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In this paper we prove that the k-th order metric-affine Lovelock Lagrangian is not a total derivative in
the critical dimension n = 2k in the presence of non-trivial non-metricity. We use a bottom-up approach,
starting with the study of the simplest cases, Einstein-Palatini in two dimensions and Gauss-Bonnet-
Palatini in four dimensions, and focus then on the critical Lovelock Lagrangian of arbitrary order. The
two-dimensional Einstein-Palatini case is solved completely and the most general solution is provided. For
the Gauss-Bonnet case, we first give a particular configuration that violates at least one of the equations

of motion and then show explicitly that the theory is not a pure boundary term. Finally, we make a
similar analysis for the k-th order critical Lovelock Lagrangian, proving that the equation of the coframe
is identically satisfied, while the one of the connection only holds for some configurations. In addition to
this, we provide some families of non-trivial solutions.
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1. Introduction

Lovelock gravities are a family of higher-curvature Lagrangian
terms that form a natural extension to standard General Relativ-
ity. Introduced in the early 1970s by Lovelock [1,2] (though the
easiest non-trivial case, Gauss-Bonnet gravity, was already identi-
fied by Lanczos in 1938 [3]), they are characterised as the unique
higher-curvature terms that give rise to second-order differential
equations after varying with respect to the spacetime metric. It
is precisely this property that makes the theory such a natural
extension, as it is guaranteed to be ghost-free [4,5]. In this way,
Lovelock gravities are singled out with respect to all other higher-
curvature extensions, which generically do suffer this problem. In
addition, Lovelock gravities appear as string corrections to super-
gravity [6-11] and over the years have attracted a lot of attention
in cosmology and string theory as corrections to black hole so-
lutions and FRW models, as alternatives of dark matter or dark
energy and to obtain corrections to holographic models (see for
example [12-18]).
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In n dimensions, the (metric) Lovelock action is defined as

n/2] n/2]
St =Y 80 = /d”x gl Y (11)
k=1 k=1

Here |x] is the floor function, A, are certain dimensionful con-
stants and the Lagrangian densities L,ﬁ") are given by
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where 701,“,;,* is the Riemann tensor constructed with the Levi-
Civita connection [",,”,

fuvp = %gpllia,ug}xv + 08ur — 8Aguv]a (1.3)
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Ruvp” = 9uTop” = 0lup* + Tuo* Tup” —

and the multi-index delta represents the antisymmetrised product
of Kronecker deltas,
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In this paper we focus our study on the dynamical properties
of each of these terms separately,

.SZn | the totally alternating Levi-Civita sym-

s = ,\k/d”x gl £ (1.6)

From now on, we will refer to §,(<") as the k-th order (metric) Love-
lock term. Working out the lowest order cases, it is easy to see that
the first and second order Lovelock terms are the Einstein-Hilbert
action and the Gauss-Bonnet term respectively,

§§n) = AEH/d"X\/IngQ,
em) _ n 52 A5 S LV 5 S [LVPA
52 = AGB /d X |g| I:R 47—\)',11,1)72 + R/prR :I»

(1.7)

where Apy = (2k) ! and the Ricci tensor and scalar are defined as
Ruv = Ryuw” and R = gV R,

The dynamical properties of each Lovelock term depend cru-
cially on the number n of dimensions in which the theory is for-
mulated. From the definition it is clear that the k-th order Lovelock
term vanishes identically in any dimension n < 2k. Also it is well
known [5] that in n = 2k it is a topological term, proportional to
the 2k-dimensional Euler characteristic and hence does not con-
tribute to the equations of motion. Only in n > 2k the k-th order
term is dynamical and yields non-trivial physics.

The proof that Lovelock terms in critical dimensions (i.e. the
k-th order term in n = 2k) are proportional to the Euler char-
acteristic is traditionally done via the generalised Gauss-Bonnet
Theorem (see for example [19,20] for a pedagogical introduction).
Indeed, the action can be written as a surface term, ie. as the
integral of a total derivative Sy = [ d*xd, F* of some functions
Fi(g, 0g) [21].

An interesting question is how much of this picture remains
true if one abandons the traditional Riemannian geometry and
allows for general affine connections I';;,,”. Remember that in dif-
ferential geometry the metric g, and the affine connection I'y,,,”
are in principle two independent variables, that describe different
geometrical properties of the manifold M: the metric measures
distances between points and angles between vectors in the tan-
gent space T,(M) of a given point p, while the affine connection
defines parallel transport of vectors between tangent spaces and
hence determines the curvature of the manifold. Only in Rieman-
nian geometry, the affine connection is chosen to be the Levi-Civita
connection (1.4), which is a function exclusively of the metric.
Therefore, the geometrical properties of the manifold are com-
pletely determined by gy,. On the other hand, in general metric-
affine gravities, the affine connection I'y;,,” is considered an inde-
pendent variable, with its own equations of motion, that dictate
the dynamics and hence the allowed solutions.

It is well known that within the space of affine connections,
the Levi-Civita connection is identified as the only one that has

' In our signature convention (+ — ... —), we have sgn(g) = (—1)"" 1.

both vanishing torsion T;,” =TI,,” —T'y,” and vanishing non-
metricity Qg up = —V,8uvp. In metric-affine gravity, the extra de-
grees of freedom come therefore from non-trivial torsion, non-
metricity, or both. The aim of this paper is to study how these
additional degrees of freedom affect the dynamical properties of
the Lovelock terms discussed above. In particular, whether metric-
affine Lovelock gravities in critical dimensions maintain their topo-
logical character, or whether the torsion and/or non-metricity give
rise to non-trivial dynamics.

The metric-affine Lovelock terms (and hence the total metric-
affine Lovelock action) are defined in an analogous way as their
metric counterparts (1.2)-(1.6), but using a general connection,

s = k,</d"x gl ", (1.8)
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where now the Riemann tensor Rp* () = 8, Tup* — 3T pp” +
Tuo’Tup® —Tuo?Tup? is constructed from the general affine con-
nection I';,,” and has in general less symmetries than its Levi-
Civita counterpart.

In principle the coefficients A, are arbitrary, but considering
metric-compatible connections (i.e. Q ., = 0), it has been shown
in [22] (see also [23]) that demanding the theory to have the max-
imum number of degrees of freedom, the relative coefficients are
fixed in terms of the number n of dimensions and a parameter that
can be interpreted as an (anti-)de Sitter radius. Furthermore, the
coefficients are such that in odd dimensions the complete Lovelock
action S\ |g—o = Y, S\ |q =0 can be written as the Chern-Simons
form of the n-dimensional (anti-)de Sitter group and in even di-
mensions in a Born-Infeld-like form. We are not aware whether
the same properties hold when non-trivial non-metricity Q ., #0
is included.

