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Abstract

We analyse a continuum model for genetic circuits based on a partial integro-
differential equation initially proposed in Friedman et al. (Phys Rev Lett 97(16):168302,
2006) as an approximation of a chemical master equation. We use entropy methods
to show exponentially fast convergence to equilibrium for this model with explicit
bounds. The asymptotic equilibration for the multidimensional case of more than one
gene is also obtained under suitable assumptions on the equilibrium stationary states.
The asymptotic equilibration property for networks involving one and more than one
gene is investigated via numerical simulations.

Mathematics Subject Classification 35B40 - 92Dxx - 39B99 - 65M99

1 Introduction

Translation of the information encoded in genes is responsible for all cellular functions.
The decoding of DNA can be summarised, following the central dogma of molecular
biology, in two steps: the transcription into messenger RNA and the translation into
proteins. Cells produce responses to environmental signals, thanks to the regulation of
DNA expression via certain feedback mechanism activating or inhibiting the genes.
Typically, regulation is produced by the union of proteins to the DNA binding sites.
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Moreover, the number of species involved in gene regulatory networks (gene expres-
sion together with their regulation) is small, which makes its behaviour inherently
stochastic (Elowitz et al. 2002; Gillespie 2007; Kaeet al. 2005; McAdams and Arkin
1997; Paulsson 2004). This underlying stochastic behaviour in gene regulatory net-
works is captured by using the chemical master equation (CME) (Kepler and Elston
2001; Mackey et al. 2011; Paulsson 2005; Sherman and Cohen 2014). However, the
CME solution is unavailable in most cases, due to the large (even infinite) number of
coupled equations.

There are two main ways to obtain the CME solution: via stochastic simulation
or via approximations of the CME. One of the most extended methods to reproduce
the CME dynamics using stochastic realisations is the stochastic simulation algorithm
(SSA) (Gillespie 1976, 2007). This method has no restrictions in its applicability, even
though itis computationally expensive. On the other hand, CME approximations which
remain valid under certain conditions include the finite state projection (Munsky and
Khammash 2006), moment methods (Engblom 2006; Hasenauer et al. 2015), linear
noise approximations (Thomas et al. 2014; Kampen 2007; Wallace et al. 2012) or
hybrid models (Jahnke 2011).

In addition to the above mentioned methods, assuming that protein production
takes place in bursts one can obtain a partial integro-differential equation (PIDE) as a
continuous approximation of the CME. This PIDE has a mathematical structure very
similar to kinetic and transport equations in mathematical biology (Perthame 2007)
and it admits an analytical solution for its steady state in the case of networks involving
only one gene. In the next subsections, we describe both the one dimensional PIDE
model (Friedman et al. 2006) for self-regulated gene networks and the generalised
PIDE model (P4jaro et al. 2017) for arbitrary genetic circuits. We will discuss the
main properties of the stationary states in one dimension to finally explain the main
results of this work.

1.1 1-dimensional PIDE model

The kinetic equation, first proposed by Friedman et al. (2006), is a continuous approx-
imation of the CME for gene self-regulatory networks. A schematic representation of
this genetic circuit is illustrated in Fig. 1, where the transcription-translation mecha-
nism from DNA to a protein X is shown. Note that DNA transcribes into messenger
RNA not only from the active state at rate (per unit time 7) k,,, but also from the inac-
tive state with rate constant k. lower than k,,, which is known as basal transcription
level or transcriptional leakage (Friedman et al. 2006; Ochab-Marcinek and Tabaka
2015; P4jaro et al. 2015). The messenger RNA transcribes into protein X following
a first-order process with rate constant (per unit time) k,. The messenger RNA and
protein are degraded at rate constants y;, and y, respectively.

For self-regulated gene networks, activation or inhibition of the DNA promoter is
produced by the union of the protein expressed to the DNA binding sites (feedback
mechanism). So that, under protein action the promoter can switch between its inac-
tive (DNA,r) and active (DNA,) forms, with rate constants ko, and koff respectively
(see Fig. 1). There are two types of feedback mechanism: positive or negative, cor-
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Fig. 1 Schematic representation of the transcription-translation mechanism under study. The promoters
associated with the gene of interest are assumed to switch between active (DNAgp) and inactive (DNAf)
states, with rate constants kon and ko per unit time, respectively. In this study, the transition is assumed to
be controlled by a feedback mechanism induced by the binding/unbinding of a given number of X-protein
molecules, what makes the network self-regulated. Transcription of messenger RNA (mRNA) from the
active DNA form, and translation into protein X are assumed to occur at rates (per unit time) k;; and
ky, respectively. k¢ is the rate constant associated with transcriptional leakage. The mRNA and protein
degradations are assumed to occur by first order processes with rate constants y;,,; and yy, respectively

responding to whether the protein inhibits or promotes their production, respectively.
The fraction of the promoter in the active or inactive state is typically described by
Hill functions (Alon 2007). We can express the probability that the promoter is in its
inactive state as a function of the protein amount x, denoted by p : Ry — [0, 1] (see
Ochab-Marcinek and Tabaka 2015; P4jaro et al. 2015):

H

AT K a-h

p(x) =

where K := i"“ is the equilibrium binding constant and H € Z\{0} is the Hill coef-
ficient which is positive if H proteins bound to the DNA inhibiting their production
(negative feedback) and negative if | H| proteins bound to the DNA activating their
production (positive feedback). Then, the rate Ry of messenger RNA production (tran-
scription) can be written as function of the Hill expression (1.1), Rt = kjc(x), with
the input function c(x) := (1 — p(x))+ p(x)e, where ¢ is the leakage constant defined
as e := ,fé Note that the function R7 accounts for the messenger RNA production
both from the DNA active state (with probability 1 — p(x)) with rate constant &, and
from the inactive DNA (with probability p(x)) with lower rate constant k..

The PIDE model is valid under the assumption of protein production in bursts. So,
we consider gene self-regulatory networks where the degradation rate of mRN A is
much faster than the corresponding to protein, y,,/yx > 1. Such condition is verified
in many gene regulatory networks, both in prokaryotic and eukaryotic organisms
(Shahrezaei and Swain 2008; Dar et al. 2012), and results in protein being produced
in bursts. As suggested in Friedman et al. (2006) and Elgart et al. (2011), the burst
size (denoted by b = V” ) is typically modelled by an exponential distribution. The
conditional probability for protein level to jump from a state y to a state x > y after
a burst is proportional to:

1 _
wlx—y)= Eexp (—)%), forx >y > 0. (1.2)
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The temporal evolution of the probability density function of the amount of proteins,
p: Ry x Ry — Ry is described by the following PIDE model:

_Aap)
0x

8 X
a—f(t,X) (t,x) = a/O w(x —y)e(y)p(t, y)dy —ac(x)p(, x), (1.3)

where 7 istime, f = y, T represents a dimensionless time associated to the time scale of
protein degradation, a = % s the dimensionless rate constant related to transcription,
which represents the mean number of bursts (burst frequency) and w (x — y) is given by
(1.2). The input function ¢ : R — [¢, 1], which represents the feedback mechanism,
takes the form (Ochab-Marcinek and Tabaka 2015; P4jaro et al. 2015):

K 4 ext!
W =g *>0 (1.4)

Note that the above input function can be constant, equal to one, when the protein
does not promote or repress its production (open loop). This constant c(x) = 1 is used
when the DNA is always in its active state, thus implying a unique messenger RNA
production rate (k, ), reducing the system complexity.

We denote the stationary solution of Eq. (1.3) (which we sometimes call equilib-
rium) as Py (x), which therefore verifies the following equation:

I[x Poo(x)]

5 = —af w(x = y)c(y) Poo(y)dy + ac(x) Poeo(x). (1.5)
X 0

We say a stationary solution is normalised when its integral over [0, +00) (which we
sometimes call its mass) is equal to 1. This equation has a unique solution with mass
1, which can be written out explicitly as (Ochab-Marcinek and Tabaka 2015; P4jaro
et al. 2015):

a(e—1)

Poo(x) := Z[p(x)]“ T x—(1-09) 7 = 7 [xH n KH] T xa=1e% ) (1.6)

with p(x) definedin (1.1) and Z being anormalising constant such that fooo Poo(x)dx =
1. Alternatively, stationary solutions may be studied by considering the zero-flux case;
see for example Bokes and Singh (May 2017); Bokes et al. (Jul 2018).

