtained applying the delta method (Agresti, 2002), and whose

expression (see Appendix B) is

Var (9) N &3 (c)Var[ & (c) ]+ &7 (c)Var[ &, (c) |- 24 (c)&,(c)Cov[ £ (c).£,(c) ] |

~4
% (c)
Expressions of the variances-covariance can be seen in Appendix B.

Logarithmic Cl. Assuming the asymptotic normality of the Napierian logarithm of

the 6, i.e. ln(é)—>N(ln(&),Var[ln(&)]) when the sample size n is large, an

asymptotic Cl for In(8) is

In(0)<n(6)+z,,, Aar[ln(é)} .

Taking exponential, the logarithmic CI for 4 is

0 cbx exp{izl_a \[Var [m(é)}}, (19)

where Var [ln(éﬂ is obtained applying the delta method (see Appendix B), i.e.

\7ar[1n(é)}z\iatr[’(1 )] Var[Kz )] 2C°"["1 2(0)].

& (c) % (c) % (¢)&, ( )

Fieller Cl. The Fieller method (1940) is a classic method to obtain a Cl for the ratio

of two parameters. This method requires us to assume that the estimators are distributed

according to a normal bivariate distribution, i.e. (IQI(C),/QQ(C))T — N[K(C),ZK(C)}

when the sample size n is large, where k(c)=(x;(c),x, (C))T and

ZK(C):(JM glzjz( Var[ x(c)] Cov[rcl(c),rcz(c)]].

o, 0n) (Cov[x(c).k(c)]  Var[x(c)]

Applying the Fieller method it is verified that
K (C)— 6k, (c )—)N(O oy, - 26?0'12+6?20'22). The Fieller Cl is obtained by

searching for the set of values for @ that satisfy the inequality
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[0 oxc of _ .

2 A 1-a/2 *
-2606,,+0°6,,

Finally, the Fieller Cl for 6 =, (c)/x,(c) is

A A2 A A
@, TA|O, — @,
HE 12 12 117722 (20)

~ s
a)22

where @, =&, (c)x&;(c)-6;z,, with i,j=1,2, and verifying that @&, =a,,. This
interval is valid when @, > @,@,, and @, #0.
Bootstrap Cl. The bootstrap Cl for € is calculated in a similar way to that of the

bootstrap interval explained in Section 3.1 but considering & instead of . In each

sample with replacement obtained we calculate the estimators of the weighted kappa
coefficients and the ratio between them, i.e. &, (c), &,5(c) and Oy =K (¢)/k5(c)

with 1=1,...,B . Then, based on the B ratios calculated we estimate the average ratio as

distribution, the bias-corrected bootstrap Cl (Efron and Tibshirani, 1993) for € is

obtained in a similar way to how the bootstrap Cl for ¢ is calculated, considering now
that A= #(é’iB < é) . Finally, the bias-corrected bootstrap Cl is (éé“l),éé%)) , where ééa;)
is the jth quantile of the distribution of the B bootstrap estimations of .

Bayesian Cl. The Bayesian Cl for € is also calculated in a similar way to that of the
bayesian Cl presented in Section 3.1. Considering the same distributions given in

equations (14) and (15), in the ith iteration of the Monte Carlo method we calculate the

oy

. 2 1 .
ratio 9" / K, and as an estimator we calculate 6 = M E . Finally,
i=1

based on the M values 8" we calculate the Cl based on quantiles.

The five previous Cls are for the ratio 6 =« ( / K, (c). If we want to calculate the
CI for the ratio «,(c)/x,(c) (=6 =1/0), then the logarithmic, Fieller, bootstrap and

Bayesian Cls are obtained by calculating the inverse of each boundary of the
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corresponding Cl foré =« ( / x,(c). Nevertheless, the Wald Cl for € is obtained
from the Wald Cl for € dividing each boundary by 67, i.e. if (L,,U,) is the Wald CI

for 6 = x,(c)/x,(c) then the Wald CI for 6’ =, (c)/x,(c) is (Lg/éz,Ug/éz).

4. Simulation experiments

Monte Carlo simulation experiments were carried out to study the coverage probability
(CP) and the average length (AL) of each of the CIs presented in Section 3.2. For this

purpose, we generated N =10,000 random samples with multinomial distribution sized
n ={25,50,100, 200,300,400,500,1000}. The random samples were generated setting

the values of the weighted kappa coefficients, following these steps:

1. For the disease prevalence, we took the values p = {5%,10%,25%,50%} .

2. For the weighting index, we took a small, intermediate and high value:

={0.1,0.5,0.9} .

3. As values of the weighted kappa coefficients with c=0 and c=1, we took the
following values: «; (0),x;(1)={0.01,0.02,...,0.98,0.99} .

4. Next, using all of the values set previously, we calculated the sensitivity and the

specificity of each diagnostic test solving the equations

[ar, (0)+ p |, (1) and Se, _[pzch (1)+9]x,(0)
qx, (0)+ px;, (1) gk, (0) + px, (1)

h=

considering, quite logically, only those cases in which the Youden index is higher

than 0, i.e. Y, =S¢, +Sp, —1>0.

5. The values of «, (c) were calculated applying the equation

K, (c) = pc(1-Q, ), (1)+a(1—c)Q,x; (0)
“ pc(1-Q,)+a(1-)Q,

b

where Q, = pSe, +q(1-Sp,).
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6. As values of the weighted kappa coefficients we considered

K, (c)={0.2,0.4,0.6,0.8}, and from these we calculated & and €. In order to be
able to compare the coverage probabilities of the Cls for ¢ and for &, Kl(c) and

K, (c) must be the same for & and 6.

Following the idea of Cicchetti (2001), simulations were carried out for values of «, (c)
with different levels of significance: poor (Kh(C)<0.40), fair (0.40£ K, (c) < 0.59),
good (0.60<#,(c)<0.74) and excellent (0.75<x,(c)<1). As values of the
dependence factors &, and &, we took intermediate values (50% of the maximum value
of each ¢;) and high values (80% of the maximum value of each ¢;), ie.
& = fxMin{Se (1-Se,),Se,(1-Se,)} and &, = fxMin{Sp,(1-Sp,),Sp,(1-Sp,)}
where f ={0.50, 0.80}. Probabilities of the multinomial distributions, equations (6)

and (7), were calculated from values of the weighted kappa coefficients, and not setting
the values of the sensitivities and specificities. In each scenario considered, for each one
of the N random samples we calculated all the Cls proposed in Section 3.2. For the

bayesian CIs we considered as prior distribution a Beta(l,l) distribution for all of the

estimators (sensitivities, specificities and prevalence). This distribution is a non-
informative distribution and is flat for all possible values of each sensitivity, specificity
and prevalence, and has a minimum impact on each posteriori distribution. For the

bootstrap method, for each one of the N random samples we also generated B =2,000

samples with replacement; and for the Bayesian method, for each one of the N random

samples we also generated another M =10,000. Moreover, the simulation experiments

were designed in such a way that in all of the random samples generated we can
estimate the weighted kappa coefficients and their variances-covariance, in order to be
able to calculate all of the intervals proposed in Section 3.2. As the confidence level, we

took 95%.

The comparison of the asymptotic behaviour of the Cls was made following a similar
procedure to that used by other authors (Price and Bonett, 2004; Martin-Andrés and
Alvarez-Hernandez, 2014a, 2014b; Montero-Alonso and Roldan-Nofuentes, 2019). This
procedure consists of determining if the Cl “fails” for a confidence of 95%, which

happens if the Cl has a CP <93%. The selection of the Cl with the best asymptotic
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behaviour (for the difference and for the ratio) was made following the following steps:
1) Choose the Cls with the least failures (CP >93%), and 2) Choose the Cls which are
the most accurate, i.e. those which have the lowest AL. In the Appendix C of the

supplementary material this method is justified.

4.1. Cls for the difference &

Tables 3 and 4 show some of the results obtained (CPs and ALs) for
& ={-0.6,-0.4,—0.2,0}, indicating in each case the scenarios («,(c), S&,, Sp, and p)
in which these values were obtained, and for intermediate values of the dependence

factors &, and ¢,. These Tables indicate the failures in bold type and it was considered
that x,(c)<«,(c). If it is considered that «x,(c)> «,(c), the CPs are the same and the
conclusions too. From the results, the following conclusions are obtained:

a) Wald Cl. For & ={-0.6,-0.4} the Wald Cl fails for a small (n<50) and a
moderate (n=100) sample size, and for a large sample size (n>200) the Wald ClI

does not fail. For § ={-0.2,0} the Wald Cl does not fail.

b) Bootstrap Cl. In very general terms, for &={-0.6,—0.4} this Cl fails when

Nn<100, and for n>200 this interval does not fail. For & =—0.2 this ClI fails for almost
all the sample sizes, and for 6 =0 does not fail. When this Cl does not fail, the AL is
slightly lower than the Wald CI for &§={-02,0}, and slightly higher for

8 ={-0.6,-0.4} and n>200.

¢) Bayesian Cl. In very general terms, for & ={-0.6,—0.4} this Cl fails when n<50,
whereas for n>100 this Cl does not fail. For §={-0.2,0} this Cl does not fail.

Regarding the AL, in the situations in which it does not fail, the AL is slightly higher
than the ALS of the Wald ClI and of the bootstrap ClI.
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Table 3. Coverage probabilities (CPs) and average lengths (ALS) of the Cls for the

difference O of the two weighted kappa coefficients (I).

x,(0.1)=0.2 x,(0.1)=0.8 5=-0.6

Se, =0.484 Sp, =0.684 Se, =0.852 Sp,=0.911 £ =0.0359 &, =0.0306 p=50%

Wald CI Bootstrap ClI Bayesian CI
n CP AL CP AL CP AL
25 0.335 0.866 0 0.643 0.287 0.923
50 0.737 0.646 0.038 0.589 0.762 0.690
100 0.912 0.470 0.750 0.473 0.937 0.501
200 0.958 0.337 0.952 0.354 0.968 0.364
300 0.972 0.276 0.980 0.295 0.982 0.301
400 0.960 0.239 0.969 0.258 0.971 0.262
500 0.955 0.214 0.972 0.231 0.975 0.236
1000 0.937 0.152 0.963 0.164 0.965 0.168
5 (0.9)=0.2 x,(0.9)=0.8 §=-0.6
Se, =0.28 Sp,=0.92 Se, =0.82 Sp,=0.98 & =0.0252 £,=0.0092 p=10%
Wald CI Bootstrap CI Bayesian ClI
n CP AL CP AL CcP AL
25 0.114 0.999 0 0.651 0.033 0.987
50 0.566 0.863 0 0.640 0.280 0.838
100 0.760 0.682 0.031 0.614 0.600 0.667
200 0.885 0.503 0.487 0.490 0.815 0.503
300 0.934 0.411 0.733 0.402 0.886 0418
400 0.935 0.354 0.823 0.347 0.903 0.365
500 0.947 0.314 0.892 0.309 0.937 0.326
1000 0.947 0.220 0.938 0.218 0.947 0.233
x(0.1)=0.4 x,(0.1)=0.8 5§=-0.4
Se, =0.804 Sp, =0.887 Se, =0.82 Sp, =098 ¢ =0.0723 &, =0.0089 p=10%
Wald CI Bootstrap ClI Bayesian CI
n CcP AL CP AL CcP AL
25 0.847 0.812 0.473 0.671 0.920 0.899
50 0.856 0.715 0.602 0.608 0.910 0.764
100 0.924 0.534 0.847 0.528 0.953 0.580
200 0.968 0.373 0.955 0.423 0.978 0.426
300 0.957 0.302 0.986 0.367 0.976 0.369
400 0.951 0.261 0.992 0.313 0.978 0.315
500 0.955 0.232 0.994 0.259 0.979 0.262
1000 0.941 0.164 0.994 0.202 0.967 0.204
% (0.5)=04 x,(05)=0.8 5§=-0.4
Se, =0.76 Sp,=0.72 Se, =0.85 Sp, =0.95 & =0.0570 &,=0.0180 p=25%
Wald CI Bootstrap ClI Bayesian CI
n CP AL CP AL CP AL
25 0.894 0.810 0.004 0.613 0.962 0.858
50 0.935 0.580 0.516 0.516 0.961 0.641
100 0.945 0.397 0.824 0.379 0.970 0.458
200 0.946 0.275 0.928 0.271 0.971 0.320
300 0.952 0.221 0.934 0.220 0.974 0.259
400 0.940 0.191 0.938 0.192 0.963 0.224
500 0.948 0.171 0.942 0.170 0.979 0.200
1000 0.945 0.120 0.944 0.119 0.979 0.140
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Table 4. Coverage probabilities (CPs) and average lengths (ALS) of the Cls for the
difference o of the two weighted kappa coefficients (II).
x,(0.9)=0.6 x,(0.9)=0.8 5=-0.2
Se, =0.62 Sp,=0.98 Se,=0.911 Sp, =0.937 & =0.0277 &,=0.0094 p=5%

Wald CI Bootstrap ClI Bayesian ClI

n CP AL CP AL CP AL
25 1 1.009 0.757 0.724 1 1.018
50 0.996 0.913 0.829 0.659 0.999 0.916
100 0.993 0.823 0.928 0.580 0.998 0.801
200 0.934 0.642 0.763 0.535 0.986 0.649
300 0.922 0.533 0.745 0.483 0.964 0.551
400 0.941 0.456 0.794 0.434 0.971 0.481
500 0.933 0.404 0.799 0.393 0.962 0.430
1000 0.948 0.282 0.913 0.282 0.967 0.305

,(0.1)=0.6 x,(0.1)=0.8 §=-0.2
Se, =0.195 Sp, =0.995 Se, =0.477 Sp,=0.987 £ =0.0509 &, =0.0026 p=25%

Wald CI Bootstrap Cl Bayesian ClI

n CP AL CcP AL CP AL
25 1 0.928 1 0.644 1 0.981
50 0.999 0.787 1 0.613 1 0.866
100 0.994 0.604 0.999 0.581 0.999 0.692
200 0.985 0.429 0.997 0.464 0.998 0.505
300 0.981 0.347 0.991 0.393 0.994 0.411
400 0.973 0.297 0.986 0.346 0.992 0.352
500 0.967 0.263 0.984 0.311 0.989 0.311
1000 0.957 0.182 0.988 0.222 0.987 0.213

x,(0.5)=0.4 x,(0.5)=04 5=0
Se, =0.76 Sp, =0.72 Se,=0.40 Sp, =0.943 & =0.0480 &, =0.0206 p=25%

Wald CI Bootstrap ClI Bayesian Cl

n CP AL CP AL CP AL
25 0.990 0.811 0.988 0.624 0.999 0.826
50 0.978 0.683 0.998 0.598 0.994 0.691
100 0.962 0.499 0.967 0.466 0.985 0.522
200 0.955 0.353 0.963 0.340 0.981 0.381
300 0.944 0.288 0.943 0.280 0.965 0.314
400 0.960 0.250 0.962 0.244 0.980 0.274
500 0.946 0.223 0.945 0.219 0.966 0.246
1000 0.951 0.158 0.951 0.155 0.972 0.175

6,(0.9)=04 x,(0.9)=04 5=0
Se, =0.943 Sp, =0.229 Se, =0.70 Sp, =0.70 & =0.0200 £, =0.0343 p=50%

Wald CI Bootstrap ClI Bayesian ClI

n CP AL CP AL CP AL
25 1 0.936 1 0.735 1 0.950
50 0.997 0.788 0.997 0.717 1 0.786
100 0.992 0.602 0.982 0.578 0.997 0.617
200 0.980 0.435 0.981 0.432 0.990 0.461
300 0.959 0.356 0.965 0.358 0.973 0.382
400 0.951 0.307 0.958 0.311 0.972 0.332
500 0.956 0.274 0.958 0.278 0.969 0.297
1000 0.956 0.193 0.958 0.196 0.970 0.210

Similar conclusions are obtained when the dependence factors take high values.