We insist that in the action (1.8) both the metric and the con-
nection are considered to be dynamical fields, each with its own
equation of motion. Some results are known about the space of al-
lowed connections in metric-affine Lovelock theories. In [24-26] it
was shown that general metric-affine Lagrangians £(g,w,7€,wp)‘)
allow the Levi-Civita connection (1.4) as a solution only if the La-
grangian is Lovelock. In this sense, the metric formalism is always
a consistent truncation of metric-affine Lovelock theories [26]. On
the other hand, there are indications that Levi-Civita is in general
not the only allowed connection: in [27,28] it was proven that
the most general connection for the metric-affine Einstein action
in n > 2 is of the form
T = T + Audl, (1.10)
for arbitrary vector fields A,. However it was also shown that this
vector field is in fact unphysical and should be interpreted as the
parameter of a projective symmetry

T — T’ + Ausl, (111)

of the Einstein-Palatini action [29,30]. In this sense, the metric and
the metric-affine formalisms are physically completely equivalent
for the Einstein action in n > 2.

In [31,32] it was shown that the projective symmetry (1.11) is
present in any metric-affine Lovelock theory (1.9) and hence that
the affine connection (1.10) is a solution (physically equivalent to
Levi-Civita) in all these cases. However it is not known whether
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(1.10) is the only allowed solution and hence whether the met-
ric and the metric-affine formalism are also equivalent for general
Lovelock theories. In fact there are indications that this is not the
case.

Recently, a first solution, physically inequivalent to (1.10), was
presented for the k =2 case. To be specific, in [32] it was shown
that the projective Weyl connection?

I:,u.vp = lﬂ_‘lwp + A[L 55 + By 55, — B” gy (112)

is a solution for the pure Gauss-Bonnet-Palatini gravity for arbi-
trary By, but only in n =4 (which is precisely the critical dimen-
sion corresponding to k = 2). It was argued that the existence of
the solution is related to the conformal invariance (i.e. invariance
under rescalings of the metric) of both the metric and the metric-
affine Gauss-Bonnet term in n = 4. Furthermore, it was shown that
the transformation

Tw? — Tp” + By8l, — B guo (113)

is a symmetry of the four-dimensional Gauss-Bonnet-Palatini
theory when it is restricted to metric-compatible connections,
5(24)|Q:o, but not of the full theory 654) with arbitrary connec-
tions. Since in the full theory there is no symmetry transformation
that relates (1.12) to the known solutions (1.10), the new solution
is interpreted as physically inequivalent to the Levi-Civita connec-
tion.

The existence of a non-trivial solution and of a transformation
that is a symmetry of the truncated, but not of the full Lagrangian,
are the first hints that the four-dimensional Gauss-Bonnet theory
might not be a total derivative in the metric-affine formulation.
As these topological theories do not have dynamical equations
of motion, there are no restrictions on its field content and any
field configuration appears as an allowed solution. However, as this
might be true for the truncated critical Gauss-Bonnet-Palatini term
5(24)|Q:0, it is clearly not the case for the full theory 654) . The
idea is then that the non-metricity Q,, spoils the topological
character of the critical Gauss-Bonnet-Palatini term. Moreover, as
the solution (1.12) is conjectured to exist in all k-th order Lovelock
terms in n = 2k [32], these properties would hold for all critical
Lovelock theories.*

The aim of this paper is to prove that this is indeed the case.
In Section 2 we will deal with the simplest of all critical Lovelock
theories, namely the two-dimensional Einstein term in the metric-
affine formulation. We will compute the equations of motion of
the metric and the affine connection and show that they do not
impose any conditions on the metric or the torsion, but restrict
the non-metricity in a non-trivial way. We will also show that the
n = 2 Einstein-Palatini action can be written as a total derivative
plus terms that depend on Q,. In Section 3 we will perform
a similar analysis for the four-dimensional Gauss-Bonnet-Palatini
term. We will first show that the Lagrangian is not a total deriva-
tive in the presence of non-metricity. Afterwards, as this theory is
too complicated to be solved in general, we present a field config-
uration the does not obey the equations of motion of the theory,
proving that the latter impose non-trivial conditions. In Section 4

2 We call the projective Weyl connection the generalization of the Weyl connec-
tion [y = Iy + B85 + By8l; — B gy in presence of the projective symmetry
(1.11).

3 It is well known that symmetries of a consistently truncated theory that do not
leave the full Lagrangian invariant, act as solution generating transformations in the
full theory.

4 From [22] it is clear that the torsionful metric-compatible connections still yield
topological theories.

we study the general critical k-th order Lovelock term, deriving its
equations of motion, and discussing examples of field configura-
tions that do and do not satisfy these. We will start our discussion
in the language of affine connections, but gradually move to lan-
guage of differential forms, which turns out to be especially useful
to treat with Lovelock Lagrangians and their equations of motion.
A brief review of differential forms, general properties of connec-
tions and the derivations of the equations of motion can be found
in the Appendices.

2. The Einstein-Palatini action in n =2
2.1. Solving the Einstein-Palatini theory

The two-dimensional metric-affine Einstein-Palatini term is
given by

@ _ 1 2 v
s = E/d x/1glsly g% Ry ()

1
— / d’x/IgIR(g, ), 1)

2Kk
where R(g,I") = g""R,;(T) = g“"RM\,A(F). The equations of
motion for the metric and the connection are given by [28,32]

1
0=Run — 58wR, (2.2)

1 1
0=Q;" — Q,°"s) — 5 Qo 8" + 5@“%85 (2.3)

— T5:% gV + Ta,oa g (Sﬁf + Tt g%V
Note that the Einstein equation is automatically traceless in two
dimensions and can not be further simplified. Similarly, in n =2

only the 8ﬁ trace of the connection equation is non-trivial and re-
lates the different traces of the non-metricity as

ov _ l vo
Qs = 2Q o- (2.4)

Substituting this condition into (2.2), we find

1 o o o
Qipv — EQ)LO' g + Tag” v — Tve” &ur — Thwp = 0.
(2.5)

