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Abstract 

For pure torsion in linear elasticity, if the shape of cross-section is defined by a closed-
form analytical expression satisfying certain conditions, the shear stress in each of the 
principal Cartesian directions can be obtained by the derivation of the stress function, 
whose analytical expression can be obtained from the Prandtl analogy. In this paper, a 
general methodology to obtain an approximate analytical expression of the Prandtl 
membrane is presented. The proposed methodology uses two variable quadratic 
piecewise functions to define the Prandtl membrane. This approximate procedure can be 
applied to any cross-section shape, and it has been proved be especially suitable for 
steel shapes, for which the proposed method leads to values close to the ones obtained 
with more precise methods. Several examples are presented. 
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Introduction 

Elastic pure torsion is a fundamental topic in the field of both mechanical and civil 
engineering and it is matter of study in classical Mechanics of Materials courses [1,2]. 
The understanding of torsion in different types of shapes is still a topic of interest for 
researchers, professors and engineers [3–7]. 

There is extensive literature regarding both analytical and numerical methods applied to 
the study of the Saint-Venant torsion problem for bars having arbitrary constant cross-
sections. Approximate solutions of both elastic and plastic torsion problems can be 
obtained using several numerical methods [5] and in particular using finite element 
method (FEM) [3,6].  

The first torsion studies were carried out by Coulomb[8]. Coulomb studied straight 
members with circular cross-sections subjected to linear elastic pure torsion (i.e. equal 
and opposite end torques with both ends free of constraints). The torsion formulation for 
these types of sections (i.e. circular sections) is derived from  the basic mechanics of 
materials concepts, assuming that: plane sections which are perpendicular to the 
longitudinal axis of the element remain plane, the shearing strain caused by twisting (γ) 



has a linear variation from zero at the center to a maximum at the perimeter of the 
section, and that the material is both elastic and homogeneous. 

The so-called Coulomb theory is not applicable to non-circular cross-sections, because 
non-circular sections warp, that is, experience out-of-plane deformations when they are 
subjected to pure torsion. Saint-Venant [9] derived his theory considering that: the 
cross-section rotates during twisting around a fixed point (the center of twist), the 
warping deformation () is the same for all the cross-sections of the member, and the 
angle of twist per unit length of the bar (θ) is constant. Considering small deformations, 
the general solution of the torsion problem can be obtained from the theory of linear 
elasticity imposing equilibrium, compatibility and boundary conditions[1,2], Fig. 1. 

 

Figure 1. Pure torsion in a non-circular member. 

 

It is known that, according to the Saint-Venant formulation [9], the shear stresses in a 
member subjected to pure torsion are given by: 
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With Γ as the Prandtl stress function, which verifies that: 
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In the above expressions, G is the shear modulus of elasticity and s the line defining the 
perimeter of the cross-section. Axes x, y and z are the principal Cartesian ones shown in 
Fig. 2. 
 
The resisting torsional moment is related to the Prandtl stress function as follows: 

2T dA


   (3) 
 

That is, the resisting torsional moment, T, is twice the volume beneath the surface 
defined by Γ. 

Prandtl [10,11] realized that the differential equation that governs the response of 
straight members in torsion is fortuitously analogous to the one governing the 
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deformations of an elastic weightless membrane with negligible bending rigidity fixed 
to the perimeter of the cross-section and subjected to uniform pressure, p. The 
membrane, which must have a thickness which is small enough to not present shear 
strength (e.g. a soap-film), counteracts the pressure with a constant tensile force along 
its perimeter, S. See Fig. 2. 

The equivalence between a membrane and the pure torsion problem is obtained by the  
adjustment of the constants, that is: by replacing p/S with 2Gθ [12,13]. 

 

Figure 2. Prandtl elastic membrane analogy 

In this work, an approximate general method to obtain a mathematical expression of the 
linear elastic pure torsion problem is presented. The proposed method is based on the 
analogy of the membrane and in the use of quadratic piecewise functions of two 
variables. The main advantage of the presented methodology is its simplicity, which 
makes it very interesting from both pedagogic and practical points of views. Several 
examples are presented to validate the proposed approximation. 