Therefore, regarding the effect of the dependence factors & on the asymptotic

behaviour of the CIs, in general terms they do not have a clear effect on the CPs of the

Cls.
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4.2. Cls for the ratio @

Tables 5 and 6 show some of the results obtained for 0:{0.25,0.50,0.75,1},

considering the same scenarios as in Tables 3 and 4. As in the case of the previous CIs,

it was considered that &, (c)<x,(c), and the same conclusions are obtained if

k,(c)> i, (c). From the results, the following conclusions are obtained:

a) Wald Cl. The Wald CI fails when #=0.25 and the sample size is small (n<50)
or moderate (n = 100), and this Cl does not fail for the rest of the values of & and
sample sizes.

b) Logarithmic Cl. This CI fails when 6 ={0.25,0.50} and n<200-300 depending

on the value of @. For 8=0.75 this Cl fails for some large sample sizes, and for & =1
it does not fail. This CI fails more than the Wald CI, and in the situations in which it
does not fail, its AL is slightly higher than that of the Wald CI.

c) Fieller CI. This CI fails when 6 ={0.25,0.5} and n<50, and it does not fail for

the rest of the values of @ and sample sizes. In general terms, when there are no

failures, its AL is similar to that of the Wald and Logarithmic CIs.

d) Bootstrap Cl. This CI has numerous failures when 6 ={0.25,0.50,0.75} , whereas

for =1 it does not fail. When @ =1, its AL is greater than that of the Wald and
Logarithmic Cls, especially when n <400, and its AL is also slightly lower than that of
the Fieller CI.

¢) Bayesian Cl. This Cl only fails when 8 =0.25 and n<50. When this CI does not

fail, its AL is, in general terms, somewhat larger than that of the rest of the Cls.
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Table 5. Coverage probabilities (CPs) and average lengths (ALS) of the Cls for the ratio
0 of the two weighted kappa coefficients ().

x,(0.1)=0.2 #,(0.1)=0.8 6=025
Se, =0.484 Sp, =0.684 Se,=0.852 Sp, =0.911 £ =0.0359 £, =0.0306 p=50%

Wald CI Logarit. Cl Fieller CI Bootstrap ClI Bayesian CI

n CP AL CP AL CP AL CP AL CP AL
25 0.823 1.351 0.088 1.517  0.700 1.950 0368 2260  0.884  2.704
50 0.837  0.803 0532 0886  0.828  0.851 0.634 0882  0.905  0.965
100 0.931 0.551 0.832  0.608 0.942  0.565 0.889 0569 0954  0.585
200 0957 038 0920 0422 0962 0392 0952  0.388 0.970  0.402
300 0970 0318  0.933 0340 0974 0319 0969 0316 0984  0.328
400 0960 0277 0936  0.293 0967 0278 0962 0276 0976  0.285
500 0.957 0248 0944 0260 0967 0.248 0969 0247 0975 0.256
1000 0.945 0.175 0.963 0.179 0944 0.176  0.943 0.175 0.953 0.182

,(0.9)=02 x,(0.9)=0.8 =025
Se, =0.28 Sp, =0.92 Se, =0.82 Sp, =0.98 £ =0.0252 £,=0.00092 p=10%

Wald CI Logarit. Cl Fieller CI Bootstrap Cl Bayesian CI

n CP AL CP AL CP AL CcP AL CP AL
25 0.885 1.760 0.002 2.029 0.566 3.567 0.011 3.175 0.866 3.851
50 0.916 1.249 0.259 1.415 0.765 1.660 0.040 1.722 0.767 1.816
100 0.936 0.846 0.636 0.947 0.884 0.939 0.363 1.048 0.843 0.986
200 0.958 0.560 0.835 0.617 0.945 0.581 0.807 0.607 0.932 0.594
300 0.967 0.440 0.900 0.479 0.960 0.450 0.902 0.456 0.948 0.459
400 0.965 0.373 0.931 0.402 0.959 0.379 0.932 0.380 0.943 0.387
500 0.971 0.327 0.936 0.349 0.971 0.331 0.942 0.330 0.960 0.339
1000 0.950 0.227 0.941 0.235 0.950 0.228 0.949 0.227 0.955 0.234

x,(0.1)=0.4 x,(0.1)=0.8 §=0.5
Se, = 0.804 Sp, =0.887 Se,=0.82 Sp, =0.98 p=10%

£ =0.0723 &, =0.0089

Wald ClI Logarit. Cl Fieller CI Bootstrap CI Bayesian ClI

n CP AL CP AL CP AL CcP AL CP AL
25 0.918 1.141 0.835 1.259 0.893 2.824 0.543 1.157 0.906 2.310
50 0.959 1.021 0.859 1.119 0.939 1.518 0.897 1.140 0.978 1.710
100 0.961 0.619 0.922 0.655 0.949 0.693 0.880 0.670 0.975 0.828
200 0.962 0.395 0.947 0.406 0.959 0.409 0.914 0.400 0.977 0.470
300 0.955 0.315 0.951 0.320 0.956 0.321 0.928 0.312 0.976 0.363
400 0.953 0.271 0.949 0.274 0.952 0.274 0.935 0.265 0.975 0.308
500 0.951 0.240 0.950 0.242 0.953 0.242 0.932 0.234 0.971 0.271
1000 0.939 0.169 0.943 0.170 0.939 0.170 0.934 0.163 0.963 0.189

x,(0.5)=0.4 x,(0.5)=0.8 =05
Se, =0.76 Sp,=0.72 Se,=0.85 Sp, =0.95 & =0.0570 &,=0.0180 p=25%

Wald CI Logarit. Cl Fieller CI Bootstrap Cl Bayesian CI

n CP AL CP AL CP AL CP AL CP AL
25 0.997 1.328 0.918 1.493 0.966 2222 0.901 2.463 0.999 2.825
50 0.983 0.780 0.924 0.848 0.966 0.855 0.925 0.894 0.995 1.057
100 0.977 0.488 0.957 0.510 0.969 0.501 0.952 0.498 0.990 0.586
200 0.958 0.323 0.956 0.329 0.957 0.327 0.940 0.320 0.981 0.372
300 0.958 0.257 0.954 0.260 0.957 0.259 0.945 0.252 0.978 0.292
400 0.948 0.221 0.947 0.222 0.948 0.221 0.936 0.215 0.966 0.249
500 0.954 0.196 0.953 0.197 0.954 0.196 0.943 0.190 0.972 0.220
1000 0.944 0.137 0.951 0.137 0.945 0.137 0.933 0.132 0.968 0.152
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Table 6. Coverage probabilities (CPs) and average lengths (ALS) of the Cls for the ratio
0 of the two weighted kappa coefficients (II).

x,(0.9)=0.6 x,(0.9)=0.8 6=0.75
Se, =0.62 Sp,=0.98 Se,=0.911 Sp,=0.936 & =0.0277 &, =0.0094 p=5%

Wald CI Logarit. Cl Fieller CI Bootstrap ClI Bayesian CI

n CP AL CP AL CP AL CP AL CP AL
25 1 1.514 1 1.679 1 2.689 0999  2.578 1 3.538
50 0.999 1.409 0.994 1.487 0.993 1.972 0979 2311 1 2.392
100 0.999 1.323 0.993 1.451 0.993 1.899 0.975 1.425 1 1.980
200 0.971 0.909 0.933 0.965 0.940 1.037 0.965 0.998 0.991 1.173
300 0.946 0.709 0916  0.738 0.939 0.767 0.958 0.784 0.973 0.854
400 0.955 0.583 0.933 0.599 0944  0.601 0.959  0.620 0.977 0.679
500 0.943 0.506  0.925 0.516 0.931 0.516  0.961 0.551 0.969 0.579
1000 0.947 0.341 0.945 0.344 0.943 0.344  0.969 0.375 0.969 0.377

k,(0.1)=0.6 x,(0.1)=0.8 #=0.75
Se, =0.195 Sp, =0.995 Se, =0.477 Sp, =0.987 ¢ =0.0509 &, =0.0026 p=25%

Wald ClI Logarit. Cl Fieller CI Bootstrap CI Bayesian ClI

n CP AL CP AL CP AL CcP AL CP AL
25 1 1.687 1 1.924 1 4.747 1 2.676 1 4.561
50 1 1.266 1 1.400 1 2.837 1 1.609 1 2.308
100 0.999 0.865 0.997 0.923 0.997 0946  0.998 0.945 1 1.188
200 0.992 0.565 0990  0.583 0.986 0.579 0.975 0.618 0.997 0.700
300 0.971 0.444 0990 0452 0.976 0.449 0.958 0.493 0.992 0.536
400 0.971 0.375 0.985 0.380 0.972 0.378 0.960  0.420 0.989 0.448
500 0.966 0.328 0976  0.331 0.971 0.331 0964  0.371 0.987 0.390
1000 0.955 0.223 0.965 0.224 0960 0224 0976 0.255 0.986 0.258

x(0.5)=04 x,(0.5)=04 6=1
Se, =0.76 Sp, =0.72 Se, =0.40 Sp, =0.943 & =0.0480 &, =0.0206 p=25%

Wald CI Logarit. Cl Fieller CI Bootstrap Cl Bayesian CI

n CP AL CP AL CcP AL CcP AL CP AL
25 0.979 1.627 0.999 1.835 0990  5.762 0977 2244 0.999 3.650
50 0.953 1.525 0.991 1.708 0.977 3.028 0.981 2.173 0.995 2.728
100 0.941 1.350  0.983 1.467 0962 2342 0.956 1.703 0984  2.051
200 0.953 0.972 0.971 1.014 0.955 1.212 0.960 1.091 0.979 1.251
300 0950  0.770  0.953 0.790 0944  0.851 0.941 0.825 0.965 0.931
400 0.955 0.658 0.969  0.670 0.960  0.705 0.959  0.694 0.980  0.776
500 0.951 0.582 0954  0.590 0.947 0.612 0.943 0.607 0.965 0.678
1000 0.952 0.403 0.955 0.406 0.951 0.413 0.950 0.410 0.972 0.458

% (0.9)=04 x,(0.9)=04 6=1
Se, =0.943 Sp, =0.229 Se, =0.70 Sp, =0.70 & =0.0200 &, =0.0343 p=50%

Wald CI Logarit. Cl Fieller CI Bootstrap ClI Bayesian CI

n CP AL CP AL CP AL CP AL CP AL
25 1 1.857 1 2.233 1 4.483 1 2.595 1 4216
50 0.999 1.762 0999  2.134 0.997 3.455 0.979 1.943 1 3.294
100 0.995 1.685 0.997 1.876 0992 2338 0.974 1.770 0.997  2.396
200 0.983 1.195 0.988 1.278 0.980 1.345 0.980 1.268 0.990 1.445
300 0.964  0.943 0.982 0.986 0.959 1.003 0.965 0.989 0.971 1.093
400 0.957 0.803 0976  0.828 0.951 0.838 0.957  0.839 0.971 0.913
500 0954  0.709 0970  0.726 0.956 0.733 0.960  0.739 0970  0.801
1000 0.956 0.491 0964  0.496 0.956 0.499 0.959 0.505 0.969 0.545

Similar conclusions are obtained when the dependence factors take high values.

Therefore, regarding the effect of the dependence factors on the CIs, in general terms

they do not have a clear effect on the CPs of the Cls.
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4.3. Cls with a small sample

The results of the simulation experiments have shown that the CIs may fail when the

sample size is small (n =25—50). A classic solution to this problem is adding the

correction 0.5 to each observed frequency, as is frequent in the analysis of 2x2 tables.
To assess this procedure, the same simulation experiments as before were carried out for

n={25,50,100} adding the value 0.5 to all of the observed frequencies s; and ;.

Table 7 shows some of the results obtained for the Cls for the ratio €. The results for
the difference o are not shown since, although this method improves the CP of the ClIs,
these intervals continue to fail when they failed without adding the correction. The
results for N=100 are not shown either, since these are very similar to those obtained

without adding the correction.

Table 7. Coverage probabilities (CPs) and average lengths (ALS) of the Cls for 6 with
small samples.
,(0.9)=02 x,(0.9)=0.8 §=025
Se, =0.28 Sp, =0.92 Se, =0.82 Sp, =0.98 & =0.0252 &, =0.00092 p=10%

Wald ClI Logarit. Cl Fieller CI Bootstrap Cl Bayesian CI
n CP AL CP AL CP AL CP AL CP AL
25 0.999 1.808 0.008 1.960  0.653 3.014  0.145 2.150  0.783 3.531
50 0.940 1.287 0.262 1.464 0.768 1.710 0.556 1.440 0.768 1.813

x,(0.5)=04 x,(0.5)=08 §=0.5
Se, =0.76 Sp,=0.72 Se, =0.85 Sp, =0.95 £ =0.0570 £, =0.0180 p=25%

Wald ClI Logarit. Cl Fieller CI Bootstrap ClI Bayesian CI
n CcP AL CP AL CP AL CP AL CP AL
25 1 1.458 0.961 1.659 0.984 2.332 0.940 1.897 1 3.118
50 0.992 0.836 0.960 0.913 0.982 0.932 0.962 0.869 0.997 1.141

(0.9)=0.6 x,(0.9)=0.8 6=0.75
Se,=0.62 Sp,=0.98 Se, =0.911 Sp, =0.936 & =0.0277 &,=0.0094 p=>5%

Wald CI Logarit. Cl Fieller CI Bootstrap ClI Bayesian CI
n CP AL CP AL CP AL CP AL CP AL
25 1 1.812 1.000 2.073 1 3.554 1 2.425 1 4.053
50 1 1.593 1.000 1.789 1 2.564 0.999 2.067 1 2.682

K,(0.9)=0.4 x,(0.9)=0.4 =1
Se, =0.943 Sp, =0.229 Se, =0.70 Sp, =0.70 & =0.0200 &, =0.0343 p=50%

Wald CI Logarit. Cl Fieller CI Bootstrap ClI Bayesian CI
n CP AL CP AL CP AL CP AL CP AL
25 1 1.896 1 2.140 1 4.727 1 2.571 1 4234
50 1 1.798 1 1.991 1 3.211 1 2418 1 3.242

As conclusions, in general terms, it holds that: a) the Wald CI for € does not fail, its
CP is 100% or very close to 100%, and its AL is lower than the rest of the intervals

when these do not fail; b) the logarithmic, Fieller, Bootstrap and Bayesian CIs may
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continue to fail when €=0.25. Consequently, when the sample size is small one must

use the Wald CI for @ adding the value 0.5 to all of the observed frequencies.

4.4. Rules of application

The Cls for the difference and for the ratio of the two weighted kappa coefficients
compare both parameters, and therefore we can decide which method is preferable to

make this comparison. Once we have studied the coverage probabilities and the average
lengths of the Cls for §=x,(c)-x,(c) and for 6=« (c)/x,(c), from the results
obtained some general rules of application can be given for the CIs in terms of sample
size. These rules are based on the failures and on the coverage probabilities, since the

average lengths of the CIs for the difference and for the ratio cannot be compared as

they are different intervals. In terms of sample size n:

a) If n is small (n < 100) , use the Wald CI for @ increasing the frequencies s; and

r; in0.5.

b) If 100 <n <400, use the Wald CI for the ratio € without adding 0.5.

¢) If n>500, use any of the Cls (for the difference or for the ratio) proposed in
Section 3.2 without adding 0.5.

In general terms, if the sample size is small, the Wald CI calculated adding 0.5 to each
observed frequency does not fail. In this situation, its AL increases in relation to the
Wald CI without adding 0.5, but its CP also increases meaning that the interval does not
fail. When 100<n <400 the CI that behaves best (fewest failures and its CP shows
better fluctuations around 95%) is the Wald CI for the ratio . When the sample size is

very large (n>500), there is no important difference between the asymptotic behaviour

of the proposed CIs, and therefore any one of them can be used. When the sample size

is small, (n < 50) the ClIs may fail, especially when the difference between the two

weighted kappa coefficients is not small.
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5. Sample size

The determination of the sample size to compare parameters of two BDTS is a topic of
interest. We then propose a method to calculate the sample size to estimate the ratio &

between two weighted kappa coefficients with a precision ¢ and a confidence
100(1 —a)%. This method is based on the Wald CI for €, which is, in general terms,

the interval with the best asymptotic behaviour. Furthermore, this method requires a

pilot sample (or another previous study) from which we calculate estimations of all of

the parameters (Sg;, Sp;, & and p, and consequently of «;(c)) and the Wald CI for 6.

