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AVCTOR LECTORI.

PH ysicam  inter Geom etricam que dodtrinam 
tara ardta est necessitudo ,  v t  apud omnes 
cultiores V iro s  tamquam vanissimum m eri

to habeatur Physicae studium G eom etriae prae
sidio destitutum. Q uae cum ita s in t , nemo m irari 
d e b e t , quod a  studiosis adolescentibus ,  sacrae l i 
cet T heologiae destinatis, A rithm eticae , &  G e o 
m etriae elementa requiram  ;  si enim his careant 
d oftrin ae P hysicae adiumentis, satius est, eos huic 
praeclarissim o studio valedicere om n rno; melius 
est nihil scire ,  quam male scire.T a le  enim cognitio
nis , potius dicam ignorantiae genus mentis aciem 
h eb etat, redtumque iudicium co rru m p it ,  &  omni 
studiorum  generi nocet plurim um . A d me fortasse 
reprehendent censores a liq u i,q u o d  noua elem enta 
ediderim  , cum nihil fe re  in orbe litterario  fre 
quentius sit elementorum libris. Neque talem  me 
esse , quis sibi falso persuad eat,  v t  de aliis ele
mentis minus laudabiliter sentiam ,huncque meum 
libellum  supra alios omnes extollam  , quod tamen 
a  plerisque elem entorum  Audtoribus nimis a rro 
ganter fadtum  video. E t  quidem variis  elem entis, 
ratione l i c e t ,  &  methodo diuersissimis ,  suam iu- 
stam laudem  concedendam esse , fac ile  quisque 
fatebitur ;  si varias attenderit adolescentum con
ditiones , atque voluntates. A lii sublimiorem P h y 
sicam ,  M athesimque vniuersam addiscere , &  
funditus haurire ,  sibi proponunt ;  alii autem 
aliis studiis ,  grauioribusque negotiis nati insti—
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tu t io n e s  G e o m e t r ic a s  s t r i S i m  ,  le u it e r q u e  t a n 

tu m  a r r i p i u n t ,  q u a n tu m  s c i l ic e t  e x p o l i e n d o ,  p e r -  

f ic ie n d o q u e  in g e n io  s a t is  e s t  ,  a ln  v i t r a  G e o m e 

t r ia m  ,  q u a m  p ra E tica m v  o c a n t  ,  n o lu n t  p r o g  
d i  i l la q u e  m in u s  n o b il i  G e o m e t r ia e  p a r t e  c o n 

t e n t i  su n t ;  a l i i  ta n d e m  a l io s  f in e s  ,  a l ia q u e  c o n 

s i l ia  in  a n im o  h a b e n t . Q u id  e r g o  m .r u m  ,  q u o d  
e g o  A r it h m e t ic a e  ,  &  G e o m e t r ia e  e le m e n ta  a d  

m e a s  P h y s ic a s  in s t itu t io n e s  a c c o m m o d a t is s im a  p r o 

p o n a m  ? A t  q u a e c u m q u e  s it  e le m e n to r u m  r a t i o ,  

d e m o n s tr a t io n is  s e u e r ita s  r e l ig io s e  se m p e r_  te n e n 

d a  e s t ,  n e q u e  o b s c u r a  m u lta r u m  p r o p o s it io n u m  

f a r r a g i n e  iu u e n u m  m e n s  e s t  o b r u e n d a ,  s e d  s p le n 

d i d io r i  a c c u r a t io r is  G e o m e t r ia e  lu m in e  i l lu s t r a n 
d a .  M o n e n d i e r g o  su n t s tu d io s i a d o le s c e n te s  ,  v t  

a b  iis  c a u te  a b s tin e a n t  e le m e n t is  ,  q u a e  n e c  s a t is  
a c c u r a t a  m e th o d o  c o n s c r ip t a  s u n t ,  n ec  f ir m is s im o  
d e m o n str a t io n u m  r o b o r e  m u n ita . P e r n ic io s is s im a  

q u id e m  su n t  s tu d io s a e  iu u e n tu ti t a l ia  e le m e n t a , 

q u a e  e o s  h a b e n t  A u f l o r e s  ,  q u o ru m  d o & r i n a  t o 

t a  in  e le m e n tis , c o n t in e tu r . V e r u m  si r e f t »  p r o 
p o r t io n u m  o r d in e  ,  n e x u q u e  n e c e s sa r io  c o l l ig a t a e  
fu e r in t  d e m o n str a t io n e s  o m n e s  ;  e x  h o c  s tu d io  

d i lig e n t e r  ,  &  ,  v t  p a r  e s t  ,  in s t i t u t o ,  in  q u o li
b e t  s c ie n t ia r u m  g e n e r e  f r u d u m  m a x im u m  s in e  
v l l a  d u b ita t io n e  p o ll ic e o r .  N e c  q u id q u a m  e x is t i 

m a t io n is  g e o m e t r ic o  s tu d io  d e t r a h i  d e b e t ,  s i  a l i 
q u i e x t i te r in t  in  r e b u s  G e o m e t r ic is  e t ia m  v e r s n t is -  

s im i ,  in  v u l g a r i  ta m e n  a g e n d i r a t i o n e , &  in  r e b u s  
q u o q u e  fa m il ia r is s im is  o m n in o  in e p t i .  Id  q u id e m , 

q u o d  s u m m a  in iu r ia  o b iic i  s o l e t ,  t r ib u e n d u m  e s t  

p r a e c ip it i  q u o r u m d a m  G e o m e t r a r u m  iu d ic io .N o n



d esu nt, fateor ,  celeberrim i etiam v i r i ,  qui in re
bus M athem aticis toti occupati , necessaria rerum  
tra& andarum  ,  v e l gerendarum  prin cip ia , &  ele
menta non satis tenent ;  atque hinc mirum non 
est , quod aliquando errent g rau iter ,  G eom etra
rum ,  non Geom etriae visio. E t  re quidem ipsa, 
si fons erroris probe attendatur ,  vitium  in prin
cipiis ,  non vero  in consequentiis latere deprehen
d itu r ;  contra autem alii homines non pauci veris  
vtuntur principiis , errant autem in consequentiis. 
Itaque huc mihi maxim e reducendum videtur g e o 
m etrici studii pretium : si nempe duos fingere l i 
ceat homines eadem ingenii v i ,  eodernque cogni
tionum gradu praeditos, atque ceteris , v t  v u l
g o  dicunt , paribus , vnus autem sit G eom etriae 
auxilio  ad iutus,  a lter autem destitutus, facile mi
hi persuadeo virum  Geom etram  in quolibet scri
bendi genere, in tra& anda etiam quaestione T h eo 
logica m ulto excellentiorem  futurum : neque enim 
quae prim a sunt ,  postrema dicet ,  &  vicissim ; 
nec quae perspicua sunt , &  illustria ,  minus ac
curata methodo obscurabit ;  aut quae abstrusa 
sunt ,  &  m uoluta ,  densiori caligine non obuol- 
uet. V erum  ne Geom etriae studio nimis tribuere 
v id ear , &  hanc , quam maxim e am o , d iscipli
nam magnificentius praedicare , de iis non loquor 
m elioris ingenii viris , in quibus excellens iudi- 
cium m editatione, &  experientia suba&um  , a t
que perfedtum m iram u r, siue grauiora tra& an - 
da sit negotia , siue studiis quibuscumque danda 
sit opera. Has iustissimas Geom etriae laudes a tti
gisse satis sic ad  excitandam  adolescentum voiun-

ta-
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tatem . F a x it  D . O .M . v t  hoc meo qualicumque 
labore vtantur ,  non in rebus Physicis tantum , 
sed etiam v t  in studiis grau io rib u s,  quem qui
dem fru& um  m axim e exopto ,  ratiocinandi vim  
accuratiori methodo augeant, atque vrgean t ,  hu
ius tamen san&issimi dogm atis probe memores: 
eaptiuare intellectum in obsequium fid e i.

Ceterum monendum super est ,  Scholia ,  o  A p 
pendices in bis elementis praeterm itti fosse ab m ,  
qui minori pollent intelligendi facilitate j  minus enim 
necessaria sunt baec additamenta.
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C A P V T  I.
D e praecipuis vtriusque Arithmeticae opera

tionibus generarim consideratis.

I .

Ult/imetlcci geneuatim  d e fin itu r scien 
t ia  com putandi- C o m p u ta tio  autem  
ve l fit per vu lga re s  n um eros ac  
p ro in d e et determ in atos i .  2 .  3 .  cet. 
v e l per alphabeti litteras  ,  a  ,  b ,  c , 
c et . q uae  n u m erum  q u e m lib e t , a u t  

q u an tita tem  q u am lib et design an t. P r im a  com p u tan d i 
vatio A r ith m e tic a  s im p lic ite r  d i c i t u r :  a ltera  autem  
vo ca tu r A r ith m e tic a  speciosa  3 v e l A l g e l r a  3 e t con- 
uen ien tius a  N e w to n o  A rith m e tic a  u n iversa lis  a p 
p e lla tu r . H as q u id e m  defin ition es iu xta  vu lgarem  d o 
cen d i con suetu din em  praem ittim us ; m onendum  ta
m en est 5 scientias q u asd am  v ix  clare  defin iri posse, 
n is i earum dem  scien tiaru m  d iligen s praecedat a n a ly- 
s i s ,  a tqu e accurata exp lica tio . Ir a  in praesenti ca 
su  j  e x p lic a tis  A rith m e tic a e  ,  et A lg e b ra e  o p eration i
bus 3 re& e iam  d ice re  liceret. H aec  ,  q uam  vobis cx - 

T o m .ll l .  A r it h .  A  p ii-



a  E L E M E N T A  A R IT H .
p licau im u s ,  s c i t n t ia ,  ea est ,  quae  A r lt lim e tic a ,  
vel A lg e b ra  v o c a tu r . P e r  numerum  A r ith m e tic i in -  
te llig u n t vilitatum  m u ltitu dinem  a t  accu ratiu s  a 
N e w to n o  defin itu r D um erus r e la t io ,  seu ra tio  quan
titatis  cu iu su is  ad  a liam  e iu sd em  gen eris q u an tita 
tem . Q u ae qu idem  d e fin it io ., v t  in  bono lu m in e  
c o l lo c e t u r ,  o b seru an du m  e s t ,  q u a n t ita te m  q u am 
libet cu m  a lia  e iu sd em  gen eris  q u an tita te  co m 
p arata m  v e l ea  m in o rem  e s s e ,  v e l m a io r e m , v e l 
tandem  ip si a eq u a lem  ; h oc  est ,  m ag n itu d in em  
a liq u am  v e l in  a lia  c o n t in e r i ,  v e l h an c  a liam  c e r
to  m o d o  con tin ere  ; h ic  a u te m  m o d u s ,  q uo m a g 
n itu d o  a liq u a  a lia m  c o n t in e t ,  ve l in  ea co n tin e 
tu r  ,  numerus d ic itu r . E .  G .  n u m e ru s  3 .  e x p ri
m it  ra tion em  m a g n itu d in is  a lic u iu s  a d  a liam  m i
n o rem  ,  q uae  pro v n ita te  a s s u m it u r ,  e t in  m a io 
r i  te r co n tin e tu r . C o n tra  au tem  si q u an titas  m a
io r  3 . p ro  vn ita te  ad h ibeatur ,  e rit  q u an titas  1 .  
te rtia  pars q u a n t ita t is  m a io ris  s q uae  tam q uam  
v n ita s  c o n s id e r a t u r ,  s iu e  1 .  te r  in q u an tita te  m a 
io r i c o n tin e tu r . In d e  autem  in te llig itu r  ,  q u id  sit 
n u m e ru s  in t e g e r ,  q u id  n u m erus fr a c tu s . In te g e r  
d ic itu r  ,  q uem  v n ita s  m e t i t u r ; fradtus ,  q u i est 
pars v n it a t is ;  ita  1 . 2 .  3 . ce t . sunt n u m eri in tegri; 
sed  d im id ia  ,  tertia  ,  q u a rta  ,_cet. pars vn ita tis  sun t 
n u m eri frad ti ;  ita  autem  exp rim i so len t num eri fra -

<ai . _ !<  • - ! «  • cet. R a t i o ,  quam  m o -
I  i  4 . 3 4 

d o  d e fin iu im u s , s i nem pe c o n s id e r e tu r , q u o m o d o  
q uan titas vn a  a lteram  co n tin eat ,  d icitu  r geom etrica . 
V o c a tu r  autem  a rith m e tica  ,  si excessum  tan tu m m o 
d o  quan titatis  vn iu s  supra a liam  con siderem u s. D u a 
ru m  ration u m  aeq u a litas  proportio  d ic itu r  v e l geome
t r ic a  ,  v e l a rith m etica  p ro  d iu ersa  ra tion u m  q u a-



Jatate. Q u a re  ad  h abendam  prop ortio n em  q u atu or 
q uan titates r e q u ir u n tu r ;  e t prim a a d  secu n dam  e s
se d ic i t u r 3 v t  te r t ia  a d  q u a rta m .

I I .  N u m e r i om nes in  v u lg a r i A rith m e tic a  d e 
cem  n otis 3 s iu e  ch arad len b u s d esign an tu r ;  sun t 
autem  i  ,  2 ,  3 3 4  3 5 , 6 ,  7 , 8 , 9 ,  o  ,  q u o 
ru m  v lt im u s  c jp h f a ,  s iu e  zero  ap p e lla tu r. H aru m  
notaru m  v a ria  est s ign ificatio  non solum  e x  d iu e r- 
sa  illa ru m  f ig u r a ,  sed  etiam  ex  d iu e rso  ,  quem  o c 
cu p an t ,  lo c o . Q u a e  ad  s in istram  p ostrem ae o c c u r
ru n t ,  d esign an t vn itates ;  q uae  p ro x im ae  praece
d u n t 3 v n ita tu m  decadas ;  e x in d e  cen ten arii seq u u n 
t u r  ,  m ille n a r ii ;  e t  s ic  dein ceps p er d ecad as 3 e t  
cen ten ario s  p ro g re d ie n d o . H u ic  autem  vsu i p o tissi
m u m  c y p h ra  d e s t in a tu r ;  c u m  n em p e ipsa n u llu m  
design et n u m eru m  ,  auget tam en re liq u a ru m  n o ta 
ru m  sign ification em  ,  lo n g iu s  i l la s  ab e x trem o  v e r
sus sin istram  n u m ero  rem o u en s. S ic  vn ita tis  n ota , 
q u a e  s o la  v n ic a m  design aret vn itatem  ,  beneficio 

v n iiis  a v e l d u p lic is  cy p h ra e  in  secu n d u m  ,  a u t te r
tiu m  lo cu m  re ie & a  denas , vn ita tes  ,  aut centenas 
sign ificab it. B re u io re s  n u m e ri fa c i le  legu n tu r ; ita 
2 4 7  exp rim u n t du cen tas q u ad rag in ta  septem  vn ita
tes :  a t in  p ro lix io r ib u s  n u m eris  a liq u o  op u s e st  a r 
tific io  ;  ita  s i legere  o p o rte a t  lo n g io re m  n u m erum

3 •  ^  ■ 1  
3  2 4 7 ^ 7 8  5 6 2  9 1 4  0 2 0  4 6 ;  2 i a ;  hunc ita  
d iu id es  a  p ostrem is n u m eris e xorsu s 5 nem pe tres  
p ostrem os d iu id es  a p raeceden tibu s pundto su
perius ap p o sito  ,  tribu s sequentibus adscribes i ,  
e t s ic  dein ceps re liq u is  te rn a r iis  pundrum  a lte r-  
n atim  appon es ,  v e l  n u m erum  j ita  tam en ,  v t  
n um eri vn ita te  sem p e r au g ean tu r ,  q u em ad m o 
d u m  h ic  fadtu m  v id es . H is  p e r a g is  ,  q u am lib et 

A  2  n o . ‘
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notaru m  classem  p erin de leges  ,  ac  »i so la  esset; 
et vbi pun ftu m  in u e n ie s , d ic  m ille  ; vb i i  ,  o ie  
decies centena m illia  ,  seu ,  v t v u lg o  lo p u im u r , 
m illion em  ; v b i a  ,  d ic  m illio n es m illio n u m  ,  « -  
ue U ltio n es  ; vb i 3 ,  d ic  t r d h o u e s ,  et s ic  d e  n- 
cens S ic  itaq ue legen d u s est n u m erus p raeced en s, 
ter m i l l e ,  ac  ducen ti q u ad rag in ta  d u o  tr illio n e s , 

qu in gen ta  septuagin ta  d f lo  m i l l i a ,  ac q uin8e " tl sJ '  
xa g in ta  d u o  b illio n es ,  non genta q u a tu o rd ec .m  m il
l i a ,  ac  v ie in t i  m illio n es ,  quad rin gen ta  sexaginta 
septem  m illia  ,  b is  centum  , ac  d u o d e c .m .

I I I  V u ls a r e s  exp licau im u s A rith m e tic a e  ch a- 

ra d te re s , q u o ru m  a u flo re s  fe ru n tu r A i t ™ ' ^  
r a b e s :  a liq u id  iam  d icen du m  est de n o t i , ,  q u a e  

Rom anae  app ellan tu r. N o ta e  illa e  ,  4" " " ®  
P h y s ic is  In stitu tio n ib u s  vsus re c u rre t  ,  
lis  a lp h ab eti litter is  e x p rim u n tu r. H is  ch arad ten  
bus Rom anorum  nom en fa ftu m  fu isse  c re d itu r , 
q uo d  eos in  m on etis p u b licisq ue m on um en tis v s m -  
p au erin t ve teres  R o m a n i. L it te ra e  ,  q uae  n u m e 
ro s  R o m a n o s  com p o n un t ,  sun t septem  sequ en 
tes I  V X  L  C . D .  M .  H a ru m  n o taru m  haec 

est s ign ificatio . I .  v n ita s  : V .  q u in q u e : X  d e 
c e m -  L .  q u in q u a g in ta : C . centum  :  D .  quingen  
ta  : M .  m ille . S i  d u o  I  scriban tu r in  h un c m o 
d u m  I I  aeq u iu a len t b in ario  ; s i tria  scriban 
tu r  I I I  ,  sign ifican t tern arium  ; n u m erus q u ater
n ariu s  ita  e x p rim itu r I V  ;  et n u m erus nouena- 
r iu s  hoc m o d o  I X  : n em pe v n ita s  n u m eris  V ,  
X  praefixa eos m u l& a t vn ita te . V e r u m  ad e x p ri
m en d o s n um eros vu lgares  6 . 7 . 8 . scrib i solet 
V I  V I I  V I I I .  S i  n u m ero L  5 v e l C praem it
ta tu r X  ; n u m eri i l l i  decade m in u u n t u r ;  ita 
X L  sign ificat 4 0  ,  e t X C  9 o : con tra  autem  sf 
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n u m eru m  L  seq u atu r X  in  h un c m o du m  L X ;  
num erus praecedens au getu r d ecad e  sign ificans 6 0 , 
Cct. A liq u a n d o  n u m eru s 4 0 0  expressu s fu it  l i t te 
ris  C D ,  sed  ra ro . P ra e te r  litte ram  D  ,  quae e x 
p rim it 50 0  ,  id em  n u m erus sig n ificatu r etiam  h oc  
m o d o  id . I t a  etiam  lo co  M ,  a liq u an d o  scrib itu r 
CIO. E o d em  m o d o  exprim i p otest 6 0 0  per i,oc; 
e t 7 0 0  per io c c  ce t . S i  litterae  C ,  et p  ante et 
p ost ad d an tu r , n u m erus c o  au getu r in  ration e  
d ecu p la  ; ita  cciDD sig n ifican t 1 0 0 0 0 ,  c c c id .^ 3
1 0 0 0 0 0 ,  ce t . H i e ran t com m un es A t ith m e tic a e  cha-

ratfteres ap u d  veteres  R o m a n o s ,  q u i etiam  n u m e
ru m  m ille n a riu m  design are  so leban t ad ser ip ta  nu
m e r is  m ille n a rio  m in o rib us lin eo la  ;  h oc  m o do

V 3 e t sign ificat 50 0 0  ;  L X  ,  e t  d esig n at 6 0 0 0 0 .

S im ilite r  M  aeq u iu a le t 10 0 0 0 0 0  ,  et M M  d esig 
n at 20 0 0 0 0 0 . A  recen tio iib u s n o n n u llis  S c r ip to r i
bus v aria tio n es a liq u a e  fu eru n t a d h ib ita e ; ita  l it te 
r is  I I X  design an t 8 ,  litter is  I I C I X  e x p rim u n t 8 9 . 
Q u a  ra t io n e  h oru m  n u m eroru m  ope com p u tatio n es 
su a s  in iu erin t veteres R o m a n i ,  nos om n in o  latet. 
A l iq u a m  p ocu l d u b io  h abu eru n t A r ith m e tic a m , 
quam  q uidem  in u en ire  ,  a u t a lia m  non m u ltum  d is -  
s im ik m  substituere  ,  p io b lem a est a v ir is  A r i t h m e 
ticae e t an tiq u ita tis  stu d iosis  so lu en d u m .

I I I I -  Q u o n ia m  nu m eri n ih il a liu d  s u n t ,  q uam  
m a g n itu d in u m  ration es q uaedam  certis  sig n is  d is -  
tindtae ,  euidens est ,  A r ith m e tic a m  ,  s iu e  sc ie n 
tiam  n u m eroru m  esse artem  d iuersas illa s  r a t io 
nes in te r se  c o m b in a n d i, illa sq u e  certis  c h a ia i le -  
ribus d istin g u en d i. H in c  n ascu n tu r A r ith m e tic a e  
operationes praecip uae . E ten im  d iu ersae  n u m ero
ru m  com binationes h u c  reu o cari p o s s u n t , v t  n e m 
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pe m u tu u s eoru m  e x ce ssu s ,  v e l m odu s ,  q u o  se 
in u rc tm  c o n tin e n t,  e x p e n d a tu r ,  et assign etu r. E x  
h is  autem  in ieU igun tu r m o x  exp lican d ae  q u a tu o r 
vu lga re s  A rith m e tic a e  operationes : A d d it io  ,  Su b
tractio  ,  M u lt ip lic a t io  ,  D iu is io ,

V .  A d d it io  vo catu r illa  A rith m e tic a e  op eratio , 
q ua  p lures nu m eri s im u l co llig u n tu r ; Su btractio  
autem  d ic itu r  op eratio  ,  q ua  num eri a  se inu icem  
subtrah u n tu r ; it.j s i ad d an tu r a  e t 3 ,  v t  e ffic ia n 
tu r  5 ; vel m in o r num erus n. a  m aio ri 3 subtrah a
tu r  3 v t  rem an eat 1  ; in p rim o casu  d ic itu r  a d d i
t io  ,  in  a lte ro  autem  su b tra d io . P a t e t ,  in a d d it io 
n e ,  et subtrad fione con siderari m u tuu m  n um erorum  
excessu m  ; e ten im  in ad d itio n e  excessus sum m ae ab 
a lte rv tro  n u m ero innotescit ; in su b tra& ion e  autem  
m u tu a  n um erorum  d ifferen tia  in u estig atu r. M u l t i 
p lic a t io  app ellatu r illa  A rith m e tic a e  o p eratio  ,  qua 
id em  num erus sib im etip si p lu ries  a d d itu r  ; ita^ s i  
3  per 4  m u ltip lica ri debeat ,  id em  est ,  ac  s i 4  
sib i ipsi ter a d d atu r ,  v e l  3 sibi ip s i q u a te r a d 
ju n gatu r ; p rod ib itq u e  1 2 .  D iu is io  est A r ith m e t i
cae  operatio  j  in  q ua n u m erus v n u s  ab a l io  su b 
tra h itu r ,  quan tu m  fieri potest ;  ita  num erus 4  
ex  i i  ter subtrah i potest. Ita q u e  patet ,  in m u l
t ip lic a t io n e ,  e t d iu is io n e  con sid erari m o d u m , q uo 
n u m eri sese m u tu o  con tin en t. I ta  in  praeceden
ti m u ltip lic a tio n e  innotescit ,  num erum  > 1 .  ter 
con tin ere  n u m erum  4  ; p e r  d ju is ion em  autem  d e
m o n stra tu r , n u m erum  4  ter con tin eri in i a .  E x  
h is  eu id en s est ,  m u ltip lication em  n ih il a liu d  es
se  ,  quam  add ition em  com p o sitam  ; a tqu e etiam  
d iu is io  n ih il a liu d  est ,  quam  com p o sita  subtra- 
d i o .  Q u a re  ad  du as d u m taxat reu o cari possunt 
q u a tu o r  vu lgares  A ritfem eticae  operation es. H in c

A r ith -
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A rith m e tic a e  op eration es accurato  om n in o defin iu it 
N e w to n u s  : compositionem  ,  et resolutionem  a rith 
meticam  ;  quae q u idem  defin itio  e x  ipsa arith m e- 
ticarum  op eration u m  n atura d e riu a tu r. Q u a m u is  a u 
tem  num eri sin t ration es g e o m e tr ic a e ,  ex  didtis ta 
m en  eu id en s est ,  ad d ition em  ,  et subtradtionem  
p ro p rie  reuo cari a d  ration em  arith m eticam  ;  m u l
tip licatio n em  v e ro  3 et d iu is io n em  a d  ration em  g e o 
m etricam  re fe rr i. C aeteru m  praeter vu lga re s  q u a- 
tu o r  en um eratas op eration es , a liae  sunt p lu rim ae ; 
sed  hae om nes ad  p rim as r e fe r u n tu r , v t  e x  d ice n 
d is  m an ifestu m  fie t. H ic  autem  regu las A r ith m e t i
cae  gen erarim  con siderasse  satis s i t ,  patet au tem , 
h an c  ,  quam  trad id im u s A rith m e tic a e  n o tio n e m , 
A rith m e tic a e  speciosae  com m un em  esse. Ita q u e  l i 
c e t A rith m e tic a e  nom eu generatim  vsurp em u s ; il
lu d  tam en d e  A r ith m e tic a  speciosa in te llig i q u o 
q ue v o lu m u s, la m  v e r o  vn iu ersam  A r ith m e tic a e  
■vtriusque dodtrinam  b reu iter ,  ac  d ist in fte  e x p lic e 
m us ,  quan tu m  postu lant nostraru m  In stitu tio n u m  
n ecessitas ,  a tqu e iniunifta breu itas.

C A P V T  II .

D e quatuor primis Arithmeticae operationi
bus in numeris integris.

I .  T j R i m a  A rith m e tic a e  o p eratio  d ic itu r  A d -  
X  d i t i o ,  quae  e x  praeceden tibus sa t is  in -  

te llig ltu r. T o ta m  huius op eration is p ra x in j d ec lara
b im u s , a tqu e d e p o n strab im u s.

P R O B L .
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E x e m p l.  
2 3 , 6 i  

3 9 2  
8 7 6 8

4 9 3 a i

8 20 40

P  R  O  B  L .  I .

Numeros integros addere, w  
summam colligere.

I I .  \  D d c n d i p roponantur num e- 
_ / V  ri in hoc exem plo  expres

s i . Q u a tu o r  n um erorum  colu m n as ita 
a lias  a liis  adseribe serie  desctn d cn  e , 
v t  vn itates v ilita tib u s su b iic ia n tu r ,  de 
ca d e s  decadibus ,  e t  s ic  d e  re liq u is.
T u m  in fra  om nes num eros d u fta  lin eo
la  ,  e t  a  postrem a co lu m n a  exorsus d ic  ,  1  et 
e ffic iu n t 9  ; 9  e t a  e ffic iu n t 1 1 ;  1 1  e t 1  e ffic iu n t 
i i .  H abes e rg o  m  h ac  co lu m n a vn am  decadem1 vnx- 
tatu m  ,  ac  praeterea duas v n ita tes . Q u a re  scribe 1  
in  co lu m n a vn ita tu m  ,  et decadem  le iic e  in  seq u en 
tem  d ecad u m  co lu m n am  d ic e n s ; a  e t 1 e ffic iu n t 
9  ; 9  er 9  e ffic iu n t 1 8  ;  1 8  e t 6  e ffic iu n t 2 4 :  h oc  
e s t ,  d u as d ecad as d e c a d u m , siue d u o  cen te n a ria , 
e t 4  d ecad as ; scribe  e rgo  4  in lo co  d ecadu m  ,  e t 
d u o  cen ten aria  in  sequentem  co lu m n am  ren ce  :  e o -  
d em q u e  p a& o  in h ac  ,  et re liq u is  o p e r a r e ; e t tan 
d em  in u en ies sum m am  quaesitam  8 2 0 4 1 .

D em o n stra tio  e x  to ta  o p eration is  serie fa c ile  
p ate t. E te n im  in  vn aq u aq u e  co lu m n a n u m en  ita 
c o llig u n tu r  ,  tam quam  si etsent v n ita tes  ,  ex  ea- 
q ue  sum m a to t vn ita tes  in  co lu m n am  p rox im e  
seq u en tem  re iic iu n tu r } q u o t decades  ̂ c o llt& a e  
sun t : q u o d  qu idem  fac ien d u m  esse  euidens est, 
c u m  nota q uaelibet ab v ilita tu m  colu m n a ad re 
liq u as p ro g red ien d o  v a lo re m  habeat in co lu m n a 
sequente d e c u p lo  m aio rem  ,  quam  in  praeceden-
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te. Ig itu r  in  hac operation e ad d u n tu r sin gu lae  v n i 
tates ,  sin gu lae  decades ,  s in gu la  cen ten aria . Q u a 
re  patet h u iu s o p eration is  ra tio  ,  q uae  q u idem  v t -  
p ote per se eu id en s ,  n u llo  v u lg a riu m  axiom atu m  
a u x ilio  in d ig ere  v id e tu r . Q u a m u is  en im  d e m o n stra 
t ion is seu eritati m ax im e  s tu d e a m u s; eoru m  tam en 
im ita r i n o lu m u s ob scu ram  d iligen tiam  ,  q u i res e u i-  
dentes ita  d e m o n stra n t,  v t  ,  p erle& a d em o n stra
t io n e ,  de iis fe re  d u b itare  l i c e a t ,  q uae  antea pers-. 
p icue credeban tur.

P R O B E .  I I .

Numeros integros subtrahere.

I I I .  Q E c u n d a  A rith m e tic a e  o p e ra tio  d ic itu r
o  Subtractio  3 cu ius totu m  hoc est a r 

tific iu m . V t  num erum  datu m  a d ato  num ero su b 
trah as ,  num erum  subtrah en du m  alteri 5 a q uo su b 
tra h i debet ,  ita  su b iicies ,  v t  vn itates vn itatibu s 
resp on d ean t ,  decades d ecad ib u s ,  e t s ic  d e  r e l i 
q u is . T u m  a b  vn itatibu s e x o rsu s  q u am lib et in fe 
rio rem  n otam  a su p erio ri subtrahe ,  et residu um  
scribe in fra  lin eo lam  ,  habebit n u m erum  ,  qui s it  
d ato ru m  n u m eroru m  d ifferen tia . S i vero  occu rrat, 
in ferio rem  n otam  sup eriori m aio rem  esse ,  hanc au 
ge b is  decem  vn ita tib u s ,  easque m u tu as accip ies a 
p roxim e sequ en ti nota 3 quam  proin de deinceps h a
bebis tam quam  vn ita te  m ultftatam . Subtrah en dus p ro 
p on atur num erus 4 2 4 ?  a  num ero 2 3 8 9 7 .  
A u fe re n d o  5; et 7  re lin q u itu r n u m erus 
a  ;  au fe re n d o  4  ex  9  re lin q u itu r ,  ,  a  ex  
8 rem anet 6 .  A t  cum  num erus 4  ex
3  subduci n equeat 5 ad iice  h u ic  denas 

vui-

E x e m p l.  
2 3 8  9 7  

4 1 4 5

1 9 6 5 2
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v n it a t e s ,  et au feren d o  4  ex 1 3  ,  residu um  habe
b is  9 . T u m  vero  notam  sup eriorem  p ro x im e  s e 
q uen tem  vn ita te  m uldtabis 5 han c en im  ab ea  m u 
tu am  accepisti ,  v t  den is vn itatibu s praecedentem  
augeres : habebis ergo  residu um  1  5 id eo q u e  resi
d u u m  totu m  1 9 6 5 2 .

D em o n stra tio  satis  per se c o n s ta t ; cum  vn ita 
tes ab vn itatibu s au feran tu r ,  decades a  d ecad ib us, 
cet. N a m ,  q u o d  in  h oc  exem plo  n u m erus 3 d e 
cem  au geatur v n ita t ib u s , e t n u m erus sequens a  v n i
tate  m u lifte tu r , ra tio  patet. H aec nem pe vn itas  in 
n u m ero  3 decadi vn itatum  aeq u a lis  est ,  earum  s c i
lic e t  ,  quibus con stat id em  num erus 3 ;  q u a ie  e t iam 
s i vn itatem  d u m taxat ille  a m itta t , h u ic  tam en d e 
cem  accedunt. S im ili m odo si p lures seq u eren tu r 
c y p h r a e ,  ex  quibus p ro in d e  n u lla  fieri potest su b -  
t r a & i o ; ex  n u m ero p rox im e  anteceden ti m u tua ac
cip ien d a est vn itas  ,  q uae  in  cyp h ram  sequentem  
tran sla ta  decem  vn itatibu s aeq u iu a le t. R u rsu s  ex  i l 
la  decade vn itas  in secu n dam  cy p h ra m  tra n sfe rtu r, 
a tqu e ita  dein ceps. Q u a re  p a te t ,  c yp h ram  v ltim am  
d ecem  vn itatibu s aeq u a lem  esse ,  ca e te ia s  v e ro  an 
tecedentes aequ ari nouen ario . Ita q u e  eu id en s est hu - 
iu s  o p eration is ra tio  ,  nec v u lg a riu m  ax io m atu m  ope 
fa c iliu s  in te llig itu r.

E x  ad d itio n is  ,  et subtraction is natura  m a n i
festu m  est ,  duas illa s  operationes sib i m u tuam  
probation em  c o n fe rre  ,  e t  sese in u icem  con firm a
re . E ten im  cu m  residu um  in su b tra& ion e  sit ip 
sa num erorum  d i f fe r e n t ia ;  p a te t ,  m in orem  num e
ru m  re sid u o  ,  siue d ifferen tiae  a d d itu m  m aiori 
n u m ero  aeq u alem  esse. Ite m  cu m  a d d it io  s it  p lu - 
r iu m  n u m eroru m  aggregatu m  ,  si ex  a g g reg a
to  a l t e r n e r  n u m eru s au fe ra tu r ;  n u m erum  a lte 

ru m
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ru m  rem anere ,  necessum  est. S i ig itu r  explorare  v e 
lis  ,  v tru m  a d d it io  rite  p e ra d a  s it  ,  su b tra d io n e  vten - 
dum  e s t ; con tra  au tem  ad  exp lo ran d am  su b tra d io -  
nem a d d it io  adh iben d a.

P R O B L .  I I I .

Numeros integros multiplicare.

I I I I .  r I  j E r t i a  A r ith m e tic a e  o p eratio  vo ca tu r 
X  M u lt ip lic a t io  ,  in  q ua ,  v t  patet 

e x  cap ite  praecedenti ,  toties su m itu r num erus m u l
t ip lic a n d u s , q u o ties  v n ita s  con tin etu r in  n u m ero , 
p er quem  debet m u lt ip lic a r i. S in g u lae  n otae in  s in 
g u la s  fa c ile  d u cu n tu r ,  s i n u m eri b re u io res  s in t .
S ic  nem o n on  v i d e t ,  3  i s  4  d u ftu m  5 s iue 4  ter 
sum p tum  i a  e fficere. A t  si nu m eros p luribus n o 
tis constantes m u ltip lic a re  o p orteat ,  h o ru m  a lte r -  
v tru m  in fra  a lte ru m  s c r ib e , ita  v t  vn itates v il ita 
tibus su b iic ian tu r. D e in d e  notas o m n es sup etio ris  
n u m eri per sin gu las in fe rio ris  m u ltip lic a  ,  in it io  a 
p ostrem is f a d o .  D e c a d a s ,  q uae  in ter m u ltip lic a n 
dum  co llig u n tu r ,  sepone a d iic iu n tu r  p ro d u d o  ex 
eadem  num eri in fe r io r is  n ota  in  p rox im e  seq u en 
tem  su p erio ris . F a d a ,  q uae  em ergun t ex  s in g u lis  
n o t is  in fe r io r is  in  om n es su p erioris  ,  in fra  l in e o 
la m  seorsim  noBentuc ; ita  v t  vn iu scu iu sq u e v n ita -  , 
tes su b iic ian tu r n u m ero ,  p er quem  m u ltip lica tio  
p erag itu r. S i h oru m  o m n iu m  su m m a c o l l ig a t u r ,  ea 
e rit  p ro d u d u m  q uaesitu m .

M u !-
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a 3 J

4 3

7 ° ?
9 4 0

x ' E L E M E N T A  a r i t h .
jM ulti p lican d us prop on atur num erus 

Q 3? per 4 3 .  S crib e  4 3  , sub » 3 ? ;  tum 
d u d h  lin eo la  , d ic  3 in 5 e ffic iu n t i f ,  
scribe  $ sub n u m ero m u ltip lica n te  3  ,  et 
v n am  decadem  sepone ad iic ien d am  fa  
d o  sequenti e x  3 in 3  ,  q uo d  est 9  ; cui 
si addas 1 habebis vn am  decadem  ,  et 
n u llas  praeterea v n it a t e s ,  scribe ig itu r i o i o y
o  : e t  fadto  e s  3  in  z ,  q u o d  est 6 ,  ad n c ie n s  t

scribe  7  : rursus d ic  4  ? f ft id u n t  f l 0 s c r l b e
o ,  ita  v t m u ltip lica to ri 4  subiaceat , e t  fadto se 

q uen ti 4  ^  3 > q u° d  esc adiicieJ ‘.1S * . hab?bls 
1 4  ; scribe  ig itu r  4  : et seponens 1  ,  d ic  1  in 4  e f 

fic iu n t 8 ,  ec a d ic fto  . ,  scribe 9 . d u « a 
l in e a  c o llig e  in  vn am  sum m am  bos num eros ita 
d isp o s ito s ; e ritq u e  l o i o f  p ro d u d u m  q uaesitu m .

D em o n stra tio  euidens est ex  ipsa n otaru m  a r ith 
m eticaru m  n a t u r a , s i n e m p e  in  m em oriam  re u o - 
c e t u r ,  n u m eroru m  ch ara& eres  d ecup lo  p lu s va le 
re  in  loc is an teriorib us ,  quam  in  p o ste rio rib u s ;  u -  
l ic o  en im  m an ifestu m  f i e t ,  toties sum i in  p rad u - 
& o  num erum  m u lt ip lic a n d u m , quoties vm tas c o n 
tin etu r in  n u m e r o , p er quem  fit  m u ltip lica tio .

P R O B L .  I I I I .

Numeros Integros diuidere:

V .  / —'v V a r t a  A rith m e tic a e  o p eratio  v o ca tu r 
D iu is io .  C u m  num erus datu s per 
a liu m  d atu m  d iu id en d u s p ro p o n itu r , 

c o  red u citu r q u a e s t io ,  v t  in u en iatu r q u o ties  in 
n u m ero  d iu id en d o  co n tin eatu r d i u is o r ,  totiesq u e

au»



au fe ra tu r : a tqu e  to tid em  vm tates  scrib an tu r in  n u 
m ero  ,  q u i id c ir c o  quotus d ic itu r . H a e c  ergo  ge
nuina est d iu is io n is  n o tio  : nem pe d iu id en d u s  est 
a d  d iu iso re m  ,  v t  q u o tu s est a d  vn itatem  ; v e l  
d iu id en d u s est ad  q u o tu m  ,  v t  d iu iso r  est ad  vni~ 

tatem .
P ro p o n a tu r  d iu id en d u s  n u 

m e ru s 1 0 1 0 5  p er 4 3 .  N u m e ro  
d iu id en d o  d iu iso re m  praefige 
l in e o la  in ie r ie d a ;  tu m  o p e ra 
t io n e m  in stituen s in p rim is  no 
tis  d iu id e n d i,  q u a e  exhibeant 
q u an tita tem  d iu iso ri aeq u alem , 
v e l p rox im e  m aio rem  ;  d ic , 
q uo ties 4 3  co n tin en tu r in  1 0 1 ,  
q uotus e rit  1 .  S c rib e  e rg o  a ,  
lin e o la  p ar ite r  in te r it& a  ,  ex  
a lte ra  parte  d iu id e n d i,  e t fa- 
«ftum ex  a  in  4 3  ,  s iv e  8 6  a u fe r  e x  1 0 1  e t  re s i
d u o  1 5  n o ta m  appone o  ,  q u a e  in  d iu id en d o  p r o 
x im e  seq u itu r quan titatem  iam  d iu .sa m  1 0 1 .  D ;c  
ite ru m  ,  quoties 4 3  con tin en tu r ,  5 0  ,  q uotus est
3  ,  quem  scribe ,  v t  a n t e ;  e t fa t fu m  ex  3 in  4 3 »  
seu  ; 2 9  a u fe r ex 1 ? o . R e s id u o  a  1 a d n e fle  seq u en 
tem  noram  d iu id e n d i 5 : et d ic  ite ru m  quot.es 4 3  
con tin en tu r in  a i 5 ,  q u o tu s e n t  5 ,  quem  scribe 
c u m  a liis  q u o ti n o t is ,  et a u fe r  ex  1 1 f  ta d u m  ex 
c  in 4 3  ,  siue a J 5 .  C u m  n ih il e x  ea d im sio n e  su 
p e r s i t ;  p a t e t ,  n u m erum  q3 * illum accu rate  esse, 
q u i o r itu r  e x  d iu is io n e  i o j o j  per 4 3 .

T o ta  op eration is  ra t io  fa c i le  patet ,  s i an im - 
adu ertam us ,  in h u im m o d i op eration e rem  p erin 
d e  se habere ,  ac s i  q u aerere tu r ,  q u o ia  pars 
quan titatis  a lic u iu s  s in g u lis  hom in ibu s o b u e n u et.
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1 4  E L E M E N T A  A R IT H .
si eam  e x a e q u o  to t h o m in ib u s d istrib u i oporteret) 
qu o t vn itates con tin et d iu iso r. N a m  in  tota op e ra 
tion is serie  in q u irim u s ,  q u o t vn itates ,  d e ca d e s, 
ce t . s in g u lis  d a ri possint ; iisq ue  datis  ,  quae d a
ri p o ssu n t, q uo t ad liu c  distribuendae su p ersin t. F a 
c i le  autem  in te llig itu r post q u am lib et su b tractio 
nem  p era fta m  i d ,  q u o d  re lin q u itu r ,  an tequ am  v l-  
teriorevn d iu id en d i notam  a d iic ia s  ,  d iu iso re  m in o 
rem  esse op ortere  ; nam  si resid u u m  aeq u a le  f o 
re t  ,  v e l  m a iu s ,  d iu iso r  in q uantitate  iam  d iu isa  
p lu ries  co n tin e re tu r , quam  in d icet num erus in  q u o 
tu m  re la tu s. O m n is d ifficu ltas  in eo  s ita  e s t ,  q u o d  
in  n um eris lon g io rib u s sta tim  non p a t e a t ,  q u o ties  
d iu iso r  in d iu id en d i n otis con tin eatur ,  e t  ten ta- 
m in e  vten du m  est ; d iu iso r  n em pe per n um eros ab
i  a d  9  m u ltip lican d u s est ,  atque n u m eri e x  hac 
m u ltip lica tio n e  produdti deben t co m p arari cum  di-* 
u id e n d i n o t is ,  e t exp loran d u m  est ,  q u in am  ex  
il l is  n u m eris sit p roxim e m in o r ;  pones in  q u o to  
n u m erum  ,  in  quem  dudtus d iu iso r  h u n c  effic it 
n u m erum  ,  ipsum  vero  num erum  ex  d iu id en d i n o 
tis  subd uces. C aeterum  q u i in A r ith m e tic a  s a t is  
fu e r it  e x e rc ita tu s , fa c ile  c o n iic ie t  e x  p rim is v triu s-  
q u e  n u m eri n otis ,  d iu id en d i s c i l ic e t ,  et d iu iso -  
r i s ,  ip su m  n u m erum  p ro  q u o to  e ligen d u m .

P ro b e  au tem  obseru ari debet in  q u o to  n o
ta ru m  v a lo r  ,  v t  in  a li is  A rith m e tic a e  o p eratio 
n ibus iam  an tea m o n u im u s ; at in p raesenti o p e 
ra tio n e  ,  q uae  est om n iu m  d iffic illim a  ,  rem  bre- 
u i exem p lo  illu stra b im u s. D iu id e n d u s  p rop on a
tu r  n u m erus 4 1 6  per a ,  statim  patet ,  in  q u o 
to  con tin eri cen ten arios ,  d ecad as ,  et vu ita tes . 
D iu id a tu r  iam  4  per a  ,  q uo tus e r it  a  ,  qui per 
a  m u ltip lica tu s  p ro d u c it 4  ,  q u o  subtradto ex  4



f it  o . P a te t  ergo  ,  d iu isu m  fu iss e  4 0 0  p er 1 .  P r o 
g re d io r de in d e  a d  n o ta m  sequentem  1 ,  h oc  est d i-  
u id i debet 1 0  p e r a .  Statim  a u ttm  v i d e o ,  a  in  1 0  
decies non c o n t in e r i ;  quare  sc r ib itu r  o  in  q u o to ; 
tu ra  v t  in d ic e t u r ,  q u o tu m  n u llam  decadem  c o n ti
nere ,  tum  v t  prim ae q u o ti n o ta e  a  su u s seru etur 
cen te n a rii v a lo r . T a n d e m  p ro g red ien d u m  ad  6 ,  q u i 
n u m e ro  p raeced en ti 1 a p p o n itu r ,  d iu iso q u e  1 6  per 
a  ,  h abetur q u o tu s 8 3 id eo q ue q uotus totus est 2 0 8 . 
H in c  gen eratim  in te llig itu r  ,  q ua  d e  causa in  q u o 
to  scrib a tu r c y p h ra  ,  im o  e t p lures cyp h ras  aliquan- 
d o  scrib i op orteat. H a c d iu is io n e  p e ra d a  ; n u lla  re
lin q u itu r  in  d iu id e n d o  nota ; s i  autem  a liq u id  re
s id u i ex postrem a su b tra d io n e  su p ersit ,  q u o to  ad ii- 
c ie n d a  est f r a d i o .  I t a  si in  exem p lo  praecedenti h a 
beretur n u m erus 4 1 7  p er 1  d iu id e n d u s , ita  v t  n u 
m e ru m  4 1 7  ex  aeq u o  h om in ibu s a  p ar tir i debeas, 
s in g u li accip eren t n u m m o s a o 8  e t  d im id ia m  p a r -  

t
tem  n u m m i,  q u a e  ita  scrib itu r — .

1
E x  h a d e n u s  e xp lica tis  g en eratim  etiam  ,  p ate t sa

t is  esse prim am  d iu id e n d i n otam  p er p rim a m  d iu i-  
soris  n otam  d iu id i ,  s i in  d iu iso re  ,  et d iu id en d o  
id em  sit  n otaru m  n u m erus. V e r u m  si d iu id en d u s p lu 
res co n tin eat notas ,  persaepe necesse est d u as p r i
m a s  d iu id en d i notas p rim ae  d iu iso ris  n otae su b iic i; 
id q u id  Aeri debere eu id en s est ,  q uo ties datu s n o 
taru m  n u m erus in d iu iso re  m aio rem  habet v a lo re m , 
quam  habeat aeq u a lis  n otaru m  n u m e ru s  in  d iu id e n 
d o :  v e ru m  si d u a e  ad h ib ean tu r d iu id en d i n o t a e ,  per 
p rim am  d iu iso r is  n o ta m  d iu is io  scm per fieri potest. 
Q u are  gen eratim  osten d itu r ,  su m p tis  in d iu id en d o 
tot n o t is ,  q u o t  sunt in  d i u is o r e ,  v e l e tiam  ,  q uo d

a li-
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a liq u an d o  necesse e s t ,  nota v n a  in sup er a d ie & a , 
n o taru m  num erum  in q uo to  vn itate  excedere  re si
duum  n otaru m  num erum  in  d iu id tn d o . In d e  au 
tem  fa c ile  c o l l ig i t u r ,  n u llu m  in  q uo to  n u m erum  
n ouen ario m aio rem  esse posse. E te n im  d m iso i d e 
c ies  aeq u a lis  esse non potest assum ptae d iu id e n d i 
p ar ti. N a m  si d iu iso r  decies sum atu r ,  n ota  vn a 
a u g e tu r : a t pars d i u i d e n d i  assum pta habet n otaru m  
n u m eru m  notarum  d iu iso ris  num ero aequalem  ,  v e l  
v n ira te  m aio rem . In  p rim o casu  eu id en s est ,  d i
u id e n d i p artem  assum ptam  m in o rem  esse d iiu so -  
re  decies sum p to  ,  cum  n otaru m  n u m erum  habeat 
v n ita te  m in o rem  : in  secu n do casu  pars d iu id en d i 
assum pta ,  si nota vn a versus d extram  m in u atu r , 
m in o r  fit  d iu isore . Q u a re  d iu id en d u s hac nota ite 
ru m  a u d u s  m in o r est d iu iso re  decies su m p to .  ̂

D iu is io n is  rite  p era d ae  argum en tu m  habebis, 
s i  d iu iso rtm  in  q u o tu m  ducas ,  redeatqu e d iu i-  
su s  n u m eru s ;  nam  si non redeat ,  m an ifestu m  
e s t ,  alicub i errorem  esse a d m is s u m ; q u o d  q u i
dem  p ate t e x  ipsa d iu is ion is  n atu ra  ; cum  d iu i
den d us toties con tin eat d iu isorem  ,  q uo ties v il i
ta s  con tin etu r in  q uo to  : quare  cum  q uo tus ex
p rim a t ,  quoties d iu iso r  co n tin eatu r in  d iu id en - 
do  ,  si d iu iso r p er q u o tu m  m u ltip lice tu r ,  d iu i- 
den d um  ip su m  restitu i necesse est. C aeterum  pa
tet ,  s i d iu isorem  accu ratum  habere non lic u it ,  
f a d o  ex  d iu iso re  in  q uotum  add en d um  esse re
s idu um  e x  v lt im a  d iu is ion is  su b tra d io n e  ,  v t  re
d eat d iu isa  quantitas. C o n tra r ia  ration e  euidens 
est ,  m u ltip lica tio n is  r ite  p erad ae  haberi a rg u 
m en tum  ,  si p ro d u d u m  d iu id a tu r per m ultip li
candum  ,  a u t per n u m erum  m u ltip licatorem  : in 
p rim o  casu  q uotus fit m u ltip lica tor ; in  casu  au 
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tem  altero  q u o tu s  est m u ltip lica n d u s . C u m  en im  
d iu is io  s it  m u lt ip lic a tio n i con traria  ,  per d iu is io - 
n em  r e so lu itu r ,  q u o d  in  m u ltip lica tio n e  co m p o n i
t u r ,  et c o n tra . C ae te r iim  in  m u ltip lica tio n e  ,  &  d i-  
u isio n e  co m p en d ia  p lu rim a  vsus d o c e b it ; h in c  m o 
n ere  satis  e rit  j  m u lt ip lic a t io n is  per p iures c y p h ia s  
fa c ien d a e  com p en d iu m  h a b e r i ,  si in produdto scri
ban tu r to t c y p h r a e ,  q uo t o ccu rru n t in  m u ltip li
c a n d o ,  &  m u ltip lic a to re  s im u l ,  m u ltip lic a tio  a u 
tem  a lia ru m  n otaru m  fiat secu n du m  reg u las  prae- 
d i f ta s .  I t e m  in d iu is io n e ,  si d iu is o r ,  &  d iu id e n -  
d u s  c y p h ra s  c o n t in e a n t : in  d iu id en d o  d e len d ae  sun t 
to t c y p h ra e  ,  q uo t o ccu rru n t in  d iu iso re  ,  q uae  
e tiam  in ip so  d iu iso re  d e le ri debent ,  et re liq u a 
o p eratio  peragenda ,  v t  an tea . N o tan d u m  autem  
est ,  com p en diu m  illu d  v a le re  d u m ta x a t  ,  s i cyp h rae  
fu e r in t  v lt im a e  tum  d iu iso r is  ,  tu m  d iu id en d i n otae; 
q u o d  q u id em  m an ifestu m  est e x  c y p h ra ru m  n a tu ra .

S c h o liu m . I n  praesen ti cap ite  serm onem  h a
buim us d u m ta x a t de n u m eris h om ogen eis ,  s in e  
e iusdem  s p e c ie i ; a t  pari fa c ilita te  in n um eris he* 
te ro g en eis  ,  seu d iuersae  speciei absolu un tu r o p e 
ra tio n es a rith m e tica e . A n te q u a m  vero  operationes 
illa s  exp licem us ,  defin ien dum  est ,  q u id  per n u 
m eru m  concretum  ,  q u id  p er abstractum  in te lli-  
ganc A r ith m e t ic i. K u m e ru s  con cretu s d ic itu r , 
q u o  re s  a liq u a  d eterm in ata  d e s ig n a tu r , ita  s i d i 
cas tres h om in es ,  tres h oras ,  tres pedes ,  ce t . 
A t  s i n u m erum  3 gen eratim  en un ciau eris ,  nec 
rem a liq uam  design au eris ,  n u m eru s vo catu r abs- 
tra& u s. la m  in n um eris d iu e rsae  speciei a d d it io , 
&  subtra& io  fa c ile  in te lligu n tu r. P ro b e  tenenda 
est d iuersa n u m eroru m  species : ita s i a d d i d e 
beant lineae ,  p o llices  ,  pedes ,  exapedae ,  scien- 
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dum  e s t ,  lin e a s  1 1  p o llicem  vn u m  aequave ,  p o l
lices i a  pedem  v n u m ,  &  cxapedam  e x  ped ibus
6  con stare . V b i'a u te m  in  l i n e a t u m  a d d it io n e  s u m 
m a e f f i c i t u r ,  q uae  i a  exced it ; to t vn itates in ter 
p o llic e s  re fe rr i  debent ,  q u o t sun t n u m eri d u o d e 
n a rii ; quod' vero  re liq u u m  est ,  seu q u o d  d u o d e 
n ario  m inus est ,  in  linearum  colu m n a scrib i d e 
bet ; &  ita  deinceps d e  a lia  q u alib et n u m eroru m  
specie. S im ilite r  in  su b tra d io n e  tota patet op e ra 
tio n is  ra t io  3 s i q uan titas subtrah en da E .  G .  lin e a 
ru m  n u m erus ,  iu sto  m aio r s it  ; iam  e x  q u an tita 
te  p ra e c e d e n ti,  p o llicu m  sc ilice t ,  m u tuo accip ien 
d a  est vn itas  ,  q uae  d u o d e n ario  n u m ero  a eq u iu a le t , 
a tqu e  ita  re liq u a o p eratio  peragenda. I l lu d  v n ic u m  
est d iscrim en  in ter op eration es arith m eticas m  nu
m eris  a b stra& is  ,  atque heterogen eis p eragen das, 
q u o d  sc ilice t in  n u m eroru m  a b stia fto ru m  a d d it io 
ne ,  v e l subcra& ion e v n ita s  m u tuo accepta d ecad i 
a e q u iu a le a t ;  a t in n u m eris heterogeneis v n it a s ,  q uae  
m u tu o  accip itu r ,  eum  retinet v a lo r e m ,  q u i sp ecie i 
suae resp o n d eat. H a e c  d e  ad d itio n e  , &  su b tra ftio n e .

Q u o d  m u ltip lica tion em  spedtat ,  im p ro p rit  
o m n in o  a q u ib u sd am  A rith m e tic is  proponi v id e 
tu r  co n cre to ru m  n um erorum  m u ltip lica tio n e s . I t a  
in ep tu m  e s t ,  q u o d  fa c iu n t a liq u i ,  quaerere  p ro 
d ii dtum ex n u m m is 3 ,  iu liis  3  ,  assibus 3  in  
n u m m o s 3 3 iu lio s  ,  asses 3 .  E re n im  in  eo  s i
ta  est m u ltip lica tio  ,  v t data q uaedam  q u an titas  
d atis  v ic ib u s su m atu r ,  ac  p ro in d e  m u lt ip lic a to r  
d ebet esse n u m erus ab stra& u s. Q u a  ration e  a u 
tem  q uan titates d iu ersae  speciei per n u m erum  ab- 
s tra& u m  m u ltip lice n tu r ,  f a c i le  p a te t ,  si E .  G .  
produdtum  ex  "lineis in n u m erum  abstracftum m a 
iu s  s it  n u m ero  d u o d e n a r io , ia m  in te r p o llic es  re-
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i ic i  debent to t vn itates ,  q uo d  sun t n u m eri d u o 
d e n a rii ; q u o d  autem  re liq u u m  est ,  in ter lin eas 
scriben du m . P o r r o  q uam uis in  m u ltip lica tio n e  n u 
m erus a b s tr a d u s  esse  debeat m u lt ip l ic a to r ,  res ta 
m en  a lite r  se habet in d iu is io n e ; nam  d iu id en d u s  
sem p er c en se tu r num erus co n cretu s ,  d iu iso r  a u 
tem  vel c o n c re tu s , v e l  a b strad u s  esse  potest. I ta  
d iu id i possunt n u m m i 6  p er n u m m o s z ,  h oc  est, 
in u estig ari p o t e s t ,  q u o ties  i  co n tin eatu r in 6  ; q u o 
tus 3 e rit  n u m eru s abstratftus. P o te st  etiam  d iu id i 
n u m e ru s con cretu s per n u m erum  a b strad u m  ; ita  
n u m m o s 6 d iu id e re  possum us per 3  ,  h oc  est in - 
u estig are  p ossu m u s te rtiam  p arte m  n u m m orum  6 ,  
&  q uo tus e rit  n u m eru s co n cretu s ,  n em pe n u m 
m i 3 .  I a m  v t  perspicua h ab eatu r d iu is io n is  n o tio , 
a d  ipsam  defin itio n em  re d e a m u s. In  d iu is io n e  s c i 
l ic e t  d iu id en d u s est ad  d iu is o r e m , v t q u o tu s est 
ad  vn itatem  ,  ve l d iu id en d u s  e st  ad q u o ti m  ,  v t 
d iu iso r  ad  vn ita tem . P ro b e  au tem  obseru ari de
bent illa e  du ae proportion es ; lic e t  vna ,  ead em  -  
q u e  v id ea n tu r. D iu id e n d u s  tam q uam  n u m erus con 
cre tu s  s tm p e r  h a b e tu r , con cretu s autem  ,  v e l ab
s tr a d u s  esse potest n u m erus d iu iso r . In  1 casu  
q u o tu s  e rit  n u m erus a b strad u s  ,  &  Io a ;m  h.ibet 
p rim a  p r o p o r t io ; in  essu  a l t e r o ,  vbi nem pe d iu i
s o r  est n u m erus ah rfra d u s  ,  q uo tus est m  m erus 
c o n c r e tu s , &  lo=um  habet p rop ortio  a l t e r a :  q u i
dem  o m n ia  t e m p l o  fa c ile  lic e b it  in te lligere . S i  
n u m m i 6  . numerus c o n c m u s ,  d iu id a n tu r Pl t  npm - 
m o s  2 ,  numerum  it id em  concretum  ;  q uotus erit 
num erus a b s ^ d u s  3 ;  h ic  en im  n o n . in d icab it n u 
m erum  num m orum  ,  sed  e x p r im e t ,  q uo ties d iu i
s o r  co-tin etu r in  d iu id en d o  ; erun t nem pe 6  n u m 
m i *« a  n u m m o s»  v t  n u m e ru s  ab strad u s  5 est 
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ad  vn itatem  abstradtum  i .  D ic i  autem  n o n  p o sse t,
6  num m i ( numerus s c ilice t d iu id e iid u s  ,  8c con
cretus  )  sun t ad  q uotum  3 (  num erum  abstra
ctum )  ; v t  nu m m i o. (  numerus d iu iso r  ,  &  coit-  
c r e tu s )  ad  1  ( numerum abstractum '). T a l is  p ro 
p o rtio  n u llam  in  m ente re lin q ueret d is t in d a m  n o
t io n e m ; cum  e n im  n u m erus c o n c r e tu s , &  « u m e 
r u s  a b s tra d u s  d iu e rs i sin t gen eris  ; n u lla  in te r eos 
c om p aratio  , &  ra t io  p rop rie  d id a  in stitu i potest.

