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Resumen

El avance tecnoldgico y la necesidad de crear dispositivos cada vez mds pequefios han hecho
necesario estudiar materiales con unas dimensiones cada vez mds reducidas. El problema que nos
encontramos al reducir el tamafio de un material para su aplicacién en cualquier aparato electro-
nico es que su comportamiento deja de ser cldsico y comienzan a aparecer efectos cudnticos que
deben ser tenidos en cuenta. Actualmente, se estd estudiando una amplia variedad de materiales
bidimensionales (como el grafeno, el fosforeno o el siliceno) con el objetivo de proseguir la minia-
turizacion de los dispositivos. Estos materiales ofrecen un gran abanico de posibilidades debido a

sus caracteristicas especiales.

El grafeno es un material completamente bidimensional formado exclusivamente por atomos
de carbono dispuestos en forma de panal de abeja. Su existencia fue postulada, por primera vez,
en los afios 30 y su estructura de bandas fue calculada en 1949 [1], aunque no fue hasta 2004
cuando se consiguid obtener la primera capa aislada de grafeno por medio del conocido método
de la “cinta adhesiva” [2]. A partir de esta fecha, los estudios sobre grafeno se han intensificado
de forma mds que notable, ya que el grafeno ha sido considerado por muchos como “‘el material
del futuro”. Esta consideracion se debe a que el grafeno posee caracteristicas sorprendentes (entre
otras, su resistencia es 100 veces superior al acero, es flexible y elastico y posee una conductividad
muy alta) lo que le ha hecho ser tenido en cuenta en multitud de campos como en electrdnica, en
medicina o en la industria textil (siendo la electrénica, concretamente el desarrollo de dispositi-
vos de efecto campo mejores que los actuales, el drea de mayor interés). Sin embargo, el grafeno
presenta un inconveniente que se conoce como “problema del gap” debido a que sus bandas de
valencia y de conduccidn se tocan lo que hace que su ancho de banda sea nulo. Para solventar el
mencionado problema del gap, ha sido necesario estudiar otros materiales similares pero con base
atomica diferente como, por ejemplo, el siliceno, el germaneno o el fosforeno (materiales bidi-
mensionales similares al grafeno pero con base de silicio, germanio y fésforo, respectivamente).
Estos materiales presentan muchas de las caracteristicas que tiene el grafeno pero con la ventaja
de contar con un gap de energia no nulo. Ademas, a estos materiales se les conoce como “familia

del grafeno”.

El siliceno, el gran protagonista de esta tesis, fue propuesto de forma tedrica en 1994 y obtenido

de forma experimental en 2010. Es un material isoestructurado con el grafeno (esto es, tiene una
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red cristalina hexagonal formada por dtomos de silicio) pero se diferencia (del grafeno) en que
posee una estructura ondulada que le otorga un acoplamiento espin-Orbita significativo y por lo
tanto un ancho de banda no nulo. El siliceno, junto con el germaneno y el indieno, se incluye
dentro de un tipo de materiales denominados “materiales de Dirac bidimensionales” debido a que

pueden ser bien descritos a través de la ecuacion de Dirac.

Por otra parte, el siliceno forma parte de un grupo de materiales especiales con unas caracte-
risticas unicas. Estos materiales reciben el nombre de aislantes topoldgicos y se caracterizan por
tener un comportamiento semimetdlico, es decir, no presentan un comportamiento ni totalmente
metélico ni totalmente aislante. Los aislantes topoldgicos solo presentan estados conductivos en la
superficie (si son tridimensionales) o en los bordes (si son bidimensionales) y pueden seguir con-
duciendo incluso en presencia de grandes barreras de energia debido a la proteccién de simetria
que poseen. En particular, el siliceno (al igual que los demds materiales de Dirac 2D) sufre una
transicion de fase de un aislante de banda convencional a un aislante topoldgico, lo que se conoce
como transiciéon de fase topoldgica (o TPT por sus siglas en ingés), bajo ciertas circunstancias.
Esto es debido a que mediante la aplicacién de campos electromagnéticos externos o campos laser,
se puede modificar la configuracion electronica y modificar el valor de la masa de Dirac (ancho de

banda del material).

El objetivo de esta tesis es conseguir caracterizar las transiciones de fase topoldgicas que sufren
estos materiales. Para ello, a lo largo de este trabajo, se han utilizado diferentes magnitudes fisicas
que nos han servido como herramientas vdlidas para caracterizar y localizar dichas transiciones de
fase en un sistema formado por una monocapa de siliceno bajo la influencia de campos electro-
magnéticos externos y campos de luz l4ser circularmente polarizada. Los resultados que en este

trabajo se recogen pueden ser extendidos al resto de materiales de Dirac 2D de forma sencilla.

La utilidad de caracterizar estas transiciones de fase topoldgicas viene dada por la necesidad
de crear nuevos transistores de efecto campo que puedan implantarse en los aparatos electrénicos
que manejamos en nuestro dia a dia (teléfonos y televisores inteligentes, ordenadores, sistemas de
audio...). Estos nuevos dispositivos, ademads de ser mas pequefios que los actuales, podrian permitir

consumos de energia menores y rendimientos mds elevados.

La estructura de esta tesis, la cual estd presentada como recopilacion de articulos, consta de
un primer capitulo introductorio a los materiales bidimensionales, un segundo capitulo en el que
se muestran algunas de las herramientas tutiles para describir y estudiar nuestro sistema. Los re-
sultados obtenidos se muestran en los capitulos 3, 4 y 5y, por dltimo, las conclusiones generales
obtenidas en este trabajo se muestran en el capitulo final. A continuacién, vamos a ver cada parte

con algo més de detalle.
En el primer capitulo se presentan algunos de los materiales bidimensionales de mayor rele-
vancia en la actualidad. Entre estos materiales se encuentran el grafeno (precursor del resto), el

fosforeno y el siliceno. En este capitulo también se dan a conocer los aislantes topoldgicos y las
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fases en los que se pueden encontrar.

En el segundo, se muestran las herramientas matemadticas que se utilizan para el estudio de
las TPTs. Estas herramientas son: la teoria del funcional de la densidad (DFT), el modelo de las
ligaduras fuertes (o tight-binding) y el modelo de Hamiltoniano efectivo. Este tltimo modelo se
basa en el de tight-binding para obtener un Hamiltoniano efectivo que nos permite calcular las
autoenergias y autofunciones de nuestro sistema y que ofrece resultados utiles.

En el tercer capitulo hemos utilizado la evolucién temporal de paquetes de onda para carac-
terizar las transiciones de fase en siliceno. En este sentido, hemos estudiado el comportamiento
de la evolucién temporal de la corriente electronica (periodicidades y amplitudes) asi como el de
la Fidelidad (o eco de Loschmidt) dentro de este material. Ambas magnitudes han resultado ser
buenas herramientas para la identificacion de las TPTs.

En el capitulo cuarto se han usado medidas de teoria de la informacién para conseguir carac-
terizar las TPTs. Algunas de estas medidas son: informacion de Fisher, complejidad, entropia de
Rényi-Fisher o algunas relaciones de incertidumbre. Con estos resultados hemos sido capaces de
definir una serie de nuevos niimeros cudnticos (similares al nimero de Chern) que nos permiten
identificar la fase aislante (normal o topoldgica) en la que se encuentra nuestro sistema.

En el capitulo ndimero cinco, se ha empleado un modelo de Hamiltoniano efectivo en el que
se incluye la presencia de un haz de luz laser circularmente polarizada. Para estudiar las transicio-
nes de fase topoldgicas que tienen lugar en este sistema se han utilizado, al igual que en el tema
anterior, medidas de informacién. Algunas de estas medidas han sido: la entropia de Rényi, los
coeficientes de participacion inversa y las relaciones de incertidumbre de Rényi. En este caso, tam-
bién ha sido posible definir nimeros cudnticos capaces de identificar la fase de aislante topoldgico
en la que se encuentra nuestro sistema.

Los resultados de esta tesis, los cuales se muestran en los capitulos tercero, cuarto y quinto,
han conducido a la creacién de seis trabajos cientificos publicados (en las revistas: Physics Letter
A, Physica A: Statistical Mechanics and its Applications, International Journal of Quantum Che-
mistry, Europhysics Letters y Journal of Mathematical Chemistry), que pueden consultarse en la

seccion de “publicaciones’.






Summary

The development of electronic devices has allowed to reduce the size of them, so it has been
necessary to study new smaller materials. But, when we reduce the size of the devices, new quan-
tum phenomena appear. Therefore, we must study new materials that have a good behavior and
that can be useful for this purpose. Currently, researchers around the world are working with new
2D materials (such as graphene, phosphorene or silicene) that, a priori, offer many possibilities for

the creation of new devices.

Graphene is a two-dimensional honeycomb structure formed by carbon atoms. Graphene was
studied theoretically in the 1930s and its band structure was calculated in 1949 [1]. Although, it
was not until 2004 that researchers were able to obtain an isolated sheet of this material using the
“scotch tape” method [2]. The number of works about graphene has increases in the last years owe
to many people consider graphene as “the future material” because its amazing features. Among the
graphene properties we can find: it has a big strenght (about one hundred times upper than steel),
it is flexible and elactic and it has an elevate electrical contuctance. These features make possible
to apply graphene in a big range of fields such as electronic, medicine or textile industry (being
electronic the field more interesting for us). Nevertheless, graphene shows a bite-big inconvenient
because its band gap is zero (known as "gap problem"), that is, its conductance band and valence
band are in touch, that means that graphene is not compatible with the current technology. So, we
need to study others materials capables to solve this problem. Some of these materials are phosp-
horene, germanene or silicene (bidimensional materials like graphene but formed by phosphorous,
germanium and silicon atoms respectively). These materials have similar properties to graphene
but with the advantage of they have a non zero band gap (moreover, in many cases, we can control

this gap). These materials are known as "graphene family".

Silicene was proposed theoretically in 1194 and it was obtained experimentally in 2010. It is
a isostructural material with graphene (so, it has a honeycomb structure formed by silicon atoms)
but silicene has a buckled structure and a significative spin-orbit coupling, this features make that

silicene has a non zero band gap.

On the other hand, silicene belongs to a group of materials with unique features. These mate-
rials are called “topological insulators” and they have a semi-metallic behavior, that is, they are not

neither metallic neither insulator. Topological insulators only have conducting states on their surfa-
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ce (in the tridimensional case) or in their bordier (in the bidimensional case) and they can conduct
in the presence of big energy barriers because their symmetry protection. Particularly, silicene (and
the other 2D Dirac materials) suffers a topological phase transition (TPT) from a regular band in-
sulator (BI) to a topological insulator (TI) under specific conditions. TPT is due to we can modify
the electronic band structure (that is, the Dirac mass or the band gap) by mean electromagnetic and

lasers fields.

The goal of this doctoral thesis is to characterize the TPT in these materials. For such purpose,
we have analyzed several physics magnitudes that have resulted to be valid tools for characterize
and localize the TPT in a system formed by a single sheet of silicene under the effect of several
fields (electric, magnetic and circularly polarized laser). The results reached here can be extended
(in a simple way) to the other 2D Dirac materials.

The posibility of applying 2D materials in new electronic devices (such as field effect transis-
tors, for example) makes necesary to study and characterize them. These new systems could be
applied in electronic devices that we use in our daily life (smartphones, smarttvs, computers...).

Moreover, this appliances would be smaller and more powerful than the current devices.

The thesis structure, which is presented as a collection of articles) is as follow: in the first
chapter we introduce the 2D Dirac materials, in chapter two are shown the tools that we have
utilized for study and describe our system. Chapters three, four and five contain the main results
obtained in our work. Ultimately, final conclusions are presented in the last chapter. to continue,

we are going to see each part with more detail.

In the first chapter, we show some of the most important 2D materials researchers are wor-
king with nowadays. Some of them are: graphene, black phosphorous and, of course, silicene. In
addition, we introduce the notion of topological insulator and its phase transitions.

Chapter two shows the methods that we can use to describe the behavior of silicene. These
are: density functional theory, tight binding model and effective hamiltonian model. Among these
methods, we are going to use the effective hamiltonian model, that is based in tight binding and
have proven to be useful for discribing our system. In this chapter we explain the main calculations

that we have used.

In the third chapter we have utilized the time evolution of wave packets to characterize the
topological phase transitions in silicene. In this way, we have studied the time evolution of the
electronic currents (periodicities and amplitudes) that have turned out to be a good tool for this
work. On the other hand, we have analyzed the behavior of the fidelity (or quantum Loschmidt
echo) in silicene too. Fidelity is a good marker of topological phase transitions and the results
obtained were satisfactory.

Chapter four contains information theory measures that have helped to characterize the topo-
logical phase transitions. Some of them are: Fisher information, complexity, Rényi-Fisher entropy

or uncertainty relations. With this results, we have been able to define new quantum topological
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numbers (like Chern number) to classify the topological/band insulator phase.

In chapter five we have used the effective Hamiltonian model to study a sheet of silicene under
electromagnetic fields but, in this case, we have considered the influence of a circularly polarized
laser too. The utilization of a laser opens new states in silicene and gives rise to new quantum states.
In our studies, we have utilized information theory tools that have allowed us to characterize the
topological phase transitions in this system. In the same way that in the previous chapter, we have
been able to define new topological numbers to clasify the system.

The results obtained here, whose are shown in the third, fourth and fifth chapters, have let us
in the creation of six scientic reports published (in the interviews Physics Letter A, Physica A:
Statistical Mechanics and its Applications, International Journal of Quantum Chemistry, Europhy-
sics Letters and Journal of Mathematical Chemistry). They can be consulted at the “publications”

section.
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Capitulo 1

Materiales bidimensionales y aislantes

topologicos

En este primer capitulo estudiaremos algunos de los materiales bidimensionales con los que se
estéd trabajando en la actualidad. Entre estos materiales se encuentran el grafeno, material de gran
interés y precursor de los demds materiales 2D existentes, y el siliceno, perteneciente a la familia
de materiales de Dirac bidimensionales (objeto de estudio de esta tesis) y que ha adquirido una
relevancia importante en los ultimos afos. El siliceno, ademds, tiene un comportamiento especial
bajo unas condiciones especificas, por lo que es considerado un aislante topoldgico (un nuevo tipo
de material). Dedicaremos la dltima seccién de este capitulo a presentar los aislantes topoldgicos

y las transiciones de fase que en ellos tienen lugar.