As in the classical books of steel structures, in this paper the torsion problem is studied 
by dividing the members according to their cross-section as: thin-walled open cross-
sections, thin-walled open sections formed by several plates and solid cross-sections.  

2. Practical application of the Prandtl analogy. 

It can be proved that if the contour of the cross-section can be expressed as: 

f(y,z)=0  being ( , )f y z  = constant  (4) 
 

then it is possible to find a Prandtl stress function with the form: 
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with Kc as a constant to be determined. Taking the above conditions into account, it can 
be proved that: 
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with A and pA as the area of the cross-section and its perimeter, respectively. 

The value of Kc can be obtained from Eq. (3) as: 
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the angle of twist per unit length of the bar, θ, is obtained from Eq. (2): 

Δf(y,z)c K=  =  
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The St. Venant torsional moment of inertia (also called moment of inertia for pure 
torsion or torsion constant), It, can be deduced  by combining Eq. (7) and Eq. (8) as: 
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Case 1. Conic solid cross-sections. 

In the case of solid cross-sections whose contours verify Eq. (4), the application of the 
membrane analogy is easy, and the stress distribution on the element subjected to pure 
torsion can be directly obtained. So, for these cross-sections there exist exact elastic 
solutions as well as plastic solutions [4]. 

Let us consider the elliptical cross-section represented in Fig. 3, whose contour is 
defined by the expression: 
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Because the  function in Eq. (10) verifies the conditions given in Eq.(4), the stress 
function can be expressed as: 
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Eq. (11) has been represented in Fig. 3 for values Kc=x0=1. 

The value of x0 is obtained by considering Eq.(7) as: 
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By introducing Eq. (12) into Eq. (11), the Prandtl stress function is: 
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Once the Γ function is deduced, the shear stress induced by the pure torsion in the cross-
section can be obtained by deriving it from Eq. (1) as follows: 
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Values of stresses at points A(1,0) and B(0,2) have been represented in Fig. 3. This 
figure shows that the magnitude of the stress at point A is twice that at point B. 

 

 

Figure 3. Membrane analogy for elliptical cross-section. 

 

Case 2. Thin-walled open cross-sections. 

In the case of thin-walled open cross-sections such as the one represented in Fig. 4, the 
membrane has traditionally been assimilated to a semi-cylinder[13]. The above 
assumption implies the existence of vertical faces on the narrow sides of the plate –
ends- and so, shear stresses are only obtained along the longest sides, τxz in Fig. 4. 
Nonetheless, in doing so, the analogy of the membrane can easily be applied as in the 
previous case. 
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Figure4. Membrane in thin-walled open cross-sections. 

The equation of the membrane M(y,z) in Fig.4 is obtained as follows: 
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Once the equation of the membrane [13] is known, the stress function can be obtained 
by replacing p/S by 2Gθ: 

 
2

2,
4

t
y z  = G   y

 
  

 
 

(16) 

 

The resisting torque and the shear stresses in the cross-section can be obtained from Eq. 
(3) and Eq. (1), respectively: 
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with b as the length of the medium line of the plate and t as its thickness.  

According to the definition given by Eq. (9), the torsion constant, It, for thin-walled 
open sections according to Eq. (17) is [14]: 
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In the case of cross-section formed by several thin-walled plates, it is usually assumed 
that the resisting torque of the cross section is the summation of those of each single 
plate that make it up, and that the angle of twist per unit length is the same for all the 
plates that form the cross-sections [13], that is: 
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 Considering Eq. (9), Eq. (19) leads to: 
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with the torque resisted by each plate given by: 
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Considering the expressions of the shear stress given in both Eq.(17) and Eq. (21), the 
maximum stress is going to occur  at the thickest plate and its value is: 
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3. Approximate general expression of the Prandtl membrane for the case 
of thin-walled open cross-sections. 