In case of no self-regulation (open loop network with c(x) = 1; that is, € = 1) the
stationary solution is a gamma distribution (Friedman et al. 2006), which is in fact the
limit of (1.6) as € tends to 1:

» . xaflefx/b .
oo (X) = T a) (1.7)
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1.2 Generalised n-dimensional PIDE model

Recently the 1D PIDE model has been extended to overcome more general gene
regulatory networks than the self-regulation considered by Friedman et al. (2006).
As a first step in this extension, Bokes and Singh (2015) propose the use of variable
protein degradation rate, in order to accommodate gene networks with decoy binding
sites (Lee and Maheshri 2012) to the PIDE model structure. Finally, including the
previous models and considering genetic networks involving more than one gene
Péjaro et al. (2017) proposed the generalised PIDE model for any number of genes.
In P4jaro et al. (2017) a general gene regulatory network comprising n genes,

G = {DNA;,...,DNA;,...,DNA,}, is proposed. These genes encoded by
DNA-subchains are transcribed into n different messenger RNAs M = {mRN Ay,
...,mRNA;,...,mRNA,}, whichare translated into n proteins types X = {Xy, ...,
Xi,..., X,}. We show a schematic representation of the general network in Fig. 2,

which is similar to the self-regulation circuit. The main differences are that: (i) each
DNA type can be regulated by others different proteins than the one expressed by
the considered gene (cross regulation), and (ii) the protein degradation rate can be a
variable function of all proteins types considered.

The structure of this multidimensional network is equivalent to the previous self-
regulation case. Each promoter can switch from the inactive states (DN Aiqfr) to the
active one (DN Ai,y,) or vice versa with rate constants kfm and kéff respectively. The
leakage (basal) messenger RNA production from the inactive promoter is conserved at
lower rate constant (ké) than its production from the active state (k£,1). Eachi messenger
RNA type is translated into the protein X; at rate constant k% . Both messengers RNA
and proteins are degraded with rates y,, and y| (x) respectively.

Note that for this general network the total rate of production of mRN A;, RiT,
can be written as the rate constant production from the active DN A; state times one
input function c; (x) describing all possible types of feedback mechanism. However,
there are not universal expressions for c; (x), due to their dependence on the regulatory
mechanism considered (the messenger RNA production can occur from intermediate
DNA states between the total activated and the total repressed ones), some examples
have been described in Alon (2007) and Pdjaro et al. (2017). Without loss of generality,
we can construct the input function verifying that its image is a positive interval,
¢i : R — [g;, 1], where the leakage constant ¢; is defined as ké / kjn with ké being
the m RN Ai rate constant from the total repressed DN A; (the lowest rate of mRN A;

production).
Considering the set of n proteins X = {Xi,..., X;}, we define the n-vector
X = (x1,...,x;) € R as the amount of each protein type. The generalised (-

dimensional) PIDE model, proposed in Pajaro et al. (2017), describes the temporal
evolution of the joint density distribution function of n proteins p : Ry x R’} — Ry

Puw=3 (% [ i@ p]

i=1

+k£n/() ’a)i(xi =y (y)p(t,yi)dy; — kﬁnci(x)p(x)) (1.8)
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Fig. 2 Schematic representation of the transcription-translation mechanism under study. The promot-
ers associated with the genes of interest are assumed to switch between active (DN Aiop) and inactive
(DN Aifr) states, with rate constants kfm and kéff per unit time, respectively. The transition is assumed
to be controlled by a feedback mechanism induced by the binding/unbinding of a given number of X ;-
protein molecules with j € J (more than one protein type can bind to the DNA), which makes the network
self-regulated if i = j or cross-regulated if j # i. Transcription of messenger RNA (mRN A;) from the
active DN Ai form, and translation into protein X; are assumed to occur at rates (per unit time) k,in and

kjlc, respectively. ké is the rate constant associated with transcriptional leakage. The m RN A; degradation is

assumed to occur by first order processes with rate constant y,,,. Degradation of the X;-protein may follow
different pathways, which is modelled by the function y} (x), with y} : Ri — R4

where y; represents the vector state x with its i-th position changed to y;, (that is:
(yi); = x;if j #iand (y;); = y; if j = 1), and y;'(x) is the degradation rate
function of each protein. The first term in the right-hand side of the equation accounts
for protein degradation whereas the integral describes protein production by bursts.
The burst size is assumed to follow an exponential distribution, what leads to the
conditional probability for protein jumping from a state y; to a state x; after a burst be
given by:

1 Xi — Vi
wi(xj — yi) = 5 P\ T
1 l

K . . . . . .
where b; = y—f are dimensionless frequencies associated to translation which cor-

responds with 'the mean protein produced per burst (burst size). The function c; (x)
(ci : R — [g;, 1])is an input function, which models the regulation mechanism of
the network considered.

The stationary solution Py, (x) of (1.8) satisfies:

> (% [ 01 Poo() ]

i=1

+ki, fo wi(xi — y)ei(¥) Poo () dyi —kina-(x)Poo(x)) =0. (19

Note that an analytical expression for the steady state solution is not known for the
general case of the PIDE model (1.8). Some properties of the 1D solution remain
valid for the nD steady state since P, (X) is a probability density function, then
fRnJr P (x) dx = 1. However, we do not have any other prior information about the

properties of stationary solutions.
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1.3 Main results

In this work we will apply entropy methods in order to analyse the asymptotic equili-
bration for the kinetic equations (1.3) and (1.8). These equations bear a similar structure
to the self-similar fragmentation and the growth-fragmentation equations (Perthame
and Ryzhik 2005; Laurencot and Perthame 2009; Doumic 2010; Cé4ceres et al. 2011;
Balagué et al. 2013), used for instance in cell division modelling. In those cases, the
transport term makes the cluster size of particles grow while the integral term breaks
the particles into pieces of smaller size. In our present models, the transport term
degrades the number density of proteins while the integral term makes the protein
number density to grow.

In fact, the kinetic equations (1.3) and (1.8) have the structure of linear population
models as in Michel et al. (2004, 2005) and Carrillo et al. (2011) for which the so-
called general relative entropy applies. This fact already reported in P4jaro et al. (2016)
implies the existence of infinitely many Lyapunov functionals for these models useful
for different purposes among which to analyse their asymptotic behavior. We will
make a summary of the main properties of Eq. (1.3) in Sect. 2 together with a quick
treatment of the well-posedness theory for these models. They are easily generalisable
to the multidimensional case (1.8).

In Sects. 3 and 4, we will improve over the direct application of the general relative
entropy method in Pdjaro et al. (2016). On one hand, we study in Sect. 3 the case of
gene circuits involving one gene, Eq. (1.3), a direct functional inequality between the
L?-relative entropy and its production leading to exponential convergence. In order
to fix our setting, we recall that w is given by (1.2) for some b > 0, and ¢ = c(x) is
given by (1.4), for some constants K > 0, H € Z\{0} and 0 < € < l;anda > 0
is a constant. For 1 < p < 400 we denote by L?(£2) the usual Lebesgue spaces of
real functions f on €2 such that | f|” is integrable in the Lebesgue sense. We also
write L? (€2, w) to denote the corresponding spaces of functions f such that | f|? is
integrable with a weight w.

Theorem 1.1 (Long-time behaviour for the 1-dimensional model) Let pg be a prob-
ability distribution such that po € L'((0, +00)) N L%((0, +00), Pogl), and let p be
the mild solution to Eq. (1.3) with initial data pq (see Definition 2.1). There exists a
constant A > 0 depending only on the parameters of the equation (and not on pg)
such that

—A
”p(ts ) - POO”LZ((O,—FOO),POBI) <e t||PO - POO”LQ((O,—}-OO),P;I)'

The value of A can be estimated explicitly from the arguments in the proof, though we
do not consider the specific value to be a good approximation of the optimal decay rate.
The behaviour of the stationary solutions P, (x) near the origin and infinity is crucial
for direct functional inequalities involving the relative entropy and its production in
the one dimensional case.