The connection equation (2.5) can be best solved dividing the
torsion and the non-metricity into their irreducible components.
As can be seen in Appendix A, in n =2 the torsion is pure trace,

T’ = 2T’ 8}, (2.6)

as the other irreducible parts are identically zero. Plugging (2.6)
into the connection equation (2.5), it is easy to see that the torsion
drops out of the equation, but that the non-metricity should obey
the condition
1

Qv = 3 Qkagguv- (2.7)
In other words, also the non-metricity is pure trace. The most
general affine connection that satisfies both (2.6) and (2.7) is the
projective Weyl connection (1.12),

T =D + Aush + Buslh — B g, (2.8)
as the torsion and non-metricity are given by
T’ = 2(Ap = Br) 8, Quup = 2Au 8vp. (2.9)
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Table 2.1

Splitting of the degrees of freedom of the affine connection in general dimension
and in n = 2. The last column shows the conditions imposed by the equations of
motion of the two-dimensional Einstein-Palatini theory. Observe that the indeter-
mination of the trace of the non-metricity holds in arbitrary n due to projective
symmetry.

Tensor d.o.f. in n dim. d.o.f. in 2 dim. Condition imposed by EoM
Ty %nz n—1) 2 (pure trace) None

Qu* n 2 None

Quuvp Inn+2)(n-1) 4 They are zero

This connection (2.8) was conjectured in [32] to be a solution of
any critical Lovelock theory and indeed we find it here as the most
general solution of the n = 2 metric-affine Einstein-Palatini action.

Once the most general connection is known, let us look at
the Einstein equation. The two-dimensional Ricci tensor and scalar
constructed from (2.8) are given by

R;w(f‘) = 70%;1,1) + Fuv(A) + ﬁABkgum

R(g,T) = R + 2V, B, (210)

where V is the Levi-Civita covariant derivative and Fuv(A) =
20y Ayy. It is easy to see that the metric-affine Einstein equation
(2.2) with the connection on-shell reduces to the Levi-Civita one:

. 1 .
0= RMV — Zg,wR.
The latter does not impose any conditions on the metric, as the
metric Einstein-Hilbert term is a topological invariant in n = 2.
Indeed, it is well known that in two dimensions all metrics are
conformally flat, g, = €?*®n,,,, such that the Ricci tensor and
scalar,

(2.11)

Ruv = Vi, R = 2e2? V2
yield an Einstein tensor that vanishes identically.

We thus find that the two-dimensional Einstein-Palatini term
leaves both the metric and the torsion completely undetermined,
but puts dynamical conditions on the non-metricity. Indeed, al-
though the pure trace conditions (2.6) and (2.7) of the torsion
and the non-metricity look similar, it should be clear that their
origin is completely different: (2.6) is a group-theoretical argu-
ment valid in general in two dimensions, while it is the connec-
tion equation (2.2) that forces the non-metricity to be pure trace,
Quvp = Quo? gup. As can be seen in Table 2.1, besides the trace,
the non-metricity has another 4 degrees of freedom pr, which
are set to zero by the dynamics of the theory. We refer to Ap-
pendix A for a quick discussion about the number of degrees of
freedom of the different irreducible parts of T,,” and Q.p. A
more detailed study can be found in [33,34].

The fact that there are non-trivial conditions on Q,, strongly
suggests that the two-dimensional Einstein-Palatini action is topo-
logical when endowed with a torsionful metric-compatible connec-
tion, but not for connections with non-vanishing Q.,. We will
now show that indeed, in general, the Einstein-Palatini action (2.1)
can be written as a sum of a total derivative term and a term that
depends on Qup.

(212)

2.2. The n = 2 Einstein-Palatini action is not a total derivative

In order to study the form of the Einstein-Palatini action, we
will quickly introduce the Vielbein formalism in the language of
differential forms (we refer to Appendix B for a quick review of

differential forms). We start considering an arbitrary smooth dis-
tribution of bases e; over the different tangent spaces, which we
will call a frame, and the dual distribution of cobases or a coframe
I’a

e, =ely 9.,

? = e, dx". (2.13)

In other words, we have that #%(ey) = e, ey =& (in addition,
we also have eVqe?, = 8,‘1 ). We can now obtain the components of
the metric in this new basis as

g = eMae’p guv. (2.14)

In principle, these anholonomic components of the metric gg
are completely general. However, in order to simplify many ex-
pressions, we will we consider throughout the paper a particular
GL(n, R) gauge for the coframe, in which gy, is independent of the
point, i.e. its components are constant, dggy = 9, gqrdx* = 0.

In the language of differential forms, the affine degrees of free-
dom of the theory are encoded in the connection 1-form, w.> =
w,wbdx“, whose components are nothing else than the compo-
nents of the affine connection, transformed to the anholonomic
basis’:

wua® = e’qe, T + ey 0,e%,. (215)

This connection 1-form has an associated exterior covariant deriva-
tive, that acts on forms ocﬂmb“' as

b b

4+ = w Ao " —
(2.16)

C...

Doy " = doca,,,b"' + wcb/\aam

The curvature and torsion 2-forms and the non-metricity 1-form
are then defined as

R = dws® + wd A, (217)
T = d9° + @S A9 =D, (2.18)
Qa = —Dga . (2.19)

whose components are indeed those of the corresponding curva-
ture, torsion and non-metricity tensors we introduced previously:

R’ = ePqel; (3 Ruvpt dx* A dx’), (2.20)
T® = (Orue®y) + opucel ) dxH A dx”

= % (3 T  dxt Adx’), (221)

Q. = e"qe’h (Quupdx?). (2.22)

In the presence of a metric, the indices of the connection
1-form can be freely raised and lowered. In addition, it is not dif-
ficult to prove that if we extract from g, its metric-compatible
part @qp, the rest turns out to be a symmetric tensor proportional
to the non-metricity,

Wap = @ap + 3 Qap- (2.23)

It is important to remark that @g, is a connection in its own
right (metric-compatible by definition), whose torsion depends on
the torsion and the non-metricity of w.?. Indeed, @q, = @[ap] +
%dgab and, thanks to the GL(n,R) gauge choice we are assum-
ing throughout this paper, dgq, = 0, the equation (2.23) can be

5 This expression is sometimes called the “Vielbein postulate”, but in our ap-
proach it is simply the definition of ;..
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seen simply as the decomposition of wgy, into its antisymmetric
and symmetric parts.