The previous section proves that the analogy of the membrane proposed by Prandtl is a 
practical tool for solving the problem of elastic pure torsion. However, the deduction of 
the mathematical expression of this membrane (or, equivalently, of the stress function) 
is not always as immediate as in the cases studied above. 

In this work, an approximate general method to obtain a mathematical expression of the 
membrane is presented. The proposed method is based on the quadratic functions of two 
variables. The membrane is defined by piecewise functions (i.e. discontinuous 
functions) which impose certain boundary conditions associated with the problem of 
torsion. 

In the case of an open cross-section formed by a single thin-walled plate, two 
procedures to obtain an approximated analytical expression of the membrane are 
presented. Each procedure leads to the so-called semi-cylindrical membrane shape or 
cap membrane shape, respectively. The two proposed methodologies are summarized in 
the flow charts of Figs. 5 and 6. Fig. 5 for the semi-cylindrical membrane type and Fig. 
6 for the cap membrane type. For the sake of simplicity and without loss of generality, a 
rectangular plate is considered. 



 

Figure 5. Procedure to obtain the membrane in the case of single thin-walled open 
section. Case of membrane type semi-cylinder. 

 

For each side of the plate define a general quadratic function: 
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Boundary conditions relative to the perimeter: functions are zero at both corners and a mid-length of each side: 
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Laplacian of the functions must be constant. It is imposed Laplacian equal to ‒1 (i.e. p/S=1): 
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Figure 6. Procedure to obtain the membrane in the case of single thin-walled open 
section. Case of membrane type cap. 

The comparison of the flow charts in Figs. 5 and 6 shows that both procedures only 
differ in the two last steps. In the approximate method summarized in Fig. 6, the 
functions defined on the two longer sides (f1(y,z) and f3(y,z)) are multiplied by the 
square of the shape factor of the plate, w, defined as b/t. 

As can be seen in Figs. 5 and 6, membranes are obtained as the envelope for the bottom 
(i.e. the minimum) of the functions defined on each side of the perimeter. 

Assuming that the plate is made of structural steel S235 (fy=235 MPa), for which the 
ultimate shear stress according to  the Von Mises yielding criterion is 235 3ult  , the 
maximum value of the torsional rigidity can be obtained from Eq. (17) as: 
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define a general quadratic function for each side of the plate: 
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Boundary conditions relative to the perimeter: functions are zero at both corners and a mid-length of each side: 
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Laplacian of the functions must be constant. It is imposed Laplacian equal to ‒1 (i.e. p/S=1): 
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Solve the system of equations to obtain constants kij 
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By adjusting the constant to move from the membrane to the stress function and 
considering that p/S has been assumed equal to 1 (see Figures 5 and 6), the stress 
function corresponding to the ultimate twisting moment for the two membranes 
obtained from procedures indicated in Figs. 5 and 6 are given by: 
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The ultimate twisting moment, Tult, can be obtained as twice the volume beneath the 
surface defined by Γult (with Γult equal to Γult,cyl or Γult,cap). 

In Fig.7, the graphical representation of both Γult,cyl and Γult,cap  for several shape factors 
of the plate (w=b/t) and for t equal to 1 mm  is represented. As can be seen in Fig. 7a, 
for w=1, both procedures lead to an identical membrane. However, for w>1, the 
membranes obtained from the procedures summarized in Figs. 5 and 6 are different: the 
membrane obtained from Fig. 5 is semi-cylindrical whereas that obtained from Fig. 6 
has a cap shape. 

 

Figure 7. Stress function obtained from the proposed methodology for t=1mm and w=1, 
2.5 and 10 and for both types of membranes. 

