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Abstract. We explore the thermodynamics of AdSs black holes in two models: i) an improved
holographic QCD model with a simple dilaton potential, and ii) the Stiickelberg model in
5D. In the former case, by applying techniques of singular perturbation theory, we obtain a
resummation of the naive expansion at high temperatures, providing a good fit to the lattice
data for the trace anomaly. In the latter, we find a solution of the equations of motion by
considering an expansion in the conformal dimension of the current associated to the gauge field.

1. Introduction

The gauge/gravity duality is a powerful tool to study the properties of gauge theories, and in
particular of QCD, in their strongly coupled regime. Using this duality, the thermodynamics
of a field theory can be obtained from the classical computation of the thermodynamics of
black holes in the gravity dual. The entropy of a black hole can be computed from the famous
Bekenstein-Hawking entropy formula [1, 2, 3, 4, 5]. In conformal AdS; the entropy scales like
SBlack Hole X 7";3 o T3; however, in order to have a reliable extension of this duality to SU(N,)
Yang-Mills theory, the first task is to control the breaking of conformal invariance. Conformal
transformations are broken by quantum corrections due to the necessary regularization of the
UV divergences, yielding the so-called trace anomaly [6, 7]

-9, )
where T"" is the energy-momentum tensor, € is the energy density, p is the pressure and S is
the beta function. We will explore the application of techniques of singular perturbation theory
to get a better control of the high temperature expansion of the thermodynamic quantities.
On the other hand, theories with a massive gauge field in the bulk of AdS5 have been proposed
as holographic duals of QCD with dynamical gauge fields. The relation of the Stiickelberg field in
holography to the axial anomaly has been first pointed out in Ref. [8]. Recent applications of the
Stiickelberg mechanism include the computation of anomalous effective actions [9], anomalous
transport and their renormalization properties [10, 11], AdS/QCD [12] and beyond the Standard
Model scenarios [13]. In the last part of this work we will study the thermodynamics of the
Stiickelberg model in 5D as well as the consistency of the entropy formula in this model.
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2. The holographic QCD model
The bottom-up approach is based on the building of a gravity dual of QCD, including the main
properties of this theory. We introduce in this section the model and study the solutions.

2.1. The model
One of the most successful holographic models of QCD within the bottom-up scenario is the 5D
Einstein-dilaton model, with the Euclidean action [2]

1 v
S=55 / dp d4x\FG<—R + G0, 0,P + 2V(<1>)) + Scn, 2)

where 2 = 1/(2M?3) is the 5D Newton constant with M the Planck mass, and @ is a scalar field
to be identified with the Yang-Mills coupling through ¢g? = ¢?®. The boundary term Sgy is the
usual Gibbons-Hawking contribution built up from the extrinsic curvature. The introduction
of a scalar field breaks conformal invariance, and the form of the scalar potential V(®) is
usually phenomenologically adjusted to describe some observables of QCD. We can introduce
the superpotential, whose relation with the scalar potential is V(®) = %VV’(CP)2 — %W((I))Q. In
this work we will consider the simple form of the superpotential

W(®) = 4713 4 vpe?), (3)

where £ is the radius of the asymptotically AdS5 background. The combination y?vg/2 = by can
be taken from the one-loop S-function of a pure SU(N.) gauge theory, i.e.

dg 3 11N, 4
= _— = — = — . 4
B(g) = n o bog 302! (4)

2.2. Equations of motion
We are interested in the study of finite temperature solutions of the Einstein-scalar gravity
model corresponding to a black hole. In Fefferman-Graham coordinates the metric is
2 02 0
d82 = Guudl”udl’y = T[)de2 + ;gr'r(p)d7'2 + ;gxz(p)dja . (5)

The asymptotic expansions for the metric and the dilaton field in holographic QCD models have
been studied in details in these coordinates [14]. This metric has a regular horizon at p = py, i.e.
gr-(pn) = g, (pn) = 0, and the temperature and entropy density of the black hole are given by