S i d iu iso r  s it  n u m erus a b strad u s  ,  v t  in  casu  
secu n do ,  q u o tu s est num erus con cretus ,  &  se 
cun d a v a le t  p rop ortio . Ic a  si d iu id a n tu r 6 n u m 
m i per n u m erum  abstradlum  3  ,  q u o tu s e rit  n u m 
m i a  ,  (n u m e ru s  s c ilic e t  c o n c re tu s)  ;  h abeb itu r- 
q u e  h aec p rop ortio  ;  num erus concretus ,  nem pe 
6  n u m m i ,  e rit  a d  q uotum  ,  n um m os a ;  v t d i
u iso r 3 ad  1 .  Id  v e ro  n otan dum  est ,  in  v tra -  
q u e  prop ortio n e  vn ita tem  esse sem per n u m erum  
abstradtum . Q u a re  d iu is io  sub d u p lic i ra tio n e  con 
s id e ra ti p o t e s t ;  v e l enim  q u a e ritu r ,  q uo ties q uan 
titas  v n a  in  a lte ra  eiusdem  g en eris quan titate  con 
tin etu r ,  &  h ic  est prim us casus ,  v e l  q uaeritu r 
q u a n t ita s , quae certis  v ic ib u s in  a lia  eiusdem  g e
neris q uantitate con tin eatur ,  &  h ic  est casus se
cu n d u s. F a c ile  autem  patet ex  d em o n stra tis  , q u o 
m o d o  nu m eri con creti per a ^ stra d o s d iu id a n tu r, 
a u t e tiam  con creti per con cretos . e tiam si fu erin t 
d iuersae  speciei. E te n im  si con creti pe,- absttados 
d iu id a n tu r ,  in it io  sum p to  ab iis  ,  qui m aiorem  
h aben t v a lo re m  ,  d iu is io  e x  re g u lis  praescriptis 
in stitu atu r ; s i au tem  sup ersit a l iq u id , ad  m ino
rem  sp eciem  red u catu r. E .  G .  si residu i fuerint 
p e d e s ,  red u can tu r in  p o llices  ,  a tqu e  itt*um  di- 
u is io  d e  m o re  fiat. S i  con cretos n um eros Jiuer-
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sae  speciei per co n cre to s  itid em  d iu ersae  speciei 
d iu id t  op orteat 3 iam  n u m eri tum  d i u id e n d i,  tu m  
d iu isoris  ad  m in im am  speciem  d e p r im a n tu r , q u o d  
p er m u ltip liea tion em  fie ri m a n ife stu m  est s a tq u e  
d iu is io  fia t eodem  m o d o ,  ac  in  num eris abstra- 
sSis. C aeterum  in  m u lt ip lic a t io n e , &  d iu is ion e  q u a n 
tita tu m  d iu e rsae  speciei v a ria  a d h ib eri p ossunt o p e 
ran d i com p en d ia  ,  quae sine fn d t io n u m  dotftrina in -  
te llig i non possunt. D iu is io n is  n otion em  ex  gen u i
n is  p rin cip iis  iam  h au sim u s. In  op eratio n ib u s a r ith 
m etic is  ab strah i so let a  co n cre tis  a b stra flisq u e  n u 
m eris  ,  an co n creti sin t v e l ab strad ti,  ad  m aio rem  
op eration u m  fa c ilitate m  ; v e ru m  ad  fo rm a n d a m  e a -  
ru m d em  op eration u m  id eam  d istin & am  ,  necesse e st , 
v t  n u m eris sua  dein d e restitu atu r con uen ien s n o tio .

C A P V T  I I I .

D e quatuer praecedentibus operationibus in 
Arithmetica speciosa absoluendis.

P R O B L  I .

Quantitates litterales addere.

I .  / " ^ V a i n i t a t i b u s  litte ra lib u s  p ra e fig u n tu r sig- 
na ,  q u o ru m  s ig n ificatio n em  p ra em itti 
o m n in o  necessum  e st . S ig n u m  a d d it io 

nis est - 4- ,  s ign um  autem  subtracftionis est — , 
aeq u a litas  du abu s lin e o lis  exp rim i solet h o c  m o 
d o  -  —. I ta  a  ;  z  a  ,  a  - +  a  ;  i a  ,  a —  a " 2 0 .  
Q u an titas adden da d ic i so le t q u an titas  p o s it iu a ,  
q uantitas autem  subtrahenda vo catu r n egatlu a.



S i  quan titati littera li praefigatur n u m erus a liq u is , 
h ic  co > ffiden s  vo ca tu r ,  ita in  quan titate  litte ra li 
a a  n u m erus i  coeffic ien s ap p e lla tu r. S i  autem  q uan 
tita s  littera lis  n u llum  n u m erum  praefixum  habeat, 
ia m  vnicas tam q uam  illiu s  coeific ien s cen seri d e 
b e t ;  ita  a  z  i a  v t  patet. Q u an titates litterales d i
cu n tu r st/ni/es , s i easdem  co n tin ean t litteras  ,  &  
eum dem  earum dem  litterarum  n u m e ru m ,  etiam si 
d iu ersis  coe ffic ien tib u s n o t e n t u r , - n a ,  & —  $a  
su n t quanritates s im ile s ; a t d is sim ile s  sunt q u a n 
tita te s  a  &  b ,  atque etiam  q uan titates a  &  aa . 
Q u an titas  a liq u a  ex p lu rib u s  term in is com posita  
d ic itu r  ,  q uae  p lu res habet litteras  s ign o  -n- v e l —  
connexas : I ta  a  -t-  b con stat ex  duobus te rm in is  
&  binomium  d ic it u r ;  a  —(- b - +  c  ex  tr ib u s  te rm i
n i s ,  &  trinom ium  v o ca tu r . Q u a n tita s  ex  v n ic o  t e r 
m in o  com p o sita  d ic itu r  q u a n tita s  s im p le x ,  a tqu e 
etiam  monomium ; ita  a ,  ab ,  abc sunt q uan titates 
s im p lice s .

H is  praem issis d e fin itio n ib u s ,  q uan titatum  litte 
ra liu m  a d d it io  iam  e xp lican d a  e st . S i  qH antitates s im 
p lices  f u e r in t ,  tota op eration is  ra t io  sta tim  p a t e t .I t a  
si a &  a ad d i d e b e a n t,  habebitur a a  ; s i add ere  o p o r 
teat a &  a a  ,  sum m a e rit  3 a ,  &  ita  d e in cep s ; sa 
tis nem pe est in hoc casu  add i c o e ffic ien tes  ,  &  co - 
e ffic ien tiu m  sum m am  q u an titatibu s litteralib us prae
fig i ,  eod em  seru ato  sig n o  -+  vel —  ,  si quantitates 
eod em  s ign o  a ffic ia n tu r . A t  si d iuersa  fu e r in t  sign a, 
ia m  coe ffic ien s m in o r a m aio ri su b trah i debet Sc d i f 
fe re n tia  cum  m aio ris  coe ffic ien tls  sig n o  scribei d a .

I d  q u idem  eu id en s est e x  n egatiu aru m  ,  &  po- 
s itiu aru m  quan titatum  n a tu ra . E ten im  q uan tita
tes p o s itiu a e  q u an titatibu s n eg atiu is  sun t diie<fte 
co n cra iia e . Q u are  si q uan titates add en d ae sim i

les
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l e s s i n t j  s ign isqu e co n tra riis  a ffe d a e  }  v e l  se o m n i
n o  d e stru u n t,  v e l a liq u a  ex  parte  tan tu m  ; n em p e 
s i  quantitas vn a  s it  a ltera  m a io r ,  d e stru itu r in  m a 
io ri q u an tita te  p ars  m in o ri a e q u a lis ,  &  re sid u u m  
est q u an tita tis  v triu sq u e  d ifferen tia  ,  q u a e  q u id em  
d iff jre n t ia  s ig n o  m a io ri q u an titati p raefixo  a ff ic i  d e 
bet. I ta  eu id en s e s t ,  q uan titates - +  ydt' &  —  3 d f  
red u ci ad  - +  a d f  ;  nam  - +  y d f  est q u an titas  d f  
q u in q u ies  sum pta ,  &  —  3 d f  est q u an titas  d f  ter 
subetadu  ; sed  e ad em  q u an titas  q u in q u ies  s u m p ta , 
8c ter su b tra& a  re d u c itu r ad q u an tita tem  bis sum p  - 
ta m . S im ilite r  - +  y fm  &  —  6 fm  re d u c itu r  a d  —  
i f m ,  v e l a d —  f n j .  N a m  —  6 fm  est q u a n tita s  
fm  sexies siibfradta ,  & -t- y fm  est eadem  q u a n t i
tas qu in q uies a d d ita  , ac  p ro in d e q u an titas  f m  sem el 
su btrah itu r ,  &  rem an et n egatiua ,  seu  fit  —  fm .

E T  A L G E B R A It . -2  ,

E a d e m  ratio n e  o p e ra n 
d u m  est in a liis  q u a n t i
tatibus v tcu m q a e  com  
positis. Q u an tita tes  ad 
den d ae ita  disponun-

E x e m p lu m ,
3 ab —  y cs  —  4 d r  - +  a s  

— ■ ab -t- 4 : s  - +  4 d r  —  t

L 2 a b  —  c s  H4 —t- s 
t u r ,  v t  s im iles  te rm in i sibi in u ic em  resp on d ean t. 
S in g u lae  partes seorsim  co n sid eran tu r ,  v t  s im p li
ces ,  &  a d d it io  I i t ,  v t  m o d o  praescrip tu m  est ;  s u m 
m a  autem  in fra  lin eolam  scrib itu r . S u b  te rm in is  3 q u i  
sese m u tuo d e s tr u u n t , scrib i solet s t e l lu la ,  v e l z e -
10 .  T o ta  o p eratio  patet ex  praesenti exem p lo . S i q u a n 
tita te s  a liq u a e  fu er in t d iss im iles  , eas s ig n o  v e l __
con n ed b n d as esse eu id en s est. Ita  si a d d i o p o rte a t 
a &  b j  vel a  tk  —  b ,  scrib en d u m  est a  - +  b , a  —  b.

P R O B L .
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P R O B L .  I I .

Quantitates litterales subtrahere.

I I .  I N  su b tra d io n e  considerantur, q u a n tita te *  
JL s in gu lae  subtrah en dae ,  tam quam  si h a

beren t s ig n u m  e i  ,  q u o d  h a b e n t, con trariu m  ,  8c 
fiat sum m a ex  legibus iam  praescrip tis  ; nem pe 
In  q u an tita te  subtrah en da m u tetu r s ig n u m  -t-  m  
_  } Sc —  in -t- ,  Sc a d d it io  d e  m o re  f a t .  I ta  
su b trah itu r b e s  a ,  scriben do  a  —  b . S i b c 
c x  a  -t- c  subtrah i o p orteat ,  s c rib itu r a - +  c
__  b - +  c  r :  a —  b -t- a c .  S im ili m o d o  in
q uan titatibu s vtcu m qu e  com p o sitis  o p e ra n d u m  est.

Q u a n tita s  su b tra
h en d a in fe rio ri lo-

E x em p lu m .
ab -t-  abb —  d d

co  scrib itu r , a iia  ab —  bc -+  d d . 
autem  e x  q u a  sub 
t r a d io  fieri debet, 
sup ra  appon tu r

ab - +  abb - d d  - ab -+■ bc —  d d
— ~  abb -i- bc —  a d d . 

de in d e  m u tatis  s ig n is ,  v t  iam  d id u m  e s t ,  tota q u a n 
titatu m  series scrib itu r ,  &  p ostea r e d u c it u r ,  v t  fa -  
tftum est in  a d d it io n e ; h ab eb itu r quan titatum  d i f 
fe ren tia  in fra  lin e o la m  scrib e n d a . Q u o d  au tem  in 
q u an tita te  subtrah en da sig n u m  —  m u tetu r in  - f ,  
ra t io  fa c ile  p atet. S i  e x  a su btrah i d e b e a t .b — d , 
scrib atu rq u e  p rim o a  —  b , s u b tr a d io  iu sto  m a
io r  e st  ; subtrah en da en im  n o n  p ro p o n itu r tota 
quan titas b ,  sed  b m u ld a ta  quan titate  d  > quare 
in sto  m a io r e st  s u b tr a d io  ,  &  excessu s est ipsa 
q u a n tita s  d  ,  quae p ro in d e cu m  sign o p ositiuo 
—f- restitu i debet ,  Sc scribendum  est a —  b -t- 
d . I d  v e ro  n u m ero ru m  e x em p lo  illu stra tu r . S i  ex

nu-
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n u m ero 6  subtrahendus prop on atur num erus j  —  3 .  
ex  praescripta regu la  scriben du m  est 6 —  ;  -+’ 3 ,  hoc 
est 4 ,  le d u ftio n c  fadta. Q u o d  ei iden s est. S i en im  
scriberes 6  —  5 —  3 ; su b tra lu res  8 ex 6 ,  q uo d  q u i
dem  fa c ien d u m  non p ro p o n itu r ; cum  en im  sit 5— 3 

n u m ero  6  subtrah i debet d u m ta x a t  n u m e
ru s  1 .  C aeterum  p a te t ,  in ca lcu lo  littera li non  secu s, 
ac  in  a rith m e tico  ad d ition em  ,  &  subtradlionem  s i
bi m utuam  probationem  praebere ;  ita  v t  op eratio  
vn a per a lteram  m u tu o  exp loretu r.

P  R  O  B  L . I I I .

Quantitates litterales multiplicare.

I I I .  Q l g n u m  m u ltip lica tion es est X  ,  q uo d  ta -
O  m  en in m u ltip lica tio n e  fkcfti per l i t te 

ras om itti so let ,  &  so la  c o n iu n & io  litteraru m  si
n e  sig n o  m u ltip lica tion em  sign ificat. S it  a  -- — 2 ,  
b — ~  1 0 ;  e rit  ab — a  X i o  2 0 . S i eadem  
quan titas per seipsam  m u ltip lic e tu r  ,  app on itu r 
post ip s im  p au lo  supra num erus ,  qui e x p rim a t ,

q uo ties scriben da esset. I t a  aa  ~  =  a ~  ,  aaa  —

a.3 . C a u e n d u m , ne c o n fu n d a tu r a '  cum  a a  ; sit

a  ^  — 5 ,  e rit  a 2  r  — a j  ,  a a  — — i o  ; s it  b

-  ~  a ,  e r it  (a -t* b )  -  ~  a  - +  b'1  -  -  7  X 7
-  = 1 4 9 ;  paren th esis autem  ( )  ,  vel lin eo la  — • —  
produdta d esign at ,  totam  q u an tita tem  a  —1- b in 
seipsam  m u lt ip lic a r i. N u m e ru s  sup ra  positus est

- in d e x  ,  seu exponens p oten tia e  ,  v t  v o c a n t ,  ve l 
p o t e s ta t is ,  seu d ig n it a t is  quan titatis  ipsius ,  &

ex-
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ex p rim it ,  quoc v ic .b u s  vnicas per i l la m  q u a n ti

tatem  m u ltip lic e tu r. I t a  i X a  =  a 1 ; : X a X

a ~  ; i  X  a  X  a  X  a =  — a^ ,  cet.
In  quan titatum  co m p o sita ru m  m u ltip lic a t io n e , 

scrib e n d i est a ltera  q uan titas sub a ltera  ,  cum  to 
ta  p r im i q uan titas m u ltip lica n d a  p er vn u m  ex te r
m in is  se c u n d a e , scriben do  p ro d u & u m  in v n a  l i 
n e a ,  d e in d e  caca p r.m a  q u an titas  p er a l ia m ; &  
ita  p o r r o ,  scriben do s in gu la  p ro d u fta  in  sin g u lis  
l in e i s ,  ac  n otan d o  sim iles term in o s d iu e rso ru m  hu- 
iu sm o d i p ro d u d o ru m  a l io s  sub a liis  ; d e in d e  o m 
n iu m  lin earu m  co llig en d a  su m m a. O m  iiu m  vero  
h u iu sm o d i o p eration u m  patet ra t io  ; m uicip licacio  
en im  fit p er partes non secus ,  ac  in  q u a n tita ti
bus s im p lic ib u s . P o r r o  in  m u lt ip lic a t io n e  q u a tu o r 
o p eration is  parces c o n s id e ra ri d e b e n t , nem pe s ig 
n a ,  co tffic ie n tes  ,  litterae  ,  &  ex p o n en te s; h in c  q u a 
tu o r p raescrib u n tu r re g u la e . i . S i  sign a fu e r in t  e a 
dem  , p ositiua sc ilice t ,  v e l n e g it iu a  ,  p ro d u d u m  fic 
posi/ju um  : con tra  aucem  si fu er in t d iu e r s a ,  p r o d u 
d u m  est negaciuum . I ta  - +  X  - +  — -+  ; 4 -  X  —

a . C o e ffi- ie n te s  in se innicem  m u ltip lica n tu r . 3 . L i t 
te rae  ord in e  alphabecico sc^ ib u n cu r, n u llo  in te rp o si
to  sig n o . 4 .  S i q uantitas a liq u a  expo n en te  a f f ic ia tu r , 
eaq u e m u ltip lica ri debeat per e a m ie m  litteram  ex- 
ponente itidem  a ffe d a m  ,  littera  illa  sem el in  p ro- 
d u d o  scriben da e s c ; ita  v t tam en  h uius q u a n tita tis  
e x p o n e n s ,  aeq u a lis  fia t e xpo n en tiu m  su m m ae. O p e

ra  -



ra t io  tota patet
Ex em plu m .

- +  a a c  —  bc 
z —  b
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a a  c  —  «bc 

b - a ab c  - +  b Q

exem plo . Q u a n t i
tas m u ltip lican d a, 
superiori lo co  s cr i
b itu r .D e in d e  m u l
tip lica tu r per a ,
8c p ro d u d a  s in g u 
la  in fra  lineolam  
scrib u n tu r. P o s 
tea fit m u lt ip lic a 
t io  p e r —  b ,  pro- a^  -  a "  b - + a 3 c ~ - 3 a b c - + b ' 
dudtaque in fra  app on u n tur 5 &  tandem  produdtorum  
p artes s in gu lae  ,  v t  m o ris  est 5 in sum m am  c o llig u n 
tu r . I d  vero  3 pro m a io ri a d d itio n is  fa c ilita te  o b ser- 
u an d um  est ,  v t  s c ilice t s im ile s  p rod u & o ru m  partes 
a liae  sub a liis  scriban tur ,  &  sibi in u icem  re sp o n 
d e a n t ,  v t  ia  ad d itio n e  p raescripsim u s. Q u o d  sp e& at 
tres  v iti m as leges  ,  hae satis  patent ex  an tea d e m o n 
stratis  ; v e ru m  q u o d  attin et sig n o ru m  d o ctr in a m  3 in 
bon o lu m in e  co llo ca ri d e b e t.

S ig n o ru m  m u ltip lica tio  ,  q uae  ty ro n ib u i d i f 
ficu ltatem  afferre  solet ,  ex  ipsa q u an tita tu m  ne- 
g a tiu a ru m  natura  in te llig i potest. D u m  quan titas 
p o s itiu a  -t-  a m u ltip lic a tu r  per a liq u em  n u m e
ru m  positiuum  -t- n  ,  sensus est ,  q uan titatem  
—t- a  toties sum i ,  q uo ties v n ita s  co n tin e tu r in
11 ;  atque p ro in d e p iod uifh im  fit na. S i — a m u l
tip licari debeat per -1- 1 1 ,  sensus est 3 —  a q u a n 
titatem  n egatiuam  toties s u m i,  q uo ties vn itas  c o n 
tin e tu r  in  n ,  id eo q u e  p ro d u d u m  est —  na. S i 
m il i  m o d o  si m u lt ip lic e tu r  4— a per —  n 3 sen 
sus esr }  quan titatem  a  toties subtrah i ,  q u o 
ties vn itas con tin etur in  —  n ,  id e o q u e  p r o Ju -  
d lum  est n eg atiu u m  ,  seu  —  na. S i  —  a  m u l

ti-
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c ip licari op orteat per —  n ,  sensus e s t ,  —  a to ties  
subtrah en du m  esse ,  q uo ties vn itas  est in —  n ,  sed 
su b tra& io  q uan titatis  n egatiuae —  a  aeq u iu alet a d 
d itio n i -t- a  ; q u are  produdtum  est -t- na. N e m o  
n on v id e t  ; p rod ud lum  ex  q u an tita te  p o sitiu a  in 
p o sitiu am  , fic ti p ositiu u m . S e d  a lii  casus ,  hoc 
m o d o  ru rsu s illu stra r i possunt. C um  sit  -+  a  —  
a  ~  =: o  ,  si m u lt ip lic e tu r  -i— a  —  a  per n ,  p ro -  
d u ftu m  d ebet esse o . Ia m  v e ro  prim us p rodu£ti t e r 
m in u s  est -i- 113 ,  ergo  term in u s a lte r  debet es
se  —  na , qui destru at p r in u m  term in u m  + -  na, 
ita  v t  produdtum  sit  +- na — ■ na = : s  o . Q .ia re  —  i  
X  -+  n - s  — —  n a . S im ili m o d o ,  si m u lt ip lic e 
tu r  ~+ a  ,  &  —  a per —  n ,  prim us p ro d u & i te r
m in u s e s t —  n a ;  quare  te rm in u s a lter est -t- n a ; 
a lio q u i te rm in i d u o  sese m u tuo non d e stru e re n t, 
q u o d  tam en fieri debet ,  cu m  s it  a  —  a  ~  s  o .  
E r g o  ■—  a  X  —  n =2 s  •+  n a .

P R Q E L .  I I I I .

Quantitates litterales diiiidere.

I I I I .  Q T g n u m  d iu is ion is  et lin eo la  in terpo- 
s i t a ,  d iu id en d u m  sep aran s a  d iu iso-

a
re ; ita  •—  d e s ig n a t ,  a d iu id i per b ; d iu is io  etiam  

b
d e s ig n atu r ,  in terp o sitis  b in is  puntftis ,  h o c  m odo 
a : b. V e ru m  h is  sig n is  ,  v ten d u m  est d u m taxat, 
s i d iu is io  accu rate  fieri non p ossit ; quod prim um  
illu strab im u s exem plo  q uan titatum  ,  q uae  vn ico 
c on stat te rm in o . S i p ro p o n a tu r d iu id en d a  quan

ti-
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a-  bc

titas a 2  bc p er a  c  ,  erit --------- K  ~
a= c

; b ,  ac  

6 a 2  bc
p ro in d e q u o tu s  erit b . S im ili ration e

l o a  b io b
— .  I n  h oc  sita

6c
est to ta  d iu is io n is  o p e ra tio  ,  v t  ex  d iu id e n d o , &  d i-  
iiiso re  exp u n g u n tu r l it te r a e  v tr iq u e  com m u n es ,  r e 
liq u a e  autem  p ro  q u o to  h a b e an tu r. S i  au tem  q uan 
titates littera les  coe ffic ien tib u s a f f ic ia n tu r , eu indens 
e s t ,  d iu is ion em  in s t itu i d eb ere  non secus ,  a c  in  
A rith m e tic a  v u lg a r i .  P o r r o  lic e t  in d iu id e n d o  ,  &  
d iu iso re  d e le an tu r l it te r a e  c o m m u n e s ; non tam en 
p utandum  e s t ,  q u o tu m  ex  q u a n tita te  per se ip sam  

abe
d iu isa  esse ~  — o ;  i t a --------- n on  est r  z : o ; d e -

abe
le n tu r qu idem  l it te r a e  o m n es- , sed  quantitati l i t 
te ra li praefixus sem per in t d l ig it u r  coeffic iens i j

abe la b e  i
s i c -------- ---  ------------- =  -  —  -  i .  E t  q u idem

abe la b e  i

dum  d iu id itu r  abe p er abe ,  q u a e ritu r quoties abe 
co n tin e tu r in  abe. S e d  quan titas q u aelibet sem el 
in  seip sa  con tin etu r. Q u a re  in  h oc  casu q u o tu s est 
sem p er v n ita s . Q u o d  s ign oru m  leges spuftat , eae
dem  o m n in o  sunt ,  quae p io  m u ltip lica tio n e  ;  nem 
pe si -t- d iu id a ru r  p er •+- ,  &  —  per —  ,  q u o 
tu s  sign o + -  affic itur ; co n tra  autem  si d iu id a -  
tu r  -t- p e r  —  ,  ve l —  per -i- ,  quotus a ff i-
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c itu r  sig n o  — . T o ta  e xp lica tae  operation is ra tio  e u i
den s est ex  ipsa d iu is ion is  n a t u r a ; cum  en im  p ro -  
d u d u m  ex  d iu iso re  in q u o tu m  ,  d iu id en d o  aeq u ale  
esse d e b e a t ;  m an ifestu m  e s t ,  q uotum  ex  d iu is io n e  
q u an tita tis  n egatiu ae  per n egatiuam  ,  o p o rtere  esse 
p o s itiu u m . P o n am u s enim  ,  esse n egatiu u m  ,  iam  
p ro d u d u m  ex  q u o to  n eg atiu o  in  d iu isorem  n egati
u u m  3 fo re t  p ositiu u m  ,  a c  proin de non red iret 
q uan titas d iu id e n d a  ,  quae p o n itu r n egatiu a . S im i
l i  ra tio n e  d em o n stran tu r a lia e  sign oru m  leges.

E o d e m  plane m o d o  o p eran d u m  est in  a liis  
d iu is io n ib u s  vtcu m qu e  com p o sitis . I ta  si d iu id i

op orteat 9 a b "  —

b - fr  6 a 3

p e r  —  3ab  - +

• i a 2 .  S in g u li te r
m in i ita  d isp on i 
deben t ,  v t  s u 
m e tu r d iu ision is 
in it iu m  ab illo  
te r m in o , q u i ad 1 
m ax im am  e u e d u s  est potestatem  ,  &  ita  per g ra 
d u s p ro g red ien d o  ,  v t h ic  fa d u m  v id es . Itaq u e

d iu id a s  6 a^  p er i a 2  : p ro d it q uotus 3 a 1 ; per 

q u e m  d iu iso r  to tu s  m u lt ip lic a tu r ,  p ro d u d u m q u e  

6 a ^  —  b subtrahas ex  d iu id en d o  ;  re s i

d u u m  fit  —  6 a ~ b , c u i  add as 9aba  ,  &  d iuide* 

re  pergas ,  v t ante : q u o tu s est —  3b  ; p ro d u d u m - 

q ue e x  h oc  q u o t o , &  d iu is o re  —  6 a 2  b  —i- p jb a

E x em p lu m . I 

6 a 3 -  i  ja ^ b - i -p a b ^  1 a a ^ — 3 ab

6 a^  —  9 a 2  b

—  6 a 2  b -+ 9 a b a

—  6 a ~  b -+ p ab2

* *

3a I — 3 b
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ite ru m  au feras  e x  d i u i d e n d o ,  n ih ilq u e  rem aner. 
Q u a re  accu rata  e st  d iu is io . S i autem  p e ra d a  op e
ratione a liq u id  s u p e r s it ,  ita v t  d i u is o r ,  &  re liq u a  
p srs  d iu id en d i ,  n u llas com m unes h abean t q uan ti
tates , iam  d iu is io  accu rate  fieri non p o t e s t ,  sed  
quo to  in u en to  iu n gen d a e st f r a d io  ;  de fr a d io n i-  
bus a u te m ,  tra d a b itu r  in p rox im o cap ite .

S a ep e  c o n t in g it ,  d iu is io n em  in  in fin itu m  con 
tin u ari ,  e t  tun c  q uotus fit ,  v t  v o can t ,  ser ie s  in -  
f n i t n .  E x e m p lo  s it  v n ita s  d iu id en d a  p e r  1  —  a . 
O p eratio  est h u iu sm o d i.

1 ___ q u o tu s  esc 

x __ 3 1  + -  a  -i- a2  - +  - + a ^  ce t .

-+  a  
- +  a  - aa

~+ aa
- +  aa  -  aaa

-+  aaa  cet.

H a e c  pauca exem pla  satis  s in t . C aeteru m  patet, 
m u lt ip lic a t io n e m , &  d iu ision em  in quan titatibu s lit te 
ralibu s non secus ,  ac  in  n u m e r is , sibi m u tuam  p roba
tion em  c o n fe rre , ita  v t  m u ltip lic a t io  p er d iu is io n em , 
& v ic e u e r s a  d iu is io  per m u lt ip lic a t io n e m  c o n fiim e tu r.

S o h o l. In  hoc cap ite  fre q u e n s  fit m en tio  d e  
q uan titatibus negat iu is  ,  q u a n m  g ei u nam n o tio 
nem  ,  paucis iterum  tx p lita r e  ,  nc n abs re  erit. S i 
du ae q u a n t ita te s  n agn itud in e  a tc jia lt j. ad partes 
d i n d e  op p ositas s i m u l ,  e t in eo d tm  s u b i id o  
c o n iu iid a e  im e llig a n iu r  ,  sese m u tu o  d estru u n t,

i l -
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Illa ru m q u e  effeiftus n ih ilo  aeq u a lis  e st. I ta  s i po
tentiae duae a e q u a le s , in partes d ir t& e  oppositas 
a g u n t , v iriu m  illa ru m  effedtus n u llu s  ts t . P a r i m o 
d o ,  si a liq u is  habeat 10 0  n u m m o s , to tid em q u e  a l
teri d e b e a t ,  iam  i l l i  10 0  n u m m i ,  si a d  h u iu s h o 
m in is  possessionem  re fe ra n tu r ,  pro n ih ilo  con side
ra r i  deben t. S i  autem  q u is  io o  n um m os h a b e a t , &  
a o o  a lte r i d e b e a t ,  iam  possessio huius h om in is  n e- 
gatiua  & t , &  v t  ita  d i c a m , n ih ilo  m in o r . S i a l i 
qu is ad  p ro p o s itu m  locu m  iter f a & u r u s ,  ad  p ar
tem  diredte op p ositam  p rogred ia tu r ; ia m  huius h o 
m in is  iter tam quam  n egatiuum  ,  Sc m inus n ih ilo  ha
beri d e b e t ,  s i ad  finem  p rop ositum  re fe ra tu r . I g i 
tu r  probe ten en d um  est ,  q u id  in te lliga tu r per q uan 
titatem  n egatiuam  ,  S t  n ih ilo  ,  v t d ic u n t ,  m in o rem . 
Q u a n tita s  n egatiua non m in u s realis  est ,  quam  
q u an titas  p ositiua  ; sed  n ih ilo  m in o r  d ic i t u r ,  q u a 
tenus p osid u ae  q u an titati o p p on itu r ; iundla s c ili
ce t quan titati p ositiuae ipsam  m in u it ,  quem  q u i
d em  e tfcd u m  ,  hanc nem pe d im in u tion em  ,  ip su m  
zero non p rod u cit. Q u a re  q uan titas n eg.itiua ,  ra 
tion e  e ffed u s  tantum  ,  Sc re la tiu e  ; non autem  a b ' 
solute  , n ih ilo  m in o r  d ic itu r. H u n c lo q u e n d i m o
du m  a  n on n ullis  vsurp atum  ita  exp licau im u s ,  v t  n i
h il  d ifficu lta tis  ty ron ib u s facessere possit.

C A P Y T  I II I .
D e iisdem operationibus in numeris fractis.

I .  A T  V m e ri f r a & i  defin ition em  , ia m  in  pri- 
J 3 I m o C ap ite  tra d id im u s. S i d iu iso r  ex

ced a t d iu id e n d u m , d u o  n u m eri a  se in u ic e m ,  in
ter-



te rp o sita lin e o la  ,  sep aran tu r i t a ,  v t d iu id en d u s s u p .a  
lin eo lam  ,  &  d iu iso r  in fr a  s c r ib a n tu r , in h u n c  m o -  

3 1
d u m  — ,  —  cet. S im ilite r  : si q uantitas a liq u a  litte—

4  2

r a l is ,  p er a lia m  d iu id en d a  p ro p o n a tu r , &  d iu is io  fie
r i  non p ossit ,  eo d em  m o d o  scribu n tu r d u ae  q u an ti- 

a

tates :  ita  —  sig n ificat q u o tu m  ex  a  p er b ,• ta les au- 
b

tem  quoti fractio n es  vo ca n tu r. Q u a n tita s  su p er io r d i
c itu r  munerator ,  in fe r io r  autem  denom inator appel
la tu r . D e n o m in a to r e xp rim it n u m erum  p artiu m  ,  in  
q u as totu m  a liq u o d  d iu isu m  f in g itu r ; n u m erato r a u 
tem  d e s ig n a t ,  q u o t eiusdem  p artes a c c ip ia n tu r , v e !, 
q u o d  id em  e s t ,  q uo ties v n a  e x  i l i is  p artib u s su m atu r; 
a c  p ro in d e p ars  i l la  c o n s id e ra ri p otest tam q uam  v n i 

ta s  a liq u a . E .  G .  fra c iio  —  n ih il est a liu d  ,  quam

4
p ars  q uarta  a lic u iu s  to tiu s  te r  su m p ta ; h aec  au tem  pars 
q u a rta  ,  tam q uam  v n ita s  a lte ra  h aberi e tiam  potest.

I I .  E x  frad lio n u m  natura  in te llig i tu r , qua ra tio n e  
n u m eru s in teger ad fr a f lu m  r e d u c a t u r ,  a tqu e etiam  
a d  ie n o m in a to re m  d atu m . Ica  si n u m erus 3 re d u c en 
dus p ro p o n a tu r a d  t r a d io n t m ,  cu iu s  d en o m in ator

i i
s it  4  ; m u ltip lice tu r 3 p er 4 ,  s c r ib a tu rq u e --------,  e rit

4
haec f r a f t io  aeq u iu alen s tern ario  ,  v t  p a t e t ; cum  nu
m erus 3 m u ltip lic e tu r, s im u lq u e  d iu id a fu r  per 4 .  Sed  
ta les  fra d tio n e s ,  in  qu ibu s n u m erato r m aio r est d e -  
n o m in a to re ,  pi o  v eris  fracftionibus non h aben tu r, a t 
q u e  im propriae  d u m taxat ita  app ellan tu r. P a r i  ratio- 

T o m J l i .  A r it h .  C  ne
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n e ,  si q uantitas a  re d u c i debeat in  f r a d io n e m  littera-

ab
le m  ,  cu ius d en o m in ator s it  b ; h abebitur —  a .

b
E x  h is  etiam  p a t e t ,  q u o m o d o  f r a f l io n e s ,  q u a e  

d iu e rsu m  habent d e n o m in a to re m ,  ad  eum dem  redi- 
a  c

g a n tu r . S i  n t fradtion es d u ae  —  ,  — :  m u ltip lice tu r 
a  .b  d

fr a & io  —  p e r  d  3 s im u lq u e  d iu id a tu r  p e r  d  ,  e r it  
b

a  X d  a
----------S im il i  m o d o  m u ltip lic e tu r  f r a -
b X  d  b

c  c X b
d i o  —  p er b  ,  s im u lq u e  d iu id a tu r  ,  e rit

d  d X  b

c

H i  --------• Ita q u e  g e n era tim  fra & io n e s  ad  eu m dem
d

den o m in atorem  r e d u c u n tu r ,  m u ltip lic a n d o  n u m era
to rem  v n iu s  per den o m in atorem  a lte r iu s  ,  &  v iceu er- 
sa  ,  scrib en d oq u e  p ro  denom inatO re c o m m u n i , p ro -  
dudtum  ex  v tro q u e  d e n o m in a to re . E u id e n s  est ,  hanc 
op eration em  eam dem  esse  p ro  q u o lib et fiadtio n u m  
n u m e ro . M u lt ip lic e n tu r  scilice t n u m erato res sin gu 
l i ,  seorsim  su m p ti per den om in atores s in g u lo s ,  p ro- 
p r io  excep to  d e n e  m in a to r e '; produtfta s ir g u la  d a 
bunt n u m e ra to re s  s in g u lo s  q u a e sito s. D e in d e  de- 
n om in atores s in g u li in seipsos d u c u n tu r  ,  habebi
tu r  d en o m in ato r com m u n is  q u aesitu s  : ita  frac- 

a  b c  aed
tion es —— , --------,  -------- - red u cu n tu r ad  ------------ ,

b  c d  bcd



bbd ccb

-------- 3 ----------• P a t e t ,  rem  p erin de se  habere in  n u -
bed bed  2  g 4

in eris  q u ib u slib et f r a & i s ;  ita  fra ft io n e s  —

3 4 J 
4 0  4 y  4 8

respe c liu e  aeq u a les  su n t fradtion ibu s —  ,  —  ,  — .

6 0  60  60
I I I .  H in c  fa c ile  a d d u n t u r , e t su btrah u n tu r f r a -  

«ftiones ; re d u can tu r sc ilic e t  ad  d en o m in atorem  co m 
m u n e m  ,  su m atu r n u m erato ru m  s u m m a ,  v e l d ifferen 
t ia  ,  &  su bscribatu r d en o m in ato r c o m m u n is . In  i l lo  
casu  h abeb itu r a d d it io  j  in  h o c  au tem  su b tra & io . 
^ a  c  d  a d e  f  bce  f  ddb

b d  e  bde
a  c  ad  bc

— ----------  . S im ilite r  ,  In  n u m eris
b  d  b d

2  3  %  17  f

3 4
1 2  X 2 1 2

l 6 - i e  I
4 3  1

— —  — — ---------— — — • Frad tion es ex
?  4

. . - °  ao
in tegris  ,  &  f r a & is  com p o sitae  ,  q u a lis  est

5

1  5 a p p e lla n tu r  m ixtae . E x  h is  autem  sta -
1 2

tim  in te llig itu r ,  q u o m o d o  n u m eri in tegri ,  &  
fiatfti s im u l a d d i p o s s in t ,  v e l a  se in u icem  sub- 

C  'a  tra-

E T  A L G E B R A E . u
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t r a h i .  In te g r i ad  f r a d o s  re d u can tu r 5 8c ad  d e -  
n o m in ato rem  coram u n em  3 a tqu e o p e ra tio  f ia t ,  v t  
an te. Q u a m u is  autem  a d d it io n is  ,  &  su b tra d io -  
n is  o p eratio n es ,  e x  d i d is  sint m an ifestae  ,  d e 
m o n stra ri tam en p o ssu n t,  h oc  m o d o . S in e  f r a d i o -  

a  c
n es d u ae  —  ,  —  ad  cu m d em  d en o m in atorem  

b  b
a  c a |  c a

re d u d a e  3 e r it  —  + -  —  = : = ---------,  Sc — ■
b  b b b 

c a-c a
------- r i  — . Etenim ponatur —  - r  m 3 St 

b b b
c

—  — — n  ;  e r it  3 f a d a  m u ltip lica tio n e  p er b , 
b

a  :=  =3 m b ,  c  K  nb ,  &  m b  - 4  n b  s  a  + -  c j  
a  t  c  a

ac  p ro in d e  m  - +  n  c -------- 3 h oc  est —
b b 

c  a  f  c  a
—  . S im ili  m o d o  p ate t ,  esse —  — < 

b b b
c a-c

~ '' •— 1 ^  n 't— 1 •
b b

I I I I .  N u lla  r e d u d io n e  opus est 3 vb i fra d io n e s  
m u lt ip lic a re  3 &  d iu id ere  op ortet. In  m u ltip lica tio 
n e  3 satis est num eratores 3 Sc d en o m in atores  in u i-  
cem  du cere  ;  B ab tb itu r n um erator ,  &  denom inator 
f r a d io n is  q u aesitae  3 q uae  e rit  p ro d u d u m  ex  datis 
f ra d io n ib u s  em ergen s. C o n tra  vero  ,  s i f r a d i o  per 
a lia m  fra d io n e m  d iu id en d a  s it  3 n u m erato r diu iden- 

■» dae



dae per a lteriu s  d en o m in atorem  est m u lt ip lic a n d u s , 
Sc illiu s  d en o m in ator in  h u iu s n u m eratorem  d u cen - 

a  c  ac 
dus est. I t a  p rod u ctu m  ex  —  p e r '— J Z J  — . Q u o - 

b  d  bd 
a  c  ad

tus au tem  e x  —  p er —  — . E te n im  pon a- 
b  d  bc

a c
tu r  —  m ;  —  n  ;  e r it  c  d n . I a m  

d  d  ac
d em o n stran d u m  superest ,  esse — • ^  m n  ,  &  
a d  m  bd

■—  ;  q u o d  q u id em  fa c i le  p a t e t ,  su bstitu en -
bc n

d o  lo co  a  ,  &  c  illo ru m  v a lo re s  b m ,  &  d n  ;  erit 
bdm n

en im  in  p rim o  casu  ------------^  m n  ;  in  ca su  au -
b d

b d m  m
tem  a l t e r o ,  f ia t  ------------ ^  — . D em o n stratio  ge-

b d n  n
n era lis  est ,  a c  p ro in d e  in  n um eris quibuslibet 
f r a d i s  ,  eadem  est op eratio . S ic  p ro d u d u m  ex 
2 4  8 3  a 48

6 8 48 6 1 6 i a 
n ife sta  q u o q u e  est operan di ra tio  ,  si n u m eru s fr a d u s  
p er integrum  m u lti p lica r i,a u t  d iu id i deb eat; c o n s id e 
ra r i en im  debet n u m erus in teger tam q u am  f r a d i o  im 
p ro p ria  ,  in  q ua d en o m in ato r est v n iia s  ,  Sc re liq u a  
peragen da , v t  an te. Q u a r e  p a t e t ,  in  m u lt ip lic a t io 
n e  n u m erum  in tegru m  per num erato rem  esse m u l
tip lican d u m  ;  con tra  au tem  in  d iu is io n e  p er d e 

no-
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n om in atorem . N e c  m iru m  esse d e b e t ,  s i f r a & i o  per 
f r a f l io n tm  d iu isa  ,  p raebeat n u m e ru m  in te g ru m ; 
c u m  reuera  v n a  fr a & io  b i s ,  te r  ,  q uater ,  cet. in 
a lia  con tin eri p ossit. Ita q u e  frad tio n is  v a lo r  per m u l
t ip lica tio n em  m in u itu r  ,  au getu r per d iu is io n em ; 
q u o d  qu idem  parad oxu m  v id e tu r  iis^  q u i m u lt ip li
c a tio n is  3 &  d iu is ion is  n aturam  non satis  atten d un t.

E x  didtis etiam  fa c i le  patet ,  fractio n es  fr a c t io 
num  ad  m u ltip lica tio n e m  re fe rr i : fra ctio n em  f r a 
ctionis  ap p e llan t f r a & io n is  a lic u iu s  p artem . I t a  s i

?  3
su m a n tu r —  fra & io n is  ■—  ,  o p eratio  i l la  ad  d iu is io -

3  4  . .
nem  non p ertin et, sed a d  m u ltip lic a tio n e m .E te n im  si

1 3
sum en d a p ropon eretur d u m ta x a t pars—  fra & io n is— ,

3 *
m u ltip lica n d u s  esset d en o m in ator per 3 ,  haberetu r- 

1
q u e —:----- .  A t  su m i n on  debet d u m taxat pars te rtia ,

1 2
sed  d u ae  te rtiae  partes sum en d ae p ro p o n u n tu r, quare  
p ro d u ftu m  praecedens d u p lo  m a iu s  fieri d i-b e t,  hoc 
e st, n u m e ra to r m u ltip lica n d u s  est p e r a .  E o d e m  m o 
d o  red u ci deben t a lia e  q u o tlib e t frad tio n es f r s & io -  
n u m ,  m u ltip lic a n d o  n u m erato res s in g u lo s ,  Sc sin
g u lo s  den o m in aro res .

E x  fr s & io n u m  d o d tr in a , c o llig i p ossu n t o p e ra tio 
n um  a rith m e tica ru m  com p en d ia  p lu r im a , si d e  quan
tita tib u s v a r ia e  speciei a g atu r. E .G .Q u a e r i t u r ,  quan
t i  c o n stiterin t 3 5  m en surae m erc is  a lic u iu s , si m en 
s u ra e  v n iu s  pretium  sit  2 4  num m orum  &  assiu m  1 f . 
M u lt ip l ic e tu r  p rim o ( 3 5 X ^ 4  ) erit produdtum  840. 
Q u o a d  a lteram  m u ltip lic a tio n is  p artem  ; considerari

pot-
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p o te st , e s s e i f ; —  —  l o - i - f .  Ia m  si a sses i o  n u m 
m o  a e q u iu a le re n t,  p rodudtum  fo re t  3^ - A t  sunt pars 
d ec im a d u m taxat n u m m i vn iu s ,  q u are  3^  d iu id i d e 
bet per 10 .  S im ili m o d o  op eran d u m  est in  v lt im a  
m u ltip lica tio n is  p a r te ,  a tqu e  em erget p ro d u d u m  ex 
n u m m is s n u m m o ru m q u e  partib us co m p o situ m . I l le  
o p eran d i m o d u s  d ic itu r  op eratio  per p artes aliquo- 
ta s .  P a rte s  autem  a liq u o tae  q u an tita tis  a lic u iu s  a p 
p e lla n tu r ,  q uae  ip sam  q u an tita tem  accu rate  d iu i-  
d u n t ;  secus autem  ,  partes a liqu an ta e  v o ca n tu r . C ac- 
te ru m  exerc ita tio  ,  a tqu e atten tio  m u lta  do ceb u n t, 
q u a e  fu s iu s  exp licare  ,  sup erflu u m  esset.

V .  E x p lic a t is  A r ith m e tic a e  op eration ib us in  n u 
m e ris  f r a & i s ,  iam  s u p e r e s t ,  v t  c o m m u n e s ,  s i quos 
h a b e a n t ,  f r a d io n u m  d iu iso res  in q u ira m u s. S i n u 
m eri n u llu m  h abean t co m m u n em  d iu iso re m  praeter 
v n ita te m , n u m eri i l l i  in te r se p r im i  d i c u n t u r ,  c u -  
iu sm o d i sunt 1 .  5 . 7 .  1 1 .  1 9 .  q u o s  so la  v n ita s  m e 
titu r . A t  n u m eri com positi a p p e llan tu r ,  q uo s p ra e 
te r  vn itatem  ,  a lii q u o q u e  n u m e ri m etiu n tu r ; sic 
i z  com p o n itu r ex  a  ,  &  6 ,  item q u e  e x  3 ,  8i  4 .  
Q u a r e  1 .  3 .  4 . 6 . m etiu n tu r 1 1  ,  seu  a liq u o ties  su m 
p t i ,  n  ad aeq u an t ; i l l i  autem  num eri d ic u n t u r / a -  
ciores ip siu s  n u m eri i a .  S i  ig itu r fraction is  a licu iu s  
d e n o m in a to r  s it  num erus c o m p o s itu s , &  re so lu i 
p ossit in  a lte riu s  fr a d io n is  d en o m in atorem  , in stitu 
ta  d iu is io n e  per num erum  ,  qui s it  e tiam  n u m erato - 
r is  d iu iso r  c om m u n is  ; iam  liceb it fra d io n e m  h an c, 
ad  m in im o s te im in o s  d e p rim e re , q uo d  s ic  praesta
r i potest. D iu id a tu r  m a io r  n u m eru s per m in o rem ; 
si n ih il ex  d iu is ion e  su p e r s it ,  iam  m in o r n u m erus, 
est m axim u s d iu iso r  c o m m u n is . S i autem  residuum  
a liq u o d  fu e r it  ,  d iu iso r  datus per h oc  resid u u m  
d iu id a t u r ;  s i  d iu is io  accu rate  f i a t ,  p rim u m  re s i

d u u m



du u m  e rit  m axim u s d iu iso r  co m m u n is. S i  autem  di- 
u is io  non s it  accurata ,  sed  a lteru m  m an eat re sid u u m , 
p e r  hoc secu n du m  residu um  d iu id a tu r  p rim u m  ; s i 
autem  n u llu m  su p ersit tertium  re s id u u m ,  ia m  resi
du i m secundum  , p ro  m a x im o  d iu iso re  c o m m u n i 
haberi d e b e t ; arque ita  p ro g re d ie n d u m , d o n ec  n ih il 
supersit j  a iq u e  v lt im u s  d iu iso r e rit  m ax im a , v t  v o 
can t ,  com m u n is  d u o ru m  n u m eroru m  m en su ra  ,  q ua  
in u e n ta ,  f r a & io  e x  his duobus n um eris com p o sita  ad

91
m in im os term in os redu citur. E x e m p lo  sit f r a & io ------.

2 9 4

D iu id a tu r  2 9 4  per 9 1  ,  n eg le& oq u e q u o to  3 ,  re
siduum  est - i i .  R u rsu s  d iu id a tu r  9 1  per 2 1  ,  ite- 
ru m q u e negledto q u o to  4  ,  resid u um  est. 7 .  T a n 
dem  residuum  p rim u m  2 1  ,  per a lteru m  7  d iu i-  
d a fu r  ; h abetur quotus 3 ,  &  d iu is io  est accu rata . 
Q u a re  num erus 7 ,  est m axim us com m un is d iu i
s o r ,  per q uem  d iu is is  n u m erarore  ,  8c  den o m in atote ,

13
f r a £ iio  p ra e c e d e n s, in  h an c  sim plicio rem  ab it —  

9 1  4 2
’ * --------. A E q u a le s  autem  esse fradtiones il la s ,

2 9 4
ex  natura d iu is ion is  om n in o patet. A t  ,  si d iu is io -  
n e in stitu ta  ,  a d  vnicatem  tandem  ,  v ltim u m  resi
du u m  ,  peruen iatur ia m  n u lla  est m ensura co m 
m u n is ,  p raeter vn itatem .

E a d e m  plane esc o p eratio  in  quantitatibus lit 
t e r a l ib u s ,  in  quibus t a m e n , n on n ulla  ad u erti d e
bent. O rd in atis  ,  vc  fieri s o le t ,  d iu iso ris  , &  d i-  
u id e n d i term inis , ob seruanduin est , an singuli 
te rm in i d iu iso ris  ,  &  d iu id en d i possint d iu id i per 
m o n om iu m  alicm od co m m un e : tun c e n im ,  fadta

d i-

4 0  E L E M E N T A  A R IT H .



E T  A L G E B R A E ,  4 *'
d iu is io n e , repo n i debet d iu iso r  i l l e ,  per quem  d e 
in d e  3 fatfta op eration e  ,  m u ltip licab itu r d iu iso r  c o m 
m u n is. P raeterea  d iu id i d e b e t ,  si fieri p ossit ,  po- 
ly n o m iu m  vtru m q u e per q u a n t ita te s , quae  p im u m  
term in u m  accu rate  d iu id u r it : n e g lig itu r autem  d i 
u iso r ille  ,  n is i id em  s it  in  du ob us p o ly n o m iis . 
T a n d e m , si coefficiens p rim i te rm in i in d iu iso re , 
non p ossit accu rate  d id id ere  prim um  term in u m  in 
d iu id en d o  ; ita  m u lt ip lic a r i debet d iu id e n d u s  per 
q uantitatem  han c ,  v t  accu rata  su cced at d iu is io  : aut 
e tiam  ,  q u o d  id em  est ,  v t  coeffic iens s im p lic io r  
f i a t ,  q u aeritu r m ax im u s com m u n is  d iu iso r v triu s-  
q u e  co e ffic ie n tis ,  per quem  d iu iso r  ip se  d iu id itu r , 
d iu id en d u s  autem  per q u o tu m  d iu is io n is  m u lt ip li
ca tu r. T o t a  op eration is ra t io  p atet. S i  en im  m u l
t ip lice tu r ,  aut d iu id a tu r  p .olynom ium  a lte rv tru m  
p er quan titatem  a liq u am  ,  q u a e  accu rate  non d iu i-  
d a t  p o ly n o m iu m  alteru m  ;  eu id en s e s t ,  non m u ta 
r i  com m un em  p o ly n o m io ru m  d iu iso re m . S e d  res 
exem p lo  fie t  m a g is  m an ifesta . S in t  p o ly n o m ia  d u o

( a 2  - i-  bda + -  b “  d  —  b2  a — b d 2  —  d 2  a )

&  (a 3  4 - d a 2  —  b2  a  —  b 1 d )
P rim u m  d iu id itu r per s e c u n d u m , q u o tu s  1  n e g li
g itu r  : re sid u u m  au tem  est

—  d a 2  n -b d a  -t-  a b 2  d  —  d 2  a  —  bd a

Q u ia  vero  s in g u li t e r m in i ,  sunt d iu is lb ile s  p e r d ,  
fit  d iu is io ; habeturque

—  a ”  + -  ba + -  a b 2  —  d a  —  bd

P e r  hanc q u an tita tem  d iu id itu r  p rim u s d iu iso r , 
quotus s it  —  a  5 v t  an te  n eg lig itu r :  &  r e s i

duum
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du u m  est b a a  H* ba  a  —  b d  —  b d a  >

q u o d  d iu isu m  per b ,  fu  a "  ba —  bd  —- 
d a  ;  p er q u o d  re sid u u m  d iu id a tu r  v lt im u s  d iu i

s o r ,  q uotus est —  i ,  S t  re s id u u m  a b a  - + a b

—  a d a  —  a b d  : q u o d  d iu id itu r  p e r  a b  —  a d  ,  q u o 
tus est a -+ b ,q u i  est v ltim u s  d iu is o r  s in e  v l lo  re sid u o  
ac  proin de a - + b ,  est m axim u s d iu iso r  co m m u n is.

T o ta  op e ra tio n is  series fa c ile  d e m o n stra tu r , p au 
c is  ob seru atis, i .  M e n s u r a  q u aelibet c o m m u n is  x  
q uan titatum  d u a ru m  a  ,  &  b m e titu r q u o q u e  i l 
la ru m  sum m am  , v e l  d iffe ren tia m  a ^ j-  b . N a m  sit  
m  q u o tu s em ergens ex. d iu is io n e  a  p er x  ; &  n

a

q u o tu s ex  d iu is io n e  b p e r  x ;  n em pe m  ~  >
b x  

&  n ~  —  ; e rit  a, s  i r a  j  &  I) s  n x . Q u a re

x
a -+  b = :  m x \ d -  n x  =2 (m  n )  x .  a .  S i  x  sit 
m en su ra  q u an tita tis  a lic u iu s  ,  eu id en s est ,  eam  fo 
re  m ensuram  eiusdem  q u an tita tis  v tcu m q u e  m u lt i
p lae . 3 .  S i  b con tin eatu r in a  ,  q uo ties vn itas  c o n 
tin etu r in  m ,  s itqu e  praeterea resid u u m  a liq u o d  c ;  
quan titas q u a e lib e t ,  quae  m e d e tu r a  ,  &  b ,  m e 
tie tu r q u o q u e  resid u u m  c . N a m  (  e x  h y p . )  a  =  
m b n -  c  ; q u are  a  —  m b 3  c . S e d  x  m etitu r b ,  e r-
00  m e titu r quoq ue m b e ius m u ltip lu m  : ac  proin de 
m e titu r  quoq ue a —  m b ; id eo q ue e s a  — m b. S i 
re s id u u m  c  co n tin eatu r in  b ,  q u o ties  n continet 
vn ita tem  ; s itqu e  praeterea a liu d  re sid u u m  d  ita  v t 
b — n c - ^ - d j & b  —  nc ~  d ; x  m etie tu r e tiam  d. 
N a m  (  e x  h y p . )  x  m e titu r b ,  a tqu e etiam  c  ( ex 
d e n i.)  ,  E r g o  m e titu r etiam  nc ,  &  b —  n c  =  d.
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Q u a re  cum  su b trah en d o  b e x  a  ,  quan tu m  fie r i 
p o t e s t ,  re sid u u m  c  m etia tu r x  ;  item q u e  subtra
hen d o c ex  b 5 quan tu m  fie ri p o te st ,  resid u u m  
d  m etia tu r x  ;  &  ita  d ein ceps d e  q u o lib et resi
d u o  : q uan titas x  com m u n is  m en sura  ip saru m  a , 
&  b m etie tu r re sid u u m  q u o d lib et ; re sid u u m  v e 
ro  v ltim u m  ,  q u o d  p raeced en s resid u u m  m e titu r 
accu rate  ,  e rit  com m u n is  m en sura  ipsaru m  a ,  8c 
b . N a m  p o n a m u s, resid u u m  illu d  esse d  ,  q u o d  
con tin eatu r in  c  ,  q u o ties  v n ita s  co n tin e tu r in  r :  
ergo  c  s  r d . P ra e te re a  a  =  m b 4  c  ,  b  = : nc 

d  ;  sed  d  m e titu r c  ;  q u are  m etie tu r etiam  n c ; 
&  n c - t - d  s  b , Q u ia  v e ro  m e titu r  b &  c ,  m e 
tie tu r  e tiam  m b 4— c  ~  a  ; id eo q u e  e r it  m en su 
ra  com m u n is  in ter a ,  &  b . T a n d em  e rit  m a x im a  
com m u n is  m en sura  ;  n am  m en su ra  q u ae lib et c o m 
m u n is  in ter a ,  &  b m e titu r  a liam  d  ( e x  d e m . ) :  
sed  m a x im a  m en su ra  ip siu s d  ,  est ipsa q uan titas 
d  ; e rg o  e rit  m a x im a  com m un is m en sura  in te r a ,  
&  b. D em o n stra ta  e rg o  est vu lgata  m a x im i c o m 
m u n is d iu iso ris  regu la .