1.1. Materiales 2D

Desde el descubrimiento de forma experimental del grafeno se ha iniciado una nueva rama
de investigacion dedicada al estudio de materiales 2D y sus propiedades. Debido a su baja di-
mensionalidad, estos materiales tienen un comportamiento diferente al que poseen sus homdlogos
tridimensionales, esto es, las propiedades de los sistemas cambian cuando pasamos de dos a tres di-
mensiones. Estos cambios son producidos por el aumento de las fluctuaciones cudnticas y térmicas
que se generan al restringir el sistema a dos dimensiones [3]. Las diferentes estructuras que poseen
los distintos materiales 2D hacen que estos, a su vez, tengan propiedades y comportamientos dife-
rentes, lo que ofrece la ventaja de poder utilizar un material u otro en funcién de las necesidades y
las metas que se persigan. Ademds, estas propiedades pueden ser modificadas mediante el empleo
de diversas técnicas (como la adicion de capas de material 2D o la aplicacion de campos y poten-
ciales externos) lo que hace a estos materiales atin mds interesantes.
A continuacién, vamos a presentar algunos de los materiales 2D con los que se estd trabajando

actualmente. Para ello, comenzaremos presentando al grafeno como precursor de estos.



2 CAPITULO 1. MATERIALES BIDIMENSIONALES Y AISLANTES TOPOLOGICOS

1.1.1. Grafeno

El carbono es uno de los materiales mas populares, versdtiles e importantes del mundo en el
que vivimos. Por un lado, este elemento quimico es la base de la vida tal y como la conocemos,
por otro, algunos derivados del carbono (como los hidrocarburos) constituyen los cimientos de la
economia de casi todo el planeta y, ademads, en los ultimos afios algunas estructuras alétropas del
carbono han focalizado numerosos estudios y se han catalogado como el futuro de los dispositivos
que podremos utilizar en nuestra vida cotidiana.

El carbono es un elemento quimico que aparece en el grupo 14 de la tabla periédica, su niimero
atodmico es 6 y consta de tres isétopos, carbono 12 y 13 (estables) y carbono 14 (radioactivo, con
vida media de 5730 aiios). El carbono representa el 0.02 % en peso de la corteza terrestre (ocupa
el puesto numero quince en la lista de elementos mds abundantes de esta) [4] y su estructura
electrénica es 1s* 2s? 2p®. El core del carbono estd formado por el nicleo atémico y los dos
electrones que se encuentran en el orbital 1s. Por otro lado, los cuatro electrones sobrantes son
electrones de valencia y se reparten en los orbitales 2s, 2p,, 2p, y 2p.. De esta forma, podremos
tener hibridacién entre el orbital 2s y uno, dos o tres de los orbitales 2p, denominandose (segun
la cantidad de orbitales involucrados en dicha combinacién) hibridacién sp™ (con n = 1,2, 3).
Los enlaces formados por los orbitales sp™ se denominan enlaces tipo ¢ mientras que los enlaces
formados por los orbitales p se denominan tipo 7, siendo los enlaces ¢ mucho més fuertes que
los 7. El tipo de enlace que utilicen los dtomos de carbono para unirse a otros dtomos y formar
otros compuestos determinardn las caracteristicas de estos. De igual forma, el tipo de enlaces que
se presenten en la unién exclusiva de d&tomos de carbono entre si para formar nuevos compuestos
(alotropos del carbono) determinaran las propiedades que estos manifiesten. Se conocen, hasta la
fecha, 5 formas alotrépicas del carbono: grafito, diamante, fullerenos, carbino y grafeno. De todos
los al6tropos del carbono, para nuestro estudio, el grafeno es el més interesante.

El grafeno (ver fig. 1.1) es un semi-metal constituido exclusivamente por 4tomos de carbono,
los cuales se unen mediante enlaces covalentes tipo o (que se forman por la superposicion de los
hibridos sp?), formando un patrén regular con forma hexagonal (similar a un panal de abeja) y de
un solo dtomo de espesor. Debido a las caracteristicas de sus enlaces, el grafeno es un material to-
talmente plano (es decir, bidimensional) cuyas bandas de valencia y conduccién estdn en contacto,
lo que hace que tenga un gap de energia nulo. El grafeno fue planteado como material teérico en
1947 por Wallace, pero no fue hasta 2004 cuando se consigui6 aislar una ldmina de grafeno por
Geim y Novoselov [5], hecho que les llevé a obtener el premio Nobel en 2010.

Este material posee unas caracteristicas extraordinarias, entre ellas podemos encontrar que
su densidad es aproximadamente igual a la de la fibra de carbono, con la ventaja de ser unas
100 veces mads resistente que el acero y 5 veces mas ligero que el aluminio. Ademds de esto, el
grafeno es muy flexible y eldstico, es casi transparente, posee elevadas conductividades eléctricas

y térmicas, reacciona quimicamente con otras sustancias para producir diferentes compuestos (lo
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Figura 1.1: Representacion de una monocapa de dtomos de carbono (grafeno) [6].

que eleva su potencial de desarrollo), el efecto Joule es bajo (se calienta menos que otros materiales
al conducir electrones), genera electricidad por radiacion, se aplica en supercondensadores debido
a su alta relacion superficie/volumen y tiene la capacidad de autorrepararse. Estas extraordinarias
propiedades hacen que se esté investigando en la inclusion del grafeno en una gran variedad de
campos como, por ejemplo, en electronica (desarrollo de dispositivos como transistores de efecto
campo (FET), supercondensadores o cables de alta velocidad), en medicina (tratamientos contra el
cancer) o en tratamiento de agua (desalinizacion de agua y filtros).

Actualmente, existen multitud de técnicas para producir grafeno. A continuacién veremos al-

gunas de ellas:

= Exfoliacion con cinta adhesiva o método "Scotch Tape": este fue el primer procedimiento
por el que se consiguid aislar grafeno monocapa. Este método consiste en pegar y despegar
cinta adhesiva sobre una capa de grafito, de esta forma se puede obtener, en alguna de las
cintas, una sola ldmina de grafeno [2]. Aunque esta técnica es aparentemente sencilla, la
produccién en masa no es posible por este medio. A ello se le suma que el aislamiento de las
monocapas obtenidas es muy complicado.

= Exfoliacion con disolventes: existen técnicas avanzadas por las que, mediante el uso de liqui-
dos disolventes, se puede decapar el grafito para obtener grafeno libre de impurezas. Estos

métodos permiten obtener grafeno a gran escala, lo que podria facilitar su uso comercial [7].

» Grafeno epitaxial: mediante esta técnica se puede hacer crecer grafeno en diferentes sopor-
tes. El grafeno cultivado de esta forma puede poseer algunas propiedades diferentes depen-
diendo del sustrato que se utilice [8]. Algunos de los materiales sobre los que se puede hacer

crecer el grafeno son, por ejemplo, silicio, estafio, iridio o platino entre otros.
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= Mediante descarga de arco eléctrico y generacion de plasma: utilizando grandes descargas
eléctricas sobre grafito también se puede generar grafeno. Esta técnica también se utiliza en

la creacion de nanotubos de carbono.

= A partir de azucar: investigadores de la Universidad Rice han logrado obtener grafeno a
partir de azucar calentado a 800 °C [9]. Segun su estudio, el grafeno obtenido por este medio
es de alta calidad y pueden controlarse varios pardmetros como el espesor o la cantidad de

capas.

1.1.2. Fosforeno

El fosforeno (también conocido como fésforo negro) es otro de los materiales 2D con los que
se estd trabajando. El fosforeno es una red hexagonal formada por dtomos de fésforo y con una
estructura “arrugada” a lo largo de la direccidn “armchair”, lo que hace que aparezcan dos tipos de
ligaduras, el primer tipo consiste en ligaduras paralelas al plano bidimensional (con una longitud
de enlace d; = 2,224 A) y el segundo tipo consiste en ligaduras fuera del plano que forman un
dngulo de 71.7° con este (con una longitud de enlace dy, = 2,244 A) [10, 11].

Una de las caracteristicas mds atractivas del fosforeno es que posee un ancho de banda no nulo que
puede ser modificado mediante la adicién de capas de material, pudiendo tener un gap del orden
de 0,3 eV (en el caso de varias capas) hasta del orden de 1,5 eV (cuando solo tenemos una capa
de fosforo negro). Ademads, el ancho de banda también sufre variaciones en presencia de campos y
potenciales externos. Estas propiedades hacen que el fésforo negro tenga una aplicacién potencial

en dispositivos electrénicos [3, 12].

1.1.3. Calcogenuros

Los calcogenuros bidimensionales estin formados por calcogenuros compuestos por un ele-
mento metdlico (metales de transicién, como molibdeno o wolframio, metaloides, como germanio,
o metales del grupo p, como el estafio) y un elemento del grupo 16 (azufre, selenio o teluro). Den-
tro de este tipo de materiales existen tres categorias diferentes dependiendo de la férmulacion del
compuesto que conforme la estructura 2D, estas son: Monocalcogenuros (MX), dicalcogenuros
(MX,) y tricalcogenuros (MX3). Cada uno de estos tipos posee estructura y propiedades diferentes

como veremos ahora:

= Monocalcogenuros. Los monocalcogenuros tienen una estructura cristalina formada por dos
atomos (donde M puede ser germanio o estaiio y X azufre o selenio) con una estructu-
ra ortorrémbica arrugada, similar al fésforo negro. Entre sus caracteristicas cuenta con un
comportamiento semiconductor con un gap indirecto (entre 1,2 y 2,7 eV, segun el material),

no posee simetria de inversion y presenta propiedades piezoeléctricas [3, 13].
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= Dicalcogenuros. Dentro de los calcogenuros bidimensionales, los dicalcogenuros son el ti-
po mds estudiado. Se forman con una estructura tipo sindwich en la que los dtomos tipo
M (molibdeno o wolframio) se unen a 6 del tipo X (azufre, selenio o teluro), tres arriba y
tres abajo, formando una red triangular, por tanto, este tipo de material puede verse como
la superposicidn de tres capas bidimensionales (X-M-X). Entre las propiedades de los dical-
cogenuros se puede destacar que la naturaleza del gap depende del espesor, esto es, poseen
un gap directo (~ 1,9 eV) si solo tenemos una monocapa e indirecto (~ 1,3 eV) en el caso
de varias capas apiladas. Otra importante caracteristica es que estos materiales poseen un

acoplamiento espin Orbita significativo, entre 140 meV (molibdeno) y 400 meV (wolframio)

[3, 14].

» Tricalcogenuros. En este caso, cada dtomo M (titanio, circonio o hafnio) se une a ocho
atomos tipo X (azufre, selenio o teluro). Poseen un ancho de banda directo, el cual depende

débilmente del nimero de capas que tengamos y de la presencia de campos externos [3].

1.1.4. Materiales de Dirac 2D

Los materiales de Dirac bidimensionales son materiales 2D isoestructurados con el grafeno,
con la diferencia de poseer una estructura flexionada (y no plana) que es producida debido a que
los 4tomos se unen mediante orbitales hibridos entre sp? y sp® (en vez de la sp? de los 4tomos de
carbono en el grafeno), esto hace que el acoplamiento espin-6rbita no sea despreciable (ente 4.2
y 36 meV). Estos materiales poseen un gap de energia directo que puede ser controlado mediante
campos electromagnéticos y que viene dado por la masa de Dirac. Ademds, en estos materiales
aparece una transicion de fase de aislante de banda convencional a aislante topoldgico (un nuevo
estado de la materia en el que no se tiene un comportamiento ni puramente aislante ni conductor).
Algunos de estos materiales 2D son: germaneno (con base de Ge), estaneno (base de Sn) y sili-
ceno (base de silicio). De entre estos materiales, hemos escogido el siliceno como base de nuestro

estudio y, por este motivo, vamos a verlo con mayor profundidad en la siguiente seccidn.
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1.2. Siliceno

Hasta el afio 2010 se pens6 que el grafeno desbancaria al silicio en la industria electronica,
sin embargo, el descubrimiento del siliceno (material isoestructurado con el grafeno pero con base
de silicio) en ese mismo afio, significé una revolucién en el estudio de los llamados materiales
de Dirac bidimensionales. El descubrimiento y la sintesis de este material (siliceno) trajeron el
consiguiente descubrimiento de otros materiales 2D con estructura de panal de abeja, como son el
germaneno, el estaneno o el fosforeno.

El silicio es un elemento quimico metaloide, de nimero atomico 14 y perteneciente al grupo
14 de la tabla periddica, al igual que el carbono. El silicio es el segundo elemento mds abundante
en la corteza terrestre, ya que representa el 27, 7 % en peso. Ademads, es un buen semiconductor, es
por esto que su presencia en el mundo de la electronica es muy importante.

La estructura electrénica del silicio, 1s2, 252, 2p°, 3s? y 3p?, es similar a la del carbono. debido
a esto es posible crear una red hexagonal en forma de panal de abeja similar al grafeno (estructura
que se conoce con el nombre de siliceno). A diferencia del carbono, que posee hibridacién sp?, el
silicio tiene una hibridacién mas préxima a sp® (debido a su mayor radio i6nico) lo que favorece
la aparicion de una ondulacién o flexién en las laminas de siliceno, tal como se muestra en la
figura 1.2. Por tanto, podemos decir que el siliceno es un material isoestructurado con el grafeno,
con la diferencia fundamental de que su base es de silicio, su estructura es ondulada, y tiene un
acoplamiento espin-Orbita importante.