If the pilot sample size is not small and the Wald ClI for € calculated from this sample
contains the value 1, it makes no sense to determine the sample size necessary to
estimate how much bigger one weighted kappa coefficient is than the other one, as the
equality between both is not rejected. Nevertheless, if the pilot sample is small and the
Wald CI (adding 0.5) contains the value 1, it may be useful to calculate the sample size
to estimate the ratio . In this situation, the Wald CI (adding 0.5) will be very wide (as

the pilot sample is small) and may contain the value 1 even if «,(c) and «,(c) are
different. Let us considerer that «,(c)>x,(c) and therefore <1, and let ¢ be the

precision set by the researcher. As it has been assumed that 8 <1, then ¢ must be lower

than one, and if we want to have a high level of precision then ¢ must be a small value.

On the other and, based on the asymptotic normality of & = £ (c) /&,(c) it is verified
that O e+ 2o ar(é) , i.e. the probability of obtaining an estimator & is in this

interval with a probability 100(1—-a)%. Setting a precision ¢, we can then calculate

the sample size n from

p=1,Var(0). Q1)

where

var(5) = VA8 @)] 6 OVar 40266} (010 0.5
0 |

In the Appendix B of the supplementary material, we can see how this expression is

obtained. This variance depends on the weighted kappa coefficients and on their
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respective variances and covariance. Furthermore, the variances Var [12, (C)] and the

covariance COV[}%1 (C),I%2 (C)] (their expressions can be seen in the Appendix B of the

supplementary material) depend, among other parameters, on the sample size n.

Consequently, it is possible to use this relation to calculate the sample size to estimate

the ratio €. Substituting in the equation of Var(é) the variances and the covariance

with its respective expressions, substituting the parameters with their estimators and

clearing n in equation (21), it is obtained that

_ le—a/202
o
2| &7Se, (1-Se, )a+a7,Sp, (1-Sp, ) p+47,p°6°
> . ~ (22)
h=1 Y,
2 Ta A A A A AALA A AR
vy |:a11a2181q+a12a22 0P 838,07 } )
1°2
where 4, =p4—p(4d-c)x,(c), 4,=4,+(4—c)%,(c) and

A

a,=(1-2p)Y, —[(I—C—Zb)YAh +Sp, +C—1}1€h (c). This method requires us to know

A

Se,, Sp,, & and P (and therefore &, (c)), for example obtained from a pilot sample or
from previous studies. The procedure to calculate the sample size consists of the
following steps:

1) Take pilot samples sized n’ (in general terms, N">100 to be able to calculate the
Wald ClI without adding 0.5 or use the Wald Cl adding 0.5 to the frequencies if n is
small), and from this sample calculate §eh, §ph, &, P and /Gh(c), and a then
calculate the Wald CI for &. If the Wald CI calculated has a precision ¢, i.e. if

Upper limit — Lower limit

5 < ¢, then with the pilot sample the precision has been

reached and the process has finished (€ has been estimated with a precision ¢ to a

confidence 100(1 - a)% ); if this is not the case, go to the following step.

2) From the estimations obtained in Step 1, calculate the new sample size n applying

equation (22).
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3) Take the sample of n individuals (n—n" is added to the pilot sample), and from

the new sample we calculate Se,, Sp,, &, P, &, (c) and the Wald Cl for @. If the

Wald CI calculated has a precision ¢, then with the new sample the precision has
been reached and the process has finished. If the Wald CI does not have the required
precision, then this new sample is considered as a pilot sample and the process starts
again at step 1. In this situation, the new sample has a size n calculated in step 2, i.e.
we add n—n" individuals to the initial pilot sample (sized n"). Therefore, the process
starts again at step 1 considering the new sample as the pilot sample and from this

sample we calculate the values of the estimators and the Wald CI.

The method to calculate the sample size is an iterative method which depends on the
pilot sample and which does not guarantee that & will be estimated with the required
precision. Each time that the previous process (steps 1-3) is repeated, we calculate
(starting from an initial sample) the new sample size to estimate &, i.e. we calculate the
number of individuals that must be added to the initial sample to obtain a new sample.
Therefore, this process adjusts the size of the initial pilot sample, adding (in each
iteration of the process: steps 1-3) the number of individuals necessary to obtain the
right sample size to estimate € with the precision required. The programme in R

described in the Section 6 allows us to calculate the sample size to estimate 6.

If the Wald CI for @ is higher than one, the BDTS can always be permuted and &
will then be lower than one. Another alternative consists of setting a value for a

precision ¢, in a similar way to the previous situation when & <1, and then apply the
equation (22) with ¢ =8¢, where 6 =&, (¢)/&,(c)<1. This is due to the fact that if
(L,,U,) is the Wald CI for 6=« (c)/x,(c)<1 then the Wald CI for
0'=1/0=x,(c)/x,(c) is (LE,/@2 , Ug/éz) . It is easy to check that the calculated
value of the sample size n is the same both if & <1 (with precision ¢) and if 8 >1 (with
precision ¢ = 6°¢").

Simulation experiments were carried out to study the effect that the pilot sample has

on the calculation of the sample size. These experiments consisted of generating

N =10,000 random samples of multinomial distributions considering the same

scenarios as those given in Tables 5 and 6. The equation of the sample size depends on
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the values of the estimators, which in turn depend on the pilot sample. Consequently,
the pilot sample may have an effect on the sample size calculated. To study this effect,

the simulation experiments consisted of the following steps:

1) Calculate the sample size n from the values of the parameters set in the different
scenarios considered. Therefore, equation (22) was applied using the values of the

parameters (instead of their estimators).

2) Generate the N multinomial random samples sized n calculating the probabilities
from equations (6) and (7), using the values of the previous parameters, and as &, we
considered low values (25%), intermediate values (50%) and high values (80%).

From each one of the N random samples, §eh , §ph , & and P (and therefore &, (c))

were calculated, and then we calculated the sample size n| applying equation (22).

3) For each scenario, the average sample size and the relative bias were calculated,

ie. T=>'n//N and RB(n')=(7-n)/n.

Table 7. Effect of the pilot sample on the sample size.
5(0.1)=0.2 x,(0.1)=0.8 9=0.25
Se, =0.484 Sp, =0.684 Se, =0.852 Sp, =0.911 p=50%

£ =0.0179 ¢, =0.0153 g =0.0359 g, =0.0306 & =0.0574 ¢, =0.0489
¢=0.05 ¢=0.10 ¢=0.05 ¢=0.10 ¢=0.05 ¢=0.10
Sample size 3170 793 3066 767 2942 736
Average sample size 3173 795 3068 769 2946 738
Relative bias (%) 0.095 0.252 0.065 0.261 0.136 0.272

x(0.9)=02 x,(0.9)=0.8 6=0.25
Se, =0.28 Sp, =0.92 Se, =0.82 Sp, =0.98 p=10%

£ =0.0126 g, = 0.0046 g =0.0252 g, =0.0092 & =0.0403 g, =0.0147

¢=0.05 $=0.10 ¢=0.05 ¢=0.10 $=0.05 $=0.10
Sample size 5104 1276 4947 1237 4758 1190
Average sample size 5113 1287 4948 1246 4759 1218
Relative bias (%) 0.18 0.83 0.02 0.73 0.02 2.35

Table 7 (Effect of the pilot sample) shows some of the results obtained. The relative
biases are very small, which indicates that the equation of the calculation of the sample
size provides robust values, and therefore the choice of the pilot sample does not have

an important effect on the calculation of the sample size.

153



6. Programme citwkc

A programme has been written in R and called citwke (Confidence Intervals for Two
Weighted Kappa Coefficients) which allows us to calculate the CIs proposed in Section

3 and the sample size proposed in Section 5. The programme runs with the command

“citwke ()1, 5,0, So1> Sgos i1 Fios o1 oo » CiNAeX, preci = 0,conf =0.95)”,

112

where cindex is the weighting index, preci is the precision that is needed to calculate the
sample size and conf is the level of confidence (by default 95%). By default preci =0,
and the programme does not calculate the sample size, and only calculates it when
preci > 0. In this situation (preci>0), the programme checks if it is necessary to
calculate the sample size. The programme checks that the values of the frequencies and
of the parameters are viable (e.g. that there are no negative values, frequencies with
decimals, etc,) and also checks that it is possible to estimate all of the parameters and
their variances-covariances. For the intervals obtained applying the Bootstrap method,
2,000 samples with replacement are generated, and for the Bayesian intervals 10,000
random samples are generated. The results obtained on running the programme are
saved in file called “Results_citwke.txt” in the same folders from where the programme

is run. The program is available for free at URL

“https://www.ugr.es/~bioest/software/cmd.php?seccion=mdb”.

7. Application

The results obtained have been applied to the study by Batwala et al (2010) on the
diagnosis of malaria. Batwala et al have applied the Expert Microscopy Test and the
HRP2-Based Rapid Diagnostic Test to a sample of 300 individuals using the PCR as the
GS. The observed frequencies of this study are shown in Table 9, where the T, models
the result of the Expert Microscopy Test, T, models the result of the HRP2-Based Rapid
Diagnostic Test and D models the result of the PCR. In this example, S:e1 =46.07%,
$p, =97.16%, Se,=91.01% and Sp, =86.26%, and therefore rTPF,=0.506 and
rFPF, =0.207 . Applying the equation (5) it holds that ¢’ =0.1902. As rTPF, <1 and

ﬁ:’ﬁ?ﬁ <1, applying the rule c) given in Section 2, it holds that & (c)>«x,(c) for
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0<c<0.1902 and that &, (c)<x,(c) for 0.1902<c<1. Applying the rules given in
Section 4, as N=300<400 then it is necessary to use the Wald Cl for the ratio 6.

Table 10 shows the values of £, (c), 5, 6 and the 95% ClIs when
c={0.1,0.1902,0.2,...,0.8,0.9}. The results were obtained running the programme
“citwkc” with  the command citwke(41,0,40,8,5,1,24,181,c) taking

c= {0.1,0.1902,0.2,...,0.8,0.9} .

For ¢c = {0.1,0.1902,0.2,0.3} , the Wald CI for @ contains the value 1, and therefore

in these cases we do not reject the equality of the weighted kappa coefficients of the
Expert Microscopy Test and of the HRP2-Based Rapid Diagnostic Test. Therefore,
when the clinician considers that a false positive is 9, 4 or 2.33 times more important
than a false negative, we do not reject the equality between the weighted kappa
coefficients of the Expert Microscopy Test and of the HRP2-Based Rapid Diagnostic

Test in the population studied. The rest of the intervals for @ also contain the value 1.

For C={0.4,0.5,...,0.8,0.9}, the Wald Cl @ does not contain the value 1, and

therefore in all of these cases we do not reject the equality of the weighted kappa
coefficients of the Expert Microscopy Test and of the HRP2-Based Rapid Diagnostic
Test in the population studied. Therefore, the clinician considers that a false negative is
more important than a false positive (as happens in the situation in which the diagnostic
tests are applied as screening tests), the weighted kappa coefficient of the HRP2-Based
Rapid Diagnostic Test is significantly greater than the weighted kappa coefficient of the
Expert Microscopy Test in the population studied. The same conclusion is obtained

when the clinician considers that a false positive and a false negative have the same

importance (C =0.5 ) If the clinician considers that a false positive is 1.5 times greater

than a false negative (i.e.C=0.4), then the same conclusion is obtained. The rest of the
Cls for € do not contain the value 1. For example, considering € =0.9, interpreting the
Wald CI for the ratio, it is concluded that in the population being studied the between
the HRP2-Based Rapid Diagnostic Test and the PCR is, with a confidence of 95%, a

value between 1.72 (1/0.58 ~1.72) and 2.94 (1/0.34~2.94) times greater than the

agreement beyond chance between the Expert Microscopy Test and the PCR.
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In order to illustrate the method to calculate the sample size presented in Section 5
we will consider that ¢ =0.9, and therefore that the two BDTSs are applied as a screening

test. In this situation, the 95% Wald CI for & is (0.34, 0.58), and the precision is 0.12.

As an example, we will consider that the clinician wishes to estimate the ratio between

the two weighted kappa coefficients with a precision ¢ =0.10. As with the sample of
300 individuals the desired precision (¢=0.10<0.12) was not achieved, then using

this sample as a pilot sample and running the programme citwkc with the command

citwke(41,0,40,8,5,1,24,181,0.9,0.1) it holds that n=435. Therefore, to the sample

pilot of 300 individuals we must add 135 more. Once the new sample has been taken, it

is necessary to check that the precision ¢ =0.10 is verified.

Table 9. Study of Batwala et al and results.

T =1 T, =0
T,=1 T,=0 T,=1  T,=0 Total
D=1 41 0 40 8 89
D=0 5 1 24 181 211
Total 46 1 64 189 300

Table 10. Cls for the ratio 8 = x,(¢)/x,(c).

c & (c) &(c) 0 Wald Logarithmic Fieller Bias-corrected Bayesian
0.1 0.726 0.642 1.131 0.925,1.335 0.943, 1.355 0.940, 1.357 0.926, 1.344 0.883,1.393
0.1902  0.659 0.659 1 0.811,1.189 0.828 ,1.208 0.823, 1.206 0.817,1.204 0.776 ,1.234

0.2 0.653 0.661 0.988 0.800,1.174 0.817,1.194 0.812,1.192 0.808,1.192 0.766,1.219

0.3 0.593 0.681 0.871 0.695, 1.046 0.711,1.065 0.704 , 1.059 0.701, 1.065 0.673,1.083

0.4 0.543 0.701 0.775 0.609, 0.939 0.625,0.958 0.615,0.948 0.615,0.952 0.593,0.971

0.5 0.501 0.723 0.693 0.537,0.847 0.553,0.866 0.541,0.854 0.541, 0.857 0.525,0.877

0.6 0.464 0.747 0.621 0.476,0.768 0.492,0.786 0.479,0.772 0.481,0.776 0.468,0.799

0.7 0.433 0.772 0.561 0.425, 0.698 0.440,0.716 0.426,0.701 0.430, 0.707 0.418,0.727

0.8 0.406 0.799 0.508 0.380, 0.637 0.395, 0.654 0.381, 0.639 0.384, 0.644 0.375, 0.667

0.9 0.382 0.827 0.462 0.341, 0.582 0.356,0.599 0.342,0.584 0.347,0.594 0.339,0.611

8. Discussion

The weighted kappa coefficient of a BDT is a measure of the beyond-chance agreement
between the BDT and the GS, and depends on the sensitivity and specificity of the BDT,
on the disease prevalence and on the weighting index. The weighted kappa coefficient is

a parameter that is used to assess and compare the performance of BDTS. In this article,
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we have studied the comparison of the weighted kappa coefficients of two BDTSs

through confidence intervals when the sample design is paired.

Three intervals have been studied for the difference of the two weighted kappa
coefficients and five more intervals for the ratio of the two parameters. All the intervals
studied are asymptotic and simulation experiments have been carried out to study their
coverage probabilities and average lengths subject to different scenarios and for

different sample sizes. Based on the results of the simulation experiments, some general

rules of application have been given. When the sample size is moderate (n = 100) or
large (n = 200—400) it is preferable to compare the two weighted kappa coefficients

through an interval for the ratio, and when the sample size is very large (n > 500) the

two weighted kappa coefficients can be compared through the difference or the ratio.