1 21 (17 3/2
Ty VI 5= (o)) ©)
Using this metric, the equation for the scalar field, which is a second order differential equation,
can be decoupled by an additional differentiation. Then it can be converted in autonomous by
making the change of variables, (p, ®) — (®, u(®)), where u(®) = p ®'(p), leading to '

(w'(®)”  32V'(®) AV(@))? . (2(8V (D) + 3V (D))

O =) aw@)e YOt ey 12u(2) | "

At zero temperature, when g,, = ¢g,,, the solution corresponds to a domain wall configuration,
up(®) = LW'(®) = Leer®, and it is given by

2
e1®(p) — 2

— 5 17 7 N> T d) = T ®) = '672q)/(3’y)- 8
200 Tog (7077) 9zz(®) = gr7(®) = g(0) (8)

! We refer the reader to Ref. [15] for the remaining field equations involving g(®) and g.,(®).
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Using g2 = ¢7® and Eq. (4), it turns out that the radial coordinate p~'/2 can be interpreted as the

renormalization group (RG) scale, and p, 12 = Aqcp is an integration constant corresponding
to the location of the Landau pole of QCD. The other integration constant gy is arbitrary.

2.8. Asymptotically AdS black hole solutions from resummation

We now consider a black hole solution specified by the horizon data (pp, ®y). Local analysis of
the equations of motion shows that, in order to have a regular horizon at ® = &y, it is necessary
that limg—a, (w(®)gh () — goz(®)) = 0, which fixes the first term of the power series solution

w(®) = an(®)(By — )2, 9)
n=0

and similar expressions for g,,(®) and g, (®). We will study the analytical solution in the
regime v = yvpe?®r <« 1 for any v > 0 by using a boundary-layer analysis. In this regime the
leading part of each coefficient of the series (9) behaves as a,(®;) oc v~"t1/2. This suggests
to consider an expansion of the form u™(®) = >°°° | v"U,((®, — ®)/v) which is valid in the
region of boundary-layer near the horizon, where the inner variable, ¥ = (&5, — ®)/v, is O(1).
The first order of this expansion reads u"(®) = ¥v1 — e~ + O(v?). For the regime outside
the boundary layer we tried a solution of the form w"*(®) = Y>>, v"u, (®;, — ®), and the
corresponding substitution in Eq. (7) leads to u°"(®) = %eV(q’_Cbh) to all orders in v, so that
the outer solution has the same form as the zero temperature solution. Thus the asymptotic
matching produces a uniform approximation valid for (—oo, ®p) given by

u™ (@) = L 4 u(@) — L™+ 00, (10)
so that |u(®) — v™f(®)| = O(v?). The last term in Eq. (10) is the common limit of the inner
and outer approximation in the matching region, v < ¢, — ® < 1.

From the knowledge of the lowest orders of u™(®), it is possible to get in closed form the
lowest orders in v for the inner solutions of the metric, ggl((I)) = >, V" 9n)i;(¥), while the
outer solution reduces to the zero temperature result given by Eq. (8). Finally, the asymptotic
matching of the outer solution with the inner expansion determines the horizon quantities

g (1) = 251002/ (1 2252 4 002)) (1)
Y
Sare o=281/(37)
g (D) = _% (1 + %(4 4392~ 4log2) + o<y2)> . (12)

Note that the second derivative in Eq. (6) is written as g”_(pn) = p;, > limo_e, (u(®)u'(®)g.,(P)),
so that these quantities are directly related to the temperature and entropy of the black hole.

3. Thermodynamics of holographic QCD
Using the previous results, we can apply the holographic prescription [16] for the derivation of
the trace anomaly of the Yang-Mills theory (see e.g. Ref. [2] for full details on the procedure).