También cabe destacar que, mientras que el grafeno aparece en la naturaleza agrupado en mul-
tiples capas (grafito), el siliceno no puede encontrarse en el silicio natural de la misma forma, por
tanto, el siliceno es un material artificial y hasta ahora solo puede producirse de la forma que se
describird més adelante. Del mismo modo que el siliceno, se pueden construir redes hexagonales
2D de otros materiales con estructura electronica parecida a la del carbono y el silicio como, por

ejemplo, germaneno (base de germanio) o estaneno (base de estafio). A menudo se hace referencia

a este tipo de objetos como "materiales dentro de la familia del grafeno".

Figura 1.2: Representacion de una monocapa de dtomos de silicio (siliceno) [15].

Por lo expuesto anteriormente, las capas de siliceno no pueden ser generadas por medio de

los métodos que se usan comunmente para generar grafeno. A pesar de que la estabilidad de este
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material en su estado libre ha sido predicha, hoy en dia su existencia tan solo ha sido posible sobre
plantillas de soporte. Los esfuerzos por alcanzar la sintesis de una red de silicio estdn enfocados,
principalmente, a su explotacion potencial en aplicaciones electronicas mediante el aprovecha-
miento de su afinidad constitutiva con la tecnologia basada en el silicio. Ademads, un impulso en la
exploracion del siliceno, como material aplicable en la electrénica, viene de lo que podemos llamar
“el problema del gap”. Cabe decir que, mientras que los semiconductores convencionales poseen
un ancho de banda prohibida, el grafeno es un material con ancho de banda cero, lo que repercute
fuertemente en su aplicacion en dispositivos electronicos, al menos tal y como estin disefiados hoy
en dia. Por tanto, a pesar de que el grafeno tiene propiedades electronicas excepcionales, no puede
ser usado como la tecnologia de transistores actual para realizar operaciones 16gicas, donde los
mecanismos de conmutacién necesarios implican la presencia de un gap de energia en la estruc-
tura electronica. El siliceno podria tener la oportunidad de afrontar el problema del gap mediante
la apertura de una banda de energia prohibida en su estructura electronica. Esto podria ser posible
debido al aprovechamiento de algunas caracteristicas particulares de la red del siliceno, como su
fuerte acoplamiento espin-Orbita o su estructura ondulada. Lo mencionado anteriormente posicio-
na al siliceno en competicion directa con otros materiales bajo investigacion para la tecnologia del

futuro.

Para comprender mejor los ultimos avances en el campo del siliceno, haremos un breve re-
sumen de la etapa tedrica previa. En primer lugar, en 1994 Takeda y Shiraishi mediante estudios
basados en primeros principios argumentaron la existencia de siliceno y germaneno[ 6], con la
diferencia de que estas estructuras no eran planas al igual que el grafeno, sino que presentaban
ondulaciones (o flexiones). Esta ondulacion es la caracteristica mas importante de este estudio de-
bido a que lo hace més estable que una estructura plana. Posteriormente, en 2007, se estudid esta
estructura de silicio mediante tight-binding para dar cuenta de las propiedades electronicas de este
material [17]. Cahangirov y colaboradores estudiaron las diferentes estructuras posibles que podia
tener el siliceno, concluyendo que la estructura de silicio con forma de panal de abeja (como el
grafeno) es aquella que posee una estructura poco ondulada y una longitud de enlace de 0, 22 A.
La configuracién con baja ondulacién es semi-metdlica con las bandas 7 y 7* cruzando el nivel
de Fermi en los puntos K y K’, y posee una velocidad de Fermi estimada de 4,2 x 10° ms™!. La
flexién presente en el siliceno implica la posibilidad de controlar el ancho de banda mediante la

aplicacién de un campo eléctrico, lo cual le confiere un gran interés en el campo de la electrénica.

En el cuadro 1.1 podemos ver algunas caracteristicas (acoplamiento espin-orbita, longitud de
enlace y velocidad de Fermi) de los principales materiales bidimensionales, similares al grafeno,
con los que se estd trabajando hoy en dia. Estas caracteristicas influyen en el comportamiento

obtenido en el material y la evolucion temporal de las corrientes dentro del mismo.
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Ago (meV) | d (A) | vp (10°m/s)
Si 4,2 0,22 4,2
Ge 11,8 0,34 8,8
Sn 36,0 0,42 9,7

Cuadro 1.1: Pardmetros: Ago (Acoplamiento espin-6rbita), d (longitud de enlace) [ 18] y vp (Velo-

cidad de Fermi) [19, 20] para monocapas de Si (siliceno), Ge (germaneno) y Sn (estaneno).

Actualmente, la unica forma de producir siliceno es a través de su crecimiento sobre un sustrato
de plata (111), aunque también puede funcionar sobre un sustrato de diboruro de circonio [21]. Para
ello es necesario de una cdmara de alto vacio y calentar a 530 °C durante 30 minutos, controlando
el proceso en todo momento. Para poder retirar la ldmina de siliceno del sustrato de aluminio es
necesario recubrir la muestra in situ con una capa de 6xido de aluminio.

El interés de utilizar siliceno se encuentra en que el silicio es muy abundante y facil de conse-
guir. Por tanto, una tecnologia basada en este material podria ser muy rentable y sencilla de obtener.
Ademéds de esto, las magnificas propiedades del siliceno hacen que tenga potencial aplicacién en

muchos campos. Algunas de estas aplicaciones son:

= Superbaterias eléctricas.

El siliceno es un candidato ideal para el desarrollo de nuevas baterias capaces de almacenar
mds energia y ser mds longevas. Mientras que, actualmente, el silicio es de los mejores
materiales para recibir los dtomos de litio durante la carga de las baterias, el siliceno parece
mejorar esta propiedad, ofreciendo una gran resistencia a los grandes cambios de volumen
que se producen en la recogida de los d4tomos de litio, siendo esta subida de tan solo el 27 %

(frente el 400 % del silicio cristalino).

Ademas, el siliceno permitiria una mejor difusion de los dtomos de litio (lo que significa que
la barrera energética es menor) que el silicio cristalino. Esto y el menor aumento de volumen
en la captacion, hacen del siliceno un candidato ideal para usarlo como dnodo en nuevas
baterias. La capacidad para un dnodo de siliceno se prevé que sea de unos 715 a 954 mA h/g,
mads del doble que la del grafito.

m Pantallas tactiles flexibles.

Aprovechando la alta conductividad del siliceno, su flexibilidad y su transparencia, se puede
colocar una lamina de siliceno que se sitie entre un panel de pixeles y el retroiluminado para
captar los toques en la pantalla. Por lo que podria facilitar la creacién y desarrollo de nuevas
pantallas (tactiles y flexibles).
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= MOSFET.

Uno de los fines de las estructuras 2D es conseguir crear un MOSFET con una longitud de
puerta de 5 nm (o, incluso, inferior). Conseguir esto es muy importante para proseguir con
la miniaturizacién de los dispositivos electrénicos. En este campo se han realizado avances
muy significativos y cada vez se estd mds cerca de conseguirlo. Mediante la utilizacién de
complejas técnicas ya se han conseguido construir los primeros MOSFET de siliceno capa-

ces de operar a temperatura ambiente.

= Compatibilidad con la tecnologia actual.

Los experimentos que se han realizado hasta ahora han demostrado que el siliceno posee
todas las caracteristicas que hacen tnico al grafeno con el afiadido de que, en el futuro, sera
mucho més barato de producir. Ademas de esto, el siliceno podria tener total compatibili-
dad con los componentes semiconductores actuales, con lo que su aplicacion en electronica

podria ser mds sencilla que la de otros materiales.

1.3. Aislantes topologicos

Un aislante topolégico es un material que se comporta como un aislante bajo unas condiciones
concretas y como un conductor cuando se tienen otras. Este comportamiento anémalo es debido
a que los aislantes topoldgicos presentan un orden topoldgico especial (no trivial) y que hace que
estos materiales se comporten como un aislante en su interior pero que puedan tener estados con-
ductivos en su superficie (en el caso de aislantes topoldgicos bidimensionales la conduccién se
tiene unicamente en los bordes). No obstante, aunque la presencia de estados conductivos en la
superficie no es una propiedad exclusiva de los aislantes topoldgicos (ya que los aislantes conven-
cionales también pueden tenerlos) el hecho de poder mantener estos estados incluso en presencia
de grandes barreras de energia (como la dispersion producida por impurezas o defectos en su super-
ficie) si que lo es. Esta magnifica propiedad se debe a que los aislantes topoldgicos poseen simetria
de inversién temporal y conservacion del nimero de particulas. Estos materiales han adquirido una
gran popularidad en los tltimos tiempos y han sido el foco de numerosos estudios [22, 23, 24]. Una
propiedad muy interesante de los aislantes topolégicos es que presentan un gap de energia entre
las bandas de conduccion y de valencia que estd invertido hacia la superficie (esto es, la banda de
conduccién puede tener una energia menor que la banda de valencia) esto es debido a su fuerte
interaccion espin-orbita, Agp. Esta caracteristica tinica hace que tengan grandes posibilidades en

aplicaciones electrénicas.

Mediante la ecuacion de Dirac (1.1) [25] se pueden describir las propiedades electronicas, en la
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aproximacion de baja energia, de una amplia familia de aislantes topolégicos y superconductores:

3
oomc® + Z o;pjc | ¥(r,t) =1ih

=1

DU(r, 1)

BT (1.1)

donde m es la masa en reposo del electron, o; son las matrices de Pauli, p; se corresponde con
los operadores momento, ¥(r,t) es una funcion de onda (siendo r y t las coordenadas en espacio
y tiempo) y, como es habitual, ¢ y A son la velocidad de la luz y la constante de Planck reducida
respectivamente. Los materiales cuyo comportamiento puede ser descrito mediante la ecuacién de
Dirac son conocidos como materiales de Dirac. Nosotros vamos a centrarnos en los materiales 2D
que pueden ser descritos por medio de esta ecuacidn, por lo tanto, en nuestro caso hablaremos de

materiales de Dirac bidimensionales.

Como ya se coment6 anteriormente, la diferencia principal entre el grafeno y otros materiales
artificiales isoestructurados con este (siliceno, estaneno,...) es que estos ultimos poseen un fuer-
te acoplamiento espin-Orbita y muestran un efecto Hall de espin cudntico [26, 27]. Mediante la
aplicacion de campos, uno eléctrico y otro magnético, perpendiculares a la ldmina del material
2D considerado podemos controlar el ancho de banda (en estudios més recientes también se ha
conseguido modificar el gap de energia mediante la aplicacion de un haz de luz laser circularmen-
te polarizada). De esta forma. el gap de energia del material vendrd dado por la masa de Dirac
AS = (A, — s€As0)/2 (en ausencia de campo ldser) y AS = (A, — s€Ago + €M) /2 (en presencia
de campo laser), donde s = +1 representa el espin, £ = +1 el valle, A, es el potencial eléctrico
generado y A es una constante de acoplamiento entre el material y el laser. Se ha comprobado (en
ausencia de un campo ldser) que en los puntos donde existe una cancelacién entre el potencial
creado por el campo eléctrico y el acoplamiento espin-6rbita se produce una transicion de fase de
aislante de banda (BI,
nominan puntos de carga neutra (CNPs) y verifican A? = sé Ago. Esta transicién se conoce como

A,| > Ago) a aislante topoldgico (TI, |A,| < Ago), estos puntos se de-
transicion de fase topoldgica (TPT). Por tanto, podemos entender una transicién de fase topoldgica
como el punto donde se pasa de tener estados conductivos tanto en el interior como en la superficie
del material al punto en el que todos los estados conductivos se encuentran en la superficie de
este, es decir, que todos los electrones son conducidos por la superficie del material. Cuando se

aplica campo ldser, el comportantamiento es parecido pero debemos cambiar A, por A’, siendo
Al = sEA, + &N

Clasificacion de aislantes topolégicos mediante el niimero de Chern

Los aislantes topoldgicos pueden ser clasificados segtn la fase aislante en la que se encuentren,
pudiendo detectarse esta por medio de la evolucién temporal de los estados de Bloch [28] o me-

diante el nimero de Chern [29], definido a través de la curvatura de Berry. Nosotros utilizaremos
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esta dltima técnica para saber la fase aislante en la que se encuentra nuestro sistema. Para ello,

pasamos a describirla a continuacion.

» Numero de Chern

Se puede definir un “potencial aproximado” para cualquier estado aislante |¥(k)) en el es-

pacio de momentos [29]:

0
Ok;

este potencial aproximado recibe el nombre de conexién de Berry. Cuando uno define el

a;(k) = —i(¥ (k)|

|V (k)), (1.2)

“campo magnético” en el espacio de momentos, este recibe el nombre de curvatura de Berry
F(k)

0 0

P9 = gp-ay (k) — 5

a; (k). (1.3)
Con esto, el nimero de Chern (C) se define como la integral de la curvatura de Berry sobre

la primera zona de Brillouin, esto es, el flujo total del campo magnético en dicha zona [29]

_ L 2
= /F(k)d k. (1.4)

Por tanto, la curvatura de Berry esté localizada en los puntos K y K’ de manera estricta de
acuerdo con la definicién dada. Esta caracteristica permite que el Hamiltoniano de Dirac sea
vdlido para realizar andlisis topoldgicos en cada uno de los valles, los cuales se caracterizan
por los indices de espin s = £1 y los indices de valle ¢ = +-1. Por lo tanto, podemos asignar

un namero de Chern, C§ , a cada valle.

De este modo cuando el Hamiltoniano viene dado por (13), y la curvatura de Berry adopta

la forma
Fi(k) = ¢ A (1.5)
s 2((vphk)? + (AS)2)3/27 '

que puede ser calculada para cada valle. Con ayuda de esta tltima expresion, se puede obte-

ner el nimero de Chern de igual forma que en [29],

Cs = —gsgn(A@, (1.6)

donde A$ es la masa de Dirac.