It is known that the shape factor of the plate, w, affects the response of the member 
subjected to pure torsion [13,15]. Let β be a factor such as: 

b.1) w= 2.5 cylindrical 

c.1) w=10 cylindrical 

a) w=1 

b.2) w= 2.5 cap 

c.2) w=10 cap 
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If the maximum shear stress (Eq. (17)) is equal to the ultimate stress, the following 
expression of β can be deduced: 
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Values of β deduced from the approximate stress functions obtained from both the 
procedures described in Figs. 5 and 6 have been plotted as functions of the shape factor 
in Fig.8. In this figure, values of the β coefficient proposed by both Avallone et al. [15] 
and the Spanish Steel Standard EAE [16] have also been represented. As can be seen in 
Fig. 8, in the case of cylindrical membrane (figures on the left side of Fig.7) and 
w≥12.5, the value of β is equal to the one traditionally adopted for rectangular thin-
walled open sections, 0.333≈1/3 (see Eq. (18)). On the contrary, as Fig. 8 shows, the 
torsional rigidity obtained from the cylindrical membrane method is larger than the one 
proposed by Avallone [15] and EAE [16] for w≤12.5.  

Regarding the cap type membrane, the value of coefficient β is constant for all the shape 
factors and equal to 0.25 as is shown in Fig. 8. 

As can be seen in Fig.8, the values of β  proposed in the relevant literature[15,16] are 
smaller than the ones obtained here from both methods for w<2. However, for w>2, the 
values of β in  the relevant literature [15,16] range between the values obtained here for 
both types of membranes.  

So, according to the above, from a practical point of view, the advantage of using the 
cap type membrane for thin-walled open cross-sections is that the torsional inertia is 
constant (i.e., the same for all values of w) and equal to: 

3
, 0.25t capI bt  (27) 



 

 

Figure 8. Values of β as a function of the shape factor of the plate, s. 

It can be proved that the mathematical expressions of the stress function corresponding 
to the ultimate twisting moment (i.e., for which the maximum shear stress equals τult) 
for the cases of both cylindrical and cap type membranes are, respectively: 
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Values of the ultimate twisting moment, Tult, for both types of membrane (volume 
beneath the surface) have been represented in Fig.9 for several values of the shape 
factor of the plate, w.  

Fig. 9 shows that the cylindrical membrane leads to a larger resisting twisting moment 
in the whole range of shape factors considered, and that the bigger the shape factor of 
the plate, the bigger the difference between the resisting twisting moments obtained 
from both types of membranes is. 
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Moreover, it can be proved that for both types of membranes, the twisting moment 
produced by τxy (see Fig. 9) is half the total twisting moment, T. 

 

Figure 9. Values of ultimate twisting moments of each type of membrane as a function 
of the shape factor of the plate. 

The above methodology can be extended to thin-walled open sections formed by several 
plates. For the sake of simplicity, sections with two plates (T and cross shapes, 
respectively) are going to be analyzed here. 

It has been assumed that the shape factor of the two plates forming the section is bigger 
than 10, which is true for sections used in steel structures. As traditionally done,  the 
semi-cylindrical membrane is going to be adopted. The procedure to obtain the Prandtl 
membrane is summarized in Fig.10 and the Prandtl membranes obtained for the two 
cross-sections studied are drawn in Fig.11. 

As can be seen in Fig. 10, in this case, the membrane is obtained as the envelope for the 
top (i.e. the maximum) of the membranes corresponding to the two plates that, in this 
case, form the cross-section. 

 

Figure 10. Procedure to obtain the membrane in the case of thin-walled open section 
formed by several plates. 

For each plate forming the cross-section obtain its membrane 
according to procedure in Fig. 5. 
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Figure 11. Membranes for Cross and T sections. 

Based on the ultimate shear stress, the ultimate or maximum twisting moment can be 
obtained as the volume beneath the membrane (see Eq. (23)-(24)).  

In order to take the shape of the cross-section into account, an empirical correction 
factor η affecting the torsional constant, It, is usually introduced [14]: 

3
t ti i iI I b t     (29) 

Values of η obtained for several shape factors, w, are summarized in Table 1 for both T 
and cross sections formed by two identical plates with t=1 mm (Fig. 11). In Table 1 the 
ultimate twisting moment is obtained as the summation of the corresponding ones from 
each plate (as  is usually done in practice), and the resisting torque is based on the shear 
ultimate stress. 