What we are showing is essentially a spectral gap in a weighted L? norm, and some
remarks are in order regarding the specific choice of space L2((0, +00), Pogl) that
we have made. As will be seen later, this space is very natural for the technique we
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are going to use, since the evolution operator is contractive in this norm, and a similar
observation is true for any Markov semigroup with an equilibrium. However, it is very
likely that this operator also has a spectral gap in L? norms with different weights, in
weighted L' norms, and in other metrics, as is often the case with Markov operators.
In many examples (such as the Fokker-Planck equation) it is known that the spectral
gap property breaks for weights which are slowly decaying, so that there may not be a
spectral gap in L', for example. In those cases there are well-known examples of initial
data with slowly-decaying tails whose associated solution converges to equilibrium
as slowly as one wishes. The same happens for example to the Boltzmann equation
from kinetic theory; we refer to Gualdani et al. (2010) for details on the extension of
spectral gaps to different weights. So the weight is not only a technical assumption:
there may be norms and weights in which the convergence is not exponential. However,
exponential weights as the ones we use are probably far from being the optimal ones
where one can show a similar result.

Section 4 is devoted to the analysis of the multidimensional Eq. (1.8) corresponding
to multiple genes involved in the gene transcription. In this case, solutions to the
stationary problem (1.9) are not explicit and hence we are not able to control precisely
the behaviour of the stationary solutions near the origin and infinity as before. For this
reason, we are only able to show convergence towards a unique equilibrium solution
assuming its existence with suitable behavior near the origin and infinity:

Theorem 1.2 (Long-time behaviour for the n D model) Given any mild solution p with
normalised nonnegative initial data pgy € L! (Ry) to Eq. (1.8) and given a normalised
stationary solution Pso(X) to (1.8) satisfying the technical Assumption 4.1 from Sect. 4,
it holds that

lim |p(,X) — Poo(x)|%dx = 0.

=00 n
RY

As a consequence, if a normalised stationary solution Ps(X) of (1.8) and satisfying
Assumption 4.1 exists, it is unique.

The proof is based on a weaker variant of our one-dimensional inequality, in which
the control between the relative entropy and its production is obtained except for an
error term which happens to be small under the assumptions of the behavior of the
stationary solution P, (x). Both results of equilibration are illustrated with numerical
simulations in their corresponding sections.

2 Mathematical preliminaries and entropy methods

2.1 Properties of stationary solutions

Let us start by discussing the basic properties of the one dimensional stationary states
to (1.3). The behaviour of the stationary state at zero and at +oco depends on both

r = ae — 1 and a due to the presence of the function p(x) and its dependence on H.
It is as follows:
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Fig.3 Regions in the parameter space, where protein distribution exhibits different behaviours for H < 0.
There are two large areas where the protein distribution change fundamentally its properties, the first

including the shapes one and two, where a < é and limy_, ) Po(x) = 400 and the second with Pso(x)

finite for all non-negative x, which includes shapes three to five

1. If H > 0, then Pao(x) >~ x% 1 asx — 07 and Pxo(x) >~ x"e /b as x — 400.
Then the stationary state P (x) exhibits a singularity at zero for 0 < a < 1 and
it is smooth otherwise having zero limit for @ > 1 and a positive limit fora = 1.

2. If H < 0, then Poo(x) > x" as x — 0T and Poo(x) = x4~ 1e™/? as x — +oo0.
Then the stationary state Py, (x) exhibits a singularity at zero for ae < 1 and it is
smooth otherwise having zero limit for ae > 1 and a positive limit for ae = 1.

As a particular case, if c(x) = 1 then Py (x) is given by (1.7) and we have Py (x) >~
x4 Vasx — 07 and Py (x) >~ x% e/ as x — +o00. Then the stationary state
Poo(x) exhibits a singularity at zero for a < 1 and it is smooth otherwise having zero
limit for @ > 1 and a positive limit fora = 1.

Note that in all cases lim,_, o, Poo(x) = 0. As we can see in Fig 3, the stationary
solution has five different qualitative behaviours for H < 0 (see also Pdjaro et al.

2015):

1. Ifa < l, then lim,_, ¢ Pxo(x) = 00.
I.IEOnly one peak in x = 0 (Case 1 Fig 3).
1.2 Two peaks one in x = 0 and another in x > 0 (Case 2 Fig 3).
2. Ifa > 1, then limy_, g Pxo(x) = 0. If a > l, then lim,_, ¢ Pso(x) = M with
M > 0. ¢ ‘
2.1 Only one peak in x > 0 but close to x = 0 (Case 3 Fig 3).

2.2 Two different peaks at two points x1, x» > 0 (Case 4 Fig 3).
2.3 Only one peak in x > 0 (Case 5 Fig 3).
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382 J.A. Caiizo et al.

Note that, cases 2.1 and 2.3 are equivalent, and lim,_, o Pso(x) = O for all cases. If
H > 0 (or c(x) = 1) the bimodal behaviour disappears, and only cases 3 or 5 remain
fora > 1 and case 1 ifa < 1.

2.2 Well-posedness

The 1D Eq. (1.3) is a linear integro-differential equation for which well-posedness and
some basic properties follow from standard methods. A classical solution to Eq. (1.3)
with initial data py € C'([0, +00)) is a function p € C1([0, +00) x (0, +00)) which
satisfies (1.3) for all (7, x) € [0, +00) x (0, 400), and such that p(0, x) = po(x)
for all x € (0, +00). It is not hard to show that, given an integrable initial condition
poeC Lb ([0, 400)), there exists a unique mass-conserving classical solution. In order
to give a brief sketch of the proof it is perhaps easier to work with mild solutions, which
we will introduce now. Given p(t) = p(¢,-) € L0, +00), we denote by L[p(2)] the
right-hand side of (1.3) given by

LIp@]() = a fo 0 — Ve pt v dy —ac()pt.x), x>0,

and given any function pg [0, 400) x (0, +00) — R we define
(X:#po)(x) := po(xe)e’, fort >0,x > 0.
This notation is motivated by the fact that X, #pg is the transport of the function pg

by the dilation map X, (x) := xe~’. By the method of characteristics one easily sees
that a classical solution p to (1.3) must satisfy

t
p(t,x) = (X#po)(x) +/ (X,_S#L[p(s, -)])(x) ds forallr >0,x > 0(2.1)
0

This suggests the following definition.

Definition 2.1 Let pg € L'(0, 4+00). We say that p € C([0, o0); L1(0, +00)) is a
mild solution to Eq. (1.3) with initial data pq if it satisfies (2.1) for all # > 0, for
almost all x > 0.

Theorem 2.2 For any pg € L0, +00) there exists a unique mild solution of (1.3)
with initial data pg satisfying

o0 o
/ pt,x)dx = / po(x)dx  forallt > 0.
0 0

In addition, there is a constant C > 0 (independent of po) such that
Ipl < e“lpoly  forallt > 0. (2.2)

Moreover, for any py € C°(0, +00) there exists a unique classical solution of (1.3)
with initial data py.
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Proof This result can be obtained by considering the functional:

t

PLpl(t, x) := (X;#po)(x) + /O (Xi—s#LIp(s, )])(x) ds,
defined on the Banach space
Y :={p € C([0,T]; L' (0, +00)) | p(0) = po}
with norm

lplly == sup |pelli,
1€[0,T]

for T > 0 small enough. Note that

0 o0 o0
/ Ppl(t, x)dx = / pt,x)dx = / po(x)dx  forallz > 0.
0 0 0

By following an argument very similar to that of Picard iterations, one obtains the
existence of mild solutions on a time interval [0, T']. Since the equation is linear (and
our equation is invariant under time translations), this argument can be iterated to find
solutions on [0, +00). We refer to Engel and Nagel (2006) and Caiiizo et al. (2013)
for full details of this standard argument.

If the initial condition pgq is in C 1’b(O, +00), one can see that the iteration above
can also be done in the space Z = {p € Clb ([0, T1 x (0, +00)) | pO,x) =
po(x) for x > 0}. This gives the existence of a unique classical solution in this space.

O

The constructed solutions have basic properties: positivity preserving, L'-
contraction, and maximum principle.

Lemma 2.3 Tuake po € L' (0, +00) and let p be the unique mild solution to Eq. (1.3)
given by Theorem 2.2.