El nimero de Chern esta cuantizado, C¢ = j:%. Lo que hace que sea insensible a una

deformacion en la estructura de bandas, propiciando la apertura del gap. Por otro lado, el
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nimero de Chern cambia de signo cuando la masa de Dirac cambia de signo. Por tanto una
fase aislante estd caracterizada por una combinacién de cuatro nimeros de Chern C¢. Por
tanto, como una transicion de fase topolégica tiene lugar cuando la masa de Dirac A§ cambia

de signo, el nimero de Chern es una forma de caracterizar las TFTs.

= (lasificacion de los aislantes topoldgicos

De forma andloga a como se han definido los cuatro ndimeros de Chern independientes, C¢,
se pueden definir los nimeros de Chern total C, de espin Cs, de valle C¢ y de espin-valle

Cs¢, de la forma [29]:

C = cf+cf+of+of,
1 4 /
C. = S(CF+Cf —Cf=Cff),
Ce = Cf —cf' +cf-cf,
1 / /
Cee = (CF =C =CF+CF),. (1.7)

Donde debe destacarse que los numeros de Chern de valle y de espin-valle solo estdn bien
definidos en la teorfa de Dirac. Esto quiere decir que en el modelo de tight-binding no estan
bien definidos. Por tanto, solo C'y C'; son auténticos nimeros de Chern. Podemos ver, en el

cuadro 1.2, todas las posibles combinaciones de los nimeros de Chern.

Podemos clasificar los aislantes topoldgicos segin estos cuatro nimeros de la siguiente for-

ma:

e QAH, QSHy SQAH
Son aislantes topoldgicos: de efecto Hall cuantico anémalo (QAH), de efecto Hall de

espin cudntico (QSH) y de efecto Hall cudntico de espin polarizado anémalo (SQAH).

e QVHy QSVH
Se caracterizan porque los nimeros de Chern C'y C; son 0 y tienden a llamarse aislan-

tes triviales. Estos aislantes son: de efecto Hall cudntico de valle (QVH) y los de efecto
Hall cudntico de espin-valle (QSVH).

En caso de que no se aplique un campo léser, el siliceno se encontraré en fase topoldgica QSH
(QVH) cuando el potencial eléctrico es menor (mayor) que el acoplamiento espin-Orbita.
En presencia de un campo laser de luz circularmente polarizada el siliceno puede encontrarse

en un mayor nimero de fases topoldgicas recogidas en el cuadro 1.2 [29].
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CFCFTCFCFC2Cs]C, ] 2C,
QAH |12 |12 (12122 0 [0 0
SQAH | 12 | 12 [ 12 [-12| 1| 1 | 1] -1
SQAH | 12 | 12 |-12 [ 12 | 1| -1 | 1] 1
QVH |12 |12 [-12]12] 0| 0 | 2| 0
SQAH | 12 |-12 | 12 [ 12| 1| 1 |[-1] 1
QSH |12 [-12| 12 |-12|0] 2 [ 0| 0©
QSVH | 172 |[-12[-12] 12 /0| 0 | 0| 2
SQAH | 172 | -12 |-12 [-12-1| 1 | 1| 1
SQAH [-1/2| 12 | 12 | 12 [ 1| -1 |-1] -1
QSVH |-12| 12 [ 12 [-12/0] 0 | 0| -2
QSH |-12| 12 [-12] 12 0] 2 [ 0| 0©
SQAH | -1/2 | 172 |-12 | -1/2 | -1 | -1 | -1 | -I
QVH |-12|-12 1212 [0| 0 | 2| 0
SQAH | -12 | -12 | 12 [-1/2|-1| 1 |-1] -1
SQAH | -1/2 | -12 |12 | 12 |-1| -1 | -1 1
QAH |-12|-12|-12]-12]-2| 0 [0 | 0

Cuadro 1.2: Posibles combinaciones de los nimeros de Chern[

1.
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Capitulo 2
Modelo de Hamiltoniano Efectivo

En este capitulo veremos las herramientas mas utilizadas para el estudio de los materiales que
estamos considerando. Estas técnicas son: la Teoria del Funcional de la Densidad (o DFT, por sus
siglas en inglés) y el método de las ligaduras fuertes (o tight-binding). A través de esta dltima téc-
nica se consigue obtener un hamiltoniano efectivo que nos permitird estudiar el comportamiento
del sistema y que resolveremos con detalle en la seccion 3 de este capitulo. Para conseguir nuestro
objetivo, caracterizar las transiciones de fase topoldgicas en materiales de Dirac 2D, utilizaremos
las dos técnicas comentadas anteriormente y que pasamos a analizar con més profundidad a conti-

nuacion.

2.1. Teoria del Funcional de la Densidad

Toda la informacién necesaria para conocer y describir un sistema fisico viene dada por su
funcién de onda. Por tanto, para un sistema formado por n electrones es necesario conocer un
total de 4n coordenadas (3n espaciales y n de espin). La Teoria del Funcional de la Densidad
busca encontrar una funcién que, igualmente, permita conocer toda la informacion del sistema vy,
ademds, necesite de muchas menos variables para tal fin.

En 1964 Hohenberg y Khon [30] desarrollaron una teoria que afirma que si conocemos la
funcién densidad del estado fundamental de un sistema podemos conocer, igualmente, toda la
informacion de este (en el estado fundamental), pero con muchas menos coordenas. DFT pretende
obtener la energia del estado fundamental, ademds de otras propiedades, a través de la densidad

electronica del estado fundamental, pg.

2.1.1. Primer Teorema de Hohenberg-Kohn
El Hamiltoniano de un sistema de n electrones viene dado por la siguiente expresion

15
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~ A2 n n 1 2
H=——) V? ; —, 2.1
QWZ Z+Zv(r)+zz4ﬂﬁo7’zj @
=1 =1 J 1>y
donde m es la masa del electrén, v(r;) = — Y, Zoe?/(4meoris) es el potencial externo (pro-

ducido por las cargas externas) que representa el potencial de interaccion entre los nicleos y el
electrén ¢. El dltimo término representa la energia potencial creada por las repulsiones entre los

electrones.

De esta forma, si el nimero de electrones es fijado y tenemos un potencial externo definido,

resolviendo la funcién de autovalores para el citado Hamiltoniano
Hy = By, (2.2)

podemos encontrar las funciones de onda de los estados fundamental y excitados.

El primer teorema de Hohenberg y Kohn asegura que [30, 31]: “para sistemas finitos con un es-
tado fundamental no degenerado, la densidad de probabilidad electrénica del estado fundamental,

po(r), determina el potencial externo (excepto en una constante arbitraria)”.

Asi, en virtud de este primer teorema, tanto la energia como la funcién de onda del estado
fundamental del sistema vienen determinadas por la funcion densidad de este. Esto es posible
demostrarlo mediante el método de reduccion al absurdo suponiendo que existen dos potenciales
distintos, v, y vy, que proporcionan la misma densidad electronica del estado fundamental, py, =
pos = po [31].

En virtud de este teorema, podemos afirmar que £ es un funcional de la funcion densidad de

probabilidad asociada al potencial externo aplicado v(r) y lo denotaremos por

Ey = E,[po). (2.3)

Teniendo en cuenta la ecuacidén del Hamiltoniano (2.1) la expresion para la energia nos quedara

Ey = <1/10 ‘ﬁ‘ ¢0> = Ey[po] = Tlpo] + Vielpo] + Veelpol, (2.4)

donde T'[po], Vive|pol> Vee[po] denotan los valores promedio de cada término de (2.1). Ademds,

teniendo en cuenta que Vy. = > .-, v(r;), tenemos

VN@ = <¢0

donde v(r) es la funcién de la energia potencial de atraccién nuclear para un electrén localizado

n

Zv(ri)

=1

1/10> = /po(r)v(r)dr, (2.5)

en el punto r. Por tanto, Viy.[po] se conoce, pero los funcionales T'[pg] y Vee[po] no. Finalmente,

nos queda
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Eq = B, [po] = / polx)u(r)dr + Tlpo] + Veclpo] = / po(r)o(x)dr + Flpo],  (26)

donde se ha definido el funcional F[pg] como F[po] = T|[po] + Vee[po]. Siendo este indepen-
diente del potencial externo.

Aunque este primer teorema nos sefala que la densidad de probabilidad electronica del estado
fundamental determina de forma dnica el Hamiltoniano de un sistema, no nos indica una forma de

proceder para encontrar dicha funcién densidad debido a que F'[po] es desconocido.

2.1.2. Teorema variacional de Hohenberg-Kohn

Hohenberg y Kohn probaron que para toda funcién densidad de probabilidad de prueba, p,,
que verifique las condiciones [ p,.(r)dr = n'y py(r) > 0 para todo r se cumple la siguiente

desigualdad

EO S Ev [ppr] (27)

Alcanzéndose la igualdad para la autentica densidad electrénica del estado fundamental, py.
Por tanto, el teorema variacional de Hohenberg y Kohn dice [30, 31]: "la verdadera densidad

electrénica del estado fundamental minimiza el funcional de la energia E, [p,,]".

2.1.3. Ecuaciones de Kohn-Sham

W. Kohn y L. J. Sham crearon un método para obtener la densidad electrénica, pg, partien-
do de un sistema de referencia ficticio de n electrones que no interactian entre si sometidos al
mismo potencial, vs(r;) [32]. Este potencial hace que la densidad de probabilidad electrénica del
estado fundamental p,(r) del sistema de referencia sea igual a la densidad electrénica del estado

fundamental exacta, py(r), del sistema que queremos estudiar,

ps(r) = po(r). (2.8)

Puesto que el sistema considerado estd formado por electrones que no interactdan entre si, el

Hamiltoniano del sistema de referencia sera

n

. “ h < - h
H, = Z [—%V? + vs(ri)} = Z hES donde A = —— V2 +u,(r)), (2.9)
i=1

, 2m
=1

siendo fLZK % el Hamiltoniano de cada electrén del sistema de Kohn-Sham (electrones de Kohn-

Sham). Debido a la configuracion del sistema, la funcién de onda del estado fundamental, 1), ,
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podra escribirse como un producto antisimetrizado de las autofunciones de Kohn-Sham de menor

energia asociadas a los hS

Vs0 = [ury ... Uy, (2.10)

donde los u; , u; = Hf( o (r;)o;, representan los orbitales de espin de Kohn-Sham y satisfacen la

ecuacion de Shrodinger

hESQKS (1) = €905 (1), 2.11)

siendo %9 (r;) la parte espacial de cada orbital de espin y o; una funcién del espin. Definiendo
las cantidades AT, que representa la diferencia de energfa cinética que existe entre la del sistema

real y el ficticio,

AT|p] = T[p] - Ti[p, (2.12)

y AV..[p], que corresponde al término que concierne a la energia potencial

_ _ 1
AV,llp] = VeIl - 5 / / %drldm, (2.13)

donde el segundo término del segundo miembro representa la energia de repulsién electrosta-
tica entre los electrones dentro de la distribucidon del sistema. Podemos reescribir la ecuacién de

Hohenberg-Kohn de la siguiente forma [3 1]

am:/EMMMh+nm+§//ﬂ%gﬁhmm+Aﬂm+A@w. 2.14)

Agrupando los funcionales AT y AV,. (que no son conocidos) en un nuevo término que se

define como "funcional de la energia de intercambio y correlacion", Fy.[p],

Ev[p] = AT[p] + AVee[p]. (2.15)

la ecuacién de Hohenberg y Kohn queda de la forma [31]

%:amz/mmmm+nw+§//ﬁ%§ﬁmMﬁwmm 2.16)

En esta expresion, Ty[p] = 1 >°.(059(r;)| V2|05 (r;)) representa la energfa cinética del siste-

ma de electrones no interactuantes y la funcion densidad de probabilidad viene dada por
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n

p=po=3 0K 2.17)

i=1
De este modo, conociendo la funcién de onda, 1,, los orbitales de Kohn-Sham, QZ-K S(ri) y el
funcional de energia de intercambio y correlacion, F..[p], podremos obtener la energia del sistema.
Los orbitales de Kohn-Sham que minimizan la expresion para la energia del estado fundamental

satisfacen [31]
h o Lo p(r2) KS _ oKSpKS
vai—;rm+ / s ()| 0% () = E770 (), (2.18)

donde vy.(r;) es el "potencial de intercambio y correlacion”, que se obtiene mediante la deri-

vada del funcional de la energia de intercambio y correlacién

I Exe[p(r)]
op(r)

Por tanto, lo dnico que queda por descubrir es la forma que tiene F\.[p|. Para ello, existen

Uxc (rz) (219)

diversas aproximaciones que nos permiten obtenerla, algunas de estas son [31]: aproximacién de
densidad local (LDA), el método Xa o la aproximacién de densidad de espin local. Debido a
que E,.[p] se conoce de forma aproximada los resultados que se obtienen no son exactos, y su

veracidad depende de la calidad de las aproximaciones realizadas.

2.2. El método Tight-Binding

Mientras que para sistemas formados por unos cuantos cientos de dtomos (hasta sistemas for-
mados por algunos miles de estos) la teoria DFT puede funcionar bastante bien, sin embargo, para
sistemas compuestos de mas de 10° atomos DFT deja de ser una herramienta vélida. Por este moti-
vo, es necesario utilizar otro formalismo que ayude a describir el comportamiento de sistemas mas
grandes. Este método es conocido como método de las ligaduras fuertes o tight-binding.

El modelo tight binding (TB) resulta til para obtener la estructura de bandas de sélidos cris-
talinos (y, aunque los resultados no son exactos, dan una buena aproximacién de la realidad). TB
trata a los materiales (tanto metales como aislantes) como si fuesen un conjunto de dtomos neu-
tros que interactian débilmente entre si. Para utilizar esta teoria se emplea la superposicion de
un conjunto de funciones de onda base que corresponden a dtomos aislados cuya localizacién se
corresponde con las posiciones atomicas.

Para poder aplicar TB con éxito el solapamiento entre las funciones de onda debe ser lo su-
ficientemente fuerte como para que sea necesario afiadir correcciones, pero no tanto como para

que la aproximacion utilizada sea invélida [33]. Ademas, este modelo es especialmente eficaz en
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la descripcion de las bandas de energia asociadas a los electrones de las capas d que se encuentran

semi-ocupadas en los metales de transicion, asi como para la descripcion de los aislantes.