Taking into account the projective invariance (1.11) of the
Einstein-Palatini action, it is also useful to split the non-metricity
Qup=Qu+ %Qccgab into its trace Q . and traceless degrees of
freedom Qab (see Appendix A). Therefore, the general connection
decomposes as

Wgp = @gp + %Qab + %Qccgab (2.24)

Each of these three fields (&?, Qab and Q ) can be treated as
an independent field, giving a system of three equations of motion,
equivalent to the equation of motion of w.®.

The curvature 2-form of w,? and @, are hence related as

RS @) = R @) + IDQ.," + 1dQ 6" — 1@, 7 Q..
(2.25)

where D is the (metric-compatible) exterior covariant derivative
associated with @.”. This allows us to express the two-dimensional
Einstein-Palatini action (2.1) as

1
7= 5o / £% R (@)

o [ o [R@) - 5 @A) (226)
2k

where we have introduced the two-dimensional Levi-Civita ten-
sor Egya, = +/|det(gap)| Eaya,, canonically associated to the metric
(see Appendix B for the general definition). The terms f)Q”b and
dQ ch"b drop out of the action, due to the antisymmetry of &g.
Note that Q . does not appear in the Einstein-Palatini action, and
hence remains undetermined, in agreement with the projective
symmetry. As we will see, this property also holds for the gen-
eral Lovelock Lagrangians (critical or non-critical) [32].

Considering an orthonormal gauge gq, = 1qy, we find that

Eap R (@) = Epdd™ = d(Ep @™), (2.27)

where in the first step we have used that & @ A @ =0, due
to the antisymmetry of both & and ®® and the fact that the
theory lives in n =2 (the indices a, b and ¢ have to be all differ-
ent, but at the same time can only take values in the set {1,2}),
while in the second step we used the fact that d&g, = deg = 0.
The two-dimensional Einstein-Palatini action therefore reduces to
o [lacaa™ - few @™ n ).
2k

So we find that the two-dimensional metric-affine Einstein term
cannot be written as a total derivative, unless the connection
verifies Q 4, = 0. Let us insist that @,” is an arbitrary metric-
compatible connection (that might include torsion). Indeed it is
only the (traceless part of) the non-metricity what spoils the topo-
logical character of the theory.

Finally, let us quickly derive the results of the previous sub-
section in the language of differential forms. As Q g is the only
dynamical variable of (2.28), its equation of motion can easily be
calculated as

1 N M
2
0——3(255)—— _2K /SQGC/\(— %gab ch)

= gab ch = 07

whose only solution is the one we found in (2.7),

Qab:()'

s = (2.28)

(2.29)

(2.30)

3. The Gauss-Bonnet-Palatini action inn =4

Our next step will be to look at the second order Lovelock
term in the corresponding critical dimension, the four-dimensional
Gauss-Bonnet-Palatini theory, whose action is given by®

LY = 9% R (@) A R (w). (3.1)

Unfortunately, the dynamics of this case is already too complicated
to solve the theory completely, as we have done for the n =2
Einstein-Palatini theory. However we will argue that also here it
is the traceless part of the non-metricity Qab what prevents the
theory from being a boundary term, first by writing the action (3.1)
as a total derivative plus Q—dependent terms and then presenting
some specific field configurations that do not obey the equations
of motion.

3.1. The n = 4 Gauss-Bonnet-Palatini term is not a total derivative

In order to isolate a total derivative term in the action (3.1), it is
again useful to split the connection 1-form into its antisymmetric,
traceless symmetric and trace parts, in a way similar to (2.24). In
n =4 we have

@gp = @Dap + %Qab + %Qccgabv (3.2)

yielding the Riemann tensor to split as

R @) = R @) + 1DQ, + 1dQ 8" — 1@, A Q.

(3.3)
Substituting this into (3.1), the action becomes
L§4) = Euped [Rab/\kcd — 1R A QY A Qfd
+ f—GQ"eAer/\QCfAQfd]. (34)

The first term is the four-dimensional Euler characteristic and can
easily be written as a total derivative (see for example [21,34]).
Choosing again an orthonormal gauge (gu = 7qp), We therefore
find that the action (3.1) is of the form

LYY = dC — Eupea [%Rab AQYIAQ

o LR PN RN J R L)
where
C=&% [ R no + Jad nacd nayf. (3.6)
Again we find that the n =4 Gauss-Bonnet-Palatini term can only

be written as a total derivative for affine connections with Q g =
0.

6 Recall that this action can also be written in components as

L = [R? = Ru RV 4+ 2R RP

—R®,, ROV +RMWMRPM“}] /gl dx,

where R,V = gP? R 5" is the second contraction of the Riemann tensor.
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3.2. The equations of motion of n = 4 Gauss-Bonnet theory

Let us now look at the dynamics of this theory. The equation
of motion of the coframe #“ is the easiest to compute for the ac-
tion in the form (3.1). As explained in Appendix C, the equation of
motion for a general Lagrangian of the form L(gg, 9%, R (w)) is
given by’

oL
0 = enal — (emRpY) /\( ) (3.7)
IR,

Specifically, for the Gauss-Bonnet term (3.1), we find that
0= emJ[gﬂde Rab A Rcd] — (emR,) A [2 &P, Rab]
=2E% 4 (emRe®) AR — 2E%Pq (emRp?) A RS

=0. (3.8)

In other words, the equation of motion of the coframe is automat-
ically satisfied, for any frame e, and connection configuration @".
This property is not surprising for metric-compatible connections,
as we have just proven that in that case the Lagrangian is a total
derivative. However, for general connections with Qab # 0, this is
much less obvious. We will see in the next section that this prop-
erty is true for all critical metric-affine Lovelock terms.

As we explained above, the equation of motion of the connec-
tion is equivalent to the system of dynamical equations for the

fields Qab and ®@,’, given respectively by
0=Emea [R” = 1@ 1 QY| A @, (3.9)

0=D[QC”AQ1’C]. (3.10)
The last equation has been contracted by another Levi-Civita tensor
to eliminate the one coming from the Lagrangian, using (B.8). In
principle, this produces the antisymmetrisation in {ab}, which can
be dropped, since, Qab being a 1-form, the combination Qca A
Q b¢ is already antisymmetric.

As we mentioned earlier, these equations of motion are too
complicated to solve in their full generality. However to illustrate
the non-topological nature of the action (3.1), it is sufficient to
come up with a field configuration that does not satisfy the equa-
tions (3.10), as this would prove that the equations of motion do
impose some non-trivial conditions.