1. Positivity is preserved: if po > 0 a.e. then p(t) > 0 a.e., forallt > 0.
2. The L' norm is decreasing

lpl1 < llpollh  forallt >0,

leading to L'-contraction by linearity. If py > 0, the above inequality becomes
an identity.
3. Maximum principle:

t,
ess inf _po(x) < _p( *) < ess sup po(x)

x>0 Poo(x) 7 Poo(x) = o0 Poo(x).
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384 J.A. Caiizo et al.

Proof In order to show that positivity is preserved for any classical solution, we can
rewrite, using Duhamel’s formula,

t
p(t) = Sipo +/O Si—sL¥[p(s)] ds = W(p)(0),

where S; is the semigroup associated to the equation d; p — 9 (xp) +ac(x)p = 0 and
L™ is the operator given by

LY [p®)](x) := a/O ox —yeyp,y)dy x>0.

This way of writing the solution clearly shows p is nonnegative if pg is nonnegative,
since p is a fixed point of the positivity-preserving operator W, which is also contractive
in the L norm (for example) for # small enough. Now, for a mild solution we obtain
the same result by approximation from classical solutions, taking into account the
L'-stability (2.2).

For the second part of the result, denote by 7; the semigroup in L' (0, +00) defined
by the equation, and write f; := max{0, f}, f— := max{0, —f} for the positive
and negative parts of a function f, so that f = f; — f_. The positivity and mass
preservation imply that:

el = 1T polli = IT:((Po)-) It + IT: ((po)-) 11
= f Ti ((po)+) + f Ti((po)-) = /(po)+ + /(po)— = lpoll-
Finally, for the maximum principle just notice that, if M is the supremum on the
right hand side, the function ¢ = M P, — p is a mild solution with nonnegative initial

data. Due to preservation of positivity we obtain the inequality on the right-hand side.
The minimum principle is obtained analogously. O

2.3 Entropy and H-theorem

Let H [0, +00) — R be a convex function. We define the general relative entropy
functional as:

QH(u)(t)=fO H (u(t, x)) Poo (x)dx, (2.3)

with u(t, x) := p(t, x)/Pso(x). The basic general relative entropy principle is that
Gu(p(t)/ P) is a decreasing quantity when p(¢) is a solution to (1.3), see Michel
et al. (2004, 2005), Carrillo et al. (2011) and P4jaro et al. (2016).

Proposition 2.4 Let H [0, +00) — R is a convex function in C([0, +00)) and let
p be a classical solution to (1.3) with integrable initial condition py € Ch210, +00)
such that | po(x)| < M Pxo(x) for some M > 0. Thus, the relative entropy satisfies
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dgﬂ(m / / ww(x_y) (H @) = Hwo)
\

+ H' (u(x)) (u(y) — u(x)) )C(y)Poo(y) dxdy <0, 2.4

forallt > 0.

Remark 2.5 Notice that the dependence on the time variable in (2.4) has been omit-
ted for simplicity. Observe that the right-hand side in (2.4) is non-positive since the
convexity of H implies H(u) — H(v) + H'(u)(v — u) < 0forall u, v € R.

Proposition 2.4 is very close to the results in Section 2 of Michel et al. (2005), but is
strictly not contained there due to the form of the integral operator. It is worth giving a
derivation of the result, so we include a proof here. We first obtain a technical lemma
involving some classical computations in Michel et al. (2005):

Lemma 2.6 Under the assumptions of Proposition 2.4, then the following equality is
satisfied

3[XP(X)] OLH (u(x))x Poo (x)]

H'(u(x)) ox
d[x Py
+[uC) H (u(x)) — H(u(x))] [XT(x)] 2.5)
Proof We know that
9H (u(x)) o H'(u(x)) 9Py
T_H(()) ﬁ(a ()—>
and
B[H(u(x))xPoo(x)] 0H (u(x)) 0[x Poo(x)]
ox X Poo(x )—+H(M(X))T~

So that, replacing the first expression in the second we have that:

IH u(x)x Poo(x)] _ CH (u(x ))< uix f)&)

ax
9[x Poo (x)]
+H () == (2.6)
Next, by using the following identities:
op d[xp(x)] 0Py d[x Pxo(x)]
X— = ——"——p(x) and x = — Poo(x),
dx ax ax ax
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in (2.6) we obtain:

A[H (u(x))x Poo (x)] — H () (3[XPX(X)] p(6) — u(x) (3[xPoo(X)] _ Poo(x)>>

0x ox
n H(u(x))a[xpoo(X)]
0x
— H'(u(x ))< [xp(x)] u(x)a[xpoo(x)]>
0x dx
+ H(u(ry) Lo @]
dx

Note that the terms ©(x) Poo (x) — p(x) vanish, since u(x) P, = p(x). Finally, reorder-
ing terms in the last equation we obtain the equality (2.5). O

Proof of Proposition 2.4 We start the proof computing the time derivative of the general
relative entropy functional

dGp (u) (M)

Late) f H (u(x)) Poo (x)dx

_ [T (X 0P
—/0 EH(M(X))POO(X)dx_fO H' (u(x)) 8tdx.

We replace the time derivative of p(t, x) by its expression (1.3) to obtain:

dGn W) _ / ¥ H o) (a[”’ O] | 4 / " ox = e p(dy ac(x)p(x)) dx
dr 0 ax 0

Using lemma 2.6 and the fact that p(x) = u(x) Poo(x) we have:

W [7 (O o ) - Hau)
0

) 0[x Poo (x)]
dr 0x 0x dx

+ a/o H' (u(x)) (/o w(x = y)e(yu(y) Poo(y)dy — C(X)M(X)Poo(X)) dx

In the above equation the term

/OO ILH (ux))x Poo ()] |
X
0 dx

vanishes since limy_, o0 X Poo(x) = lim,_ 0 x Poo(x) = 0, and noticing that u(x) <
M for all t > 0, x > 0 due to the maximum principle in Lemma 2.3. Replacing the
term containing the first order derivative by its value in Eq. (1.5) we get
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dGh (u)
dt

== [ (o H ) - Huw)
% ( /O 0 (x — y)e(3) Pao(y)dy — c(x)Poou)) dx
+a/ H' (u(x))
0

X (/o w(x = y)e(Nu(y) Poo(y)dy — C(X)M(X)Poo(X)) dx

Reordering terms in the above equation we have that

dgH(u) / Hu))
X </0 w(x = y)e(y) Poo(y)dy — C(x)Poo(x)> dx

+a/ H (u(x))
0

X (/0 o(x — y)e(Y)u(y) Poo(y)dy — u()é)/0 o(x — y)C(y)Poo(y)dy) dx
Note that
/0 Hu(x))c(x) Poo(x)dx = /0 H(u(y))c(y) Po(y)dy,

so we can change the order of integration in the above equation to obtain

dGh (u)
dr

—a /0 < f w(x — Y)Y Hu))dxe(y) Poo(y) — H(u(y))c(y)Poo(y)> dy
y

ta /0 / o — ) [H' () (u(y) — ()] e(y) Pro(y)dxdy.
y

Since || * w(x — y)dx = 1, we multiply by this integral the second term in the first
line on the right-hand side of the above equation to conclude

d o0 o0
ga) _, fo f 0 — ) [H() — Hu()]e(y) Poo(y)dxdy
:
ta /0 / 0 — ) [H () (u(y) — ()] e(r) Poo(y)dxdy,
i
which is the desired identity. O
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3 Exponential convergence for the 1D PIDE model
In this section our aim is to prove that Eq. (1.3) converges exponentially to the steady

state, Poo. For this purpose, we consider the L2-relative entropy, i.e., the convex
function H is chosen as H(u) = (u — 1), and

G (1) : = / Poo() (u(t, x) — 1)dx
0

(e%e] 2 o
:fo pP&it(’;)) Pso(x)dx — 1 =/O ) Pt — 1.

where we have used that p(¢, x) and Py (x) are probability density functions. Now,
by replacing the value of the considered convex function in Proposition 2.4, we obtain
the following identity
dgs(u)
dr

= a/(; / w(x —y) (u(t, x) —u(t, y))? c(y) Poo(y)dxdy. (3.1)
y

Day(u)(t) == —

The entropy method consists in finding conditions under which the following func-
tional inequality holds:

1
< —Ds(u). 32
Gou) < 25 2(ut) (3.2)
Notice that the dependence on the time variable can be forgotten at this point, since
our objective is to show such an inequality among a subset of suitable probability

densities. For this purpose, we start by rewriting G («#) in a equivalent form (Céceres
et al. 2011):

Lemma 3.1 Given a non-negative measurable function Py, : (0, 00) — R such that
fooo Poo(x)dx = 1 and defining the functional

Ho(u) = /0 / Pao() Poo(y) (u(x) — u(y))* dxdy,
y

there holds G (u) = Hy(u).