2.2.1. Hamiltoniano Tight Binding

El Hamiltoniano de un 4tomo dentro de una red cristalina, H;, viene representado por [33, 34]

H = Hy, + AU, (2.20)

donde H,; corresponde al Hamiltoniano de un dtomo aislado y AU representa la diferencia
entre el potencial real del atomo dentro del cristal y el dtomo aislado. En este modelo, AU se
considera muy pequefio en el entorno de cada atomo y AU — 0 en el centro de cada uno. Los
autoestados del Hamiltoniano del d&tomo aislado se obtendran mediante la resolucion de la ecuacién

de autovalores

Hyi(r) = €:¢i(r), (2.21)

donde ¢;(r) representan a dichas autofunciones, ¢; representan las autoenergias y el subindice i
representa el nivel de energfa. Las autofunciones ¢;(r) del d&tomo aislado se supondran conocidas.
Ademds, estas funciones de onda decaerdn rdpidamente conforme nos alejamos de la posicion del
atomo, por tanto, la interaccién con las funciones de onda de los demds dtomos de la red serd muy
pequefia (menor cuanto mas ligados estén los electrones al nuicleo). Puede definirse una integral de

solapamiento que representa la interaccidn de un dtomo con sus vecinos de la forma siguiente:

(RJ) = / 6% (1) 65 (r + R)dr. (2.22)

Ademads, como las funciones de onda se suponen ortonormales [34],

/cb;"(r)cbj(r + R)dr = Losii=jyR=0, (2.23)

0 en otro caso.

Por tanto, cuanto més fuertemente estén ligados los electrones a los d&tomos menor serd el
solapamiento entre dichas autofunciones y mds efectiva y precisa serd esta teoria. De este modo,
cualquier correccion que sea necesario realizar debe ser lo suficientemente pequefia como para que
pueda ser despreciada sin afectar demasiado al resultado obtenido.

Por otro lado, el Hamiltoniano del cristal vendré descrito por la suma de los Hamiltonianos de

cada atomo

H(r) =) Hu(r—R,) + AU(r), (2.24)
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siendo R, la posicion de cada dtomo dentro de la red cristalina y el efecto del potencial se ha
agrupado en un unico AU. La resolucion de la ecuacion de Schrodinger para este Hamiltoniano

proporcionard las autofunciones ¢, (r), esto es

H(r)Ym(r) = Enxthm (1), (2.25)

doénde n representa la banda de energia y k es un vector de onda en la primera zona de Brillouin.

Las soluciones v, a la ecuacion de Shrodinger serdn una combinacion lineal de orbitales atémicos

Pm(r — Ry)

= bu(Ra)dm(r — Ry), (2.26)

R7L

donde m hace referencia al nivel de energia del &tomo m-ésimo.

2.2.2. Simetria traslacional y normalizacion

El teorema de Bloch establece que la funcién de onda dentro de un cristal solo varia en una

fase cuando nos desplazamos dentro de las posiciones de sus dtomos:

U(r+Ry) = e"y(r), (2.27)

donde k es el vector de onda de la funcién de onda. Introduciendo 2.26 en 2.27 obtenemos

Zb ) O (T — = kR Zb 2)om(r —Ry). (2.28)

Y haciendo el cambio R, = R,, — R, se llega a

> bRy + Rp)m(r — Ry) = > by (Ry) b (v — Ryy), (2.29)
R

n

donde podemos cambiar el subindice n en la sumatoria por p sin que afecte a los calculos

Zb >+ R)om(r — R, = R Zb ~R,), (2.30)

por lo que se obtiene la relacién b, (R, +R;) = e*Rib,, (R,) que debe cumplirse para cualquier

R,. Si hacemos R, = 0 obtenemos

bm(R;) = €*Rip,,(0). (2.31)

Teniendo en cuenta que la funcién de onda debe estar normalizada, podemos calcular los co-

eficientes b,,,(0) de la siguiente forma
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GO ltom(r)) = / U () () dr = 1 2.32)
= Ze kR Ze_’le /gb R,)pm(r — R,)d*r
_ Nb* Z —szp/¢ ()d37’

_ Nb;(owm(o)Ze—ikRp / 67 (1) (r + R,))dr.
R,

Por lo que la normalizacién establece b,,(0), con esto

1 1
b, (0)b,, (0) = — A , (2.33)
N1+3 g, 0 ran(R,)
siendo a,,(R,) = [ ¢f,(r r + R,)d®r integrales de solapamiento. Teniendo en cuenta
2.23, estas integrales podran despremarse (excepto para R, = 0 que valdrdn 1)
Y e Mg, =14 ) e Fra,,(R,) ~ 1. (2.34)
R, Rp#£0
De este modo b,,(0) = b, =~ \/LN y los coeficientes b,,(R;) son [35]
okRy,
bn(Ry) = . 2.35
Finalmente, la funcién de onda 2.26 se transforma en [33, 34, 35]

Ve (v \/_ Z ¢ B (v — Ry). (2.36)

2.2.3. Bandas de energia

Para obtener las bandas de energia de un cristal basta con calcular los valores esperados del

Hamiltoniano del mismo [33], esto es,

() = (k| H i) = / e (0) | H i () (2.37)

Considerando que ¢, es la banda de energia m-€ésima dentro del cristal.
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e~

23

kR,
o =[O HE P = 30 [ = R E@ ) 239

- %} VN /(b’*"(r - R,) [%: Hyy(r — Rl)] Ui (1) dPr.

Que aportard dos términos a la banda de energia m-ésima

kR,
Em = D> Vi / ¢: (r — Ry Haor(r — R Ui (x)dPr

(1)

o—ikRn
+ Z JN /¢:1(r — R,)AU (x) i (r)d®r (D). (2.39)
Rn
Desarrollando el primer término se obtiene:
o~ kR
=32 i / G (0 = Rip) Hat(t — R Ypse (v)dPr (2.40)
R, R,
o—i(kRy—R,)
= > > — N /¢*m(r —R,)Hu(r — R))opn(r — R,)dPr  (2.41)
Rl R, Rp
o~ (kR —Ry)
= 2> / Ot = R) o (v — Ry)dr (2.42)
R, R,
Em * 3. Em .
Haciendo el desarrollo del segundo obtenemos
ok(Ri—Ry)
In=> > — / o5 (r — R, AU (1) (v — Ry)dPr (2.44)

R, Ry

Por lo tanto, nos queda [33]:

ez’k(Rl—Rn)
em=En+Y Y — / o% (r — Rp)AU(r) o (r — Ry)dPr, (2.45)

Rn Rl

donde el segundo término del segundo miembro (esto es, (II)) representa las interacciones entre

las funciones de onda de los atomos vecinos dentro del cristal.
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2.2.4. Hamiltoniano TB en siliceno

De la teoria tight binding se puede obtener el Hamiltoniano TB de una monocapa de siliceno

bajo la influencia de campos electromagnéticos, el cual viene dado por [22, 26, 29]
HTB = — t Z Czacja + ’L% Z I/ijCZaO';ngg
- 3v3 4
(i,j)a ((i,3))aB
2 . A
— izAs > el (6 x d) s +1> &GEL cia. (2.46)
((i.5))aB ia

En esta expresion, el primer término representa la interaccion entre los vecinos mds préximos,
el segundo el acoplamiento espin-Orbita, el tercero es el acoplamiento espin-6rbita de Rashba (pro-
ducido por la geometria de la red cristalina) y el cuarto (y ultimo) termino es el potencial que se
genera en la red debido a la aplicacién de un campo eléctrico. En la ecuacién anterior, t = 1,6 eV
representa la energia de enlace entre los dtomos mads cercanos, (7, j) indica la suma entre los ve-
cinos mds préximos, mientras que ((i, 7)) se refiere a la suma entre los siguientes vecinos mas
proximos, c}a (¢i) crea (destruye) un electrén con polarizacion « en el lugar i, Ago = 4,2 meV
es el acoplamiento espin-6rbita, ¢ = (0, 0y, 0.) son las matrices de Pauli, d;y Jj son los vecto-

(dixd;)
|di xd;|

res que conectan los vecinos mds cercanos, v;; = Ar = 0,7 meV es el acoplamiento de

Rashba, yi;; = &1 para los lugares A (B) de la red, d_?j = ‘%ﬁ es un vector unitario en la direcciéon
del vector que conecta los siguientes vecinos mds cercanos y £ = =+1 representa al valle en el
que nos encontramos. Considerando energias pequefias y despreciando el término de acoplamien-
to de Rashba frente al acoplamiento espin-6rbita podemos obtener un Hamiltoniano efectivo que

representa al sistema, el cual veremos en la siguiente seccion.

2.3. Hamiltoniano efectivo

El hamiltoniano efectivo de una monocapa de siliceno bajo la actuacién de dos campos (uno
eléctrico £ y otro magnético B) perpendiculares a la ldmina de siliceno y en la vecindad de los

puntos de Dirac, viene dado por la ecuacion [22, 26, 29, 36, 37]

R . 1 1
Hs£ = 'UF(éo-mp:Jc - pry) - §S€ASOUZ + §Azo-z- (247)

Este Hamiltoniano se obtiene mediante una transformada de Fourier del Hamiltoniano TB
en el régimen de bajas energias y donde se ha despreciado el acoplamiento de Rashba frente al
acoplamiento espin-6rbita. En esta ecuacidn, y del mismo modo que anteriormente, £ = 1 0§ =
—1 representa a los valles que corresponden, respectivamente, a los puntos K y K’ de la zona de

Brillouin, o; son las conocidas matrices de Pauli, vr es la velocidad de Fermi de los fermiones de
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Dirac en el siliceno, Agg es la interaccion espin érbita, que proporciona una masa efectiva para
los fermiones de Dirac y, por dltimo, A, = [&, es el salto que se origina al aplicar un campo
eléctrico constante £, y el cual crea una diferencia de potencial entre las subredes de la red en
forma de panal de abeja del siliceno. En el cuadro 1.1 se recogen los valores de la distancia entre
los dtomos de la red, d = [/2, para los diferentes materiales de Dirac bidimensionales, el gap de
energia espin-orbita inducido por el acoplamiento espin-Orbita intrinseco, y la velocidad de Fermi,

siendo esta dltima una estimacion tedrica [22, 38, 39, 40].

La aplicaciéon de un campo magnético perpendicular B se implementa por medio del acopla-

miento minimo usual, p — p + €A, dénde A = (—By,0,0) es el vector potencial en la apro-

ximacién de Landau. El nuevo Hamiltoniano, teniendo en cuenta ademds que Ay = %,
queda:
Hye = vp(€0,(py — eBy) — 0,Dy) + Age0. (2.48)
Que puede expresarse en forma matricial de la siguiente forma
2 A s A:v —eB —p
vp[E(Pe — eBy) + ipy] —Ag,

Resolviendo la ecuacion de Schrodinger independiente del tiempo en los puntos K y K’ para

este Hamiltoniano, podemos obtener las autoenergias (niveles de Landau) y los autoestados de

dicho Hamiltoniano [37, 41, 42, 43, 44, 45]:
sgn(n)/In|h2w? + A%, n #0,
_SAS& n = Oa
y

—i AE||n| — €. )
= _ 2.51
st ( Be€|jn| - ¢_) @D

En estas expresiones, (L = (1 £ £)/2, ||n|) denotan los autoestados ortonormales de Fock
del oscilador arménico con n = 0,£1,+2,..., w = vpy/2eB/h es la frecuencia de ciclotrén,

Age = (A, — s€Ag0)/2 es 1a masa de Dirac y representa la banda de menor gap, y las constantes

ALy B vienen dadas por [37]:
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ES
Aso

1

Figura 2.1: Espectro de baja de energia del siliceno en funcién del potencial eléctrico A para un
campo magnético B = 1073 T. Se representan los niveles de Landau n = +1, 42, 4-3, para £ = 1,
las lineas correspondientes a los electrones son discontinuas (valores de n positivos) y los huecos
vienen representados por lineas continuas (valores de n negativos). Las lineas verdes representan
los estados con espin positivo (s = 1) mientras que las azules representan a los estados con espin
negativo (s = —1) (En el caso de £ = —1 se obtienen los mismo resultados pero a la inversa). Los
niveles de Landau con n = 0 vienen representados por las lineas rectas: continuas para el valor
¢ = 1y discontinuas para el valor £ = —1.

|E5S [ +sgn(n) Aye

As§ _ Sgn(n) W? n 7& 07
-, n=20,
(2.52)
| B3| —sgn(n)A,
e — a0 70
£+7 n=20

En la figura 2.1 podemos ver el aspecto que tienen los niveles de Landau en siliceno bajo la

influencia de un campo magnético de 103 T en funcién del potencial eléctrico aplicado.