For instance consider the gravitational field configuration

8ab = Tab > 0P = @? + f(x[a(ﬁf] ,

#0 = dx9, Q® = 2@, (3.11)

where ngp is the Minkowski metric, f is an arbitrary function and

af = e (8)dy + 85dz) . (312)

Let us remark a couple of details. First, note that this Ansatz is con-
sistent with the fact that Q ® is traceless, since 8¢ = 0. Further-
more, observe also that we can everywhere drop the Levi-Civita
connection, since the associated metric is Minkowski and the Latin
indices are referred to the Cartesian basis of the space, as can be
seen in the expression for #% in (3.11).

7 Here we have introduced the interior product .. See Appendix B for the defini-
tion and examples.

Under these conditions we have that

QAQ¥ = na?, (3.13)

and, with this in mind, it is not difficult to check that the Ansatz
is a counterexample that violates the condition (3.10):

D[QC“/\ ch] = d[a”/\ab]
= 2¢¥ (5500 — 8}6¢) dt ndy ndz
£0.

It is worth remarking that this inequality holds in the entire man-
ifold, since this set of coordinates is globally defined. This result
proves that the metric-affine Gauss-Bonnet term in n =4 is not
a trivial theory (in the sense that it cannot be written as a total
derivative), since only some configurations of the fields are allowed
by the equations of motion.

(3.14)

4. The k-th order metric-affine Lovelock term in n = 2k
4.1. Proving that the theory is not a boundary term

Finally we will analyse the general case of the k-th order Love-
lock term in n = 2k dimensions, defined as

L,((Zk) = £, 21 Ra,“2 A ... A Rgy %% (41)

Again, splitting the connection g, as

®gy = @gp + %Qab + 21_,1 Q g (4.2)

it is straightforward to check that the action can be written as a
power series in R and Q A Q terms,

k
(2k) __ 2 : 1 k! paiay R2m—102
Lk - gal...aZk 4k—m m‘(k — m)’ R VANTVAN R m m A

m=0
A Qamtifi A Qf]azmu A e A Q@k=1fiem A kaimﬂzk, (4.3)

of which only the m =k term Rg,® A ... A Rqy_,% is in fact a
boundary term [22,35] (see also [23,36]). This can be easily seen
using the Bianchi identity of D to show that it is a closed form
and, hence, locally exact by Poincaré lemma. For this reason, we
will eliminate this term for the rest of this section, as it does not
contribute to the equations of motion.

As we did in the Gauss-Bonnet case, we will construct a field
configuration that does not satisfy the equation of motion of @4°,
proving that the latter is not automatically satisfied. The equation
of motion of @.” can be found in (C.10), and the right hand side
of the equation is given by®

a(2k) k—1
g 35y _g Z 1 k!
Caph T TP Lo glom ik —m)!

R®BM A ... A ROm-192m 5

A D[Q02m+1f1 A Qf11121n+2 A A Qazk—lfk—m A kaiman]’
(44)

8 The hat indicates that the action is considered with respect to @,” and Q 4.
ie.

§01g.9.@. Q1=5"g. 9. 0@, Q)].
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where we have taken into account the Bianchi identity DR, = 0.
Consider now the Ansatz

8ab = Nab » P = o™, (4.5)

b4 b
P9 = dx®, Q? = 20, (4.6)

where we now define
ot = e <(S§dx3 + ..+ agkdek) , (4.7)

and the x? take values in the set {x! =t, x2, ..., x*X}. Note that this
Ansatz is consistent with QCC = 0. Since our connection @ is flat,
we have that R® =0 and only the m =1 term in (4.4) survives, as
it is the only one that does not contain Rgp. For the same reason,
the covariant exterior derivative reduces to the ordinary exterior

derivative: D = d. The equation (4.4) then simplifies to

5520 k
caW = Cabas...ay, 4]{—_1

dl:é@fl A Qf1a4 A LA Qaqufkq A kai]azk]'
(4.8)

n

As in the Gauss-Bonnet case, we have that Q . A Q¢ = A

ab, so the equation (4.8) can be rewritten as
k—1 &2k
—4 Cb¢13~~~¢12k k
k2!(2k — 2)! 8écP

= d(a® A ... Aa)

2(k — 1) et 2k — 2)165° .55
dt Ad® Adxt AL Adx (4.9)

Again, it is easy to see that this expression is non-zero in the entire
manifold, except for k = 1. However, as we already solved the k =1
case completely in Section 2, in practice we are only interested in
k > 1. In summary, by finding a field configuration that does not
satisfy the @, equation, we have extended the argument from the
Gauss-Bonnet case to general k-th order critical Lovelock theories,
proving that in general the equations of motion impose non-trivial
conditions.

4.2. Exploring non-trivial solutions of the critical case of arbitrary k

According to the previous result, it makes sense to search for
non-trivial solutions for the critical metric-affine Lovelock theory
of arbitrary order.

It is not difficult to see that the triviality of the equation of
the coframe, proven in Section 3 for the Gauss-Bonnet case, is in
fact a general property for all critical Lovelock theories. Indeed,
it is straightforward to generalise the argument given in (3.8) to
arbitrary k. Yet, there is also a particularly simple way of seeing
this, looking at the direct variation with respect to the coframe
given in (C.2),

JL
= og0-
In contrast to the (non-critical) k-th order Lovelock term in arbi-
trary dimensions n,°

(4.10)

9 Here we have introduced the Hodge dual * associated to the metric structure.
See Appendix B for its explicit expression.

LV = RY%2 A . A RZ1D A x(Bgy Ao ADgy,) (4.11)
1
= m_20! Eay..aybi..by 2
R™M%2 A A R%2-192k A 9b1 A A gbn-2c (412)

the critical k-th order Lovelock term (4.1) has no explicit depen-
dence on the coframe, implying that the equation (4.10) is trivially
satisfied. A similar proof for critical Lovelock terms for arbitrary
order in the metric formalism can be found in [37].