When the sample size is small (n <50), the interval with the best behaviour is the Wald

ClI for the ratio @ adding 0.5 to all of the observed frequencies. Adding 0.5 to all of the
frequencies does not improve the behaviour of the intervals for the difference o, since
these continue to fail when they failed without adding the value 0.5. This question may
be due to the fact that the ratio 6 converges more quickly to the normal distribution
than the difference &. In the simulation experiments, the asymptotic behaviour of the
Bayesian CIs has been studied using the Beta(l,l) distribution as prior distribution for
all of the parameters. The choice of the values of the hyperparameters of the Beta
distribution will depend on the previous information that the researcher has. If the
researcher has some information and wants this information to have some weight in the

data, then it is possible to use higher values of @ and £, i.e. considering a Beta(a, p )

distribution with &, f>1. The increase in ¢ and £ adds information and decreases the

variance and, therefore, there is less uncertainty about the parameter. If the researcher
does not want this information to have a great weight in the posteriori distribution, then
the researcher chooses moderate values of o and £ which are consistent with the
information available, i.e. the average should be compatible with that information. To
assess the effect that the Beta distribution has on the asymptotic behaviour of the
Bayesian interval, we have carried out simulations (in a similar way to those carried out

in Section 4) using as prior the distributions Beta(5,5) and Beta(25,25) for the

Bayesian interval for 6 =« (c) / K,(c). These two distributions have the same average
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as the Beta(l,l) distribution but different variances. The first distribution has a

moderate weight in the subsequent distribution, the second has an important weight and

the third one has a very important weight. In general terms, the results obtained with the

distribution Beta(5,5) are very similar to those obtained with the Beta(l,1)
distribution. Regarding the Beta(25, 25) distribution, there is no important difference in
relation to the CPs obtained with the Beta(1,1), although for 6 ={0.25,0.50} the AL is
slightly lower with the Beta(25,25), and when 6 ={0.75,1} the AL is slightly higher
with the Beta(25,25). In general terms, when the Bayesian interval fails using the
Beta(1,1) distribution then it also fails using the Beta(5,5) and the Beta(25,25).
Furthermore, the Bayesian Cl for 6=k (c)/x,(c) with the Beta(5,5) and

Beta(25, 25), respectively, does not display a better CP than the Wald CI (when it does

not fail), and therefore the Bayesian Cl does not improve the asymptotic behaviour of

the Wald CI.

The application of the CIs requires the marginal frequencies S and r to be higher than
zero. If the marginal frequency S (or r) is equal to zero, then it is not possible to estimate

the weighted kappa coefficient of each BDT. Moreover, if a marginal frequency s; +T;

is equal to zero, then it is possible to calculate all of the CIs proposed; but not if two of
these marginal frequencies are equal to zero. In this last situation, one of the weighted

kappa coefficients (or both) is equal to zero, and the variance and the covariance are

also equal to zero. If s+, =S+, =0 then £(c)=£,(c) and
Var (&, (c))=Var (%, (c))=Cov(& (c),&,(c)), and the frequentist intervals cannot be
calculated. A solution to this problem is to add 0.5 to each observed frequency.

In this article, we have also proposed a method to calculate the sample size to
estimate the ratio between the two weighted kappa coefficients with a determined
precision and confidence. This method, based on the Wald CI for the ratio, is an
iterative method, which starting from a pilot sample adds individuals to the sample until
the Cl has the set precision. From the initial sample we estimate a vector of parameters
and in the second stage we calculate the sample size. Furthermore, the simulation

experiments carried out to study the robustness of the method to calculate the sample
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size have shown that the method has practical validity and the choice of the pilot sample

has very little effect on this method.
When the two diagnostic tests are continuous, for each cut off point of each

estimated ROC curve there will be a value of Se, and of FPF (and therefore of

§ph =1- F/P\Fh), with h=1,2. Once the clinician has set the value of the weighting
index, £,(c) and &, (c) are calculated and therefore the confidence intervals studied in

Section 3 can be applied.

Supplementary material: Appendices A, B and C

Appendices A, B and C are available as supplementary material of the manuscript in the

URL: https://www.ugr.es/~bioest/software/cmd.php?seccion=mdb.
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Appendix A

From now onwards, we are going to suppose that 0< Se, <1, 0<Sp, <1, 0< p<1 and

q=1- p. Performing algebraic operations it is verified that

Kl(C)—Kz(C)Z%V (1)

where D, = p(1-Q,)c+qQ, (1-c) is the denominator of «, (c), with h=1,2, and
V:qu_C(Al_ pAz) (2)
where A, =Se (1-Sp,)—Se,(1-Sp,) and A, =Y,~Y, =Se, —Se, +Sp, —Sp,. Then
k,(c)>x,(c) if v>0, since D, >0. Solving equation «,(c)—x,(c)=0 in c it holds

that

¢=c=—IA (3)
Al_pAz

being ¢ a real value. From now onwards, the rules so that x (c)>x,(c),

x,(c)>x (c) and x, (c)=x,(c), considering that i=1 and j=2 (the demonstrations

for i=2 and j=1 are analogous).

a) If rTPF, >1 and rFPF, <1, or rITPF, >1 and rFPF, <1, then «,(c)>«,(c) for

0<c<l.
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Let us suppose in the first place that rTPF,=1 and that rFPF, <1, then
Se,=Se, =S¢ and Sp,>Sp,. Substituting in equation (2) it holds that
v=(Sp,-Sp,)[cp+(a—c)Se]. Here v>0 if cp+(q—c)Se>0, since Sp, >Sp,. If
C=0 or c=1, then cp+(q—c)Se>0 since qSe >0, and p(1-Se)>0 is verified; and
as Sp, > Sp,, then v >0 and «,(c)>«,(c). Let us suppose that 0<c<1 and p=Se,
then cp+(q-c)Se=c(p—-Se)+qSe>0, and it is verified that v >0 and
Kk (c)>x,(c). If p<Se, then cp+(q-c)Se=(1-c)(Se—p)+(1-Se)p>0, since

(1-c)(Se—p)>0 and (1-Se) p>0. Therefore, v>0 and «,(c)>x,(c).

Let us now suppose that rTPF,>1 and that rFPF, <1, then Se, >Se, and
Sp, > Sp, . It is easy to check that when ¢=0 or c=1 it is verified that v>0 and,

therefore, «,(c)>«,(c). Moreover, as I'TPF, >1 and rFPF, <1 then dividing both

rTPF,, _ Se (1-Sp,)
rFPF, Se,(1-Sp,)

parameters (rTPF,/rFPF, >1) it holds that >1, verifying that

A =Se(1-Sp,)-Se,(1-Sp,)>0. As  Se >Se, and  Sp,>Sp,  then

A, =Se, —Se, +Sp, —Sp, >0. Furthermore, as it is verified that Se >Se, then

then

1 —
58, <1. Moreover, as SP >1

1-Se, <1-Se,, and 0<
1-Se, Sp,

Sp, _l—Se1 B A,
Sp, 1-Se, Sp,(1-Se,)

>0, when A, =(1-Se,)Sp, —(1—Se,)Sp, > 0. It is easy to

check that A, =A, —A,, so that A, >A,. Equation (2) can be written as
v=(q—C)A, +CpA,. 4)
Let us suppose that 0 < <1, then if q>c it is verified that v>0 and «,(c)> x, (c).
Let us now suppose that q <cC, then q—c < 0. Equation (4) can be written as
v=—(C—Q)A, +CpA,
being c—q > 0. Let us suppose that
v<0=—(Cc—-0q)A, +cpA, <0,

so that
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—(C—0Q)A, <—CpA, = (C—Q)A, >CpA, =>C—(0> cp%.

1

A
As A, > A, then A—2>1, so that
1

c—q>cp£>cp>0,
Al

from where we obtain
c—q-cp>0. (5)
Performing algebraic operations
c-gq-cp=gq(c—1)
As 0<c<l, 1-¢>0 and ¢c-1<0, then g(c—1)<0, which is contradictory with

expression (5). Therefore, if g <c then v>0 and «,(c)> «,(c).

The demonstrations for r'TPF, >1 and rFPF, <1 are performed following a similar

process to the previous one.

b). If FTPF, >1 and rFPF, >1, then:
b.1) k,(c)>x,(c) if 0<c'<c<1
b.2) k(c)<x,(c) if 0<c<c'<1
b.3) k,(c)=x,(c) if c=c’, with 0<c'<1
b.4) «,(c)>«,(c) for 0<c<1if ¢'<0 (or ¢'>1)and rTPF, >rFPF, >1

b.5) «,(c)<x,(c) for 0<c<1if ¢'<0 (or ¢'>1)and rFPF, >ITPF, >1

Firstly, we are going to demonstrate that C' cannot be equal to 0 or to 1. As

rTPF >1 and rFPF >1, then it is verified that Se, >Se, and Sp, <Sp,. If ¢'=0 then

A, =0, and it is verified that
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Se,  1=Sp,
Se, 1-Sp,

b

which is incompatible with rTPF >1 and rFPF >1, since as ?>1 and
e2

0< 752 1 hen it is verified that e xi—SP2

1-Sp, Se, 1-Sp,
0 if rTPF >1 and rFPF >1.If ¢'=1 then A, —A, =Sp,(1—-Se,)—Sp,(1-Se,)=0, and

# 1. Therefore C' cannot be equal to

it is verified that

Sp, y 1-Sg, 1
Sp, 1-Se,
S
which is incompatible with rTPF >1 and rFPF >1, since as =P >1 and
Py
1- 1-
0< 58, <1 then it is verified that ixﬁ # 1. Therefore, €' cannot be equal to
I—Sez Sp1 1—392

1if rTPF >1 and rFPF >1.

Let us consider that 0<c'<1, then we must verify one of the two following: 1)
0<gA, <A —pA,, or 2) A —pA,<0gA, <0. Condition 1 implies that A, >0 and

A, > pA,, and Condition 2 implies that A, <0 and A, < pA,.

Moreover, as Se, >Se, and Sp, <Sp, (which implies that 1-Sp, >1-Sp,) then

Q, >Q,. Furthermore, if c=C" then performing algebraic operations, each weighted

kappa coefficient is expressed as

n_Th
x (c)=-",
(©)-2
A -QA
when rth‘—QphAz, with h=1,2 . As Q>Q,, then 7,—-7,>0 if A, >0, and
17 P22

7,—-7,<0if A, <0.If A, >0, then

_ Az(Ql_Qz)

T,—T
’ 1 Al_pAZ

>0=>A -pA,>0=A >pA,>0.
If A, <0, then
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_ AZ(QI_QZ)

<0=A —-pA,>0=A, > PA, .
A, —pA, 1~ PA, 1> PA,

L0

Therefore, whether A, >0 or A, <0, it is always verified that A > pA,. This

condition is only compatible with Condition 1 obtained by the fact that 0<c' <1, i.e.

0<gA, <A, - pA,. Therefore, it is always verified that A, >0 and A, > pA,.

Moreover, from equation (3) it holds that gA, = C’(A] - pA2) , so that substituting

this expression in equation (2) it holds that

v=(A,—pA,)(c'-c). (6)
As A, > pA, then A, —pA, >0. Based on equation (6), if 0<c<c'<1 then v>0 and
Kk (¢)>x,(c). If 0<c'<c<Il then v<0 and «,(c)<x,(c), and if c=c" (with

0<c'<l)then v=0 and x,(c)=x,(c).

If ¢'<0 then one of the following two conditions must be verified: 1)
0<gA, <A, <pA,<A,, or 2) A, <pA,<A <0gA <0. Condition 1 implies that

A, >0 and therefore Se, (1-Sp,)> Se, (1-Sp,), and from this inequality it holds that

S8 IESR PR, S rRPR, S 1.
Se, 1-Sp,

As A, >0 and A,—pA, <0, then applying equation (2) it holds that v >0 and
therefore  x,(c)>x,(c). Condition 2 implies that A <0 and therefore

Se (1-Sp,) < Se,(1-Sp,), and it holds that

1250 38 | iEPE, > 1TPR, > 1.
1-Sp, Se,

As A, <0 and A, —pA, >0, applying equation (2) again it holds that v <0 and

therefore «,(c)<x,(c).If ¢'>1, the demonstrations are similar to those of ¢'<0.
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c) If rTPF,<1 and rFPF, <1, then rTPF,>1 and rFPF, >1, and the

demonstrations are analogous to case b).

Appendix B

Bloch (1997) has deduced the expressions of the variances of &;(c) and &, (c) and of

the covariance between them. We then obtain equivalent expressions and we also
deduce the variance of the ratio of the two weighted kappa coefficients, an expression

which is necessary to apply the method to calculate the sample size explained in Section

5. Let ®=(Se,,5p,,58,,5p,,p)" be the vector of parameters, where Se, =Pt Py
p
sp,=Jw G ge — PutPu 4ng gp, = I \ith q=1-p. Applying the delta
q Y q

method, the matrix of the asymptotic variances-covariances of @ is

o0m oo )
oG]

Performing the algebraic operations it is obtained that

Pii+ Pio)(Por+ Poo) _ Sei(1-Se)

np’ np

Var(§e1) _

P+ pm)( plO + poo) _ Sez(l_sez)

3 3

Var(§e2):(

np np
Var(§p1) _ (qll +Q1o)(?01 +qoo) _ Spl(l_spl) ’
nqg nqg
2 _ (qll +q01)(q10 +q00) _ sz (I_sz) A pPq
Var(Sp, | = o S Var(p)=-=,
Cov[SAel,SAez]:W:n%, Cov[ép“épz}:w%cﬁ%ﬂm:r%

and

Cov(éeh,§ph) :Cov(§eh, f)) = Cov(§ph, f)) =0, with h=1,2.
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The estimators of the variances-covariances are obtained substituting each parameter

. . . . A S, +S A S, +S A r,+r
with its corresponding estimator, where Se =—-—% Se =-1_2L Sp =00
r
s _ N+l A S T ~ P& & SiiSeo =SS
Sp, =000 p=—, G=—, é = pil — Se Se, =120 . 10201 and
r n n p S

A

éy = qqf“ ~Sp,Sp, = M Applying the delta method, the variance of £, (c) is

Var[ &, (c) ]~ {al{h—(c)TVar (éeh ) + {a’q‘—(c)TVar(éph ) + [a’(“—(C)TVar( p).

oSe, osp, op

In this expression the covariances are zero. Performing the algebraic operations, it is

obtained that

Var[ £, (c) ]~ {I;hcf\((:h) T x [{aﬁNar (§eh ) +alVar (S:ph ) +agVar ( p)}}

with h=1,2, and where
a, = pa-p(a-c)x;,(c),
a,, =a, +(q—-c)x;,(c)
and

a0 ~(1-20)%,-[(1-c-20)¥, 59, 0 1] o).

The expression of Var [zeh (C)] is obtained substituting in the previous expressions each

parameter with its estimator. Regarding the covariance between 1%1(0) and 122(0),

applying the delta method again it is obtained that

Cov[ & (c),%,(c)]~

0Se,  0Se, osSp,  oSp,
ox (c) aKZ(C)Var( p)
g op

In this expression, the rest of the covariances are equal to zero. Performing the algebraic

operations it is obtained that
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Cov[ £ (c),&,(c)]~

x [a11a21Cov(§el, Se, ) + alzazzcov(§pl, Sp, ) +a,a,Var( p)}

The expression of éov[z%l(c),léz(c)] is obtained substituting in this equation each

parameter with its estimator.

Regarding the ration of the two weighted kappa coefficients, the variance of @ is

easily calculated applying the delta method again, i.e.

h=1

2
Ao 00 . 00 00 . .
Var(@) ~ ZLGKh (C)J Var[ £, (c)]+2 e (C)WCOV[KI (c).&,(c)].
Performing the algebraic operations,

K5 (c)Var[ & (c) ]|+ (c)Var[ &,(c) |24 (c) &, (c)Cov| & (¢).£,(c) ]
% (¢) ’

and substituting in this equation each parameter with its estimator, we obtain the

Var(é) ~

(7)

expression of Var(é). The expression of variance of Var [ln(éﬂ is calculated in a

similar way to in the previous case, but considering ln(@) instead of 4.

Appendix C

The selection of the Cl with the best asymptotic behaviour, both for the difference o
and for the ratio €, was made taking the following steps: 1) Choose the Cls with the
least failures (CP >93%), 2) Choose the Cls that are the most accurate i.e. those with
the lowest AL. The first step in this method establishes that the Cl does not fail when
CP >93%. In the simulation experiments the CIs were calculated to a 95% confidence

i.e. y=1—a =0.95 is the nominal confidence and & =5% is the nominal error. Then
Aa=a—-a =y —y,where y is the CP calculated and " is the type I error.
Moreover, the hypothesis test to check the equality of the two weighted kappa
coefficients is H : x; (C) =x,(C) vs H,:x,(c)#x,(c). Based on the difference of both
parameters, this hypothesis test is equivalent to test H,:0 =0 vs H,:0#0. This test
can be solved through different methods. Applying Bloch’s method (1997), the test

168



statistic is given by equation (equation (10) of the manuscript). The statistics for the

bootstrap method and for the Bayesian method are obtained computationally.