Vamos a resolver ahora el problema de autovalores del Hamiltoniano efectivo

H U =&, (2.53)
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donde ¥ = (¢4, ¢p). Desarrollando esto nos queda

A — ( A  orlsle = By — i) ) ( 64 ) . ( 04 )
vpl€(Pe — £BY) + ipy] —Ae ¢B O

(2.54)
De este sistema se obtienen las ecuaciones
Agepa + vr [§ (Pr — eBy) —ip,] ¢p = EPa, (2.55)
vr [ (z + eBy) — ipy] 9a — Ao = Edp. (2.56)
Despejando, de una y otra, ¢4 y ¢p tenemos
vr [§ (Px — eBy) — ipy]
= 2.57
vr [§ (P — eBy) + ip,]
= ) 2.58
032 £+ e ba (2.58)
Introduciendo 2.58 en 2.55 se obtiene
. U D, — eBy) 4+ 1p
Aseda +vp [€ (s — eBy) — ip,] — < (pg v) ¥ iy a4 =EPa, (2.59)
_'_ Asg
que desarrollando queda
R .. U ﬁx —eBy) — Zﬁ
v [€ (P — eBy) + ip,) — £ o AZ? ) o5 — A = Edp, (2.60)
y finalmente se obtiene
R, (€eB) (o p\? &2 A —LeBhug
_ = _ 2 = , 2.61
g 0t (y eB) ba 202 P4 (2-61)
Haciendo lo mismo con 2.57 y 2.56 llegamos a la expresion equivalente
R, (EeB)' pe\?, €2 A+ eBhuj
- _ 2 - ) 2.62
208t (y 6B> & 202 ¢5 (2-62)

Que, como puede apreciarse, son las ecuaciones del oscilador arménico y tendrdn por solucio-

nes
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da(z,y) = xaly)e?/", (2.63)
o5(7,y) = xp(y)eP/". (2.64)

Por tanto, debemos obtener ahora x 4(y) y x5(y). Para ello, vamos a resolver la ecuacion 2.62

para el caso £ = 1, pudiendo resolverse de la misma forma para £ = —1,
B2, (eB)? Pu \ 2 E? — A% + eBhv}
_ _ = 2.65
9 ¢B + 9 (y €B> ¢B 2/01% ¢B7 ( )

hacemos el cambio

(v-22) =5 day—ap. (2.66)

y nos queda

hz /1 [~ W2 ~ ~
- E¢B(y) + (1) oY) = d5(7)- (2.67)

Introduciendo ahora

E? — A% + eBhv?
k=(eB)?, w=Vk a= 8251;2 E (2.68)
F

llegamos a

h 2
= 5(5) — = () 05(5) = —7-05(7). (2.69)

Haciendo de nuevo un cambio de variable:

w_o_ - 0¢p(J _w&Pep(r) 20 _
RET TR TR o e (270)
se obtiene
B(x) — *pp(x) = —App(x), (2.71)
L(x) + (X — 2®)pp(z) = 0. (2.72)

Resolviendo para el caso & — oo, donde z2 >> ), se obtiene:

%(zx) — 2°¢p(x) =0, (2.73)
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cuya solucion es

¢p = Cexp(—z?/2), (2.74)

y como solucién general tendremos

¢p = CH, exp(—2?/2), (2.75)

donde H,, es un polinomio de grado n y C' es una constante. Si introducimos esta solucién en

la ecuacidon 2.72

4x) + (= #)on(r) = g

— e 20 [H/(z) — H),(z)x — H,(z) — 2H),(z) + 2*Hu(2)] + (A — 2?)CH,(z)e " /? =0,

CH,(z)e > + CH,(z)e " /? =0

que despejando da
H!(z) —2zH](x) + (A — 1)H,(z) =0, (2.76)
que llevaria a
i(i — a2 — 2 Z iaiyt + (A —1) Z a;iy’ =0, (2.77)
=2 i=1 i=0

lo que nos proporciona la siguiente relacion entre los coeficientes,

(s +2)(s+ 1)assa — 2sas + (A —1)a, =0, (2.78)
con
2s —A+1
49— —————————— . 2.79
2 )" (279)

El grado médximo de este polinomio de grado n se alcanzara para un A\ que haga cero la ecuacién
2s — A+ 1 = 0. Por tanto

n+1-A=0=>A=2n+1, (2.80)

con esto nos queda

A=i-=2n+1 (2.81)



30 CAPITULO 2. MODELO DE HAMILTONIANO EFECTIVO

a, = hw(n +1/2). (2.82)

Los H, () que verifican esto son los llamados polinomios de Hermite. Por lo que finalmente
nos queda:

op(x) = CH,(z)e ™ /* = CH, ( %y) e = (7). (2.83)

A través de la normalizacion de la funcion de onda obtenemos C

/!%(@)\20@ = C?2"nly | LN M (2.84)
w V 2"nl\/m

y haciendo el cambio w’ = w/h se llega a

(w/)1/4€—w’g2/2
V 2"nl\/m

Podemos hacer el mismo procedimiento para ¢4 (ecuacion 2.61), lo que nos lleva a:

o5, (7) = H,(Vw'). (2.85)

pa(z) + (N —2*)pa(x) =0, (2.86)
/ 20“// /
A :a:2m+1:>ocm:hw(m+1/2). (2.87)

De 2.87 y 2.81 podemos ver que se cumple:

o, =al . (2.88)
Podemos comprobarlo a través de

E* — A% + eBhv

a, = 5 = hw(n +1/2), (2.89)
204
y
E? — A%, — eBhv?
ol = 25 5 L — hw(m+1/2). (2.90)
Up

Despejando £ en 2.89 obtenemos las energias permitidas de este sistema

£, = B = i\/Aig + 2|n|eBhvd. 2.91)

Que son las energias de los niveles de Landau. Introduciendo 2.91 en 2.90 y desarrollando se
verifica 2.88.
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Podemos ahora reescribir la forma de ¥ como:

v, = C10n-1 , (2.92)
02¢n

siendo C; constantes de normalizacién. Por lo que, estando ¢,, normalizada:

(w)1/4 e—wi/2

V/ 2mnl\/m

y exigiendo que W, también lo esté, es decir,

On(Y) = H, (Vwy) , (2.93)

/ (IC11P [ @n-1]® + |Col?|¢n]?) df = |C1 ] + |Co|* = 1. (2.94)

Con esto, se establece que C; y C5 tienen que ser [?]:

E38|+sgn(n)A,
Cl _ Asf — Sgn(”) | |2|§~75L§(| ) év n 7é 07
-, n=0,
(2.95)
|E° | —sgn(n) A
Cy= B = T
£+7 n = 0.

Sabemos que los estados de Fock |n) pueden escribirse en la representacion de posiciones

como [43]

1/4 ,—wz?/2

wl/te
V 2mnl/m

donde H,, son los polinomios de Hermite de grado n. Con esto podemos introducir la densidad

H,(ywz), (2.96)

(x|n) =

de estados en el espacio de posiciones como

pn = [{z|n)|?, (2.97)

(con [ p,dx = 1). Asi, la densidad de estados en el espacio de posiciones para nuestro sistema

queda

pif (@) = [{zln)sel® = (A)?(zlIn] — &)1 + (B,5)*[(wlIn] — €-)[*. (2.98)

Podemos obtener, de la misma forma, la densidad de energia en el espacio de posiciones. Para

ello, ahora debemos considerar que
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w—1/46—p2/2w

n) = ————H,(p/vw (2.99)
{pln) NG (p/Vw)
y que la densidad vendré dada por
T = (Pl (2.100)

(con [ ~,dx = 1) con lo que la densidad de estados en el espacio de posiciones para nuestro

sistema queda

Yo (@) = (A3 [plInl = €)1 + (B [(plIn| — €-) . (2.101)

Hamiltoniano efectivo con un campo laser

Se ha estudiado la respuesta 6ptica que produce un haz laser de luz circularmente polarizada en
los materiales de Dirac bidimensionales [46, 47]. La interaccion del haz laser queda bien definida

mediante la constante de acoplamiento A

I
A = £8ravp—;, (2.102)
w

siendo [ la intensidad del Léser, w la frecuencia de este y « la constante de estructura fina. Esta
expresion serd vélida siempre que 4|A|Aw/3t* < 1. La constante de acoplamiento produce una

contribucién a la masa de Dirac que viene dada por

AL - A +EA

A ,
¢ 9

(2.103)

donde se ha utilizado A = 2A. El procedimiento para resolver el Hamiltoniano que ahora tenemos
es el mismo que el descrito anteriormente, solo que ahora la masa de Dirac tiene una expresion
ligeramente diferente. Hay que resaltar que, aunque la apariencia del Hamiltoniano no varia dema-
siado al introducir un haz de luz l4ser circularmente polarizada, las causas que hacen que A, varie
son diferentes y las propiedades del sistema cambian. Es mds, nuestro sistema podra encontrarse
en fases topoldgicas diferentes en los casos en los que se aplica un campo ldser respecto de las que

se encuentran cuando este no se aplica [47].



Capitulo 3

Caracterizacion de transiciones de fase
topologicas mediante corrientes electronicas
y Fidelidad

El estudio de magnitudes fisicas relacionadas con la evolucion temporal de paquetes de onda
es una herramienta fundamental en el estudio y desarrollo de dispositivos electronicos. Por este
motivo, en este capitulo se presentan los estudios basados en el andlisis de la corriente electrénica
y en la Fidelidad.

3.1. Corrientes

El comportamiento de corrientes electronicas generadas por paquetes de onda gaussianos ha
sido estudiado en sistemas formados por grafeno bajo la influencia de campos magnéticos [48, 49,

, 51]. En este tipo de sistemas, las corrientes electronicas viene dada por las expresiones:

jac = €UF<Ux> y jy = eUF<Uy>7 (3.1)

donde e representa la carga del electrén, vg es la velocidad de Fermi y o, son las matrices de Pauli
(con a = z,y). En estos sistemas, se ha podido comprobar que aparecen varias escalas temporales
en la evolucion temporal de la corriente, estas son: Zitterbewegung, clasica y revival. La perio-
dicidad clasica, Top, = 27h/|E),

cldsicamente esperado para los electrones dentro del material. La de revival, T = 47h/|E]

,|> se corresponde con el periodo que aparece en el movimiento

)

representa el tiempo que debe transcurrir para que el paquete de onda presente la misma aparien-
cia que tenia en el instante inicial. Por tltimo, la periodicidad Zitterbewegung, 775 = wh/|E,,|,
solo tiene sentido para paquetes de onda centrados en dos niveles (uno positivo y otro negativo,

paquetes tipo gato) y representa un movimiento oscilatorio en torno a la trayectoria que siguen los

33
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fermiones de Dirac dentro del sistema.

Nosotros hemos estudiado las corrienetes electronicas producidas por paquetes de onda Gaus-
sianos en un sistema compuesto por una ldmima de siliceno bajo la influencia de campos elec-
tromagnéticos perpendiculares. Las propiedades observadas, tanto para las periodicidades de las
corrientes como para las amplitudes de las mismas, han resultado ser una herramienta vélida en la
labor de caracterizar las transiciones de fase topoldgicas en siliceno, pudiendo extender los resul-

tados obtenidos al resto de materiales de Dirac 2D.
Los resultados obtenidos han sido publicado en el articulo:

E. Romera, J. C. Bolivar, J. B. Roldan and F. de los Santos, Revivals of electron currents and
topological-band insulator transitions in 2D gapped Dirac materials, Europhysics Letters, 115,
20008 (2016).

DOI: https://doi.org/10.1209/0295-5075/115/20008
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Abstract
We have studied the time evolution of electron wave packets in silicene under perpendicular
magnetic and electric fields to characterize topological-band insulator transitions. We have found
that at the charge neutrality points, the periodicities exhibited by the wave packet dynamics
(classical and revival times) reach maximum values, and that the electron currents reflect the
transition from a topological insulator to a band insulator. This provides a signature of topological
phase transition in silicene that can be extended to other 2D Dirac materials isoestructural to

graphene and with a buckled structure and a significant spin-orbit coupling.
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I. INTRODUCTION

In recent years, there has been a lot of activity in the study of stable 2D materials
isoestructural to graphene. In particular, there has been much theoretical and experi-
mental progress in the study of silicene, an allotrope of silicon showing a two-dimensional
honeycomb-like lattice similar to that of graphene but with a buckled structure [1-3] and a
significant intrinsic spin-orbit coupling (see the review [4]). Silicene can be described by a
Dirac-type Hamiltonian with an estimated Fermi velocity vz = 10 ms™!. It has a buckling
length I = 0.44 A, which allows the band structure to be controlled by applying an electric
field perpendicular to the silicene monolayer. More specifically, it possesses a tunable band
gap that changes linearly with the electric field intensity and that reaches a zero value for
a critical value of the electric field, at which the spins are perfectly polarized, up or down,
at the two inequivalent corners of the Brillouin zone K and K’, respectively [5]. Moreover,
silicene undergoes a topological phase transition [6] (TPT) from a topological insulator (TT)
to a trivial band insulator (BI), at the so-called charge neutrality point (CNP). Silicene
field-effect transistors operating at room temperature have been observed experimentally in
silicene grown on metallic substrates [4, 7]. Recently, it has been shown that a biaxial strain
can be utilized to tune the spin-orbit coupling in silicene and hence its TPT [8]. Other
gapped, Dirac materials having a structure similar to that of silicene and with exceptional
properties are metastable germanene (Ge), metastable tinene (Sn) [9], and indiene (In) [10].

Two-dimensional topological insulators were theoretically predicted by Kane and Melle
[11] using a model of a two-dimensional material isoestructural to graphene and with a spin-
orbit interaction. They were first observed experimentally in mercury telluride quantum
wells [12] and later on in other materials (see [13] and references therein). Topological
insulators have a bulk energy gap but their edge states (also known as surface states) are
gapless. TI-BI transitions are characterized by a band inversion with a level crossing at some
critical value of a control parameter, say electric field, quantum well thickness, etc. Recently,
theoretic information measures and uncertainty relations has been used to characterize TPTs
[14-17].

The possibility of creating and manipulating wave packets has increased dramatically
over the last years, due in part to tunable lasers. To cite but a few examples, lasers can now

create wave packets associated with a variety of quantum states that were unimaginable a
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few years ago, their time evolution can be controlled within strikingly short time periods,
and even the phase between the wave packets components can be modified. Additionally,
the ability to excite wave packets into the high energy levels allows the quantum to classical
boundary to be explored. In this respect, detecting the quantum revivals and fractional
revivals of wave packets during their time evolution has become a feasible, useful tool at the
root of various applications and in-depth analyses of quantum systems as well [18-23]. In
this paper, we have identified the TI-BI transition in silicene by studying the revivals in the
dynamics of electronic wave packets and in the amplitude of electron currents. Our results
carry over to other two-dimensional Dirac materials such as germanene or tinene.

This paper is organized as follows. In Section II we present the effective, low energy
Hamiltonian for monolayer silicene under external magnetic and electric fields. The relation
between wave packet revivals and TPTs is then discussed in Section III. Section IV studies
how the occurrence of revivals affects the electron currents, and, in turn, how this relates to

TPTs. A summary with our conclusions is presented in a final section.