Consequently the only remaining equation is the one for the
connection. Varying the action with respect to w.?, we find (see

(C3)

0=DEMg,..% A Ray® A .. A Ray 372 (413)
d d
= [801 gCGZ---a2k720b + .+ 802’(,35(11---(12[<,4C02k,20b
88 aroam e | @0 A R A RO,
(4.14)

We will consider an arbitrary coframe #¢, such that g,, are
constant, as this is an hypothesis we have been using from the
beginning. By observing the equation (4.14) one can easily deduce
a series of non-trivial connections that, together with that coframe,
constitute solutions of the theory:

o Solutions for arbitrary k: In general, the equation is fulfilled
by any connection with identically zero traceless part Qab (ie.
Quvp =V 8vp for some 1-form V). Note that an interesting
subcase is the connection (1.12), that was presented in [32] as
a particular non-trivial solution for the k =2 case, but conjec-
tured to hold for arbitrary k.

e Solutions for k > 1: For the second or higher order Lovelock
critical Lagrangian, in the equation (4.14) there is at least one
curvature as a global factor, so any teleparallel connection
(R =0) is a solution. Indeed, we can infer a slightly more
general result: any connection satisfying

Qab/\RCd=0

gives a solution of the equations of motion.

e Solutions for k > 2: In these cases, there are two or more cur-
vatures in the equation of motion. So any connection such that
Ry = agp A k for certain 1-forms oy and k, is a solution. In
this category we find for example those studied in the context
of gravitational waves in Poincaré gravity [38], where k is the
dual form of the wave vector.

(4.15)

5. Conclusions

In this paper we studied metric-affine Lovelock theories in crit-
ical dimensions, i.e. the k-th order term in n = 2k dimensions.
Where it is standard lore that critical Lovelock terms are topo-
logical invariants, when equipped with the Levi-Civita connection,
we have proven that this is not the case for general affine con-
nections. In particular, it is the traceless part of the non-metricity
Q= Qu — %Qccgab that adds extra dynamical degrees of free-
dom to the Lagrangian.

We have performed a case by case study, starting with the
lowest order case, the Einstein-Palatini action, and gradually mov-
ing up till the general k-th order term. For the two-dimensional
Einstein-Palatini case, we have found the most general solution. It
is given by an arbitrary (constant) metric ggp, an arbitrary coframe
#“ and a connection that is restricted to have vanishing Qab' This
constraint, which affects four of the eight degrees of freedom of
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P, is an indicator that the Lagrangian cannot be an exact form,
as it imposes non-trivial conditions on the field configurations. In-
deed, by decomposing the connection into its metric-compatible
part @, and its non-metricity Q ,» and rearranging the terms in
the Lagrangian, we have shown explicitly that the Einstein-Palatini
term takes the form of a boundary term that depends on @q” plus
a non-exact form that depends on Q 4.

The analysis we made for the Gauss-Bonnet-Palatini case is in
fact a particular example of the general critical metric-affine Love-
lock Lagrangian, so we will discuss all k > 1 cases together. In all of
them, the theory is too complicated to solve completely. However,
we were able to prove the dynamical nature of the theory by pro-
viding a counterexample that violates at least one of the equations
of motion. This implies that the Lagrangian cannot be reduced to a
boundary term, since in that case the equations of motion would
have been identically satisfied for all configurations. Again we find
in all the cases that the Lagrangian can be written as an exact form
plus Qab-dependent terms. Therefore, in the metric-affine formu-
lation, it is not possible to rewrite curvature invariants in terms of
other ones through integration by parts, since additional terms de-
pending on the traceless part of the non-metricity come into play.

Then, we showed that the coframe equation is always iden-
tically satisfied, but that this is not the case for the connection
equation, as our counterexamples illustrate. Finally we suggested
some non-trivial families of solutions for different values of k.

As we mentioned earlier, the traceless part of the non-metricity
Qab appears as the main agent that prevents the theory from be-
ing a boundary term. It is worth remarking that Qab is not an
irreducible part of the non-metricity under the GL(n, R) group, as
can be seen in the Appendix A. It would be interesting to split
Q qab iNto its three irreducible parts and see whether they are all
dynamical or whether the non-topological nature of the critical
Lovelock actions comes only from a specific part.

So far, we have only looked at the dynamics of separate Love-
lock terms in critical dimensions. It would be interesting to in-
vestigate the full Lovelock theory including all the terms with
k < [n/2], and look for non-trivial solutions of the full theory. We
leave this for future research.

Acknowledgements

The authors would like to thank José Beltran Jiménez, Tomi
Koivisto, Yu Nakayama, José Alberto Orejuela, Miguel Sanchez and
Jorge Zanelli for useful discussions and Konstantinos Pallikaris for
detecting some typos in the previous version. This work was par-
tially supported by the Spanish Ministry of Economy and Com-
petitiveness (FIS2016-78198-P), the Junta de Andalucia (FQM101
and Proyecto SOMM17/6104/UGR) and the Unidad de Excelen-
cia UCE-PP2016-02 of the Universidad de Granada. AJ.C. is sup-
ported by a PhD contract of the program FPU 2015 with reference
FPU15/02864 (Spanish Ministry of Economy and Competitiveness).

Appendix A. Irreducible parts of torsion and non-metricity

We will give a quick review of the decomposition of the torsion
and the non-metricity in their irreducible parts. A more detailed
discussion in terms of differential forms can be found in [33,34].

In n dimensions, the torsion can in general be divided in three
irreducible parts,

Tu? = T 0 + T® 0 4 T P (A1)
where
2
t _ 1Y
T( r)lwp == T[mcrla 5‘)], (A.2)

T(a)uv'o =gr? Tiuvors (A.3)

T(m);w'o — T;wp _ T(tr)p.vp _ T(a);wp’ (A4)

which are respectively the trace, the completely antisymmetric
part and the remaining trace-free part. In particular T{™ wo? sat-
isfies the following cyclic property:

(tn) (tn)
T yav + T PRV

+ T™,p, = 0. (A5)

Note that in general the %nz(n — 1) components of the torsion
are distributed as follows over the three irreducible parts: T (™ w?
has n independent components, T(é‘),w/O has %n(n —1)(n—2) and
T ,,# the remaining In(n? — 4).