3.1. Trace Anomaly
The perturbative running of the coupling constant in Yang-Mills theory induces a deformation
in the action which may be written as

_ L 4 2 4 (7 o _ 2
65—5<292>/derF —/dyc(2e 60) (~Tr F?) . (13)
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This gives rise to the trace anomaly of the stress tensor

_Blg)
g3
To apply the holographic prescription we can assume that the boundary value of the combination
%6_74’(”)6 ®(p) plays the role of a source that couples to the dual operator O = —by Tr F2. The
one-point function (O) is therefore proportional to the gluon condensate.
With the zero temperature solution ®q(p) given by Eq. (8) and v%vy/2 = by, one can prove
that a change in the scale dpg, induces a change in the scalar field @ of the form %e*'y%dé =
dpo

TV =

A Tr F? = by Tr F2. (14)

Too - Then, according with Eq. (13), the derivative of the free energy density w with respect
to fog po must be proportional to the gluon condensate, leading to
Vs

2p0—— = bo(Tr F?) where S = W (15)

3.2. First law of thermodynamics
We then assume that the free energy density is a function of the source py and the temperature T,
whose variation is dw = —sdT — (O)dpo/(2po). This assumption requires the condition for
integrability 2pg0s/0py = 0(O)/OT, which has been checked in Ref. [15] by using holographic
renormalization techniques. Since there is no conserved charge, the Euler identity adopts the
form w = € — T's. Then, it follows that the first law of thermodynamics is
deszs—((’))@. (16)
2p0
At this point one can observe that there is a similarity to the thermodynamic identities of elastic
bodies, where the work done by an applied stress 7;; is given by dW = —V37;; dn;;, being n;;
the strain deformation and V3 the volume, see e.g. Refs. [17, 18]. This means that the source
~ log \/po plays the role of the deformation, while the condensate (O) is the analogous of the
stress tensor. There is no need to interpret the source as any kind of chemical potential [19, 20],
and this analogy with the thermodynamics of deformation seems more suitable.

3.8. Equation of state when v < 1
Using dimensional analysis one finds that a compact way of writing the pressure is

(T, po) = —w = aT* + aT* N (T?py), (17)

where a is a constant and N (z) is a function to be determined. We may now compute the
pressure from the information about the horizon encoded in Egs. (11) and (12), which determine
the temperature and entropy density when T'\/pn, > 1 and ®; — —oco. When using the relation

Ph = 2pp exp (— 2

e*“@h), one obtains for the entropy density 2

v2vo
S sy 4a N (T?po) +2aT?po N'(T?po) (18)
T3 oT ’
with a = 374/(2k?) and N (z) = — 3 + O(W™2), where W(z) denotes the

W(Bv&l(g&);ﬂzx)&@m)
principal branch of the Lambert W-function. The trace of the thermal stress tensor can be
obtained from the relation, € +p =T's = TOpp, as

€3W472T4

£ —3p=—by(Tr F?) = 53

N(T?po)?* + ... . (19)
2 If one chooses the 5D Newton constant k2 to reproduce the Stefan-Boltzmann limit of the entropy density in

. . 2 . 3
gluodynamics at high temperatures, sguons — (N2 — 1)44L5T57 then one has f;—z = (N2 - 1)#.
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Figure 1. Left panel: s/T% as a function of (p(l)/ ’7 )~1. We display as dots the result from a
numerical computation of the equations of motion, while the solid (blue) line corresponds to the
analytical result of Eq. (18). The horizontal dashed lines correspond to the Stefan-Boltzmann
limit. We have used N. = 3 and v = ,/2/3. Right panel: (¢ — 3p)/T* as a function of 7. The
dots correspond to the lattice data for gluodynamics from [21] with N, = 3. We show as a solid
(blue) line the analytical result from Eq. (19) with the values of the parameters given in Sec. 3.4.

T
Loglo T—
c

The asymptotic behavior W(z) ~ log z as z — oo is consistent with the logarithmic behavior of
the trace anomaly at high temperature. Note that in the opposite limit, W(z) ~ z as z — 0,
the model seems to predict the existence of power corrections in temperature. Although these
corrections are desirable, as we will see below they don’t play any phenomenological role within
this model. However, it is remarkable that the resummation performed above leads to such a
result. Finally, we display in the left panel of Fig. 1 the entropy density (normalized to T)
as a function of the inverse of temperature. Note that this is a multivalued function with two
regimes corresponding to big (upper branch) and small (lower branch) black holes.