In step 1 of the method, a Cl has a failure if CP<93%, i.e. if Ao <-2. In this
situation, the type I error of the corresponding hypothesis test is > 7%, and therefore it
is a very liberal hypothesis test and it can give false significances. The criteria of 93%
has been used by other authors (Price and Bonett, 2004; Martin-Andrés and Alvarez-
Hernandez, 2014a, 2014b; Montero-Alonso and Roldan-Nofuentes, 2018). If Aa >2%,
i.e. CP>97%, then the hypothesis test is very conservative (its type I error is very
small, <3%), but it does not give false significances. Consequently, the choose of the
optimal Cl is linked to the decisions of the hypothesis test, and it is preferable to choose
a conservative test rather than a very liberal one (as there will be no false significances
because its type I error is lower than the nominal one). The method for the ClIs for the

ratio @ is justified in a similar way.
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Abstract

The weighted kappa coefficient of a binary diagnostic test is a measure of the beyond
chance agreement between the diagnostic test and the gold standard, and depends on the
sensitivity and the specificity of the diagnostic test, on the disease prevalence and on the
relative importance between the false positives and the false negatives. This manuscript
studies a hypothesis test to compare the weighted kappa coefficients of two binary
diagnostic tests when, in the presence of partial disease verification, a discrete covariate
is observed in all individuals. The EM algorithm is applied to estimate the weighted
kappa coefficients and the SEM algorithm is applied to estimate their variances-
covariances. Simulation experiments were carried out to study the size and the power of
the proposed hypothesis test. The results were applied to a real example on the

diagnosis of the Alzheimer’s disease.

Key words: Discrete covariate, EM and SEM algorithms, Partial verification, Weighted

kappa coefficient.

Mathematics Subject Classification: 62P10, 6207.
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1. Introduction

The fundamental parameters of a binary diagnostic test (BDT) are sensitivity and
specificity. The sensitivity (Se) is the probability of the BDT result being positive when
the individual has the disease, and the specificity (Sp) is the probability of the result of
the BDT being negative when the individual does not have the disease. In order to
obtain unbiased estimators of the Se and Sp of a BDT it is necessary to assess the BDT
in relation to a gold standard (GS), which is a medical test that objectively determines if
an individual has the disease or not. When we consider the losses or costs associated
with an erroneous classification with a BDT, the effectiveness of the BDT is estimated
by the weighted kappa coefficient [1, 2, 3]. The weighted kappa coefficient of a BDT is
a measure of the beyond chance agreement between the BDT and the GS, and depends
on the Se and Sp of the BDT, on the disease prevalence (p) and on the relative

importance between the false positives and the false negatives (weighting index).

When comparing the parameters of two BDTS in relation to the same GS, the most
frequent type of sampling is the paired design [4, 5]. This design consists of applying
the two BDTSs to all of the individuals in a random sample sized n, where the disease
status (whether the disease is present or absent) of all of the n individuals is known
through the application of the GS. Subject to this type of design, Roldan-Nofuentes and
Sidaty-Regad [6] studied different methods to compare the sensitivities and the
specificities of the two BDTS. Subject to this same type of sampling, the comparison of

the weighted kappa coefficients of two BDTs is made by applying the method of Bloch
[7].

Moreover, in clinical practice when comparing the parameters of two (or more)
BDTs it is common for the GS not to be applied to all of the individuals in the sample.
Therefore, if the GS consists of an expensive test or a test that represents a high risk for
the individual, the GS is not applied to all of the individuals in the sample. In this
situation, the results of the BDTs are known for all of the individuals in a sample, but
the disease status (i.e. the result of the GS) is only known for a subset of them (and
therefore is unknown for the remaining subset). This situation is known as partial
disease verification. Assuming that the verification process is missing at random (MAR)
[8], there are several studies that have been carried out to compare two BDTS. Zhou [9]
studied a hypothesis test to compare the sensitivities (specificities) of two BDTS

applying the method of maximum likelihood. Harel and Zhou [10] applied multiple
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imputation to compare the two sensitivities (specificities) through confidence intervals.
Roldan Nofuentes and Luna [11, 12] studied hypothesis tests to compare the
sensitivities (specificities) of two BDTs applying the EM and SEM algorithms. Roldan-
Nofuentes and Luna [13] studied a hypothesis test to compare the weighted kappa

coefficients of two BDTs applying the method of maximum likelihood.

In the presence of partial disease verification, the selection of a patient to verify his
or her disease status with the GS may also depend on discrete covariates which are
related to the disease. For example, in the diagnosis of the Alzheimer’s disease [14] an
advanced age of the patient (=75 years) is a risk factor for this disease. The probability
of selecting a patient to perform a clinical assessment (GS) conditionally depends on the

result of the cognitive test (BDT) and on the age of the patient (>75 years or <75).

The age of the patient is modelled using a discrete (binary) variable (2 75 years or

< 75). Zhou [9] studied a hypothesis test to compare the sensitivities (specificities) of

two BDTs when, in the presence of partial verification of the disease, discrete covariates
are observed in all individuals. The probability of selecting a patient to perform a
clinical assessment (GS) depends on the results of two BDTs (a new BDT and a
cognitive test) and on the age of the patient (>75 years or <75). Here the age of the
patient is modelled through a binary variable. As cognitive deterioration increases in
line with the age of the patient, age-adjustment is needed to properly describe the
diagnosis effectiveness of each BDTs, and consequently to compare parameters of both

BDTs.

The objective of this manuscript is to study a hypothesis test to compare the
weighted kappa coefficients of two BDTs when, in the presence of partial disease
verification, a discrete covariate is observed in all individuals. The manuscript is
structured in the following way. Section 2 explains the weighted kappa coefficient of a
BDT. In Section 3, an asymptotic hypothesis test is deduced to compare the two
weighted kappa coefficients in the situation previously described by applying the EM
and SEM algorithms. In Section 4, simulation experiments are carried out to study the
size and the power of the hypothesis test deduced in Section 3 when the covariate is
binary. In Section 5, the results are applied to a real example on the diagnosis of the

Alzheimer’s disease, and in Section 6 the results obtained are discussed.
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2. Weighted kappa coefficient

Let us consider a BDT whose effectiveness is evaluated with respect to a GS. Let L be
the loss or cost that is committed when the BDT is negative in an individual who has the
disease, and let L' be the loss or cost that is committed when the BDT is positive in an
individual who does not have the disease. The loss L is associated with the false
negatives and the loss L' is associated with the false positives, assuming that L=L"=0
when an individual (with or without the disease) is classified correctly with the BDT.

The weighted kappa coefficient K(C) of a BDT is expressed [1, 2, 3] as

pcQ + peQ’

Kk(c)=

where P=1-p, Y =Se+Sp—1 is the Youden’s index [15], Q = pSe+ p(1-Sp) is the
probability of the BDT result being positive, Q =1-Q, ¢ = L/ ( L'+ L) is the weighting

index and C=1-c. The weighting index C is a measure of the relative importance
between the false positives and the false negatives. For example, let us consider the
diagnosis of the Alzheimer’s disease using a cognitive test as a diagnostic test. If the
cognitive test is positive for a patient who does not have this disease (false positive),
then a clinical assessment (GS) will be performed, which will finally give a negative
diagnosis. The loss L' will be determined from the economic costs of the diagnosis and
also based on the stress, anxiety, etc., caused to the patient. If the cognitive test is
negative for a patient who has this disease (false negative), the patient may be
diagnosed some time later. In this situation, the Alzheimer’s disease may have advanced
and the possibilities of the treatment will help reduce some symptoms and help control
some behavioural symptoms will be reduced. The loss L is determined based on these
considerations. Consequently, the losses L and L' are not only measured in economic
terms but also based on stress, anxiety, risks, etc., and therefore in clinical practice the
value of these losses cannot be determined. This is the reason why the relative
importance between the losses L and L' is substituted by the relative importance
between the false positives and the false negatives. The value of the weighting index
can be assumed depending on the considerations made by the clinician about the false
positives and the false negatives. If the clinician is more concerned about the false
positives, as is the case in which the BDT is used as a prior step to a treatment involving

some risk (for example a surgical operation), then 0<c<0.5. If the clinician is more
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concerned about the false negatives, as is the case in which the BDT is used as a
screening test, then 0.5<c<1. Index c is 0.5 when the BDT is used for a simple
diagnosis (the false positives and the false negatives have the same importance), and in

this situation K(O.S) is known as Cohen’s kappa coefficient. If ¢=0 then
K(O)=(Sp—(§)/Q ans if c=1 then «x(1)=(Se-Q)/Q. The weighted kappa
coefficient can also be written as

N0
()= o) ()’ ?

with 0<c<1. The weighted kappa coefficient is a measure of the beyond chance
agreement between the BDT and the GS. In the studies by Kraemer et al [3], Roldan-
Nofuentes et al [16] and Roldan-Nofuentes and Amro [17, 18], we can see a broad

review of the use and the properties of the weighted kappa coefficient.

We will now study the comparison of the weighted kappa coefficients of two BDTs
when in the presence of partial verification a discrete covariate is observed in all of the

individuals.

3. The model

Let us consider two BDTSs, Test 1 and Test 2, that are applied to all n individuals in a
random sample. Let T, be the random variable that models the result of the hth BDT, so
that T, =1 when the result is positive and T, =0 when it is negative. Let V be the

random variable that models the verification process, so that V =1 when the disease
status of an individual is verified with the GS and V =0 when it is not. Let D be the
random variable that models the result of the GS: D =1 when the individual verified has

the disease and D =0 when the individual verified does not have the disease. Disease

prevalence is p = P( D= 1) and p=1-p= P( D= 0) . Moreover, let us consider that
for all of the n individuals of the sample we observe a vector X =(X,X,,...X, ) of a

discrete covariate, where X, is each one of the different values or patterns that the

covariate can take with m=1,...,M . Let us suppose that the number of individuals that
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M
verify X =X_ is N, and therefore n= an . For X =X the frequencies obtained are

m=1

those given in Table 1.

Table 1. Observed frequencies in the presence of partial verification for X =X .

T, =1 T, =0
T, =1 T,=0 T, =1 T,=0 Total
V=1
D=1 Siim Stom Soim Soom S
D=0 Mim Nom Toim Toom Fn
V=0 Ui im Uiom Uoim Uogom Un
Total M Nyom Noim Noom Ny,

The sample of n individuals can be seen as a sample of a mixture of M multinomial

independent 3x4 tables. For X =X_, i.e. for the m-th table, the sensitivities of the

m >

BDTs are defined as

Se, =P(T,=1|D=1,X =x,) and Se,, =P(T,=1|D=1,X =Xx,),

m
and the specificities as
SPpin =P(T,=0|D=0,X =x,) and Sp,, =P(T,=0|D=0,X =x,).

It is assumed, just as happens in practice, that both BDTS are conditionally dependent on
the disease, applying the conditional dependence model of Berry et al [19] to each one

of the values of the covariate X, for X =X it is verified that

P(T,=i,T,=i|D=1,X =x,)=
P(T,=i|D=1X=x,)xP(T,=j|D=1X =x,)+A;Se,Se,, (&, 1)
and

P(T,=i,T,=i|D=0,X =x, )=
P(T1 =i|D=0,X =xm)><P(T2=j D=0,X :xm)+Aij(I—Splm)(l—szm)(aOm—1),

where A; =1 if i=j and Aj=-1 if i#], and the parameter o, (a,) is the

covariance [19] between both BDTs when D=1 (D =0) and X =X, verifying that
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1< @, <1/max{Se,,,Se,,} and 1< q,, < l/max{(l— Spim )-(1- szm)} df o, =, =1
then both BDTs are conditionally independent on the disease when X =X_, an

assumption that is not realistic, so in practice «,, >1 and/or ¢, >1.

For the m-th table the verification probabilities are defined as

A

ijkm

=P(V =1, =i,T,= |, D=k, X =X,),

ie. A

ijjkm

is the probability of verifying with the GS the disease status of an individual in
which T, =i, T,=j, D=k and X =x_, with i, j,k=0,1 and m=1,...,M . Assuming

that the verification process is MAR [8], i.e. that the probability of verifying the disease
status of an individual only conditionally depends on the results of both BDTs and on

the value of the covariate X, then

A = A =P(V =1[T, =0T, = j,X =x,). (3)

ijkm ijm
Let §,=P(X =x,) be the probability that in an individual X =X . Let
Py = P(D = 1|X = Xm) be the disease prevalence for the individuals with X =X_, and

P, =1-p,. For X=X thedata s, , I, and u,

ijm > Tijm ijm>

with 1, ] =0,1, are the product of a

multinomial distribution sized n,, and whose probabilities under the MAR assumption

are shown in Appendix A (Partial verification: probabilities) of supplementary material

of the manuscript.

For the h-th BDT and X=X, it holds that #,(0)=(Spy—Qun)/Qum and

M
Ko (1) = (S = Qun )/Qpw » With h=12. Let p=>.6,p, be the overall disease

m=l1

M
prevalence and P = Zém Pn - The overall weighted kappa coefficients x, (0) and «; (1)
m=1

o ﬁ{gan pméhmffhm(l)}— P mZMfmﬁm(l_W“mKhm(O))} (4)
and
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{i m‘/’thhm ):| - ﬁ[i5m P (1 = SomKim (1))}
Kh (1) =— M = > )
0| 320, pa(1- G () B 0]

where

ﬁm’(hm (0)+ pm and l//hm — mehm (1)+ ﬁm

Shm == — :
" mehm (0)+ mehm (1) mehm (0)+ mehm (1)

The proof can be seen in Appendix A (Overall weighted kappa coefficients) of
supplementary material. Finally, for 0 <c <1, the overall weighted kappa coefficient

K, (C) of the h-th BDT is

Kh(C)— h( ) () (6)

with h=12.

The objective of this manuscript is to study the comparison of the weighted kappa

coefficients of both BDTS, i.e.

H,:x(c)=x,(c) vs H, :x(c)#x,(c).
If &(c)=(% (c).&,(c)) is the vector whose components are the estimators of x, (c)
and ¥, is the variance-covariance matrix of &(c), then based on the asymptotic
normality of &(c), (R(c)-x(c))' —5—N(0,Z,,), a Wald type test statistic for the

hypothesis test is

K (c)—x,(c
OGN o
\/Var[zcl c)]+Var[ £,(c)]-2Cov[ £ (c),%,(c)]
which is distributed according to a standard normal distribution when the sample size n
is large. We then obtain the estimators of &, (c) applying the EM algorithm and the
estimators of the variances-covariances applying the SEM algorithm.

For each one of the M multinomial 3x4 tables the missing information is the true

disease status of the individuals not verified with the GS (V =0). For the m-th table
(X = Xm) let us suppose that from each frequency Uy, of non-verified individuals, d

ijm
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have the disease and u;;, —d;;,, do not have the disease, with i, j =0,1. Then each one of
the M tables can be expressed in the form of a 2x4 table with frequencies s, +d;,, for

D=1 and r, +u;, —d;, for D=0. Table 2 shows the frequencies of each 2x4 table.

ijm

Table 2. Frequencies of the complete data for X =X .