The decomposition of the non-metricity is a bit more involved.
In this case, there are four irreducible components,

Quvp = Q(trl)uvp + Q(trz),uv,o + Q(S),uvp + Q(m)uvp» (A.6)

where the first term is the trace of the non-metricity one-form
Q ,, = Quupdx”, the second one is the rest of the trace, Q¥
is the totally symmetric part without trace, and Q™,,, is
the trace-free tensor component with no totally symmetric part
(Q ™ 1) = 0). Defining

Q(l),u = Q,LLO'Ua Q(z)u = Qaa;u (A-7)
the different components can be expressed as
1
Q(trl),uvp = n Q(l)u 8vp » (A.8)
Q= 1g,,0 0, — g0,
P m—1(n+2) [ n°P" ok p
- gvaQ)u + ngu(uQ(z)p)] ) (A.9)

1
Q= Quuvy — = 8 (Q V) +207)) . (A10)

Q(m)uvp=qup - Q(m)p.vp - Q(trz)uv,o - Q(S)Mvp-
(A11)

The %nz(n + 1) independent components of the full non-metricity
are distributed over its irreducible parts as follows: each of the
traces, Q ™V, and Q™ ,,, has n independent components,
Q® 4p has n(n—1)(n+4) and the remaining $n(n® —4) con-
stitute the irreducible part Q ™.

Appendix B. Brief review of differential forms

The exterior notation is very natural when dealing with gauge
theories. It is known that metric-affine gravity can be seen as a
gauge theory of the n-dimensional affine group [34]. In fact, the
basic physical objects in this formalism are differential forms over
the spacetime with values in certain representation of the gauge
group (depending on how the Latin indices transform),

p 1

= Oy AT A A e (B.1)

a...
o =
k!

For example, the metric gy, and the coframe #“ transform homo-
geneously (in the tensor product representation of the fundamen-
tal one), however the connection wab transforms under the adjoint
representation.
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B.1. Interior product

The interior product by a vector, V= V%= VH*3,, is the
linear operator that acts on 1-forms as

=0, & egu=elqay, (B.2)

which implies for example e,_9? = 55 or e, dx* = et,. This op-
eration is extended to forms of arbitrary rank by imposing the
graded Leibniz rule

e (@A) = (equa) AB + (—DPa A (eg_B), (B.3)

where p =rank(e). In particular, for a general p-form:

eq0 = YaQypy iy AXHT A LA dxHP

1
— e
(p—1!
1
= maablmbp—l 1’b1 VANSSVAN 1’bp71 . (B4)

B.2. Hodge duality

A metric structure in a manifold induces an isomorphism be-
tween the space of p-forms and the space of (n — p)-forms (for
each p). This isomorphism, called the Hodge duality, can be explic-
itly given by the Hodge star operator:

* 1 QP (M) —> QP (M)
_ LI
(n—p)!p!
AN L (B.5)

.b
o® >  x0 P Epy.bpcrocnp

We have omitted the possible external indices of &, since this iso-
morphism does not affect them. In the definition of the Hodge star
we have introduced the Levi-Civita tensor!'”

Eay..an =V 1 det(gap)| €qy..ay » (B.6)

where &q,..q, = ”!5[]a1'--53,,] is the n-dimensional alternating sym-
bol. Two important properties of the Levi-Civita tensor, which we

will use often in our calculation are the following,

1
Dgal...an = _5 5a1...an Qccv (B-7)

Ear ayercp (EOV DTk = sgn(g)ki(n — k)Y Mk (BS)

where D is the exterior covariant derivative defined in (2.16) for

an arbitrary connection wa” .

Appendix C. Metric-affine equations of motion for general
curvature dependent Lagrangians

In metric-affine gravity, the Noether identities of Diff(M) and
GL(n, R) imply that only the equations of motion of #* and w.’
are necessary, since the equation of the metric is identically satis-
fied if the other two are [34].

Consider a Lagrangian that depends on the connection only
through the curvature, i.e.

10 Note that when we omit the indices of the determinant, we always refer to the
determinant in the coordinate basis, g = det(g,y). It should not be confused with
det(gqp). For that reason we write them explicitly in this expression.

Slg, #, w] = f L(ga, #°, Ro" (@)

= f L(8ab, €11, Ruva’ (@))+/1g1d"x . (c1)

The equations of the coframe and the connection can be expressed
in the language of differential forms as

8S oL b oL
=390 =990 = e, L — (equR:") A 3RE ) (C2)
8S oL
0= =D{——), (C3)
S@qb ORgb

where the variation and the partial derivative with respect to dif-
ferential forms have been defined extracting the variations from
the left:

58S
85[0(]:/60(/\—,
sa

oL oL
SL(ee,dex,..) =80t A — +6doe A —— + ... (C4)
oo oda
Equivalently, in tensor notation we would obtain
1 38S oL
0= —— =e L+ , (C.5)
J1gl dely, oet,
-1 8S 1 oL
0= sy = (% 500"+ 10 ) (s )
218l 8 ( 27 7 ) \oRyud
1 oL
- 3 )LUM . (C-S)
2 AR;.qP

C.1. Useful particular case

Suppose we apply the following splitting of the connection

Wgp = @gp + %Qab + % Q. gav> (C7)

and that the remaining theory is both independent of Q . and
DQ 4, such that we have an action of the type

Slg.9.@. Q1= / L(gap. 9% R @), Q) (C8)

In that case, one can prove that the equation of motion of the new
variables @.” and Q 4, are:

S oL
O=—=———, (C9)
8 Q ab 0 Q ab
§S _f oL
0=——=D = . (C10)
8@gP IR,P
References

[1] D. Lovelock, Aequ. Math. 4 (1970) 127.
[2] D. Lovelock, J. Math. Phys. 12 (1971) 498.
[3] C. Lanczos, Ann. Math. 39 (1938) 842.
[4] B. Zwiebach, Phys. Lett. B 156 (1985) 315.
[5] B. Zumino, Phys. Rep. 137 (1986) 109.
[6] P. Candelas, G. Horowitz, A. Strominger, E. Witten, Nucl. Phys. B 258 (1985) 46.
[7] D. Gross, E. Witten, Nucl. Phys. B 277 (1986) 1.
[8] T. Grisaru, D. Zanon, Phys. Lett. B 177 (1986) 347.
[9] A.A. Tseytlin, Nucl. Phys. B 276 (1986) 391.
[10] Q.H. Park, D. Zanon, Phys. Rev. D 35 (1987) 4038.
[11] RR. Metsaev, A.A. Tseytlin, Nucl. Phys. B 293 (1987) 385.
[12] M.C. Bento, O. Bertolami, Phys. Lett. B 368 (1996) 198-201, arXiv:gr-qc/
9503057.


http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4C6F76656C6F636B31s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4C6F76656C6F636B32s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4C616E637A6F73s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib5A77696562616368s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib5A756D696E6Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib43485357s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4757s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib475As1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib54736579746C696Es1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib505As1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4D54s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4242s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4242s1

10 B. Janssen, A. Jiménez-Cano / Physics Letters B 798 (2019) 134996

[13] M. Cvetic, S. Nojiri, S.D. Odintsov, Nucl. Phys. B 628 (2002) 295-330, arXiv:
hep-th/0112045.