V I .  D e  fra d io n u m  com m u n i d iu is o r e ,  &  n u 
m e ris  p rim is pauca ad d en d a  s u p e r su n t ,  q uae  d e 
in d e  v t ilita t is  m ax im ae  fu tu ra  su n t. 1 .  S i  d u o  
m u n eri a  &  b fu e r in t  p rim i in te r se ,  tertius 
autem  nn m eru s c m etia tu r prim u m  a  ,  h ic  erit 
prim u s resp e fto  b . N a m  si c  ,  &  b non essent 
nu m eri p rim i ,  h aberen t m en su ra m  c o m m u m m , 
quae c u m  m etiatu r c ,  fo re t  q u o q u e  m en sura  ip 
sius a ,  q u am  m e titu r c .  Q u a re  a  ,  &  b habe
ren t m ensuram  com m u n em  con tra  h y p o th e s im . a .  
S i  duo n u m eri a  ,  &  b sint p rim i res pedtu c , 
p ro d u A u m  ab erit q u o q u e  num erus p rim u s res- 
pedhi c .  N a m  p ro d u ftu m  e x  du ob us num eris

a
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a  &  b n u llo s p otest h abere  d iu iso res  , n isi v e l  
n u m eros ipsos a  ,  &  b ,  v e l  partes illo ru m  a li-  
q u o t a s ,  vel a lte rv triu s  n u m eri m u ltip lo s . S e d  n u 
m e ri a  ,  Sc b n on  possunt esse d iu iso res  n u m eri 
c  , cum  respedtu c  sin t n u m eri p r im i ; ac  p ro in 
d e  partes illo ru m  a liq u o tae  ,  d iu iso res  esse n on  
possunt. T a n d e m  si c  d iu id i posset per n u m eru m  
aliq u em  m u ltip lu m  ipsius b ,  d iu id i e tiam  posset 
p er ipsum  n u m erum  b ( c o n tr a  h y p . ) .  Q u a re  s i  
a  ,  &  b sint n u m eri prim i respedtu c  ,  p ro d u - 
ftu m  ab e r it  quoq ue num erus prim us respedtu c : 
p ar i ration e  si a  ,  &  c  sint n u m eri p r im i in te r

se j  e r it  etiam  a “  n u m erus p rim u s respedtu c  ; nam

p o n atu r a  p  b 3 e r it  a b  S  a  ;  id eo q ue a  erit
d •

n u m eru s p rim u s  respedtu c . S im ilite r  c  e rit  nu

m e ru s  prim us respedtu a . 3 .  S i  d u o  n u m eri a ,  Sc 
b  sin t prim i respedtu n u m e ro ru m  c  ,  &  d ; p ro- 
dudta ab 3 &  cd  e ru n t q u o q u e  n u m eri prim i inter 
se. N a m  ab est p rim u s respedtu c ,  &  d  ;  e rg o  c d

e rit  prim us respedtu a “ . Q u a re  etiam  si a  Sc c  sint

n u m eri p r im i ,  e r it  a  n u m eru s p rim u s respedtu c 2 . 
E c  gen eratim  ,  p rodudtum  ex  n um eris prim is q u i-  
bu scu m q u e ,  d iu isum  per produdtum  ex  a liis  qu ibu s
cu m q ue n u m e r is , it id em  p rim is  a d  sim p lic io res  ter>

a

m in o s re d u c i non potest. Q u a re  s i  -------- s it  fra -
b

dtio a d  m in im o s  te rm in o s r e d u tS a ; erun t quoque
fra-



2  3 „ n  a  a 3 a

.» —  3 ----- - fr a ft io n e s  ad  s im p liciss im os tc r -

b2  b 3 bn
m in o s r e d u & a e ;  a c  p ro in d e  fr a & io  q uaelibet siue 
p u ra  ,  s iu e  m ix ta  ad  potentiam  q u am liber eueifta, 
sem p er m an et f r a & io .

S c h o l .  P ra e te r  fracftiones ,  in  h o c  C a p ite  e xp lica 
ta s  3 co n sid e ra ri e tiam  debent fra & io n e s  ,  quae d e c i-  
m a le s  ap p t lia n tu r . I l la e  sc ilic e t  fra ft io n e s  p ro  d e n o 
m in a to re  habent vn ita tem  s  cu m  to t sequentibus c y -  
p h r is  5 q u o t sun t nu m eri in  n um erato re  : a tqu e  eam  
o b  causam  non scrib itu r d e n o m in a to r , sed  n u m erato r 
d u m t a x a t ,  cu ius n u m eris p raefixa est v irg u la  ,  a l i i  
p undtum  p ra e fig u n t,  q uo d  f i t ,  v t  n u m erator a  n u m e
r is  in te g ris  d is t in g u a tu r . I t a  a d  e xp rim en d u m  f r a -  

4
it io n e m  1 9  — J  scrib i so le t 1 9 .  4 .  A d  exprim en* 

1 0

d a m  fra ft io n e m  1 9  —  3 s c rib itu r 1 9 ,  0 4  ;  c y -  
10 0

p h ra  n u m e r o 4  p raefixa  in d ic a t ,  den om in atorem  es-

4
se  1 0 0 .  F ra d tio  1 9  —•—  ita  exp rim itu r 1 9 ,  0 0 4 . E x  

10 0 0
fra ft io n u m  d e c im a liu m  s ign ificatio n e p a te t ,  p rim u m  
n u m eru m  post v irg u la m  d esign are  d ecad as ,  s e 
cun d um  centenarios ,  &  i £a dein ceps ,  per d eca
d a s  sem p er p ro g re d ie n d o  ; sic 4  ,  a i 7  =3 4  —h

2 i 7
--------- - +  -------- - t-  i--------- F ra c tio n u m  d ecim a-

1 0  10 0  10 0 0
liu m  v t ilita s  ,  m ax im a est ad  obtin en d u m  q u o tu m

p r o -

E T  A L G E B R A E . 4 j
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p ro x im e  v eru m  3 si d iu is io  accu rate  fie ri non possit. 
E .  G .  S i  d iu id en d u s prop on atur n u m erus 1 4 7 4 7 ?  
p er 362. ,  q uotus in u en itur 4 0 7  c u m  resid u o  i 4 i j  
c u i ad d atu r o  3 d iu id atu rq u e  1 4 1 0  p er 3 6 1 3 q u o 
tus e rit  3 cum  n ou o  re sid u o  3 2 4 )  cu i ite ru m  a d d a 
t u r  o  ;  d iu id a tu rq u e  3 2 4 0  per 3 6 1 ,  q u o tu s p ro d it 8 
c u m  re sid u o  3 4 4  3 cu i a d d atu r o  ;  in  n ou a tan d em  
d iu is io n e  q u o tu s  em erg it 9  ; q uo d  autem  rem anet 
i  8 a ,  ite ru m  d iu id i p o sse t ; sed o p eration is o r d i
nem  exh ib u isse  satis  s it . Q u a re  q uotus est 4 0 7 ,  38 9 *  
q uem  q u id em  a ccu ratiorem  esse 3 eu id en s est.

E a d t m  m eth o d o  f r a d io  v u lg a r i s ,  in  f r a d io n e m

3 .
d ec im alem  re d u c itu r . S i  f r a d i o  —  in  fra d io n e m  d e -

4  • i  
c im a le m  ,  redu cen d a p rop on atur ,  n u m eratori 3  a d 
d a tu r  o  ,  d iu id a tu rq u e  3 0  per 4  , q u o tu s est 7  cum  
re s id u o  a  ,  c u i a d d a tu r  o  ,  ru rsu squ e a o  per 4  d iu i-

3
d a tu r  j  q u o tu s e st  j  s in e  v l lo  re sid u o  ;  q u are  —  _  o ,

4
7 j .  E t  re  q u id em  i p s a ,  c u m  sit  a j  q u a rta  pars nu

m e r i 10 0  , num erus 7 ;  e r it  — eiusdem  n u m eri 10 0 .
4  _

H in c  gen eratim  p a t e t ,  q uo a rt ific io  f r a d io  vu lgaris  
ad d e c im a le m  re d u c i p o s s it ;  m u ltip lice tu r n u n p e  
n u m e ra to r  f r a d io n is  d atae  per 10 0  ,  vel 10 0 0  ,  cet. 
p ro d u d u m  il lu d  d iu isum  per den o m in atorem  erit nu
m e ra to r  f r a d io n is  d e c im a lis  ,  cu ius d e n o m in a te , est 
1 0 0 ,  v e l  10 0 0  3 cet. Saepe tam en c o n t in g it ,  fra d io -  
n e s  a d  d e c im a le s ,  accu rate  re d u c i non posse, etiam si 
d iu is io n u m  re sid u is  p lu res  vtcu m qu e  c y p h ra t  add an 
tu r . Id  au tem  fa c ile  d ig n o sc itu r  ,  si nem pe ad  idem 
re sid u u m  sem p er p eru en iam u s ,  v e l s i  iid e m  n u m e 



r i  j  e o d e m  o r d in e  red ean t. I t a  s i  fra & io n e m  ~

ad  d ec im alem  re d u c ere  v o lu e r is  ,  in u en tes o , 
J 7 I 4 a 8 y 7 i 4 a 8 y ^ i 4 a 8  j  ce t . n ec  v m q u a m  p eru e- 

n ies a d  d iu is io n e m  a c cu ra ta m . P a r i  m o d o  a d  re* 

i
d u c en d a m  f r a  i t io n e m  —  iri d ec im alem  3 in uen ies o ,  

i a
4 1 6 6 6 6 ,  cet. In  h is  au tem  casib us d u a s , v e l tres p ri
m as d ecim ales  ad h ib e re 'sa tis  s it^re liq u ae  au tem  n eg li- 

4  J  g u n tu r . I ta  p o n i possunt —  ~ o ,  &  —  =  0 , 4 1 6 .

1 4  7
H a e c  q u id e m  p au ca satis  esse p ossu n t i i s ,  qui 

d e m o n stra tio n is  seu eritatem  non q u aeru n t ; sed  rem  
vniiissim am  g e  n eratim  ,  &  om n in o  accu rate  osten-

' . P
d e m u s. S i t  —  fr a & io  v u lg a r is  redu cen d a ad  fra -  

q  r  
«ftionem d e c im a le m  *----- — in  q ua n  ex p rim it c y -

i o rt
p h ra ru m  n u m e ru m  5 p o n atu rq u e  r  n u m eru s in te- 

p X  i o 11
g e r  j  e rit  r  = : ------------- S e d  e s t  i o n  t=  a " ,  5 " ;

q
p X  a n X  5 rt

non potest au tem  — ----------- - ■ ■■■ ab ire  in  n u m e-

q
ru m  in te g ru m  r ,  n is i q  aeq u a lis  s it  a lic u i p ote
sta ti ip siu s  a  ? v e l  3 ,  v e l  2  X  5 ,  v e l tan dem  pro- 
d u & o  ex  a l iq  u a  potestate ip s .u s  *  in  a liq u am  po

te -
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4 g e l e m e n t a  a r i t h .
testatem  ipsius 5 ,  quae' tam en  potestates sun t m i

n ores ,  q uam  n ;  p o n itu r  e n im ,  f r a d io n e m  —  es.
q

se a d  m in im os te rm in o s r e d u d a m  5 h o c  est ,  p , 
& c ,  q  n u llu m  habere d iu isorem  com m u n em . I n  a lio

P X  on . 
q u o lib et casu  ,  f r a d i o  -- ---------n u m q uam  fieri p o 

terit n u m eru s in te g e r  r .  A tta m e n  q u o  m a io r  e rit  
n ,  h oc  e s t ,  q u o  p lu res erun t c y p h ra e  in  d e

n o m in atote  j  eo  m agis f r a f t io  -------- accedet ad
n

1 0
p  n  

fr a d io n e m  ------- - S i  en im  p X  1 0  p er q  d iu id a -

q
tu r ,  in u e n tu s  r  ,  q u i m in o r  e rit  ; i.usto m aio r

1
f i e t ,  s i v n ita te  a u g e a tu r. Q u a re  -------- m in o r  est,

n
P I t I . 1 0  

q u a m ------- ■ : &  --------- m a io r .

a  n^  1 0
Q u a tu o r  A rith m e tic a e  op eration es in  fra d io n ib u s  

d e c im a lib u s , ead em  o m n in o  ra tio n e  ,  q ua  in num e
r is  in teoris  t r a d a n tu r  ; sed  laabenda est m ax im e  ratio 
v i r g u la e ,  q ua f r a d io n e s  ab in tegris  d ir im u n tu r. Haec 
v irg u la  in  eadem  lin e a  v e rt ic a li iacere  debet ,  s i plu
res  q u an titates vel in  vn am  sum m am  co llig en d ae  sunt, 
v e l  ab in u ic em  su b tra h e n d a e .S i vero  m u ltip lic a t io  in
s t i tu it u r ,  eum  locu m  in  p ro d u d o  occu pare  d ebet vir
g u la , v t  totid em  post se notas r e l in q u a t ,  q u o t erant



in v traq ue fra d tio n e . T a n d em  si d iu is io  p erag itu r ,  d i 

u iden di n u m eri d e c im a le s  n otae  probe ob seru an d ae  
s u n t ; nam  in  q uo to  ,  &  d iu iso re  s im u l ,  to tid em  esse 
debent post v irg u la m  n o ta e ,  quot erant in  d iu id e n d o . 
Q u a tu o r illa ru m  o p eration u m  exem pla exh ib eb im u s.

A d d it io .  S u b t .a d io .
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q3j 3°4 49 3 6383 5 ° i <>7 1 7 ,  16
14 9 ,  86

32 3 .478
1 7 8 ,  8207

— Diuisio.
Multiplica ti6. 3 ,  2 2 )  8 ,  445 (2, 6

3? --- -
4? a 6 44

24 70 200 y
494 0 1932

51,8  70 0073

V n u m  autem  in d iu is io n e  n otan d n m  est. S i nem pe in 
d iu iso re  p lu res o ccu rra n t n otae  d e c im a le s ,  quairi in  
d iu id en d o , tu n c  decim alib u s d iu id en d i ad iu n ges3q Uoc 
vo lu e ris  c y p h ra s ; ita  v t  tam en , n otae d e c im a le s  in  d i-  
u iden do p lu res s in t  3 quam  in d iu is o r e ,  v t  ncn ip e  in  
q u o t o ,  a liq u a e  d ecim ales  n otae  haberi possint. T o ta  
op eration u m  illa ru m  ra tio  ,  sta tim  m an ifesta  fiet ,  s i  
fradtiones d ecim ales  v u lg a r i m o d o  e x p r im a n tu r .I ta  in

8 4 4 ?
exem plo  d iu is io n is  p raecedentis 8 ,  4 4 5  per 

3a ii  10 0 0
2 2  “  --------■ Ita q u e  d iu id i d ebet f r a & io  p r io r  p er

10 0
I o  m. I I I .  A r it h .  D  se-
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secu n d a m  ;  euidens au tem  est ,  c yp h ram  vn am  
d u m ta x a t  in  q uo to  adesse ,  S i  h in c  fa c ile  in te lli-  
g itu r  ,  c y p h ra ru m  num erum  in  q uo to  esse sem - 
p er aequ alem  cy p h ra ru m  in  d iu isore  ,  &  d iu i-  
d e n d o  d iffe ren tia e . G en eratim  ,  q u o d  m u ltip lica 

tio n em  sp e d a t 3 si i o "  s it  d en o m in ator f r a d io n is  

v n iu s  d e c im a lis  ,  &  i o m a l t e r i u s ; d en o m in ator

p r o d u d i e r it  i o m  *  n '  Q u a r e ,  om isso  d e n o m i-  
n a t o r e ,  p ro d u d u m  habere debet to t partes d ec i*  
m a le s  ,  seu n um eros p ost v irg u la m  , quot^ sunt 
v n ita tes  in  m  t  n - C o n tra ria  ra tio n e  in d iu ision e

m  -+ n i m —  n  . * 
d e n o m in a t o r  n o n  e r i t  i o  3 se a  i o  ;  l a e o -

q u e  m -n  e xp rim it n u m erum  c y p h r a r u m , q uae  p ost
v irg u la m  ,  in  q u o to  scrib i debent.

C A P Y T  V.
D e  radicum extraclione.

I .  "T7  X p lic au im u s  iam  in C ap ite  a °  q u id  sit 
g j  potestatum  fo i m a tio . Q u a n tita tis  a l i 

c u iu s  p o t a t u s  p rim a  ,  v e l  -primi g ra d u s  ,  est 
q u a n tita s  ipsa s o lita r ie  s p e d a ta . I ta  p rim a  po
testas ipsius a  ,  est a . P r o d u d u m  ex  q uantitate  
a liq u a  in  seipsam  ,  d ic itu r  p o testa s  secu nda  ,  vel

e tiam  quadratum  ,  ita  aa  est q u a d ra tu m . Ipsa

au tem  q uan titas d ic itu r  r a d ix  ,  quae v o ca tu r  qua
d ra ta  ,  s i potestas s it  secunda ,  v e l quadra
tu m . S i q u a d ra tu m  in ipsam  q u an tita tem  duca
t u r ,  p ro d u d u m  d ic itu r  p o testa s  te rt ia  ,  v e l  cu

lus■;



lu s  ; it.i a * est cubus ipsius a  ; quan titas a u te m ,

d icitu r r a d ix  cubica. E t  g en eratim  ,  si q uan titas eue- 
h atu r ad potestatem  ,  cu ius in d ex  est n ,  habebitur 
potestas g ra d u s n. In  h oc  autem  C apite  praesertim  
considerabim us rad icu m  q u a d ra ta e , &  cub icae e x t r a -  
d io n e m  ; q u o d  v t  c lare  f ia t ,  ipsam  q u a d r a ti,  &  c u 
bi fo rm a tio n e m  p rim u m  in uestigabim us ,  a tq u e  d e
in d e ad  op eration es a r ith m e tic a s ,  i c d o  ord in e  pro
g re d ie m u r. S it  q uan titas litte ra lis  a  - t-  b ad q u ad ra
tum  eueh en d a ,  p rod it aa  - +  a  ab 4 -  bb. Ia m  vero  
q uad rati h u ius fo rm a t io n e m , seu  partes sin g u las  e x 

p endam us. Q u a d ra tu m  bin om ii a  - 4- b con tin et i ° ‘  

Q u ad ratu m  aa  p rim ae  p artis  a . a ° ’  P r o d u d u m  a a b ,

ex  d u p lo  p rim ae  partis  ,  in secu n dam . 3 ° '  Q u a 
d ratu m  partis  secundae ,  nem pe bb. S im ili m o d o  
s i m u lt ip lic e tu r a  -t— b -t- c  p er a  -t— b + -  c ,

o r ie tu r q u ad ratu m  a 2  - +  a a b  -+• a a c  - 4-  b "  

ab e  + -  c "  I n  hoc q u ad rato  ,  ru rsu s co n s id e ra n 

d ae  sunt partes s in g u la e ; con tin et i ° ‘ Q u a d ra tu m  

aQ - +  a a b  -t-  b "  ex  du ob us p rim is term inis 

a  -t- b . a ° '  P r o d u d u m  ex  d u p lo  du oru m  p rioru m

term in o ru m  in  tertiu m  term in u m  s= a a  -+  a b  X  c.

T a n d em  con tin et q u ad ratu m  c 2  tertii te rm in i. S i 
m ili m o d o  p rogred i lic e t  ,  p ro  a lia  q u alib et quan
titate  ex  p luribus ,  quam  tribus te r m in is ,  c o m p o 
s it a ;  tales vero  q u an titates m agis  co m p o sitae  ap 
p e lla ri so len t polynem ia.

D  3  E a -
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E a d e m  o m n in o  ra tio n e  in te llig itu r  c u b i fo rm a tio . 

B in o m iu m  a  + -  b a d  I I I  potestatem  e u e h a t u r m u l-

tiplicccui- n em pe q u a d ra tu m  a 2  +* a ab  -t— b p er 

a  +_ b ,  p ro d it cu b u s - +  3 3 "  b  -i~ 3ab a  -+• b ^  

C u b i h u ius partes s in g u la e  sun t 1 ° .  C u b u s  p rim i t e r 

m in i ,  nem pe . a ° ‘ P r o d u flu m  ex  q u ad rato  a "  
p rim i t e r m in i ,  in  trip lum  term in u m  sec u n d u m ,  s c iT

lic e t  3 a a  b . 3 0 . P r o d u d u m  ex  p rim o  term in o
a ,  in  tr ip lu m  qu ad ratu m  secu n d i t e r m in i ,  n em pe

3 a b " .  4 ° .  C ubus s e c u n d i t e r m in i ,  sc ilice t b 3 . 
S im ili m o d o  op eran d u m  e s t ,  p ro  tr in o m io  a -+

b  -1- c ; in u en ietu rq ue cub us 3 }  + _  3a 2  b -+

- a b 2  .+  b^ + -  3 3 ^  c  -i- 6ab c + -  3b2  c  -+

j a c 2  - r  j b c '  -1- c 5 ' In  h oc  autem  cubo praeter

cubum  -+  3 a b '  -t- 3 a 2  b - +  b> d u o r . p r im o r.

te r m in o r .,  h abetur i ° '  fa d u m  ex  q u a d ra to  sum m ae 
d u o ru m  p rim o ru m  term in o ru m  in  te rtiu m  te rm in u m

c  te r  s u m p tu m , nem pe 3 a 2  c  -1- 6 ab c  - +  3b2  c

-  a 2 ------ --------------------  o
—t- o a b -+ b b  X  3 X  c . a  . T r ip la  sum m a

u u o ru m  p rim o ru m  term in o ru m  p er te rtii term in i

q uad ratu m  m u ltip lica ta  ,  s c ilic e t  3a c2  -i- 3 b c 2  r

a  + -  b X  3 c " .  3 0 . T a n d em  te rt ii te rm in i cu
b u s ,  nem pe ccc.

I I .  E x  potestatum  com p o sitio n e  fa c ile  c o l 
lig itu r  i lla ru m  re so lu tio  ,  siue rad icu m  extra-

d i o .



d i o .  S i t  q u an titas  litte ra lis  x2  —  ax  + -  ~  a2
4  3

ex qua extrah en da sit ra d ix  q u ad rata . S u m a tu r p ri
m i term ini rad ix  qu ad rata  x  3 cu ius qu ad rato  subtra-

# o 5 rem an en t term in i d u o  — a x  -1- — a 2  D e in 

d e  su m a tu r du p lu m  ipsius x  3 p er q u o d  d iu id a tu r  

secundus term in u s —  a x  ,  q uotus f i t —  “  a ,  qui 

m u ltip lic e tu r per a x . T a n d em  fiat qu ad ratu m  quoti

1  1
---------a ,  a tqu e produdta illa  ex  residu o —  a x  ~+ — a i

2  4  
subtrah an tur 3 n ih il rem an et. Q u a re  ra d ix  q u ad rata

1

est x -------- a . T o ta  operatio p ate t ex  num  p raeced en ti.
2-

C aeterum  ,  si ra d ix  p lu res  h a b u e rit  q uam  d u o s  
term inos 3 iam  d u o  p rim i te rm in i post prim am  op e
rationem  3 v e lv t  v n icu s te rm in u s con siderari debent 
&  re liq u a  peragenda 5 v t  ante 5 q uo d  q u idem  p atet 
e x  dem on stratis .

-Proponatur ex trah en d a  ra d ix  cub ica  ,  ex  q uan 

titate  lit te ra li c 3 — 3C2  y  _+ 3c y 2  __  y 3 ' E x

prim o term in o e xtrah atu r ra d ix  cub ica 5 q uae  est 

c  3 cu ius cub us c3 a u fe ra tu r  : rem anent te r

m ini —  3 ca  y  3 cy ’1  —  y 3 .  Ia m  q u ia n o

tum  e st  ,  secundum  term in u m  m u ltip lica ri per 
trip lu m  qu ad ratu m  p rim i ,  su m atu r term ini c  
tr ip lu m  q uad ratu m  ,  per q uo d  d iu id a tu r secun dus

term in u s —  - c 2  y ,  p ro d it q uotus —  y  ,  q u i erit:
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secu n da pars rad icis . Q u ia  v e ro  cubus q u ilib e t, 
con tin et cubum  ex  du ob us p rim is  te rm in is  ra d ic is , 
sum atu r cubus term in orum  c  —  y ,  dein d e a  r e 
liq u is  te rm in is  au fe ra tu r ,  q uo TadtO n ih il re m a 
n e t ; ac  p ro in d e ra d ix  accu rata  est c — y ,

I I I .  E x  d em o n stratio n ibu s praeceden tibu s ,  f a 
c ile  p atet rad icu m  e x t r a & io ,  in q uan titatibus n u- 

m eric is

5 E L E M E N T A  A R IT H .

jE xem pl.
3 8 . 9 4 .  8 9 . ( 6 2 4 ,  9 0  

3 6

1 9 4
1 2 2
2 4 4

50 8 9
1 2 4 4
4 9 7 6

E x ira h e n d a  s it  rad ix  
q u a d r a ta , v t  in praesen
ti e x em p lo . N u m eru m  
datu m  in clases d iu id e , 
quarum  sin gu lae  d u as n o 
tas con tin ean t ,  in it io  a 
p o strem is  fatfto :  n ih il 
au tem  re fe rt , s iu e  v n i-  
ca  tantum  n ota  constet 
p rim a  c lassis  ,  s iue n o 
tis  du abus. Q u aere  ra d i
cem  v e ra m  ,  aut p ro x i
m e  veram  n u m eri 3 8 , 
quae  in n ostro  casu  est 6 .
Scribe  6  lo co  rad icis  ,  &  
c iu s  q uad ratu m  3 6  a u 
f e r  et 3 8 . R e s id u o  a  a d - 
iu n ge  notas c lassis p roxi- 
n ie  seq u en tis 9 4  ,  &  h u 
iu s  noui num eri postre
m a n ota n egletfta ,  q u a e 
re  quoties d u p lu m  ra d i-  6 7 1 9 .  cet. 
c is  haefrenus inuentae ,  s iu e  12. ,  co n tin eatu r in  29 , 
in u en ietu r 2  ; scribe  ergo  2  in  radice , &  ex  2 9 4  au
fe r  p rodudtum  ex  2  111 1 2 2  n em pe2 4 4  , rem an et 50; 
h u ic  autem  re sid u o  adnedte natas classis p roxim e se-

quen-

1 1 300 
1 2 4 8 0

1 1 3 0 0 0 0  
12 4 8 0 9  

1 1 2 3 2 8  1
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quentis 8 9 . R u r s u s ,  con tem p ta  n o u i n u m eri po
strem a nota ,  quaere  q u o ties  d u p lu m  ra d ic is  h a
ctenus in u e n ta e , scilice t 1 2 4 ,  co n tin eatu r in  ; o 8 ,  
quotus e rit  4  ,  ite ru m q u e  e x  n u m ero su p erio ri a u 
fe r  p ro d u d u m  e x  1 2 4 4  in  4  ,  nem pe 4 9 7 6  ,  r e 
s idu um  est 1 1 3 .  Q u a re  ra d ix  p rox im e  v e .a  n u m e
ri p rop ositi est 6 2 4  ; num erus autem  ille  fo re t  
p erfedte q u ad ratu s ,  si num ero 1 1 3  m in u eretu r. 
Q u a in u is  autem  rad ix  quad rata  non s it  accu rate  
v era  ,  ad  eam  tam en frad tio n u m  dec im aliu m  o p e , 
p eo  arb itrio  licet accedere. R e s id u o  1 1 3  a d d an tu r 
cy p h ra e  d u a e ,  v t h ic  fadtum  v id es  ; v t  h abeatur 
num erus 6 2 4  tam quam  prim a pars ra d ic is  ,  cu ius 
du p lu m  su m atu r 3 nem pe 1 2 4 8  ; d iu id a tu rq u e  1 1 3 0  
p er 1 2 4 8 3  q u o tu s e s t o ,  quare  scribe  o  in r a d i
c e ,  &  m u ltip lica  12 4 8 0  per o ,  p ro d u & u m q u e  o  
a u fe r e x  1 1  300  ,  rem anent 1 1  30 0 . H u ic  residu o ite 
rum  ad d an tu r cyp h rae  d u ae  ,  sum atu rq ue d u p lu m  
ra d ic is  ,  nem pe 12 4 8 0 3  per q u o d  d iu id a tu r 1 1 3 0 0 0 0 ,  
scribaturqu e q uotus 9  in r a d ic e , p e rq u a m  m u lt ip li
cetu r num erus 12 4 8 0 9  ,  p rodudhn n que 1 1 2 3 2 8 1  
au fe ra tu r ex  1 1 3 0 0 0 0 ,  residu um  fit 6 7 1 9 .  O p e ra 
t io  ru rsu s con tin u ari posset ; sed  satis  patet m e 
th odus ,  cu ius op e  rad icem  proxim e veram  o b ti
nere lic e t  , &  ad eam  m agis  ac  m agis accedere . T o 
ta  op e ra tio n is  ra tio  m a n ife sta  e s t ,  ex  fra & io n u m  
decim alium  natura.

In  huius operation is serie  ,  id em  n otare o p o r
tet ,  quod in d iu is ion e  ob seru atu m  est , nem pe 
si post a d it d a s  a lic u i re sid u o  notas duas classis  
proxim e seq u en tis ,  d u p lu m  rad icis  inuentae non 
con tin eatur in  n u m ero ,  qui per illu d  d iu id en d u s 
est ;  postrem a h uius d iu id en d i nota n eg led ta ,  c y -  
phra scriben da est in  ra d ice  ,  Sc c lassis  p rox im ae

no-
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n otis  duabus d e m iss is ,  o p eratio  con tin u an da. E n i-  
den s au tem  est ,  h an c  op eration em  esse d iu is io n i 
sim ilim am  ,  in  qua rad ix  sit q u o tu s ,  d iu iso r  v e 
ro  sit d u p lu m  ra d ic is  p ostrem o in u en tae  a u & u m  
n o t a ,  quae deinceps in u estig a tu r. H o c  vn u m  in -  
terest ,  q u o d  in  d iu is ion e  d iu iso r  sem per est id em , 
h ic  autem  sem per a u g e tu r ;  in d iu is ion e  totus d i-  
u iso r cog n o sc itu r ,  h ic  autem  ign ota  est n ou i d i-  
u iso r is  n ota ,  quae  in q u iritu r ;  a tqu e id in causa  
e st  ,  cu r in h ac  d iu ision e  instituenda postrem a d i-  
u id en d ae  quan titatis  nota p raetereatu r. S i con tige- 
r e t ,  d iu isorem  esse m aio rem  : V .  G .  in p raesen 
ti exem plo  ,  s i produdtum  est a  in  l a a  subtrah i 
non posset e x  2 9 4  ,  iam  in  radice scribendus e s 
set n u m eru s proxim e m in o r ,  &  tota op eratio  es
set re fo rm an d a . S e d  in  casu nostro  ,  id  m in im e 
c o n t in g it ;  q u are  n u lla  c o n e & io n e  op u s est, V n u m  
tan d em  superest n otan dum  3 cu r n em pe post d u 
plum  ra d ic is  inuen tae scribatu r ra d ix  noua ,  &  de
in d e  n u m eru s to tu s p er rad icem  n ouaui m u lt ip li
ce tu r . I ta  In praesenti exem p lo  post d u p lu m  p ri
m ae rad icis  1 1  scrib itu r 1 .  3 to tu sq u e num erus 
i a i  m u lt ip lic a tu r per nouam  rad icem  2 .  O p e ra 
tio n is  ra tio  m an ifesta  est ; cu m  en im  n u m erus o 
in  rad ice  du as e x p rim at d ecad as ,  h u iu s  num eri 
q u a d ra tu m  versus s in istram  p rom o u eri debet , v t  
p ate t e x  n otaru m  arith m eticaru m  sign ificatio n e .

A d  ra d ic is  cubicae extradtionem  iam  v e n ie n 
d u m  e st . P r o  rad ice  cub ica m eth od u s est a d 
m o d u m  s im ilis  ;  &  iisd e m  in n it itu r  p rin c ip iis .

E x -



E x tra h e n d a  s it  ra d ix  cu 
bica 3 v t in praesenti e x 
e m p lo . D iu iso  n u m e io  
in  classes ,  per ternas 
notas , in c ip ien do  a pos
trem is n o t is ; p rim a clas 
sis 3 q uae  poterat c o n t i
n ere  vel tres  n o t a s , v e l  
duas ,  in h oc  casu v n i-  
cam  co n tin e t . Q u a e ra 
tu r r a d ix  cub ica num eri
5 p rox im e  m in o r , quae 
est i .  H u iu s cubus i 
subtrah atur a prim a c la s 
se 5 , residu um  est 4 ,  
c u i ad n e& atu r classis se
q uens 3 v t  h ic  fa d u m  
vid es . D e in d e  ita  d icen 
d u m  3 prim a pars rad i 
c is  1 p ro  d ecade habe 
ri debet ,  si con feratu r 
cu m  secunda parte. S u 
m atu r itaque nu m eri 10  
quadratum  >00 ,  &  per
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y- 3 0 J .  4 7 2 .  ( 1 7 4 ,
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4 3 °>
300

2 1 0 0
1 4 7 0

3 4 ?

3 9 2 4 7 2
8 6 7 0 0

3 4 6 8 0 0  
8 16 0  

6 4

3 , '< 0 2 4

3 7 4 4 8 0 0 0 .

illiu s  trip lum  ?o o  d iu id a tu r 4 ; 0 f  ,  in u en le tu r q U0- 
tus 7  q u ilibet en im  a liu s  fo re t iu sto  m a io r ,  si 7  
e x c e d e re t ,  v t  patet operation em  exp erien d o . Iam  
m u ltip lice tu r 30 0  per 7  ,  h abetur p ro d u d u m  2 , 0 0 .  
D ic  praeterea 7  X 7  =  4 9  ,  &  4 9  X  1 0  1=  4 9 0  ,  po- 
stea 4 9 0  X  3 ~  1 4 7 0  ,  q u o d  scribe  in fra  2 1 0 0 .  T a n -

A i j  7 ~  5 4 3  5  < , U o d  s c l i b !  c l t 'b e c  i n f r a  7° -  
A d d a n tu r  num eri 2 1 0 0 , 1 4 7 0 , 8 :  3 4 3 , &  sum m a 3 9 1  ?
a u fe ra tu r ex  n u m ero 4 3 0 ? ;  residuum  est 3 9 2 .D e m it 
ta tu r c lassis tertia  4 7 2 ,  &  du ae p rim ae  parces ra d ic is ,

ve l-



v e lv t  pars v n a ,  co n sid eren tu r . H aec  au tem  p ars, 
q uae  est 1 7 ,  aeq u iu alet 1 7 0 ,  si c o n fe ra tu r cum  
tertia  parte quaesita . S u m a tu r huius n u m eri 1 7 0  
trip lu m  q uad ratu m  8 6 7 0 0  ,  per q uo d  d iu id a tu r  pars 
cubi re liq u a  3 9 2 4 7 2  ,  p rod it q uotus 4 ,  quem  s c r i
be in r a d ic e ; m u ltip lice tu r d iu iso r  8 6 7 0 0  per 4 ,  
produdtum  fit  3 4 6 8 0 0 , q u o d  in fra  sc r ib itu r . D ic a s  
d e in d e  4 X 4 — 3  1 6 ;  1 6  X 1 7 0  X 3 s  =  8 1 6 0 ,  
q u o d  produdtum  scribe in fra  3 4 6 8 0 0  ,  a tq u e  in fra  
scrib i debet cu b u s ip siu s 4  ,  nem pe 6 4 .  A d d a n tu r  
tres  illa e  q uan tita tes  ; q uaru m  sum m a 3 5 5 0 2 4  ex  
re liq u a  rubi parte subtrah atur ,  residuum  fit 3 7 4 4 8 .  
Q u a re  num erus p ro p o s itu s , non est cubus pertedtus; 
sed  a d  rad icem  p roxim e veram  liceb it accedere  ,  s i 
re sid u o  ad d an tu r tres cyp h rae  ,  v t  in  praesenti e x 
e m p lo  faiftum  e s t ; &  eadem  o p eratio  dein d e pro 
a lio  q uo libet fradtionum  d e c im a liu m  num ero ite re 
t u r  ,  m agis ac  m agis  accurata fiet r a d ix  in u en ta ; 
i llu d  autem  o b seru an du m  e jt  d iligen ter ,  inuentas 
ra d ic is  partes v e lv t  partem  vnicarn tradlandas es
se , s i pars a lia  in u estigari debeat.

I 1 1  extrad lion e ra d ic is  quad ratae  ,  &  cubicae, 
d ix im u s , to t esse rad icis  partes ,  q u o t sunt d i-  
uersae  n u m eri p rop ositi partes. I d  vero  dem o n 
s tratio n e  in d ig et. Q u an titas  q u aelibet ex  duobus 
constans n u m eris vn icam  d u m taxat in ra d ice  par
tem  habere potest. C o n sid eretu r n u m erus 9 9  o m 
n iu m  ,  qui duabus constent notis ,  m ax im u s. D e 
in d e  rad icem  ex  duabus notis com positam  om 
n iu m  m in im am  10  co n s id e re m u s; q uad ratu m  erit 
1 0 0  ,  q uo d  n u m ero 9 9  m aius e s t  ,  ac  proinde 
ra d ix  d u as notas con tin ere  non potest. S im iliter 
q u an titas  om n iu m  m in im a ,  quae  tres habeat no
tas ,  est 10 0  ,  cu iu s  rad ix  q u ad rata  est 1 0  ,  quae

pro-
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proin de d u as con tin et n o ta s ; ac  quan titas om n iu m  
m a x im a , q u a e  tres habeat notas est 9 9 9  ,  cu iu s  
rad ix  tres notas habere non potest ;  n am  num erus 
o m n iu m  m in im u s tribus constans n o iis  est i o o ,  
cu ius q u ad ratu m  fit 1 0 0 0 0 ,  q u o d  q u id em  n u m e
ru m  9 9 9  lon ge  e x ced it. E a d e m  ratione ,  ad a liam  
q u am lib et n u m eroru m  seriem  p rogred ien d o  fa c ile  
in te llig itu r , praescripta n um erorum  d iu is io  ,  in  ex
trah en d a rad ice  quad rata  : &  huic n u m eroru m  d i-  
u ision i ,  partium  num erum  in ra d ice  re sp o n d e re , 
eu id en s est. Id em  s im ili ratio c in atio n e  con stat pro 
ra d ice  cu b ica. E u id e n s  e s t ,  e x trad io n e m  ra d icu m , 
s im ili ration e  perfici in n u m eris f r a d is  ,  ex trah en 
d o  scilice t rad icem  propositam  e x  n u m e r a t o r e ,&  
e x  d en o m in atore . In  q u alib et au tem  rad icu m  extra* 
d io n e  operation is r itae  p e ra d a e  fa c ile  h abetur a r
gum en tu m . S i ra d ix  s it  q u ad rata  ,  haec in  se i p 
sam  d u c a t u r ,  p ro d u d o q u e  a d d atu r r e s id u u m , s i 
a liq u o d  fu e r it  fa d a  op e ra tio n e  ,  Sc restitu i debet 
ipse n u m erus p rop ositu s . S im ilite r  r a d ix  cub ica  ad  
cubum  e u e h a tu r ; id  vero  statim  patet e x  ipsa e a -  
rum dem  op eration u m  natu  a.

I I I I .  Saepe  ab extrah en da ra d ice  su p ersed e
m us ,  vbi veram  in u en ire  non licet ,  &  q u a n t i
tati p rop ositae  p raefig itu r sign um  f  q u o d  ra d i
cate  a p p e lla n t. S ic  S  3 sig n ificat ra d ice m  q u a 

dratam  num eri 3 .  i/ ' 1 0  den o tat rad icem  cu b icam  
den arii ;  Sc h i sunt num eri ,  q uo s A r ith m e tic i 
v o ca n t n u m eros s u r d o s ,  s in e  irra tio n a les  ,  aut 
etiam  incom m ensurabiles. Q u an tita tib u s litte re li-

bus idem  sign um  p ra e fig itu r , ita  P  a b ,  f  abe 
sign ifican t ra d ice m  q uad ratam  ip siu s ab ,  Sc ra 

di-
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d iccm  cub icam  q u an tita tis  abc. S e d  com m od ita 
tis  ergo  r a d ix  secu n d a  ,  v e l q u ad rata  e xp rim i so-

i
i  1  . a  “

le t  p er —  ,  ra d ix  cub ica p er —  ,  ita  a  a >

*  3
i_ i

a  3 ,  a  m  sign ifican t rad icem  q uad ratam  ,  cub i
cam  3 Sc rad icem  q uam libet in d eterm in atam  m . 
V t  au tem  c lara  ta lium  expression um  n o tio  h a
b ea tu r ,  m em inisse op ortet ,  quae an tea d e  e x 
p onentibus breu iter d i& a  su n t. P o n a m u s a  3  bb

i  i

e rit  a."1  — ( b b )  . P raeterea  in  q u an tita te  (bb) 3  

expo n en s 3 in d ica t 3 q u an tita tem  bb ter scriben 

d am  esse ,  ac  p ro in d e (  b b )  . =  b 1̂  . Ig itu r  ea-
1

1  1
d em  ratio n e  in  q u an tita te  ( b b )  e x p o n e n s —d e

s ig n a t ,  litteram  b d im id io  m in u s sum en d am  esse, 
quam  in  bb ; ac  p ro in d e sem el tantum  ,  quare

1  1

Q, d
(bb) — b ~  a  c i  V  a* Id e m  patet d e  a liis
q u ibu scum q ue expo n en tib us. R e s  autem  to ta  m a 
g is  i llu stra b itu r  , e x p lic a tis  q u atu o r A rith m e tic a e  
operation ibus in  q uan tita tib u s su rd is.

Q u an titates surd ae  ad d u n tu r ,  v e l su b trah u n 
tu r  fa c illim e  ,  si e iu sd em  sint e xp o n en tis  ,  &  
eam dem  habeant sub s ign o  ra d ica li q uan titatem .

S i
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S i autem  res non ita  se  habeat ,  saep iss im e  con 
tin git ,  q uan titates su rd a s  eiusdem  o rd in is  ,  ad  
eam dem  quan titatem  sub sig n o  ra d ic a li posse re- 
uocari. I ta  s i a d d i ,  v e l  subtrah i debean t q u a n 

titates rad ica les  f  4 8 a b b  ,  &  b /  7 j a  ,  p rim a  

per redudtionem  m u ta tu r in  4 b f  3 3  ,  a ltera  a u 

tem  in  j b  f  3 3 .  Q u a re  in  i °  c a s u ,  habebitur

pb  / 3 3  ; in  a lte ro  autem  b f  3 3 .  T o tu m  redu- 
dtionis a rt ific iu m  in  eo  co n sistit  ,  v t  n u m eri sub 
sig n o  ra d ica li positi ,  q u aeran tu r d iu is o re s  ,  in ter 
q uo s ille  e lig a t u r , si q u is  fu e r i t ,  ex  q u o  liceat ra 
d icem  extrah ere  ,  e iu sd em  ord in is  ,  cu ius est su r
d a  q u an titas. S i  a liq uem  e iu sm o d i d iu isorem  in- 
u e n ia s ,  e ius ra d ice m  praefige sig n o  ra d ica li ,  q uo  
in c lu d a tu r tan tu m m od o a lter  d ati n u m eri coeffic ien s. 
S i autem  n u llu s  ta lis  d iu iso r  in u en iri possit ,  iam  
q uan titates ra d ica le s  in  a d d itio n e  sig n o  + -  conne- 
d e n d n e  , in  subtradtione autem  s ig n o  —  separsn dae.

D em u m  m u ltip lica n tu r &  d iu id u n tu r  q u a n 
titates irra t io n a le s  non secus ,  ac  ration ales ,  Sc 
p io d u & o  ,  vel q u o to  id em  ,  quod p riu s  e ra t  ,  s ig 
num  rad i ca le  p raefig itu r ,  q uo d  q u id em  in  v tra -  
q ue  quan titate  s it  e iu sd e m  o rd in is . I t a  s i m u lt i

p lica ri debeat ^  ab p er V  a c  ,  p iod ud tu m  erit 

V  aabc r= a  P  bc. I t a  si d iu id i d ebeat ac 

l?  ( b c )  per a  * ^ b ,  q u o tu s e r it  ac  f  bc

_____________— c f  c -

a y  b
P a te t  autem  ,  in  m u ltip lic a tio n e  delen du m  esse  s ig 
n um  ra d ica le  ,  s i  a eq u a le s  fu e r in t  q uan titates s ig 

n o



n o n c lu s a e : s ic  ✓ "  ( a 3 c )  X ^ ( a 3 c )  =  a^  c.

Q u o n ia m  sacpc con tin g it 3 q u an titates ra d ic a -  
les ad  eum dem  expon en tem  redu cen d as e s s e ,  ob- 
seru an dtim  est ,  id  fa c ile  p raestari posse ex  h a
ctenus dem on stratis . I ta  q uan tita tes  du ae ra d ic a -
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n m  c n

^  ( — ' )  q uo d  p atet ;  nam  q u an titates illa e  ad  
d 11

potestates n ,  m 3 respedtiue eueh un tu r 3 &  sim u l 
d e p rim u n tu r . P ro b e  autem  n otan d um  est d isc ri
m e n  3 in ter q u an tita tu m  m u ltip lica tio n em  3 illa -

ru m q u e  p otesta tem . I t a  s i m u ltip lica ri debeant a 3

p e r  a2  3 p ro d u ftu m  fit a  3  ^  "  r  . S i  a u -

le m  q uantitas a ^  ad  sec u n d a n i p otestatem  eu e-

h i  d ebeat 3 h ab etu r a 3 X  a  — a6 .  &  g enera-

t im  quan titas am  ad p otesta tem  n euedta 3 fit am n ' 
Q u a re  m u lt ip lic a t io  3 f it  per in d ic is  a d d it io 
n em  ,  potestas autem  per m u ltip lica tio n e m . C o n 
tra ria  ra tio n e  3 d iu is io  fit per exponentis  sub- 
tradtionem  ,  &  ra d ic is  e x u a d tio  3 p er expon en tis 

6
^ K t* f,

d iu is io n em . I t a  —  -  a  2 ,  A t  s i e x  a

.  £
extrah en d a  sit ra d ix  q u ad rata  ,  e r it  a 2  r  a 3 '

&
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a m

&  generatlm ,  p ro  d iu is ion e  —  r  a m ""” n ; at

p io  ra d ic is  n e x tra& io n e  h abetu r a  n  .  S i  quan- 
titatessint s im p lic e s ,  b reu iu s p er exponentes ,  quam  
p er sig n u m  r a d ic a le ,  exp rim u n tu r.

V .  Q u an titates  i r r a t io n a le s ,  siue in com m en su 
r a b ile s ,  saepe in h o c  C ap ite  n om in au im u s ; reue- 
ra  autem  ,  tales dari q u a n t ita te s , e u id e n se st  ex  C a 
p ite  praecedenti ,  in  q uo dem o n strau im u s ,  fr a c t io 
nem  s iu e  p uram  ,  siue m ixtam  in fra & io n e m  sem - 
p er ab ire  ,  e tiam si ad p otestatem  q uam libet eu eh a- 
tu r . E r g o  n u m eru s in teger ,  cu iu s  ra d ix  q u a d ra 
ta ,  cub ica ,  cet. non  e st  num erus in t e g e r ,  n u llam  
fra d tio n e m ,  n eq uid em  m ixtam  p ro  ra d ice  h abere 
p o t e s t ,  ac  proin de h u ius n u m eri r a d i x ,  est in c o m 
m en surab ilis. Ita q u e  n u m eri in com m en su rabiles ,  non 
sun t n u m eri proprie  didti. E t  re  q u id em  ip s a ,  cu m  

p er num erum  n ih il a liu d  in te lligam u s j  quam  ra tio 
nem  q uan titatis  c u iu s u is ,  ad  a liam  e iu sd em  g e n e 
n s  q uan titatem  ; in o m n i ra t io n e ,  v e l n u m ero e x i-  
s tere necessum  est partem  aliq u o tam  ,  q uae  s it  v tr i-  
q ue  q u an titati com m u n is  ;  a t  q uan titates in te r se 
in c o m m e n su ra b ile s , ta li caren t m en su ra  ;  ita  1  
non est num erus p rop rie  d id u s  ,  q u ia  ta lis  q u a n ti
tas p rop rie  non e x is t i t ,  eaq u e in u en iri non potest. 
Im o  fra d io n e s  ,  p roprie  non d icu n tu r n u m e r i ,  n i
s i  quatenus ad  n u m eros in tegros reu o can tu r. E t  

. 3
q uidem  fr a ft io  —  ,  q uae  ex p rim it quartam  p ar- 

4-
tem  totius a licu iu s  te r  s u m p la m ,  ip sa  ad  n u m eras

in-
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in tegros re fe rtu r  ;  haec en im  q uarta  pars ,  v e lv t  a lia  
v n ita s  con sid eratu r ,  v t antea ob seru au im us. R e m  
arith m etico  exem p lo  illu strab im us. S i ex  n u m ero  7 ,  
extrah en da prop on atur ra d ix  q u a d r a ta ,  h aec  inue- 
n itu r m in o r q u a m  3  ;  eum  3 X 3 3  -  9  ,  &  m a
io r  q u am  1  ,  cu m  sit  a  X a  s  — 4 .  Ig itu r  rad ix  
qu ad rata  num eri 7  ,  co n tin etu r in tra  lim ite s  2  &  3 ;  
a c  proinde si posset d eterm in ari ,  ea fo re t  a eq u a 
lis  n u m ero  1  ,  8c a licu i n u m ero  f r a d o  ,  sed  fie r i 
non p o te s t ,  v t  f r a d io  m ixta  per se ipsam  m u lt i
p l ic a t a ,  p rod u cat num erum  in tegrum  ,  v t an tea d e  -  
m o n strau im u s. E r g o  n u m erus 7  ,  pro ra d ice  h abe
re non potest neque n u m erum  in tegru m  ,  neque f r a -  
d u m . Id e m  patet d e  a lio  q u o lib et n u m ero in te g ro , 
cu iu s  rad ix  non est num erus in teger.

S c h o l. Secun d ae d u m ta x a t ,  &  tertiae p otestatis 
c o m p o s it io n e m , ac  reso lutio n em  in p a e s e n t i C a 
p ite  exp licau im u s ; a t  rem  g e n e ra tim ,  Sc b re u iter , 
quan tu m  lic e t  ,  p ro  a lia  q u a lib et d ign ita te  c o n s id e 
rab im u s. E x  h a d e n u s  e xp lica tis  m an ifestu m  e s t ,  e o 
d em  m o d o  f o r m a r i ,  a ltio re s  cu iu slib et g ra d u s p o 
testates. Ita  ad fo rm a n d a m  q uarti g ra d u s potesta
tem  ,  m u lt ip lic a r i debet cubus p er su am  rad icem , 
Sc s ic  de in ceps. Ia m  in  sin g u lis  term in is exponentes, 
&  cocffic ientes d ilige n te r ob seru em us. In  potestatis 
cu iu slib et co m p o sitio n e ,  prim us term inus a binem ii 
cu iuslibet a  - t-  b ,  eu e h itu r ad p otestatem  quaesitam ,

V .  G .  a "  si p otestas secunda fu e r it . In  a liis  sequen
tibu s term in is ,  exponens q u an tita tis  a  per vn ita
tem  d e c r e s c it ,  &  in  v lt im o  te rm in o  euan escit. Ita

in  secu n da potestate habetur a ib  -t- ba  . Contra 
autem  p otestas te rm in i b 3 in  p rim o term in o 11011

re-
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r e p e n tu r , sed in  i °  . te rm in o  il liu s  exponens est

v n ita s ,  in  3 ° .  term in o 2 ,  &  ita  cresc it per gradu * 
don ec m  v lt im o  term in o  expon en ti p otestatis  q uae
sitae aeq u a lis  fiat. Q u a re  iisd e m  g r a d ib u s , qu ibu s 
decrescunt expo n en tes ip siu s  a  ,  c re scu n t e x p o n en 
tes q u an tita tis  b ,  a tqu e in  v tra q u e  quan titate  e x p o 
n en tium  sum m a sem p er eadem  e s t ,  &  p otestatis  
quaesitae  expon en ti a e q u a lis ; q uo d  q u id em  in po
testa te  q u alib et ex p e riri lic e t . I ta  potestas 6  b in cm ii 

a  -1- b , in u e n itu r a 6  - +  6 a *  b 1 y a 4  b'2 -+  

a o a 3 b 3 + .  ,  f  aa  b4  6&bt  ^  b <S ; ^  

q u a  ob seru are  est ,  exponentes q u an tita tis  a  d e c re 
scere secu n du m  seriem  n um erorum  6  ,  4  ,  -  ,  "  
1 , 0 ;  co n tra r io  au tem  o rd in e  crescere  exponentes 
q u an tita tis  b ,  n em pe h o c  m o d o  0 , 1 , 2 , - .  4  

5 , 6 ;  sum m aqu e expon en tium  in  v tro q u e ’  te rm i
n o  est sem p er 6 .  Ia m  superesc ,  v t  s in g u lo ru m  
term in o ru m  coeffic ien tes obseruem us. D iu id a tu r  c o 
effic ien s p raecedentis term in i p er exponentem  in 
sius b  m  te rm in o  d ato  ,  &  q u o tu m  m u ltip lic a  
p er exponentem  ip siu s a  in  eodem  term in o  au  -  

vn ita te . I ta  in  praeceden ti e x em p lo  ,  vb i 

te rm in i sunt a  ,  a *  b ,  a 4  b 1  ,  a 3  b 3 3 a *

b 4  3 *b> » b6 ,  coe ffic ien s p r im i term in i

est v n ita s  s coeffic ien s secu n di est —  ,

2

-  6  > tei' tl! « t m i n i  coe ffic ien s —

*  t J m l I m .  ‘  c o e f i !d ,“  " " W



est I i  X 3 -r- i  -  -  5 X  4  z : ~  2 0 .  E t  s im ili  m o 

d o  in u en ien tu r coeffic ien tes a li i  i ,  ,  6  ,  i .
E x  hac con stan ti e xpo n en tiu m  ,  &  co e ffic ien - 

t iu m  serie  ,  gen eratim  exhib eri p otest b in om iu m  
a  -i- b ad  potestatem  q u am lib et m  eued h im . I t a  
te rm in o ru m  series se  habebit ,  n on  con sid eratis

cr ■ m  m - i  , m -z , 2  m -5 1 . 3 ,
c o e fn c ie n tib u s ,  a  , a  b ,  a  b 5 a  5 D ) '

a m ^  ,  q uae  series con tin u ari d e b e t ,  d o n ec  
expo n en s quan titatis  b e u ad at m . C o e ffic ie n tes  a u 
tem  e x  praeceden ti regu la  h o c  o rd in e  p rogred ien - 

m - i  in - f  m - i
t u r  i  j  m ,  m  X  ——  3 m  X - —  X ,  m  

s  3 3
m - 1  m - a  m - 3

X ------X ------------------  &  ‘ ta de in ceps. Q u a re  h aec
a 3 . 4  ---m m

h ab etu r g e n era lis  fo rm u la  ( a - + b ) z ; z ; a  -+  
m - t  m - i

B iam " , b - f  m  X ------X  a m ’ V  -1- m  X -------X

m -2  m  1  12 
--------X a  3 b 3 ;  c e t . S im ili m o d o  in u en itu r fo r*

3  _ — -------- m
m u la  p ro  b in o m io  a --------b ,  h o c  so lum  obser-
u a to  d isc r im in e  ,  q u o d  term in u s debeat esse n eg a
ti uus ,  s i expo n en s q u an tita tis  b s it  n u m erus im 

p a r . I t a  in  cubo a  2-  3 a z  b  -+  3 ab t .  b 3 se

c u n d u s  i  &  q u artu s te rm in i sun t n eg atiu i j  ratio 
au tem  est eu id en s ,  cum  n egatiu a  ex isten tc  quan
tita te  3 m u ltip lica tio n u m  n u m eru s im p a r ,  produ- 
ftu m  efficere  debeat n eg atiu u m . F o rm u la  ,  eadem 
om n in o  ration e  com p o n i posset p ro  trin o m io  a h-

b

< 6  E L E M E N T A  a r i t h .
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b  - t  c  j  p on en do a  -+  b — ~  n ,  &  ita  d e in 
ceps p ro  p o ly n o m io  q u o libet. P ra e ce d e n s  fo rm u 
la  ,  q uae  p otestatum  com p o sitio n em  exhib et ,  e a 
ru m  q u o q u e  reso lu tio n em  rep raesen tare  potest. 
I t a  rad ix  q u ad rata  b in o m ii a  h - b n ih il est a liu d , 
quam  p otestas b in o m ii a  -t- b ,  cu iu s  expo- 

i
mens — . Quare ponatur in formula praeceden- 

z i  i

t i  m  ~  — i j  h abeb iturqu e a  + -  b =  a  
i  i

i  ^  1  * 1
'+~ —  jjj a  b -+  —  J? ( —  —  i  )  X

2  *  2

1  4  t  z
a t  b ,  cet. S i  q u an titas  e x  p lu r ib u s ,  quam  

d u o b u s  j  con stet te rm in is  :  E .  G .  * i  extrah en da
c

s it  ra d it  q u a d ra ta  ex  q u a n tita te  i  + -  2C + -  z . 