T =1 T,=0
D:]- llm +dllm 10m +d10m Olm +d01m OOm +d00m Sm+dm
r-llm +u11m l’10m +u10m r-Olm +u01m rOOm +u00m r-m +um
D=0
_dllm _dIOm _dOIm _dOOm _dm
Total Mim Nyom MNoim Noom Ny,

Let  the  vectors  be 8=(8,,...6y ) K,(0)=(x;,(0),....5, (0))»
K, (1) = (5, (1) sty (1)) %,(0)= (5, (0) iy (0))s 1, (1) = (163 (1),.cn i3 (1)) 4
P=(PnsPy)s o =(at,eay ) and @y = (..., ). Then, subject to the MAR

assumption (3), the log-likelihood function based on n individuals is
I (6,1(1 (0),%,(1),x,(0),x, (1),p,a1,a0) =

3 3 (5 G 020t + 3 3+t~ 02 (3,03 )

i,j=0 m= 0 m=1

(8)

M_

—.
Il

where

Bhim = Prininin (1) Exnon (1) Bom = Poinkin (D[1= @nonan (1) ]
Bom = Puonton ()] 1= @néinkin (1) ],
thon = Pon[1= Gk (1) = G (1) + @i (1) Exnan (1) ]
Biim = Pullon [ 1=Winkin (0) ][ 1= ¥20#s (0) ]
Bon = P [1=Vinkin (0) ][1= @y + o5 (0) ]

Poim = Pn [1 ~VonKom (O)]D ~Oom T Qo 1mKim (0)]

and
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DPoom = Em {l//lmKlm (0) TV onKom (0) -1+ o [1 “¥inKim (0)] I:l ~VomKom (0)]} .

The proof can be seen in Appendix A (Complete data: probabilities) of supplementary

material. The log-likelihood function is also written as

I(S’Kl (0)’K1 (1)’K2 (0)’K2 (1),p,a1,u0) =

9)
1,(8)+1,(x,(0).%,(1),,(0).x,(1),p,0,,0,),
where
1 M
L(8)=>> n,,log(s,) (10)
i,j=0 m=1
and
1, (x,(0).x,(1).%,(0).%,(1).p,0.@,) =
1 M 1 M (11)
p. Ozl(sijm + dijm)IOg(ﬂjm)"‘ 'Zozl(rijm * Uiy _dijm)IOg((ﬂijm )
i,j=0 m= i,j=0 m=
The Fisher information matrix of function (9) is
1(8,%,(0).k,(1).%,(0). K, (1).p, e, @, ) = Diag{1,.1,} , (12)
where I, =1(3) and 1,=1(8,x,(0),x,(1).x,(0),x,(1),p,a,0,) are the Fisher
information matrixes of functions (10) and (11) respectively, verifying that
I B (6,](1 (O)aKl (1)’K2 (0)’K2 (l)apaalaa’o) = Dlag{ Il_l, Iz_]} ’ (13)

and consequently the covariances between & and the rest of parameters

(KI(O),K] (1),](2(0),1(2(1),[),(11,0,0) are zero.

The estimator of J,, is easily calculated from the function (10), i.e. 5m =n,/n. All

of the other parameters are going to be estimated from function (11) applying the EM

algorithm.

3.2. EM algorithm

The missing information (disease status of the individuals who are not verified with the

GS) is reconstructed in the E step of the algorithm and in the M step the values of the
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maximum likelihood estimators are imputed. Let diﬂ.;l be the value of d;;, in the t-th
1

1 1
iteration of the EM algorithm and d\" = z dég . Let s, = z Sim> Tn = Z i »

i,j=0 i,j=0 i,j=0

1 1
Up = D Ui s Ny =Sjm + B + Uy and N = D", . The values of the MLES in the t-th
i,j=0 i,j=0

iteration are calculated through the following equations:

1
Z r-ljm + uljm _dl(;r)n
>

and
(rm +U, _dmt))(rnm Uy, _dl(izn)

g ()

j=0

The proof can be seen in Appendix A (EM Algorithm: estimators) of supplementary

material. The estimators in the (t+1)-th iteration of the algorithm are calculated with

the same previous equations substituting super index t with t+1, where
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A1)
d.(.t+1) =U.. A¢I+m
m - =i 07, 50

jm ijm

, ,]J=0,1, m=1..,M,

and where ¢A|f:n) and Ai(jtn)] are the estimators of probabilities ¢, and ¢, in the t-th

iteration of the algorithm, and are calculated substituting in the expressions of and

ijm
@ the parameters with their respective estimators obtained in the t-th iteration. As an

initial value di(j(r)n) any value between 0 and Uy, can be taken, i.e. 0< di(j?n) < Uy, - The EM

algorithm stops when the difference between the values of the log-likelihood functions

of two consecutive iterations is lower than a sufficiently small » value, e.g. ¥ =107 or
y=10"". From the EM algorithm, in the m-th frequency table (X =X,) seven
parameters are estimated: «,,(0), &, (1), &5, (0), K50 (1), Ppn,> @ and . If the
EM algorithm converged in T iterations, we denote as
ﬁ(m) = (/elm (0), &, (1), & (0), K5 (1) f)m,c%lm,&()m) the final estimators obtained for
X =X,,with m=1,...,M . As the number of values of the covariate X is M, with the EM

algorithm 7M parameters are estimated in total, to which we have to add the estimation

M
of the components of the vector 8 (M —1, since Zé‘m =1). Therefore, in total 8M —1

m=l1

parameters are estimated.
Once we have obtained &,,(0) and &, (1), with h=1,2 and m=1,..,M, the
estimators £, (0) and £, (1) are calculated from equations (4) and (5), and finally

&, (c) and &, (c) are calculated applying equations (6).

Then the variances-covariances are estimated by applying the SEM algorithm [20].

3.3. SEM algorithm

The estimation of the asymptotic variance-covariance matrix of &, (0), &, (1), B,
a,, and @,,, with h=1,2 and m=1,..,M, can be obtained through the application of

the SEM algorithm [20]. The SEM algorithm is a computational method which allows us

to estimate the variance-covariance matrix of a vector of estimators using the
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calculations made in the application of the EM algorithm. Let 2, be the matrix of

and «a,., with h=1,2 and

variances-covariances of £, (0), &.,(1), B,, & om>

m

m=1,...M,sized 7M x7M . Dempster et al [21] demonstrated that

>, =1(1-DM)", (14)

0

where | is the matrix identity and DM =1_.1.', and where | is the Fisher information

mis © oc ?

matrix of the complete data and | is the Fisher information matrix of the missing

data. The SEM algorithm consists of three phases: 1) the evaluation of the matrix 1./, 2)

the evaluation of the matrix DM, and 3) the evaluation of the variance-covariance

matrix ;. The main objective of the SEM algorithm is to calculate the DM matrix.

We then analyse the three phases of this algorithm in the situation studied here.

The SEM algorithm firstly requires the evaluation of the matrix 1. This matrix is

the inverse matrix of the Fisher information matrix of the complete data, and is
calculated with the log-likelihood function (9) obtained from the last M tables after the

application of the EM algorithm described in Section 2.2. If the EM algorithm
converges in T iterations, then the frequencies of the m-th table are s;, + d\") for D=1

ijm

and .

ijm

+uijm—d.(T) for D=0, with m=1,..,M . For the calculation of the Fisher

ijm
information matrix, the parameters are substituted by their corresponding estimations
obtained in the last iteration of the EM algorithm.

The second phase of the SEM algorithm consists of calculating the DM matrix. Let
the vectors be 0(m)=(x;,(0),x,, (1), (0), 50 (1), P 1y- &y ) and 6(m), with

s 1m > 2m > 2m

m=1,...,M . Each vector 8(m), sized 7, has as components the parameters in X =X_,

and é(m) has as components the final estimators in X =X obtained by applying the

EM algorithm. Let the vectors be
0 (m) = (£ (0).AL1(1) £40(0).40) B 1),

Im > Im om

with m=1,...,M, which has as components the estimations of the parameters for

X =X, in the t-th iteration of the EM algorithm. Let the vectors be
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A ~ A

0=(0(1),...0(M)), 6=(8(1),...6(M)) and 6" =(8(1),...6" (M)),

each one of them sized 7M , obtained by concatenating the M respective vectors 8(m),

é(m) and é(t)(m). The elements of the DM matrix, sized 7M x7M , are obtained by

applying the following algorithm:

A A

INPUT: &=(6(1),...6(M)) and 6 =(8"(1),....6" (M)).
Step 1. Calculate 0" = (ﬁ(t”) (1),...,6(“1)(M )) applying the EM algorithm.

Step 2. Let the vectors be

with m=1,...,M . Therefore, each vector %i(t)(m) has as the i-th component the
estimation of the corresponding parameter obtained in the t-th iteration of the EM
algorithm, and the rest of the components are the final estimations obtained by

applying the EM algorithm. Let the vectors be

A

B (1)=(#(1),8(2),...0(M)),.... 85 (1) = (81(1),6(2),...6(M))
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For each vector d" (m), with i=1,...,7 and m=1,...,M, execute the first iteration of

the EM algorithm considering oY (m) to be the initial value of the algorithm, and as

a result we obtain the vectors @' (m), with i=1,..,7 and m=1,..,M .

Step 3. Calculate the elements of the DM matrix as

A k)= { 5008, (k) 15

with i, j=1...,7 and k,I=1..,M , and where @f”(k) is the j-th component of

(t+1)

o, (k) The proof can be seen in Appendix B of supplementary material.

OUTPUT: 6" =(6""(1),...6¢"(M)) and A"(kI), with i,j=1..7M and

kJl=1..,M.

This algorithm is repeated until
A - A0 ()< (16)

where y' = \/; [20]. Therefore, the bigger 7' (or y) is, the greater the numerical errors

of the DM matrix, affecting the estimation of the variance-covariance matrix.

For each element of the DM matrix, convergence is reached in a number of different

iterations. Let us suppose that T, (k,I) iterations of the previous algorithm are necessary

to calculate the element S, (k,I), then it is verified that

~ (Ty+1) _A
IHiETij)(m,m):mijT (m) - j(m), iLbj=1..7, m=1..,M. (17)
") (m)-8,(m)
and
AV (k1)=0, i,j=1,...7, kI=1,.,M, k. (18)

Therefore, for the same pattern of the covariate X, the elements of the DM matrix are

calculated from equation (17); whereas the elements of the DM matrix are equal to 0
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when the f; elements are calculated between estimators of two different patterns of the
covariate X (e.g. X =X, and X =X,). This simplifies the expression of the DM matrix.

For X =X, with m=1,...,M , we define the DM matrix (sized 7x7) as
DM, =(,5’£T”')(m,m)) eR™, (19)

i.e.,, the DM, is a matrix whose elements are the values given by equation (17) for

X =X,,. Then the DM matrix is a diagonal matrix given by
DM =Diag{DM,DM,,..,DM,, }. (20)

The proof can be seen in Appendix B of supplementary material.

Once the DM matrix has been imputed, the third phase of the SEM algorithm consists
of calculating the asymptotic variance-covariance matrix by applying equation (14). The

estimated variance-covariance matrix is not normally symmetrical due to the numerical

errors committed in the calculation of the DM matrix. The assessment of the ié matrix

is made calculating the matrix Aié = I:,";DM (I - DM )71 , a matrix which represents the
increase in the estimated variances-covariances estimated owing to the missing
information. The smaller the stopping criterion ( ) of the EM algorithm, the more
symmetrical the matrix Aié, and therefore the more symmetrical ié will be.

Therefore, the problem of the asymmetry of ié is solved by decreasing the stopping

criterion of the EM algorithm [20]. Moreover, the ié matrix may be nearly singular if

the | —DM matrix is nearly singular. This situation may occur when the convergence
of the EM algorithm is extremely slow. A discussion of this problem can be seen in the

manuscript of Meng and Rubin [20].

Regarding vector 8 =(,,...,5,, ), as it is the vector of probabilities of a multinomial
distribution, its variance-covariance matrix is estimated as

> =Ifl(fi):[Diag(f‘))—STS}/n. If the covariate is binary, then &,=1-6, and
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Once the matrixes X, and X, are estimated, the variances-covariances of &, (0) and
& (1), h=12, are estimated by applying the delta method. Let

K =(#,(0),%,(1),x,(0),x,(1)), taking into account the fact that from equation (13) it is

verified that i = Diag{i 8’26} , the estimated variance-covariance matrix of K is

~ k) < (ok k) <« (ok
z{( - (%jﬁ_ﬁ z{; (gl_é " (%l_é 26 (%jo_é . (21)

Finally, the variance-covariance matrix of &(c)= (1%1 ()., (c)) is estimated applying

(59)

the delta method again, i.e.

iﬁ(c) :(GK(C)J EK[GK(C)J ‘ (22)

4. Simulation experiments

Monte Carlo simulation experiments were carried out to study the size and the power of
the hypothesis test H,:x (c)=x,(c) vs H, :x(c)#x,(c). These experiments
consisted of generating N =10,000 random samples with multinomial distributions
sized n= {100, 200,...,500,1000, 2000} , whose probabilities were calculated from the

expressions given in Appendix A (Partial verification: probabilities) of supplementary

material. It was considered that the covariate X is binary (M = 2) with patterns X, and
X, , such as for example any family history of the disease (Yes or No), sex, etc., and this
is a frequent situation in clinical practice. As values for 6, we considered 0.25, 0.50

and 0.75, and for p,, we considered the values 5%, 25% and 50%, which represent a

sufficient range of values to study the effect that these parameters have on the behaviour

of the hypothesis test. As values of the weighted kappa coefficients «,,(0), «;,(1),

K, (0) and «, (1) we took the values {0.1,...,0.9} . From these values, we calculated
the sensitivities and the specificities of the BDTs in each pattern of the covariate, i.e.

from  the  system  of  equations K (0) = (Sphm -Q,, ) / Qun and
Ko (1) = (S€1m — Qo )/ Qu it holds that
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Sehm — me_hm (1) + ﬁmKhm (O)Khm (1) (23)
mehm (O) + mehm (1)

and

_ ﬁm’(hm(o)-i_ mehm(O)Khm(l) 24
mehm (O) + mehm (1) , ( )

with h=1,2 and m=1,2. Then from the values Se,, and Sp,, we calculated the
maximum values of the factors ¢, and ¢,,. As values of ¢, and «,, we took low,

intermediate and high values, i.e.

f

- - f
" Max{Se,,,Se,,} "

@

and

Oy = f +1-f,

" Max{(1-5p,,).(1-Sp,, )}

with f ={0.25,0.50,0.75}, and then we calculated the covariances applying these
equations. As weighting indexes for x,(c) and «,(c) we took the values
¢={0.1,0.5,0.9}, and then we calculated the weighted kappa coefficients «,(c) and
K, (c) applying equations (6), considering for «,(c) and x,(c) only the values
{0.2,0.4, 0.6,0.8} . Therefore, the simulation experiments were designed from the values

set for the weighted kappa coefficients. Moreover, following the idea of Cicchetti [22],

we considered weighted kappa coefficients with different levels of clinical significance:

poor (#;(c)<0.40), fair (0.40<#(c)<0.59), good (0.60<x(c)<0.74) and
excellent (0.75 <K (c) < 1) . As verification probabilities the following scenarios were

considered: D) Aim =0.50, 4, = Ay = 0.35, 4, = 0.05, IT)

A =0.75, Ao = Ay =0.50, Ay, =0.15, TI) A, =095, 4, = A, =0.65,4,, =025

and IV) A, = 4om = Ayim = Aoom =1 Scenarios I, II and III correspond to situations of

partial disease verification in which the verification probabilities are low, intermediate
and high, respectively. Scenario IV corresponds to the case in which all of the

individuals are verified with the GS and, consequently, it is a situation which can be
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called complete verification (which is equivalent to a paired design). In this situation,
the comparison of the two weighted kappa coefficients is made extending the Bloch
method [7] to the case in which in all of the individuals we can observe a discrete
covariate. In Appendix C of supplementary material, we give a brief description of this

method.

The simulation experiments were designed in such a way that if in a sample it is not
possible to estimate a parameter (for example if §ehm = 0) then that sample is discarded

and another one is generated in its place until we obtain the N samples. As the nominal

error we took o =5%..

4.1. Partial Verification

For scenarios I, II and II, the following conclusions are obtained.