II. LOW ENERGY HAMILTONIAN

The effective Hamiltonian for monolayer silicene in an external electric field, £,, perpen-

dicular to the silicene sheet and in the vicinity of the Dirac points is given by [24, 25]

1 1
Hf = ’UF(go-xpzc - pry) - §£8ASOUZ + éAzUz (1)

Here, £ = 1 or £ = —1 corresponds, respectively, to the two inequivalent corners K and K’ of
the Brillouin zone, o; are the Pauli matrices, s = £1 is the spin, vp is the Fermi velocity of
the Dirac fermions, A, is the spin-orbit interaction, which provides an effective mass to the
Dirac fermions and, finally, A, = [&, is the gap that originates from the application of the
constant electric field £, and which creates a potential difference between both sub-lattices of
the silicene honeycomb lattice. Table (I) gathers the values for different 2D Dirac materials of
interlattice distance, [, the spin-orbit energy gap induced by the intrinsic spin-orbit coupling,
and the Fermi velocity, the latter being theoretical estimations [10, 24, 26, 27].

The application of a perpendicular magnetic field B is implemented through the standard
minimal coupling, p — p'+ e/T, where A = (—By,0,0) is the vector potential in the Landau

37
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Ago (meV) |l (A)|vp (10°m/s)

Si 4.2 0.22 4.2
Ge 11.8 0.34 8.8
Sn 36.0 0.42 9.7

TABLE I: Parameters Ag, (spin-orbit coupling), ! (interlattice distance) [10] and vp (Fermi veloc-

ity) [28, 29] for monolayer Si (silicene), Ge (germanene) and Sn (tinene).
gauge. The new Hamiltonian reads
¢ 1 1
Hs = UF(fo—w(p:v - eBy) - pry) - 555A500z + §AZO—Z' (2)

and the Hamiltonian eigenvalues and eigenvectors for the K and K’ points are given by

(6, 14-17, 25]

sgn(n),/|n|h2w? + A2, n#0,
Eff: g() “ s& 7& (3)

_gAS& n= 07
and
—i A5t |[n| — &4)
|n>s§ = o : (4)
BilIn| = &-)

In the above expressions, &4 = (1 £ &)/2, ||n|) denotes an orthonormal Fock eigenstate of
the harmonic oscillator with n = 0,4+1,+2, ..., w = vpy/2eB/h is the cyclotron frequency,
Age = (A, — 5EAs)/2 is the lowest band gap, and the constants As¢ and Bi* are given by
25

| B |+sgn(n) A
AS& _ Sgn(n) Q\Efﬂ ’ n 7& 07
n
577 n= Oa
|E5f | —sgn(n) A 0
§+7 n=_0.

It has been theoretically established [5, 24, 26, 27] that silicene undergoes a phase tran-
sition from a topological insulator (TI, |A,| < Ay) to a band insulator (BI, |A.] > As)
when |Ag| goes to zero at the CNPs, +AY and it is also known that this TPT entails an

energy band inversion. In the following section, we analyze how the revival time scales are

4
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affected by traversing a TPT, and consequently how the former and the electron currents

can be used to characterize the CNPs .

III. REVIVALS AND TOPOLOGICAL PHASE TRANSITIONS

Let us consider the time evolution of a wave packet for a timeindependent Hamiltonian

o

S GBS
(U(t))se = ch‘g)]n%ée Fn ‘ (6)

n=0
with ¢ = (n,¥). Hereinafter, we shall take s and ¢ fixed, and E*¢ and 9 will be
referred to as E, and ¢,. If the initial wave packet is Gaussianly distributed around a given

energy I, of the spectrum F,, that is,

1
oV 2

then it is legitimate to Taylor expand around the energy level ng, after which one obtains

[30]

e,(n,n0)2/2027 (7)

Cp =

09+
0.8+
0.7+
0.6+
= 05
04+
03+
02+ . .
0.1+

FIG. 1: (color online) ¢, coefficientes for n = 0,2, ...,40.

1"

EnzEno+Eg0(n—n0)+$(n—no)2+--- . ()
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FIG. 2: (color online) Classical period, Ty (top) and revival times, T (bottom), for ng = £10
and —2A,, < Age < 2A,,. In either case, B = 1073 T and ¢ = 1. Blue lines stand for s = —1

while the red ones correspond to s = 1.
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FIG. 3: (color online) Classical behavior (top) and revivals (bottom) of |A(t)[?> for ng = +10,

B=103T,A,=—-Ay,s=—1,and £ = 1.

Consequently,
exp (—iEpnt) =
" t
eXp<_i |:Eno+E;LO(n_n0)+ ;O(H—n0)2+"':|h>
t 2mi(n —ng)t  2mi(n — ng)*t
exp(—z’EnOh— w(TOl o)t W(TR 0) +)

9)

Here, each term determines a characteristic temporal scale (apart from the first one which
is a global phase in Eq. (6)). Specifically, the so-called revival time, Tr = 27h/|E], |, is the
time the wave packet needs to return approximately to its initial shape. The classical period,
Ta = 2nh/|E], |, is the time the wave packet needs to follow the expected semiclassical
trajectory (see [30] and references therein for more details). We have studied revivals and
the quasiclassical periodicity in monolayer silicene. To this purpose, we have chosen as the

initial state a wave packet with energy levels Gaussian-like populated around level ny and

6
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using the Fermi energy as the energy origin. For the sake of illustration, the particular

case ng = 10 is shown in Fig. 1. The calculated classical and revival periods are given,

3
dmy [In|hPw? 4+ AZ 87y /[n|h2w? 4 AZ
_ T = | (10)

respectively, by:

To visualize the time evolution of the wave packets we use the autocorrelation function,

A(t) = (W(0)[¥(0))- (11)

Now, considering again the time evolution as given in Eq. (6), A(t) can be simply written

as
oo

Aty = D feale . (12)

n=—oo

In our analysis of the wave packet evolution, we have used a population that comprises
both positive and negative energy levels, localized around ng = £10 (as in Fig. 1) and with
o = 0.54 in Eq. (7). We have restricted to the K valley of the monolayer and considered
a constant, perpendicular magnetic field B = 1073 T and varying values of the external
perpendicular electric field, A,. In Fig. 2 we plot T and Tr (notice the logarithmic scale)
as a function of the electric field A, for the spin-up (s = 1, red) and the spin-down (s = —1,
blue) cases. It can be observed that Tr and T reach a minimum value at the critical value
of the electric field A, = A, for spin up electrons, and A, = —A,, for spin down electrons.
Therefore, the revival and classical periods can be used to identify the CNPs, +A,,, reaching
minima at the critical points and characterizing the TPT.

Figure 3 shows the autocorrelation function for A, = —A,,, s = —1 where the two differ-
ent panels correspond to different time scales: the top panel depicts the classical behavior
with Ty = 53.71 ps, while the bottom panel reproduces the revivals of the wave packet at

times of the order of the nanosecond T = 1.07428 ns.

IV. ELECTRON CURRENTS AND TOPOLOGICAL PHASE TRANSITIONS

We have also investigated how changes in the electric field affect the electron currents

along with their time evolution. The x and y components of the currents are given by

Jo = evp(0y), and, j, = evp(oy), (13)

7
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FIG. 4: (color online) Classical behavior (top) and revivals (bottom) for the electron currents j,

for a =  (red) and a = y (blue), for ng = +10, B=10"3T , A, = ~Ay, s = —1 and £ = 1.
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FIG. 5: (color online) Maximum value of the electron current amplitudes M;, for ng = %10 ,
B=10"3T, for —4A,, < A, <4A,, for j =z, s =1 (green), j = 2, s = —1 (black) j =y ,
s =1 (blue) and j =y, s = —1 (red) and & = 1.

where o, and o, are the Pauli matrices. One readily finds,

o0

Jz = €VUp Z icncmei(E’S'ffE%{)t(Usfm - U;f,n) (14)
o € st

jy, = evr Z e, B~ )t(Uffm + Uff,n) (15)

with USS, = A% B 0m|—1n)-

Fig. 4 presents j, and j, for the same initial wave packet as in the previous section.
First, we can see the quasiclassical oscillations over periods T¢;. For larger times, the figure
clearly shows a regeneration of the initial amplitude of the electronic current at Tr. This
same behavior has been found in graphene previously [31, 32] and in the case of silicene

under only a magnetic field [33].
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In order to study the effect of the electric field on the electron currents, we have performed
calculations for different values of A, and studied the amplitudes of the electron currents.
We have found the maxima of the current amplitudes, M, and M, are located at the CNP
Ago (-Agp) for s =1 (s = —1). This behavior is shown in Fig. 5 for both j, and j, for
B = 107* T where we have plotted M, and M, in terms of A, finding a maximum value
(around 0.025 pAm) at the CNP. We have verified that this result remains valid for other
values of the magnetic field. This results can be used as as characterization of the TPT in
terms of the amplitude of the electron currents.

For the experimental characterization of the system under study here, low resistance
ohmic contacts would be needed, see H. Chuang et al. [34] for details on this issue. The
characterization by experimental means of the current components described in Eqs. (12)-
(14) would help to understand the nature of the effects taking place in the system. Quantum
interference devices [35] can be built making use of the system properties highlighted in
Figure 5. In this respect, applications for the frequencies associated to the revival times

could be envisaged.

V. CONCLUSIONS

We have shown that the evolution of wave packets can be used as a tool to characterize
topological band-insulator transitions in silicene, and by extension we argue that the same
applies to analogous 2D Dirac materials as germanene (Ge) tinene (Sn) or Indiene (In). In
particular, we have used an effective Hamiltonian model to analyze the time evolution of
electron wave packets in a monolayer of silicene under perpendicular electric and magnetic
fields. Two different periodicities appear in this system, the classical and revival times.
Both quantities reach a maximum at the CNP A, (-A,) for s =1 (s = —1), thus providing
a characterization of the TPT. Moreover, the behavior of the amplitudes of the electron
currents, j, and j,, for different values of the electric field provides an additional character-
ization of the TPTs, inasmuch the maximum value of the currents, M, and M,, reaches a
maximum value at the CNPs. We have checked that this is a common feature for different

values of the magnetic field.
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3.2. Fidelidad

La Fidelidad (o echo de Loschmidt) dependiente del tiempo se puede definir como una funcién

de autocorrelacion de espin y se ha utilizado de forma exitosa para cuantificar la decoherencia y

localizar las transiciones de fase cudnticas [52, 53]. La Fidelidad viene dada por la expresion
2
s  —EYS_)t/h
]WL5 (Az,0:,t) = (WAL H)[W(A, 1)) Z CmCn€’ mA Az) 8,60, <m|n>s,§,Az )
n,m=0
(3.2)

donde A’ = A, + 4, siendo §, una pequeiia variacion respecto de A,.

Utilizando la Fidelidad, hemos conseguido definir tres escalas temporales 775, TE'F y TE (1la-
madas, respectivamente, periodicidades de Loschmidt Zitterwebegung, cldsica y revival) que han
resultado ttiles para localizar los puntos donde tienen lugar las transiciones de fase topolédgicas. En
el mismo sentido, la amplitud de la Fidelidad (tanto dependiente como independiente del tiempo)

ha resultado til a la hora de caracterizar la TPT en siliceno.
Los resultados obtenidos han sido publicados en el articulo:

J. C. Bolivar, Nicolas A. Cordero, A. Nagy and E. Romera, Fidelity as a marker of topologi-
cal phase transitions in 2D Dirac materials, International Journal of Quantum Chemistry, 118 (17),
€25674 (2018).

DOI: https://doi.org/10.1002/qua.25674
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Abstract

Silicene, as other 2D buckled structures, is a gapped Dirac material with intrinsic spin-orbit
coupling whose band structure can be controlled by applying a perpendicular electric field. It
presents a topological phase transition from a topological insulator to a band insulator at the
charge neutrality point. We present in this paper a characterization of this phase transition by
using fidelity of Loschmidt echoes when a magnetic and two slightly different electric fields are
applied by considering the time evolution of two kinds of wave packets, one with a single Gaussian
profile and the other with a double Gaussian profile creating a cat state. We also show that
Zitterbewegung, classical and revival Loschmidt periods diverge close to but not exactly at the

charge neutrality point and explain this behaviour.
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I. INTRODUCTION

Silicene is a two dimensional crystal of silicon, belonging to a group of 2D gapped Dirac
materials analogous to graphene but with a relevant intrinsic spin-orbit coupling (as com-
pared to graphene) and a buckled structure. It has been studied theoretically [1, 2] and
experimentally [3-7]. Other gapped Dirac materials are germanene, stannene and Pb [8].
In the case of silicene, the low energy electronic properties can be described by a Dirac

I and a value of the spin-orbit cou-

Hamiltonian with a Fermi velocity vp = 5 x 10°ms~
pling Ay = 4.2 meV. It has a buckling length [ = 0.22 A which allows to control the band
structure by applying an electric field, £, = A, /I, perpendicular to the silicene monolayer
generating a tunable band gap |A;¢| = [(A, — s€As)/2| (s and & denote spin and valley,
respectively). Silicene has a topological phase transition (TPT) [9] from a topological in-
sulator (TI, |A.| < As) to a band insulator (BI, |A,| > Ay,), at a charge neutrality point
(CNP) AL = s¢A,,, with a gap cancellation between the perpendicular electric field and
the spin-orbit coupling, thus exhibiting a semimetal behavior.

Topological phases are characterized by topological charges like Chern numbers. Theo-
retical information measures and uncertainty relations have been used to characterize TPTs
[10-13]. Recently, we have studied the time evolution of electron wave packets in silicene
under perpendicular magnetic and electric fields to characterize topological-band insulator
transitions [14].