F ia t  a —— i c  -i- c2 . E a d e m  a d h ib ita  fo r m u la , 
fatftisque d eb itis  red u ction ib u s per vu lga re s  A lg e -  
b rae  r e g u la s , in u en itu r ra d ix  i  + -  c  ,  v t  o p o r 
te t. S i  autem  q u a n tita s  p rop osita  n u lla m  habeat 
rad icem  accu ratam  ,  h u iu s fo rm u la e  o p e  ad  ra
d ice m  p rox im e  v e ra m  lic e t  a cce d e re . E x e m p la  
d u o  breu iter prop on em u s. S it  aa  - +  b qu ad ratu m  
im p erfedtum  ,  ex  q u o  extrah en da s it  r a d ix  q u a -  

x j l  i

d r a t a ,  habebitur (  a a -+  b )  4  — ( aa)  1  1  X
^ -r
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b b z

cet. X  a  X ----------------cet. S im ili m o d o  si e x  cubo

z a  8a3

im p erfed to  ( a 3 X  b )  extrah en d a sit ra d ix  cub ica,

i  b b *  

e rit ( a 3  X b ) 3 X a X  ^ 3  """fiaT *  Cet* I t a ^uc

ad  rad icem  p roxim e veram  accedere possum us p e r  
series  infin itas ,  d u m m od o  series i l la e  sine con
verg en tes  ,  h o c  e s t ,  s i te rm in i perpetuo d ecres
can t. S it  n o r d o ,  quem  term in u s a liq u is  in  p rae
c ed e n ti serie  occu pat ,  term in u s i l le  in u en ietu r 
esse a d  te rm in u m  p roxim e sequentem  ,  v t  1  ad 

b
—-  X  m  —  n - +  1 ;  ac  p ro in d e  r t  series s it con - 

a ■ "  ■
n

u ergen s ,  op ortet b ( X m -n  -1- 1  )  esse sem 
p er m in o re m ,  q uam  n a . I t a  in  exem p lo  p ro p o 
s ito  ,  ad  habendam  rad icem  q u a d ra ta m  p ro x im e  

1
a c c u ra ta m ,  term in u s b  X  ( —  — n + -  1  )  posi- 

z
tiu e  sum ptus m in o r esse d e b e t ,  quam  naa ,  existen- 
te n num ero in tegro . S im ili m o d o  ad habendam  ra
d icem  cub icam  quam  p ro x im e  in  exem plo  praece-

1
d e n t i ,  o p o rte t term in u m  b X  ( --------- n X  x )  pcH

. 3
s itiu e  sum p tu m  sem p er m in o rem  e s s e ,  q u am  na

q u o d  q u id em  d ilig e n te r ob seruandum  est in  p rae
ced en tis fo rm u la e  vsu.

C A -
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CAPYT VI.
D e Proportionibus.

I . T N  m em o riam  reu o can d a  est explicata  c a p .io .
JL  ra t io n is , &  p rop ortio n is  d efin itio . R a t io  d i 

c itu r ea  du aru m  q uan titatum  h abitu do  q u a  ad  se  
inu icem  r e fe r u n t u r ; g eom etrica  d ic itu r  ,  s i in ea 
re lation e  con siderem u s ,  q u o m o d o  q u an titas  v n a  a l 
teram  c o n t in e a t ; a rith m e tica  v o c a t u r , si excessum  
tan tu m m o d o  v n iu s  supra a lia m  sp e & e m u s. In  o m 
n i ration e  q u a n t ita s ,  q u a e  ad  a lia m  r e fe r t u r ,  an
tecedens  d i c i t u r ,  ea v e r o  ad  q u am  r e f e r t u r ,  con
sequens  ap p e lla tu r. R a t io  geom etrica  d ic itu r  d u 
p l a  ,  tr ip la  ,  d e c u p la ,  c e t . s i antecedens b is ,  te r , 
d e c ie s , ce t . consequentem  co n tin et ; co n tra  vero  
s u b d u p la , su b tr ip la  ,  su bdecu pla  ,  c e t . si bis ,  t e r , 
d e c ie s ,  ce t . an teced en s in  con seq u en ti co n tin etu r. 
JLxponens  ra tio n is  g e o m e tr ic a e  d ic itu r  q uotus ex 
anteceden ti per consequentem  d iu iso  ;  exponens v e 
r o  ra tion is  a rith m eticae  est d iffe ren tia  con seq u en 
tis ab an teceden ti. H in c  ra t io  g e o m e trica  a d  in star 
f r a d io n is  s c r ib it u r ,  arith m etica  a d  in star subtra- 
d io n is .  D u a ru m  ration u m  aeq u alitas proportio  d i 
c itu r  ,  geom etrica  v e l  a rith m etica  p ro  ra tion u m  
ip saru m  q u a lita te . Ig itu r  in  om n i prop ortion e  qua- 
tu o r  q uan tita tes  esse deben t ,  &  p rim a  a d  se
cundam  esse  d ic itu r  ,  v t  te rt ia  a d  quartam . S i 
vero  eadem  q u an titas  bis assu m atu r ,  ita  v t  p r i
m ae ra tion is  consequens id em  sit  cu m  an tece d e n 
te  secundae ,  p ro p o rtio  d ic itu r  continua. I ta  e x 
p r im i solet p rop o rtio  geo m etrica  a . b :  :  c . J ,



v e l a : b ~  ~  c  : d  ,  v e l  —  "  z  —  ; a rith m eti»  
b  d 

ca  v e ro  a  —  b ) c  —  d .
I I .  S i  in te r d u as p rim as q u a n tita tes  eadem  s it  

d i f fe r e n t ia , q uae  in ter d u a s  v l t im a s ,  iam  q u an ti-  
tates illa e  sun t arithm etice p roportionales  ,  v t  pa
tet ex  p raeceden ti d e fin itio n e  ;  q u are  a rith m e tice  
p rop ortio n a les  sunt n u m eri 3 , 7 ,  1 2  ,  1 6  ; atque 
e tiam  q uan titates a , a - t - b , e , e - f  b . S i  
au tem  ta lis  p rop o rtio  c o n t in u e tu r , ita  v t  q u a n ti
tates per eam d em  con stan tem  d ifferen tiam  p erp e
tu o  c re sc a n t ,  v e l  d e c r e sc a n t ,  iam  h abetur series , 
v e l p rogressio  a rith m etica  ,  q u a lis  est ita  a  ,  a 
+ -  b ,  a  + -  a b  ,  a - i- j b ,  ce t . v e l haec a l i a x ,  

x  —  b ,  x  —  2 b  ,  ce t . aut e tiam  in  n u m e ris  1 ,

3 j  4  3 ? 3  c e t- &  10  3 7 3 4 s i s  — 2  3 —
5 ,  —  8  ,  ce t . E x  ipsa p rop ortio n is  a rith m eticae  
natura  euidens e s t ,  sum m am  extrem oru m  term in o
ru m  aeq u alem  esse sum m ae m e d io ru m . I ta  in  p ro 
p o rtio n e  arith m etica  a  —  (a  -s- b) — e —  ( e  -i- b) 
m an ifestu m  e s t ,  sum m am  extrem oru m  a  - +  e  -i— b , 
a eq u a lem  esse su m m ae  m e d io ru m  a  + -  b + -  e. 
H in c  d atis  tribu s q u an titatibu s ,  fa c ile  in u en ietu r 
q u a rta  arith m etice  p rop ortio n alis  : a d d an tu r s c ili
c e t secu n d a  ,  &  te rtia  ,  a tqu e ex  sum m a au fe ra 
tu r  p r im a ,  d ifferen tia  e rit  quartu s term in u s a rith 
m etice  p ro p o rt io n a lis ,  v t patet.

In d e  e t ia m  c o llig itu r  ,  in  progression e q u a li
bet a r ith m e tic a ,  sum m am  d u o ru m  extrem oru m  ae
q u a lem  esse sum m ae d u o r u m  q u o ru m lib e t te rm i
n orum  ab extrem is aeq u e d ista n tiu m . S in t prio
res  te rm in i a  ,  a  -s- b ,  a  -+  a b  ,  ce t . s itqu e  vl- 
t im u s term in u s x  ,  e a it  pen u ltim u s x  -  b ,  ante*

p e-
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penultlm us x —  " b ,  ce t . Ia m  co m p a re n tu r in ter 
se t e r m in i ,  q u i ab extrem is a eq u e  d iscan t in  h un c 
m o d u m .

a ,  a - +  b , a  + -  a h ,  a -5- 3b , a  -+ , cet. 
x ,  x  —  b ,  x — a b ,  x  —  3 b ,  x  —  <fb ,  cet.

E T  A L O E B R A E . 7 1

a -i- x  ,  a  -1- x  ,  a  -+  x ,  a  -1- x  ,  cet.
S i n em pe s in g u li te rm in i c o r  re  spon den tes ,  e t 
q ui ab extrem is a eq u a liter d ista n t ,  s ibi in u icem  
a d d a n t u r , h abebitur sem pe.r a  -t- x  ,  h oc  est, 
6um m a p rim i te rm in i a ,  &  v lt im i x ,  a tqu e h in c  
e tiam  eu id en s e s t ,  sum m am  o m n iu m  term in o ru m  
in  progression e arith m etica  a eq u a lem  esse p ro d u 
c to  e x  sum m a p rim i j  &  v lt im i in  d im id iu m  ter
m in o ru m  n u m eru m . I t a  s i n u m eru s term in o ru m  di-

---------n
ca tu r  n  ,  e rit  om n iu m  sum m a a  + -  x  X  — .

B
I 1 I I .  C u m  d iffe ren tia  com m un is te rm in o ru m  

in  p rogressio n e arith m e tica  p rim u m  term in u m  
n on  a f f ic ia t ;  p a t e t ,  h u ius d ifferen tiae  co effic ien - 
tem  in  quo libet d ato  te rm in o  aeq u a lem  esse n u 
m e ro  term in orum  ,  q u i te rm in u m  d atu m  prae
ced u n t. Q u a re  in  v lt im o  te rm in o  x  habebitur

n  —  1  X b  ; n em pe x  =  a  -4- n —  1  X b . I g i 

tu r  cu m  o m n iu m  term in o ru m  sum m a sit a T "  x  
n

X — ,  ea  q u o q u e  in u en itu r r ;  a a n  +- bn —  
a  — "« . . ■ '■

a
bn — (  a a  + -  bn —  b )  X  n. E .  G .  S e rie s  arith-

a m e -
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m e tic a  i - i -  a  t -  3  ( - 4  + -  f  ,  cet. a d  j o o  te r
m in os p rod u d ta  — — 0. X 10 0  + -  10 0 0 0  —  10 0

a
n  50  5o . A t  si progression is p iim u s  term in u s fu e 
r it  o ,  erit p rog rtssio n is  sum m a aequ alis  d im i
d io  produdx» e x  v lt im o  term in o  in  num erum  ter
m in o ru m . N a m  in  h oc  casu  cum  sit  a  =  o3 
sum m a te rm in o ru m  5 quae gen eratim  e xp rim itu r

----------- - n nx
p er a  + -  x  X  —  in  han c abit — . V n d e  patet3 

c  n
sum m am  nu m eri cuiuslibet te rm in o ru m  in  p rog res
s io n e  arith m e tica  ,  cu ius prim us term in u s est o3 
aeq u alem  esse d im id io  produtfto e x  term in o ru m  
n u m e ro  in  term in u m  m a x im u m . E .  G-. P ro g r e s 
s io  A r ith m e tic a .
o - i - i  -i— a  4— 3  - i -  4  + - £  + -  6  -i—7  -t— 8 + -  9 — 

9 4 - 9 4 - 9 - 1 - 9 - 1 - 9  -i_ 9 - i_ 9  4 - 9  4 - 9 4 - 9 —

a  o
10 X  9  ~  4 5 .

I I I I .  S i q uotus ex  d u a b u s  p rim is  q u a n tita ti
bus j  a e q u a lis  s it  q u o to  ex  du abu s v ltim is  3 q u a -  
t u o r  illa e  q uan titates sun t geom etrice proportio
n a le s  ,  v t  patet e x  p raeceden ti defin ition e. T a les  
sun t n u m eri a 3 6  ,  3  3 1 2  ,  &  quantitates a , 
a r  j  b ,  b r . E x  ipsa p rop ortio n is  geom etricae  rta- 
tu ra  euidcns est 5 producSum  e x  term in is extre
m is aeq u a le  esse  p ro d u fto  ex  m ed iis  ;  sic a  X  
b r 3  ”  a r  X  b ,  v t  p ate t. Q u a re  datis  tribu s te r
m in is  fa c i le  in u en itu r q u artu s geom etricae  p ro 
p o rtio n a lis  :  m u ltip lic a n d o  sc ilice t d u os m edios

ter-
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term inos ,  p ro d u & u m q u e  d iu id e n d o  per p rim u m ; 
quotus e rit  quartu s term in u s q u aesitu s  ; ita  datis  
tribus quan titatibu s a  ,  ar ,  b ,  in u en itu r q uarta  
ar X  b 3 .  A t  si p rop o rtio  s it  con tin u a ,  ita  v t

a
secunda q u an titas  s it  prim ae rationis con seq u en s,
&  sim u l secundae ra tion is  a n te c e d e n s , s im ili r a 
tioc in atio n e p a t e t ,  sum en d um  esse huius q u an tita 
tis qu ad ratu m  ,  illu d q u e  p er p rim am  quantitatem  
e sse  d iu id en d u m . H aec  au tem  q u a n t ita s , q uae  an 
tecedentis ,  &  con seq u en tis  v ices  g erit ,  vocatu r 
m edia  p ro p o rtio n a lis  ,  ta lisque p rop ortio  ita  expri
m itu r  — a . b . c ,  nem pe h oc  scriben di m o d o  s ig 
n ifica tu r ,  b esse m ediam  prop ortio n alem . A t  m edia  
p ro p o rtio n a lis  a rith m e tica  ita  d esign atu r 4- a . b .  c . 
P a te t  a u te m ,  in hac p rop ortio n e  ,  sum m am  e x tre 
m o ru m  aequalem  esse te rm in o  m ed io  bis sum p to.

E x  dem o n stratis  d e  prop ortio n e  geom etrica  pen 
d e t v u lga tissim a  A r ith m e tic a e  o p eratio  ,  q uae  re 
g u la  trium  ,  v e l  e tiam  re g u la  aurea  propter e x i
m iam  v tiiita tem  ap p e lla ri so le t. P e r  hanc re g u la m , 
d a tis  tribus term in is ,  in u en itu r quartu s p rop o rtio 
n a lis . I 1 1  h a c  autem  operation e probe obseruari d e 
bet term in orum  o r d o . E t  p rim o qu idem  con sid e
ran d a  e st  quan titas , q uae  est e iusdem  gen eris  cum  
q u an tita te  quaesita . E x  quaestion is n atu ra  in te llig i-  
t u r ,  an q uan titas d ata  s it  m a io r  ,  v e l  m in o r quanti- 
tae  quaesita  ;  s i m aio r s it  ,  iam  m axim a ex  a liis  d u a 
bus q uan titatibus in  term in o ru m  ord in e  ad  sin istram  
«cribi d e b e t ; a t si m in o r s it  ,  tun c  d u a ru m  a liaru m  
quantitatum  m in im a a d  sin istram  ,  a lia  au tem  ad  
dexteram  c o llo c a ri debet. C on stitu to  autem  conue- 
n ien ti term in orum  o r d in e ;  iam  ex  p raescrip to  r e -

gu-
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gu lae  ,  p ro d u & u m  ex  secu n d o  te rm in o  in  te rtiu m » 
p e r  prim um  term in u m  d iu id i debet. T o t a  res e xem 
p lo  perspicua fie t. H a e c  p rop on atur q u aestio . S i  tr i
g in ta  o p e ra rii d ie ru m  i a  sp atio  ,  opus a liq u o d -a b 
so lv a n t ; q u aeritu r necessariu s o p erario ru m  n u m e 
ru s ,  v t  id em  op u s 18  diebus a b so lu atu r . Q u o n ia m  
q u a e ritu r o p erario ru m  n u m e ru s ,  p rim u m  co n s id e 
ran du s est n u m erus 3 0  ; statim  au tem  v id es  ,  num e
ru m  illu m  d atu m  m aio re m  esse n u m ero q u a e s ito ; 
q u are  num erus 18  ad sin istram  co llo cari d e b e t ,  n u 

m eru s autem  1 1  ad  d exteram  ,  a tqu e ita  o p eratio  
p era g itu r hoc m o d o  1 8 :  3 0 — 1 2 :  3 °  X x a ~  2 0 .

x 8
V .  P r o  v a r ia  te rm in o ru m  o rd in a tio n e  in p ro 

p o rtio n e  geom etrica  ,  d iu e rsa  ab A rith m e tic is  in u cn - 
ta fu eru n t n om in a . A t  ex  p r im i te rm in o ru m  o r d i
n ation e a lia e  om nes fa c ile  in fe ru n tu r. S i  p rim u s te r
m in u s d ica tu r esse ad  tertiu m  ,  v t  secundus ad quar
tum  ,  arg u m en tari d ic im u r a ltern a n d o . S i  d ica tu r  
secun dus ad  prim um  ,  v t  q uartu s ad  tertiu m  ,  tu n c  
d ic itu r im iertendo. S i  sum ina term in o ru m  p r im i ,  &  
secu n di re fe rtu r  ad  secu n du m  ,  v t  sum m a te rm in o 
ru m  t e r t i i ,  &  q u arti ad  q uartu m  ,  in fe rre  d ic im u r 
componendo ;  con tra  autem  d iu id e n d i  ,  s i te rm in o 
ru m  p r im i,  &  secun di d ifferen tia  ad  secundum  r e 
fe ra tu r  ,  v t  d ifferen tia  te rtii ,  &  q u arti re fe r tu r  ad  
qu artu m . In  h is autem  om n ibu s argum en tan d i m o 
d is  prop ortio n em  m anere patet ,  c u m  produdhim  
extrem oru m  aequ ale  sem p er in u en iatu r produdto 
m e d io ru m . E x  eadem  produdtorum  a eq u a litate  fa 
c ile  co llig itu r  ,  ration u m  com p o sitio n e  ,  p rop or
tion em  non m u ta ri. R a t io  composita  e x  p luribus 
g eom etric is  ra tion ib u s i l la  d ic itu r  ,  q u a m  habet

p ro-
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produdtum  e x  earum  antecedentibus a d  p ro d u c 
tum  e x  con sequ en tibu s. S in t duae p rop ortion es 
a : b — c : d  e r it  a f : bg — tm  :  d s . E te n im  p ro- 
f : m : s )
dudtum extrem oru m  a fd s  aequale est p rod ud lo  m e 
d ioru m  b g cm . E t  q u id e m  a : b r c :  d ,  ac  p ro in 
de ad  n  bc. P ra e te re a  f  : g  n  m  : s ,  id eo q u e  
fs  =  gm  ,  e rg o  ad  X fs  z; bc X  g m . S im ili ra tio - 

a d  bc
ne patet —  =  — . A tq u e  ead em  v a le t dem on stra* 

fs  gm
t i o ,  p ro  a lio  q uo libet p rop ortio n u m  n u m ero . R a 
t io  ex  duabus aequalibus com p osita  ,  d ic itu r d u p li 
cata  ,  e x  'tribu s t r ip lic a t a  ,  cet. H in c  ra tio  geom e
t r ic a  ,  quam  habet qu ad ratu m  vn iu s q uan titatis  ad  
q u a d ra tu m  a l t e r iu s ,  est d u p lica ta  e i u s ,  q uam  h a
bent ip sae  q uan titates ad  in u icem  ;  ra t io  cu b o ru m , 
tr ip lica ta  ,  ce t . E t  co n tra  ra t io  ,  quam  habent in 
te r  se radices quad ratae  ,  c u b ic a e , cet. d ic itu r  sab- 
d u p lic a ta  ,  su b tr ip lic a ta  ,  cet. ra tion is  poten
t ia ru m  rcspecUuarum. A t  ra tio  ,  q uae  in terced it 
in te r  ra d ice s  q uad ratas cub oru m  ,  h oc  est ra tio

3 3
a  —  &  b —  d ic itu r  sesq u lp lica ta . 

a  a
S i  d u a e  q uan titates ita  in ter se con n exae sint, 

v t  s i  una s it  d u p la ,  t r i p l a ,  cet. a ltera  etiam  d u p la , 
tr ip la  j  cet. euad at ,  p rim a d ic itu r  esse in  ratione  
d ire cta  s im p lic i  a lte r iu s . A t  si p rim a in  eadem  ra
tio n e  d e c re sc it , in  qua a ltera  a u g e tu r ,  tunc illa  es
se d ic itu r in  ratione i/mersa, s iu e  reciproca  istius. 
A t  si du ae quantitates ita sint inu icem  connexae, 
v t  a ltera  cre sca t in  eadem  ra t io n e ,  q ua prim ae q ua
d ratu m  ,  a u t cub us 3 cet. tunc i l la  ad  han c esse di-

ce-
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cetu r in ration e  d u p lica ta  ,  tr ip lica ta  ,  ce t . A t  si ira 
eadem  ration e  v n a  d e c re sc it ,  qua crescu n t a lterius 
quad rata  ,  v e l  c u b i ,  d ice tu r esse in  ration e  h u ius 
reciproca  d u p lic a ta ,  a u t t r ip lic a ta , ce t . H aru m  ra 
tion u m  freq uen tissim us vsus re c u rre t  in  P h y s ic a .

V I .  E x  m ed io ru m  ,  Sc extrem oru m  produdto 
p en det etiam  vn iu ersa  p ro g ressio n u m  g e o m e tric a 
ru m  dodtrina. In  progression e q u alib et g eom etri
ca  3 p ro d u & u m  ex  p rim o in  v ltim u m  te rm in u m , 
sem p e r aequ ale  est produdto ex  s e c u n d o , &  pe- 
n u ltim o  ,  a u t e tiam  alteri c u ilib e t produdto ex: 
d u ob us term in is a  prim o ,  Sc v lt im o  aeq u a liter  d i

stan tibu s. S it  p rogressio  a ,  a r ,  a r 2  5 ar^  ,  in

q u a  com m u n is  m u ltip lic a to r ,  a u t d iu is o r  ra tio  
communis d ic i so le t ,  s itqu e  y  v lth n u s  te rm in u s;

y y
eru n t q u atu o r v lt im i term in i y  ,  ■ — -  ,  — ,

r  ,.a
y  1

--------,  v t  patet e x  natura  p ro g ressio n is  g e o m e tri-

r 3  y  a
c ae . E s t  au tem  a X  y  =  =  a r  X  -----------  a r  K.

,3

r a  r 3 cet. P ra e te re a  su m m a p rog res

sionis g e o m e tric a e  ,  dem p to p rim o te rm in o  ,  a e 
qualis  est su m m a e  om n iu m  term in o ru m  , d e m 
p to  v lt im o  p e r  com m u n em  ration em  m u ltip lic a to .

- * r  y



y
i*t— j. *- y  — — r  X  a  a r  -t> a r 2  cet. -+

y  y  y  y
— ■* - f -  T  _ +  1 ’  •  Q u a re  s i  p rogressio -

r4  i-3 r a  r
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n is  sum m a d ica tu r s ; e r it  s —  a — s —  y  X 
r  j  h oc  est s -  a  -  -  sr —  y r ,  v e l  sr -  r  y  -  a3
&  s  -  y r - a

r  -  x .
Q u am u is  au tem  e x  arith m eticaru m  op eration u m  n a
tu ra  fa c ile  p ateat 3 q ua ra tio n e  a d  h un c v lt im u m  v a -  
lo re m  p eru en ia tu r ;  res tam en m a g is  fiet m an ifesta  
ex  app en dice  3 q u am  de aeq u ation ib u s m o x  ad iu n ge- 
m u s. P o r ro  cu m  expo n en s ip siu s  r  ab ip so  secundo 
te rm in o  p erp etu o  c r e s c a t ,  si n u m eru s term in o ru m  
d ica tu r n ,  e rit  n  -  1  exp o n en s ip siu s r  in  v lt i-

m o  term in o  5 ac  p ro in d e  y  — a r 11 1  ^ Sc y r  —
n

y r - a  a r  - a  
n - i —(-1 n  „  _  ‘  „  

a r  r  a r  s &  s  -  --------_  --- --------- . Q ua.
r  -  1  r -  1 

re  d atis  in  progression e g e o m e tr ic a  p rim o  te rm in o ,' 
te rm in o ru m  n u m ero 3 &  com m uni ra tio n e  ;  fa c ile  in 
v e n ie tu r o m n iu m  term in o ru m  su m m a. S i in u en ien -

_ y

d a  s it  sum m a serie i decrescentis y  -i- r  -t- r a

^ _y

c e t . - +  a r 3  - +  ar4  -+  a r  - +  a  p osito  term i-
C3

« o ru m  n n m ero in fin ito  ,  v ltim u s te rm in u s a  fit  =  o.
C um
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C u m  en im  n s it  in fin itu s  ,  a c  p ro in d e &  in  f in i-

► L  —
tus r n “  1  ;  e rit  a  s  rn-x ss o. Q u a re  sum m a

y i

ta lis  serie i est s — r^ , q uae  est sum m a fin ita ,

q u a m u is  num erus term in o ru m  sit  in f in itu s ; it a  series 
t i  i  i

i n f i n i t a  e s t  i - + ---------t- —  - +  — 1 - t -  — + -  c e t .  s  1 = 2 .

a  4  8  10  
S c h o l .  A d  p rogression es arith m eticas  &  g e o m e 

tricas  re fe rtu r  lo g a rith m o ru m  doiftrina ,  m axim ae 
q u id e m  v tilita tis  in  P h y s ic a  su b lim io ri , sed  rem  
b reu iter a ttin gere  nobis e r it . P ro g re ss io  q u ae lib et 
g e o m ctrica  h ac  fo rm u la  p otest repraesen tari '77-

o  t  1  1  4  <a q  .  a q  .  a q  .  a q  . a q T  . a q ’  . cet.
in  q ua a  ,  &  q  e x p rim u n t n u m eros q u o slib et. Q u a 
re  si fia t a s  1 ,  praecedens series a b it  in  hanc

q °  . q 1  . q z . q 3 . q ^  . q^ ■ ce t . In d e  a u te m  
d u o  c o l l ig u n tu r ; 1 .  P ro d u d tu m  ex  d u ob u s qu ibu s
cu m q u e  h u iu s  p rogressio n is  te rm in is  p ro  expon en te 
h abet ip so ru m  expon en tium  sum m am . I t a  p ro d u c -

4  5 . .  . ,
tu m  e x  q X  q  s  q . Q u a re  si in u en ien au s p rop on a
t u r  in  h ac  progression e term in u s ,  q u i s it  d u o ru m  
a lio ru m  p ro d u d o  aeq u a lis  ; q u aeratu r te rm in u s ,  c u 
iu s  exp o n en s esc ip sa  d u o ru m  expo n en tiu m  su m 

m a . . .  i °  . Q u o tu s  e x  du ob us te rm in is  em ergen s, 
ipse est term in u s ,  cu iu s  eK ponens est ip sa  expon en 

tiu m  d ifferen tia . I t a  si d iu id a tu r q a  per q 3 ,  q uo
tus
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>2— —v- i  ,

tus est q  tz q  . Q u a re  s i inuen iendus p ro 

p on atur te rm in u s  d u o ru m  a lio ru m  q u o to  aeq u a lis , 
q u aeratu r t e r m in o s , cu ius expo n en s aeq u a lis  est e x 
p on en tium  d ifferen tiae .

N u m e r i  a lic u iu s  Lo ga rith in u s  ap p e lla tu r expo* 
n e n s  p o te sta tis  n u m e ri d e n a r i i ,  q u i sit n u m ero  d a
to aeq u a lis . I ta  si h abeatur p rogressio  g eom etrica

0 1 2 0 4 .
1 0  . 1 0  . 1 0  .  1 0 3 .  1 0 ^  . cet. &  in fra

scrib an tu r e o ru m d e m  term in o ru m  v a lo re s  i o .  
1 0 0 .  10 0 0 .  10 0 0 0 . ce t . exponens o  est lo g aritb m u s 
vn ita t is  ,  exp o n en s  1  est lo g a rith m u s n u m eri 1 0 ,  &  
ita  d e in cep s. S e d  q u ia  expon en tes i l l i  exhibent d u m 
ta x a t  lo garith m o s n u m e ro ru m  in teg roru m  in  p rogres
s io n e  d ecu p la  1 ,  1 0 ,  1 0 0  ,  10 0 0  ,  c e t . ,  necessum  
e s t  praeterea ,  h a b e ri lo g a rith m o s n u m ero ru m  in 
te rm e d io ru m  2 3 3 , 4 , 5 , 6 , 7 , 8 , 9 ,  1 1 , 1 2 ,
1 3  ,  c e t .  q u are  exp o n en tib u s p ra e c e d e n tib u s, a d 
d ita e  fu e r u n t d e c im a le s  septem  h o c  m o d o . ~  
i q o ,  0 0 0 0 0 0 0 . 1 ,  0 0 0 0 0 0 0 . 2  ,  0000000=

1 0  1 0
3 ,  0 0 0 0 0 0 0 . T

c e t .  I a m  v e ro  q u ia  expon en 
te s  i l l i ,  sem p er sunt in  p rogressio n e  arith m etica , 
e x  d i d is  eu id en s est ,  v a lo re s  n u m eri d en arii ad  
i l la s  p otestates e u e & i ,  q u a ru m  in d ices  sun t iid em  
expo n en tes ,  p erp etu o m an ere  in  progression e 
g e o m e trica  ,  a tq u e  eosdem  expo n en tes esse h o 
ru m  n u m ero ru m  lo g a rith m o s. Q u a re  s i  con tin u o 
a u g e a n tu r d c c im a le s  i lla e  fra ft io n e s  1

10 0 0 0 0 0 0
ve l j  q uo d  id em  est ,  si in ter sin g u lo s  p iim ae  
progressio n is exponentes in fe ra n tu r term in i m e-
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d ii arith m etice  p rop ortio n a les  9 9 9 9 9 9 9  s h abetur

n on a p rogressio g e o m e trica  h oc  m o d o  ~  10
o o o o o o . iq o. o o o o o o i .  i q o . o o o o o o a . j o o . 

0 0 0 0 0 0 3 , c e t_ ; n ^  q u idem  progression e o b - 

seru an du m  e s t ,  n u m eros lentissim e c r e s c e r e , cu m  
p rim u s  term in u s s it  1 ,  &  10 0 0 0 0 0  ,  a u s  s it  10=  
E r i t  e rg o  term in u s a liq u is  in term ediu s =  0. ,  v e l
3  , v e l  4  ,  ce t . I ta  1  in uen tus e st  a  te rm i-

o .  3 0 1 0 3 0 0 ;  ------ o .  4 7 7  i a i 3 >
n o  i o  3  — — 4

— i Q° '  6 0 ' ° ^ 0 0 '  Q u a re  exponentes i l l i  sunt lo -  
g a rith m i n u m eroru m  a ,  3  ,  4 ,  ce t . E x  his p rin 
c ip iis  pendent v u lg a r iu m  lo g a rith m o ru m  tabu lae  ab
1  v sq u e  a d  10 0 0 0 0  ; hae a u t e m , m aioribus n u m e
r is  in u en ieu d is  in seru iu n t. A l iq u a e  accu ratio res  ta 
bu lae  lo g o rith m o s exhibent ex  d ecem  ,  im o  &  q u in 
d e c im  decim alib u s con stan tes ; sed  v t  p lu rim u m  
septem  s u ff ic iu n t ,  a tqu e e tiam  q u in q u e  prim ae d e - 
c im ales  ,  d u m ta x a t a liq u an d o  a d h ib e r i so len t. E x  
lia d e n u s  d e m o n stra t is , &  e x  lo g a rith m o ru m  ta b u 
lis  eu id en s e s t ,  lo g a rith m o s n u m eroru m  in te r 1 ,  &  
s o  in c ip ere  a  o  ; logarith m o s n u m ero ru m  in te r 1 0 ,
&  10 0  in c ip ere  ab 1  , lo g arith m o s n u m eroru m  in 
ter 10 0  ,  &  10 0 0  in c ip ere  a z ; &  ita  de in cep s. P r i 
m u s i l le  te r m in u s ,  qui est in teger n u m erus e x p o 
nenti s ,  d ic i  so le t lo g arith m i characteristica  ,  quo 
n o m in e  app ellatu s f u i t ,  q u ia  in d ic a t ,  q u o t  notas 
con tin eat 'num erus d ato  lo g arith m o  resp on d en s. M a 
nifestum  en im  e s t ,  n u m erum  illu m  to t notas con 
tinere ,  q uo t vn itates habet ch ara& eristica  vn ita te  au- 
&i. Ita' lo g arith m o  4  , 8 1 4 5 6 0 5  respondet num erus 
cuiinque constans n otis ,  cu m  ch a ra d e r ist ic a  sit 4.

C om -
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C om m o d issim ae  sane sunt logarith m o ru m  tabu 

lae. E te n im  cu m  dem o n stratu m  sit  ,  produdtum  ex 
duobus n u m eris logarith m orum  sum m ae resp on d ere, 
eorum  vero  d ifferen tiae  respondere n um erorum  q u o 
tum  ,  p er so lam  a d d ;t io n e m  ,  &  subtraction em  c o m 
pendiose ab so lu i p ossu n t m u ltip lica tio  ,  &  d iu is io . 
S u m an tu r datorum  n um erorum  lo g a r ith m i,  s im u l- 
que a d d a n t u r ,  n u m eru s sum m ae respondens in  lo 
g arith m o ru m  ta b u lis , e rit  produdti lo g a r ith m u s; c o n 
tra  autem  log arith m o ru m  d ifferen tia  e rit  lo g a rith m u s 
q u o t i ,  ac proin de in u en iu n tu r num eri q u aesiti. S i 
m ili ra tion e  patet ,  n u m erum  q uem libet ad  datam  
p otestatem  e u e h i,  s i toties sum atu r n u m eri dati lo 
g a r ith m u s , q u o tie s  per seipsum  n u m erus m u ltip li
can d u s p rop on itu r : h oc  e s t ,  log arith m u s per e x p o 
n en tem  potestatis m u ltip licari d e b e t , &  p ro d u d u m  
e r it  q u aesiti n u m eri lo g a r ith m u s. C o n tra  autem  si 
n u m eri d a t i  log arith m u s per exponentem  ra d ic is  d i-  
u id atu r ,  q u o tu s erit q u aesitae  rad icis  lo g arith m u s. 
Q u a m u is  autem  eam  d u m taxat c-xplicauerim lo g a rith 
m o ru m  fo rm am  ,  in q ua log arith m u s vn ita tis  con sti
tu itu r  =  o  ; m u lt ip lic ite r  tam en v a ria r i p ossunt lo g a 
r ith m i. E te n im  si d u ae  sint p rogressiones ,  q u aru m  
a ltera  geo m etrica  s i t ,  a ltera  arith m etica  ,  &  sub s in 
g u lis  prim i te rm in is  s in g u li secu n dae scriban tu r ,  v n -  
d ecu m q u e  in it iu m  fiat ,  h i d icu n tu r illo ru m  lo 
g a r ith m i. S ic  te rm in i progressio n is in fe r io r is  sunt 

i  i  i  i
lo g a rith m i su p erio ris . ■ ------- .. --------.  --------.

1 6  8 4 2
1 .  a . 4 . 8 . 1 6 .  3 c t ,  ce t . —  4 .  —  1 . o . 2 .  4 .
6 .  8 . 10 .  1 2 .  1 4  ,  cet. S em el autem  c o n stitu 
ta  progression e geom etrica  cum  su is lo g arith m is, 
vtram q u e seriem  liceb it incerieCtis q u o tcu m q u e ter- 

T orn .III. A r it h .  F  m i-



m in is  a u g e re  ;  si in te r d u os q u o slib et p rogressio
r i s  geom etricae  te rm in o s  m edium  geom etrice  p r o 
p o rtio n ale  ,  &  in te r d u o s  eo ru m  lo g a rith m o s m e 
d iu m  arith m etice  prop ortio n ale  con stituas. S :c  ln -

ter a  5 &  4  m edium  p ro p o rtio n a le  est t f  2  -  4

=  8 s  a .  2 8 9  3 cet. cu ius logarith m u s est

6 4 — 8
_______ -  -  ?m E t  eadem  m eth o d o  sem p er m u e-

2
n iri p oterun t in fin iti a lii lo g arith m i n u m e ro ru m , 
q u i v e l in tegri sint 3 ve l ex  in te g ris  ,  &  t r a d is  co m 
p ositi 3 m edios term in o s in ter dn os p roxim os s e m 
p er in q u iren d o . A l iu d  exem plu m  in  v u lgarib u s lo -  
g ir ith m o ru m  tabu lis  p roponem us. V t  h aberetur 
L o g . 9 .  q uaesitus est m ed iu s p rop o rtio n a lis  in te r 
t ,  &  i o , s i u e  in ter 1 .  0 0 0 0 0 0 0 . &  1 0 .  o o o o o o o , 
ex trah en d o  ex  10 .  o  3 cet. rad icem  q uad ratam  v e 
ra e  proxim am  3 . 1 6 2 2 7 7 7 ,  cu ius log arith m u s est 
d im id iu s  L o g . 1 0 .  E t  iste  qu idem  num erus m a 
io r  e s t  a l iq u a n t o , q u am  3 ,  sed  lo n g e  d ista t a 9 . 
Ita q u e  in te r e u m , &  10 .  o ,  ce t . iterum  q u aesi
tus est m ed iu s p rop ortio n a lis  ,  ex trah en d o  rrd icem  
n u m e ri } q u i o r itu r  du cen d o  1 0 .  0 0  j  cet. in  3 .  
1 6  3 c e t . &  in u en ta  est r a d ix  v erae  quam  p ro x i
m a  ; .  6 2 3 4 1 3 2 .  H ic  n u m erus p au lo  m a io r e s t , 
q u am  j  ,  &  eius logarith m u s habetur ,  si su m 
m a  lo g a rith m o ru m  10 .  0 0  3 ce t , &  3 .  1 6  ,  cet. 
b ifa r ia m  d iu id a tu r . S ic  con tin u a in u estigation e  m e
d ioru m  p ro p o rtio n a liu m  in ter d i.os  n um eros ,  qui 
sin t p rox im e  m a io r e s ,  vel m inores ,  quam  •>, de- 
u en itu r  tandem  ad  num erum  ,  qui ne vna quidem  
m illSo n eslm a d ifferar a 9 ,  e iusque log arith m u s nu
m e ro  9  a ttr ib u itu r. H o c  a r t if ic io ,  &  patientissim o

m u l-

R i  E L E M E N T A  A R IT H .
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m u ltoru m  an n orum  labore supputatae sunt lo g arith - 
m o ru m  tabulae. C eteru m  in tabu lis  supputandis ne- 
cesse non e s t ,  e a m , quam  dem o n strau im u s ,  m eth o
d u m  adhibere ,  n isi in n u m e r is ,  q u i d icu n tu r p r im i.  
N a m  in n u m e r is , q u i ex  a lio ru m  m u ltip lica tio n e  
p ro d u c u n tu r , satis est Io g ar ith m o sco e ffic i en tium  ad
d ere  ,  vc h abeatur lo g a rith m u s p ro d u d i. S ic  L o g . i y. 
■— ; L o g . 3 .  h *  L o g .  J  ,  &  L o g .2 7 .  ^  L o g . a .  -t- 
L o g . 9 .

A P P E N D I X .

De. AEquatiombus.

I .  J  T JlQ u a tio  d ic itu r  p ro p o s it io  du aru m  
* *  q u an tita tu m  aeq u a litatem  a ffir 

m ans ,  in terposito  aeq u a litatis  sig n o  — A E q u a -  
tio  v a lo re m  q u an tita tis  a licu iu s  re p rae sen ta t,  si ex  
v n a  aeq u ation is p arte  h abeatu r q u an titas  so la  q u a e 
sita  ,  in  parte au tem  a ltera  o ccu rra n t q u an tita 
t e s ,  quae  om n es sint co g n ita e . I t a  s i h abeatu r 

4 X 6
x  — —-  8 ,  notus est v a lo r  ip siu s x .  Ica- 

. 3
q u e  in  om n i reso luen da a e q u a t io n e , id  curan d um  est, 
v t  nem pe q u a n tita s ,  cu ius v a lo r q u a e r itu r , in vn a a e 
q u a tio n is  parte so la  co n tin eatu r ,  pars autem  a lte ra , 
so !as  quantitates cogn itas con tin eat. In  hac autem  a p 
pen d ice  d u p lex  d u m taxat aequ ation u m  genus con sid e
rab im u s ,  eas s c i l ic e t ,  in quibus q uantitas in cogn ita  
v e l v n iu s  est d im en sio n is ,  seu prim i g ra d u s  ,  v e l ad 
secundam  d im en sion em  ,  seu secu n du m  gradu m  eue- 
h itu r . Q u o d  prim i gradu s aequationes s p t & a t ,  totum  
artific iu m  regu lis-q u ibu sdam  exp licab im u s, variisq u e  

F  a  11U-



n u m eris  d istin gu em u s. i ° .  E x  v n a  aeq u ation is 
p arte  in  a lteram  tra n sfe rtu r q uantitas a liq u a  ,  fa -  
dta sign oru m  p erm utation e ,  v t in hoc e x em p lo : 
5x  - +  5 0  = : 4X - +  5 6  ; ; x  —  4 x  =  = : 5 6  —  

5 0  ,  &  x  =  a ° .  S i  q u a n tita s  in c o g n ita  
quan titatibu s a liis  per m u lt ip lic a t io n e m ,  aut d iu i
s ion em  perm ixta  s it  ,  ab iis lib e ra ri debet in  p rim o 
casu  per d iu is io n em  ,  in  casu a ltero  per m u ltip lic a 
tion em . S i t  3 x  + -  i a  p i 2 7  ,  e r it  3 x  =3 s  a 7  —

x

i a  c i t . & x  S it  a u t e m ------- +■ 4  ~
3 5

1 0  ; e rit  s i -  i o ^  s  ? o ,  &  x  X 6  — 50  —  2 0 —. 

3 0 . 3 ° .  P ro p o rtio  q u aelibet g eom etrica  con u erti pot
est in  aeq u ation em  ,  f s & a  extrem orum  ,  &  m e d io -

x

iu m  m u ltip lic a t io n e . S it  i a —  x  :  —  c  4  : x >
2

e rit  1 1 — x  =  = : c x  ;  quare  3 x  =  == n ; & x = 4 .  
S im ili  ra tion e  p rop o rtio  arith m etica  in  aeq u ation em

p e r  ad d ition em  m u tari potest. 4  . L o c o  q u an tita
t is  cu iu slib et in  a eq u atio n e  3 a lia  e iu sd em  valoris  
s u b s t itu i potest. S it  3 x  =5 y  — =  ^ 4  3 &  y  = 2 9 ,

e rit  3x  - f  9  — 2 4  5 x  a ----------------=  y . 5 . 01

3 .
pars aequation is quantitatem  quaesitam  continens, 
s ign o  a liq u o  ra d ica li a ffic ia tu r  ,  de len d u m  est 
signum  radicale  ,  &  a ltera  p ars aeq u ation is  ad 
eam  eueh i debet p o te sta tem , q uam  in d ica t ipsum

sig-
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signum  ra d ica le . S ic  -  b 1  — c s  d ,  erit

^  a x  + -  b S c + - d , & a x + -  b^ — d 2  —t-

2  d -+  ic d  -t- c *  —  b z 
a c d  - 4- c  ; q u are  x  ps ----------- —______ ___________ _

a
I I .  H is  praem issis perm utation u m  r e g u lis ,  q u a e  

ex  antea dem onstratis fa c ile  in te lligu n tu r ,  iam  p ro- 
b lem a a liq u o d  vn iu s d im en sio n is  so lu en d u m  p one
m u s. E t  prim o q u id em  , q u a e stio n is  p rop ositae  d i-  
s tin d a  h abeatur n otio  ,  Sc s in g u la e  con d ition es a tte n 
te  con sideren tur. S i-a lic u iu s  problem atis con d ition es 
ita  exp rim an tu r ,  v t to t h abean tu r in cogn itae  ,  q u o t 
aequationes ,  p oterit sem per d e u e n ir i ad vn icam  a e 
q uation em  ,  q uae  vn icam  in cogn itam  h abeat. N a m  
sint E .  G .  a o  aeq u ation es ,  &  to tid em  in cogn itae ; 
p o te r it  c o n fe re n d o  prim am  cum  secu n da ,  e lim in ari 
p er regu las praescriptas v n a  e x  i i s  in cogn itis  ,  in u e-  
n ien do  nouam  aeq u ation em  ,  quae illa  careat ,  tum 
id em  praestari poterit co n feren d o  p rim am  cum  ter
tia  ,  &  ita  p o rro  ,  ac  habebuntur iam  nouem  aeq u a
tion es cum  noucm  in cogn itis  ,  q u a e  eod em  artific io  
a d  o d o  redu ci p oterun t cu m  o c io  in c o g n it is ; Sc ita 
p o rro  ,  don ec perueniatur ad  vn icam  aeq u ation em  
cum  vn ica  in cogn ita . H in c  si habeantur to t a e q u a t io 
nes ,  q u o t incognitae ,  p rob lem a d ic itu r  determ in a 
tum  ; &  vn icam  , vel fin itas num ero so lu tio n es a d 
m itt it . S i fu e r in t  p lures in cogn itae  , q u am  a eq u a tio 
nes ,  p rob lem a d ic itu r  indeterm inatum  ,  &  so lu tio -

i
n es habet in fin itas : A E q u a t io  3 x 4 ------- - x  -  a o  est

a eq u atio  d e te rm in a ta , s e d x  - *  y ~  i a  estin d eterm i-

na-
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nata ; etenim  si p onatur x  :=  i , &  y  =  1 1 ,  v e l  x  i=  a ,  
&  y — i o  j  &  ita p orro  , sem per in u en iatu r x  -+  
y  — i a  ,  ita  v t  in fin iti s int va lo te s  ,  qui pro x Sc y 
positi num erum  datu m  restitu an t. R e g u la s  hadtenus 
exp licatas ad  fac ile  exem plu m  tran sferam u s. M e r c a 
tor qu idam  n um m os q uo tan n is  trien te a d a u ge t, d e m 
ptis 10 0  n u m m is , quos annuatim  im pen dit in su m 
p tu s , &  post tres annos s it  d u p lo  d i t i o r ,  q uaeru n tur 
n u m m i. In  hoc problem ate p lures laten t con dition es 
s ic  e u o lu e n d a e ,  &  enuntiendae. Q u a n tita te s  in cogn i
tae v ltim is  a lph abeti lit te r is  d esign ari so len t. Itaq u e  
m ercator habet certam  n um m orum  sum m am .

A n n o p r i
m o expendit 
nummos io o .
E r g o .  x — i o o

R e liq u u m  
adauget trien
te ,  q  iis re 
A n n o  secun
d o  expen dit 
n um m os io o .
E r g o .
R e liq u u m  a d 
auget triente.
Q u are
A n n o tertio 
expendit ioo.
E rg o .
R e liq u u m  a d 
auget triente.
Q u are  

T an d em  sit 
d u p lo  d itio r .

E rg o . Quae-
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x  —  i o o  t  x  —  i o o  — 4X — ■ 4 0 0

3 3

4X— 4 0 0 — 1 0 0 -  -  — 4X — 7 0 0  

3  *  3 4 x -  7 0 0  T 4 X -  7 0 0 . — i 6 x  -  2 8 0 0

3 9  9

i6 x  -  2 8 0 0  -  10 0  ~  i 6 x  -  3 7 0 0

9  9

16 X - 3 7 0 0  f  16 X -3 7 0 0  ~  6 4 X -14 8 0 0

6 4 X -  14 8 0 0
®7

! CSX,

a 7
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Q u a e stio  itaq u e  a d  aequation em  r e d u c it u r ,  ex  q ua 

eru i debent x .  V tram q u e  a eq u ation is  p artem  m u ltip ! i" 
ca  per a j  ,  p ro d u d u m  sit  6 4 *  —  1 4 8 0 0  ~  54X ;  a u 
fe ra s  J 4 x ,  residu um  est io x  —  1 4 8 0 0 = :  o ,  seu 
i o x  — 14 8 0 0  ; d iu id as  per 1 0  ,  h abetur x  — 1 4 8 0 .  
Q u are  habentur n u m m i sub in i t io ,  &  ipsum  lu c iu m .

I I I .  S i  in a liq u o  so lu en d o  problem ate p eru en ia- 
t u r a d  aequation em  ,  q uae  ipsum  q u an tita tis  in c o g n i
tae q u ad ratu m  ,  &  praeterea p ro d u d u m  ex  ipsa q u a n 
titate in cogn ita  in  a liq uam  d a ta m  q u an tita tem  in u o l-  
u a t ,  haec aeq u atio  d ic itu r  secu ndi g r a d u s  ,  vel qua- 
d r a t ic a .  In  talibus autem  a eq u a tio n ib u s , hac regu la  
v te n d u m  est. S in g u lo s  aeq u ation is term inos ,  q u i in 
cognitam  q uan titatem  c o n t in e n t , a d  vn am  p ariem  
t ra n s fe ra s , ita  v t  s in gu li te rm in i co gn iti e x  parte a l
tera  m aneant. S i q u an tita tis  in cogn itae  q u ad ratu m  
coeffic iente a liq u o  a f f ic ia tu r , per hunc co effic ien tem  
s in gu li a eq u ation is  te rm in i d iu id a n tu r. T an d em  d i
m id ii coe ffic ien tis  ,  q u an titati in cogn itae  praefixi su
m atu r q uad ratu m  ,  q u o d  ex  veraque parte a d d a tu r . 
Ia m  pars a e q u a t io n is , quae  in cog n itam  q u a n tita 
tem  c o n t in e t ,  a d  p e r f  d u m  q u ad ratu m  r e d u d a  h a
bebitur ; ex  q ua proin de ra d ix  quad rata  extrah i p o t
e r i t ,  Sc dein d e per reg u las  praescriptas ,  q u a n t i

ta tis  in cogn itae  v a lo r  eru  e tu r. P o n am u s y 3  - +  
a y  3  b : a d d atu r h in c  ,  &  in d e  q uad ratu m  dim i- 

n 1
d i i  coe ffic ien tis  3 ;  eri t  y "  - +  a y  -i------- a 2 3  b

4

1  a
H------- a ;  e x tra d a q u e  ra d ice  fiet y  -+  —  es z+

4 a
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y  , 1 „  ^  y, 1 0 ,
^ -+  — a  ,  &  tandem  y z  P  — a

4  '  4
a

■-------- . D ilig en te r obseruandum  est 3 ra d ic i q u a -
a

d ratae  praefixum  fu isse  signum  +- hoc est —t-, 
v e l — . E ten im  r a d ix  quadrata cuiuslibet q uan 

tita tis  ,  v t  aa  j  potest esse -+  a  ,  v e l —  a}

i  S  i
id eo q u e  y  -t- ~  =  _+ b .+  -  aa  5 vel

b -+  ~  a  cu m  —  f  b + - aa  X  —

„______ _ 4

b -¥  a  re st itu a t  qu ad ratu m  b i -  a '  ’  non se-

4  4

CUS ac  fa c it  -+  ^  b - v  aa  X  -+  ^  ba  +_ aa _

4  4
Q u a re  aeq u ation es q u ad raticae  d u as adm ittu n t so lu 
t io n e s . S ic  in  praesen ti exem plo  d u o  sun t valores

ra d ic is  y ,  vn u s nem pe +- — f/~^ ^  a ______ .
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n iam  p o s itiiia  sun t om n iu m  q u an tita tu m  q u a d ra 
ta ,  h inc p a t e t ,  q u an tita tis  n egatiu ae  radicem  esse 
im possibilem  % seu assign ari non p o s s e ,  quae id eo  
d icitu r im a g in a ria .  A liq u a n d o  con tin g it 5 aeq u a
tiones n u llam  so lutio n em  adm ittere . E x e m p lo  sit

i  i  . i  
y  —  a y  —  3 a a = o ;  e rit  y  —  a y  a  —

2  o 2  1  1 1
3 a  &  y  —  a y  =  a  ~  — —  3 a =

(T i  . . a
n a  ; e x trad a q u e  rad ice  h abebitur y  —  a

f  n 3  a
+T —  i i  a "  3 &  y  — —  - +  —  n a  , E s

4  3  ~ 4
q uibu s m an ifestu m  e s t ,  d u os v a lo re s  ra d ic is  y  es>
se im a g in a rio s  ,  cum  assign ari non p ossit rad ix  

q u an titatis  —  n a  . S i  ergo  in  so lu tio n e  proble- 

. 4
m atu m  deu en iatu r ad q u an titates im agin arias  3 s ig 
num  est adm odu m  m an ifestu m  ,  vel probiem a esse  
im p o s s ib ile , vel adhib itam  esse m e th o d u m , q u a e  
a liq u id  im p ossib ile  in u o lu it ,  p rorsus v t fit  in a r g u 
m en tation e , d u m  res ad absurdum  red u c itu r.

I I I I .  R a d ic es  im ag in ariae  ,  q uae  eam dem  sub

sign o ra d ica li quantitatem  habent 5 v t

3 a Pcl' m u ltip lication em  efficere possunt p r o - 
d u ftu m  rea le  ,  in  q uo  n u llum  sup ersit signum  ra- 
d ica le  3 du m m o d o  radices illa e  num ero pari sem 
p er m u ltip licen tu r. E te n im  euanescere non potest

sig-
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signum  rad ica le  ,  nisi term in u s h oc  sign o a ffe d u s  
m u lc ip lice tu r per a liu m  term inum  ,  q u i idem  sign um  
ra d ica le  h a b e at ,  &  eam dem  quan titatem  sign o in c lu 
sam . Ia m  vero  ita su b lato  s ig n o  r a d ic a l i ,  s i p rod u- 
f lu m  e x  prim a m u ltip lica tion e  per idem  signum  r a 
d ica le  m u lt ip lic e tu r , n ou u m  p ro d u d u m  a ffic ie tu r 
q u o q u e  sig n o  r a d i c a l i ; a t si ru rsu s m u ltip lice tu r per 
id e m  signum  rad ica le  ,  iterum  euanescet sign um  ra 
d ica le  ,  &  ita  dein ceps. S i  p o ly n o m ii term in u s a l i 
q u is  con tin eat rad icem  im a g in a r ia m ,  quale  est p o-

ly n o m iu m  x  - a  - ^ - b ,  euanescere non potest sig n u m  
r a d i c a le ,  n isi p o lyn o m iu m  d atu m  m u ltip lice tu r per 
a l i u d ,  q u o d  a  prim o d i f f e r a t ,  tan tu m  q u o a d  s i g 
n u m  v in c u lo  ra d ica li p raefixu m . I t a  in  p o lyn o m io

p ro ao sito  solum  p ro d u d u m  ex  x  -  a  -  f r - b in  x - a

-4- S  - b  d e lere  potest signum  rad ica le  ,  fa d a q u e  
m u ltip lica tio n e  habetur x x - a a x  -+  aa  b ; in  h oc  
en im  so lo  casu  p ro d u d a  sin g u la  e x  v n o q u o q n e  t e r 

m in o  rea li f  ■ b sese m u tu o  sig n is  co n tra riis  e lid u n t , 
a tq u e  h in c  p a t e t ,  te rm in u m  b ,  q u i con tin et p ro

d u d u m  ex  duobus rad ica l ib u s - i -  / - b X —  i?  - b, 
esse n ecessario  p ositiu u m . Ita q u e  q u an tita tu m  im a 

g in ariaru m  frequen s v su s  o c c u rre re  p o te s t ; ipsa enim  
im p ossib ilitas  non so lum  per m u ltip lication em  a li
q u an d o  t o l l i t u r ,  sed  etiam  sum m a b in a ru m  q uan ti
tatu m  ,  quae ex  re a lib u s ,  &  im a g in a riis  su n t m ixtae ,

realis  esse potest ; ita q uan titatum  3 -+  f  - 1 ,  8c

8 - f  ■ 1  sum m a est r e a lis ,  n im irum  1 1 ,  a tqu e etiam  
re a lis  est d iffe r e n tia ,  nem pe ;  .

V -  A E q u a t io n e s  om nes secun di gradu s re-
prae-



praesentari so len t hac fo rm u la  x "  — • px =  q ,  
in  q ua p ,  & q  d esign an t q uan titates quaslibet v e l  
p o s it iu a s ,  v e l negatiu as. In d e  autem  sta tim  c o n -

p  -------------------
e lu d itu r x --------- pp -+  q . H in c  autem

* y
d ifficu lta tes  a liq u a e  su b o rir i p °ssen t ex  p raeceden 
tibus fa c ile  e xp lican d ae . Q u a e ri eten im  p o te st, 

P
c u r  q u an titas  p ositiu a  x  —  ■■ ■ - -  a eq u a lis  fiat ne- 

a

ga tiv a e  —  f  pp - +  q . R e  q u id em  v e ra  d u o  q u a-

. 4  .
d rata aeq u alia  praebent aequales rad ices  ,  sed r a 
d ices  illa e  e iu sd em  signi esse debent. E te n im  ex  
e o ,  q u o d  4  — 4  ,  c o n c lu d i non p otest a

P  I  . •
»—  1 .  P r a e t e r e a --------------x  tam  esc ra d ix  ip siu s

2

P P  P
x x  —  p x  - +  *------ ,  quam  x --------------- . Q u are

4  *
P

scriben du m  v id e re tu r  - +  x  ~  ^  ^ p p

___ _ 4

- +  q . H as d ifficu lta fes  fa c ile  so lu e m u s ,  si obser- 
u e t u r ,  h an c v lt im a m  aeq u ation em  in  qu.ituor se-

P  ------------- --
quentes re so lu i posse ,  x  —  -------- a  K p p  + -  q .
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p --------- ----------  p  _
x ------------- K  —  f  pp - +  q ; --------------- --  =s ^  p p

i  7 "  a  ~

------------  P  4  --------------  4
- +  q  ; -------------x  — —  pp -+  q . D u a e  v ltim a c

a  ’—1
4

aequ ation es conueniunc om n in o  cu m  du abu s p r i
m is  ;  quare  satis  est d u p lex  s ig n u m  ^  in v n a  
a eq u atio n is  gen eralis  p arte  ad h ibere  ,  v t  fie ri s o 
le t. P ra e te re a  a eq u ation is  reso lutio  h o c  m odo 
in stitu i posset. R a d ix  q u ad rata  aeq u ation is x x  —

PP P
p x  -1- -------- est x —  -------- j  s i x  s it  m aio r q u am

* a
P P

------- ;  f i t q u e -------------- x  3 s i x  fit  m in o r s q u am
1  1

P P -  ——
■--------. I 1 1  1  . casu  h abetur x — ■ --------~  ^ p p - ) -
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P
q :  in  a ltero  autem  e r i t ----------— x  — V  pp  — q.

a -1
4

H i ergo  sun t d u o  casiu  d istinifte ex p re ss i ,  q u i 
d u p lic i sig n o  in  fo rm u la  gen era li im p lic ite  ,  &

p
obscure en un tian tu r h oc  m o d o  x -------------------  -+

V  pp  h -  q .  S i  haberetur x x  -<• p x  =  q  ,  per 

. 4
ra tio c in a tio n em  praeceden tem  in u en itu r x



P --------------
— —  s= P  pp  - +  q  ,  so la  nem pe ra d ix  p o s it iu a ; 

a  '
4

tum  v e ro  in v tilis  e st ra d ix  n egatiu a  ,  cum  proble- 
m atis so lu tio n e m  non praebeat. H aec  tam en rad ix  
h a b e retu r q u o q u e  ,  m u ta ta  aequation e p e r  re

g u las  e x p lic a ta s  : p ro d ire t n em pe x x  —  p x  == qa

P  P  f ____________ .
& --------------X j  v e l x ---------------|Z ;  pp q .

a  a  ’~ ~ l
4

H a c  ig it u r  m e th o d o  rad ices  positiuas n ecessarias, 
a  sup erflu is  ,  vera s  a  fa ls is  separare liceret.