4.1.1 Type | error

Tables 3 shows some of the results obtained for «(c)=x,(c)={0.2,0.8} and for

different values of the rest of the parameters. The covariances ¢, and ¢, and the

verification probabilities have an important effect on the type I error of the hypothesis

test, while the rest of the parameters do not have a clear effect upon it. In general terms,

for set values of verification probabilities, the increase in the covariances «,,, and oy,

means a decrease in the type I error, regardless of the sample size. Regarding the
verification probabilities, in general terms, their increase (for the same values of the
covariances) means an increase in the type I error, especially when n<500. The type I
error of the test does not normally exceed too much the nominal error of 5%, fluctuating
around especially when n2>500-1000, depending on the covariances and the
verification probabilities. When the sample size is <500, the type I error is very small
and therefore the test is conservative. In general terms, the hypothesis test is a
conservative test for not very large sample sizes, and has a type I error that fluctuates
around the nominal error when the sample size is very large, but does not normally
exceed too much the nominal error and, therefore the hypothesis test does not give too

many false significances. Therefore, the hypothesis test studied has the classic
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behaviour of an asymptotic test, its type I error is lower than the nominal error ¢ and

from a certain sample size onwards it fluctuates around « .

4.1.2. Power

Table 4 shows some of the results obtained for the power of the hypothesis test for

different values of all the parameters. As for the type I error, the covariances ¢, and

a,, and the verification probabilities have an important effect on the power of the

hypothesis test, whereas the rest of the parameters do not have a clear effect on the

power. In general terms, for set values of the verification probabilities, the increase in
the covariances ¢, and &, means an increase in the power of the test for any sample

size. Regarding the verification probabilities, in general terms, an increase (for the same

values of the covariances) means an increase in power. In very general terms, when the
difference between «,(c) and «,(c) is small (e.g. ‘Kl (c)-x, (C)‘ =0.2) it is necessary
to have a very large sample size, N>500—-1000 depending on the values of the

covariances and the verification probabilities, so that the power is higher than 80% or

90%. When the difference between «,(c) and «, (c) is greater, with a moderate sample

size, N>200-300 (depending on the values of the covariances and the verification

probabilities), we obtain a power higher than 80% or 90%.
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Table 3. Size (in %) of the hypothesis test in the presence of partial verification.

x,(0.5)=x,(0.5)=0.2
p,=0.10,p,=0.25,6,=0.25, 5,=0.75
k,(0)=0.2, x,(1)=0.6, x,,(0)=0.2, &, (1)=0.6
k,(0)=0.1, x,,(1)=0.3, k,,(0)=0.1, x,,(1)=0.3

Ay =0.50 , Ay, =4, =035, 4y, =0.05
A, =075, 4, =4, =050, 4, =0.15

a,=111a,=2 o, =121 a, =3 a,=132 a, =4
: a, =113 a, =131 a, =127 a,=1.61 a, =140 a, =192
100 0.09 0.03 0.01
200 0.54 0.49 0.19
300 1.16 1.07 0.51
400 1.88 1.54 0.88
500 2.84 2.64 2.34
1000 4.37 4.15 4.03
2000 4.85 4.51 4.12

Ay =075, Ay, = A =0.50, Ay, =0.15
A1 =0.95, 4y, =4, =065, Ay, =0.25

a,=111a,=2 a, =121 a, =3 a,=132 a, =4
n a, =113 a =131 a, =127 a,=1.61 a, =1.40 o, =1.92

100 0.13 0.05 0

200 0.99 0.78 0.22
300 1.57 1.34 0.58
400 2.28 2.01 0.94
500 2.94 2.76 2.44
1000 4.01 3.98 3.75
2000 4.59 431 4.18

x,(0.9)=x,(0.9)=0.8
p,=0.10,p,=0.50, 6 =0.50, & =0.50
x,(0)=04, x;,(1)=0.9, x,,(0)= 0.4, x,,(1)=0.9
x,(0)=02, x,(1)=0.8 , k,(0)=0.2, x,,(1)=0.8

411 =050, Ay =4y, =0.35, Ay, =0.05
Ay, =075, 2012 =4, =050, 2’002 =0.15

o, =1.02 o), =2.83 a,, =1.04 o, =4.67 a, =107 oy, =6.5
: a, =101 a, =1.14 a,=1.02 o), =128 a, =103 a, =142
100 0 0 0
200 0.14 0.05 0.01
300 0.33 0.11 0.07
400 0.57 0.29 0.14
500 1.62 0.30 1.19
1000 351 3.36 3.12
2000 4.87 4.52 4.15

Ay =075, Ay, = A =0.50, Ay, =0.15
A1, =095, Ay, =4, =065, Ay, =0.25

o, =1.02 a, =2.83 a, =1.04 a, =4.67 o, =1.07 o, =6.5
n a,=1.01 a,=1.14 a,=1.02 a, =128 a,=1.03 a, =142
100 0.01 0 0
200 0.18 0.07 0.03
300 0.46 0.17 0.04
400 0.59 0.32 0.19
500 1.85 0.50 0.36
1000 3.88 3.48 3.31
2000 4.79 4.76 4.27
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Table 4. Power (in %) of the hypothesis test in the presence of partial verification.
5(0.1)=0.6, x,(0.1)=0.4
p,=0.05,p,=0.50, 5 =0.50 , &, =0.50
x,(0)=0.8, x,(1)=0.8, x,,(0)=0.7, x,,(1)=0.7
K,(0)=04, x,,(1)=0.4 , x,,(0)=0.1, x,,(1)=0.1

Ay =0.50 , Ay, =4, =035, 4y, =0.05
A, =075, 4, =4, =050, 4, =0.15

a, =1.06 o, =17.42 a, =1.12 a, =33.83 a, =1.17 a, =50.25

: a, =1.11 ay, =131 a, =121 a, =161 a, =132 a, =1.92
100 1.73 1.81 1.91
200 13.96 19.42 25.55
300 3334 44.09 58.35
400 51.37 63.41 80.13
500 66.55 77.31 90.91
1000 95.42 98.70 99.83
2000 99.97 100 100

Ay =075, Ay, = A =0.50, Ay, =0.15
A1 =0.95, 4y, =4, =065, Ay, =0.25

a,=1.06 a, =17.42 o, =1.12 o =33.83 a,=1.17 oy =50.25

n a,=1.11¢a, =131 a, =121 a, =1.61 a, =132 a, =192
100 2.53 2.67 2.64
200 19.47 26.72 35.84
300 42.94 53.80 70.98
400 62.11 74.36 87.73
500 74.94 86.04 95.70
1000 98.12 99.43 99.97
2000 99.98 100 100

x,(0.9)=038, x,(0.9)=0.6
p,=0.10,p,=025,8=025,8,=0.75
x,(0)=0.3, &, (1)=0.3, k,,(0)=0.4 , x,,(1)=0.9
x,(0)=0.7 , x,(1)=0.9 , x,,(0)=0.3 , x,,(1)= 0.6

411 =050, Ay =4y, =0.35, Ay, =0.05
Ay, =075, 2012 =4, =050, 2’002 =0.15

a,=1.02 oy, =2.83 o, =1.04 o, =4.67 a,=1.07 o, =6.5

: a,=1.02 aj, =1.64 a,=1.04 o, =2.29 a, =1.06 o, =2.93
100 2.53 2.61 2.72
200 25.33 26.31 28.44
300 44.68 49.13 53.92
400 59.56 64.47 69.85
500 69.74 74.79 81.07
1000 92.55 95.56 98.06
2000 99.71 99.94 99.98

Ay =075, Ay, = A =0.50, Ay, =0.15
A1, =095, Ay, =4, =065, Ay, =0.25

a, =1.02 a, =2.83 a, =1.04 a, =4.67 @, =1.07 a,, =65

n a, =1.02 a, =1.64 a, =1.04 @, =2.29 a, =1.06 a, =2.93
100 4.68 422 3.84
200 28.23 30.01 32.80
300 47.85 51.89 57.03
400 61.73 66.63 72.66
500 71.64 77.18 82.88
1000 94.58 97.02 98.67
2000 99.94 99.96 99.99
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4.2. Complete verification

Table 5 shows some of the results obtained for Scenario IV (complete verification). For
the same sample size and the same values of the covariances, the type I errors obtained
subject to complete verification are always greater than those obtained in the presence
of partial verification, without exceeding the error a=5% . Regarding the power
subject to complete verification, this is always greater than when subject to partial
verification. Subject to complete it is necessary to have a lower sample size to obtain a

high power than when subject to partial verification.

In summary, partial verification involves a decrease both in the type I error and the
power of the hypothesis test to compare the two weighted kappa coefficients when in all

of the individuals we observe a binary covariate.

Table 5. Size and power (in %) of the hypothesis test in the presence of complete
verification.
%, (0.5)=x, (0.5)=0.2
p,=0.10,p, =025,5 =025,5,=0.75,
K, (0)=0.2, 5,(1)=0.6, &y, (0) =02, x,, (1) = 0.6
K5 (0)=0.1, x,,(1) =03, K, (0) = 0.1, &5, (1) = 0.3

a, =111 g, =2 a, =121 ¢, =3 a,=132 a, =4
n
a, =113 a, =131 a, =127 a4, =1.61 a, =140 ¢, =1.92
100 0.75 0.49 0.11
200 2.05 1.66 0.65
300 3.51 2.55 1.56
400 4.16 3.12 2.04
500 3.85 2.36 291
1000 4.06 435 3.62
2000 4.21 4.47 4.95
K,(0.9)=0.8, ,(0.9)=0.6
p,=0.10,p, =025, 6, =0.50, 6, =0.50
k,(0)=03, x,(1)=03, x,,(0)=04, x,,(1)=0.9
Kk,(0)=0.7, x,(1)=09, ,,(0)=0.3, x,, (1) = 0.6
o a, =102 o, =2.83 a, =104 o, =4.67 a, =107 a, =6.5
o, =1.02 o, =1.64 o, =1.04 a, =2.29 a, =1.06 o, =2.93
100 11.65 15.45 18.61
200 51.61 62.12 76.93
300 77.72 85.53 96.31
400 89.25 95.35 99.64
500 95.66 98.68 99.90
1000 100 100 100
2000 100 100 100
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5. Example

The model proposed in Section 3 was applied to the study by Hall et al [14] on the
diagnosis of the Alzheimer’s disease. Hall et al used two diagnostic tests for the
diagnosis of the Alzheimer’s disease: a new diagnostic test (NDT) based on a cognitive
test applied to the patient and another test related to another person who knows the
patient, and a standard diagnostic test based on a cognitive test (CT). As a GS, they used
a clinical assessment (a neurological exploration, computerized tomography, neuro-
psychological and laboratory tests,...). As the advanced age (=75 years) of a patient is
considered to be a risk factor for the Alzheimer’s disease, the probability of selecting a
patient for the clinical assessment was based on the results of two diagnostic tests and
on the age of the patient (=75 years or <75). The study by Hall et al corresponds to a
two-phase study: in the first phase, two diagnostic tests were applied to all of the
patients, and in the second phase the clinical assessment (GS) is only applied to a subset
of patients depending on the results of both diagnostic tests and on the age of the patient

(covariate). Therefore, it is assumed that the verification process is MAR. Table 6 shows

the data from the study by Hall et al, where T, models the result of the NDT, T, that of

the CT and D that of the clinical assessment. In the following m=1 refers to patients

whose age is =75 years and m =2 to the patients whose age is <75 years.

Table 6. Data from the study of Hall et al.
Age =75 years

T =1 T,=0
T,=1 T,=0 T,=1 T,=0 Total
V=1
D=1 31 5 3 1 40
D=0 25 10 19 55 109
V=0 22 6 65 346 429
Total 78 21 87 402 588
Age <75 years
T =1 T,=0
T, =1 T,=0 T, =1 T,=0 Total
V=1
D=1 7 0 0 0 7
D=0 10 19 6 34 69
V=0 9 11 52 759 831
Total 26 30 58 793 907
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In order to illustrate the model proposed in Section 3, it was considered that ¢ =0.9,

a situation in which the clinician considers that a false negative is nine times more

important than a false positive. Applying the EM algorithm taking dl =y

ijm ijm

/2 and as a
stopping criterion y =107", the algorithm converged in 778 iterations. For the patients

whose age was =75 years

£,(0)=0.441, &,(1)=0.669 , &,,(0)=0.245 , £, (1)=0.715
p,=0.118, &, =1.082 , &, =3.365,

and for patients whose age was <75 years

£,(0)=0.182, &,(1)=1, £, (0)=0.117 , &, (1) =1
ﬁz = 0012 ’ &12 :1 ) &02 :4129

From the data in Table 6, &, = 0.393 and &, =1-0.393 = 0.607 . The overall estimated
prevalence is P =0.054. Substituting in equations (4) and (5) each parameter with its

estimation
£,(0)=0.359 and £, (1)=0.734,
and
£,(0)=0.223 and £,(1)=0.787.
Finally, applying equation (6)
£,(0.9)=0.665 and «,(0.9)=0.628.

Calculating the inverse Fisher information matrix of the complete data (from the last

2x4 table obtained from the application of the EM algorithm), applying the SEM
algorithm taking as the stopping criterion »'=10"° and applying equation (21), the
estimated variance-covariance matrix of k = (121 (0),4,(1),£,(0),%, (1)) is
0.0020 0.0015  0.0009 0.0005
- 0.0015 0.0111 —-0.0006 0.0055

2i = 0.0009 —0.0007 0.0013 0.0012 |
0.0005 0.0054  0.0013 0.0096
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and applying equation (22), the estimated variance-covariance matrix of

k(0.9)=(%,(0.9),%,(0.9)) is

~ ~(0.0070 0.0023
0971 0.0022  0.0051)°
Test statistic for the hypothesis test H,:x,(0.9)=x,(0.9) vs H, :x,(0.9) #x,(0.9) is

z=0.43 and the two-sided p-value is 0.670, then the equality of the two weighted

kappa coefficients is not rejected when ¢ = 0.9 . Therefore, when the clinician considers

that a false negative is 9 times more important than a false positive (C = 0.9) , we do not

reject the equality between the weighted kappa coefficients of the new diagnostic test

and of the cognitive test in the population studied.

Table 7 shows some of the results (&; (C) , test statistic and two-sided p-value) when

comparing the two weighted kappa coefficients for different values of the weighting

index ¢. When both diagnostic tests are going to apply as tests previous to a treatment

involving some risk (0<c<0.5), the weighted kappa coefficient of the NDT is

significantly higher than that of the CT. The same conclusion is reached when ¢ =0.5.

When the diagnostic tests are going to apply as screening tests (0.5 <c< 1) and the

clinician considers that ¢ =0.6 (a false negative is 1.5 times more important than a false
positive), then the weighted kappa coefficient of the NDT is significantly higher than
that of the CT. For the rest of the situations, screening tests with ¢ = {0.7,0.8,0.9} , the

equality of the weighted kappa coefficients of the NDT and the CT is not rejected.

Table 7. Results from the example of Hall et al for different values of the weighting

index C.

c & (c) & (c) Test statistic Two-sided p-value
0.1 0.378 0.240 3.28 0.001
0.2 0.399 0.260 3.13 0.002
0.3 0.424 0.283 2.94 0.003
0.4 0.451 0.312 2.70 0.007
0.5 0.482 0.347 2.40 0.016
0.6 0.517 0.391 2.05 0.041
0.7 0.559 0.447 1.62 0.106
0.8 0.607 0.522 1.09 0.274
0.9 0.665 0.628 0.43 0.670
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6. Discussion

The weighted kappa coefficient is a measure of the beyond chance agreement between
the BDT and the GS, and is used to assess and compare the effectiveness of BDTS when
considering the losses of an erroneous classification with the BDTSs. In this article, we
have studied a hypothesis test to compare the weighted kappa coefficients of two BDTs
when in the presence of partial disease verification a discrete covariate is observed in all
individuals. The hypothesis test proposed is based on the fact that the verification
process with the GS only depends on the results of the two BDTs and on the covariate,

and consequently that the verification process is MAR.

The solution of the hypothesis test of equality of the two weighted kappa coefficients
was carried out by applying computational methods: the EM algorithm for the
calculation of the estimators and the SEM algorithm for the calculation of the variances-
covariances. The EM algorithm is well known and is applied in many problems with
missing data. Nevertheless, the application of the SEM algorithm is not so frequent, and
this is a method which is inherent to the EM algorithm as it uses many of its
calculations. When applying the SEM algorithm to the situation analysed here with a
discrete covariate, it is demonstrated that the elements of the DM matrix between

estimators of two different patterns of the covariate are equal to 0, i.e. f; (k,l) =0,

which leads to expressing the DM matrix as a diagonal matrix,

DM = Diag{DM,,...,DM, }, where each DM, matrix is the DM matrix in X =X, .