Proof Expanding the square implies

o0

Gou) = / " P () () — 1)2dx = / Pou(?dx —1,  (3.3)
0 0
while H7 (1) is a symmetric function, so that:
1 o0 o0
Mo = 5 /O /0 Poo(x) Poo () (u(x) — u(3))? dxdy

| oo oo
=3 / / Poo (x) Poo (y) (M(X)2 —2u(x)u(y) + u(y)z) dxdy
o Jo
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_ / - / " P () P ()u(x)2dxdy
0 0
- /0 /0 Pao () Poo () (0 (y)dxdy
_ / Pro(¥)u(x)? ( / Poo<y>dy> dx — / / p(x)p(ndxdy
0 0 0 0
=/ Poo(x)u(x)zdx—l,
0

which is equal to (3.3). O

As consequence of this lemma we are reduced to show the inequality
Ha(w) < —Da(w) (34)
2(U) = 28 2(u), .
among a suitable subset of probability densities.

3.1 Entropy-entropy production inequality

We start by obtaining bounds for the steady state solution P, of the Friedman
Eq. (1.3).

Lemma 3.2 (Pybounds) For § > O we define the intervals of length %

k k+1
I s = (6 + 5 S+ %} , k > 0 integer,

and

K\ e K\ —eh k
pe=C G+§>+mﬁ G+5> e b :R”G+§>

Then, the following inequality holds:

P
MmgiﬁﬁgB@, Vx € Iy.s and Vk, (3.5)
Pk

with Pso(x) given by (1.6) and A(8) and B(8) being positive constants that only
depend on & (and network parameters), but they are independent of protein amount k.

ae—1) —t . . .
Proof Note that [xH + K" ] H and e? are decreasing functions, so that their
k+1 a—1

maxima are at xo = § + % and their minima are at x; = § + *5~ in I 5. The term x
shows different behaviours which depend on the parameter a, (this term is increasing
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if a > 1, constant if ¢ = 1 and decreasing if @ < 1). So that, we can bound Py (x) in
the interval Ij 5 as follows:

gEDG + 57 < Po(x) < gGio) 5+ 454 ifa>1

8(x1) = Poo(x) = g(Xo) ifa=1 (3.6

- -1 - -1 )
g(xy) (5 + %)a < Poo(x) < g(x0) (8 + %)a if a<1
a(s Dy
where g(x) = Z [x7 + KH] 7 €7
Now, in order to calculate the bounds of R';—IE’C), we divide the expression (3.6) by
i to obtain A(8, k) < ’%") < B(S, k) with the functions A and B being,

a(e—1)

¢ +5H" + kH ,
(8+12)H~|—KH e if a>1
2
A, k) =
a(e—1)
G+EHE +KH\N T s k+1\
- e [ —M — if a<1
6+ " +KH 25+ k
and

2+k+1\"
W if a>1

B(@S, k) =
1 ifa<l1

Notice that,
lim A(S, k) = e‘ﬁ, lim B(3,k) =1,
k—o00 k— 00
implies that A(§) := m1n (A(, k)) and B(S) := max (B($, k)) are well-defined and

positive, leading to desued inequality (3.5). O

Note that inequality (3.5) can be directly checked for the simplest open loop case,
whose stationary solution is given by (1.7).

Lemma 3.3 Let us define

Jll

mk

3.7)
k=1
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s+k
with {my}r>1 a positive sequence given by my = pre 2 . Then, there exists C > 0

such that

o
mi Y Mjp; <Cpi. forallk €N, (3.8)
Jj=k+1

Proof We define {a;} ;> witha; = ij to calculate the following limit

Since this limit exists and {M} ;> is a strictly increasing and divergent sequence, we
can use the Stolz-Cesaro theorem to obtain that M; < Copa;, with Cy > 0 constant.
Then,

o0 0
mp Z Mjp; < Comy Z ap;j.
j=k+1 j=k+1

The summation term at the right hand side can be calculated as follows

_2b—1

oo oo 0—1

Z _28+j e 4 284k
a<p- = e 4 = e 4b s
JE] : : e—1

J=k+1 j=k+1
so that
© 25+k
_ 20+k
my Z Mjp; < Cmpe” % = Cpy,
j=k+1
3
with C = Cp& , concluding the proof. O
e—1 g p

In order to prove the exponential convergence of the Friedman Eq. (1.3) we are
going to split the proof of inequality (3.4) in the following two propositions.

Proposition 3.4 There exists A > 0 such that
oo py+l 5
AHa(u) < / / Poo(y) (u(x) —u(y))” dxdy := D(u), (3.9)
0 Jy

with u = p/ P, for all p € L'((0, +00)) N L*((0, +00), PL).
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Proof We take 0 < § < 1 and split H;(u) in two parts

Ho(u) = fa / Poo(x) Poo () (u(x) — u(y))* dxdy
:
1) e’}
+ fo / Pao() Poo(y) (u(x) — u(3))? dedy == Hay (u) + Ha ().
y

For i, j > 0 integers we define

Aij :=/ / (u(x)—u(y))zdydx=/ / (u(x) — u(y))* dxdy.
Lis J1js Lis J1js

We can estimate both the left and the right-hand sides of (3.9) by using the quantities

Step 1: H>; (1) bound.- We start working on the term Hy1 (u)(7), where 0 < § < y <
x. By swapping (x, y) in the domain of integration, we get

Hay (u) = /5 /5 Poo () Poo () (u(x) — u(y))? dydx

SZZ/I /1 ((x) — u(y))* Poo(x) Poo(y)dydx.
isJ1js

i=0 j=0

Now, using the inequality (3.5) and the symmetry A; ; = A; ;, we obtain

Hai(u) < BO* Y pipj / (u(x) = u(y))” dydx

i=0 j=0 lis I 1j.s
oo i
=B’ ) Y pipjAi;
i=0 j=0
[S.ole o] oo o0
=B®)?) Y pipjAi;=BO? )Y Y pipjAi;. (3.10)
j=0i=j i=0 j=i

Note that some terms in this expression already appear in the right hand side of
(3.9), since:

lis

oo oo
Y pFAii= pipi [1 () = u(y))* dxdy
i=0 i=0 i.8

1 s R
= A(8)? ZZ:; /Ii.s /I.i,B (u(x) — u(¥))” Poo(x) Poo(y)dxdy
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_ 2 . _ 2
_A(8>2,§/1,,5 [, 0= 00" Pucopoyisay

x>y

7 X v+l 5
> /I f (U(x) = u(1))* Poo(x) Poo(y)dxdy
j=0 Y18 vy

A(8)2

=<

2 oo py+l ,
:A((S)Z/B /y (u(x) —u(y))” Poo(x) Poo(y)dxdy

= 0 /°° /yH () — () Prodrdy = —2 D),
A2 )5 )y = A(5)2
(3.11)
where Py = rgax )Poo (x) < oo due to the properties described in Sect. 2.1.
X€lo, 00O

In order to estimate A; ; for j > iwefixi, jandcalln := j—i > 1.Weusen — 1
“intermediate reactions” to write the following: introduce n — 1 dummy integration
variables z; 41, ..., zj—1 and denote averaged integrals with a stroke. Thus, we have:

44 =][ ][ (u(x) — u(y))* dxdy
lisJ1s

:][ ][ ][ (u(x)—u(y))zdxdzj_l---dZi+ldy

LisJliv1s Ijs

z][ ][ ][ (u(zj) — u(z))* dzjdz_y - dz,
Lisdliv1s ljs

where the last step is just renaming x = z; and y = z;. Observe that nothing has been
done in the case j =i 4 1. Using the Cauchy-Schwarz inequality and (3.7), we have

) 2
j—1
4A; 2][ ][ ][ Z(M(Zk+1)—u(1k)) dzjdzj—y---dz
IisJliv1s Ijs \ k=i
j—1

j—1
1
S][li,s ~7€i+1_5 . .]{M (;(M(Zk-&-l) - M(Zk))zn’Ek) (; mk) dzjdzj—y---dz

j—1
fMj][ ][ ][ (Z(M(Zk+l)—u(zk))2mk) dzjdzj_i---dz
TisJ1iv1s Ijs

k=i

j—1
= jzmk][][ o i) — u(z))? dzjdzj_y - dz
k=i lisJliv1s ljs
j-1

j—1
=M; Z mk][ ][ ((zkt1) — u(z6))? Az dzg = 4M; kaAk,k+1~
k=i Tes V18

k=i
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Hence, we deduce that
j—1
Aij < M; kaAk,k-i-l forall j > i.
k=i

Thus, we get

3

o0 00 o0 j—1
DD pipjA SZ PijkaAk,kJrl
i=0 j=i+1 k=i

i=0j
oo

= miAg it Z pj jZPl
k=0 j=k+1

<C5 ZAkk-Hmk Z Mijp;j.