A E q u a t io n u m  q u a d ra tica ru m  d o & rin am  fa c i l i  
exem plo  illu stra b im u s . Ita q u e  h oc  s it  problem a ,  in -  
u en ire  scilice t in  lin ea  ,  d u o  q u aecu m q u e  lu m in a - 
v ia  c o n iu n g e n te , p u n d tu m  t a l e ,  v t  lu m in a ris  i l la  
ex  hoc pundiro ,  aeq u a li lu c e  fu lg e a n t . D ista n tia  in 
te r  d u o  lu m in a ria  d icatu r a  ,  s itqu e  illu m in atio n is  
r a t i o ,  v t  m  ad  n ; p raeterea  d ica tu r x  d istantia  m i
n o r is  lu m in aris  a  p u n & o  qu aesito  ;  e rit  d istan tia  lu .  
m in a ris  a lteriu s  ab eodem  pundto a —  x .  la m  p on a
tu r  ,  lu m in a riu m  e ffe d tu s , seu  lu c is  in ten sitatem  e s 
se in ration e  reciproca d u p lica ta  d istan tiaru m  a p u n c. 
to  lu c id o  ,  v t  v u lg o  s ta tu itu r  a  P h y s ic i s ;  su  m ptis d i 

stan tiarum  q u a d r a t is , erunc inten sitates lu cis  v t __ _

'X X

i

& ------------------------.  R e s  ita  se haberet ,  s i aequa-
x x  -  a a x  - i-  a a

l ia  fo ren t lu m in aria . A t  q u ia  ( e x  h yp o th . )  l u 
cis q uan titates absolu tae  s u n t ,  v t  m  a d  n  ;  erun t

lu-
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m  n

lu m in ariu m  e ffe& u s ,  v t ------- - a d  ■
x x  x x  -  o,nx - +  aa

Ita q u e  v t  h abeatur p u n itu m  q u aesitu m  > m sti- 
m  n

tu en d a  est aeq u atio  i n t e r ------- - &
x x  x x  - a a x

e x  q ua per redu dtio n um  reg u las  ,  e ru itu r x x

a a m x  aam
. ,  &  a d d ito  ,  v t  m o ris  e st ,

n -  m  n ■ m  a
d im id ii coefficien tis  q u ad rato  ,  h abetur x  - *  

^  a a m m _  ^ a m _ ^  ^  ^

n ' m  (n  m )2  n  m  (n  m f  
aeq u a tio n is  ra d ice s  d u ae  sequenti fo rm u la  e x p r i

m u n tu r j  v t  p a te t ,  n em pe x  :
n m  n -m

A

n- ‘n  n-m

/ r i f i V  E x  h is  eu id en s est ,  vn iu s  ra d .c is  vato*
rem  e s s e  n egatiu u m  3 a lteriu s  autem  p os.tiuu m . E te 
n im  s i quan titas rad ica lis  sig n o  —  a i fk .a t i .r  ,  u m  
q u a n tita s  to ta  fit n e g a tiu a ; s i autem  a if i .ia tu r  s ig 

n o  p ositiu o  -+  > iam  q uantitas —  m -+  erit 
p ositiua  ,  cu m _ sit ( e x  h yp o th  )  n m a io r ,  quam  m;

id eo q u e  (^ m n  m a io r q uam  m .
Su perest v t ra d ic is  n egatiuae vsum  explicem us, m 

m em o riam  reu o can d a  s u n t , quae d e  quantitatibus 
n eg atiu is  iam  didta s u n t ,  scilicet q uan titates negati-



uas secu n du m  d ir e & io n t m  p o s it iu is  oppositam  su 
m endas esse. I n  p raesen ti p rcb lem ate  q u an tita tis  x 
v a lo r  n egatiu u s ,  fa c ile  in te llig e tu r  ,  si obseru abi- 
m u s ,  p u n d u m  q u aesitu m  ,  a nob is con siderari ta m 
q u a m  in ter d u o  lu m in a ria  co n stitu tu m . A t  si atten 
datu r a d  a lteriu s  casu s p o s s ib ilita te m , p onendo n e m 
pe p u n itu m  quaesitu m  in  lin e a  p ro d u & a  v itra  lu m i
n a r ia ,  iam  v a lo r ra d ic is  p ro d it  p ositiu u s. E t  q u idem  
si d istan tia  puntfti a  m in o ri lu m in a ri d ica tu r x ,  v t  a n 
te  ,  e r it  lu m in a ris  m a io ris  d istan tia  a  -h- x  ; qu ad rata  
autem  d istan tiaru m  e ru n t x x  ,  &  aa —H a a x  -+- x x , 
quae  per con d ition es p ro b lem atis  jn  aeq u ation em  re 
d u cta  praebent m aa —h a a m x  —i- m x x  3  n x x ; reso-

a x  m  ___ ____ _

!u ta  aeq u ation e  h abetu r x  S —---------  t  ^  m n ,
------------------------n - m  —

. X  m  S  m n . . . , .
v a lo r  a _______________ __ e r it  p o s itiu u s  ,  h icq ue so-

n - m
lu s p rob lem ati sa tis fa c ie t in  casu  p ro p o s ito . A l -

X  m  —  m n
te r  autem  v a lo r  n egatiu u s a  ------------------------ s ig n i-

n - m
f i c a t , sum en dam  esse direrftionem  o p p o sitam  ,  pun- 
«ftumque non in  lin ea produtfta v it ra  lu m in a 
r ia  ,  sed in ipsa lin ea  iu n gen ie  con stitu en d u m  
esse . P ro b lc m i a d  c a su m  p articu larem  transfer,-1-  
m u s. P o n a tu r n  — <j,m :  p raeceden s fo rm u la  x  

a
— ■— 1 X  (  —  m  _ T  m n )  in  h an c  abit x  

n -m
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I  J -

x  e r it  - *  —  a  &  - r -  —  a  ,  q u i q u id em  d u o  v a 

lo res  determ in an t p.unda d u o  ,  q uae  problem ati a e 
q u e  satis fac iu n t. P u n d u m  vn u m  lo c a tu r  in te r d u o  
lu m in a r ia ,  illi  usque d istan tia  a lu m in e v iu id io r i d u 
p lo  m aior, e r i t ,  q uam  a d e b ilio ri. P u n d u m  alteru m  
con stitu etu r in  lin ea p r o d u d a ,  illiu sq u e  a lu m in e  
d e b ilio r i d istan tia  aeq u a lis  e r it  ip si lu m in a riu m  d i
stan tiae . F a c ile  autem  sine v l lo  A lg e b ra e  a u x ilio  in- 
t e ll ig it u r ,  v tru m q u e  p u n d u m  problem ati s a t is fa c e 
re  ;  cum  duo illa  p u n d a  lu m in i d eb ilio ri d u p lo  p ro 
x im io ra  sint 3 quam  v iu id io r i 3 quae v im  habent q ua
d ru p lo  m aio rem . H o c  exem plo  illu stra n tu r  ,  quae 
d e  q u an titatibu s negatiu is b reu iter an tea a ttig im u s. 
H a e c  sunt A r ith m e tic a e  ,  &  A lg e b ra e  elem en ta  bre- 
u iss im a  qu idem  ,  sed  tam en reru m  varie ta te  co p io sa , 
q u an tu m  ad nostras In stitu tio n es P h y s ic a s  satis esse 
ju d ica u im u s.

F I N I S .

E L E -



ELEMENTA
G E O M E T R I A E

PR OOE MI V M.

De definitione, &  diuisione Geometriae.

E o m etria  est scien tia  m agn itu d in u m  ,  so- 
( ? ■  lidorum  nem pe j  superjicierum  ,  &  l i 

nearum. S o lid u m  est m ag n itu d o  in  lo n 
g u m , latum  3 &  p ro fu n du m  exten sa. Q u a m u is  a u ttm  
n ih il s it  in  rerum  natura con tin u u m  ,  q u o d  tres illa s  
d im en sion es sim u l non h a b e a t ; i lla e  tam en seorsim  
con siderari possunt ,  vel etiam  du as tan tu m  c o n c ip e 
re  possum us j  de te rtia  m inim e co g itan tes ; a tq u e  h inc 
in te llig itu r  n o tio  superfic iei ,  &  lin eae . Su perfic ies 
est m ag n itu d o  tantum  in lon gu m  ,  &  latum  e xten sa . 
L in e a  autem  est m agn itu do extensa tantum  in  lo n 
g u m . E t  re  q u idem  ipsa itin eris  lon g itu d in em  nob is 
re p rae sen ta m u s, non attenta eius la titu d in e  : &  p la 
n itie i la titu d in em  in te llig im u s ,  te rraru m  p ro fu n d ita 
tem  nequaquam  con sideran tes. D e n iq u e  si c o n c ip ia 
m u s lin eae term inum  ,  cu ius n u lla  pars s it  ,  n u lla  e x 
ten sio  ,  iam  term in u s i l le  punctam  d ic itu r . Ita q u e  a d  
exp lican dam  T y ro n ib u s  G e o m etria e  d e fin itio n em , id  
p rim u m  ostendi d e b e t , q u o m o d o  per v a rio s  abstra- 
«ftionis gradu s e x  corp oris p h ys ici ,  &  p rovt est in se , 
con sideration e ad  corp o ris  g eom etrici ,  &  s im p lic i
ter extensi con tem p lation em  p eruen iam us ,  ac  de in d e  
ad superficiei ,  &  lineae n otion em  p rogred iam ur , at- 

T o m .JI l .  Geom. Q  q Ue



9 8 E L E M E N T A
q ue tan dem  n otionem  p u n d i fo rm e m u s. N e q u e  m e 
th o d o  satis p h .lo so p h ica  vtu n tu r ,  qui sta tim  super- 
f k i t m  d tfin iu n t te rm in u m  s o l id i ,  lin eam  term inum  
superfic iei ,  &  p ur.d u m  term in u m  lin eae . E x  p r ie -  
ced en ti defin itio n e  n a sc itu r d iu is io  G e o m e tr ia e  in  
G e o m etr ia m  lin e a ru m , superfic ierum  ,  &  so lid o ru m . 
Q i are tres erun t G e o m etria e  s e d io n e s . i .  D e  lin e is ,
c .  D e  superficiebus. 3 .  D e  so lid is . I n  prim a se d io n e  
lin earu m  p o s it io n e m ,  illa ru m q u e  m u tuam  re la tio 
n em  expen dem us. P o r r o  lin earu m  n om in e non s o 
lu m  in te llig im u s lin eam  re d a m  ,  sed etiam  lin eam  
c ircu larem  ,  cu iu s  v t ilita s  est m ax im a ,  in  c o n s i
deran da lin earum  re d a ru m  m u tua p osition e . Q u a re  
ad G e o m etr ic a  E le m e n ia  p ertin en t quoq ue c irc u li 
p rop rie tates. In  secu n da autem  se d ;o n e  su p erfic ie 
ru m  p roprietates ,  8c m ensuram  considerabam us. In  
te rtia  tandem  s td io n e  p rop rietates so lid o ru m  ,  illo -  
r rm q u e  m ensuram  d em on strab im u s. A t  r e d a  m e 
th o d u s  p ostu la t 3 v t  re ru m  d em o n stran d aru m  v a 
rie ta tem  in  vn aq u aq u e  se d io n e  v a riis  C ap itibu s d i
stin gu am u s.

I I .  .L in eam  repraesen tare so len t G e r m e tr a e  ta m 
quam  gen itam  m o tu  p u n d i. S i p u n d u m  d ired io n e m  
n on  m u ta t  ,  lin e a  h oc  m otu  d e s e r p ta  rec la  d ic itu r; 
curua  autem  a p p e lla tu r ,  si p u n d i.m  perpetuo m u. 
te t d ire d io n e m . A t  faten d um  e s t ,  ita  s im p licem  es- 
re  lin eae r t d a e ,  &  cu m ae  notionem  ,  v t  a d  c la r io 
rem  ideam  ,  m agisqu e elem eutarem  redu ci v ix  pos
s it . R e d a m  defin iu n t a lii linenm  om n ii.m  in ter duos 
te rm in o s  d u d a r u m  b reu iss im am . C eteru m  in d e eui- 
dens e s t ,  d atis  in  lin ea r e d a  p u n d is  du ob us :  datam 
esse h u ius lin eae  p o s itio n e m ,  ita  v t vn ica dum taxat 
r e d a  per haec d u o  p u n d a  transire possit. E x  h isttiam  
in te llig itu r 3 q u id  sic superficies p la n a , sc ilice t om 

nium



n iu m  superfic ierum  eosd em  term in o s h aben tium  bre- 
u issim a ,  v e l  cui lin ea redta vn d eq u aqu e adap tari pot
est. C ircu lu s  d e fin itu r figura plana ,  vn ica  curua linea 
com prehensa ,  quae p er ip / ier ia  d ic itu r  j  s iue circum 

fe re n t ia  ,  ad q u am  om nes rediae lineae a pundto m e 
d io  ,  q u o d  centrum  d i c it u r ,  d u d h e  aequales Sunt in 
ter se ;  c irc u m fe re n tia e  pars q uaelibet arcus  v o ca tu r. 
L in e a  r e d a  p e r  centrum  dudta ,  Sc v trin q u e  in p e r i- 
p h eria  te rm in ata  dia m eter  d ic i t u r ; rtdfae autem  a 
cen tro  ad  c ircu m feren tia m  d u d h e  setn idiam etri  ,  vel 
ra d ii  app ellan tu r.

I I I .  A n g u li  n otio  op e  c irc u li fa c illim e  c o n c ip i
tu r . D u a e  lineae redtae in a liq u o  pundto co n cu rren 
tes ,  an gu lu m  efficere d icu n tu r . A n g u lo ru m  m ensura 
e st  arcus ,  quem  ip so ru m  la tera  com p reh en d un t ,  in 
p eriph eria  c irc u li ex  an g u li v e r t i c e ,  tam q uam  c e n 
t r o ,  d e scr ip ti. PorrO  d u m  d ic itu r  4 a n gu li m en su 
ram  esse a rcu m  c i r c u l i ,  n ih il a liu d  sign ificatu r 3 n isi 
aeq u ales esse an g u lo s  ,  si aeq u ales sint a rcu s e x  an 
g u lo ru m  v e rt ic e  ,  &  eod em  rad io  d escr ip ti; I ta  dum  
d ic itu r  ,  a n gu lu m  esse a lterius d u p lu m ,  n ih il a liu d  
intel l ig itu i '; nisi arcum  vnum  3 a lte ro  eSse d u p lo  m a 
io re m . Itaq u e  an gu li natura in  m a io r i ,  aut m in o ri 
in clin ation e vniuS lineae ad  a lia m  co n sistit . Ig itu r  an 
gu lu s cu m  sit  m era lin earum  in c lin atio  3 &  apertu ra ; 
exten sio  vel quan titas proprie  lo q u e n d o  d ic i non pot
est ; ac  p ro in d e ,  abstradlione fadta ab om n i exten 
sion is con sideration e  ,  a n gu lu m  a lteriu s  du p lu m  d i
cere  non possum us ,  cu m  id  d ici p ossit d u m ta 
xat d e  quan titate  :  com p arata  cum  alia  quantitate 
hom ogenea. Q u ia  v e ro  m era  lin earu m  apertura par
tes non habet , an gu lu s non est q uantitas proprie 
d id h  ;  atque h inc fadtum  est ,  v t  augu li m en su 
ram  cum  c irc u li arcu  cotn-parauerint G e o m etra e .

G a '  Cir-
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C irc u lu s  d iu id i so let in partes a-jquales 3 6 0  5 quae 
g ra d u s  d icu n tu r ; s in g u li gradus d iu id a n tu r in  60 
m in u ta  prim a ,  q u o d lib et m in u tu m  prim um  d i-  
u id itu r  in 6 0  secu n da ,  &  s ic  in in fin itu m . G ra d u s  
p er o  design ari so len t ,  m in uta autem  per lin eo
las n u m eris su p erim p o sitas . I t a  si fo rte  o ccu rran t

n c cc ccc
3 ? » ;  3 6  > 4 ’  > Ieg e  3 ? 8rad u s 5 a j  
m in u ta  prim a ,  36  secunda , 4 2  te rtia .

I I I I .  E x  an gu lo ru m  n otion e pendet linearum  
m u tu a  p ositio . L in e a  d ic itu r  a lte r i lineae p e r p e n d i-  
c u la ris  ,  q u an d o  in ip sam  in ciden s ,  fa c it  angulos 
h inc &  inde a eq u a les ; an gulu s h u iu sm od i d ic itu r  re
ctus. A t  s i r e d a  v n a  super alteram  cadens d u os an
g u lo s  e ffic ia t 3 ita  v t vn us sit r e d o  m a io r ,  a lte r  a u 
tem  m in o r, p rim u s d ic itu r  obtusus,  a liu s  autem  acu
tus. S i ta lis  si.t re d a ru m  p ositio , vc ean dem  s ;m p e ra  
se  in u icem  seruent d ista n tia m , euidens e st ,n u lla m  es
se lin earu m  illa ru m  m u tuam  in c lin atio n em :ac  p roinde 
in  in fin itum  etiam  p ro tra d a e  non c o n c u rre n t, seu an. 
g u lu m  non e f f ic ie n t ; tales lin eae d icu n tu r p a r a lle la e .

V .  E x  lineae re d a e  defin itio n e  eu id en s est ,  duas 
lin e a s  r e d a s ,  in  v n ic o  d u m taxat p u n d o  concurrere 
posse ; cu m  en im  om ni carean t la titu d in e  ,  com m u
n is  in te rse d io  in v n ic o  tantum  p u n d o  fie ri potest. 
N e q u e  ad a liam  de in d e  in tersed io n em  tran sire  pos
s u n t ;  a lte rv tra  enim  linea d ire d io n e m  m u t a r e t ,  ac 
p ro in d e  non fo ren t am bae r e d a e  ,  q u o d  est contra 
h y p . I d  pro a x io m ate  habent G e o m etra e  ,  &  ita 
e x p rim i so le t : D u a e  rectae segm entum  commune 
habere ,  nec spatium  c la u d ere  possunt. Ita q u e  tres 
saltem  lin eae req u iru n tu r ,  v t  spatium  v n d iq u e  clau
d a tu r . Sp atiu m  v n d iq iie  c lau sum  f ig u r a  dicitur. 
T ria n gu lu m  est figu ra  term in ata  tribu s l i n e i s ,  quae



eiusdem  la tera  vo ca n tu r. H a e c  autem  la tera  si tu e -  
aint aequ alia  ,  trian g u lu m  d ic itu r aequ ilateru m  ; si 
duo tantum  latera  sin t a e q u a l ia ,  trian gu lu m  v o ca 
tu r isosceles  ;  dem um  si latera  o m n ia  fu e r in t  in 
aequalia ,  trian gu lu m  scalenum  d ic itu r . R u rsu s  a u 
tem  trian g u lu m  ratio n e  an gu lo ru m  con sid erari p o t
e s t ; si vn u m  habeat an gu lu m  retftum , trian gu lu m  
rectangulum  d ic i t u r ;  acut angulum  ,  si om n es h a 
beat an gulu s acutos , &  tandem  o b tusangulu m ,  s i 
a n gu lu m  obtusum  habuerit.

V I .  F ig u r a  q u atu or lateribus term in ata  ,  qu a
d r i  lateru m  g en eratim  ap p e lla tu r. S i  au tem  a eq u a 
lia  sint figurae la tera  ,  &  ad  an gulos reiJtos iun- 
& a  3 quadratum  d ic itu r  ; a t  s im p lic ite r  re d h n g u - 
lu in  v o ca tu r  ,  si latera d u o  op p osita  re liq u is  d u o 
bus m aio ra  s in t ,  m anentibus tam en an g u lis  r a S i s .  
P a ra lle lo gram m u tn  a p p e lla tu r figu ra  q u a d rila te -  
ra  ,  cu ius bina opposita  la tera  sun t m u tu o  p a r a l
le la  ,  e tiam si an guli lateribus com p reh en si non sint 
r e d i .  S i  figura q u ad rila tera  s it  aeq u ila tera  ,  non 
tam en re ftan gu la  ,  Rhom bus d ic itu r  ; &  Rhomboi- 
d cs  v o c a t u r , si la tera  opposita  d u m ta x a t aeq u alia  
h abuerit. T an d em  quodlib et q u ad rila teru m  ab iis , 
q uae  iam  en um erau im u s d iu e isu m  ,  T rapezium  a p 
p ella tu r. Sed  figu ra p olygo n a  d ic i t u r ,  q u a e  p iu r i-  
bus ,  quam  q u atu or , lateribus term in atur. S ; la te 
ra fu er in t q u in q u e , s e x ,  septem  ,  cet. figura p eu -  
ta go n u m ,  hexagonum  ,  lieptugonum  ,  cet. d ici s o 
le t. F ig u r a  autem  p o lyg o n a  r e g u la r is  est ,  quae 
aeq u ilatera  ,  &  aeq u ian gula  est.

. y I I -  A x io m a ta  ,  &  postu lata  p lu rim a  p ra e 
m ittere  so len t G e o m e t r a e ,  q u a e  q u id e m  nos om it
tim u s. Q u a e  en im  est a x io m atu m  d e  to to  ,  Sc 
p arte  v tilitas ,  v t  intelU gam us ,  d im id iam  lin eam

to-
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tota m in o rem  esse ? E c q u is  statim  non v id e t ,  vc* 
d a n i  lin eam  p rod uci posse ; c ircu lu m  d a to  inter- 
u a llo  possc describ i ,  &  re liq u a  h o iu sm o d i i  V e 
ru m  in ter a x io m ata  vn u m  d e  figu raru m  superpo
sitione  le g itu r j  sim p liciss im u m  quidem  ,  Sc in  v n i-  
u ersa G e o m e tr ia  v t iliss im u m  ,  q u o d  sin e  a liq u a  ex
p licatio n e  p raeterm ittere n o lu m u s. D ic u n t  nem pe, 
ea esse a equ alia  ,  quae s ib i mutuo super im posi
ta  s perfecte congruunt. P rin c ip iu m  il lu d  superpo
sition is  ,  non ita  crasse in te lligen d u m  est ,  q uasi in 
m u tua figu raru m  ap p licatio n e  c o n s is te re t , non se 
cus ,  ac a r t ife x  m ensuram  a liq u am  d atae  lo n g itu 
d in i a p p l ic a t ;  v t  in d e  verum  lon gitu d in em  con clu 
d a t : ta lis  d em o n stran d i ra tio  m in im e  fo re t  g eo m e
tr ic a . In  eo  positum  est p ra e d id u m  p rin cip ium  ,  vt 
figu ram  a lte r i  im p o sita m  im agin em u r ,  &  dein d e

c o n c lu d a m u s. i ° .  E x  p artiu m  dataru m  aeq u alitate , 
ip sam  earum dem  p artiu m  con ven ien tiam  ,  s iu e  cc-

in c id e n tia m ... i ° . E x  hac c o in c id e n t ia ,  ipsam  re 
liq u aru m  p artiu m  co in cid en tiam  ,  ac  proin de &  per- 
fe d :im  du aru m  figu rarum  aeq u a litatem  ,  &  s im ili
tu d in em . Ita q u e  superposition is  p rin c ip io  ,  intelli- 
g en da non est dum rax.it m utua fig u ra ru m  ap p licatio , 
sed  partis  v n iu s  a lteri parti im p o s it io , v t  de in d e  fi
g u ras  illa s  in ter se com p arem u s. V n d e  euidens est, 
id em  v a le r e  p rin cip ium  ad d em o n stran d am  figura
ru m  in a e q u a lita te m . C eteru m  h r c  v n ic o  principio 
cum  an gu lo ru m  m en sura  per a rcu s c ircu lares  con- 
i u n d o ,  dem o n strari p ossunt p ropositiones om nes, 
q uae  a d  d e m e n ta re m  lin earu m  G e o m e tr ia m  per
tinent.

io z . E L E M E N T A
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S E C T I O  I.

De Geometria linearum.

C A P V T  I.
De lineis rectis quoad mutuam positionem 

consideratis, nullum tamen spatium, seu 
nullam figuram terminantibus.

PR O P . I .  R ec ta  q u a elib et i li  rectam cadens  
v e l  duos angulos e f  fic it  rectos ,  v e l  duobus 

rectis aequales. E te n im  recfta in sista t p erp en dicu - 
la r ite r  ,  v t  G E  ,  v e l ob liq u e  ,  v t  R E  ( F i g .  i . )  
In  i .  casu  patet (  ex  d e f. )  an gulos G E P  , G E C  
esse redtos ; in  casu a ltero  a n g u li d u o  C E R  } R E F  
s im u l sum pti aeq u a les  sun t du ob us a n g u lis  C E G ,  
G E F  ,  h oc  est du ob us retftis.

C O R . I .  P ro d u & a  lin ea R E  in  O  ,  s im ili ra t io 
ne p a t t t3 an gulos F E O  ,  O E C  du ob us lecftis a eq u a
les esse ; ac  p ro in d e duae re d a e  sese inu icem  secan 
tes e ffic iu n t an gulos ,  q u a tu o r  re<ftis aequ ales. Ia m  
ex  cen tro  E  d e scr ib a tu r  c irc u lu s  ; m en sura  a n g u lo 
rum  q u atu or erit in tegra  c irc u li c irc u m feren tia , 
h oc  est gradus 3 6 0 . I g ;tu r an g u lu s redtus ,  erit q u a r
ta  pars c irc u m feren tia e  ,  nem pe 9 0 . g radu um ,

C O R .  I I .  R e d a e  G H  ,  R O  e ffic iu n t an gulos 
G E R  3 H E O  3 qui d icu n tu r a d  verticem  oppositi. 
I l lo s  autem  angulos aequales esse ,  m an ifestu m  est3 
cu m  sit  d im id iu m  p eriph eriae R F O  aequ ale  d im id io  
p eripheriae G F H ;  subl ita  autem  com m un i parce G O , 
e run t a rcu s re liq u i G R  ,  H O  aequales in te r  se.

C O R .
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C O R . I I I .  R e d a  G E  ad  alteram  C F  p erp en d i

cu la ris  e s t ,  si p u n d a  d u o  q uaelibet G ,  E .  a  pun- 
d i s  duobus q u ib u s lib e t , v t  C  ,  F  a eq u a liter d iste n t, 
hoc e s t ,  s i G C  -  G F  ,  &  Cfcl — E P .  E te n im  p un 
d a  d u o  E  &  G  non m agis in c lin an t versus C ,  quam  
v ersu s F ; ac  p ro in d e ,  cu m  d u o  p u n d a  lineae re 
d a e  p ositionem  determ inent (  e x  d e f . )  ,  aequ alis  
est re d a e  torius G E  h in c  &  in d e ad  re d a m  C F  i n 
c lin a tio  ; id eo q ue ob an gulos v trin q u e  aeq u a les  r e 
d a  G E  perp en dicu laris  est ad C F .  P atet autem  , p u n 
d a  <. &  F  su m i posse pro a rb itr io  C E  ,  &  E F .

C O R . I I I I .  E x  p u n d o  q u o lib e t E  in r e d a  C F  
d ato  du ci potest ad can idem  re d a m  p erp e n d ic u la 
r is  G E .  E te n im  cen tro  E  ,  8c  d a to  q u o lib et a e q u a 
li in teru a llo  E c  ,  E f  describan tu r a rcu s c irc u li se- 
se in u icem  secantes in g : r e d a  per g ,  &  E  d u -  
d a  e rit  p erp en dicu laris  quaesita  ob d istan tias  gc , 
g f ,  &  E c ,  E f  aequales.

S i p u n d u m  h ex tra  re d a m  C F  datu m  s it  ,  s i 
m ili ra tio n e  d u c itu r  p erp en dicu laris  h E .  E te n im  
c x  p u n d o  h sum an tu r aeq u alia  in teru a lla  h c  ,  h f ,  
d e .n  fe ex  p u n d is  c  &  f ,  tam q uam  c e n t r is ,  &  eo
d em  in teru a llo  describ an tu r arcus c irc u li se m u 
tu o  secantes in g  ,  d u catu rq u e  hg ,  haec e r it  per- 
p en d icu iaris  ob aeq u ales hc ,  h f ,  &  g c ,  g f  d istan 
t ia s . E u id e n s  autem  e s t ,  in v tro q u e  casu  vnicam  
p e rp e n d ia ila re m  du ci posse. V n ica  en im  est re
d a  transiens per p u n d u m  E  , vel h , q uae  cum 
r e d  i C F  aeq u ales h i n c &  in d e e ffic ia t a n g u lo s. P a 
tet a u te m  ,  lin eam  perpen dicu larem  esse om 
n iu m , q uae  ex  p u n d o  d a to  ad lin eam  datam  duci 
p ossunt j  b revissim am  ,  cu m  r e d a  perpendicu laris 
n on  m agis pendeat cx vn a p arte  ,  quam  ex  alia: 
a c  p ro ia d e  neque a d  d exteram  d e c l in e t ,  neque ad

si-
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sin istram  ,  id eo q ue breu issim a esc v ia  a  p u n d o d a to  
ad lineam  d atam . Item  eu id en s e s t . t x  p u n d o  d a to  
ad lineam  d atam , vn ;cam  perp en dicu larem  du ci p osse .

E a d e m  o m n in o  est o p e r a t io , si r t d a  c f  in  duas 
partes aequales d iu id en d a  prop on atur. E x  pundtis c  
&  f  tam quam  cen tris  ,  &  eodem  rad io  describar)* 
ttir a rcu s c irc u li ,  sese secan tes  in  g ; dein d e ex  
iisdem  p u n d is  ,  &  sum p to  q u o lib et eodem  in te r-  
u allo  describan tur arens ,  se in u icem  secantes in h } 
re d a  hg d iu id et c f  a eq u a liter in E  , v t p a te t ; cum  
sin gula  p u n d a  re d a e  g h  aeq u a liter  d isten t a  pun-
d . j  c  Sc f : ac  p ro in d e E c  r  -  E t .

P R O P . I I .  S i  lin eae A B  ,  D C  sin t p aralle lae  
( F ig . i. )  e r it  I .  A n g u lu s  O F D  ,  qui externus  
d ic itu r  ,  a equ alis  angulo  O G B  ,  qui in tern u s, 
&  oppositus vocatur. I I .  A E q u a le s  erunt a n g u 
l i  B G F , G F C ,  qui d icu n tu r a lte rn i.  I I I .  A n 
guli. in tern i ,  &  a d  eatndem p artem  p o s it i  
D F G ,  F G B  aequales erunt duobus rectis. C um  
lineae p aralle lae  eodem  in ter se v b iq u e  d istent in -  
te ru a llo  (  ex  d e f. ) ,  eu id en s e s t ,  e a m ie m  fo re  p a 
ra lle la e  v triu sq u e B A  ,  D C  in c lin ation em  ad  re
d a m  E O ,  ac proin de an gulu s O F D  aequ alis  est 
an gu lo  O G B ; q u o d  erat p rim u m . P raeterea  cum  
an gulus G F .  aequ etu r an g u lo  D F O  ad verticem  
op p osito  ( c o r .  a .  p rop. ) ;  e ru n t etiam  aeq u a
les an gu li B G F ,  G F C  : q u o d  erat secu n du m . T a n 
dem  cum  an guli O F D  ,  G F D  aeq u en tu r duobus 
le d is  ; p rop . I . )  ; aeq u ales it id em  eru n t duobus 
r e d is  D F G  ,  F G B ;  q uo d  erat tertium .

V iceu e rsa  s i an gulus O F D  aequ alis  s it  in te r
no ,  &  opposito F G B ,  e rit  eadem  in clin atio  r e 
d a ru m  C D  ,  A B  ad  re d a m  E O  ; ac  proinde re 
ctae  illae  p ara lle lae  sunt in te r se. R u rsu s  si a eq u a 

les
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les sin t a n g u li a ltern i B G F  ,  G F C  ;  v e l s i  d u o 
bus r e d is  sim u l aaquales sint in tern i ad  eam dem  
p artem  positi B G F  ,  O F D  ; an gulus extern u s D E O  
sem p er aeq u a lis  e rit  a n g u lo  in tern o  ,  &  opposito 
B G F ;  ac  p ro in d e r e d i e  A B  ,  C D  eru n t paralle
la e . Itaq u e  ex  ip s i p ira lle lis m i n otione ,  fa c ile  c o l
lig u n tu r tres p rim ariae  p ara lle laru m  a ffe d io n e s  ,  n e 
c essar io  nexu in te r se c o n iu n d a e  ,  it a  v t  ex  vna 
q u alib et in ferre  l i c e a t ,  r e d is  i l la s  esse p ara lle las . 
P o r r o  in  dem on stran d is p ro p rie tatib u s  i l l is  ,  n im is 
lab orare  v id en tu r qu idam  G e o m e tra e .

C O R . I .  S i du ae r e d a e  A B  ,  H K  p aralle lae  
sint e idem  r e d i e  C D  ,  erun t e t iam  in te r s e  pa
ra lle la e . E ten im  in c lin a tio  r e d a r u m  K H  ,  B A  ad 
r e d im  E O  ead em  erit ,  ac  in c lin a tio  r e d a e  C D  

ad eam  dem .
C O R . I I .  S i p er d a tu m  p u n d u m  F  ducere 

o p orteat re d a m  C D  paralle lam , re d a e  K H  ; ex 
q u o lib et h u ius p u n d o  O  d u ca tu r r e d a  G F O  ,  &  
fia t  an gulu s G F D  a eq u a lis  an gulo  K O F  ,  d escri
ptis nem pe e x  p a n d is  O  ,  F  ,  tam q uam  cen tris, 
&  eodem  rad io  arcub us aeq u alibu s F M . ,  G N  ;  erit 
r e d a  F D  p a ra lle la  ipsi K O .

C A P Y T  II.

D e limarum vectarum respectu circuli 
positione.

P R O P .  I .  D a c ia  recta, FIVL ,  a d  circum feren
tium  vtrinque term inata  ,  quae chorda, d ic i

tu r  (  F ig .  3 . )  ,  recla  E P  ex centro c ir c u li  a i  
chordam  p erp e u d icu la r ite i' ducta  ,  eamde m se

cat
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cat in  d u a s  p a rte s  aequales. C u m  eu im  r e d a  E P  
e  cen tro  d u c a tu r , p u n d u m  E  aeq u aliter d ista t  a  
p u n d is  ex trem is  ch o rd ae  F  &  M  ( ex  de fin . ) .  
P raeterea  cu m  re d a  E P  s it  p erp en dicu laris  ad  
chordam  ,  s in gu la  a lia  p u n d a  aequ alem  habent ab 
iisdem  extrem is  d istan tiam  ( c o r .  3 . p r o p . i . )  Q u a 
re p u n d u m  P ,  a eq u a liter etiam  d istat a  p u n d is  
F  &  M .

E t  v iceu ersa  r e d a  q u aelibet E P  per cen tru m  
transiens ,  &  ch o rd am  F M  aeq u a liter  d iu id en s , 
eam  quo q ue p erp en d icu larite r secat. E te n im  cum  
r e d a  E P  ch ord am  d iu id a t a eq u a liter , p u n d u m  
P  a e q u a lite r  discat ab extrem is F  &  M  : q u ia  v e 
ro  re d a  E P  tran sit eciam  per cen tru m  ;  p u n c
tum  E  a eq u a liter d istat ab extrem is F  &  M .  Q u a 
re  p u n d a  P  &  E  aeq u a liter  d ista n t a p u n d is  

F IV ^  ^  ’  30 PerPendicuIatis est ad

R u rsu s  si r e d a  E P  p erp en d icu laris  s it  ad ch o r
d am  3 eam que a e q u a lite r  d iu id a t ,  r e d a  i l la  t ra n 
sit p er cen tru m . C um  enim  c h o rd am  d iu id a t  a e 
q u a lite r  ;  p u n ftu m  P  a eq u a liter  d ista t ab extrem is  
F  &  M .  P raeterea  cu m  sit  p e rp e n d ic u la r is , s in 
gula i lliu s  p un d a a eq u a liter  e tiam  d istan t a  p u n c
tis  F  &  M .  E r i t  ergo  centrum  E  h u ius perpen
d icu laris  p u n d u m  a liq u o d .

P R O P .  I I .  S i  recta  E H  transiens p e r  cen
trum d iu id a t  a equ a liter chordam  F M  ,  aequa
li t e r  quoque d iu id a t  a rcum F H M .  E ten im  cum  
singula p u n d a  n d a e  E H  a eq u a liter d isten t a p u n 
d i s  P  &  M  ; aeq u a lis  erit p u r.d i H  ab extre- 

n M  F  &  ^  d isran t' a - Q u a re  s i sem icircu lu s 
G M H  sem ic ircu lo  G F H  im p on atu r ,  con gru et 
p u n d u m  M  cum  p u n d o  F  ,  Sc ob p u n d u m  H

co m -
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com m un e con gru en t &  ch ord ae  H M  ,  F H  ,  &  a r
cu s  iisdem  ch o rd is  subtensi.

C O R . I .  In  eodem  c irc u lo  ,  v e l in  c irc u lis  a e 
q u a lib u s , ch ord ae  aeq u ales ,  aeq u a libu s arcub us re
spondent ; inaequales autem  ,  arcubus in aeq u a libu s. 
P ra e te re a  ch ord ae  a e q u a le s ,  a eq u a liter d ista n t a  cen
tro  ,  ch ord ae  autem  in aequales d istant in a e q u a lite r; 
q u o d  euidens e s t ,  e x  superim positionis  p rin c ip io . 
N a m  ch ord a aeq u alis  cu m  aeq u ali ch o rd a  sem per 
c o n g ru e t , nec cum  ch ord a in aeq uali c o n g ru e re  v m -  
quam  p oterit.

C O R . I I .  In  eodem  sem icircu lo  ,  v e l  in sem i
c irc u lis  a e q u a lib u s ,  q u o  m aio res  s u n t ,  v e l m in o
res  a r c u s ,  eo  m a io r e s , ve l m in ores sunt c h o rd ae , 
&  cen tro  m a g is ,  vel m inus p roxim ae. V iceu e rsa  q uo 
m aio res  sunt ,  v e l m in ores c h o r d a e , Sc cen tro  m a 
g is  ,  ve l m inus p ro x im a e , eo  etiam  m aio res  s u n t , 
v e l m in o res  a rcus subtensi.

C O R . I I I .  D u d la  ch ord a  F M  d iam etro  A B  p a
r a lle la  ,  in te rc ip it  aeq u a les  arcus A F  &  B M .  E t 
en im  ,  c e te ris  m anentibus v t  a n t e ,  a rcu s A H  -  ~  
arcu i B H  ,  &  arcu s F H  r ; ~  arcu i H M  : q uare  d e m 
p tis arcubus aeq u alibu s ,  rem anet A F  z ~ B M .  E tii-  
dens e s t ,  eam dem  esse d em on stration em  , i i  p ara
lle la  N Q  ad oppositas d iam etri partes ia c e a t  ; erit 
nem pe arcus F N  : :  arcui M Q .

C O R .  I I I I .  S i p o n a t u r ,  re d a m  N Q  m o tu  s i
bi sem p er p aralle lo  a cen tro  reced ere ,  don ec punc
ta d u o  N  &  Q  coeant in  G  ; ch o rd a  N Q  abit in 
tangentem  ,  q uae  nem pe c irc u lu m  in  v n ic o  punc
to  t a n g it ;  eu id en s autem  e s t ,  in  h oc  e tiam  casu 
esse G N  ~  ~  G Q .

C O R . V .  E x  c o ro lla r iis  praeceden tibu s patet, 
q ua  ra tio n e  p er t r ia  d a ta  p u n d ta ,  c ircu lu s  descri

bi



b i possit ,  d u m m o d o  tam en p u n d a  illa  in  e ad em  
r e d a  non iacean t. A g a n tu r  re d a e  d u ae  ,  q uae  iun- 
ganc tria  p u n d a  d a ta  ,  hae erun t ch o rd ae  c irc u li 
quaesiti. Q u a re  d u d is  perp en dicu laribu s ,  q uae  ch o r
das d iu id an t a eq u a liter  ,  v traq u e  p erp en d icu laris  t ra n 
sit per cen tru m  ;  q u o d  p ro in d e  e r it  in  com m u n i vcri- 
usque p erp en d icu laris  in te r s td io n e . S im ili ra tio n e , 
dato  c irc u li arcu  ,  cen tru m  inuen itiu ' ,  to ta q u e  c ir
cu m feren tia  describ itu r.

C O R .  V I .  H in c  arcu s c irc u li d a t u s ,  in  d u os 
a eq u ales a rcu s d iu id i potest. D u c a tu r  en im  ch or
d a  ,  a rcu m  d atu m  subtendens ,  h aecque a eq u a liter 
p er re d a m  perp en dicu larem  d iu rn atu r ; eadem  per
p en d icu laris  etiam  a n g u lu m , quem  arcus m e titu r , 
a eq u a liter  in  du as partes d iu id et.

. S C H O L .  E x  hoc c o ro lla r io  patet ,  fa c ile  d i
u id i posse an gulu m  q uem lib et in  partes a ,  4 , 8 ,

,  3 2  ,  &  ita  d ein ceps ,  secu n du m  te im in o s  
p rogressionis geom etricae  d u p lae  :  sed  p er G e o m e 
triam  e lem en tarem  an g u lu s in  tres partes aequales 
d iu id i non p o t e s t : a tqu e haec est an g u li trisectio  
a  G e o m etris  p er c irc in u m ,  &  re g u la m ,  v t  d icu n t 
h o c  e s t ,  per lineae re d a e  ,  &  c irc u li c o n stru d io -  
n em  fru stra  quaesita . D e m o n stra n t en im  G e o m e 
t r a e ,  problem a illu d  ad  tertii g ra d u s aeq u ation em  
n ecessario  pertinere ,  quae qu idem  a e q u a tio n e s, p er 
so lum  c ircu lu m  co n stru i non possun t. JV eque ob 
eam dem  rationem  per so la  G e o m e tr ia e  elem en ta  
an gulus d iu id i potest in  partes 5 ,  6  ,  7  ,  9  } cet* 

T a lis  en im  d iu is io  p ro  d iu erso  p artiu m  aeq u alium  
n um ero ad  a ltio res  a eq u ation u m  gradu s assu rg it 
I d  autem ,  q u am u is  ad elem en ta non p e r t in e a t , bre- 
u iter m onuisse vo lu m u s.

P R O P .  I I I .  R a d iu s  E G  in  puncto contactus G

a d
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a d  tangentem  p erp e n d icu la r is  est. E ten im  q u o 
n iam  tangens c ircu lu m  in v n ico  pundto tan g it ( e x  
co r . 4 .  p ro p . 1 .  h u iu s )  ,  rad iu s  E G  m in im a est 
tan gen tis  a  cen tro  d istan tia  ,  ac  p ro in d e ad  ta n g en 
tem  perpendicu laris (  e x  d e f. ) .

V ic eu e rsa  redta R T  p erp en dicu laris  ad  e x tr e 
m ita tem  ra d ii G  c ircu lu m  tan git in v n ic o  p u n c 
to  G .  E te n im  cum  sit  E G  m in im a redtae R T  a 
cen tro  E  d is ta n t ia ,  a lia  q uaelibet pundla redtae R T  
m a g is  d ista n t a  cen tro  ,  quam  pundtum  G ;  ergo  
sin g u la  punCta praeter G  ex tra  c ircu m feren tia m  ia -  
cen t.

C O R . L  R e d a  circum feren tiam  tan g it in  v n i 
c o  pundto 3 cum  ex  cen tro  E  ad  redtam datam  
v n ic a  p erp en dicu laris  d u c i p ossit (  c o r . 4 .  p r o p . i .  
c a p . i .  ) .

C O R .  I I .  H in c  fa c ile  d u c itu r  tan gen s ad punc
tu m  datu m  G .  D u & o  sc ilic e t  ra d io  E G  ertdtaque 
in  G  p erp en d icu lari R T .

C O R . I I I .  A d  pundtum  d atu m  in  c irc u m fe 
ren tia  vn ica  tan gen s d u c i potest {  loc . c it .  )  ; ac 
p ro in d e s i p er pundtum  con tadtu s ag atu r redta q uae
libet 3 h aec c o in c id it  c u m  ta n g e n te ,  Vel c irc u m 
fe re n tiam  secat.

C O R . I l i r .  S i d u o  c ir c u l i  G N A  G O Q  ean
d em  habent tangentem  :  redt.i H G  eidem  p erp e n 
d ic u la r is  per v triu sq u e  cen tru m  ,  puta E  &  F ,  
tran sib it. Ia m  vero  si d u ca tu r E S  ,  iu n gatu rq u e 
P S ,  q uae  produdta secabit in O  c ircu lu m  G O Q , 
&  in  R  tangentem  R T  : e iit  sem p er in  tr ia n g u 
lo  E S P  la tu s  P S  m in u s du ob us re liq u is  E S  ,  E P  
(  e x  de fin . lin e a e  redtae ) .  Q u a re  cum  rad ii E S ,  
E G  aeq u a les  s in t ,  e rit  redt.i P S  m in o r quam  P G ,  
s iu e  P O . E r g o  q u o u libet pundtum  S  c irc u li G S F

e rit



erit in tra  c irc u lu m  G O Q  ; ac  p rop terefl i l l i  c ircu 
li s e  m u tu o  con tin gen t in  v n ico  p u n ito  G ,  in q uo 
scilice t r- dtam  R T  tangunt.

S C H O L . C um  in te r  tangentem  ,  &  c irc u lu m  n u l
la d u c i possit linea ltd ta  ,  an gu lu s ,  quem  arcus cir
cu li e ffic it  c u m  ta n g e n te , m in o r e s t  q u o lib et rt«5t il i
neo ,  lic e t  h ic  in  in fin itu m  m in u a tu r . H u iu s p rop o
sition is v t i l i ta s  est in  P h y s ic a  ,v b i  a g itu r d e  d iu is i-  
b ilitate  in  in fin itu m . I d  v e ro  m a x im a m  a d m ira tio 
nem ,  con certatio n es q ue  m axim as e x c ita u it  :  m m p e  
an gulus c o n ta ftu s  ,  quem  fa c it  a rcus cum  la n g tn te , 
ab infinita c irc u lo ru m  serie  in  in fin itas partes d iu id i-  
t u r ,  licet ip se  q u o u is  a n gu lo  re & ilin e o  m in o r s it . H u 
ius autem  p arad o x i g e o m e tric i causam  , in d e  rep e
tunt n o n n u lli ,  q u e d  n em pe an g u li r t f l i l in e i  natura  
diucrsa o m n in o  s it  a  n atura  an gu li cu ru ilin e i ,  in pun- 
dto con tadtu s. E te n im  q uem ad m od um  in fin itae  lineae 
num quam  su p erfic iem  e ff ic iu n t , n ec  v lla  in ter has 
quantitates ra tio  p otest assign ari ,  lic e t  in partes in 
finitas d iu id i p o s s in t ; ita  etiam  in fin iti an guli conta- 
d tu s, q u o u is  rtd tilin e o  m in o re s  s u n t ,  licet sin t di- 
u isib iles in  in fin itu m . V e r u m  in  hac lite  geo m etrica , 
Logom achia  a liq u a  la tere  v id e tu r . S i an gu li nom ine 
in te lligatu r p o rt io  fin ita  sp a tii curua  ,  &  tangente 
c o m p re h en si; n u llu m  dubium  est ,  q u in  spatium  i l 
lud com parari p o ssit  cu m  portio n e  fin ita  spatii r e 
d a ru m  d u a ru m  c o n c u rsu  in te rcep ti. A t  si an gu li re
d i  linei n o tio  v u lg a r is  ad h .b eatu r ,  eu id en s e s t ,  n o 
tionem  illa m  abso lu te  co n sid eratam  a n gu lo  co n tac
tus con u en ire non posse ,  cum  in  h oc  a n g u lo  latus 
vnum  sit  c u ru ilin e u m . Itaq u e  h u ius an g u li a fferri de- 
btt propria de fin itio  ,  a tq u e  hac defin itio n e  ,  quae 
arb itraria  om n in o est . sem el con stitu ta  , &  e x p lic a 
ta ,  iam  n ih il d ifficu lta tis  superesse potest. E t  re q u i

dem
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1 1 2  E L E M E N T A
dem  ipsa de so lo  nom in e h ic  lit ig a ri d e m o n stra t su m 
m a G e o m etra ru m  consensio c irca  an gu li h u ius p ro 
prietates. S e d  q u id q u id  s i t ,  q u icu n iq u e g eom etrica
rum  dem onstrationum  v im  p e rc ip ie t ,  pro eu id e n ti 
h a b e b it , a n gu lu m  c o n ta d lu s, &  m in o ri m  esse q uo u is 
r e & i l in e o , & i n  in fin itos curu ilin eo s d iu id i p ose.

P R O P .  I l i i .  A n g u lu s  B A D  ta ngente  B A  ,  &  
chorda  A D  comprehensus habet p ro  mensura d im i
diu m  arcum  A F D .  E te n im  dudta per centrum  C  d ia 
m etro  E G  ch ord ae  A D  p aralle la  (  F ig .  4 . )  ,  d u c -  
ta q u e a lia  d iam etro  f F  eidem  c h o rd ae  perp en dicu la- 
r i  ; redtus e rit  an gulu s B A C  tangente ,  &  rad io  c o m 
prehensus (p ro p . p raec .)  ,  item q u e  rid tu s est a n g u lu s  
F C G ,  ac proinde v triu sq u e  an gu li m en su ra  est arcus 
F G .  S e d  an gulus B A D  =  =  B A C  —  D A C  ,  ve l —  
A C G  ob paralle las D A  ,  &  E G  ;  quare  cum  A C G  
p ro  m ensura habeat arcu m  A G ,e r i t  an gulu s B A D ^ z ;

1
F A G  —  A G  r  =  F A  -  =  —  A D .

a
P R O P .  V .  A n g u lu s  C A D  ( F i g . 5 .)  a d  circum 

fe re n tia m  habet pro  mensura d im id iu m  arcum  C D  
la te rib u s  A C  ,  8c A D  interceptum . E te n im  ex  an
g u li v e rt ic e  A  d u ca tu r tangens E B  ,  sum m a triu m  
an g u lo ru m  B A C  -1- C A D  - +  D A E  — ~  i 8 0  — —

1 1 1
—  A C  - +  —  C D  -+  —  D A .  S e d  an gu lu m  B A C
2  2  2

I  I
m e titu r  —  A C ,  &  a n g u lis  E A D  - n  —  A D  

a 1

(ex  p ro p .p rae c .)  :  ergo  an gulu s C A D  r  r  —  C D .
a

C O R .



C O R .I .  A n g u lu s  D F C  ad cen tru m  d u p lu s est a n g u 
li D A C  ad c ircu m feren ti im ,eo d e m  arcu  C D  subtensi.

C O R . I I .  A n g u lu s  re & u s  in  c irc u m fe r e n t ia  c irc u 
li sem icircn m feren tiam  la terib u s  su is com p reh en 
d it ,  totaque d iam etro  su bten d itu r. A n g u lu s  acutus 
arcum  sem icircu m feren tia  m inorem  ,  obtusus autem  
m aiorem  in terc ip it  ,  v te rq u e  ch ord a  subten d itu r. 

C O R . I I I .  A n g u lu s  B A D  ( F i g . 6 . 7 . )  v e l  in tra , vel 

1  1
extra c ircu lu m  p ro  m en sura  habet —  B D  - +  —  C E  

4  2
1 1

pro a n g u lo  in tra  c irc u lu m , v e l —  B D  — ■ —  E C  pro 
1  a

angulo e x tr a . P e r  E  a g atu r  ch ord a E P  ( F ig .6 .)  re
d a e  A D  p a r a lle la  ;  erit an gulus B E F  3  ~  B A D  (o b

1
paralle las ) .  Sed  m en sura  an g u li B E F  est —  B F ,  Sc 

i i i  2
—  B F  ~  ~  —  B D  h - —  D F ,  &  D F s  ~  C E  ( c o r .3 .
2  4  4

I 1 I
p r o p .a .) .  E r g o — B F  — B D  -+  —  C E .
iR. 2  2  2

C O R .I I I I .  A n g u lu s  b A D  ( F i g .7 . )  t a n g e n t e A b &
1  1

secante A D  in tercep tu s —  D b -------- bC . S i enim
2  2

circa p u n d u m  A  re u o lu i in te llig a tu r re d a  A B ,d o n e c  
tangens e u ad at in b ,p u n d a  b &  B  con uen ien t in b . S i 
m ili ra tio n e  an gulus d A b  in ter d u a s  tangentes A d  &

G E O M E T R IA E . I  i 5
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A b  com p reh en su s p ro  m en sura  habet —  d F b --------
d C b . 0, Q
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C A P V T  III.
De limis rectis, quae spatium claudunt, 

seu de figurarum reclilinearum 
proprietatibus.

PR O P .  I .  In  tr ia n gu lo  quolibet sum ma trium  
angulorum  a equ alis  est duobus rectis. Eten.IM  

p er tres  an gulorum  v e rt ic es  describ atu r c u c u lu s , 
( c o r .  5 .  p rop . 1 .  cap . d . ) ,  trian g u lu m  e rit  in scr i
p tu m  c irc u lo  ,  cu ius ch ord ae  erun t tr ia  latera  ; an 
g u li autem  habent pro m ensura d im id iu m  arcu m  la 
teribus op p o sitis  subtensum  (  p rop . 5 .  c a p . c . )  Q u a
re  tr iu m  an gu lo ru m  sum m a aequ alis  est d im id iae  
triu m  arcuu m  sum m ae ,  h oc  est ,  d im id iae  c irc u m 
feren tiae  ,  seu grad ib u s 18 0 .

C O R .  I .  In  tr ia n g u lo  v n ic u s  esse p o t e t  an gulu s 
re & u s  ,  r e i  obtusus ,  re liq u i d u o  su n t acu ti. Q u a re  
in  tr ian g u lo  r e & a n g u lo ,  an gulu s acutu s esc comple- 
mentum- a lterius ad ledh ifti.

C O R . I I .  D a t is  du ob us a n g u lis  in  t r ia n g u lo , d a
tu r &  tertius 3 q u i est d ifferen tia  in ter datam  d u o 
ru m  an gu lo ru m  sum m am  ,  &  g ra d u s  1 8 0 .  S i autem  
vn icu s datu s sit a n g u lu s , d ata  e st  re liq u o ru m  d u o 
ru m  sum m a ,  q uae  est complementum  ad d u os rec
t o s ,  supplem entum  s im p lic ite r  a p p e lla ri so let.

C O R .  111 . In  tr ian g u lo  quo libet A B C  ( F ig .8  ) 
p ro d u & o  la tere  C B  in  I ,  a rg u lu s  externus A B I  
aequ alis  est duobus a n g u lis  in tern is oppositis  A C B ,  
C A B .  E ten im  sum m a an guli exte in i A E I  ,  &  inter- 
n i con tigu i A l . C  aequ alis  is t  duobus rtfl-is ( prop. I. 
cap. 1 . )  : sed  sum m a triu m  an gu lo ru m  A C B  ,  C A B ,

A B C



G E O M E TR IA E . i t j
A B C  aeq u a lis  etiam  est duobus i c i t i s  : ergo  an g u lu s 
externus A B I  aeq u alis  est du ob us in tern is oppositis 
A C B  j  &  C A B  j  dem p to sc ilice t com m u n i a n g u 
lo  A B C .

P R O P .  I I .  In  omni tr ia n gu lo  m aius latu s op
p on itu r m aiori a n gu lo  , m inus autem minori : i ?  v i-  
ceuersa an gu lu s maior m aiori la te r i  , &  minor mi
nori opponitur. T r ia n g u lu m  c ircu lo  in scribatur ,  m a 
io rem  an gulu m  m e titu r a rcu s m a io r ,  &  m aiorem  
arcum  subten dit m a io r  c h o r d a , &  con tra ( c o r .  
p ro p . a .  cap . 2 . )

C O R . I .  In  tr ia n g u lo  a cqu ila tero  s in gu li an guli 
aequales su n t in ter s e ,  8c v iceuersa  si tres a n gu li 
sunt aeq u a les  in ter se ,  trian gu lu m  est aeq u ilateru m . 
In scrip to  enim  ,  v t a n t e ,  tr ian g u lo  in c ir c u lo , tria  
latera  aeq u a lia  sun t tre s  aequales c irc u li ch o rd ae , 
quae  proin de tres a rcu s aeq u a les  subtendent ,  ideo- 
q u e ,  S i  tres an guli aeq u ales su n t. E u id e n s  autem  
est ,  vn u m q u em q u e  an gu lu m  esse tertiam  partem  
g rad . 1 8 0 ,  h oc  est g rad . 6 0 .