 T section Cross section 

w β η 

10.0 0.3327 1.000 0.999 
12.5 0.3329 1.000 1.000 
15.0 1/3 0.999 0.999 

Table 1. Values of the correction factor η for both T and Cross sections formed by two 
identical plates (t=1 mm) for several shape factors. 

The values of η proposed by the Spanish Standard of Steel Structures EAE [16] for 
cross and T sections are 1.0 and 1.1, respectively. As can be seen in Table 1, the values 
are slightly smaller than the value of 1.1 proposed by the EAE [16] for T sections and 
are in the range of the experimental values proposed by Vlasov [14] for Tees rolled-
steel sections (0.92-1.25). 

4. General approximate analytical expression of the Prandtl membrane 
for the case of solid cross-sections. 

As was commented on in Section 1, when the curve defining the perimeter of the 
section is explicitly known the expression of the membrane may be obtained, as in the 
case of cubic curves. However, for other types of cross-section shapes, the calculation 
of an analytical equation of the membrane is not possible.   



In this section, a general procedure to obtain the Prandtl membrane for the case of solid 
cross-sections is presented. The proposed procedure is an extension of the ones 
presented in the previous sections and it is also based on two variable quadratic 
piecewise functions to which certain boundary conditions are imposed. 

To illustrate the proposed procedure (and without loss of generality), a solid hexagonal 
cross-section is considered. The methodology is summarized in the flow chart of Fig. 
12. 

 

Figure 12. Procedure to obtain the membrane in the case of solid section. Case of 
hexagonal cross-section. 

The stress function corresponding to the ultimate twisting moment (for which τmax= τult, 
equal to fy/√3 in the case of steel structures) can be easily obtained following the steps 
in Fig. 12 with the help of any available symbolic mathematics software such as 
Mathematica, Matlab or Maxima. In Fig.13 the membrane obtained for the hexagon is 
represented.  

Imposed conditions 
 

Solve the system of equations to obtain constants kij 
 

Membrane =Min [fi (y,z)] 

Γ(y, z) =2Gθ Membrane 

Horizontal slope at the center of the plate (0,0) in the direction perpendicular to the middle point of each side: 

(0,0)
0 1 6i if v for i to     

As an example, the case corresponding to function defined in side 3 is detailed: 

Let be v3 the unitary vector perpendicular to side 3 containing the origin: 
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Let be 3f the gradient of f3(y,z): 
   3 3

3

, ,
,

f y z f y z
f

y z

  
     

 

Boundary conditions relative to the continuity at corners. See Figures 5 and 6. 

 

For each side of the plate define a general quadratic function: 

   2 2
1 2 3 6: , 1 1 6i i i i iside i f y z k y k z k y z k for i to       

Boundary conditions relative to the perimeter: functions are zero at both corners and a mid-length of each side. 
See Figures 5 and 6. 

 

Laplacian of the functions must be constant. It is imposed Laplacian equal to ‒1 (i.e. p/S=1): 
                     , 1 1 6if y z for i to     
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Once the expression of Γ(y,z) is known, the shear stresses τxy(y,z) and τxz(y,z) can be 
obtained by conveniently deriving (see Eq.(1)) with the resultant stress as: 

2 2
xy xz     (30) 

 

 

Figure 13. Stress function for the case of a solid hexagonal cross-section.  

5. Conclusions 

Up to now, the elastic pure torsion problem had been analytically solved for only a few 
cross-section shapes. Experimental methods using soap bubbles were usually used 
before the current numerical tools were available. An easy methodology is presented 
here to obtain an approximate analytical expression of the stress function in linear 
elastic pure torsion problems. The method is based on the composition of quadratic 
functions to which certain boundary conditions are imposed. The main advantages of 
the proposed method are both its versatility, it is applicable to any shape of cross-
section, and its simplicity. The procedure presented is a quick tool that can be used in 
the absence of, or in addition to, other more accurate methods. The proposed method is 
especially suitable for shape ratios (breadth over thickness) larger than 12, a common 
situation in structural steel laminated shapes. 
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