[14] S. Nojiri, S.D. Odintsov, M. Sasaki, Phys. Rev. D 71 (2005) 123509, arXiv:hep-th/
0504052.

[15] A. Buchel, J. Escobedo, R.C. Myers, M.E. Paulos, A. Sinha, M. Smolkin, J. High
Energy Phys. 1003 (2010) 111, arXiv:0911.4257 [hep-th].

[16] J. de Boer, M. Kulaxizi, A. Parnachev, J. High Energy Phys. 1107 (2011) 109,
arXiv:1101.5781 [hep-th].

[17] X.0. Camanho, ].D. Edelstein, G. Giribet, A. Gomberoff, Phys. Rev. D 90 (2014)
064028, arXiv:1311.6768 [hep-th].

[18] N. Dadhich, R. Durka, N. Merino, O. Miskovic, Phys. Rev. D 93 (2016) 064009,
arXiv:1511.02541 [hep-th].

[19] T. Eguchi, P. Gilkey, A. Hanson, Phys. Rep. 66 (1980) 213.

[20] M. Nakahara, Geometry, Topology and Physics, IOP Publishing Ltd, 1990.

[21] A. Yale, T. Padmanabhan, Gen. Relativ. Gravit. 43 (2011) 1549-1570, arXiv:1008.
5154 [gr-qc].

[22] R. Troncoso, ]. Zanelli, Class. Quantum Gravity 17 (2000) 4451-4466, arXiv:
hep-th/9907109.

[23] PK. Concha, D.M. Peiiafiel, E.K. Rodriguez, P. Salgado, Phys. Lett. B 725 (2013)
419-424, arXiv:1309.0062 [hep-th].

[24] Q. Exirifard, M.M. Sheikh-Jabbari, Phys. Lett. B 661 (2008) 158-161, arXiv:0705.
1879 [hep-th].

[25] M. Borunda, B. Janssen, M. Bastero-Gil, ]. Cosmol. Astropart. Phys. 0811 (2008)
008, arXiv:0804.4440 [hep-th].

[26] N. Dadhich, J.M. Pons, Phys. Lett. B 705 (2011) 139-142, arXiv:1012.1692 [gr-
qc).

[27] N. Dadhich, J.M. Pons, Gen. Relativ. Gravit. 44 (2012) 2337, arXiv:1010.0869
[gr-qc].

[28] A.N. Bernal, B. Janssen, A. Jiménez-Cano, J.A. Orejuela, M. Sanchez, P. Sanchez-
Moreno, Phys. Lett. B 768 (2017) 280-287, arXiv:1606.08756 [gr-qc].

[29] L.P. Eisenhart, Non-Riemannian Geometry, American Mathematical Society,
New York, 1927.

[30] B. Julia, S. Silva, Class. Quantum Gravity 15 (1998) 2173, arXiv:gr-qc/9804029.

[31] B. Janssen, A. Jiménez-Cano, J.A. Orejuela, P. Sdnchez-Moreno, (Non-)unique-
ness of Einstein-Palatini gravity, arXiv:1901.02326 [gr-qc].

[32] B. Janssen, A. Jiménez-Cano, J.A. Orejuela, Phys. Lett. B 795 (2019) 42-48, arXiv:
1903.00280 [gr-qc].

[33] J.D. McCrea, Class. Quantum Gravity 9 (2) (1992) 553-568.

[34] EW. Hehl, ].D. McCrea, EW. Mielke, Y. Ne’eman, Phys. Rep. 258 (1995) 1-171.

[35] J. Zanelli, Class. Quantum Gravity 29 (2012) 133001, arXiv:1208.3353 [hep-th].

[36] N. Deruelle, N. Merino, R. Olea, Phys. Rev. D 98 (4) (2018) 044031, arXiv:1803.
04741 [gr-qc].

[37] G. Catino, P. Mastrolia, Bochner type formulas for the Weyl tensor on four di-
mensional Einstein manifolds, arXiv:1612.00627 [math-DG]J.

[38] Y.N. Obukhov, Phys. Rev. D 95 (2017) 084028, arXiv:1702.05185 [gr-qc].


http://refhub.elsevier.com/S0370-2693(19)30718-X/bib434E4Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib434E4Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4E4F53s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4E4F53s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib42454D505353s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib42454D505353s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib424B50s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib424B50s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib43454747s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib43454747s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib44444D4Ds1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib44444D4Ds1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib454748s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4E616B6168617261s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib5950s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib5950s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib545As1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib545As1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib43505253s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib43505253s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib45534As1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib45534As1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib424A42s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib424A42s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4450s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4450s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib506F6E73s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib506F6E73s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib424A4A4F5353s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib424A4A4F5353s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib456973656E68s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib456973656E68s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4A53s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4A4A4F53s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4A4A4F53s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4A4A4Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4A4A4Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4D6343726561s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib484D4D4Es1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib5A616E656C6C69s1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib444D4Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib444D4Fs1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib434Ds1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib434Ds1
http://refhub.elsevier.com/S0370-2693(19)30718-X/bib4F62756Bs1

	On the topological character of metric-afﬁne Lovelock Lagrangians in critical dimensions
	1 Introduction
	2 The Einstein-Palatini action in n=2
	2.1 Solving the Einstein-Palatini theory
	2.2 The n= 2 Einstein-Palatini action is not a total derivative

	3 The Gauss-Bonnet-Palatini action in n=4
	3.1 The n=4 Gauss-Bonnet-Palatini term is not a total derivative
	3.2 The equations of motion of n=4 Gauss-Bonnet theory

	4 The k-th order metric-afﬁne Lovelock term in n=2k
	4.1 Proving that the theory is not a boundary term
	4.2 Exploring non-trivial solutions of the critical case of arbitrary k

	5 Conclusions
	Acknowledgements
	Appendix A Irreducible parts of torsion and non-metricity
	Appendix B Brief review of differential forms
	B.1 Interior product
	B.2 Hodge duality

	Appendix C Metric-afﬁne equations of motion for general curvature dependent Lagrangians
	C.1 Useful particular case

	References