This decomposition of the DM matrix simplifies the calculations of the variance-

covariance matrix.

An alternative method to the SEM algorithm for the estimation of the variance-
covariance matrix consists of applying the Louis method [23]. The Louis method
requires us to calculate the conditional expectation of the square of the complete-data
score function and is a method which has been criticized by several authors [20, 24].
The advantage of the SEM algorithm is that it is a method which makes use of many of

the calculations of the EM algorithm.

Once the model based on the EM and SEM algorithms was proposed, simulation
experiments were carried out to study the size and the power of the hypothesis test when
the covariate is binary. The choice of a binary covariate is justified by its practical

usefulness, since in clinical studies it is frequent to have covariates of this type, such as
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sex, family history, the presence or absence of a risk factor, etc. The results showed that
the hypothesis test is a conservative test when the sample size is not excessively large,
and the type I error fluctuates around the nominal error when the sample size is very
large. The power of the test depends strongly on the covariances between the BDTS, on
the verification probabilities and on the difference between the weighted kappa
coefficients. In very general terms, when the covariances and the verification
probabilities take low values, it is necessary to have a very large sample size, between
500 and 1000 depending on the difference between the two weighted kappa coefficients,
so that the power is higher than 80%. When the covariances and the verification
probabilities are high, with a sample size between 200 and 500, depending on the
difference between the two weighted kappa coefficients, we obtain a power higher than

80%. Therefore, as the proposed hypothesis test is a conservative test with a sample size

between 100 and 500, it may have a high power (>80%) with 200<n<500, and a

very high power (>90% or even close to 100%) with n>1000, depending on the
covariances and on the verification probabilities. Furthermore, for the sample sizes
considered in the simulation experiments, the type I error does not exceed too much the
nominal error and, therefore, the hypothesis test does not give too many false

significances.

The problem of comparison of the weighted kappa coefficients in the situation posed
here was solved from an unconditional point of view. That is to say, the EM algorithm
was applied from the likelihood function based on the n individuals in the sample
(equation (11)). Another way of solving the problem is conditioning in each one of the
M 3x4 tables (i.e. conditioning in each value of the covariate), and applying again the

EM and SEM algorithms In this situation, for the m-th 3x4 table (X =x,) the

likelihood function based on n, individuals is

I(K]m(0)7Klm(1)7K2m(O) () P> X &, ):

Zl“(s,,m +dy, Jlog| P(T, =i, T, =i,D =1|X =x,) |+

i,j=0

i(rljm—l—u um)log[P(Tl:i;Tz=i,D=O|X =Xm):'.

i,j=0

For each one of the M 3x4 tables, the EM algorithm is applied from the previous

function, and then the SEM algorithm is applied in each table, calculating the matrixes
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DM,,...,DM,, . Then the variance-covariance matrixes are calculated in each one of
the M tables. Finally, applying the delta method in a similar way to how it is applied at
the end of Section 3.2, we calculate the variances-covariances of the estimators of the
overall weighted kappa coefficients of the two BDTSs. Both perspectives, unconditioned

and conditioned, lead to the same solutions.

Finally, if the verification process depends on more than one discrete covariate, then
we can consider a single covariate whose number of patterns would be the product of
the number of patterns of each covariate [25]. For example, if in the study of
Alzheimer’s disease the probability of verifying with the GS the status of an individual
conditionally depends on the results of both BDTs and also on sex and age (=75 years
or <75), then we can consider a single covariate with four patterns (female =75 years,

female <75 years, male >75 years and male <75 years).
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Supplementary material of the manuscript:

EM and SEM algorithms to compare the weighted kappa
coefficients of two diagnostic tests in the presence of partial

verification and discrete covariates

Appendix A
1. Partial verification: probabilities
Let us consider X =X and the parameters (Selm,Sezm,Splm,szm,alm,aom,i,jm,é'm, pm)
defined in Section 3, then the probabilities of the m-th 3x4 table are:
fim = P(V=LD=LT, =i,T,=j,X=x,)=
8 Potyn| Seln (1-86,,) ™ Sel, (1-Se,,) ™ + A, Se,,Se,,, (e, ~1) |,
O =P(V=LD=0,T, =i,T,=j,X=x,)=

5mﬁmﬂ’|jm |:Sp]1%I (1 - Splm)i Sp;nJ (1 - SpZm)j + Aij (1 - Splm )(1 - szm )(a0m _1):|

and

. . _Zi'm
= P(V =0T, =0T, = X =x,) =—— (fim+ Ui ) »

ijm

with i,]=0,1 and where A; =1 if i=j and A;=~1if i# j. It is easy to check that

( fim + Qi + hijm) =0, , and therefore it is verified that i i( fim * Gijm + hijm) =1.

i

i,j=0 i,j=0 m=1

Solving  the  system  of  equations  x;,(0)= (Sphm -Q., ) / Q.. and
K (1) = (S€m — Qun )/ Qu it is obtained that the sensitivity and the specificity of each
BDT in X =X, are given by equations (23) and (24), i.e.

_ P Kiom (1) + EmKhm (O)Khm (1)
ﬁmKhm (O)+ mehm (1)

_ ﬁmKhm (O) + P (O)Khm (1)

Se, and Sp,, =——
" " mehm(O)+ mehm(l)

3
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and substituting the parameters Se,, and Sp,, in the expressions of the previous
probabilities (fijm, fijm,hijm) and performing algebraic operations we obtain the
probabilities of the multinomial distributions in terms of the weighted kappa

coefficients «;,,(0) and «,, (1), which are final expressions that have been used to

generate the random samples in the simulation experiments.

2. Overall weighted kappa coefficients
For X =X, the sensitivity and specificity of each BDT are defined as
Sey, =P(T,=1|D=1,X =x,) and Sp,, =P(T,=0|D=0,X =x,), with h=1,2. Let

§,=P(X=x,) and p,=P(D=1[X =Xm) defined in Section 3. Then the overall

m

M
Zé‘m pmsehm
sensitivity and the overall specificity of each BDT are Se, :’MT and
M
Z5mﬁmsphm M
Sp,, =”‘:1T, where pzZém p, is the overall prevalence and
m=1

M
p=1-p= 25m P., - Substituting the overall sensitivity, the overall specificity and the
m=1

overall prevalence in equations ; (0) = (Sph -Q, ) / Q, and x,(1)=(Se,-Q,)/Q, , with
Q, = pSe, + ﬁ(l — Sph) and Qh =1-Q,, and performing algebraic operations we obtain
the expressions of «, (0) and «;, (1), in terms of «,,(0) and «, (1), given in (4) and

(5).

3. Complete data: probabilities

Let us consider that the GS was applied to all of the individuals, then X =X, we obtain

the 2x4 frequency table given in Table 1 (Complete data). The probability of each one
of the cells in this table is P(T,=iT,=i,X=x,D=1)=6,4, and

P(T,=i,T,=i,X =x,,D=0)=3,0,,, where ¢, =P(T,=i,T,=i,D=1|X =x,) and

m
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Pijm = P(T1 =i,T,=i,D= O|X = Xm). Applying the conditional dependence model of
Berry et al [19] it holds that
$n =P(T, =iD=1X =x,)xP(T, = j|D=1LX =x, )+ A&, =

- L L (25)
Sel, (1-Se,,) " Sel,(1-Se,,) ' +A;5€,5e,, (o, —1),

and
Dy = F>(T1 =i|D=0,X :xm)xP(T2 = j|D=0,X :xm)+Aingm =

| b . 26)
Sp;; (1 - Splm) Sp;nJ (1 - szm )J + Aij (1 - Splm)(l - SpZm)(aOm _1)

Substituting in these probabilities each sensitivity and specificity with (23) and (24)
respectively, and performing algebraic operations we obtain the probabilities of the cells

of the table of the complete data in terms of the weighted kappa coefficients.

4. Algorithm EM: estimators

Let us consider X =X_, the estimators of the sensitivities and specificities in the t-th

iteration of the EM algorithm are

+diin

b

SAEI(Q _Sumt dl(ian *Siom t+ d1((t))m Sl _ Siim T dl(;zn +Syim

s, +d" T s, +d"

(t) (t)
Moim + Yoim — dOlm + Toom T Ugom — dOOm
(t)
r.+u,—d,

Spl =

and

(t) (1)
+u — d10m + Foom + Ugom — dOOm

r,+u,—d%

r-10m 10m

Spl) =

b

and the estimator of the prevalence is f)r(nh) :(sm +dr(nh) ) / n,, . Substituting the previous

expressions in the equations &, (0)= (Sphm Q. ) / Qun and (1) =(Seyn — Qun )/ Qo

and performing algebraic operations, we obtain the expressions of estimators zeg;l (0)

and £\

(1) in the t-th iteration of the EM algorithm.
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Moreover, from equations (25) and (26) it holds that ¢, =¢«,,5¢,,5¢,,, and that
Poom = %om (1= 5P, )(1=SPyy ) + SPyy + SP,, —1. In the t-th iteration of the EM

algorithm, the estimators of these probabilities (which are estimators of multinomial

proportions) are

and
A(():))m = OA‘(()tn)l (1 - épfr? )(1 - épgr?m ) + SAIOI(:T? + épgtrzl -1= (rOOm +Ugom ~ d(():))m )/nm .

From these two equations, the expressions of &' and 4\") are obtained.

Appendix B

To simplify the demonstration, let us consider that the covariate X is binary and that it
takes the values X =1 and X =2. The extension of the demonstration to a covariate

with M >3 patterns is analogous considering X =X, and X =X,. Let us suppose that

the initial values of the EM algorithm in each one of these two patterns of the covariate

are
6 (1)=& (0),& (1), (0), & (1), ", &1, 4}
and
0 (2) =(&5)(0), R (1), (0),82 (1), B, 6,68 ).
both calculated applying the EM algorithm taking as initial values 0<d\{ <u, and

0< diﬁ.? < Uy, , and when the final estimations obtained in T iterations

and
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From (1) and 0(2) it is possible to calculate the probabilities of the last 2x4 table

obtained by applying the EM algorithm, both for X =1 and for X =2. Let ﬁf;) and

@i(;n), with m=12, be these probabilities which are calculated substituting in the

expressions of ¢, and of ¢, each parameter with its final estimator. In these last two

tables it is verified that

d_(_T) =U. i
jm |12 ¢?(T) + I\(T)

ijm ijm

= 1,j=0,1, m=12.

For X =1 let the vectors be

%(70) (1) = (’211 (0),1311 (1)57221 (0)”%21 (1)’ ﬁl’&ll’&(()(l)))’

and for X =2

The second step of the SEM algorithm consists of applying the first iteration of the EM

algorithm with each one of the previous vectors. For example, using the vector 1350) (1) it

holds that for X =1
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4\

dlgll) :uijIM7 i9 J = 0913
where
¢?1(113 = ﬁ]dllé;l]’ell (1)92217621 (1)9 ¢31((;3 = ﬁléll’en(l)[l_dnézl’ez] (1)j| >
¢30(i)1 = plézllezl(l)[l_&nén’en (1)]9
¢001 p1 [1 511’(11( )_521’221(1)+d11é?11’%11(1)$21’%21(1)}
(0111 pl 01[1 ‘//11 11 JD '//21 (0)]
50101 p[ V/ll 1(1 }[1 a01+a01'//21 21(0)]
Cb(()ll)l = ﬁl [1_1/}21’221 (0)][1_0?01 +d01‘/}11’211 (0)]
and
(0001 pl{'//n 1(1)(0)+‘/;21’221(0)_1+0A‘01[1_'/}11’21(?)}[1_‘/}21’221(O)]},
with
92 _ ﬁm Al(?)(o)-i-pl 5‘ Ll Azl( ) b1 l/} f’l’en(l)"'ﬁ
11~ = ~ ~ > 921 T 2 A ~ A > YT = ~ A >
I 1(?)(0)"'[31 11(1) Py 21(0) I 21(1) | 1(?)( )+p1K11(1)
and

For X =2 we obtain

1 -
d2 “2¢() ,\(1)5 I’J: 9

j2 1j2
where

¢112 p2a12§12’(12( )522’222(1) >

¢102 plé:lz 12( )[1_0}12‘522’222(1)}’
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A = Dbk (1) 1- @bk (1) ],
B, = B, [ 1= &t (1) = &y, (1) + @iy (1) (1) .
01 = Polin [ 1171015 (0) J[ 1= (0) .
Glin = o[ 11712 (0) J[ 1= Gy + G (0) ],

é’(()11)2 = ﬁz [1 - ‘/722’222 (0)] [1 - &oz + &ozl/}n’elz (0)]

and
(/7002 pz{l//u’(lz(0)+‘/}22’222(0)_1"'&02[1_‘/;12’212(0)][1_1/}22’222(0)]}’
with
: 0,4, (0)+ P, p,<,(1)+ P,
Go =z — and 7, == ——, i=0,1
’ P, ( ) P&, () ’ sz|2(0)+p2K|2()

For X =1 it is verified that ¢Jl ¢¢”1 and that (pﬁl) ;t(p,gl), since in Aull and goul)

121(? ) (0) intervenes instead of £, (0) (which is the value that intervenes in ¢?ﬂ) and in

@i(jTl) ). It is evident that

¢ZI(1)
di(jll) = uij1ﬂ(1)+1 # du1 )
1j1 ijl

1,j=0,1.

For X =2 it is verified that ¢i = ¢?u; and that (0.,2 (bﬁ?, since in the probabilities

¢?|512) and (b.(le) the only estimators that intervene are the final ones obtained by applying

the EM algorithm. Consequently, for X =2 it is verified that

éi» dy
] _ ]
¢?,(l)+§b(]) —Mij2 ¢"I(T)+¢(T)

j2 1j2 j2 j2

diglz) = Uy, = di(sz)a i,j=0,1,

and therefore for X =2 the estimators obtained by applying the first iteration of the EM

algorithm with 650)(1) (step 2 of the SEM algorithm) are equal to the final estimators
obtained by applying the EM algorithm, ie. £\ (0)=£,(0), &Y (1)=4&,(1),
£(0)=#,(0), &)(1) =k, (1), p"=p,, &V =a, and 4l =4, Therefore, by
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calculating the elements f; between estimators of the different patterns of the

covariate, it holds that these elements are equal to 0. In the previous situation for f)&o) (1)

it holds:

since all the numerators are equal to 0. Repeating the process again, the elements are
calculated ,81(})(1,2), with j=8,...,14, and again it is obtained that ﬂl(})(l,2) =0, and
the process stops because the difference between the two consecutive iterations is 0

(<7'). The demonstration is identical to the rest of the vectors 650)(1). For the same

covariate pattern, the elements /f; are calculated by applying equation (17).

For a binary covariate, two DM matrixes are obtained: DM, and DM, . DM, is the
matrix between the estimators in X =1 and DM, is the matrix between the estimators

in X =2. Finally, the DM matrix is obtained as
DM = Diag{DM,,DM,},

since f3;(1,2)=0 with i=1,..,7 and j=8,...,14,and £ (2,1)=0 with i=8,...,14 and
j=1,.7.

Appendix C

When all of the individuals are verified with the GS and in all of them we observe a

discrete covariate, the comparison of the two weighted kappa coefficients is solved

extending the Bloch method [7]. In this situation, for X =X Table 1 is obtained with

U;m =U =0. The method to solve the hypothesis test is:

1). In each pattern of the covariate the Bloch method is applied to estimate the weighted

kappa coefficients «,,(0) and «,, (1). The parameters J, and p, are estimated as
A M A
Sy =n,/n and P, =s,/n,,and p=>0,.p,.
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2). Calculate «,(0) and &, (1) substituting in equations (4) and (5) the parameters with

their estimators, and then calculate &, (c) and &, (c) applying equation (6).

3). Estimate the variances-covariances inverting the Fisher information matrix of the

likelihood function of the complete data (equation (13) with d;;; =0).

4). Estimate the variances-covariances of £, (c) and «,(c) applying the delta method

(equations (21) and (22)), and then solve the hypothesis test calculating the test statistic
(equation (7)).
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