Jj=k+1

The inequality ZZ‘C:O pi < C, in the previous expression, holds because Z?io piisa
convergent series due to the d’ Alembert’s ratio test. Moreover, (3.8) implies

o0 o0
Z Z pipjAij < CZAk k+1Pk (3.12)

i=0 j=i+1 k=0

for a generic constant C > 0. We finally work in the Eq. (3.12) to obtain

D Akpip = Z/ f (u(x) = u(y)* dx pdy
k=0 —0 Y ks Y15

y+1
_A(S) /1f () — () dx Poo (y)dy

y+1 1
_A(S)/ / (1) = u(3))? Pao(3)drdy = D).

where we use that y < 8+ < 64+ 52 < y41and (3.5). We conclude by plugging
the above estimate in (3. 12) which together with Egs. (3.10) and (3.11) show that

AMH21(u) < D(u), (3.13)

for some constant A; > 0.

Step 2: Ho(u) bound.- To prove that there exists A, > 0 such that
00 y+1
it = [ [ et @ — w0 dxay,
0 y
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we use an intermediate variable z € (8, 1) as follows:
) 00
fo f ((x) — u())? Poo(x) Poo(y)dxdy
:

1 1) e’}

= ]é /0 / ((x) — u(¥))? Poo(x) Poo(y)dx dy dz

y

1 ) 00

< 2][ / ((x) — 1(2))? Poo(x) Poo(y)dx dy dz
s JO Jy

1 pé poo
+2][ / / (M(Z)_M(Y))z Poo(x) Poo(y)dx dy dz
s JO Jy
=211 + 21

We bound each of the terms Iy, I». First, for I; we deduce that
1 ) 00
n=f [ [ @t - ue)? et Ptiraray sz
5 JO Jy
1 00
< ][ / (x) — u(2)? Pao()dx dz
§ 0
1 00
- ][ / (x) — u(@)? Poo(x)dx dz
) §
1 S
+][ / (u(x) — u(2))? Poo(x)dx dz := Ity + 12,
§ 0

since fooo P (y)dy = 1. For I11 we use that Py, is bounded below on [§, 1] (Cl(S <
Poo(x), x €[8, 1]) to deduce

1 0
I =][ / (u(x) — u(z))* Poo(x)dx dz
b S

IA

1 o)
Ca][ / ((x) — 1(2))* Poo(x) Poo(2)dx dz
1) b

< & / / () — 1(2))® Pao(x) Poo(2)dx dz
1 =36 Js5 Js

_ G / OO/OO (U(x) — 1(2))? Poo(x) Poo (2)dx dz,
1—-6Js z

Note that the right hand side of the above equation is bounded by a multiple of the term

2C,
‘Ho1 (u), thus leading to I1; < CHai(u) with C = ﬁ Using (3.13) we deduce
that I1; < CD(u).
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The integral /1, is clearly smaller than the right hand side of (3.9) since it involves
a smaller domain of integration, indeed we obtain

Iy =]£1 /08 ((x) — u(2))* Poo(x)dx dz
:][1 /8 (u(x) — u(z))* Pso(z)dz dx
=15 / f (u(x) = u(2))* Poo(2)dx dz
< / f (u(x) — u(@)? Pao(2)dx dz < CD(w),

sincez <8 <x <1 < z+ 1. For I»(t), notice that

1 S 00
=]£ /0 ((2) — u(3))? Poo(y) (/ Poo(x>dx>dydz
f
1 S
f]é /0 () — u(y)? Pao()dy dz = I,

and thus, we also deduce that I, < C D(u). Putting together the estimates on /11, /12
and I, we conclude that

AMH2» W) < D), (3.14)

for some A, > 0. Finally, inequalities (3.13) and (3.14) together imply that A (1) <
D(u) concluding the proof. O

Proposition 3.5 There exists « > O such that
aD(u) < Dr(u). (3.15)

withu = p/ Pes, for all p € L' ((0, +00)) N L?((0, +00), PL1).

Proof Note that, y < x < y + 1 on the left hand side of (3.15). Thus, we can bound
the term w (x — y) with x € [y, y+ 1]. Since w(x) is a decreasing function of x, then

=w(0) withx €[y, y+1]andy e R,

S| o=

1 -
()= ;e Sk -y) =
Moreover, the term c(x) is bounded, ¢ < c(x) < 1 for all x € RT. So that:
oo pry+l )
/ f Pao(y) ((x) — u(y))? dxdy

b v+l
< Zet / / 0 — Y)e(y) Poo(y) (u(x) — u(y))? dxdy
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Fig.4 Case 1 Fig3: H = —4, ¢ =0.15, K =45, a=5, b =10

b1 o[ [
Db /0 / 0 — V)e() Poo () (u(x) — u())? drdy
y

IA

b
= 2 e Dyu),
ag

which proves the inequality (3.15). O

Proof of Theorem 1.1 Putting together (3.9) and (3.15) from Propositions 3.4 and 3.5,
we deduce that the entropy-entropy production inequality (3.4) holds. Lemma 3.1
together with (3.4) finally implies (3.2). As consequence, we deduce the exponential
convergence towards P, for all mild solutions of (1.3). O

3.2 Numerical illustration of exponential convergence

The entropy functional, G, (1)(¢), is represented in the plots B of Figs. 4, 5, 6, 7 and
8, which address the five possible steady states plots A of Figs. 4, 5, 6, 7 and 8 (see
also Fig. 3). For all cases, these functions are represented in a semi-logarithm scale
to numerically validate the exponential convergence shown in the previous section.
A Gaussian distribution with mean 2 and standard deviation 0.1, A/(2, 0.1), has been
considered as initial condition.

4 The nD PIDE model

We can generalise the entropy functional (2.3) defined for the one dimension PIDE
model in order to study the convergence of the multidimensional model. A well-
posedness theory of mild and classical solutions satisfying the positivity and mass
preservation, the L !-contraction principle, and the maximum principle can be analo-
gously obtained from the one dimensional strategy in Sect. 2. Let us summarize these
properties in the next proposition.
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Proposition 4.1 Given any mild solution of Eq. (1.8) with normalised initial data, then
the solution satisfies

(1) Mass conservation:

J

(i) If po is nonnegative, then the solution p(t) of Eq. (1.8) is nonnegative for all
t>0.
(iii) L'-contraction principle:

/ |P(I,X)|dX§/ | po(x)|dx.
R: R

+ +

p(t, x)dx :/ pox)dx =1
R}

n
+

(iv) L7 bounds, 1 < g < oo:

/ Poo(X)|u(t, x)|9dx

RL

5/ P (X)|ug(x)|9dx with u(t,x) :=
Rl‘l

+

p(t,x) and up(x) = Po(x)

Poo (X) Poo(x)'

(V) Maximum principle:

essinf uo(x) < u(t,x) < esssupup(x).
xeRY xeRY

We will not do any details of these classical results. We just point out that these

properties can be formally seen as consequences of the general relative entropy method
(Michel et al. 2004, 2005). Let us now concentrate on the entropy method. Given
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H (1) any convex function of u, we define the n-dimensional general relative entropy
functional as:

Gy () = / H (u(%)) Poo (X)dx,
RY

with u(x) := p(x)/Pso(Xx) as above. The main difference in the multidimensional
case is that the stationary states are not explicit and thus, we need to assume certain
properties on their behavior. In fact, in order to apply the entropy-entropy production
method we make the following assumption:

Assumption 4.1 The following property holds

/OO 3[H(M(X))V}(X)xiPoo(X)]dxi 0. Viel....n
0 0x;

for any convex function H(u) and for all differentiable p € L!((0,+00)) N
L2((0, +00), Ph).