C O R . I f .  In  tr ian g u lo  isoscele  aequales sunt a n 
g u li lateribus aequ alibu s oppositi ; 8i  con tra s i d u o  
an guli in tr ia n g u lo  a e q u a k s  s u n t ,  trian gu lu m  est 
isosceles. P a te t  v t in c o ro ll . praec.

P R O P .  I I I .  S i in  duokus tr ia n g u lis  tr ia  l a 
tera a equ alia  s in t  ,  tota tr ia n g u la  erunt aequa
lia .  S it  A B  =  ab ,  A C  -  =  ac  ,  B C  =  =  bc 
( F i g .  9 . ) .  E x  p un & is A  &  B  tam q uam  cen tris, 
describan tur a rcus F C G .  D C E  se inu icem  secan
tes in C . T ria n g u lu m  abe ita im p on atu r trian gu 
lo  A B C ,  v t  p u n d u m  A  conueniar c i m a ,  p un 
d u m  b c id e t  etiam  in  B  ; o b  A B  :£  — ab ,  &  
ob ac  A C ,  r e d a  ac  te rm in ab itu r in a liq u o  
p u n d o  arcus F > _ G . S im ilite r  ob bc =  -  B C ,  rec- 
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ta bc term inabitur in  a liq u o  p u n d o  arcus B C E ;  
q u ia  vero  re d a e  ac  ,  bc se m u tuo iu n gu n t in  c ,  
v traq u e  term in ab itu r In p u n d o  in tu rse d io n is  C . E r 
g o  ac  con gruet cum  A C ,  bc cum  B C ,  to tu m q u e  
trian gulu m  abc cum  tria n g u lo  A B C .

C O R . I  S i sit an gulu s A  ~  z: a ,  B  =  b ,  
C : : c j  &  latus A B  =  ab ; e rit  tr ia m g u lu m  
A B C  -  tr ian g u lo  abc. L a tu s  ab im p on atu r la te r i  
A B  ;  ob an gulu m  a i  A ,  &  1) :  B ,  ca d e t ac  
in  A C  ,  &c b c  in  B C  ; quare  la tera  d u o  ac  ,  b c , 
&  A C  ,  B C  in eodum  p u n d o  iu n gen tu r ,  h oc  e st , 
c  cadet in C ,  totu m qu e trian gu lu m  abc co n g ru et 
cum  trian gu lo  A B v ' .  E o d em  m o d o  com p u tati in 
ter se possunt la tera  d u o  ac  ,  A C  ,  q uae  resp o n 
den t an g u lis  aeq u a lib u s ,  &  d icu n tu r homologa. Q u a 
re aeq u alia  sunt trian gu la  d u o  ,  si an g u li vn iu s  ae
quales sint an g u lis  a lterius ;  S i  praeterea s i t r ia n 
g u la  lacus vn u m  h om ologum  aequ ale  habeant.

C O R . I I .  S i  d u o  trian gula  latera  d u o  habue
r it  aeq u alia  ,  &  an g u lo s  h is  lateribus in tercep tos 
a e q u a le s , to ta  trian gu la  e ru n t aeq u a lia . S i t  A C  n  
ac  ,  A B  -  ab ,  &  an gulu s A  =  a .  Im p o n a tu r  
latus A B  la ter i ab ,  &  latus A C  lateri a c  ;  o b  a n 
g u lo s  A ,  a  a e q u a le s , latera  illa  con gru en t. P r a e 
terea cum  sit  A C  — ac  ,  &  A B  =  .ab  ,  p u n c
tum  c  cadec in  C ,  &  b in  B  ;  a c  p ro in d e bc c o n 
g ru et cum  B C .

P R Q P . I I I I .  S id it o  tr ia n g u la  in aequ alia  ae
quales habent angulos  ,  ponaturque a n gu lu s vuus 
supra a lteru m  aequalem angulum  ,  itew qu e s ib i  
mutuo im ponantur la te ra  homologa  ,  quae aequa
lem  in vtroque tr ia n g u lo  angulum  comprehendunt, 
e r it  tertia m  latu s te rt io  la te r i  p a ra lle lu m .  P o 
n atur an gulu s D  ( F ig . i o . )  sup ra  an gulu m  a tq u a*
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lem  B  ,  latu  s I ) F  supra lacus h om o logu m  B C  ,  8c 
lacus D E  su p ra  lacus B A  itidem  h om o logu m  ; erit 
la tus F E ,  v e l fe  paralle lum  laceri A C . C u m  enim  
a n g u lu s f e B  aequ alis  sic a n gu lo  C A B ,  eric re<3> 
fe  re d a e  A C  p aralle la  ( p rop. 1 .  cap. 1 .  ) .  S i  ana 
g u lu s F  p ooerecur supra angulum  aequalem  C ; s i
m ili m o d o  d em o n stra tu r ,  red am  D E  esse re d a e  
A B  p ara lle lam . Id e m  d icen du m  d e  r e d is  F D  & B C .

V iceu e rsa  si per p u n d u m  f  pro arc ibrio  sum 
ptum  in  la tere  tr ia n g u li a g atu r  r e d a  fe  p a ra lle la  
re d a e  A C ,  aeq u ales sun t anguli B f e ,  B C A  ,  &  
B e f  j  B A C  ( loc . cic. ) .  T r ia n g u la  i l la  ,  q uae  an 
gu los habent re sp e d iu e  a e q u a le s , d icu n tu r s im ilia .

P R O P .  V .  Q u o dlib et polygonum  resolu i pot
est in  to t t r ia n g u la ,  quot sunt p olygo n i la te ra . 
E te n im  ex  p u n d o  C  in tra  p o lyg o n u m  (  F ig .  1 1 . )  
a d  sin gulos a n gu lo s  d u c i possunt r e d a e  ; euidens 
autem  e sc , Cot esse t r ia n g u la ,  q u o t p o ly g o n i la 
tera.

A l ia  ra tio n e  in  tr ian g u la  d iu id i possunt p o ly 
gona ( F i g .  i a . ) :  si nem pe ex  p o lygon i an g u lis  d u 
cantur to t r e d a e  ,  q uo d  d u c i p o s su n t ,  q uae  tam en 
se m u tuo non secenC. I l l a e  autem  r e d a e ,  quae ab 
an gulo  p o ly g o n i ad  alium  d u c u n tu r , d ia gon a les  v o 
catu r 5 pacet j  in  h oc  casu cot esse t r ia n g u la ,  q uo t 
latera p o lyg o n i , dem p tis duobus.

C O R . I .  S u m m a an gu lo ru m  p o lygon i aeq u a
lis  esc p ro d u d o  ex  18 0 .  g ra d . in  num erum  la te 
ru m  ,  dem peis d u o b u s , hoc e sc , dem ptis 3 6 0 . grad . 
E ten im  an gu li p o lyg o n i s im u l sum p ti aequales sunt 
an g u lis  om nibus tr ia n g u lo ru m  ,  in q uae  red u c
tum  est p o lyg o n u m  ,  dem peis a n gu lis  ,  q uoru m  
v e rtex  est in  C .  H o r u m  autem  an gu lo ru m  su m 
m a  est 36 0 . g ra d . (  prop. 1 .  cap . j .  ) .  S e d  to t sunt

trian -



tr ia n g u la ,  q u o t latera ; quare  sum m a o m n iu m  a n g u 
lorum  p o lygon i aequ alis  est produdt j  ex  18 0 .  g ra d . 
in num erum  laterum  b in ario  m u ld a tu m . Ita  si po
lyg o n u m  h abuerit septem  la te r a ,  sum m a an gulorum

est — 18 0  g i .  X  7  —  1  ~  =s 9 00 8 1'*

Id em  quoq ue eu id en s est ,  si p o lygon u m  per 
d iagonales in trian gu la  d iu id a tu r  5 e r it  enim  in  his 
trian gu lis  an gulorum  sum m a an g u lis  p o lyg o n i a e 
q u a lis  ; ac  proinde sum m a i l la  aeq u a lis  e st  produ- 
<fto t x  18 0  g r. in n u m erum  t r ia n g u lo r u m , hoc est, 
in n u m erum  laterum  p o ly g o n i,  d em p tis  duobus.

C O S .  I I .  P o ly g o n u m  q u o lib et reg u lare  c irc u 
lo  inscribi potest. D iu id a n tu r  in  d u as partes a eq u a 
les an gu li p o lygon i ( F ig . 1 1 ■) per r e d a s  A C  ,  B C ,  
D C ,  E C  ,  cet. r e d a e  illae  se m u tu o  secabunt 111 
C  ,  &  e ru n t in ter se aequ ales. E te n im  re d a e  A C  
&  B C  sibi occu rrcn tes in p u tid o  a liq u o  C  e ffic iun t 
trian g u lu m  A C B  , item q ue re d a e  B C  S i D C  a liu d  
e flb rm an t trian gulu m  B C D . S e d  tr ian g u la  illa  sunt 
a e q u a lia ,  nam  cum  an gu li p o lyg o n i reg u laris  a e 
q uales s i n t ,  &  b ifa riam  a e q u a lite r  d iu id a n tu r , ae
q uales su n t an gu li C A B ,  C B A  in te r s e ,  Sc a n 
g u li C B O  ,  C D B  ; praeterea a eq u a lia  sun t la 
cera A B  ,  B D  ; e rgo  iso sce lia  su n t ; &  aequ alia  
trian gu la  A C B ,  B C D  ( c o r .  a .  p rop. 3 . ) .  Q u are  
A C  D C  = : B C  ; &  prop ter la tu s  com m une 
B C  p u n d u m  in te rse d io n is  C  re d a ru m  A C  ,  B C  
cadet in  p u n d u m  in te rse d io n is  C  re d a ru m  B C ,  
D C .  Id e m  valet de a liis  r e d is  E C ,  F C ,  cet.

C O R . I I I .  R i d i i  e  cen tro  p o lyg o n i regu la - 
r 's  ad an g u lo s  d u d i  p o lyg o n u m  d iu id u n t  in  toc 
tr ian g u la  isoscelia  &  aeq u alia  ,  q u o t sunt p o ly g o 
ni latera  ; &  q u o d iib et p o lyg o n i la tu s  fit chorda

ar-
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a r c u s , qu i aeq u a lis  est q uo to  e x  grad ib u s 3 6 0 . per 
n u m erum  la tetu m  d iu is is . I ta  latus decagon i est a r 
cus g rad . 3 6 .

C O R . I I I I -  L a tu s  hexagon i reg u laris  c ircu lo  in
scrip ti aeq u a le  est c irc u li rad io . N a m  si ex  cen tro  
C  in  sex  trian gu la  d iu id a tu r  h ex a g o n u m , a eq u ila - 
tera sun t trian gu la  illa  ob rad ios C A  &  C B  a eq u a
les ,  &  an gulu m  A C B  s s  g ra d . 6 0 . Q u a re  sin
guli a n g u li C A .B  ,  A B C  sunt etiam  6 0 . g ra d . ,  ac 
proin de C A  — A B .

C O R . V .  Q u o d lib e t p o ly g o n u m  regulare c ir 
cu lo  c ircu m scrib i p o te s t , h oc  est ,  in tra  p o ly g o 
num  re g u la re  describ i potest c ircu lu s  ,  q u i s in g u 
la  tan gat p o ly g o n i la te ra . E ten im  cu m  la tera  po
ly g o n i reg u laris  c irc u lo  in scr ip ti totid em  sin t c h o r
dae aequales ,  ch o rd ae  illa e  a cen tro  a eq u a liter  d i
stant ( c o r .  1 .  p rop . 2 .  c a p . 1 . ) .  Q u are  si ex  cen 
tro C  agan tu r p erp en dicu lares C I ,  C K  ,  hae c h o r
das aeq u aliter d iu id e n t ,  a tqu e aeq u ales eru n t. E r*  
go per sin gu las p erp en d icu lariu m  extrem itates d e 
scribi p oterit c irc u lu s  ,  q u i sin g u la  p o ly g o n i la 
tera in  pun tto  m e d io  tan get {  c o r . 1 .  p rop . 3.

caP- a - )  , . ,
C O R . V I .  H in c  p o lyg o n o  reg u lari d ato  ,  c i r 

culus c ircu m scrib i potest. Q u a e ra tu r  polygon i c e n 
trum  :  q u o  in u en to  ,  c ircu lu s  fa c ile  c ircu m scri
b itur. Item  p o lyg o n o  r e g u la r i ,  c ircu lu s  fa c ile  in 
scrib itur in u en to  p o ly g o n i cen tro  : ad  latus a l i 
q u o d  d em itta tu r p erp en dicu laris  ,  h aec  e r it  c irc u 

l i  radius.
V iceu ersa  p o ly g o n u m  reg u lare  ,  c irc u lo  dato  

c ircu m scrib i potest. D iu id a n tu r  3 6 0 . g ra d . per d u 
p lum  n u m erum  lateru m  p o ly g o n i ,  sum ptoqu e a r
cu  i K ,  q u i s it  q uo to  a e q u a lis ,  p er extrem itates K
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&  i d u ca tu r rad iu s  C K ;  agaiurq u e re & a  in d eter
m in ata  C B  ,  ad p u ::itu m  K  erig a tu r perp en dicu 
laris  D K B  occurrens C B  in p u n ito  B ,  tra n sfe ra 
tu r K B  in K D ;  e rit  B D  latus p o ly g o n i q u aesiti. 
S im ili m o d o  in u en iun tu r a lia  la tera . V e l eciam  ra 
d io  C B  describatur c ir c u lu s ,  &  per totam  c irc u m 
feren tiam  tran sfera tu r ch o rd a  D B ,  atque in sc r ib a 
tu r p olygon u m  D B A C F E ,  q u o d  e rit  c irc u lo  d a 
to  c ircum scrip tum  ,  v t  p a t e t ; cu m  per c o n stru c 
tion em  to t habeantur tangentes aeq u ales ,  &  a eq u a
lite r  d iu isae in  p u n ito  c o n ta itu s , q u o t sun t la tera  
in  p o lyg o n o  quaesito .

S im ili co n stru itio n e  j  c irc u lo  d ato  p o lygon u m  
regu lare  in scrib itu r. D iu id a tu r  n u m erus 3 6 0 . grad . 
p er n u m erum  lateru m  p o lygon i q uaesiti ,  sum atu r 
in  c irc u lo  d i t o  a rcu s h u ic  q u o to  aeq u a lis  ;  ch ord a  
h u ius a rcu s e rit  la tus p o lyg o n i : tra n sfe ra tu r c h o r
d a  illa  per to tam  c irc u m fe r e n t ia m , h abebitur p o 
ly g o n u m  q uaesitu m .

H ic  autem  d ilig e n te r  ob seru an du m  est ,  per 
G e o m etria m  e lem en tarem  3 c irc u lo  inscrib i posse 
d u m ta x a t trian g u lu m  a eq u ila teru m  ,  q u a d ra tu m , 
p en tagon u m  ,  pentedecagonum  ,  h o c  est ,  f ig u 
ram  q u in d ecim  lateru m  :  &  p o ly g o n a  reg u laria , 
in  quibus n u m erus la teru m  ,  se  habet in  progres
s ion e  geom etrica  d u p la . I t a  trian gu lu m  aeq u ila te- 
ru n i praebet p o lyg o n a  re g u la ria  laterum  6  ,  1 a ,  
2 4 i  4 ®  3 c e t- qu ad ratu m  praebet p o lygon a la te 
rum  8 ,  1 6 ,  3'a ,  64 ,  cet. E x  pentagono oriun 
tu r  p o lygon a laterum  i o ,  a o ,  4 0 ,  8 0 ,  ce t . T a n 
dem  ex  p en tedeeagon o oriu n tu r p o lyg o n a  la terr i.i 
30  3 6 0 ,  10 0  3 2 4 0  ,  cet. A l i a  p o ly g o n a , v t  E p -  
tago n u m  ,  E n n eago n u m  ,  E n d ecago n u m  ,  cet. d e
s c r ib i non p ossunt g e o m e tr ic e , n is i per co n stru itio -

netn



nem aequationum  ,  quae a d  su b lim iorem  grad u m  
assurgunt.

S C H O L . C u m  p olygon u m  regu lare  c irc u lo  in-
s p i b i ,  &  circum scrib i p ossit ,  q uo m aio r est in p o- 
ly g o n o  in s c r ip to , vel c ircum scrip to  lateru m  num e
r u s ,  eo  m agis p olygon u m  ad  c ircu lu m  acced it. I t a 
que au g eatu r num erus laterum  p o lyg o n i in in fin i
tu m , ita  v t  d ifferen tia  in ter p o ly g o n u m , &  c irc u 
lum sic data  quauis d ifferen tia  m in or-; iam  c irc u 
lus con siderari potest tam quam  p olygon u m  regula
re ,  ex  lateribus n u m ero innuitis ,  &  in fin ite  paruis 
com positu m . H a e c  c ircu li con sid eratio  ,  p en d et e x  
prin cip io  om n in o  eu id en ti. S i  nem pe du aru m  quan- 
titarum  A  &  B  d ifferentia s it  q u alib et assign abi-
li m in o r ,  q uan titates i l la e  v e lv t  aequales haberi d e
bent. E ten im  p on atur ite r  illa s  q uan titates d ifferen 
tia aliqua d a ta  ,  iam  quan titatum  illa ru m  differentia  
non est q ualibet assignabili m in o r ,  q uo d  est con 
tra h y p . Q u a n tita s  a u te m ,  q uae  ad a liam  accedit 
pro d ifferen tia  q ualibet data  m in o ri ,  h u ius a lte 
rius q u an tita tis  lim es app ellatu r. M eth o d u s  autem  
illa  v o ca tu r m eth odu s Exhaustionum  ,  seu p rim a 
rum ,  8c vItirnarum  ra tio n u m . H sn c  m eth od u m , 
quam  fu siu s  exp licab im u s in prim a parte P h y -ic e s , 
vbi serm o erit d e  exten sio n is  d iu is ib ilita te  ,  in p ro 
x im o C ap ite  ,  quan tu m  h a& en u s nobis satis e s t ,  bre- 
ititer expon em us.

G E O M E T R IA E . i z »
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C A P V T  IIII .

D i limarum ratione , seu de limis pro
portionalibus.

PR O P .  I .  I n  tr ia n g u lis  s im ilib u s  acb  ,  A C B  

C P ‘S- 1 3 *  &  1 4 .  )  la te ra  homologa sunt p r o 
p o rtio n a lia . P o n a tu r  ab pars d im id ia  re fta e  A B ;  
n a n p e  sit A b  aeq u a lis  redtae ab ,  agatu rq u e  c g  p a
ra lle la  re d h e  A B  ; erit cg  — b A .  Q j o i  eu id en s est 
e x  lin earu m  p aralie lism o ; d u d li  e n im  lin ea bg  ,  e rit  
ob  an g u lo s  inter p ara lle las  aeq u a les  ,  &  ob latus 
com m un e bg  ,  trian gu lu m  bcg aequ ale  tr ian g u lo  b g B , 
&  lacus cg  — b B  (  c o r . i .  p r o p .3 .  c a p .p ra ic  ^ E r 
g o  cg  =  u B  c  A b . P ra e te re a  trian gu lu m  C c g  ae
q u a le  esc trian gu lo  c A b  ( lo c o  c ic .) . E r g o  C c  -■  A c ,  
&  C g  = : cb  =  g B  Q u a re  A c ,  vel C c e r it  pars d im i
d ia  redi ie A C  ;  s icu t cb esc pars d im id ia  re d h e  C B .

S i ab sic cercia ,  v e l quarca ,  auc quaelibec a lia  
pars re d h e  A B ,  s im ili m odo eu id en s e s t ,  redtas 
a c  &  cb  esse cerciam , q u a rta m ., ce t . partem  r e c 
taru m  A C  ,  C B .  E te n im  ex  d iu is ion u m  p u n itis  b , 
f  in  redta A B  d u can tu r bc ,  f h  , cec. red h e  B C  
p a r a lle la e , &  ead em  ratioc in atio n e patet ,  trian g u 
la A c b ,  c h g ,  h C i ,  cec. aeq u alia  esse tr ia n g u lo  a c b , 
seu trian g u lo  A c b .

S i redta „ b  accu rate  non con tin eatu r in  A B ,  
sed cum  fraction e  a liq u a  ,  E .  G .  bis cu m  d im i
d io  ; s im ili ration e  ac  bis cum  d im id io  con tin e- 
bicur in A C  ,  &  bc in  B C .  E te n im  fadtis  d u o 
bus tr ian g u lis  A c b ,  ch g  aequalibus tr ia n g u lo  acb, 
in te r p aralle las h f ,  &  C b conscrui p oteric  trian gu 

lu m
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lum  h C i ,  cu ius latera  erun t d im id ia  pars la teru m  
trian guli c A b  ; q u o d  est e u id e n s , cum  s it  f B  pars 
d im id ia  redtae A B  ( p e r h y p . ) s  &  redta ih  aeq u a
lis  redtae f B  ob paralle las h f  &  C B .

T an d em  ponam us in  trian gu lis  A C B  &  h C i 
re fla s  A B  &  ih esse in te r se incommensurabiles'. 
diu isa  in celligatu r redta ih  in  partes i o o ,  iam  rec
ta A B  certu m  con tin ebit p artiu m  n u m erum  cum  
a liq u o  residu o 3 cum  lineae illa e  sin t in com m en 
surabiles. R u rsu s  redta ih  d iu isa  fingatur iu  partes 
10 0 0  ,  certu m  earum dem  p artiu m  n u m erum  c o n 
tinebit redta A B  ,  sed  c u m  r e s i d u o ,  q u o d  p rio 
ri re sid u o  m inus est : a tqu e ita deinceps m inus p er
petuo fiet re s id u u m ,  q uo p lu res e ru n t partes. Q u a 
re p on atur p artiu m  n u m erus in fin itu s ,  iam  resi
du u m  fit n u llu m . E r g o  gen eratim  trian gu la  quae
lib et s im ilia  3 la tera  h om o loga  habent p rop ortio *  

nalia.
C O R . N u m e ru s  q u ilibet partium  in  C B  erit ad 

n u m erum  p artiu m  in  C A ,  in ter easdem  p aralle 
la s  ; v t n u m erus q u ilib et a liu s  p artiu m  C B  ad  nu
m erum  p artiu m  in  C A  in te r easdem  paralle las. 
E ten im  C h  s h c  r s  C i : im  ,  &  C h  : C i =  hc: 
in i. Ite m  hc : c A  ~  im  : m B  ,  &  h c  :  im  =  c A :  
m B . E r g o  C h  : C i s  h c :  im  = : c A : m B . Q a a -  
re C A  esc ad  C B  3 v t  num erus q u ilib et p artiu m  
in  C A  ad  n u m erum  3 aequalium  partium  in  C B .

P R O P .  I I .  D u o tr ia n g u la  3 in  quibus l a 
tera honwloga sunt pro po rtion a lia  ,  aequi a n su 
la  sum . S i ( F i g .  'O . )  p onatur A C :  B C  =  F E :  
F D  ,  &  A C  : A B  s  F E  : E D  ,  aeq u ian gu- 
la  erunt trian gu la  A B C  &  E D F .  N a m  si super 
E F  con struatur trian gu lu m  F G E  tria n g u lo  A B C  
aeq u ia n g u lu m ,  f a f lo  scilice t a n gu lo  G E F  K  B A C ,
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&  an gulo  G F E  s  A C B  , &  a n g u lo  F G E  -  C B A ;  
e r it  A C  : B C  = ; F E  : F G  : sed  (  per H y p .)  A C : 
B C  s  F E :  F D ;  ac proin de F D  ~  F l i .  S im i
lite r  ob trian gu la  A B C ,  F G E  s im ilia  ,  e r it  A C :  
A B  -  F E  : E G  : sed  (  ex  H y p . )  A C  : A B  s  =  
F E  : E D  ; e rg o  F E  , E G  “  — F E  : E D  ; ac  p ro
in d e E G  s s  E D .  Q u a re  tr ian g u la  d u o  F E D  &  
F E G  aeq u ian gula  sunt ,  &  a eq u a lia  ,  ob latus 
co m m u n e  F E  , &  la te ra  F D  ,  F G  ,  &  E G  ,  E D  
a eq u a lia  (  prop. 3 .  cap. p raec . )  S e d  (  per c o n str . )  
trian gu lu m  F G E  tr ia n g u lo  A B C  e st  aeq u ian g u lu m ; 
e rgo  trian gu lu m  F E D  ip si q u o q u e  est aeq u ian gu 
lu m .

C O R . I .  S i in tr ia n g u lis  A B C  &  E D F  sit an 
g u lu s  D  3  3  B  ,  &  praeterea D E  : D F  = : B A :  
B C  ; e rit  trian g u lu m  E D F  tria n g u lo  A B C  a e 
q u ian g u lu m . N a m  sup er A B  cap ia tu r B e  s  D E ,  
d u catu rq u e e f  p arallela  re & a e  A C  ; tr ia n g u la  A B C  
&  e B f  su n t aeq u ian gula  ,  cum  ob p ara lle lam  e f  
an gulu s f e B  ts  A ,  e f B  =  =  C }  &  o b  an g u 
lu m  B  com m un em . E r g o  B e  : B f  =  s  B A  : B C .  
S e d  (  ex  H y p . )  D E  : D F  — B A  : B C ,  ergo  
B e  : B f  ~  — D E  : D F  ; a t  B e  — D E  ;  ergo  
B f  ~  &  D F  i ac  proin de d u o  trian gu la  B e f  ,  D E F  
sun t a e q u a l ia ,  &  sim ilia  ; sed B e f  est tr ia n g u lo  
B A C  aequ ian gulu m  ,  ergo  trian g u lu m  E D F  est a e 
qu ian gu lum  tria n g u lo  A B C  ,  ac p ro in d e gen eratim  
trian g u la  ,  q u o ru m  la tera  du o h om o loga  ,  c irca 
aequalem  a n gu lu m  sunt p ro p o rtio n a lia  ,  sunt ae- 
q u ia n g u la .

C O R . I I .  S i retfta A D  ( F i g .  r ? .  ) a n g u lu m  
B A C  b ifa riam  ,  &  a eq u a liter d iu id a t in tr ia n g u 
lo  B A C  ; ead em  redta latus opp ositum  B C  d iu i-  
d it  quoq ue in  d u as partes B D  &  D C  la terib u s A B

&
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&  A C  p ro p o rtio n a le s . E te n im  p ro d u & a  re d a  C A  
in E  ,  per p u n d u m  B  a g a tu r  B E  re d a e  A D  pa
ra lle la  : trian gu la  E C B ,  D A C  erun t s im ilia  ( p r o p . i . )  
ac p ro in d e B D  : D C  =  =  A E  : A C  }  sed c b  p a
rallelas a n g u lu s  B E A  — =1 D A C  D A B  ~  
A B E  ; ergo  trian g u lu m  B A E  est isosce le  ( c o r .a .  
p rop. a .  cap . p raec . ) ; quare  A E  = : A B  : id eo q ue 
B D  : D C  -  A B  : A C .

C O R . I I I .  S i  ex  a n g u lo  re d o  A  trian g u li re -  
d a n g u li B A C  d e m itta tu r p erp en dicu laris  A D  in  ba
sim B C  j  quae a n gu lo  r t d o  im m in e t ,  &  hypothe- 
nusa d ic itu r  ;  baec d iu id e t  tr ia n g u lu m  in  duo a lia  
trian gula  B A D  ,  D A C  in te r se ,  &  trian g u lo  B A C  
sim ilia . E t  q u id em  t r ia n g u la  B A D  ,  D A C  prae
ter an gulu m  r e d u m  h ab en t quoq ue cum  trian gu lo  
B A C  a n gu lu m  com m u n em  : ac  p ro in d e  sim ilia  sunt 
inter se 5 8c to ti tr ia n g u lo . H in c  B D  : D A  = : D A :  
D C  ,  &  B D  :  B A  s= B A  : B C  ,  ac  tan dem  D C : 
C A  =  C A  : C B .

C O R .  I I I I .  D u m  fit B D  : E A  a  B A  : B C

erit B A 2  c  B D  X B C  (  ob p ro d u d u m  m e d io 

rum  aeq u a le  p ro d u d o  e x tr e m o r u m ) . S im ilite r  cu m  

sit D C  :  A C  -  A C : C B  ,  e rit  A C *  -  D C  X  

B C :  E r g o  C A 2  t  A C a  s  B D  X B C  - +  D C  X 

B C  s  B D  f  D C  X  B C  s= B C  X B C  =  B C 4 .

Q u are  q uad ratu m  h y p o th e n u sa e  in  triao g u lo  r e d a n -  
g u lo  aeq u ale  est q u a d ra tis  lateru m .

C O R .  V . D ia g o n a lis  q u a d ra ti est lateri i n 
commensurabilis. C u m  enim  d iag o n a lis  } sio h y -  
pothenusa trian g u li re d a n g u li , cu ius latera  sunt 
aequ alia  ,  qu ad ratu m  d iag o n a lis  aequ ale  est d u p lo

q u a -
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q u a d ra to  la teris . S e d  n um eris exprim i lion  pot
est rad ix  q uad rati d u p li ( ex  dem on stratis  in A -  
r i t h m e t ic a ) .  E r g o  s i la tus q uad rati num eris ex
p rim atu r j  exp rim i non p o te r it  d iag o n a lis  ,  &  

c on tra .
C O R .  V I .  P e rp e n d icu la ris  E O  ( F i g . i 6 . )  ex 

c ircu m feren tia e  c irc u li p u n ito  q uo libet in  d iam e 
trum  d e m iss a , e tt m td ia  p rop ortio n a lis  in ter duo 
segm enta C O  &  O L  ; nam  si ex  p u n d o  E  ad  d ia
m e tr i extrem itates agan tu r re d a e  E C ,  E L ; trian 
g u lu m  C E L  est re d a n g u lu m  in E  ,  a c  p ro in d e

C O  : E O  =  E O  :  O L  ; &  E O 2  = C O X  O L .

R e d a  perp en dicu laris  E O  ,  d ici solet o rdin ata  ;  ab
sc issa  autem  vo catu r pars C O  d iam etr i inter per- 
p e n d ic u la re m ,  &c c ircum feren tiam  com prehensa.

P R O P .  111 . S i  du cantur in circulo  chordae 
du ae  B C  &  D A  ( F ig .  1 7 . )  se mutuo secantes 
in  E  3 chordarum segm enta erunt reciproce p r o 

p o r t io n a lia .  S i en im  d u can tu r B A  &  C D  ,  tr ia n 
g u la  B E A  &  D E C  sunt s im ilia  ,  ob an gulos in 
E  aeq u ales ,  a tqu e o b  an gulos C  ,  A  ,  &  B  , D  
iisd em  arcubus subtensos. Q u a re  A E  : B E  3  C E :  
D E .

C O R .  I .  S i duae lineae E B ,  E C  ( F i g  1 8 . )  
ex  eodem  p u n d o  e x tra  c ircu lu m  d u d i e  ,  ad  su
perficiem  concauam  term inentur ,  partes externae 
E A  j  E D  r e d is  in tegris  E B  ,  E C  su n t reciproce 
p rop ortio n a les . D u d is  en im  ch o rd is  A C  , D B 3 
tr ian g u la  E B D  ,  E a C  s im ilia  sunt ob angulum  E  
com m un em  ,  &  an gulos B  ,  C  eodem  arcu  A D  
subtensos : E r g o  E A  :  E D  =  E C  : E B .

C O R -  I I .  S i  r e d a  E B  sit secans ,  a ltera  au
tem- E d  ta n g e n s ;  e rit  E B  : E d  es E d  : E A .  N am

du-
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d u d is  d B j d A ,  sim ilia  erun t tran g u la  E d B ,  E d A  
o b  an gulu m  E  com m un em  ,  &  ar.g u lo s  E B d  ,  A d E  
a eq u a le s ,  q u o ru m  c o m m u n is  m en su ra  est d im id iu s 
arcus A d  ( c o r .  3 .  p ro p , 4 . cap . 1 .  ) .  E r g o  an gu 
lus d A E  ^  E o B  3 ac  proin de E B  : E d  E d :  
E A  ,  h oc  est 5 tan gen s e st m edia p rop ortio n alis  in 
ter r e d a m  totam  E B  3 &  p artem  externam  E A .

C O R .  I I I .  H in c  fa c ile  d iu id itu r r e d a  data b i
fa ria m  j  ea  c  o n d ition e  ,  v t  m a io r  pars s it  m edia  
p ro p o rtio n slis  in ter to ta m  r t d ; .m  ,  &  eiusdem  re 
d a e  p a r t im  alteram . N a m  ( F i g .  1 9 - )  sup er da
ta e  r e d a e  A B  extrem ita tem  e rig a tu r  p erp en dicu la, 
r is  A E  d im id ia e  A B  aeq u a lis  ,  &  cen tro  E ,  ra
d io  A E  d escr ib atu r c ircu lu s  D A F .  D e in d e  per B  
8c E  ag atu r r e d a  B F  5 &  cen tro  B  3 rad io  B D  
describatur a rcu s D C  ; h ic  o ccu rre t r e d a e  A B  in  
p u n d o  q u a e sito . E te n im  ob tan g en tem  B A  erit 
B F  i B A  B A  : B D  ;  ac  proin de B F — B A :  
B A  ^  —  B A  —  E D  : B D .  Sed  B E  —  B A  

' B D  ;—  ■—  B C  ; cu m  sit  F D  £ =  B A  
vtpote d u p lae  ip siu s  E A  ,  quae est d im id ia  r e d a e  
A B  S im ili m o d o  B A —  B D  A C ;  e rgo  sub
stitu tion e f a d a  ,  B C  : B A  p n  A C  : B C  ,  vel B A :  
B C  ■— • —  E C  : A C .  In  hoc c o ro lla r io  con tin e
tur p rrb lcm a 3 q uo d  h is  v e rb is  prop on ere  so len t G e o -  

•m e tra e : rectam d iu id e r e  in  m edia  ,  &  extrem a ra 
tione.

A l ia  e tiam  problem ata  proponi s o le n t ,  qualia  
sunt. T ribu s d a t is  retis , quartam proportionalem  
itiutn ire. I n t e r  ditas re e la s ,  in ven ire  m ediam  p ro -  
p ortiona lem . S e d  h aec m an ifesta  sunt ex  praece

dent ibus.
I R O P .  I I I I .  S i  du ae f g u r a e  S im ites  in tr ia n .  

g u la  t/icutnqite d iu id a n tu r p e r  d ia gon a les  ex an-
g u -



g u lis  homologis ductas  ,  tr ia n g u la  homolaga erunt 
s im ilia .  E ten im  sin t d u o  p o ly g o n a  A B C D E  &  
F G H I K  (  F ig .  a o . ) in qu ibu s an gulu s A  = j — F ,  
B  =  G ,  C  =  H ,  I )  ~  I ,  E  =  S  K  , s itque 
praeterea  A B  : F G  — — B C  : G H  rs  — C D  : H I
— D E  : 1K  =  =  E A  :  K F  : d u it is  d iago n alibus 
A C  , A O  3 F H  3 F I  ; s im ilia  erun t trian gu la  A B C 3 
F G H ,  &  A C D  ,  F H I  ,  atque A D E  , F I K .  N a m  
cu m  an g u li B  &  G  aequales s i n t ,  &  lateribus p r o 
p ortio n alib u s c o m p re h en si,  s im ilia  e ru n t tr ian g u la  
A B C  , F G H  ,  Sc A D E ,  F I K .  Ita q u e  an gulus B A C  
s= G F H  3 D A E  =  =  I F K .  E r g o  B A E  —  B A C
—  D A E  =  =  C A D  a  =  G F K  —  G F H  —  I F K
—  H F I .  Ig itu r  an gulus C A D  s= =  a n gu lo  H F I .  S i 
m il i  m odo o s te n d itu r ,  au g u lo s  A C D  ,  F H I ,  &  
A D C ,  H I F  aequales esse. Q u a re  tr ian g u la  A C D  
&  F H I  sunt acqu ian gu la .

V ic eu e rsa  du ae fig u ra  q u aelibet s im iles  sun t 3 si 
in  tr ian g u la  a eq u ia n g u la  re so lu i possin t. N a m  ob 
an gulos aeq u ales in tr ian g u lis  aeq u ian g u lis  a e q u a 
les sun t an gu li h om o log i in  vn aq u aq u c figu ra . Q u a 
re  cum  latera figu rarum  sine trian gulo ru m  aeq u ian - 
gu lo ru m  latera  p ro p o rt io n a lia , figurae s im ile s  sunt.

C O R .  I I I I -  S i  d iu id a tu r B C  in  L  ,  latusque 
h om ologu m  G H  in M  in eadem  ra tio n e  ;  ita  v t 
s it  B C :  G H "  L C : M H . D e in d e  s i d u can tu r r e 
d a e  d u ae  ad arb itrium  L N  &  M O  3 quae an gu 
lo s  C L N ,  H M O  aequales e ffic ian t 3 v e l q uae  d i-  
u id an t latera  h om o loga  E D  8c K I  in eadem  r a 
t io n e  ;  ita v t sit E D  : K I  — D N  : IO  ; e rit  
L N : M O  =  C D  : H I  =  B C  : G H  , cet. N a m  
d u ft is  N C  &  O H  ,  trian gu la  N C D  ,  O H I  s im i
lia  sunt ob angulos D  ;  1  aequales la terib u s p ro-

p or-
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prop ortion alibu s N C  , D C  , S c O l ,  I H  com p reh en 
sos. Q u a re  C .D  : H i  ~  C N  : H O  , &  an gulu s 
D C N  =3 1H O . S i ergo an g u li illi  a u fe ra n tu r ex  
an gulis  aequ alibu s D C L  ,  I H M  ,  rem anebunt a e 
quales an g u li N C L ,  O H  A I : ac  proin de trian gu la  
N C L ,  O H M  s im ilia  s u n t :  id eo q ue L N  :  A IO  a  
L C  : A IH  ~  B L  : G H  — C D :  H I , ce t . Q u a re  
g en eratim  si in  d u ob u s p o ly g o n is  s im ilibu s d u can 
tur lineae ,  q u a e  d iu id a n t latera  h o m o lo g a  ,  vel an 
g u lo s  h om o logo s in  ead em  r a t io n e , lin eae  illa e  erun t 
p rop ortio n a les  in ter se ,  a tqu e  e tiam  eoru m d em  p o 
ly g o n o ru m  lateribus q u ibu scum q ue h o m o lo g is .

S C H O L . L in e a ru m  ration em  ia m  c on sid erau im u s 
in  quan titatibus f in it is ; su p eres t , v t p au ca , quantum  
nobis necesse e s t ,  exp licem u s d e  ra tio n e  q u an tita 
tum  ,  quas in fin ite  m agnas  ,  &  in f in ite  paruas  
app ellan t. E t  in  p rim is  q u id em  o b su u an d u m  est, 
n u llam  quan titatem  in  se spedtatam  ,  &  s in e  n o 
stro co g ita n d i m o d o  a u t in fin ite  p aru am  esse ,  aut 
in fin ite  m agn am  ,  sed  m ag n itu d o  q uaelibet in se  d e 
term in ata est. E t  q u id em  d ata  q u au is  m a g n itu d i
ne ,  v tcu m q u e  p a r u a ,  v e l v tcu m q u e  m agn a ,  a lia  
sem per m in o r in  p iim o  casu  ,  &  a lia  sem per m a 
io r  in  casu  a lte ro  haberi potest. N o b is  en im  licet 
quan titatem  e x ig u a m  ,  vel in gen tem  co n sid e ra re , 
p rim am q n e m in u e r e , a lteram  a u g e r e , abstrah en do 
anim um  a  q u o u is  lim ite  determ in ato  ; p riorem  
q uantitatem  d ic im u s  in fiu itesim um  ,  v e l in fin ite  
paruam  ; q u an tita tem  alteram  appellam u s in fin i
tam  ,  v e l in fin ita  m agnam  ; ration em  ,  quam  d u ae  
q uan titates fin itae habent ad  se in u icem  ,  rationem  
fin ita m  v o ca m u s. P a te t  autem  ,  d iu ersos  es e  in 
fin ito ru m  ,  &  iftfin itesim orum  ord in es ; licet enim  
m a g n itu d o  a liq u a  con cip ia tu r in fin ita  ,  v e l in fifti-

T o m .lII. Gco/n. I  te-
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tesim a : sem per tam en q u a n tita s  m a n e t ,  ac  p ro in 
d e  v itra  q uo scu m q u e lim ite s  au geri potest &  m i- 
n tii. S i  quan titatem  a liq u a m  finitam  ,  v it ra  q u o s- 
cn m q u c lim ite s  m in u i con cip iam u s 3 han c d icim us 
in fin itesim am  o rd in is  p r im i.  S i  au tem  quan titas 
a lia  ad han c in fin itesim am  habeat ration em  ,  quam  
ipsa in fin itesim a habet a d  quan titatem  h an c ,  d ic i
m us in fin itesim am  secandi o r d in is ,  &  ita  deinceps. 
V ic e u e rsa  ,  si q uaedam  quan titas s it  a d  finitam  q uan 
titatem  ,  v t q uan titas fin ita  ad  in fin itesim am  o r d i
n is  p rim i ,  eam d icim u s in fin itam  o rd in is  -primi ; &  
it a  d ein ceps sup eriores in fin itoru m  o rd in es in te lli-  
g e re  l ic e t . E x e m p lu m  s it  in  c ir c u lo ,  cu iu s  d ia m e 
ter est ad ch o rd am  5 v t est ch ord a ipsa ad  abscis
sam  ; ac  proin de si fin g atu r ch ord a  in fin ite  p arua 
p rim i o r d in is ,  e rit  abscissa in fin itesim a o rd in is  se 

cun d i.
E x  his patet ,  ca lcu lo  su b iici posse q u an tita 

te s  in fin itas &  in fin itesim as. In fin itu m  hac nota ex
prim i so le t ° 3 . Q u a re  n u m ero ru m  series in fin ita  
h o c  m o d o  repraesen tari potest o . i .  i .  3 . 4 . 
5:. . . . o-,. P a r i m o d o  q u a n tita s  q u aelibet fin ita  
c o n c ip i p otest d iu isa  in  partes perp etu o decrescen
te s  ,  d o n ec  p eru en ia tu r ad  quan titatem  in fin itesi
m am . T a lis  e st  series  , 1 1 1 1 1  1

i - a - 3 - 4 «  y . . .

E u id e n s  autem  est ,  q uan titatem  infinitam  fin itae 
q u a n tita tis  a d d itio n e  ,  v e l su b tra ftio n e  m a io re m , 
v e l m inorem  non fie ri ; cum  fin ita  quan titas ad 
q uan titatem  in fin itam  ration em  habeat q u alib et da
ta  m in o rem  : s im ili ra tio n e  ,  q u an titas  infinite 
p arua quan titatem  fin itam  a u g e re  ,  vel m inuere 
n on  potest. Ita q u e  “  c  “  ^  1 ,  &  1  :  i  ^
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1 .  E o d e m  m o d o  s i d iuersi in fin ito ru m  o rd in e s  per 
Ec •

d iuersos exponentes designantur ,  e rit  ^  a

00 — eo a  3 Zl" 1 — » V eru m  si quantitates 
CO M  5 .

eiusdem  gen eris  con sideren tur ,  s iu e  in fin itae  ,  s iue 
in fin itesim ae ,  ex  n otio n e  quan titatum  illa ru m  m an i
festum  e s t ,  eas non secus ac  q uan titates finitas tra & a -  
ri d e b e re ; p robe en im  record an d u m  est , quantitates 
illas non abso lu te  ,  sed  re la tiu e  d u m ta x a t ,  &  secu n 
dum  nostru m  con cip ien d i m o d u m  esse in fin ita s ,  v e l 
in fin itesim as.Q uare c o n -  < » = a c e ; i X 3 O 3 = : 3  0oj

a , 2 a  
3 ;  X 1  «o X --------= = ---------;  co X  00 — co a ;

CO S3

1  I  CO a

E x  h is m u lta  co llig e re  est.
Q u an tita tes  in fin itae  v e l in fin itesim ae eiusdem  

ord in is a d d u n t u r ,  ve l su btrah u n tu r non s e c u s , ac 
vu lgares quan titates. Q u a n tita s  in fin ita  prim i o r d i
nis per q uan titatem  in fin itam  eiusdem  ord in is  m u l
tip licata  p ro d u c it quan titatem  in fin itam  o rd in is  se
cu n d i. A t  qn an titas in fin ita  o rd in is  cu iuscu m q u e 
per q u an tita tem  fin itam  m u ltip lic a ta  p ro d u c it q u an -

I  a  ti-
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tita tem  in fin itam  eiusdem  o r d in is .  E t  generatim  
q uantitas in fin ita  cu iu su is  o rd in is  per a liam  q u a n 
titatem  ord in is  cu iuscu m q u e m u lt ip lic a ta  euehitur 
ad illu m  in fin iti g r a d u m , c u iu s  exponens est ipsa 
expon en tium  sum m a. C o n tra r ia  autem  r a t io n e ,  si 
q u an titas  in fin ita  o rd in is  cu iu scu m q u e  per q u a n ti
tatem  in fin itam  o rd in is  cu iuslibet d iu id a t u r ,  ha
b etur q u an titas  ,  c u iu s  g ra d u s design atu r p er ip 
sam  expon en tiu m  d ifferen tiam . A t  si quan titas in- 
fin itesim a cu iu slib et gradu s p er quan titatem  infini- 
tesim am  ord in is  cu iu scu m q u e  m u ltip lic e tu r  ,  a u t d i-  
u id a tu r ; in p rim o casu  q uan titas in fin itesim a ad eum  
dep rim etu r g r a d u m , qu i p er expon en tium  sum m am  
e x h ib e tu r : in  casu  autem  a ltero  quan titas in fin i- 
tesim a ad  eum  g rad u m  eu e h itu r ,  q u i p er ipsam  ex
pon en tium  d ifferen tiam  repraesen tatu r ,  ita  vt q uan 
titas in fin itesim a per d iu is ion em  fie ri possit fin ita , 
a tqu e etiam  in fin ita . H aec  pauca d id a  sin t d e  p r i 
morum  ,  fe? vltim aru m  rationum  m e t h o d o , quam  
q u id em  ad m eth o d u m  exhaustionum  reu o cari pos- 
se in te llig itu r.

A P P E N D I X ,

D e  proportionum vsu in triangulorum reso
lutione , siue de Trigonometria.

I .  T 7 - X  lin earu m  p ro p o rtio n e  tota pendet T ri
ti i  gonam etria  ,  quae  e st ars resoluendi 

tr ia n g u la . In  tr ian g u lo  autem  sex partes considera
ri p o s su n t , nem pe tres an gu li ,  &  tria  latera . Huc 
au tem  re fe rtu r  T r ig o n o m e tr iae  praxis ,  v t  d atis  tr i
bus ex  sex  partibus t r ia n g u l i ,  p artes re liq u ae  inue-

nian-



n ian tu i': ac  p ro in d e  tres partes d atae  ,  con stituere  
debent tres prim o s p rop ortio n is te rm in o s ,  S i  te r
m inus q u artu s e rit  pars q u a e sita . V e ru m  q u ia  la 
tera  tr ia n g u li expressam  ration em  non habent cuin  
a n g u lis ,  q u o ru m  m en su ra  sun t a rcus c i r c u l i ;  a n 
gulis ,  v e l arcub us c irc u li substituuntur lineae re c 
tae ,  q uae  arcus illo s  exh ib ean t ,  &  trian guli la te
ribus prop ortion ales s in t. H aru m  lin earu m  defin itio 
nes afferem us ,  &  p rop rie tates  dem o n strab im u s.

S i t  an g u lu s q u ilib et A C B  ( F ig .  n .  ) ,  ex  c u 
ius v e rt ic e  C  , tam q uam  cen tro  ,  &  ra d io  ad a r 
bitrium  sum p to  describatur c ircu lu s  A H a G .  P r o 
du catu r A C  in a  ,  erigatu rq u e in C  p erp en dicu 
laris C H  ; eu id en s e s t ,  an gulu m  B C H ,  vel arcum  
H B  esse complementum  a n gu li A C B  ,  v e l  arcus 
A B  ,  an g u lu s B C a ,  v e l  a rcus B  i est supplem en
tum  a n g u li A C B  ,  vel a rcu s A B  ,  &  v iceu ersa  B A  
est complementum  ip siu s H B ,  &  supplem entum  ip 
sius a B .  R e f la  B D  ex  ra d ii ex trem itate  B  ad  ra
dium C A  p erp e n d icu larite r  d u d a  d ic itu r  sinus  a r 
cus A B  ,  v e l an gu li A C B .  R e d a  A E  ex  rad ii e x 
trem itate A  p erp en dicu lariter d u d a  &  rad io  a lte r i 
occurrens in E  v o ca tu r ta n gen s  arcus A B ; re d a  
autem  B E  eiusdem  arcus secans  ap p e lla tu r. P a rs  
A D  r a d i i  in te r a r c u m , 8c s in u m  com preh en sa d i 
citur sinus versus  a rcus A B .  P erpen d icu laris  B I  d i 
citur sinus com plem enti a rc u s  A B  ; perp en dicu la
ris  H IC  tangens com plem enti ,  &  H I  sinus versus 
complementi arcus A B .  C o m p e n d ii ergo  sinus co m 
plem enti j  tan gen s c o m p le m e n ti, cet. d icu n tu r Co- 
sinus  , Cotaugens  ,  Cosecans  ,  Cosinus versus. 
B reu itatis  causa  scrib u n tu r R  p ro  r a d io ; sin . pro 
s in u ;  tan g . p ro  ta n g e n te ; sin . v . pro sinu  v e rso .

I I .  E x  his defin itio n ibu s m u lta  co lligu n tu r

G E O M E T R IA E . r  3 ?
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i °  S in u s ,  cosinus 3 ta n g e n s ,  cotan gen s 3 ce t . an
g u li "obtusi B C i  sunr etiam  sin us ,  cosinus ,  cet. 
an gu li acuti A C B  ,  qui est a n g u li obtusi su p p le 
m entum . N a m  ex  ra d ii a lte rv triu s  ex trem itatib us 
B j  v e l  a d e m itti non potest p erp en dicu laris  ,  q uae  
n on  cadat in rad iu m  alteru m  p rod u d h im  ; tales sunt 
p erp en dicu lares D B ,  a d ;  s im ilite r  tan gen s a lia  e s 
se non p o te s t ,  q uam  a e :  sed  ob tr ia n g u la  a C d , 
B C D  ,  Sc C a e  ,  C A E  a e q u a lia ,  h abetur ad  c :  
B D j  Sc ae =  A E .  C u m  au tem  sit  a rcus B H  c o m 
plem entum  arcus A B  ,  euidens est ,  B I  esse co- 
sin u m  arcus A B  &  H K  illiu s  cotan gen tem . 2 .  S i 
nus B D  arcus A B  est d im id iu m  c h o rd ae  B G  ,  a r 
cum  d u p lu m  B A G  subten den tis. ( P r o p .  1 .  c a p .2 . )

3 0  S in u s crescunt crescentibus a n g u lis  a  o °  v s -  
q u e  ad. 9 0  g r .  ,  Sc eodem  m o d o  decrescu n t a  9 0 . 
g r .  vsq ue ad  18 0  gr. 4 . ° .  S in u s arcus 30 . g r . d im i
d io  rad io  aeq u alis  est ; est en im  rad iu s a eq u a lis  c h o r
dae  arcus 6 0 . gr. ( cor. 4 .  prop. 5 . c a p . 3 . )  Sc 
eiusdem  arcus sin us est d im id ia  ch o rd a  arcu s d u 
p li. Itaq u e  in  tr ia n g u lo  re & a n g u le  latus opp ositum  
a n g u lo  3 0  g r . est d im id ia  h ypothen usa h u ius trian 
g u li .  N a m  si A C B  — 3 0  gr. 5 e rit  B G  =  B C ,

Sc B D  — — B C .  £ °_  T a n g e n tes  crescu n t, crescen

tibu s a n g u lis  a  o °  vsque ad  9 0 g r .  ,  ita v t tangens 
a rcu s g r . 9 0  s it  in fin ita  ;  nam  ra d iu s  C H  in an g u 
lo  red lo  H C A  non p otest con cu rrere  cum  tangen-

te . 6 ° .  T an gen s arcus 4 ?  g ra d , aeq u a lis  est r a 
d io  ; nam  si an g u lu s A C B  sit  4 ?  g ra d . trian g u 
lu m  re tfh n gu lu m  C A E  e rit  isosceles ,  8c A E  =  =

A C -  7 ° .  S in u s v e rsu s  A D  arcus ,  q u i m in o r est
9 0 .
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9 0 . g r . aequ alis  e st d ifferen tiae  in te r  rad iu m  C A ,  
Sc cosinum  C D  =  — B I  P ra e te re a  co sin u s v e r 
sus H I  est differentia  in ter ra d iu m  C I I ,  &  sin um  
C I  =  =  B D  j  a t sin us versu s supplem enti n e m 

pe D a  aequ alis  est sum m ae radii 3 &  co sin u s. 8 ° .

O b trian gu la  re fta n gu la  s im ilia  C D B  3 C A E ,  C I B ,  
C H K  ,  e rit  C A  : C D  ,  v e l B I s =  A E :  B D ,  
nem pe rad iu s e st  a d  cosin u m  ,  v t  tangens ad s i 
num . D e in d e  h aec a lia  h abetur an a lo g ia  C H  : C L , 
v t l  B D  ~  — H K  : I B  ,  h oc  est 3 ra d iu s  a d  s i
num  3 v t  cotan gen s a d  cosin u m . T an d em  A £ :  
C A  s c C H 3 v e l C A : H IC  ; h oc  e st tangens ad

radium  3 v t  rad iu s  ad  cotangentem . 9 0 . E x  p ra e 

cedentibus a n a lo g iis  d eriu an tu r fo rm u la e  3 quarum  
ope sin us substituu n tu r tan gen tibu s , &  v iceu er- 
sa. S it  R  =  — 1 ;  e rit  S in . = : = : C o s . X  T a n g .

C o s . S in .
. - C o s . t :  S in . X  C o t . t= — ------- ;

C o t . T a "g*
S in . 1 ^  C o s .

C o s . C o t . S in .

S — — ;  C o r . A  X T a n g . A  3  1 s  C o t .  B  X  

T an g .
T a n g . B .  10 .  I n  o m n i tr ian g u lo  sinus a n g u lo 
ru m  sun t 3 v t  latera  a n g u lis  o p p o sita . E ten im  
trian gulu m  c ircu lo  in scribatur : s in g u la  latera 
sunt ch ord ae  arcus d u p li 3 qu i e st  m en su ra  a n 
g u li  oppositi. Q u a re  d im id iu m  la tu s  est sinus an 
g u li  oppositi. S e d  sem isses sunt in te r se 3 v t  t o 

ta ;



ta  ; e rgo  latera s u n t ,  v t  sinus an gulorum  op p o
sito ru m . H in c  c i.m  s in u s an guli redii s it  r a d iu s ,  &  
latus oppositum  sit  h yp o tb en u sa  ,  e rit  in trian g u 
lo  redtan gulo  ra d iu s  ad  h ypothen u sam  ,  v t sinus 
an guli vn iu s  acuti ad  latus e idem  a n gu lo  o p p o 
s itu m . i i . In  tr ian g u lo  n d ta n g u lo  cosinus an gu 
l i  v n iu s  acuti est sin us an gu li a lterius ; e rgo  sinus 
a n gu li v n iu s  acu ti est a d  suum  c o s in u m ,  v t  la 
tus huic a n gu lo  oppositum  est ad  latus a lteru m ; 
sed sin us e st  ad cosin u m  ,  v t  tangens ad  rad iu m ; 
e rgo  in  tr ian g u lo  re fta n g u lo  tan gen s an gu li vn iu s  
acuti est ad  rad iu m  ,  v t latus h u ic  a n g u lo  acu 
to  o p p ositum  est ad la tu s  a lte ru m , 1 2 .  i n  tr ia n 
g u lo  q uo libet A B C  (  F ig .  2 2 .  )  haec sem per h a
betur an a log ia  : m aiu s latus A C  est ad sum m am  
d u o ru m  alio ru m  laterum  A B  ■+ E C  ,  v t e o ru m , 
d em  laterum  d ifferen tia  A B  —  B C  ad d ifferen tiam  
segm entorum  A E  ,  & C E ,  quae fiu n t dudta ex  a n 
g u lo  m aio ri B  in  m aiu s la tu s  A C  perp en dicu lari 
B E .  N am  si an gu li vertice  B  tam quam  cen tro  ,  &  
r a d i o ;  q u i s it  m in o ri lateri aeq u a lis  B C  ,  d e scr i
batur c ircu lu s  G C D  ,  produdto la tere  A B  in G ;  

eri t A G  — ““1r 3 ^  ~  ’ a t"
q ue  ob C E  =  E D  ,  e rit  E A —  C E  =  A D ,  ac 
tan dem  A C  : A G  ,  “  A P  : A D .

I I I .  S i i'1 a rcu  q uo libet A B  ( F i g .  a i . )  d e 
tu r sinus - auc cosinus ,  s in usuersus ,  a u t cosi- 
n usuersus ,  ex  v n 0  d u m taxat d ato  tria  reliqua

in u en iu n tu r. N a m  C D  ~ y C B  —  B D  &  C o s .