3.4. Phenomenological consequences for QCD

We can now compare the results of the model by considering v and pg as free parameters, with
the lattice data of the equation of state of gluodynamics in SU(3). The best fit to the lattice
data of the trace anomaly of Ref. [21] for temperatures 37, < T' < 10007 leads to v = 2.375(19)
and poT?2/g(0) = 0.0555(10), with x*/dof = 0.088. The result for the trace anomaly is displayed
in the right panel of Fig. 1. We conclude that the model leads to an accurate description of the
lattice data in the whole regime 3 < T'/T.. For temperatures closer to T¢, it has been discussed
in the literature that a good description of the lattice data requires the existence of power
corrections in T2, see e.g. Refs. [22, 23]. However, from this analysis it seems to be that the
model does not lead to power corrections in this regime. In either case, we cannot exclude that
power corrections could become relevant after considering the effects of RG flows connecting two
fixed points, a study already outlined in Ref. [15], or in a sophisticated version of the model.

4. The Stiickelberg model
In the last part of this work we will study the thermodynamics of the Stiickelberg model in 5D.
This model is an extension of the Einstein-Maxwell theory including a massive gauge field.

4.1. The model
The Stiickelberg model in 5D is defined by the Euclidean action

1 12 1 1
— 4 i it R My T Yy _ _
S /dzd VG [2/# (R + 7 ) Ig? F,F 2972 G" (0, —mA,)(0,P —mA,)| + Sau ,(20)
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where A, is a U(1) gauge field with mass m. The mass of the gauge field is related to

the conformal dimension A of the U(1) current operator J* dual to the gauge potential
as m?0? = (A — 3)(A — 1) with 3 < A < 4, where for convenience we have defined A := 3 — A.
Let us consider for the moment the metric in conformal coordinates

72 o
ds® = 2 [d2? + gijda’da’] (21)

which is asymptotically AdSs near the boundary, z — 0. The behavior of the time component
of the gauge field in this regime is

Ar(2) = Ay (%)3_A + 0] (%)A_1 TR (22)

where A ), corresponds to a deformation of the conformal field theory (CFT), with energy scale
A=1/¢, ie.

/ d*z Ay, J = / d*z A2 A, 07 . (23)

In this expression O = J A3 is a condensate of dimension A, while A(0)r plays the role of a
chemical potential.

4.2. Black hole solution
The equations of motion of the model follow from the variation of the action with respect to
scalar and gauge fields, and the metric. Since we are interested in black hole solutions, we will
consider the following ansatz

2 _ r*f(r) &

2
ds® = 7 dr? + ng(r)er + Z—dez, A(r) = j(r)dr, ®(r) = const, (24)

where we have used r = ¢2/z, and seek for perturbative solutions to first order in A — 3. The
leading order solution, A = 3, corresponds to the well-known result in the Einstein-Maxwell
theory in 5D, which reads

=g = (1=8) (14 B =, (1-3) @)

. . A 2
where the charge associated to the U(1) symmetry is ¢ = \/g (0);7571’15, and the temperature of
the black hole is Ty = 2 (1

2 . .
- 2‘%) We use the parametrization
h

flr)=fo(r) 1+ F(r)), g9(r) = fo(r) (1 + F(r) + G(r)) , j(r) = jo(r) + J(r), (26)

where F, G, J are corrections of O(A — 3). By plugging these functions into the equations
of motion, one gets two first order differential equations for F' and G, and one second order
differential equation for J. Then there are four integration constants that can be fixed from:
i) asymptotically AdSs of the solution, i.e. f(r) — 1 as r — oo; ii) regularity of F'(r) at the
horizon; iii) vanishing of A,(r) at the horizon, or equivalently J(r,) = 0; and finally iV) the
behavior of A, near the boundary must be A.(r) ~ A, (z)A_S, cf. Eq. (22). These conditions