Similarly to the one dimensional case, we can obtain the following identity. The
proof is totally analogous to the one of Lemma 2.6 and we skip it here for brevity.

Lemma4.2 Let p be a differentiable function on R'\. For any i = 1, ..., n the fol-
lowing equality is verified:

Ay!®)xip(x)]  ILH @x))yi(X)xi Poo(X)]
axi h 8xi

H' (u(x))

[y (X)X Poo(x)]

+ () H' (u(x)) — Hu(x))) o

With this identity, we can now derive the evolution of the relative entropy as in the
one dimensional case. We will not make explicit the time dependency of the solutions
again for simplicity.

Proposition 4.3 Let p be a classical solution to the n D PIDE model with initial data
poelL! REYNC ! (R%). For any convex function H(u(x)), the general entropy func-
tional GY, (u) satisfies

n

d n
i (”)—Zk’ / / [H () — Hu(y) + H' @) (u(y;) — u()]

+ 1
We, i Poo(yi)dx;dy;
<0, 4.1

with the shortcut w.; = w;(x; — y;)c; (¥i).
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Proof of proposition 4.3 We compute the time derivative of the general relative entropy
functional to get

dgﬁ,(u)zﬂ/ H (u(x)) Poo (x)dx
ds ot Jre

_[ 2 _ / ap
= /R’i o H () Poo(x)dx = /Ri H' (u(x)) 5 -dx.

Replacing the time derivative of p(x) in the last equality by its expression (1.8), we
obtain

dg”
“ -/, H(u(x))( ( [yx(x)x,p(x)]))
/ H(u(x))( ( /wl(xz yi)Ci(Yi)p(yi)dyi—kicl-(x)p(x)))dx

Summations and integrals in the above expression are interchangeable, so that

dQH(u) (/ H' (u(x)) ( [VX(X)xtP(X)]>>

+Z H' @) (K, [ ori — y)ei i p(yi) dyi — ke p) ) | dx
i=1 \"R% 0

4.2)

Next, using Lemma 4.2, the first term on the right hand side in the above equation

becomes
( / H ) (5 [riwmp]) ) ox

B Z ( / ALH (X))} (X)x; Poo (X)]

8)61'

+ () H' (u(x)) — H(u(x))) w) i

3)6,'

~ 0 i iPoo
=Y (/ (u(x)H' (u(x)) — H (u(x))) W) dx, (4.3)

i=1
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this last identity holds using Assumption 4.1. Note that, the first term in the last
summation in Eq. (4.3) is equivalent to

n

> (/ u(X)H/(u(x))W) dx
i=1 ler Xi
N / u)H (u(x))z (W) dx

= fR U H' (x)) (Z (—k;'n /0 0 = )6 (57) Poo 3 i +kici(x)Poo<x))> dx

i=1
= Z (/ H' (u(x)) (—M(X)k' / Wi (xi — y1)ci (¥i) Poo (yi) dyi + kic; (X)P(X))> dx
i=1
4.4)
and the second term in the last summation in Eq. (4.3) is equivalent to

n

([ - TN [ 3 ()
R Xi R™

i=1 + 9xi
= [1.@" —H (u(x)) (Z <—k£,,/0 I(Ui(xi — yi)¢i(¥i) Poo (yi) dyi +k’i6i(X)Poo(X)>> dx
+ i=1
= Z (fR" H (u(x)) (kﬁnfo 1 (xi — y)ei(¥) Poo(y) dy; — kiCi(X)Poo(X)>> dx
i=1 \"R%

4.5)

Thus, using the expressions (4.4—4.5), replacing firstin (4.3) and finally in the Eq. (4.2),
we obtain the following equality

4k _ 3 ( / (—u(r, 0k [0~ ety Pt i + K <x)p<x)> H’(u(x))) dx
i=1 \/RL 0
+ ; ( fR , ) (k:‘n /0 " orxi — y)en () Pooyi) dyi — K (x)&;(x))) ax
+ ; ( fR  H ) (k:'n /O " i — e p(, ) dyi — Kl (x)p(x))) ax
- ;( /R , ) (kin /0 " i — yi)en () Poo (91) dyi — kia-(x)Poc(x))) ax

+ Z K, v‘wi(xi — ¥)€i () Poo (i) [u(t, yi) —u(r,x)] dy; | H'(u(x)) | dx
i—1 \/RL 0

(4.6)
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By changing the order of integration in the above expression and using the following
identity

o0
/ wi(xi —y)dx; =1, Vi=1,...,n,
Yi

the Eq. (4.6) can be rewritten in the following equivalent form

dgy @)~
dr _Z(k’”/R

i=1

+3 (/R (k;,/ i (xi = y)ei (9) Poo (W) H' (X)) [u(t, yi) — u(t,%)] dn)) dyi,
i=1 +

Yi

/ w; (xi — yi)€i (Vi) Poo(vi) [ H (u(x)) — H (u(t, y))] dxi) dyi

LJi

which is equivalent to the expression (4.1) defined in Proposition 4.3, thus concluding
the derivation of the identity. Observe finally that due to the convexity of H (1), we
deduce that H(u) — H(v) + H'(u)(v — u) < 0 for all u, v leading to final claim. O

As in the one dimensional case, we will focus on the L2-relative entropy, i.e., we
choose H (1) = (u — 1)? to define

G (u) := / (u(x) — 1)? Poodx

R+
and
h(u) = Zkﬁn [Rn / wi(xi — yi) [u(x) — M(yz‘)]zcl' (¥i) Poo (yi)dx;dy;.
i=1 + i

Proposition 4.3 leads to the relation

dgs (u) 0
_ét = —Dj(u) <0. “.7)

4.1 Approach to equilibrium

Based on the Assumption 4.1 on stationary solutions, we are now able to control the
entropy by the entropy production except for a small error term.

Lemma 4.4 Assume that p < C| Py for some C1 > 0. Then, for each ¢ > 0 there
exists a constant K. > 0 depending on C| and € such that:

Gh(u) < KD5(u) +e.
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Proof By expanding the square, we can write
1
Gy(u) = 5/ / Poo(X) Poo () (u(t, X) — u(y))* dx dy. 4.8)
R? JRL

We split the latter integral in two parts: the integral over 25 x 25, and the integral
over its complement with

n times

Qs =1[6, 1/8] x --- x [8, 1/8] such that, s € (0, 1).

For the integral over the complement, using p < C; P, we deduce

/ / Poo (%) Po(y) (u(x) — u(y))* dxdy
R\ (25 x 25)

<202 f / Pao(X) P (y) dx dy.
R\ (925 % 2s5)

On the other hand, for the integral over Q5 x 25 we get

/ / Pao(X) Poo(y) (u(x) — u(y))* dxdy < Ky 1 / / () — u(y))* dxdy,
Qs J Qs Qs J Qs

where

Ks 1 := sup Poo (X) Pxo (y) < +00.
(X,y)€Q5 % Qs

We now rewrite u(x) — u(y) as a sum of n terms, each of which being a difference of
values of u at points which differ only by one coordinate

n

u(x) — u(y) =Z(u(m,--.,xl-,yi+1,...,yn)—u(m,---,xi—l,yi,-..,yn)),
i=1

(where it is understood that u(xy, ..., Xi, Yi41, ..., yn) = u(x) fori = n, and

U(X1, ooy Xi—1, Yiy .-+, yn) = u(y) fori = 1). Then, by Cauchy-Schwarz’s inequality
we have

/ (x) — u(y))? dx dy
Qs J Qs
n 2
<n / f UKLy ooy Xiy Vil eeos Yn) — UKL, ooy Xiz1, Vi -5 Yn) ) dxdy
i; QS QE( 1 1 n 1 1 I‘l)