— fS  R .a  —  S in . ' .P r a e t e r e a  D A  3  C A — C D , 
&  S in . v e rsu s  =  R  —  C os. T a n d e m  H I  C H
—  C I ,  &  C o s . v ersu s ^  j R  —  S in . In it is  cal-

c u -
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cu lis  in  a rc u  q uo libet p io  d im id io  v e l d u p lo  a r 
cu  ca lc u lu s  fa c ile  in stitu i potest. N a m  1 F ig .  1 3 . )  
d u fta  ch o rd a  B A ,  8c ex  p u n d o  C  dem issa p er- 
p en d icu lari C E  3 datisq ue B D  ,  D A  ;  t r i t  B A

--------------------  1

^  ^  B D 2  - f  D A , *  Q u a re  F A  , v e l S in . —
r -------------- -------------------—  1

—-1 __  </■ s in .2  ■ +  S in . vers . E t  C F  H

Q

G E O M E T R IA E . i 3 7

f  C A 2  —  A F 2 . E r g o  C o s .—  -  / R R -

S in . 2  P ra e te re a  si h abetu r A E  3 tam quam  ar- 
a

cus d a t u s ,  s im ilia  e ru n t tr ian g u la  F C A  ,  D B A ;  
q uare  C A  : C F  H  A B : B D ,  vel R  : C o s . arc  
i .  S in . a r c :  S in . a rcus d u p li. Q u o d  fa c ile  c o llig itu r 
ex p ra ec e d e n tib u s ,  sed tam en dem o n stratu r. D jt is  
enim  sinubus B D  ,  K L  du oru m  arcuu m  A B  ,  K B ,  
h abetnr sin us K M  'i l lo r u m  sum m ae ( F ig . 1 4 - ) >  
vel illo ru m  d ifferen tiae  ( F i g .  2 ? . ) .  E te n im  datis 
C D ,  C L ,  erit C B  : C L  =  B D  : L P ,  v e l O M ; 
ergo O M  “  ® in . A B  X  C o s . K B

R
P raeterea ob tr ian g u la  re fla  n g u la  sim ilia  K O L ,  
O L Q  ,  C M Q  3 C B D  ( F ig ,  0 4 . )  &  K O L ,  
K M Q  ,  C Q L  ,  C B D  ( F ig . a y .  ) in  tr im g u li»  
K O L  , C B D  e rit  C B :  C D  _  K L  : K O  

S in . K B  X C o s . A B

R  . H in c  fa tS o  R  i  ,  erit
K M ,  vel S in . B K  z+ A B  ^  S  n. B K  X C os. 
A B  ; +  S in . A B  X  C o s . K B .  S it  a rcus A B  30

8 r -
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g r . ( F i g .  1 6 . )  & B F  TU  B K ;  ob trian gu la  re- 
(ftangula s im ilia  S 1F  ,  S .Q G  ,  e rit  an gulu s I F S  _  
G Q S  ^  B C A  ~  3 0  g r . E r g o  angulua K F S  ~

30  g r .Q u a re  G .K  ^  —  F K  =  I K  ^  F l .S e d  F K 2

—  G K 2  ^  F ( j a  v e l 4 l K ^  —  I K 2  ^ F G 2 .

E r g o  3 I K 2  fv e l I K 2  X 3 ^ " F G 2  • Q liare  I K

X  i f f  K M  Z l  F N ,  &  I K  X ^  3 K M  ^  F N ;  
h oc  e s^  sinus M K  arcus K A ,  m in o ris  s c ilic e t , q uam  
3 0  g r. &  sin us K I  ,  d ifferen tiae  sc ilice t in te r hunc

arcum  ,  &  30  g r . per ^  3 m u ltip lica tu s  s im u l sunt 
aeq u a les  sinui F N  arcus F A ,  qui tan to  m a io r  e s ta r -  
cu  30  g r. quanto arcu s K A  m in o r est. O b  a rcu m  F £
—  G K ,  e r it  F T  - +  G K  'ZZ  K 0  5 n em p e sinus 
F T  arcus H F  m in o ris  ,  quam  6 0 . g r. Sc s in u s F I ,  
d ifferen tiae  sc ilice t in ter h un c arcu m  ,  Sc 6 0  g r . s i 
m u l aeq u an tur s in u i K O  arcus H K  ,  q u i  ta n to  m a 
io r  est a rcu  6 0  g r. q u an to  F K  m in o r  e s t . I ta  S in . 55  
gr. -1- S in . 5 g r. S in . 6 0  g r . Ita q u e  d e m o n stra -  
u im us p r in c ip ia ,  q u o ru m  ope fo rm a r i p ossu n t s i 
nu um  ,  &  tan gen tiu m  tabu lae . I l la e  au tem  tabulae 
c o m m o d itatis  e rg o  per lo g arith m o s co n stru u n tu r , 
cu ius q u idem  co n stru & io n is  ra tio  e x  lo g arith m o ru m  

doiftrin a iam  e x p lic a ta  in te llig itu r .
I I I .  In  om n i tr ian g u lo  A B C  (  F ig .  esa. )  su m 

m a du oru m  la teru m  q uo ru m cum q ue A B  -i- B C  
esc ad  illo ru m  d iffid en d am  A B  —  B _ .  ,  v t ta n 
gens sem isu m m ae d u o ru m  an g u lo ru m  A ,  &  C ,  
qui h is  lateribus o p p o n u n tu r ,  ad  tangentem  sem i- 
d ifferen tiae  eoru m d em  a n g u lo ru m . E te n im  sit P  
sem isu m m a an gu lo ru m  A  ,  Sc C  : &  Q  illo ru m  
sem id iffe ren tia . E r i t  a n g u lu s  m a io r C  p P  - + Q ,
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&  m in o r A  ~  P  —  Q . Ia m  (  ex  d e m .)  A B : B C  
— - S in . C  : S in . A  Z Z  S in . P - +  Q :  S in . P — Q  = : 
S in . P  X cos. Q  - +  c o s .P  -+  S in . Q :  S in . P  X  co s . Q
—  co s . P  X  S in . Q . E r g o  A B  X S in .P .  X cos. Q — . 
A B  X cos. P  X S in .Q  =  B C  X S in . P  X c o s . Q - i - B C

X cos. P  X S in . Q  ; v e l A B — B C  X  S in . P  X cos. Q

s  A B  • +  B C  X  c o s . P  X  S in . Q . Q u a re  d iu i
den d o p er cos. P  X  cos. Q  ,  fadtaque rcd u c-

______________ S in .P
tione ,  habebitur A B  —  B C  X ----------= A B - + B C  X

c . c o s .P
S in . Q  S in .
------------. S e d --------~  tan g . E r g o  A B  —  B C  X
C o s . Q  cos.

tan g . P  =  A B  -i- B C  X ta n g . Q .  Q u a re  A B  -+  
B C  : A B  —  B C  s  tang. P  : tan g . Q  s  eang.

A  - * C  A — C
------------: tang. ------------

2  2

I I I I .  H is  prin c ip iis  v n iu ersa  in n ititu r T r ig o n o - 
m etria . E t  quidem  in  trian gu lo ru m  reso lu tio n e  vel 
d an tu r tria  latera  ,  ve l d u o  tantum  ,  Sc a n gu lu s, 
ve l d u o  an g u li ,  Sc la tu s vn u m . P o r ro  datis in tr ia n 
g u lo 't r ib u s , quae iam dixim us j re liq u a  inuen iun- 

tu r per h aften u s d em o n strata . A t  m onend um  est, 
d atis  tribus an gu lis  d u m ta x a t ,  inuen iri tantum  ratio 
nem la t e r u m , quae s u n t , v t  sin us angulorum  oppo
sitorum  ; m in im e  autem  in u en itu r eorum  v a lo r ,  cum  
infinita possint con stru i trian gu la  s im ilia  inaequalia. 
N eq u e  etiam  sine obseruatione praeterm ittendus est 
c a su s , in q u o  d an tu r d u o  la te ra  ,  Sc an gulu s a lte r-
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v tr i la teri oppositus. C is u s  ille  est a m b ig u u s, &  duas 
so lutiones p otest a d m ittere  ;  cum  (  ex  d e m .) sinus 
a n gu li a c u ti sit q u o q u e  s in u s  com p lem en ti a J  d u os 
redtos. Q u a re  ,  v t  to lla tu r  am b igu ita s  ,  n o ta  s i t ,  
op ortet an gu li s p e c ie s ,  h oc  e s t ,  n o tu m  esse d e b e t , 
an an gulus sic a cu tu s ,  v e l o b tu su s.

I n  om nibus T rig o n o n rstr ia e  lib ris  re p e riu n tu r s i

nu um  ,  &  tangentium  tabulae. Q u a m u is  au tem  ex  ha- 
ften u s dem o n stratis  m an ifestu m  s i t ,  q u o  a rt ific io  
con struan tu r : id  tam en b re u iter  d ec larab im u s. D a 
to  sinu  gradu um  3 0  p sr antea d em o n stra ta  ,  in u en i-

i  1
r i possunt sin us g r .  1 5  ,  d e in d e  7 —  ,  postea 1  ,  &

7 4
ita  sin um  sem isses ,  p rogred ien d o vsq u e  ad  d u o d e 
cim am  o p e ra tio n e m , nem pe vsq ue a d  5 2 '  4 3 ' “  3 “  

1
— ; q u i q u idem  sinus sine errore  sen sib ili c u m  a rc a

4   
c o n fu n d i tu r ;  quia vero  sinus illi m im m s sun t a r c u 
bu s p rop ortion ales ,  d ic i p o te s t : v t  arcus ille  m in i
m us est ad  suum  sin um  ;  ita  a rcus i c est ad suum  
s in u m . D a to  autem  sinu arcus i e , in u en ietu r sinus 
a rcu u m  i c 3 '  4 '  ,  ce t . &  ita  d ein ceps vsq u e  ad 3 0  
g r .  T a n d e m  8 3 0  g r. vsq u e  a d  6 0  g r . , &  a 6 0  g r . v s -  
qua a d  9 0  g r . p rogred i l ic e b it :  q u o  facfto tangentes 
ad ca lcu lu m  reuo care  iam  fa c ile  erit.
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S E C T I O  II.

D e Geometria superficierum.

C A P VT I.
De praecipuis planarum suptrfi clerum, 

proprietatibus.

PR O P .  I .  T r i  a  ptincla  ,  qu at i i  eadem  recia  
non ia cen t  ,  p la n i  fo s it io n e m  determ inant. 

I d  patet e x  d i f f in it io n e  ip siu s  p la n i. E t  q u idem  per 
tr ia  p u n ita  d u c i p o te st p lan u m  ,  q u o d  eu id en s est; 
i l lu d  v e ro  p la n u m  v n ic u m  esse ,  m an ifestu m  est; 
ponam us e n im  ,  p la n u m  a liu d  ,  q u o d  cum  prim o 
in  tr ib u s  p u n it is  co n g ru at ,  in  a liis  autem  ab ipso  
d e fe c fta t : in  ead em  lin e a  r e d a ,  quae p rim o  in  p la 
n o  ia ceret j .a l t e r i  p la n o  a p ta ri perp etu o non posset, 
neque sccu n d a  su p erfic ies  i l la  fo r e t  om n iu m  in tra  
eosdem  term in o s  d u ita ru m  b re u iss im a  ;  q u o d  est 
con tra  defin icion em  p la n i. E r g o  per t r ia  p u n ita  v n U  
cu m  p lan u m  d u c i  p o t e s t ;  a c  p ro in d e constans est, 
ac  d e te rm in a ta  p o s it io  p la n i per d ata  tr ia  p u n ita  

tran seun tis.
C O R .  I .  D u a e  r e i t a e  se  in u icem  secantes sunt 

in  eod em  p lan o . N a m  p u n itu m  in te r s e it io n is ,  &  
p u n itu m  q u o d lib et  a liu d  in  b in is  lin e is  pro arb itrio  
sum p tum  ,  t r ia  sunt p u n ita  in  d ire itu m  non p o sita , 
quae p ro in d e  d ete rm in a n t p osition em  plani 3 in  quo 
iacent d u o  v tr iu sq u e  lin eae  p u n ita  ac  p ro in d e &  t o 

tae b inae lin eae  (  ex  d e f. )
C O R . I I .  S i  duae re ita e  iacentes in  eodem

pia-
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p la n o  te rtia  r e d a  secen tur ,  r e d a  secans in  eodem  
q u o q u e  iaceb it p la n o . N a m  d u o  eiusdem  lin eae  pun- 
d a  ,  du ae sc ilice t in te rse d io n e s  ,  sun t in eodem  p la 
n o . S i  autem  ponam us ,  d u a s  re d a s  se m u tu o  se
c a r e ,  p a t e t ,  in  hoc casu  d em on stration em  non v a le 
r e ,  n isi tertia  lin ea  secans extra  p u n d u m  in terse
c tion is  tra n se a t; a lioq u in  vn icu m  haberetur p un dtum , 
q uo d  re d a e  p ositionem  non determ in at.

C O R . I I I .  D u o ru m  p lan orum  in te ise d io  est 
l in e a ,  cu ius sin gu la  p u n d i iacen t in v tro q u e  p la 
n o . P a te t  autem  ,  tr ia  p u n d a  du ob us p lan is  c o m 
m u n ia  esse non posse ,  n isi iacean t in  d ire d u m . C u m  
e n im  tria  p u n d a ,  quae non sun t in eadem  re d ta ,  p o 
s ition em  plani determ in en t ;  s i tr ia  p u n d a  in  d ire -  
dtum non posita du ob us p lan is co m m u n ia  esse pos
su n t ,  iam  tria  pundta positionem  p lan i non d e te r 
m in a re n t. Q u a re  p lan o ru m  d u o ru m  in te rse & io  est 

lin ea  redta.
C O R . I I I I .  Redta ad planum  p erp en d icu laris , 

in sistit  q u o q u e  p erp en d icu larite r ad  redtas s in g u la s  
in  eod em  p lano iacentes &c per ex trem ita tem  p e r
pen d icu laris  transeuntes. E te n im  p o n a m u s , r e d a m  
illam  ad  p lanum  perpen dicu larem  ,  non insistere p er
p en d icu la rite r  a d  a liq u a m  e x  p ra ed id is  l in e is ;  iam  
lin e a  i l la  in fra  planum  d e p r im itu r ,  v e l a tto llitu r  
sunra id em  planum  ; ac  proin de non iaceret in  e o 
dem  p lano ( q u o d  est con tra  h yp o th . )

C O R . V .  D u a e  r e d a e  ad  id em  p lan u m  p e r -  
p en d icu lares ,  v e l  aeq u a liter  in c lin atae  ,  sun t in 
ter se p aralle lae  ,  &  con tra . E ten im  re d a ru m  il
la ru m  extrem itates com m u n i re d a  in p lano iu n gan - 
t u r ;  d u ae  il la e  lin e a e  ad  p lanum  p eip en dicu lares, 
v e l a eq u a liter  in c lin atae  e ru n t quoq ue p eip en d icu - 
lares ,  v e l  a eq u a liter in c lin atae  ad  eam dem  lin eam
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jungentem  :  est en im  in  eodem  p lan o . Q u a re  ( ex  
p ara lle la ru m  d e f . ) redtae illa e  e ru n t p aralle lae  ,  &  

v iceu ersa .
P rop . a . D u o  p la n a  s ib i mutuo in c lin a ta  eas

dem  habent p ro p r ieta te s  ,  quas d e  reclis  a d  Se in 
v ic e m  in c l in a t is  dem cnstrauim us.

P o n am u s ,  p la n u m  a liq u o d  A  im m o b ile , in  q uo 
ja c ea t  p lan u m  a liu d  B  lin e is  redtis term in atum  , q u a 
lia  su n t p o ly g o n a  re^ tilin ea  : haec d n o  plana n e 
pote  om n i c ra ss it ie  d e stitu ta  ,  in  v n u m  coalescun t 
p la n u m . A t  s i  p lan u m  B  re u o lu i in te llig a tu r c irca  
latus a liq u o d  p lan i A  , fixu m  p erp etu o m anens 3 to 
tum  p la n i m o tu m  sibi fa c ile  q u isq u e repraesenta

b it . E t  q u id e m  i ° .  ab  ipso m o tu s  in it io  n ih il d u o 
bus p lan is m an ebit co m m u n e  p ra ete r redfcam ,  c ir 
c a  q u am  p la n u m  B  re u o lu itu r  ;  q u a e  proin de est

v tr iu sq u e  p la n i in tersedtio . a ° .  p lan u m  il lu d  sin 
g u lo s  p ercu rre t in c lin a tio n is  g ra d u s  ,  si tam diu  con- 
u e r ta tu r , d o n ec  ad  o p p o sitam  p la n i A  partem  per-

uen iat. 30 . P la n u m  reu o lu en s p lan o  im m o to  fiet 
p erp en dicu lare  ,  vb i a d  eu m  p eru en eris  s itu m  , in  
q uo non m a g is  p en d eat e x  v n a  p arte  ,  quam  ex

a lia . 4 0 . S in g u lo s  In c lin a tio n is  g ra d u s m etietu r ar
cus c ircu li 3 cu iu s  cen tru m  perp etu o m a n e b it in  c o m 
m u n i p lan orum  in tefsedtione. Q u ia  v e ro  cen tru m  in 
ipso  c irc u li p lano ia c e t ,  necessum  est ,  h u iu s  a r
cus cen tru m  esse in  lin e a  redta 3 cu ius reuo lutio -

n e  generatur ip su m  arcus p lan u m . j ° .  S i c o n c i-
pia-



p ia tu r lin ea q uaedam  sublim is ,  c u i perpen dicu la- 
r i t e r  a ffix a  sic r e d a  a lia  ; h aec  r e fta  p lan u m  d e 
scribet ,  in terea d u m  lin e a  sublim is ,  c irca  seipsam  
con u ertitu r ,  in eod em  perpetuo m an en s lo co . S i  
au tem  d u ae  lin eae  sibi inu icem  non fo re n t p erp ea- 
d icu la res  ,  ia m  figura reu o lu en d o  d e scr ip ta  p lana 
n on f o r e t ;  sed ex  v n a  p an e  con u exa  ,  &  e x  a lte ra  
c o n c a u a ,  v t patet. Q u a re  ex  ipsa p la n i fo rm a t io 
n e  euidens e s t , reu o lu tio n e  re d a e  p lan u m  d e sc r i
b i non posse ,  n isi re d a  reuoluens sit a d  lin e a m ,

in  q ua r e u o lu itu r , p erp en dicu laris. 6 ° .  C en tru m  
a r c u s ,  in  q u o  su m u n tu r gradu s in c lin atio n is  plani 
v n iu s  ad  a liu d  ,  p ositum  est in p erp en d icu lari ex  
p u n ito  q uo libet a rcus a d  p lan o ru m  in te rse d io n e m  
d u d a .  Q u a re  si describ atu r s e m ic irc u lu s ,  cu iu s  cen 
tru m  sit  in  lin ea  duobus p lan is com m un i , &  cu 
iu s  p lanum  sit  ad p lanum  im m o tu m  p erp en d icu la- 
r e ;  per h u ius sem ic ircu li g radu s m e tir i liceb it o m 
nes p lan i m obilis  in c lin ation es. Q u a re  generarim  
p la n a  d u o  ad se in u icem  in clin ata  easdem  habent 
p ro p rie ta te s , q u a e  in  m u tu a  lin earu m  in c lin atio n e  

dem on stran tur.
C O R - I .  P la n u m  p lano o ccu rren s v e ! du os a n g u 

los r e d o s  f a c i t ,  vel d u o b u s r e d is  aequales ( P r o p . i .  

c a p . i . )
C O R . I I .  In  p lan o ru m  in te rse d io n e a eq u a le s  sunt 

a n g u li ad  verticem  op p ositi. ( C o r .a .  P ro p  i .  cap. i . )
C O R . I I I -  p lana quotlibet eam dem  habeant 

c om m un em  in tersed io n em  ,  sum m ae an g u lo ru m  o m 

n iu m  est 3 6 0  g r. ( C o r . 1 .  P r o p . i .  c a p . i . )
C O R .  I U I .  E x  p u n d o  d a to  extra  p lanum  ,  vel 

in tra  planum  ,  v n ic a  p erp en dicu laris  ad  p lan u m  d u 

ci potest. ( C o r .4 .  p r o p . i .  cap . 1 . )
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C O R . V .  D ista n tia  pundti a lic u iu s  a p lano d a 

t o ,  est p erp en d icu laris  ex  pundto d ato  ad  planum  
dudta (  ex  d e f . )

C O R . V I .  P la n u m  secans d u o  ,  v e l p lura p la 
na paralle la  ,  e ffic it an gulos a ltern o s externos a eq u a
le s ,  item  aeq u ales an gulos altern os in tern os. P r a e 
terea  an g u lu s in tern u s a lterius intern i sup plem en 
tum  e s t ,  a tqu e etiam  an g u lu s externus est supple
m entum  a lteriu s  ( P ro p . n. cap . i .  )

C O R .  V I I .  S i d u o ,  aut plura plana p ara lle la  
a lio  p lano secen tur ,  com m un es intersedtiones erun t 
p ara lle la e . S i  en im  non sint p a r a lle la e , sibi o ccu r
rere p o ssu n t,  ac  proin de &  plana ip s a ,  in quibus 
hae lineae ia c e n t ;  id eo q ue p lana non fo re n t p aral
le la  ,  q uo d  est co n tra  h y p .

D e superficierum mensura.

R O P .  I .  Super f e le s  pnrailetogratnm i reci a n 
g u l i  a equ alis  est producto cx basi in  a l t i 

tudinem . S it  paralle logram u m  redtangulum  A B C D  
( F i g .  a 6 . )  cu iu s  a lt itu d o  A D  certu m  contineat 
pedum  n u m e ru m : E .  G .  7  ;b a s is  autem  A B  c o n ti
neat 8. D iu isu m  in te llig i poterit p araile logram m um  
in 7  su p erfic ies , v t  D M ,  q uae  sin gulae  continent odio 
m inores superficies q uad ratas ,  s in e  odto pedes qua
dratos  ,  v t  vo can t. Q u a le  habebitur p aralle logram - 
m i totiu s s u p e r fic ie s , si odto pedes q u a d r a t i ,  q u i 
prim a superfic ie  con tin en tu r , toties sum an tur ,  quot 
sunt aequales su p er fic ies ,  vc D M  ; ac  proin de sup er
ficies tota p ara lle lo g ia m in i e rit  7 X 8 ,  nempe 5 6

C A P Y T  II.

Tom. I I I .  Geom. K p e -
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pedum  q u ad rato ru m . E u id e n s  e s t ,  in  hac dem o n 
stratio n e  ,  fingi posse a liu d  q uem libet p artiu m  n u 
m e r u m , a tqu e eadem  v a le t  d e m o n s tr a t io , e tiam si 
a l t it u d o , &  basis p ara lle lo g ram m i p on an tur incpm- 
m en su rab ilcs ,  v t  patet ex  P r o p . i .  cap . 4 .

C O R . I .  S i p ara lle lo g ia m m u m  B D  per d iag o 
n a lem  d iu id a tu r , habebuntur trian gu la  d u o  red h n - 
g u la  a e q u a lia , quorum  proin de superficies ,  v tp o te  
d im id ia  p ara lle lo g ram m i ,  erit d im id iu m  produdtum  

t x  basi in  a lt itu d in em .
E a d e m  est dem o n stra tio  pro trian g u lo  q u o lib e t, 

e tiam  non rtjftan gulo . S i  en im  trian gulu m  C A B  
( F i g .  1 7 .  )  non rcdtar.gu lum . E x  pundto A  d e 
m itta tu r perpendicu laris A D ,  com p leatu rq u e redtan- 
g u lu m  F C B B  ,  e rit  tria r.gu lu m  C A D  d im id iu m  re- 
d ian gu li F A v  D  ,  &  trian gu lu m  D A B  d im id iu m  re- 
dtanguli D A B E .  Q u a re  v t  ante ,  superficies tr ia n g u 
l i  est d im id iu m  p ro d u & u m  e x  basi in a ltitu d in em .

Id em  p a te t ,  e tiam si p erp en d icu laris  E B  trian guli 
C E D  cadat extra  basim . N a m  trian g u lu m  D E B  est 
d im id iu m  rerftanguli D A E B ,  &  trian g u lu m  C E B  
est d im id iu m  redtanguli C F E B  ; e rg o  trian gulu m  

1  1

C E D ,  seu C E B  —  D E B  =  —  C B X A D ---------
a a

C B  —  D B  1
D B S  A D  X ------------------X A D  X  —  C D X A D  ; ac

a  o

p ro in d e tr ia n g u li cuiuslibet superficies ,  aequalis est 
d im id io  produdto ex  basi in a ltitu d in em .

C O R . I I .  C u m  p aralld o g ra m m u m  quodlibet 
d iu id i possit in d u o  trian gu la  a eq u a lia  ,  quae ip 
sam  habeant p ara lle lo g ram m i basim  ,  eam dem que

a l-
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a ltitud inem  ; patet gen eratim  ,  superficiem  p ara lle -  
logtam m i cu iu scu m q u e  esse produdtum  t x  basi in 
altitud in em .

C O R . I I I .  Q u o tlib et  t r ia n g u la , id eo q u e  etiam  
quotii.bet p aralle logram m a in ter easdem  p aralle las , 
&  sup er eadem  v e l aeq u ali basi con stitu ta  sun t ae
q u a lia . E r g o  etiam  trian g u la  inter easdc.ni p ara lle 
las cum  p aralle lo g ra m m is constituta ,  &  sup er e a 
dem basi sunt p ara lle lo g ra m m o iu m  d im id ia , ac  p ro 
inde e tiam  in te r  se  aeq u alia . E x  hac proposition e 
pendet Vulgaris d e m o n stra tio  th eorem atis ,  q u o d  a lio  
m o do iam  dem o n strau im u s ;  n em pe quadratum  hy- 
pothenusae in  tr ia n g u lo  reclangu lo  aequale esse 
quadratis laterum . H a n c  vero  G e o m etria e  fo ec u n - 
ditatem  ,  totiu sq u e dodtrinae geom etricae  coniui.dtio- 
nem  ,  variis  exem plis T y ro n ib u s  saepe ostendere d e
bet peritus m agister.

C O R . I I I 1. C um  tr ia n g u la  s in t ,  v t  d im id iu m  
produdtum  ex  basi in  a ltitu d in em  ,  erun t e d a m , 
v t produdtum  totu m  ; hoc e s t ,  trian gulo ru m  su
perficies sun t in ration e com p osita  basium  ,  &  a l
titud in u m  ; ac  proin de si bases fu er in t aeq u ales, 
t r ia n g u la  e ru n t in ter se ,  v t  a ltitud in es ; si a u 
tem  a ltitu d in es  fu e r in t  aequales ,  erun t in ter se, 
v t  bases.

C O R .  V .  S i  a ltitu d o  trian guli v n iu s  ,  sit ad 
trianguli a lteriu s  a ltitu d in em  ,  v t  basis secundi tr ia n 
g u li ad basim  prim i ,  hoc e s t ,  si bases sint in ra 
tione in u ersa  a ltitu d in u m  ,  trian gu la  sunt aequ alia . 
In  hoc enim  casu  h abetur p io p o r t io , in qua p ro
d i g u m  extrem oru m  aeq u a le  est produdto m e d io 
rum  , hoc e s t ,  produdtum  ex  a ltitu d in e  prim i tr ia n 
g u li in basim  ,  aeq u ale  est produdto ex altitud in e  
secundi tr ian g u li in  suam  ba.sim ,  id eo q ue trian gu- 

K 1  U



la  su n t a e q u a lia ;  Sc v iceuersa  si tr ian g u la  sunt aeq u a
l ia  erun t b a s e s  in  ration e  inuersa a ltitu d in u m .

C O R . V I .  In  tr ian g u lis  s im ilibu s ,  superficies sunt 
in  ration e  d u p licata  l a t e r u m  h om o log o ru m . E ten im  
cu m  trian g u la  sint in  ration e  com p osita  basium  ,  Sc 
a ltitu d in u m  ,  atque ( e x  h y p . )  sint s im il ia ,  lo co  ba
sis substitui poterit a ltitu d o  &  c o n tra . Q u are  tr ia n 
g u la  s im ilia  sunt ,  v t  quadrata lateru m  h om o log o ru m .

P ro p . n . Su perfic ies polygoni, reg u la ris  aequalis  
est d im id io  producto ex  p erp en d icu la ri p e r  centrum  
p olygoni a d  la tu s  vnum dem issa in  polygo/u  c ir 
cum ferentiam . E te n im  trian gu la  o m n ia , in quae re- 
s o lu itu r  p o lyg o n u m  regu lare  ,  sunt aequ alia  (P ro p . j .  
c a p . 3 . )  id eo q ue eam dem  habent a ltitu d in em  C I  
( F i g .  1 1 .  )  Sed  sup erfic ies p o lyg o n i regu laris  s  C I

1  1 1
X  —  A B  -t- C I  X  —  B D  m - C I  X  —  D E  ,  cet.

a  a  a

Q u a re  cum  A B  - +  B D  - +  D E ,  ce t . s it  tota p o 
ly g o n i p eriph eria  ; p a te t , superfic iem  totam  p o ly g o 
n i aequalem  esse p ro d u d o  ex  a ltitu d in e  C I  in d i
m id ia m  p o ly g o n i p eriph eriam  ,  v e l d im id io  p rod u- 
£ 0  ex  p eriph eria  p o lyg o n i in  altitud in em .

C O R . I .  Su perfic ies c ircu li ,  aeq u alis  est d im i
d io  p ro d u d o  ex  rad io  in c ircum feren tiam .

C O R . I I .  S i ex  cen tro  c irc u li ad c ircu m feren 
tiam  d u can tu r ra d ii  d u o  ,  pars c ircu li duobus r a 
d iis  ,  &  arcu  • com prehensa Sector d ic itu r. E u id en s 
autem  e s t ,  h u ius sed o ris  superficiem  ,  aequ alem  es
se d im id io  p ro d u d o  ex arcu  in  rad iu m .

Prop. 3 .  Figu ra ru m  sim iliu m  superfic ies sunt 
in  ratione du p lica ta  laterum  homologorum. E ten im  
trian gu la  h o m clo ga  ,  in  q uae  redu cun tu r figurae s i
m iles ,  sunt earum dem  figu rarum  partes sim iles

(P ro p .
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( P ro p . 4 .  cap . 4 .  )  ac p ro in d e tr ian g u la  h o m o lo 
g i  e r u n t ,  v t  p o lyg o n a  t o t a ,  sed tr ian g u la  s im ilia  
sunt in ra tio n e  d u p licata  lateru m  h o m o lo g o ru m ; 
e rgo  in eadem  etiam  la tio n e  sunt figu rae  s im iles  
quaelibet.

C O R . I .  Su perfic ies c ircu lo ru m  s u n t ,  v t q u a 
d rata rad io ru m  : vel d iam etro ru m .

S C H O L . E x  proposition ibus praeceden tibus n o 
ta quidem  est ratio  ,  quam  habent v a r ia e  c irc u lo 
rum p eriph eriae , atque etiam  illo ru m  superficies 

ad suo s ra d io s . A t  ra tio  accu rata  inter c irc u li c i r 
cu m feren d am  ,  illiu sq u e  d iam etru m  n on du m  d e fi
n iri p o t u i t ,  ita  v t n u g n itu d in e  d iam etri num eris 
e xp ressa , n u m eris accu rate  exprim i non p ossit c i r 
cu li c ircu m feren tia  ,  ac p ro in d e nec ipsa c irc u li 
superfic ies. In  h oc  sensu in te llig i d e b e t ,  q uo d  v u l
g o  d ic itu r  ,  n on du m  sc ilice t in u en tam  esse c irc u li 
quadraturam  ,  q u o d  qu idem  qu adratu rae  nom en 
adhiberi s o le t ,  eo  q u o d  quadratum  s it  cu iu slib et 
superficiei com m u n is  m ensura ,  v t  iam  dem o n stra- 
u im us. E o  ig itu r redudti sun t G e o m etra ru m  c o n a 
tus ,  v t ad il la m  q uad ratu ram  proxim e ,  &  q u a n 
tum  v o lu e r in t ,  a c c e d a n t ; han c tam en accurate non 
a ttin gan t. Q u a  ration e  autem  han c approxim atio- 
nem ten tare  so lean t G e o m e tr a e , &  ex  ipsis e lem en 
tis liceb it in te lligere . D iu isu s  co n c ip ia tu r c ircu lu s  
p rim o in  q u atu or partes a e q u a le s , de in d e  in  8 ,  in 
1 6 ,  in  3 1 ,  in  6 4 ,  in 1 2 8 ,  cet. p rou t cu iqu e l i 
buerit : &  con cip iam u s per ea d iu isiotium  p u n d a , 
tangentes &  ch ord as resp e ftiu e  d u & a s  ; habebun- 
tur polygona d u o  ,  q uoru m  vnum  inscriptu m  c ir 
c u lo ,  a lterum  au tem  circum scriptum  ; q uae  q u i
dem  am bo con stan t tr ia n g u lis  aeq u alibu s. P o r ro  per 
m ethodos e x p lic a ta s ,  in  h is  trian gu lis  haberi s e m 

p er
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per poterunt bases ,  quae in p rim o casu sunt c ir 
cu lo ru m  c h o r d a e ,  in a ltero  autem  ta n g en te s ; ac 
p ro in d e om n iu m  q u o q u e  ch ord aru m  ,  &  tangen
tiu m  sum m a in n o te sce t , hoc e s t ,  perim eter p o ly 
g on i in scrip ti ,  q i.ae  c irc u li c ircu m feren tia  p ro x i
m e m in o r e s t ,  &  p o lyg o n i c ircum scrip ti p erim e
ter ,  quae p rox im e  m aio r e s t : ita  v t  d e fe & u s ,  ve l 
e x ce ssu s, quantum  cu iqu e p la c u e r i t ,  tenuis s i t ,  &  
in tra  an g u stijs im os lim ites contrahatur. H ac  m eth o
d o  A rc h im e d e s  in u en it ,  d iam etru m  ad periph e- 
r ia m  esse in ration e  7  ad  2 2 ;  ita v t ex iguu s o m 
n in o  s it  p eriph eriae sic in u en tae  excessus sup ra  v e 
ra m . H aec  eadem  ratio  subtiliu s ab a liis  quaesita 
e s t ,  &  s ta t u it u r ,  v t  1 ad 3 . 1 4 1 5 9 2 6 ? ,  cet. per- 
d u f l i s  dec im alib u s num eris vsque ad  notas 1 2 7  ; quae 
quidem  approxim atio  est fe re  in fin ita . Sed  om n iu m  
v u lg a tis s im a  ratio  d iam etri ad p eriph eiiam  ea est, 
q u am  e x p rim u n t nu m eri 1 1 3  &  3 5 5 .  Q u are  data  
c irc u li d iam etro  habebitur p e r ip h e r ia , si haec fiat 
p ro p o rtio  1 1 3  ad  3 5 5  ,  v t  d iam eter data  ad  peri- 
pheriam  q u a e s ita m ,  h aec m u ltip lice tu r per quartam  
d iam etri partem  ,  habebitur superficies c ircu li ,  s i 
u e  , v t  v o can t ,  arett. H aec  paura di<fta sin t d e  ra 
tion e d iam etri ad  p erip h eriam ,  s iu e  d e  quadratura 
c irc u li ,  q u am  a u d a fle r  se inuen isse non raro  iadli- 
ta n t v ir i G e o m etria e  im p eriti ,  q u i ipsum  quidem  
q u aestio n is .sta tu m  , vt p lu rim u m  ,  non in te lligu n t.

S im ili m eth odo figu ra  q uaelibet cu ru ilin ea  ge- 
neratim  d iu id i potest in partes r e f l i l in e a ;. A l iq u a n 
d o  ,  per G eo m etriam  s u b lim io r e m , figurae cu ru i-  
lin e a e  area  accu rate  haberi potest ;  se-d com m od is
s im a  , &  g en eralis  est p r a x i s ,  qua figurae cu ru i-  
lineae c irc u m feren tia  in  m in im as p a r t e s ,  &  physice 
re ifcilineas d i u id it u r ,  &  dein d e figu rae  to tiu s  area

in-
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in u estigatu r ,  v t  fieri solet in  p o lyg o n o ru m  m e n 
sura .

P o r r o  dum  superfic ierum  m agn itudin em  p e d ib u s  
qu a dra tis  ,  a u t alia  qualibet m ensura e xp rim im u s, 
id  n eq uaq uam  haberi debet tam quam  co n tra riu m  
i i s ,  quae de n u m eroru m  concretorum  m u lt ip lic a 
tion e  dem o n strau im u s in A r ith m e tic a  ; non en im  
pedes per pedes m u ltip lican tu r . Ita ' d u m  p aralle lo - 
gram m i superficies in u e n itu r ,  m u ltip lic a n d o  basim  
per a ltitu d in em  ,  hac op eration e hoc vn u m  s ig n i
ficant G e o m e tra e ; si n em pe habeantur p ara lle lo g ram - 
m a d u o  ,  adh ibeaturqu e q u an titas  lin e a r is  q u a e li
bet a pro com m uni basium  ,  Sc a ltitu d in em  m ensu
ra  , &  s it  B  num erus in teger ,  a u t fradtus ,  ra t io 
nalis ,  v e l irra t io n a lis  exprim en s ,  q uo ties basis pa- 
ra lle lo g ram m i vn iu s contineat q u an tita tem  a ;  atque 
H  e x p rim a t , q uo ties a lt itu d o  e iu sd em  p aralle log ram - 
mi eam dem  con tin eat m en su ram . Item  sit  b num e
rus e x p rim e n s , q u o ties  m ensura a co n tin eatu r in ba
si a lterius p a r a lle lo g ra m m i; h au tem  e x p o n a t , q u o 
ties a ltitu d o  p ara lle lo g ra m m i e iu sd em  con tin eat m e n 
suram  a ; p ara lle lo g ra m m o ru m  illo ru m  superficies 
erun t in ter s e ;  v t p ro d u & u m  ex du ob us n um eris 
B  Sc H  ad produdhim  ex  num eris du ob us b Sc h . 
H aec est gen uin a  huius op eration is n otio . Q u are  
dum  d ic itu r  ,  paralle logram m i sup etfic iem  a eq u a 
lem  esse p ro d u d o  e x  basi in a ltitu d in em  ,  aequ a
lit a s  p rop rie  d i& a  in re llig i non d e b e t ; sed m era 
p rop ortio . H aec  eadem  ob seru atio  ad P h y sic a m  sae
pe tran sferri d e b e t ,  v b i de spatii ,  v e lo c ita t is ,  &  
tem poris m ensura serm o  est.
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SECTIO III.

De Geometria solidorum.

C A P Y T I.
B e  Solidorum genesi, C? proprietatibus.

PR O P . I .  Solidorum  reclilineorum  genesim  ex
p l i c a r e S i figu ra reiftilin ea A G R  supra im 

m o tam  re d a m  A E  ( F i g .  2 8 . )  m otu  sibi sem per 
p ara lle lo  fe ra tu r  ;  so lid u m  A G R O F E  inde g e n i
tum  prism a  d ic itu r  ; Sc rectum v o ca tu r ,  si A E  
describenti p lan o  r e d a  fu er it  ,  sin  m in u s ,  obliquum. 
S i p lanum  describens fu e r it  paralle ln gram m u m  , s o 
lid u m  inde gen itum  d ic itu r pariti/ep ipedu m . S i au 
tem  planum  describcns s it  q uad ratu m  ,  so lid u m  cu
lu s  n u n cu p atu r. B as is  so lid i ,  seu p lan u m  d escri
bens p otesl esse p o lygon u m  q u o d lib et ,  Sc so lidu m  
in d e genitum  p rism a tis  nom en r e t in e t ,  s i e  s in g u 
lis  p o lyg o n i an gulis  extra p lanum  con surgan t lineae 
a e q u a le s ,  &  paralle lae  term in an tes re d ilin e a m  so 
lid i fac iem  ,  a t si n .d a e  lin eae in apicem  coeun t, 
so lid u m  -pyramis d ic itu r  (  F ig .  2 9 .  )

C O R . I .  P rism a ig itu r  opposita  la tera  A G R ,  
E F O  a eq u a lia  h a b e t, s i m i l i a ,  8c p a r a l le la ;  cum 
A G R  flu en d o p er A E  m otu  sibi sem per paralle
lo  tandem  con gru at cum  E F O .  P raeterea  d u m  pla
num  A G R  m otu  sibi paralle lo  d escrib it prisma 
A G R O F E  ,  la tera  A G  ,  G R  ,  R A  m o tu  si
b i sem p er p aralle lo  describun t parallelogram m a 
A E F G  ,  G F O R ,  R O E A  ; ac  p ro in d e p rism a tot

p a-
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p aralle logram m is c ircum circa  term in atur ,  quot sunt 
latera plani describentis.

C O R . I I .  P jra lle p ip e d u m  sex p aralle logram is 
te rm in atu r ; cubus autem  sex quad ratis  aeq u alibu s. 
N am  praeter fac ies  q u atu or ,  p aralle lo  lateru m  m o 
tu g e n ita s , sunt etiam  fac ies  du ae oppositae p a r a l
le lo  basis m otu  descriptae. I l l a  autem  basis in p ri
m o casu est p a ra lle lo g ra m m u m ,  in  alcero autem  
quadratum .

C O R . I I I .  In  p y ram id e  si o m n ia  latera basis 
sunt aeq u alia  in ter se ,  &c la tera  r td i lin e a  ipsius 
p y r a m id is ,  pariter inter se aequalia  ,  e ru n t o m 
nes fa c ies  trian gu la  isoscelia aequalia .

C O R . I I I I .  Q u aeu is  s e d io  p r is m a t is , v e l p y 
ram id is fa d a  p lano basi p ara lle lo  esc figu ra  pror
sus s im ilis  basi. E te n im  s e d io n is  paralle lae  singu
la latera sunt sin gu lis  lateribus basis paralle la  ;  cum  
sint in tersed io n es p lan o ru m  p aralle loru m  cum  iis
dem p lanis. Q u a re  s in g u li an g u li h om o log i erun t 
aequales ( P ro p . i .  cap . p raec . )  ; ac p ro in d e se 
d io  basi s im ilis  est.

C O R  V .  In  p rism ate , s e d io  basi paralle la  ipsi 
basi aequ alis  e s t ; in p yram ide autem  latera  s e d io -  
nis h om ologa sunt m in o r a ,  in ration e  d istan tiae  se- 
flio n is  a  v e r t ic e ,  ad d istan tiam  basis ab eodem . In  
prism ate patet a e q u a lita s ,  cu m  fac ies  sin t paralle- 
logram m a ; ac  proin de latera sedtionis h om ologa 
aequalia sun t lateribus basis ; id eo q ue s e d io  pror
sus aequ alis  est basi. In  p y ram id e  prop ortio  etiam  
patet ; nam ob sed io n e m  p aralle lam  in vn aquaque 
facie  habebuntur tr ian g u la  d u o  s iin ilia .

C O R . V I .  O m n ia  prism ata coi lata inter se, 
atque etiam  om nes p yram id es in ter se com p ara
tae ,  si sup er basibus aequ alibu s ,  in ter eadem

p ia -
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p lan a  p aralle la  constituan tur ,  so lid a  resp e& iu e  ae
qualia  com p reh en d u n t. Secen tu r en im  quotcum que 
p lana ,  quae sint basibus paralle la  ; sectiones vn iu s 
prism atis ,  vel p yram id is  aequales sem per e ru n t se 
n io n ib u s  respon den tibus a lteriu s . N a m  in  prism a- 
te  om nes erun t aequales e idem  basi ; in  p y ram i
d e  erunt ipsi basi s im ile s ,  &  s in g u la  latera  in vna 
p y ram id e  erun t ad  la tera  h o m o lo g a  in p yram ide 
a ltera  in  ead em  data  ratione ,  nem pe in ratione 
d istan tiae  basis a vertice  ad  sedtionis d istan tiam  ab 
eod em  vertice  ,  q uae  quidem  ra tio  eadem  est ,  v t 
p a l e t ;  cu m  p yram id es te rm in en tu r plano b asiu m , 
&  se& io n u m  p lanis p ara lle ld . P o r r o  so lid a  illa  
con cip i possunt , tam quam  com posita  ex  iis  o m 
nibus sed io n ib u s  ,  q u aru m  sin gu lae  cum  sin g u 
lis aeq u ales sin t ;  ergo  erun t &  ipsa so lid a  ae

q u a lia .
C O R . V I I .  P y ra m id e s  basium  aeq u a liu m  in 

eum dem  apicem  d esin en tes ,  v e l eam dem  vtcum - 
q ue a ltitu d in em  habentes sunt aequ ales. N a m  per 
com m un em  verticem  d u d u m  in te lliga tu r planum  
basium  p lan is p a ra lle lu m  ; pyram ides sem per erunt 
super aequalibus b a s ib u s , &  in iisdem  planis pa
ra lle lis . S im ilite r  si bases in  eodem  p lano con sti
tuan tu r ,  ve rtices  in  eadem  a ltitu d in e  ,  ad  idem 
planum  basibus paralle lum  term in abu n tur.

C O R . V I I I .  S i  p yram id es eam dem  habeant 
a lt itu d in e m ; erun t in ter s e ,  v t bases. E te n im  ba
sis m a io r d iu isa  in te llig a tu r ,  si fieri p ossit ,  in 
partes basi m in o ri aeq u ales ;  co n c ip i p oterit py
ram is m a io r tam q uam  com p osita  ex  d iu e rs is ' p yra
m id ibu s ,  q uae  basim  habeant basi m in o ri aequa
lem  ;  sed pyram ides illae  sin gu lae  erun t minori 
p y ram id i a e q u a le s ; e rg o  p yram is m a io r est ad  m i

no-
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norem  ,  v t  p yram id u m  aeq u a liu m  n u m erus in m a 
io ri p yram id e  ,  ad p yram id em  m in orem  ,  hoc e st , 
pyram yd es illa e  sun t in ter s e ,  v t bases.

A t  si basis m a io r m in o rem  basim  non c o n t i
neret a c c u ra te ,  sed tam en h abean t a liq uam  c o m 
m unem  m en suram  ; d iu id i fin gan tur bases in p a r
tes huic m ensurae com m uni aequales : iam  p y 
ram ides du ae ,  to t a lias  con tin ebun t pyram ides a e 
quales ,  q uo t sunt in  v traq u e  p y ram id e  partes com - 
m unes ,  ac  p ro in d e p yram id es su n t etiam  ,  v t 
bases.

T a n d e m  s i p yram idu m ’ bases fo ren t in co m m en 
s u ra b ile s , ad h ibeatur a liq u a  m en sura  ,  q uae  m i
nuatur in in fin itu m  ,  d o n ec  fiat v triu sq u e  basis 
m ensura com m un is ,  q uem ad m od u m  d i& u m  est 
de figurarum  sim ilitu d in e  ;  eod em  m o d o  p atet; 
in hoc etiam  casu  ,  p yram id es esse in ter se ;  v t 
bases.

P R O P .  I I .  Solidorum  curitUineorum genesim  
exp licare. S i  redla sublim is m otu  sibi sem per pa
rallelo  , c irc u li c ircu m feren tiam  r a d a t ,  figura s o 
lida  hoc m otu  gen ita  ( F i g .  a p . )  cy lin d ru s  d ic i
tur. A t  si redla per a liq u o d  pundtum fixum  ,  &  
sublim e perp etu o tra n s ie n s , a ltera  ex trem itate  ra
dat c irc u li c ircu m feren tiam  ,  so lidum  A G M  ( F i-  
gm-. 3 0 . )  h oc  m otu gen itu m  ,  conus v o ca tu r. 
V triu sq u e  autem  figu rae  Ia s is  v o ca tu r c irc u lu s , c u 
ius c ircum feren tiam  rc£ta p ercu rrit. P # te t ,  c y lin 
drum  duobus c irc u lis  ,  con um  autem  c ircu lo  v n i-  
co  term in ari. Rcdta per v triu sq u e  c ircu li centrum  
in cy lin d ro  transiens ,  i n  con o  autem  p er basis 
cen tru m  ,  ip su m q u e coni Verticem  ,  a x is  d icitu r. 
S i ax is  s it  p erp en dicu laris  basi ,  c y lin d ru s  ,  v e l  
conus rectus ,  so lid u m  genitum  ap p e lla tu r ;  secus

au-
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autem  ,  obliquus  v o ca tu r. S i  autem  basis fu er it  
quaeuis a lia  curua ,  so lid u m  d ic itu r cylin d ricu in  
ve l conoidictun. F ig .  2 9 .  re fe rt  c y lin d ru m  reiftum , 
figura autem  30 . con u m  redhim  repraesentat. S i  se 
m ic ircu lu s  A H B  ( F ig .  3 « .  )  c irca  im m otam  d ia 
m etru m  A B  in  orbem  d u c a tu r , don ec ad  pristi
n u m  situ m  r e d e a t ,  so lid u m  inde gen itum  sphae
ra  d icitu r.

C O R . I .  S i  basis prism atis ,  v e l p y ram id is , 
audto num ero lateru m  ,  &  im m in u ta  m agnitudine 
in  in fin itum  ,  abeat in  cu ru am  continuam  ,  pris- 
m a abit in  so lid u m  cy lin d ricu m  ,  p yram is  in  co- 
n o id icu m . Ite m  p r ism a ,  cuius latera  sun t perpen- 
d icu la ria  b a s i ,  m u tatu r in cy lin d ru m  reiftum ; p y
ram is  v e r o ,  in q ua basis latera  sun t a e q u a lia , &  
d istan tiae  a vertice  aeq u ales ,  ab it in  con um  re- 

<3 um.
C O R . U .  S i sphaera plano q uo u is se c e tu r ,  se- 

«Sio e rit  c i r c u lu s ,  qui eric om n iu m  m axim u s ,  si 
se ft io n is  p lanum  transeat per cen tru m  sphaerae, 
a c  dein d e eric m a io r ,  v e l m in o r , p rou t planum 
se& io n is  m a g is , vel m in u s recedet a  cen tro  sphae
ra e . S i  en im  sedtio F I H  ,  a d  cu ius p lanum  d u 
ca tu r d iam eter perpendicu laris A B  ,  q u a e  plano 
secan ti o ccu rra t in E .  S i  puniftum E  congruat 
cum  cen tro  C  : p a t e t ,  redtas E I  fo re  rad io s  sphae
rae . S i autem  cadat extra  in tr ian g u lis  C E I ,  C E F ,  
a n gu li ad E  erun t r e d i  ,  latus C E  com m un e ,  &  
bnsis C I  =  =  C F  ; q uare  q u o d u is  latus E I  =  — 
E F  j  a c  proinde in  vtro qu e casu  se & io  e rit  c ir
cu lu s ,  cu ius cen tru m  E  ;  i l lu d  vero  cen tru m , 
in prim o casu  co in cid et cum  cen tro  sph aerae. P a 
tet au tem  ,  ob an gulu m  re d u m  in  E  ,  radium 
c irc u li E t ’ sem per m in o rem  fo re  rad io  sph aerae  C F ,



nisi ra d ii i l l i  con gru an t ;  abeunte E  in  C . E u i-  
dens etiam  est ,  e o  m in orem  fo re  ch ord am  H F ,  
nem pe c irc u li d iam etru m  ,  q uo m a io r  fu e r it  d istan 
tia  C E .

C O R . I I I .  S p h a c rr  con siderari potest tam quam  
com p osita  ex  p y ram id u lis  aequ alibu s ,  n u m ero  in fi
n itis  ,  &  in fin ite  p aru is  ,  quarum  bases sunt in ip 
sa sphaerae superfic ie  ,  vertex  autem  com m unis est 
ipsum sphaerae centrum .

S C H O L . In  C ap ite  praecedenti ,  vb i prism ata 
&  p yram id es in te r se  c o m p a ra u im u s ,  a liq u a  du b i
ta tio  su b o rir i posset ,  q uo d  nem pe so lid a  e  super- 
fic iebu s com p osita  habere v id ea m u r. E t  re  quidem  
v era  lin ea  p rod ucitu r m o tu  con tin u o p u n d i ,  su
perficies m o tu  con tin u o  superfic iei ;  a t  lin ea 11011 
ex  p u n d is  ,  sed ex  l in e o lis ,  superficies e x  a r e o 
l i s ,  non ex  lin eis ,  so lid u m  ex  sp atio lis  so lid is , 
non ex  su p erfic ieb us com p o n itu r. N e q u e  genuinam  
linearum  ,  superfic ierum  ,  &  so lid o ru m  notionem  
T yron ib us proponunt n o n n u lli m agistri ,  q u i lineas 
tam quam  e p u n d is ,  superficies e x  lin eis ,  solida 
ex superfic iebus com posita  repraesen tan t. Itaq ue 
dum  ( in c o r . 6 . cap . praec. )  ex sed io n u m  a e 
qualitate ,  p rism atum  ,  &  p yram id u m  aequalitatem  
c o n c lu d im u s ; id  non debet in te llig i ,  q uasi pris
m ata ,  &  pyram ides ex  sed io n ib u s  p lan is com p o
ni ve lim u s ;  nam  lo co  s e d io n is  vn iu s  ,  con sidera
r i possent s e d  io  nes du ae in fin ite  p rox im ae  ,  q u a 
ru m  ( in  c it . c o r o l l . ) eadem  fo re t d istantia  siue 
a lt itu d o ,  v t  patet e x  p lanorum  p aralle lism o. I g i 
tur m in im a s o lid a  duabus sed io n ib u s  infinite v ic i
nis com prehensa ,  fo ren t aeq u alia  in  casu proposi
to  ; quare com m un em  altitu d in em  n eg ligere  licu it, 
solam que sed io n u m  aeq u alitatem  con siderare  ; id

ve-
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v e ro  facere  num quam  lic e t  ,  nisi p raeter se& io -  
n u m  aequ alitatem  ,  ibi aequales etiam  sint b in a
ru m  quaru m cu m qu e indefin ite proxim arum  distan
tiae . P o r r o  eu id en s est 5 han c m ethodum  ,  ad ex
haustionum  m ethodum  saepius explicatam  redu ci, 
ac  p ro in d e ad  seu eritatem  geom etricam  esse o m 

n in o com positam .

C A P V T  II.
De Solidorum mensura.

P R O P .  I .  F ris m a tis  , cuius la te ra  rec lilin ea  
sunt basi perperi d ic u lu r ia  5 superficiem  me

t i r i .  S in g u lae  prism atis fac ies  in hoc casu sunt 
redtangula sub sin gu lis  lateribus basis ,  s ingulis- 
q ue  prism atis lateribus reiS ilin eis con ten ta  ; id eo 
q ue om n iu m  h uiusm od i redtangulorum  sum m a, 
est to ta  basis p erim eter ,  in  latus redtilineum  du- 
dta. Q u a re  p rism atis  superficies ,  dem p tis basi
bus ,  est produdtum  ex  perim etro basis in vnum  
ex  lateribus re ftilin e is. H u ic  p ro d u fto  ad d atu r du
p la  basis sup erfic ies 3 habebitur superficies tota pris

m atis.
C O R . I .  C um  s e x  q uad ratis  aequalibus te rm i

n etu r cubus ,  habebitur tota cubi superficies 3 si 
q u ad rati vn ius superficies sexies sum atu r. Q u ia  ve
r o  p arallep ip edu m  sex term in atur superficiebus, 
q u aru m  duae q uaelibet oppositae sun t aequales; 
in u en ian tu r tres inaequales s u p e r fic ie s ,  illarum que 
sum m a bis sum atu r : habebitur to ta  parallepipedi 

superficies.
C O R . I I .  C um  basis c y lin d ri con siderari post 

s it  tam q uam  p o lyg o n u m  regu lare  s e x  lateribus nu-
m e-



Hiero in fin itis ,  &  in fin ite  p aru is com p o situ m  ; c y 
lindrus haberi p oterit ,  tam quam  prism a in f in it i-  
laterum  : cu ius p ro in d e  superficies habebitur ,  si to 
ta basis p erim eter ,  seu c irc u li c ircu m feren tia  d u 
catu r in  a ltitu d in em  ,  &  p rod ud to  add atu r d u p la  
basis ,  s iu e  c ircu li superficies»

P R O P .  I f .  P y ra m id is  ,  cuius la te ra  omnia 
Sunt a equ a lia  ,  isf Ia s is  la te ra  sunt etiam  aequa
l ia  ,  supsrficiem  in u e n ire : C um  fa c ies  om nes p y
ram id is in h oc  casu  s in t trian gu la  isoscelia  a eq u a
l i a ; e rit  om n iu m  tria n g u lo ru m  sum m a aeq u alis  
d im idio p ro d u & o  e x  to ta  basis p erim etro  in  perpen
dicu lum  e x  v ertice  p yram id is  a d  latus q u o d lib et 
basis dem issum  ;  nam trian gu lu m  q u o d lib et aequa
tur d im id io  p ro d u d o  e x  latere basis d u d o  in  suu m  
p erp en dicu lum . H aec  autem  sin gula  p erp en dicu la  
sunt a e q u a lia ; habebitur ergo  in  hoc casu  p y ra m i
dis su p er fic ies , dem p ta  basi.

C O R . I .  C on u s est p yram is  i n f  n it ila te r a  ,  ac  
proinde coni r e d i  superficies aeq u alis  est d im id io  
p ro d u d o  e x  c ircu m feren tia  basis in  lon g itu d in em , 
siue la tu s  coni ,  dem p ta  tam en basi.

C O R . I I .  S i  p yram is  p lano basi paralle lo  trun
cata p onatur ,  fa t ie s  om nes re liq uae  p y ram id is  v e r 
sus basim  abeun t in  trapezia aeq u alia  ; haec autem  
trapezia sin g u la  d iu id i possunt in trian gula  d u o  ae
q ualia  ,  q u o ru m  bases sunt s e c tio n is ,  &  basis la
tera,  a ltitu d o  autem  com m un is est ipsaru m  basium 
distantia p erp en dicu laris. Q u are  s in gu lorum  tr ia n 
gulorum  m en sura  est d im id iu m  p ro d u d u m  ex  s in 
g u lis  basibus in  ipsam  basium  d istantiam  ,  a c  p r o 
inde superficies p yram id is  truncatae aequ atur d i
m id io  p ro d u d o  t x  sum m a perim etri b a s is ,  &  se- 
d i o n i s ,  in d istan tiam  perpendicw larem  basium .