¢
fix the constants and determine the temperature as a function of 7, and A(g),, so that

oT oT 1
T(rn, Aqyr) = To (1 + To) where oo F(rn) + 5G(rn). (27)

The explicit expressions for f(r), g(r) and j(r) are too complicated to be shown here, but we
will provide below the explicit results for the thermodynamical quantities which simplify a lot.
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4.3. Renormalization

In order to get the renormalized action, we need to add appropriate counterterms to cancel the
divergences of the action at the boundary. In Fefferman-Graham coordinates the metric becomes
as in Eq. (5), while the gauge field is A = A,(p)dr with p = 22, From g(r) one can obtain the
asymptotic series giving r in terms of z. The expansion near the boundary turns out to be

62
r=—4a1z+ a3z’ +asz® + b5z logz + -, z—0, (28)
z
with the lowest order coefficient given by a; = —¢*m?/ (87“%). This series expansion yields

explicit expressions for the metric components ¢,.(p) and g,-(p) near the boundary. After
a straightforward computation, one can write the bulk contribution of the action as a total
derivative, and then identify the counterterm needed to cancel the divergences. The result is

1 6 L »
Sct = —F d4.’E\/E* + -5 /d4l'\/ﬁ h' (&(I) - mAl)(8j<1> - mA]) s (29)
2k2 ¢ 4g7
where h is the induced metric at the boundary. The renormalized action is then related to the
thermodynamics of the system as

V3
Sren = Sreg + Set = ? ’LU(T‘h, q) ) (30)
where w is the free energy. In the last part of this section we will obtain explicit expressions for
some of the thermodynamical variables.

4.4. Thermodynamical variables
These variables can be obtained from the thermodynamic potential Eq. (30) by using the
standard thermodynamical relations. At finite temperature and chemical potential, these read

_ow
O

_ Ow

) S=—5+
u oT

(31)

) )
o T

where n and p are the charge density and chemical potential, respectively. These quantities

fulfill the Euler identity € +p = T's+ un. Other quantity of interest is the speed of sound, which
is defined as a variation at fixed entropy per particle, i.e.

Op Op n Op

2

= (Z) =(= LY 2
“ <8€>s/n <8€>n+ E+p (6”)5 (3 )

Using these formulas and the free energy computed as explained in Sec. 4.3, one obtains that in
the high temperature limit, |A(g),| < T, the trace anomaly and speed of sound write

o2l 1 (A=3)Af),

—3p=(A—3)"-A2, T?+ .- LT 33
€ 1% ( )gg (0)7 + ’ Cs 3 3§2T2 + ) ( )

where ¢ = (v/37mgsl)/(2k), and the dots stand for higher powers of 1/T. Note that ¢ — 3p > 0
and ¢? < %, so that the terms o< (A — 3) correspond to non-conformal corrections induced by
the deformation of the CFT, cf. Sec. 4.1. Finally, one can check the validity of the Bekenstein-
Hawking entropy formula in this model. Using Eqs. (31) and (33) one finds s = 2773 /(k2£3).
A trivial comparison with the area of the event horizon, A, computed with the metric Eq. (24)
leads to s = 2m.A/k2, confirming the validity of the entropy relation. This means that the usual

laws of black hole thermodynamics are fulfilled also when A > 3, at least up to order O(A — 3).
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5. Conclusions

In this work we have studied the thermodynamics of a holographic model for QCD by applying
techniques of singular perturbation theory. We have seen that with these techniques the leading
asymptotics of the trace anomaly ~ (logT)~2 is resummed to give a dependence controlled
by the Lambert W-function. This reproduces the expected logarithmic suppression at high
temperature, and it produces an accurate description of the lattice data in the regime 7" > 37T,
even with a simple model having two parameters.

In the second part of this work we have studied the thermodynamical properties of the
Stiickelberg model in 5D. We have obtained analytical results by performing an expansion in
the conformal dimension of the current operator, and found that the expressions are governed
by pieces that break conformal invariance. The Bekenstein-Hawking entropy formula turns out
to be still valid, at least at first order in the expansion.
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