1 n—1 n 2
—n 7—8) / / w(x) —u(y)) dx; dy;
<(S ; [8,1/8]" [8,1/8]( l ) o
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1 n—1 i 1/8 ( ’
— 2 <7 - 3) / / u(x) — u(y-)) dx; dy;
8 = Jis.1/81m Iy, l o

n ) 1/8 )
< Kso ) kb, / / wi (X — yi)ci (Yi)Poo(Yi)<u(X) - ”(yi)) dx; dy;,
= " Jy

therefore we conclude that
/ / (x) — u(y) dx dy < K5 2D (p). 49)
Qs J Qs

where K > is defined by

1 n—1 _ ] .
2n (E - 5) K‘;,é = inf (kj,w; (x; — i)¢i (¥i) Poo (¥i)).

with the infimum running over all i = 1, ..., n and over all the points in the domain
of integration. We notice that the first of the equalities in (4.9) is just obtained by
integrating in the variables that do not appear in the expression and renaming the
others; and the second equality is due to the symmetry of the integrand in the variables
(xi, yi). Using (4.8)—(4.9) finally gives:

1
Gy < C2 f / Pao(X) Poo(y) dxdy + ~ K51 K3 2D ().
R2"\ (25 x25) 2

We may choose § > 0 such that the first term is smaller than €. This gives then the
result with K, = lKg,lK(s’z. |

Theorem 4.5 (Long-time behaviour) Given any mild solution p with normalised non-

negative initial data po € L' (R.) to Eq. (1.8) and given a stationary solution Puo(X)
to (1.8) satisfying Assumption 4.1, then

lim / |p(t,X) — Pso(x)]2dx = 0.
11— 00 R{lf»

As a consequence, stationary solutions Pso(X) of (1.8) satisfying Assumption 4.1, if
they exist, they are unique.

Proof Step 1: Proof for “nice” initial data. We first prove the result for initial data
po € Ll(Ri) N Cz(Ri) such that pg < Cj P, for some constant C; > 0. Observe

that this implies in particular that pg € L*(R"., Ps(x)~" dx). For such initial data we
deduce that forallt > 0

p(t,X) < C{Px(x) foralmostall x € R,
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from the maximum principle. This enables us to use Lemma 4.4. Using the general
entropy identity with H (u) = (u — 1)?, from Proposition 4.3 we obtain:

dgy (u) n
_ét = —Dj(u). (4.10)

Next, by using time integration on [0, T'] in Eq. (4.10), the following equality holds
forall 7 > 0:

T
G5 (u)(T) +/0 D5 (p)(t)dt = Gj (u)(0),
from which we deduce that:

/OO 2 (u)(1) di < oo. @.11)
0

From (4.11), there exists a sequence (f;)s>1 such that D5 (u)(t;) — 0 as s — +oo.
Thus if we take any € > 0, then Lemma 4.4 gives:

G5 (u)(ts) < KD5(u)(ts) +€ — € ass — +oo.

Since G (u)(t) is decreasing in ¢, this shows that lim,_, { o, G5 (u)(t) < €. Since € is
arbitrary chosen, we deduce that:

G u)(t) - 0 ast — +o0.
Step 2: Proof for all integrable initial data. It is now classical to extend the result
in step 1 to all initial data in LI(R’_L) by the L'-contraction principle. In fact, any
po € LI(R’i) can be approximated in Ll(Ri) by a sequence (pg)s>1 such that
Py < $Pw, for all s > 1. Thus consider the solution p® associated to initial data pj.
By step 1, we get

o0
f |p°(t,X) — Poo(x)|dx — 0 ast — +oo,
0

since G (us)(t) > || p* (1, X) — Poo(x)||% with u’ = }[)’—;. Hence, for s > 1 we deduce

o0 o0 ) [e.¢]
/0 Ip(t,X) — Poo(x)|dx < /O Ip(t, %) — p*(1,%)] dx +/0 |p* (1. %) — Poo(x)] dx
[e.¢] oo
= /(; |po(x) — pp(x)| dx +/0 |p* (1, %) — Poo(x)| dx,
from the L'-contraction principle. This easily leads to the result since
o [e e

lim / |po(x) — py(x)|dx =0  and lim f |p*(t,X) — Pyo(x)|dx = 0,

§—>00 0 t—00 0

forall s > 1. O
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A

Fig.9 Example of two self regulated proteins whose distribution has a peak in x = (0, 0). (Same parameters
as in the example depicted in Fig. 4 for both proteins)

4.2 Numerical exploration of the convergence rates

The entropy functional, G7 (u)(t), is represented in the plots B of Figs. 9, 10 and
11, which address three possible steady states (plots A of Figs. 9, 10 and 11) that
have been obtained using the SELANSI toolboox (P4jaro et al. 2018). For all cases,
these functions are represented in a semi-logarithm scale to numerically check if the
convergence shown in the previous section is exponential in higher dimensions.

In the first example, Fig. 9, we consider two different self-regulated proteins with
input functions:

H: H
K™ +eix;
ci(xp) = ——1 fori=1,2,
H H
Kl

with H; = —4,¢; = 0.15, K; = 45, a; = 5 and b; = 10 as in the example depicted
in Fig. 4.

The second example, Fig. 10, is a self and cross-regulated gene network expressing
two different proteins where the first one activates the production of both itself and
the second protein, while the second protein inhibits the expression of both proteins.
The input functions considered, as in P4jaro et al. (2017), read:

H H H
( ) 611x1 12+6111< 11 .x2 12+61§x1 “[( 12+[(11“I( 12
Cl X) =
-xl ll 12 K’ lllx 12 x 11 K’ 12 Kllll K’ 12

4.12)
er(x) = 621)62 xl Hyj +622K 2 xl +623x2 22K2121 Lk 22KH21
21'122 1+KH22 Hy +xH22K o1 +KH22KH21

with Hyy = —4, Hy1 = —6, Hip = Hy = 2, Ky1 = K12 =45, K21 = Ko =170,
e11 = &1 = 0.002, 12 = 0.02, 220 = 0.1, €13 = €23 = 0.2 and network parameters
L =y2=1,y) =y2 =25kl =10,k} =20,b; = 10 and b, =20

@ Springer



408 J.A.Cafiizo et al.

Fig. 10 Example of two self and cross regulated proteins whose distribution has a peak in some positive
point X = (xq, x2) with x; > 0 and xp > 0. Parameters: yxl = yxz =1, ynll = y,% = 25, k%, = 10,
k,2n =20, b1 = 10, b, = 20 and input functions in (4.12)

A B
1010
x10”
1.5+ 105
10°
107
e 10—10
0% o 0 2 4 6 8 10
t

Fig. 11 Example of two mutual repressed proteins whose joint distribution is bimodal attaining two peaks
in two positive points. Parameters:yxl = sz =1, y,l, = y,%l =25, k,]n = k,zn =8 and b; = by = 16 with
input functions defined in (4.13)

Our third example, Fig. 11, corresponds to a mutual repressing network of two genes
in which the protein produced by the expression of one gene inhibits the production
of the other protein in the network. The input functions, as in P4jaro et al. (2017), for
this example take the following form:

Klle +81x§]12 K2HZl +82x{-121
c1(x) = T e o (x) = B By 4.13)
K| 12 +xf 12 K221+x] 21

with Hip = Hy; = 4, K1 = Ky = 45 and ¢ = ¢ = 0.15. The dimensionless
network parameters are y! = y2 =1,y) =y2 =25k} =k2 =8andb = b, =
16.
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For each example described above, a multivariate Gaussian distribution with means
10 and standard deviations 1, AV/([10, 107, [1, 1]), has been considered as initial
condition.

5 Conclusions

Analytical results for the n D model show convergence to equilibrium via a very general
method, but do not give a bound on the convergence rate. The numerical simulations
we have carried out clearly support the idea that exponential convergence also holds
in the multidimensional case, though we have not been able to prove this using the
same entropy method as in the one-dimensional case. Approach to equilibrium seems
to follow a steady exponential speed, being quickly dominated by the spectral gap
expected from our analysis. There also seem to be initial regimes where the approach
to equilibrium can occur much faster; our interpretation is that smaller (more negative)
eigenvalues can dominate at initial stages of time evolution, but are overcome by the
dominant eigenvalue as equilibrium is approached.
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