C O R .
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C O R . I I I .  S i conus re d u s  plano basi parallelo  
trun catus p on atur ,  con i h u ius tru n cati versus ba
sim  su p o rfid ts  aequ alis  e st  d im id io  p ro d u d o  ex 
p eriph eriarum  sum m a ,  in coni truncati lo n g itu d i
nem  ,  siue latus. R es  autem  fa c iliu s  ob tin etu r ,  si 
in u en iatu r c ircu lu s  D E  (  F ig . 3 0 . cui us  periphe- 
r ia  aequ alis  s it  sem isum m ae peripheriarum  B C ,  G M .  
S u m atu r nem pe p u n d u m  D  m edium  in ter B  &  G ,  
du catu rqu e r e d a  D E  p aralle la  sedtioni B C  ,  haec 
e rit  d iam eter c ircu li q uaesiti. E te n im  d u d is  perpen- 
d icu la rib u s  B f ,  D h  ; e rit  ob tr ian g u lo ru m  D B f ,  
D G h  sim ilitu d in em  B f : D f  =  3  D h  : G h  ,  ac 
p r o in d e , ob B f  3  D h  ,  e rit  e tiam  D f  =  G h : 
q u are  eadem  est d ifferen tia  in te r d iam etros B C  &  
D E  ,  quae est in ter d iam etro s D E  &  G M  ; illa  
n em p e d ifferien tia  e st  d u p la  re d a e  D f ,  vel G h ; 
id eo q u e  r e d a  D E  est m ed ia  p rop ortio n alis  arith m e
tic a  in ter B C  ,  & G M ,  seu q uo d  idem  e s t ,  d ia 
m e ter D E  aequ alis  est sem isum m ae diam etrorum  
B C ,  &  G M .  S e d  c i r c u l i ,  vtp ote  figurae sim iles, 
suas’  habent peripberias d iam etris  proportionales 
( S c h o l.  cap . 3 . )  ; ergo  c ircu m feren tia  c i r c u l i ,  d ia 
m etro  D E  d escrip ti est m edia  proportion alis  arith
m etica  in ter c ircu m feren tias  d iam etris  B C  ,  &  G M  
descriptas. H abebitu r ergo  co n i truncati B C G M  su 
perficies j  si m u ltip lice tu r c ircu li m e d ii D E  c ircu m 

feren tia  per latus coni B G .   ̂ _
C O R . I I I I .  S i con cip ia tu r c y lin d ru s  rectus 

K Q T M  (  F ig .  3 2 .  )  c ircum scrip tus sphaerae ,  ha
bens pro axe  d iam etru m  A B  ,  pro basi circulum  
sphaerae m axim u m  ; superficies segm enti sphaerae 
H A F  aequalis erit sup erfic iei c y lin d r i Q N R K ,  & 
area  totiu s sphaerae aequalis areae totiu s c y lin 
d r i ,  dem ptis basibus. E te n im  con cip iatu r par-
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ticu la  q u aeu is  F f  c ircu li g e n ito r is  ita  p arua ,  v t  
infinite accedat ad  lin eam  r e d a m ,  p ro d u d aq u e  F f  
vsq u e  B A  in  G ,  r e d a  F f G  generab it superfic iem  
con i r e d i i ,  &  F f  superficiem  coni t r u n c a t i ,  cu ius 
m ensura e rit  ipsa F f  d u d a  in  sem isum m am  p eri- 
pheriaru m  ,  quarum  radii sunt E F  &  e f ;  d u d a  a u 
tem P O  ,  ita  v t p eriph eria  rad io  P O  descripta a e 
q u a lis  s it  sem isu m m ae peripheriarum  p ra ed id a ru m ; 
e rit  c o n i tru n ca ti su p erfic ies  ,  v t  r e d a  F f  d u d a  
in c ircu m feren tia m  ,  cu ius rad iu s  est O P . Ia m  ve
ro  ob trian gu la  sim ilia  re d a n g u la  G e f  ,  G E F ,  G P O , 
O P C  ,  eri t E e  vel N n  ;  F f  -  ~  G E  : G F  -  =  G P :  
G O  =  P O  : C O , v e l E N ,  ob E N  -  B T  =  =  C O , 
ideoque N n  X B N  e  s  f F  X P O  , a tqu e id eo  cum  
p eriph eriae s i n t ,  v t  ra d ii ; e r it  p ro d u d u m  c x  N n  
in  periph eriam  ra d io  E N  descr ip tam  aequ ale  p ro- 
d u d o  ex F  f '  in p eriph eriam  ra d io  P O  d escrip tam . 
P r im u m  autem  p ro d u d u m  ex p rim it aream  gen itam  
ab N n  ,  a lteru m  vero  aream  genitam  ab F f .  Q u are  
tota area  gen ita  a  to to  arcu  A f F  aeq u atu r toti 
areae gen itae  a r e d a  Q N  ; 8c abeunte R E N  in  
M B T ,  tota sphaerae sup erfic ies totiu s c y lin d ri su 
perficiei aequ alis  e s t ,  dem p tis basibus.

C O R . V .  Su perfic ies sph aerae  aequ alis  est p ro- 
d u d o  ex  c ircu m feren tia  c ircu li m ax im i in a x em , 
siue d iam etru m  s p h a e r a e , ac  proin de c ircu li m a x i
m i su p er fic ie  q u ad ru p lo  m aio r est (  C o r . i .  P r o p . i .  
c a p .2 .)

C O R . V I .  Su perfic ies to ta  c y lin d ri c ircu m scri
p ti ,  in c lu sis  basibus ,  est ad  totam  sphaerae su 
perficiem  ,  v t  3 .  ad  a .  N a m  superficies sphaerae 
id  hoc casu basi c y lin d ri q u ad ru p lo  m a io r e s t ,  su 
perficies autem  tota c y lin d ri sua basi sexies m a
io r  est.

T o m .IH  Geom. L  P R O P ,
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P R O P .  I I I .  P rism a tis  so lid ita te m  m etiri. P o 
lygon u m  , q uo d  prism atis basis e s t ,  in ipsam  p ris
m atis a ltitu d in em  d u catu r : habebitur so lid ita s  tota 
p rism atis  , v t  patet ex  genesi ip siu s so lid i ,  quod 
prod ucitu r m otu  p aralle lo  b a s is ,  ac  p ro in d e  b a s is , 
s iu e  p o lygon i sup erfic ies ,  per a ltitu d in em  m u lt i

p licari debet.
C O R . I .  S o lid ita s  cub i habetur m u ltip lica n d o  

fa c iem  quad ratam  basis , per ipsum  q uad rati ia tus. 
P a ia lle p ip c d i so lid ita s  in u en itur ,  s i p ara lle lo g ram - 
m i superficies per a ltitu d in em  m u ltip lic e tu r ; habe
tu r  autem  so lid ita s  c y lin d ri ,  si basis c irc u li nem pe 
s u p e r f ic ie s , in a ltitu d in em  c y lin d ri d u catu r.

C O R . I I .  E a d e m  in  so lid o ru m  m en sura  ra
tioc in atio n e  in stitu ta  ,  q u am  in m etien d is superfi- 
ciebus adh ibu im u s ,  eu id en s e s t ,  cu b u m  esse c o m 
m unem  so lid o ru m  m en su ram  ,  non secus ac  q u a 
d ratu m  est m en sura  su p erfic ieru m . Ita q u e  pes s o 
lid u s  con tin et pollices cub icos 1 7 2 8  ,  nem pe tres 
habet d im e n sio n e s , q u aru m  sin g u la e  1 p e d i ,  s in e  
i a  p ollic ibu s a e q u a n tu r ; &  ita  d ice n d u m  d e  a lia  
q u alib et m en sura .

P R O P . I U I .  P y ra m id is  s o lid ita te m  inuenirt. 
S i a d  centrum  I  cubi G L  fia t q u ad rata  pyram is 
(  F ig -  3 3 -  )  3 cu iu s  basis sit cubi fa c ies  q uad rata ; 
eu id en s e s t ,  totam  cubi so lid ita tem  d iu id i in sex 
hu iu sm od i pyram ides q u ad rila teras  aeq u e a ltas  8c 
a eq u aliu m  basium  ;  ac  proin de aeq u ales. Ig itu r  p y 
ram is quaelibet e rit  sexta pars c u b i ; sed cubi m en 
sura aeq u alis  esr p ro d u d o  ex  basi in a lt itu d in e m ; 
e rgo  illa ru m  p yram idu m  quaelibet e rit  aeq u a lis  p ro - ' 
d u d o  ex  basi in sextam  partem  altitu d in is  H P  ,  ve l, 
q u o d  idem  e s t ,  tertiam  partem  altitu d in is  I P .  E r 
g o  h u iu sm od i p y ram id is  so lid ita s  aeq u a lis  e st  pro*
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d u & o  ex basi in  tertian i partem  a lt it u d in is ,  seu j 
quod idem  est ,  aeq u atu r tertiae p arti cubi e iu s
dem  basis ,  &  e iu sd em  altitu d in is.

G en eratim  p yram is  q u a e lib e t, aequ alis  est p ro- 
duifto ex  basi in  te rtiam  partem  a ltitu d in is  ,  siue 
p yram is  quaelibet est te rt ia  pars prism atis eam dem  
cum  ipsa p y ram id e  basim  habentis ,  eam dem que 
a ltitu d in em . E te n im  sit  p yram is  q u a e lib e t ,  finga- 
turque cubus ,  cu ius a ltitu d o  s it  a ltitu d in is  p y ra 
m id is d u p la . Ia m  si ex  cen tro  cubi a lia  exeat p y
ram is ,  cu ius basis s it  fa c ie s  quad rata  cubi ; e u i
dens est ,  h an c p yram id em  habere eam dem  cum  
proposita p y ram id e  a ititu d in em  ,  ac  proin de p y ra 
m ides illae  sunt inter se ,  v t bases ( C o r .8 .  P r o p . i .  
cap. praec. ) S e d  so lid ita s  p y ram id is  cubi basi in
n ixae aequ alis  e st  produdto t x  tertia  parte a lt itu 
din is in basim  ; e rgo  o b  a ltitu d in em  in  vtraq ue 
p yram ide e rit  so lid ita s  propositae p y ram id is  ae
qualis p ro d u & o  ex  tertia  p arte  a ltitu d in is  in ba
sim : id eo q u e  gen eratim  ,  p yram is  q uaelibet est 
tertia pars p rism atis  e iusdem  basis ,  &  a lt itu 
dinis.

C O R . I .  C um  c y lin d ru s  tam quam  prism a In fi-  
n itilaterum  ,  it id em qu e  con u s tam quam  p yram is in -  
fin itilatera  co n sid e ra ri p ossin t ; e rit  conus tertia  
pars c y lin d ri eam dem  haben tis basim  ,  &  tam dem  
altitud inem .

C O R . I I .  C um  sphaera haberi p ossit tam quam  
com posita ex  in fin itis  p y ram id u lis  ,  quarum  v e r
tex com m unis est in  cen tro  sph aerae  ,  bases a u 
tem om nes sim u l sum ptae totam  occupanc sphae
rae superficiem  ; s in g u la e  illa e  p y ram id e s  a eq u a 
les sunt p rodudlo ex  tertia  parte ra d ii in suas b a 
ses ,  ac proin de tota p y ram id u m  sum m a aequalis 
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est p ro d u & o  ex  om nibus basibus s im u l sum p tis, 
h oc  est ,  ex  superfic ie  sphaerae in  tertiam  partem  
ra d ii . E r g o  tota sphaerae so lid ita s  h a b e b itu r ,  m u l
tip lican d o  tertiam  rad ii partem  per c irc u li m axim i 

sup erfic iem  q uater sum ptam .
C O R . I I I .  C um  so lid ita s  c y lin d ri s it  p ro d u c

tum  ex  d iam etro  in  c ircu lu m  m a x im u m  ,  s o lid i
tas sph aerae  aeq u a lis  est duabus te rtiis  partibus c y 

lin d r i c ircu m scrip ti.
P R O P .  V .  S o lid a  duo s im ilia  sunt in  ra tio 

ne t r ip lic a ta  laterum  homologorum. E x  so lido ru m  
defin itio n e  ,  &  e x  praeceden tibus proposition ibus 
eu id en s est 5 corp oris cu iuslibet so lid itatem  esse 
sem per 3 v t  p ro d u & u m  ex  a liq u a  superfic ie  in  a li
q uem  axem  ,  v e l a liq u am  a ltitu d in em  ; superficies 
autem  ex  duabus d im ensionibus c o m p o n itu r , ergo 
so lid u m  q u o d lib et e st  in  ration e  com p o sita  triu m  
d im en sio n um  h om o logaru m  ,  seu e iu sd em  n om in is : 
sed  so lid a  s im ilia  ca d icu n tu r ,  quae  s in g u las  d im en 
sion es h om o log as habent p ro p o rt io n a le s ; ergo  so
lid a  s im ilia  sun t in  ra tio n e  com p o sita  ex  tribus d i
m en sion ib us prop ortion alibu s ;  ac  p ro in d e in  ratione 
tr ip lica ta  vn iu s cu iuslibet d im en sio n is  h om o logae .

C O R . I .  Sphaerae sunt in  ration e  trip licata  d ia 
m etroru m . E ten im  sph aeraru m  so lid ita tes  sun t in
ter se ,  v t  c irc u li m ax im i su p erfic ies in  radium  
d u & a  ( C o r .  a .  P ro p . praec. ) Sed  c ircu lo ru m  su
perficies sunt in ration e  d u p licata  sem id iam etro- 
l-um ( C o r .  ( .  P ro p . 3 . S e d .  p r a e c . ) :  ergo  sphae
ra e  sunt in ra tio n e  tr ip lica ta  sem id ia m e tro ru m ,  vel 
d iam etro ru m . Id e m  fa c ile  patet ex  sph aerarum  si
m ilitu d in e  ; cu m  enim  sph aerarum  solid itates per 
c irc u li m ax im i superfic iem  d eterm in en tur ,  sintque 
c irc u li figu rae  s im ile s ;  eu id en s est sphaeras esse so 



lid a  s im i l ia ,  ac  proin de in  ra tio n e  tr ip lica ta  d ia 
m etrorum .

C O R . I I .  C ub i sunt so lid a  s im ilia  ,  item  q ue 
sim iles sun t c y lin d r i sph aeris  c ircu m scrip ti ( C o r .  3 . 
P r o p . p raec . )  E r g o  cubi sunt in ra tio n e  tr ip lic a 
ta lateru m  ,  &  c y lin d r i sun t in ra tio n e  tr ip lica ta  
d iam etro ru m .

C O R . I I I .  P r is m a ta  om n ia ,  s i in te r se  c o m 
p a r e n tu r , ac  p y ram id e s  om nes in te r se  ; erun t v t 
p ro d u d a  e x  b a s ib u s , &  a lt itu d in ib u s ; quare  si ba
ses fu eru n t aequales ,  erun t so lid a  ,  v t  so lae  a l t i 
tu d in e s , si autem  a ltitu d in es fu e r in t  aeq u ales ,  erun t 
v t so lae  bases. S i ea  so lid a  fu er in t a e q u a lia , a l t i 
tudines e ru n t basibus rec ip ro ce  p rop ortio n a les  , Sc 
v iceu ersa  ,  s i bases fu e r in t  a ltitu d in ib u s reciproce 
p rop ortio n ales ,  so lid a  e ru n t a eq u a lia . T a n d em  si 
bases fu e r in t  s im iles  ,  &  a ltitu d in es  lateribus basium  
h o m o log is  p ro p o rtio n a le s  ,  so lid a  e ru n t in ration e  
tr ip lica ta  laterum  h om o logo rum  ,  vel a ltitu d in u m .

S C H O L . D e  so lid o ru m  re d o ru m  superficieb iis 
in C a p ite  praecedenti serm onem  h abuim us ; verum  
si so lid a  fc e r in t  ob liq u a  ,  superficiorum  m en sura  
su b lim iorem  G eo m etriam  a liq u an d o  p ostu lat. Q u o d  
sp e d a t  so lid a  su p erfic itb u s p lan is term in ata  ,  res 
ost n u lliu s  d ifficu lta tis. C u m  en im  so lid o ru m  i l lo 
rum  fncies ,  s int p o ly g o n a  r e ft ilin e a  ,  ad  tr ia n g u 
lorum  sup erfic iem  redu ci sem p er poterit illo ru m  
m en su ra . P r ism a tis  cu iu su is  exem plo  rem  illu stra 
b im us. P e r  p u n d u m  q u o d lib et in  a liq u o  p rism a
t i s 'l a t e r e ,  t ra d u d u m  in te llig a tu r  p lan u m  ad  latus 
i l lu d  p erp en d icu lare  ; id em  p lan u m  a lia  om nia p r is 
m atis la tera  ,  v tp o te  p aralle la  ,  p erp en d icu larite r 
quoque s e c a b it , atque s e d io  e rit  p o lygon u m  ,  cu 
ius vn u m q u odq u e la tu s  a d  d u o  p aralle la  prism a-
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tis  la tera  erit p erp en dicu lare . Q u a re  superficies 
vn iu scu iu sq u e fa c ie i aeq u ab itu r produdto ex  v n o -  
quoq ue scdtionis latere ,  in p rism atis  latus quod- 
lib et ob lateru m  om n iu m  aequ alitatem  ; ac  p ro in 
d e  prism atis superficies aequ atur produdto ex  o m 
nibus la 'e r ib u s  sedtiojiis ,  h oc  est ,  e x  tota sedtio- 
nis p erim etro  in  p rism atis  latus q u o d lib et. Iam  
si prism a redtum  p on atur ,  p lan u m  lateri perp en 
d icu lare  co in c id it  cum  basi ,  id eo q u e  superficies 
prism atis aequ alis  est produdto ex  perim etro  basis 
in  a ltitu d in em  ,  v t  a n te ;  q uo d  id em  v a le t  in  s u 
perficie c y lin d r i ,  qui potest con sid erari tam quam  
prism a in fin itiiateru m . A t  s i  redtus non fu e r it  c y 
lin d ru s j  p lanum  per cy lin d ri axem  ,  v e l la tus q u o d 
libet perp en dicu U riter tradudtum  , sedtione sua cum  
c y lin d ro  ob liq uo generab it cu ru am  ,  q uae  E l l ip s is  
v o ca tu r a  G e o m e tr is ,  de q ua in A p p e n d ice  m ox 
add en d a pauca d icem u s. E r i t  autem  c y lin d r i o b li
qui sup erfic ies aeq u a lis  produdto ex  E ll ip s is  c ir 
cu m feren tia  in  lacus c y lin d ri . Q u o d  spedlat coni 
o b liq u i su p e r fic ie m , p a te t ,  eam  ad  sedtoris c ircu 
la r is  su p er fic iem , vc ht in con o  r e d o ,  red u ci non 
posse ,  cum  in c o n a  o b liq u o  aequales non sint li
n eae  om nes dudtae ex  vertice  con i in basim . Sed 
haec pauca m onuisse satis s i t ;  h aec en im  ad  G e o 
m etriae  elem en ta non p ertin en t.

A P P E N D I X .

De hneh curuis.

L in e a e  curu.ie  n otionem  ita s 'm p licem  esse iam 
obseruauim us ; vt exp lica tion e  v lla  v ix  cla

r io r  effici p ossit ; quare  p raeterm issa defin itione,
de



de lin e is  cu ru is  generarim  ,  &  d e in d e  d e  P a ra b o 
la  ,  &  E llip s i pauca expon em us ; a lia  d e in d e ,  vbi 
necessitas o c c u r r e t ,  dem o n stratu ri.

In  curua q u alib et (  F ig .  3 4 . )  r e d a  A D ,  li
n eas p a r a l le la s ,  v t  M M ,  N P  ,  a e q u a lite r  d iu i-  
d e n s ,  d ia m eter  c u ru a e  a p p e lla t u r ; a x is  autem  v o 
catu r , si easdem  p ara lle las  ad  an gulos redtos se- 
c e t . Pun dtum  A  in axe  vertex  cu ru ae  d ic itu r: 
redta e  autem  p aralle lae  M M  ,  N P  d icu n tu r o rd i
natae  : pars d iam etri ,  v e l a x is  in ter p u n itu m  A ,  
&  ord in atam  co m p re h en sa ,  d ic itu r  abscissa. A 'E -  
quatio  cu ru ae  a p p e lla tu r fo rm u la  a lgeb raica  ,  quae 
relationem  in ter sem io rd in a ta s  , &  abscissas e x p ri
m it . I ta  d em o n stra tu m  est in c irc u lo  ( F i g .  16 .  ) 
q u ad ratu m  redtae E O  aeq u a le  esse produdto ex C O  
in O L . Ia m  d ia m e te r  C L  d ica tu r  a ,  s itqu e  C O
— X j  &  E O  zz y .  E r i t  O L  zz a  —  x ; ac  p ro 

in d e y a  ~  a x  —  x 2  q uae  est aeq u atio  ad  c ir

cu lu m . E x  his eu id en s e s t ,  ord in atas ,  &  abscissas 
curuae ,  esse  quan titates in d eterm in atas ; hae a u 
tem  d eterm in an tu r ,  su m p tis  p io  a rb itrio  a ltervtriu s  
q u an tita tis  v a lo rib u s . I ta  si in  aeq u ation e ad c ir 

c u lu m  fiat x  zz o  ,  a  ,  3 , 4  ,  cet. E t  a — 10 ,  
in u en ittu r y  zz o  ,  3 ,  4  ,  j/ 2 4  ,  cet. Q u are  ,  si 
ex s in g u lis  pundtis e r ig a n tu r  perpen dicu iares h o c  
m o d o  d e te rm in a ta e , &  per sin gu las p erp en dicu la- 
riu m  extrem itates du catu r e u ru s ,  h aec ad  q u a e si
tam  curuam  eo a c c u ra t iu s  accedet ,  q u o  p lures 
e run t h u iu sm od i p erp en d icu iares . O rd in atae  non 
solum  ad  a x e m , sed ad  q u am lib et d iam etru m  re 
fe rri p o ssu n t ,  atque etiam  in it iu m  abscissarum  
non a s o lo  d iam etri ,  aut ax is vertice  com putari 
p ote it  j  sed  etiam  ab a liis  pundtis. I ta  in  c ircu lo

abs-
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abscissae com p u tari possunt ve l ab ipso  d iam e 
tr i vertice  ,  ve l e tiam  a cen tro  ,  atque ita p ro 
deu n t d iu rn a e  eiusdem  cu ru ae  aeq u ation es. V e 
ru m  quocum que m odo c u m a  con sideretur ,  probe 
d istin g u i debent redtae ad  d e x te r a m ,  v e l  ad  s in is 
tra m  iacentes ,  &  id eo  d i cun tu r p o sitiu a c  ,  v e l 
n egatiu ae. H as q u idem  v e l illa s  ap p ellare  licet po- 
s t i u a s ,  v e l n e g a t iu a s ;  a t vb i a p p e lla tio  d eterm i
n ata  e s t ,  haec se m per retin eri d e b e t : quare  sem i- 
o rd in a ta e  ,  &  abscissae  p ossu n t esse v e l n egatiu ae, 
v e l positiuae. R a tio  autem  fa c ile  p atet ex  iis  ,  quae 
d e  q uan titatibus p ositiu is  ,  &  n egatiu is in  A lg e b ra  
o bseruauim us.

I I .  C u ru a  q u aelibet con sid erari p otest vel ta m 
quam  curua -polygona. ,  v e l tam quam  curua accu
ra ta .  P r im u s  con sid eran d i m odu s n ih il a liu d  s ig 
n if ic a t , n isi curuam  esse p o lyg o n i in s c r ip t i ,  &  c ir 
c u m sc rip ti lim item . V n u m  autem  probe obseru an - 
dum  est in  cu ru aru m  c o n s id e ra tio n e ; si nem pe cur- 
u am  a liq u am  v e lu t  polygon am  q u is  tra d la u e r it ,  ca- 
u ere  de in d e  debet ,  ne eam dem  cu ru am  v e lu t  a c 
curatam  h a b e a t ,  &  v ic e u e rs a ; atque etiam  eadem 
regu la  tenenda est ,  in  du aru m  cu ru aru m  c o n s i
deration e ,  am bae sc ilice t v e l tam quam  p olygonae, 
v e l tam quam  accuratae con siderari debent ; inde 
en im  in rebus p hysic is  o rti sunt e rrores  a liq u i. 
R e m  exem p lo  dem o n strab im u s. In  c ircu lo  q u o c u m 
q ue P Q D  ( F i g .  3 ; . )  d u c a n tu r ch ord ae  aeq u ales, 
&  infin itesim ae P D ,  D E  ,  p rod ucaturq u e P D  111 
O ;  donec D O  = : P D .  P ra e te re a  ag atu r per pun- 
dta O  &  E  redta O Q  ,  &  per pundtum D  ta n 
gen s D N  redtae O Q  occu rren s in  N  ; erit O l i  — 
a N E .E t e n im  trian gulu m  D O E e s t  iso s c e le : p raeter
ea  an g u li O D E  m ensura est d im id iu s  a rcus P D E ;



an guli autem  N D E  m en sura  esc d im id iu s  a rcus 
D E  ; ergo  r e d a  D N  a eq u a liter d iu id it  an gulu m  
O D E  3 id eo q ue ob D O  =  D E  3 e rit  O E  ~  a N E .  
Iam  p on atur corp u s a liq u o d  describere arcum  c ir
culi in fin itesim u m  P D E  5 v i a liq u a  vrg e n te  se
cun d um  d ired io n e m  datam  ,  quae in  loco  D  c o r
pus a linea r e d a  retrahat. S i con sideratur c ircu lu s  
tam quam  p o ly g o n u m , ch ord a in fin itesim a P D  e rit  
spatio lu m  3 tem pore praecedenti in fin itesim o p er
cursu m  3 e ritq u e  D O  lin eo la  aequ alis  &  in  di r e 
d im i posita spatio lu m  alterum  ,  tem pore su b se -  
quenti aeq u ali descrip tu m . Q u a re  si d u ca tu r O E ,  
d ire d io n i v is  in D  agen tis paralle la  ,  e r it  haec l i 
neola O E  v is  huius e f f t d u s  ;  vi enim  illa  corpus 
ex O  transit ad  arcu m  c irc u li. A t  si con sideretur 
c ircu lu s  tam q u am  accuratus 3 tangens D N  e rit  l i 
neola vi vrgen te  descripta  ,  id eo q ue N E  v is  huius 
e lied tis. Ita q u e  in  cu ru a  p o lygon a v is  e ffe& u s  re- 
p iesen tan tur per O E  ,  Sc in  curua accu rata  per 
N E .  Q u a re  in  v ir iu m  m ensura retin en da est ea
dem  cu ru aru m  con sideratio  ,  a lio q u i e ffe& u s  d u 
plo m a io r aestim aretur. V e r u m  q u ia  in  v ir iu m  d o - 
d r in a  3 ipsarum  v ir iu m  e ft td u s  d u m taxat c o m p a 
ra m u s , res perin de se h a b e t ,  quaecum qu e a d h ib e a 
tur curuarum  c o n s id e ra t io ; eadem  enim  prodic e f -  
fc ftu u m  p ro p o rtio . H aec  autem  ,  q uae  m o d o  e x -  
p lic a u im u s , re fe ru n tu r ad  v ir iu m  cen tra liu m  d o - 
d r in a m  in P h y sic a  gen erali dem on stran d am .

I I I .  H aec  eadem  d o d r in a  ad  curuam  q u a m 
libet tran sferri p o te s t ;  q u o d  v t  in te llig a tu r  ,  c u r 
uarum  description em  gen eratim  considerabim us. 
C uru a quaelibet p lan a  ,  con sid erari solet ta m 
quam  ex m o tu  p u n d i ,  &  perpetua d ire d io n is  
m utatione in  p lan o  g en ita  : h ic  non ag im u s  d e

cur-
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curuis ,  q uaru m  pundlr s in g u la  in  eod em  non 
sunt p lano ,  &  id eo  d icu n tu r d u p lic is  curuaturae . 
Ita q u e  euidens est ,  cu ru a m  q u am lib et ad  lineas 
d u a s  in  plana position e  datas ,  o rd in atas  n em p e, 
&  a b s c is s a s , referen d am  e s s e ; a d  d eterm in an d am  
nem pe a licu iu s  cu ru ae  n atu ram  ,  o p orte t p u n iti 
m o b ilis  v e s t ig ii  ,  secundum  certam  ,  eam dem q u e 
legem  ad  redtis  position e  d atas r e fe r r i  ,  i u  vt 
pundtum  illu d  secundum  eam d em  om n in o  le ge m , 
in  q uo libet in fin itesim o m u ta ta e  d ire it io n is  an g u 
lo  m oueatur ; a lio q u i non eam dem  ,  sed  p lu res 
c uruas describeret ( c o n tra  h yp  ) .  E x  hac c u r u i -  
ru m  con sideration e  a liq u a  sane v t iliss im a  c o llig u n 

tu r . i . °  ReiSta curuam  quam libet in v n ic o  pun-

f t j  tan g it. P.>nam us en im  ,  redt lm  in du ob us ,  tri- 
busue p u n it s  con tin gu is cu ru a m  tan g ere  ; iam 
p u n d u m  m obile  diredtionem  perp etu o non m u ta

r e t ,  q u o d  repu gn at, i . 0  S i d escrip tu s in te lliga tu r

c ir c u lu s , qui com m  inem  cum  data  curua tangen
tem  111 a liq u o  pundfco h ib e a t ,  ita  v t  cu iuscu m q u e 
c ircu li m in o ris  ,  eam dem  habentis tangentem  ,  a r 
cu s a liq u is  v trin q u e  c irca  pundtum  c o n ta itu s  sit 
intra cu ru am  , cu iuscu m q u e vero  c irc u li m aioris 
a rtu s  sit e x tra  curuam  ; h un c c ircu lu m  dicim us 
cu ru ae  osculatorem  in d a to  p u n i t i ,  &  cu ru ae  ip 
sius curua.titrani d ic im u s c irc u la r i curuaturae ana
logam . E u id e n s  autem  est ,  ex  G e o m e tr ia e  ele
m e n tis , c irc u lis  oscu latoris  centrum  ,  p ositum  es- 
s :  in con cu rsu  du aru m  perp en dicu larium  ad  eam 
d em  c u r u a m ,  vb i p u n d ti d u o  cu ru ae  ad  se in u i
cem  in  in finitum  a c c e d u n t ; h aec en im  est c ircu 
li p roprietas ,  v t  redtae a  cen tro  ad  peripheriam



d u d a e  sint ipsi p eriph eriae p e ip e n d ic u la re s ; tali*  
autem  r e d a  e  cen tro  circu li oscu latoris  ad  curuam

d u d a  v o ca tu r ra d iu s  osculator. 3 .0  Q u a m u is  in 
ter ta n g e n te m , &  arcum  circu li ,  tran sire  possint 
a lii c ircu li in n u m eri ,  a ttam en  inter arcu m  cur- 
uae ,  &  arcu m  c irc u li c sc u la io r is  n u llu s  a liu s  c ir 
cu lu s tran sire  potest ; nam  ( ex  d e f. )  q u icu m q u e 
m in o r c ircu lu s est intra cu ru am  ; q u icu m q u e m a
io r est extra  ipsam . T o ta  c ircu lo ru m  osculatorum  
v tilita s  eo  re d u c itu r ,  v t  om n iu m  curuaru m  a r
cu s in fin itesim us con siderari possit tam quam  c ir c u 
la ris . E te n im  arcus in fin itesim us c irc u li o sc u la to 
ris ,  &  arcus in fin itesim u s cu ru ae  easdem  habent 
proprietates ,  cum  rad iu s s it  a d  c irc u lu m  oscula- 
torem  ,  &  ad  arcum  in fin itesim u m  cu ru ae  p er

p en d icu laris . 4 . 0  H in c  d e fin iri potest cu ru aru m  in 
quo libet p u u d o  c u r u a tu r a ; satis  en im  e rit  diuer- 
sas c ircu lo ru m  oscu latorum  cu ru atu ras  in ter se 
com parare ;  q u o d  qu idem  fa c ile  fieri potest. E t e 
nim euidens esr ,  d iu ersoru m  c irc u lo ru m  c u ru a 
turas esse in ra tio n e  rec ip ro ca  rad ioru m  ;  q uo d  
vt in te llig a tu r , fingam us ,  d u as r e d a s  aequales in 
circulu m  f k d i  ,  vn am  q u id em  in to tam  c irc u m fe 
rentiam  ,  a lteram  vero  in  sem icircu m feren tiam  d u 
p lo m inus curuam  esse ,  quam  sem icircu m fe re n 
tiam  integram  ; &  d u p lo  m aio r est rad iu s  c irc u li, 
ad quem  circu m feren tia  i l la  p ertin et. Id e m  sim i -
li ratiocin ation e patet ,  si r e d a  eadem  in arcum  
duplo ,  vel tr ip lo  m aio rem  in cu ru e tu r ;  &  ita 
deinceps. Sed  rem  gen erarim  d em o n strau im u s. S int 
duo circu li in aequales C  &  c  ,  q u o ru m  ra d ii R  
&  r ,  ponantur in  data  ration e  m  a d  n . I n  his 
circulis  capian tur a rcu s aequales ,  d ica tu rq u e  A

ar-
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arcus in  m aio ri c irc u lo  ,  &  a a rcu s in m in o ri; 
arcus A  curuatura m in o r erit curuatura  arcus a e 
q u a lis  a  in  ration e  K  ad  r. Ia m  vero  m c irc u lo  
m a io ri cap ia tu r arcus A  ,  q u i s im ilis  s it  a rcu i a 
in  m in o ri c irc u lo  ; e r it  A  :  a  ~  C  : c  =  R  : r. 
Q :ia rc  cu m  s it  a  =  A  ,  e r it  e tiam  A  : a  =  R :  
r  a  m :  n . Ig itu r  si a rcus A  s im ilis  arcu i a  c o n 
tin eat parces v e l g ra d u s m  ; a rcu s A  con tin eb it 
partes vel g ra d u s n ; ac p ro in d e c u ru a tu ra  arcus 
a  est ad  curuaturain  arcus A  ,  v t  m  ad  n. Q u a 
re  eadem  m anente arcu u m  A  &  a  m a g n itu d in e , 
c irc u lo ru m  c Sc C  cu ru atu rae  sunt in ration e  111 
a d  n ,  h oc  est in ra tio n e  rec ipro ca  ra d io ra m . 
C o m p a ra ri e rgo  in te r se possunt d iuersae  cu ru a- 
ru m  cu ruaturae  ,  a tqu e etiam  variae  eiusdem  cur- 
uae in  d iuersis  pundtis cu ru atu rae  : in u en ia tu r 
n em pe in d iuersis  punctis radius c ircu li o scu la to -  
r i s ,  hoc e s t ,  c i r c u l i ,  qui curuam  in  d ato  p un - 
6to tan gen s cum  ipsa curua ita  co n g ru at ,  v t  in 
te r  cu ru am  ,  Sc c irc u lu m  n u llu s  a liu s  c ircu lu s 
transire  possit. E t  q u id e m  q uu m  a u ift j ,  vel d i 
m in u to  c irc u li r a d i o ,  m in u atu r ,  ve l au geatu r per 
gradu s illiu s  curuatura  ,  s i n u llu s  sit c irc u lu s  ,  q u i 
p rop riu s ,  quam  c irc u lu s  oscu la to r ,  ad curuam  
acce d a t ,  coticlud en dn m  esc ,  c irc u lu m  cu m  ipsa 
cu ru a  in  hoc pundto ,  eam d em  h abere cu ru a tu - 
ra m . E x  his p ite t  ,  fin itam  esse cu ru ae  a licu a is  
cu ru a tu ram  , si fin itu s s it  ra d iu s  o sc u la to r ; ac  si 
ra d iu s  o sc u la to r s it  in fic itu s  ,  cu ru atu ra  e st  n u lla ; 
eandem  si ra d iu s  o scu la to r — o  , cu ru atu ra  est 
in fin ita . C eteru m  haec o m n ia  fa c i l iu s  in te lligen - 
t u r ,  si reuo cen tu r in m em o riam  ,  q u a e  d e  m e
th od o  exhaustionum  ,  &  d e  p rim is  ,  ac  vltim is  
ration ibu s  iam  exp lica ta  su n t. H aec  p au ca  ,  q u o 

rum

i 7 i  E L E M E N T A



g e o m e t r i a e .  1 73
rum  v su s  in  P h y s ic is  in stitu tio n ib u s  r e c u r r e t ,  ex  
su b lim io ri d o & r in a  delibasse satis s it . S u p e re s t ,  v t 
P arab o lae  ,  &  E llip se o s  n atu ram  b re u iter  e x p o 
nam us.

I I I I .  S i  axe  A D  ( F i g .  3 4 .  )  sum an tur abs
cissae q u o tlib et ,  &  ad s in g u la  p u r d a  erigan tur 
se m io rd in a ta e ,  ea  lrg e  ; v t  abscissae sem per s in t, 
v t  qu ad rata  o rd in ataru m  ;  curua per singulas o r
d in ataru m  extrem ita tes  tran sien s ,  d ic itu r P a ra -  
lo la .  Iam  abscissa d ica tu r  x  3 &  ord in ata  y ,

e rit  sem per x  ,  v t  y "  ; ac  proin de ra tio  ord% 
n atarum  ad abscissas con stan s 3 &  eadem  m an et;

y y
quare  s i p s it  quan titas c o n stan s 3 e r it  —  = : p ,

x

ac proin de y 2  ~  px ,  q uae  est aeq u atio  ad P a 
rabolam  ;  nem pe in  om n i P a ra b o la  quadratum  
ordin atae aequ ale  est produdto ex  abscissa in  
q uan titatem  constantem  ; h aec autem  q uantitas 
constans p a ra m e te r  d ic itu r . S i  in  a x e  parabolae 
abscin datur re d a  A F  ,  q uae  s it  q uartae  param etri 
parti a e q u a lis 3 p u n d u m  F  P ara b o la e  fo cu s  appel
latur.

C O R . I .  Q u o n iam  crescen te  abscissa 3 crescit 
etiam  qu ad ratu m  o r d in a t a e , euidens e s t 3 P a ra b o 
lam  non esse curua m in  se red eu n tem  3 sed pun
d a  illiu s  s in g u la , ab axe  perpetuo reced ere in in 
finitum .

C O R . I I .  D a ta  abscissa q u a lib e t ,  e iusque o r
d inata ,  in u en iri sem per poterit param ecer ; cum  
sit tertia  p ro p o rtio n a lis  ad  ord in atam  ,  &  abs
cissam .

C O R . I I I .  S i  abscissa p o n atu r =  o  ,  fit q u o 
que
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q ue ord in ata  p erp en dicu laris  M M  s  O ,  ac  p ro 
in d e p u n d a  M M  coeunt in A ,  nem pe in  axis 
v e rt ic e . Q u a re  s i per verticem  P ara b o la e  d u catu r 
r e f la  ord in atis  p aralle la  3 haec e rit  tangens P a r a 

b o la e  in p u n d o  A .
C O R . I U I .  D u d a in te l l ig a t u r  secans per pun- 

d u m  N  ; q u a e  P arab o lae  accu rrat in  a lio  p u n 
d o  t  ,  ex q uo  d e m itta tu r perp en dicu laris  cp ,  ad 
q u am  ex  p u n d o  N  erigatu r p erp en dicu laris  N q  
a x i p aralle la. S it  P T  ~  s ,  A P  — x 5 P N  — y ;

fy
e r it  P T  (s) : P N  ( y )  =  N q  ( f )  : —  =  q t 5 ac

S

fy
proin de p t a  P N - +  q t =  y  - +  —  > &  A p

—. x  f .  Ia m  su m atu r aeq u atio  a d  c u r u a m , in

a Qfya
p u n d o  t  e r it  pta  =  A p  X  p  a  x  *+  ------- -

ci  o. f  y
________ _ — p x - t -  p f :  d e letisq u e in h a c  a eq u a-

2  a f y 2  
tion e  term in is aeq u alibu s y  =3 p x ,  fie t  -------

■ =  p f  &  d iu id e n d o  per f ,  erit
s

fX .t -  = j p . Ia m  p u n d a  N  &  t ad  se inuicem



accedant in in fin itu m , rtiu tuoque coeant ; «ecansabit 
in tangentem  ,  fitq u e  N q ,  vel P p  =  o  :  quare  f  — o ,

f y a
&  --------— o ,  ac  proin de aeq u atio  p raeceden s ab it

i  ia y
in han c -------- =  p ,  &  l y 1  =  pS ,  seu o b  p x  ~ y a

s

fie t  a p x  !=  ps, 2X •= s  == P T .  Ig itu r  in  P a ra b o la  re d a  
P T ,  q ua e  subtangtns  d ic itu r3d u p la  est abscissae A P .

C O R .  V .  R t d a  I N  c u & a  e x  fo c o  P arab o lae  
ad e x t r e m it a t im  ord in atae  cuiuslibet ,  aequalis 
ese absci ssae A P  ,  &  q uartae  parti p aram etri. N a m

i
cum  sit  P F  = ;  A P  —  A F  = : x --------- p ,  v e l

—  p  —  x  3 p ro u t ord in ata  iacet supra v e l

4 ----------- ----------a
infra pundtum  F  ;  e r it  P F  s  c  A P  —  A F

a  1 1 a
=  i  —  —  p x - f  —  p  .  P raeterea  P N  —

a  1 6

P* 5 ergo F N 2  s s  P F a  -t-  P N *  a  x a  -+  L
1 i a

px .+  —  pp  } &  F N  e  x  H- —  p '  S  A P - t - A F .
1 6  4

C O R . V I .  S i  per p u r& r.m  contadhis ducatur, 
redta Q  S  a x i  p a r a l le la ,  an gulu s G N S  aequ alis  Ccr 
angulo F N T  ; nam  an gulu s G N S  aequ atur an 
gulo F T 1\  ;  p raeierea  trian gulu m  I T N  e<t i™ *  
celes ob F N  =  A P  + -  A F  =  A T  4 -  A F  ~  P T ' 
ac  proinde an gulu s G N S  aequalis esc an gulo  F N T *

H aec
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H a ic  est tangentis p rop rietas ,  quae in  P h y s ic is  
in stitu tio n ibu s e rit  v t ilita tis  m axim ae.

V .  S i in  axe  H I  sum an tu r abscissae quotlibet 
(  F ig u r .  3 6 . )  3 8c ad  sin gu la  p u n ita  e rig an tu r o r
d in atae  F N  &  P M .  ea lege  ,  v t sic sem per F N  
X  F N  ad  P M  X P M  in  ration e L F  X F I  ad  L P  
X  P I 3 curua per s in gu laru m  ord in atarum  extrem i
tates transiens v o ca tu r E l l i p s i s  q uae  in  circulu m  
ab it j  s i quad rata  o rd in ataru m  sint aequ alia  produdto 
e x  segm entis abscissarum . Ia m  d icatu r ax is m a
io r  H I  ~  a  3 du catu rq u e ex  p u n ito  ax is m ed io  C  
r e it  B C D  ,  quae d ic itu r  ax is m in o r ,  sicque B C
-  b ,  H P  e s  x ,  P M =  y ,  P I = a  —  x ,  erit a

____ aba x - b a x a

—  x X  x : y *  = a a : b’  & y ’ = ' -------------------
1

a

q uae  est aeq u atio  ad E l l ip s i  m ,  in  q u a  s i ponatur

a  ~ b ,  f i t y 2  a  a x — x x  aequacio ad  c irc u lu m . S i 
abscissae com p u ten tu r a  cen tro  C  s s it  C P  — x , 
P M  a  y ,  fiatque H I  s  a a ;  e rit  in  h oc  casu  a a — xx;

y a  — aa  :  b b 3 Sc y a  c ?  ba  —  .  Si
a

a
e x  m in o ris  ax is extrem itate  B  ,  ta m q u a m  centro ; 
Sc in teru a llo  B F  c  C L  3 tam quam  ra d io  descri
b a tu r a rcus c ircu li ,  axi m a io ri o ccu rren s in  pun
it is  F  &  f  3 p u n ita  i l la  v o ca n tu r E U ip e so s  fo c i; 
eu id en s autem  est 3 haec p u n ita  a cen tro  E llipseos 
a e q u a lite r  d istare  ,  nam  ob B C  a x i perpendicula" 
rem  t r ia n g u la  C B F  &  C B f  sunt a eq u a lia .

C O R . I .  C um  d u o  E liip se o s  axes sin t cons
tantes ,  constans etiam  esc redta iisd em  duobus
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axibus tartia  p rop ortio n alis  ;  h aec  autem  linea p a -  
ram eter d ic itu r. Q u ia  autem  d u o  su n t E ilip se o s  
a x e s ;  duae e tiam  sunt param etri ;  si nem pe axis 
m aio r s it  p rim us prop ortion is te rm in u s ,  tertia  
prop ortio n alis  p aram eter a x is  m aio ris  d ic itu r  ,  &  
con tra . Ia m  si abscissae ab a x is  extrem itate  co m 
p utentur ,  s it  a x is  m a io r a ,  m in o r  b ,  p aram e

ter p ;  erit ap  r : b . S i au tem  abscissae com p u ten 
tur a  c e n t r o ,  s it  a a  ax is m a io r ,  &  a b  ax is m i

n or ,  e rit  a a p  -  q b '  ,  h is  autem  v a lo rib u s  in 

vtraque aequation e a d  E l l ip s im  su b s t itu t is ,  aeq iia-

p xa
tio E ilip se o s  in  p rim o casu  fit y  ~  p x -------------;

3

. .  i  p x 2
iii casu  a lte ro  habetur y  -  —  a p -----------— .

a  a a

C O R . I I .  E x  E ilip se o s  aequation e euidens est, 
eam esse cu ru a m  in se redeu n tem  ,  S i  vn d iq u e  
term inatam  ;  crescen tibu s en im  abscissis  a  c e n tro , 
com putatis decrescun t o rd in a ta e  ; ac  tandem  o m 
nino euanescunt ,  s i abscissa sem iax i aeq u a lis  su
m atur. M a n ife s tu m  est ,  m u tua ax ium  in cen tro  
C  intersedtione E ll ip s im  in q u a tu o r partes s im i
les &  aeq u ales d iu id i ,  quum  eadem  sit  ad  q u am 
libet p artem  cu ru ae  a e q u a t io ; om n esq ue p ro p rie 
tates perinde se habeant. Q u ia  v e ro  ordin ata per- 
pendiculari N n  perpetuo decrescente ,  pundta N  
&  n coeunt in  H  ; patec ,  tan gen tem  m H  esse 
perpendicularem .

T o m .lII . Geom. M  C O R .
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C O R .  I I I .  D ista n t ia  fo co ru m  s  c e n t r o  fa 
c ile  in u en itu r ,  nam  cum  sit  B P  -  H C  > e m

F C *  - H C a = B C a  =  H C  —  B C  X  H C  4-  B C .  
Q u a re  d istan tia  fo c i a  cen tro  ,  est m ed ia  p rop or
tion a lis  in te r sem iaxium  sum m am  ; illo ru m q u c  d i f 
fe re n tiam . P ra e te re a  ob trian gu lu m  B C F  redtan-

g u lu m  erit B C a  =  H C *  - F C a  ,  ac  p ro in d e H C
__ P C  : B C  n  B C  : H C  -+  F C  ,  seu H F  : B C  _  B C :
F I  , nem pe sem iaxis m in o r , est m ed iu s p rop o rtio 
n alis  ;  in ter fo c i vn ius d istan tias ab v tro q u e  axis 

m aio ris  vertice.
C O R . L I I I .  E x  E U ipseos con structio n e ,  su m 

m a r e a  iru m  B F  &  B f  aeq u alis  e st  ax i m a io ri; 
a t ponam us ,  eam dem  m anere su m m am  in  q u o 
libet p u n d o  ,  s itqu e  R F  H - R ‘ -  -  H f .  
tu r H C  =  a ,  B C  =  b ,  ordin ata R S  n  y  ,  C S
-  x  , f C =  c ; e rit  I S  -  a  —  x  ,  H S  — a  ■+  
x  f s  — c  —  x ,  F S  — c  -h- x ,  H F  ,  v e l I f
-  a  _  c  ,  H f  ,  v e l  I F  =  a  - +  c .  Ia m  vero  
c u m  sit  (  per h y p . ) F R  - +  -  2 a  ,  s.‘ d i f 
fe ren tia  in ter F R  ,  &  f R  d ica tu r s z  ,  e rit  f R
-  a _  z ,  &  F R  =  a  + -  z .  Iam  ob l a n g u l a

F R 5 & . f R S  red t angui a  e rit  f S  - +  S R  = =  
~ i  i  i  

f R  ,  h oc  est c c —  a c x  -t- x  - t-  y ----- a

__  a a z  - +  z a  . P raeterea  F S '  - i - S R 2 - -  F R 2

h oc est ,  c 2  - +  a c x  h - x x  -t-  y a  =  i  ■+ 
2 3 Z --+  z z ,  habentur e rgo  aequ ation es d u a e ,  q u a 
ru m  p rim a  s i a secu n da subtrah atn r ,  fie t 4CX 

c x
-  4 a z ,  &  z  ~  — ,  q u o  v a lo re  substitu to  in  pri- 

a
ma

j 7 8 e l e m e n t a
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n  1

m a aequation e lo c o  z  ,  id eo q ue & -----------  loco  :

oxccc
erit a  —  s e x  - + S S 4  y y  -  aa —

a

fa d ta q u e , v t m o ris  e s t ,  redudtione ,  h abebitur a '
2 a a  0 . 1  d. i i  • 

c  -+  a  x  h - a  y  — a  c3  x 2  &  a '

y  — a —  a "  3  —  a 2  x *  -t- c~  x 2  ,  fa -

•> a ~ y c
d a q u e  d iv is io n e  p er z 1  —  c "  habetur

a  a
a  i  . . 1 , . n n  3 Y

a —  x  ;  lo co  b substituatu r a  —  c  f i e t --------- -

i  , a  . i  a  b
(2 r. 3 b ----- b X

- a  —  x "  &  tan dem  y '1 -  — —— — ------------;  quae
i  ’

a
est aeq u atio  ad  E liip sim  ante in u en ta . H a e c  ergo  est 
E llip s e o s  p ro p r ie ta s , v td u d t is  ex  v tro q u e  fo co  rediis, 
ad pun ftu m  p erim etri q u o d lib et c o n c u rre n tib u s ,  re- 
ftarum  illa ru m  sum m a sit a x i m aio ri sem per aequalis. 
H a n c ea m d em  p rop rietatem  , ex  aeq n ation e E llip se o s  
deriuare fa c ile  e s t ;  veru m  e x  p rop rie tate  ip sa , a eq u a
tionem  e licere  p la c u it , v t  e x c m p u m  esset T y ro n ib u s , 
qua ratione ad  aeq u atio n em  curuae  ex  data  a liq u a  
proprietate p eru en ire  licea t. H in c  eu id en s e s t ,  datis  
duobus E llip se o s  ax ibu s ,  E l l ip s im  / a c i l i  m anu  des- 

M  a  e ri-
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c rib i p o s se ; su m p tis  nem pe in  axe  m aio ri duobus 
p u n it is  tam quam  f o c i s ,  h is  a ffixu m  re tin eatu r filu m , 
a tqu e per n li lon g itu d in em  ita  p rom o u eatu r a rcus a li
q u a ,  v t filum  perpetuo tensum  m a n e a t,  a rcus m otu 
su o  E llip s is  peripheriam  percu rret ,  v t  patet e x  per

petua partium  fili ,  &  ax is aequalitate.
C O R . V .  S i  e x  pnndto R  in  E llip s e o s  perim e

tro  ad vtru m q u e fo cu m  f ,  F  d u can tu r r e i t i e  F R ,  
f  R ,  &  in  lin ea  produdta F R  su m atu r R T  r  R f ,  
du catu rq u e T f  ,  ad quam  per pundtum  m edium  
E ,  Sc p er pundtum R  agatu r E R ;  h aec erit tan 
gens in  R .  E ie n irn  p o n a m u s ,  redtam E R  E llip s i 
occu rrere  in a lio  pundto r. E x  h oc  pundto r  in re- 
£ta  R E  agan tu r l in e a e  r T ,  r f ,  r F .  Q u o n ia m  ( p e r  
co n str . )  T R  ~  R f  ,  &  f  E  -  E T  ,  e rit  R E  p erp en 
d icu la r is  ad  f  T  ,  ac  proin de sin gu la  p u n ita  redtae 
E R r  a e q u a lite r  d istan t a  p u n it is  f  ,  T  ,  ideoque 
r f  -  rT . S e d  F r  - i-  r T  m aio r e s t ,  quam  F T ;  er
g o  etiam  F r  H * r f  m a io r e s t ,  quam  F T  ; ideoque 
e tiam  m a io r ,  quam  H I ; cu m  ( per const. )  s it  F T  
- H I  : q u a re  pundtum  r  non pertinet ad  E U ipsim ; 
e rg o  redta R E  tan g it E U ipsim  in v n ic o  pundto R . 
H a e c  est v tilissim a  ,  in P h y s ic is  in stitu tio n ibu s, 
tangentis proprietas ,  quam  quidem  ex  E llip se o s  a e 
q u a t io n e , non secus ac  in  P a ra b o la  fe c im u s ,  erue
re l ic e b a t ; sed d iuersas verita tis  in u en ien d ae  vias, 
T y ro n ib u s  dem on strare  m axim e conuenit,

S C H O L . P arab o lae  ,  Sc E llip s e o s  aequationem  
co n sid erau im u s ,  o r d in a t is  a d 'a x e m  re latis. A t  
ex  dem o n stratis  fa c ile  e rit  curuaru m  illa ru m  ae
q u a tio n es  inuen ire ,  si o rd in atae  ad  diam etrum  
q u am lib et r e fe r a n tu r ;  eadem  est in  s in g u lis  casi
bus cu ru a ru m  illa ru m  natura. P r im a r ia s  dum ta
x at proprietates dem on strasse satis  s it  ,  alias

enim,
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e n im ,  vbi necessitas postu lauerit 5 in  P h y s ic is  I n 
stitu tion ibu s explicabim u s. P raeterea  etiam  ad  exer
cendum  ,  cauen du m qu e ingenium  a liq u id  Tyroni-» 
bus re lin q uere  opportu n issim u m  est ,  id qu e postu
lat redta docen d i ra tio . Sectiones conicae ap p e l
la n tu r P a ra b o la  ,  &  E llip s is  ,  qu ibu s etiam  a n n u 
m erari debet H ypcrbola  ,  d e  q ua n u llu m  verbu m  
f e c im u s , v tp o te  n u lliu s  fere  vsus in  nostris P h y 
sicis In stitu tio n ibu s fu tu ra . D en o m in ation is  ra t io  
fa c ile  patebit 5 si tres illa s  curuas in  con i sedtione 
con siderem u s.

S i t  A B C  con u s (  F ig .  3 7 . ) c ir c u la r i  basi in
sistens 3 &  secetur p lan o  quo libet I E M .  P on atu r 
sedtio a lia  K I L M  paralle la  basi ,  &  occurrens 
p riori sedtioni in H I  3 in te llig a tu rq u e  sedtio te r
tia priores duas in  E H  3 &  K L  perp en dicu lari- 
te r  bisecans 3 atque e tiam  con um  in trian gu lo  
A B C .  Ia m  produdto E H  ,  don ec ip si A K  o c c u r
rat in D  ,  dudtisque E F  ac  D G  redtae K L  p a 
ra lle lis  3 &  occu rren tibu s sedtioni trian g u lari in 
F  3 &  G ,  d ica tu r E F  -  a  ,  D G  -  -  b ,  E D
— c ,  E H  = “  x ,  &  H I  r :  y  ,  ob tr ia n g u lo 
rum E H L  &  E D G  s im ilitu d in e m 3 e rit  E D  ( c ) :  

bx
D G  (b )  — r  E H  (x) : H L  ~ r  — . S im ili m o do , 

c
ob tr ian g u lo ru m  D E F  &  D H K  s im ilitu d in em  ,  erit 
D E  (c )  :  E F  (a )  =  D H  ( c - - x )  ( F i g .  3 9 , )  v e l

a c ^ a x
c  -+  x  ( F i g .  3 8 . ) :  H K  — ------------. T a n d em

c
cum  sedtio K I L  p aralle la  basi s it  c ir c u lu s ,  v t  p a

tet ex genesi ip siu s c o n i ,  erit H K X H L  -  H I 1

h o c
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abx abxx
h oc est — —  ■q. — —  z : y y  ; a t si p o n a tu r  3 se* 

c  cc
d io n e m  ita  se habere ,  v t  E D  non o c c u r r a t  la 
te ri A K  3 sed s it  ipsi p aralle la  ;  tun c  e r i t  H IC

z  E F  r  a 3 id eo q ue H K X H L  =  H I a  ,  h oc  est

a b x  ^
— ......  — y  . S i  aequationes illa s  seorsim  co n s i-

c
derem u s 3 euidens e s c ,  figuram  3 7  E ll ip s im  r e 
fe rre  j  cum  quad rata  o rd in ataru m  sem p e r sint 3 v t  
produtftum  ex  segm entis abscissarum . F ig u r a  38  
re fe rt  curuam  ,  quae H ypcrboia  d ic itu r  3 in  hac 
autem  curua non secus ac  in  E ll ip s i ,  q u ad rata  
o rd in ataru m  sunt ,  v t  p ro d u & u in  ex  segm en tis 
abscissarum  ; sed  probe n otan d um  est d isc rim en . 
S .d l io  con ica  est E ll ip s is  ,  si p lanum  secans se- 
dtioni tr ia n g u la ri p erp en d icu lare  du ob us con i l a 
teribus o ccu rrat ; at s e d  io  co n ica  fit H y p erb o la , 
s i p lan u m  sccans neque s it  c o n i la terib u s p aral
le lu m  ,  neque d u o  secet c o n i la tera  :  sed  in hoc 
casu  std tio ita  se habet ,  v t p lanum  secans pro- 
dudtum  con o  a d  verticem  o p p osito  o ccu rra n t in 
D  ,  a lteraq u e se ilio n e  gen eret H y p erb o la m  o p 
p ositam . Rcdta D E  d icitu r a x is  trans ucr sus ,  pun- 
6hfm  h uius ax is m edium  vo catu r centrum  H yp er- 
b o iaru m  ,  per q uo d  si d u ca tu r h in c  &  in d e re- 
ifca perpendicu laris ea prop ortion e  3 v t  p rod u& um  
ex  segm en tis abscissarum  sit ad  qu ad ratu m  o r d i
natae 3 sicu t est q uad ratu m  a x is  tran su ersi ad 
q uartu m  term in u m  p rop ortio n a lem  ; habebitur 
q uad ratu m  axis 5 qui coniugatus  3 v e l secundus 
axis app ellatu r. Ig itu r  in  aeq u ation e  ad  H y p e r-
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b o la m ,  p u n d u m  D  su m itu r in  H yp erb o la  op p o
sita  j  &  p ro d u d u m  e x  segm en tis abscissarum  est

. a^x 
D H X E H  ( F i g .  3 8 . ) .  T e r t ia m  aequationem  ——

c

Q. .
-  y  esse ad  P a ra b o la m  ,  cu ius p aram eter —

c
ex antea dem on stratis  e u id e n s  est. I n  h ac  autem  
cu ru a  planum  secan s ,  est a lte rv tr i la teri coni pa
ra lle lu m . Ita q u e  cum  t x  con i sed io n e  natae sint 
tres iila e  curuae  ,  patet cu r illis  fa d u m  sit  se
ctionum conicarum  n o m en . S e d  haec breu iter d i-  
d a  s i n t ,  v t  A lg e b r a e  vsus in  G e o m etria  T y r o n i-  
bus osten datur.

F I N I S .
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