In this paper we want to use fidelity to characterize TPTs. Fidelity (also known as
Loschmidt Echo), was introduced by Peres [15] and it has been used to understand the
dynamics in few [16-18] and many-body [19-21] quantum systems. It has been relevant
to quantify a very important problem in quantum physics, that is, the problem of the
coherence and stability of the dynamics of many bodies subject to external perturbations
[22]. Additionally, fidelity has been used to quantify corruption in the context of quantum
information [23]. Recently, it has been used to study quantum phase transitions in a XXZ
spin chain model in a random magnetic field [24] and in a spin-interacting XY model [25].
Additonally, we want to point out the seminal article [26], and other interesting works like
[27, 28] or the revision about Loschmidt echoes and quatum phase transtions in [29].

The paper is organized as follows. In Section 2, we introduce the low energy Hamiltonian

describing the electronic properties of silicene and similar 2D materials in perpendicular elec-

49



50

Caracterizacion TPT mediante corrientes electronicas y Fidelidad

Ago (meV) |1 (A)|vp (10° m/s)

Si 4.2 0.22 4.2
Ge 11.8 0.34 8.8
Sn 36.0 0.42 9.7
Pb| 2073 0.44 -

TABLE I: Approximate values of model parameters Ag, (spin-orbit coupling), ! (interlattice dis-
tance) and vp (Fermi velocity) for two-dimensional Si, Ge, Sn and Pb sheets. These data have

been obtained from first-principles computations in [8] (As, and 1) and [30, 31] (vp).

tric and magnetic fields. Section 3 contains a study of the relationship between topological
phase transitions and fidelity. Our results for Loschmidt periodicities are given in Section
4 while a more detailed study of the time evolution of the echos is presented in Section 5.

Finally, Section 6 contains our conclusions.

II. LOW ENERGY HAMILTONIAN

Let us consider a monolayer silicene film in external magnetic B and electric &£, fields
applied perpendicularly to the silicene plane. The low energy effective Hamiltonian in the

vicinity of the Dirac point is given by [9]
¢ 1 1
Hs = ’UF(O_zpz - fo-ypy) - §§SASOUZ + §Az0—27 (1)

where £ corresponds to the inequivalent corners K (§ = 1) and K’ (§ = —1) of the first
Brillouin zone, respectively, o; are the usual Pauli matrices, vr is the Fermi velocity of the
Dirac fermions (see Table I for theoretical estimations for Si as well as for other materials:
Ge, Sn and Pb), spin up and down values are represented by s = =+1, respectively, and
A, is the band gap induced by intrinsic spin-orbit interaction, which provides a mass to
the Dirac fermions. We are considering the application of a constant electric field £, which
creates a potential difference A, = [€, between sub-lattices. The value [ appears in table I
for different materials. The values of the spin-orbit energy gap induced by the intrinsic spin-
orbit coupling has been theoretically estimated [8, 32-34] for different 2D Dirac materials
that we show in Table I.
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The eigenvalue problem can be easily solved. Using the Landau gauge, A= (0, Bz,0), the

corresponding eigenvalues and eigenvectors for the K and K’ points are given by [9-13, 35]

. sgn(n)y/|n|h’w? + A2, n#0,
By, = ‘ (2)

_§As§7 n= 07
and
—i A3, |In] — &)
P , ®)
Bn:Az TL| - €*>

where we denote by &4 = (1+£&)/2, the Landau level index n = 0, +1, 42, . .., the cyclotron
frequency w = vp\/2eB/h, the lowest band gap A, = (A, — s€Ay,)/2 and the constants
Ay, and Brszz are given by [35]

|E:§Az |+sgn(n)A375

Af;gA _ Sgn(n) QIE:LEAzl ) n 7& 07
-, n=0,
|G |—sgn(n)A ¢
mn, z . ? 0
£ 2|ES, | , n#0,
BfL,Az — n,Ay (4)

£+7 n = 07
The vector |m) with m = 0,1,2,... denotes an orthonormal Fock state of the harmonic
oscillator, and we will have m = |n| & £4. Note that the case m = —1 always cancels due to

the value of the coefficients AZ’FAZ or BZ’FAZ defined in (4).

IIT. FIDELITY AND TOPOLOGICAL PHASE TRANSITIONS

We are going to generalize the definition of fidelity given by [36] for two slightly different
initial states in the following way. If we have a Hamiltonian H and consider a small per-
turbation that gives a perturbed Hamiltonian H’, with time evolution operators U(t) and
U'(t), respectively and study the time evolution of some arbitrary but similar initial states
|Wy) and |¥) with both Hamiltonians, we get

W (E) = U (D)%)
[W'(1)) = U'(1)| o) - (5)
The time-dependent fidelity amplitude with respect to the unperturbed evolution, is defined

as the overlap of the perturbed and unperturbed time-evolving states:
m(t) = (¥()[W'()) = (WolU(=t)U" ()| ¥g) - (6)

5
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Time-dependent fidelity is the square of its modulus
M(t) = [m(t)]” . (7)

We will have M(t) = 1if H' = H and |V[) = |Uy). It is clear that if the Hamiltonians and
the initial states are very similar, i.e. the perturbation is small, we will have a fidelity close
to one. Otherwise the fidelity value will be smaller than 1.

We can also define time-independent fidelity as
F=M(t=0). (8)

If, instead of using states, we want to use densities, we can consider the DFT fidelity
amplitude defined by [37]:

F(p,0) = [ p2(x)0 2 (x)dr 9)
where p(r) and o(r) are two densities. We will have f(p,0) = 1 if p(r) = o(r) everywhere.
The more the densities differ, the smaller the value of the fidelity amplitude.

In order to compute fidelity, we have to write first the Hamiltonian eigenstates given in
Eq. (3) in position and momentum representations. We know that Fock (number) states |n)
can be written in position representation as

Wl/4

\/2mnl/T

where H,,(z) are the Hermite polynomials of degree n. We will introduce the number-state

(x[n) =

e PH, <\@x) (10)

density in position space as p,(z) = |{(x|n)|?, which are normalized according to [ p,(z)dr =
1. Now, taking into account Eq. (3), the position density for the Hamiltonian eigenvectors
is given by
piia. (@) = (AN5 )zl = €0 + (Bra, ) I(zlIn] — €)%, (11)
We will study f (pi’iz, pf‘fA/z ) that is, fidelity amplitude for the densities corresponding to
electric field values A, and A, = A, + 6., where J§, < A,.
As already stated, there is a prediction (see e.g. [32-34, 38]) that when the gap |A,¢]
vanishes at the CNP A silicene undergoes a phase transition from a topological insulator
(TL, |A;| < As) to a band insulator (BI, |A,] > As). This topological phase transition

entails an energy band inversion. Indeed, in Figure 1 we show the fidelity amplitude as a

function of the external electric potential A, for B = 0.01 T. One can see that there is a

6
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band inversion for the n = 0 Landau level (either for spin up and down) at both valleys.
The energies Eé’g and E, L€ have the same sign in the BI phase and different sign in the TI
phase, thus distinguishing both regimes.

nY(A)

‘ - A,
3A0  Shso

FIG. 1: F,+(A;) = f(pig,Az’pigAz+6Az) when B = 0.0l Tand £ =1forn =1, s =1 (blue);

n=-1,s=1 (red); n =1, s = —1 (orange); and n = —1, s = —1 (black).

We are going to consider two types of Gaussian wave packets in this work. The first type

is a single Gaussian packet centered on the ng-th level above the Fermi level:
[U(A, 1) = [1h(t))se = ZC B ) (12)

with

L - tnmnoy?/(20%) (13)

Cn:o*ﬁ

where ng defines the center of the wave packet and o its width.
The second type of wave packet is a cat state that consists of two Gaussians symetrically

distributed around the ng-th levels above and below the Fermi level:

V(A1) =¥ SEfzcei"At/h )56 +
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FIG. 2: Coefficients used for the two types of wave packets used. The upper panel shows the packet
centered around ny = 10 (we will call it Type I) while the lower panel depicts the packet centered

around ng = 10 and ny = —ng = —10 (we will call it Type II). In both cases o = 0.9.

0
+Y e TR (14)
with
L TP B S D) (15)

oV 2 oV 2

Examples of coefficients for both types of wave packets —that we will call Type I and
Type II, respectively— can be seen in Fig. 2.
Time-dependent fidelity can be written for a Type I packet as

MPA(AL, 0., 1) = [mee(As, 6., 1)), (16)
where
Mmee(Az,02,1) = (V(AL )[V(A,, 1) =
— p (| eH A i HA Y - —
I o8 LM (17)

Since we are only going to consider very small §, values, we can assume the variations in the
energy levels due to the small change in the electric field are smaller than the difference be-

tween two consecutive levels and the orthogonality relations among states will approximately
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hOld, i.e. 5,6,AL (m[n>s757Az N osEA, <m\n)s,5,Az with

sea(min)en, = A AVS Simi—eynl—e, + Boras BIA Ojml—¢_ jnj-¢. =
= A5 n AV Oimlin) + Boar By Sl n. (18)

Taking into account the Kronecker deltas in Eq. (18) the fidelity time evolution given
in Eq. (17) is governed by the energy differences Ei’i, — EzfAz for m = n. We are going
to assume levels are so close to each other we can use the continuous approximation and

perform a limited Taylor expansion for the energy around the ng level,

B m(Bia —Eia) +
+ (EZf,A/; - EZfA/) (n —no) +
3 (B8 = B L) (n—mo)?, (19)

where primes in energies denote derivatives with respect to level numbers.

Therefore, the exponential in (17) contains three parts. The first one does not depend
on n and leads to a global phase factor, while the other two ones give rise to periodic
oscillations with two different periods: The first oscillation period is analogous to the one
found when a localized wave packet is excited with an energy spectrum which is tightly
spread around a large central value of the principal quantum number of the unperturbed
Hamiltonian. Following correspondence principle arguments it has been associated with the
classical period of motion of the unperturbed Hamiltonian [39]. Therefore, in our case it

can be called classical Loschmidt period,

27h
o = z Sg, T (20)

no,A TL07 z

The second oscillation period is responsible for the long-term spreading and reconstruction
of the wave packet associated with the quantum revival time scale [39] and can be called

revival Loschmidt period

R _ 2rh
L S ST
\EnO’A, — FE?

no,A

(21)

An analogous derivation can be made for the time evolution of the fidelity for a Type II
wave packet, but in this case a new feature arises. Since we have both positive and negative

values for n, the absolute values in the Kronecker deltas in Eq. (18) become relevant and the

9
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time evolution is now governed by the energy differences EZ’FA; — f,fAz for m = £n. This
means that the exponential in the equation analogous to (17) no longer contains a global
phase factor but a third period of oscillation —similar to the one due to Zitterwebegung that
appears for the unperturbed Hamiltonian [40]— that we can call Zitterbewegung Loschmidt

period,

7 7h
TL —_— ‘Es’g s,g | .

no,AL T ng,Az

(22)

The overall situation for this Loschmidt periodicities is analogous to the case of quantum
revivals in monolayer graphene quantum dots as well as monolayer and bilayer graphene
rings [41, 42]. Classical and revival periodicities appear for both Type I and Type II packets
while Zitterbewegung only appears for Type II packets.

For the sake of simplicity we are going to select one valley (£ = 1) and one spin orientation
(s = 1) to study these oscillations in the next sections. Analogous results can be obtained

for other {s,&} combinations.

IV. LOSCHMIDT PERIODICITIES

As we pointed out in the Introduction, it has been proposed that silicene undergoes a
topological phase transition at the charge neutrality point A(®) = s¢A,,. One could expect
the phase transition at this point to show as divergences in the three periodic oscillations
considered. We present in Fig. 3 Zitterbewegung, classical and revival Loschmidt periods
for three different ¢, values for a Type II wave packet (the last two are also valid for a Type
I packet).

It is clear that the the three periodicities diverge near the charge neutrality point but
not exactly at it. In fact there seems to be a dependence on the value of §,: The smaller
0, the closer the divergence is to the CNP. There is an easy explanation for this feature.
We have to take into account that in order to calculate the fidelity we are working with
two slightly different energy spectra corresponding to two different electric field values A,
and A, = A, +6,. For instance, for Eq. (22) to diverge, we need EffA; = E;5. and using
(2), this means (A .)* = A, that leads to |A] — s6Ay| = |A, — s6Ay| or, equivalently,
A +6.—AD| = |A,—AD)|. Disregarding the trivial solution &, = 0, we get A+, —A®) =

10
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FIG. 3: Zitterbewegung (upper panel), classical (intermediate panel) and revival (lower panel)
Loschmidt periods for different d, values for a Type II wave packet (the last two are also valid for
a Type I packet). Solid black line for §, = 1073A,, red dotted line for 6, = 1072A,, and blue
dash-dotted line for §, = 1071 Ag.

—(A. — A) and, finally, the critical point is located at

A, 16,
YO >

This result indicates that the divergences in the Lochsmidt periods should appear close to

the CNP (because ., << A?) but not exactly at that point. This displacement with respect

11
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to the exact critical point appears because in order to calculate Loschmidt fidelity we are
using at the same time the unperturbed and the perturbed Hamiltonians corresponding to
two slightly different electric fields and, therefore, slightly different charge neutrality points.
The smaller the difference in the electric fields, the closer the divergence is to the CNP of
the unperturbed Hamiltonian.

Taking into account the valley and spin selected (£ = s = 1), A® = s¢A,, = Ay, and
Eq. (23) reads

(24)

We present in Fig. 4 Zitterbewegung, classical and revival Loschmidt periods for the same
three different 0, values but only in the vicinity of the CNP. The three panels in the figure
look similar but the time scales are different, T < T < TR. Tt is clear that Eq. (24) is
satisfied.

All Loschmidt periodicities shown in Fig. 4 seem to be symmetric with respect to the
divergence. We will test in the next section if that is the case and analyze in greater detail

the time evolution of the wave packets.

V. TIME-EVOLUTION OF THE ECHOES

We present in this section the time-dependent fidelity M, (¢) defined in Eq. (16) and the
time-independent fidelity calculated using Eq. (8), F = Myg(t = 0), when §, = 1072A,,.

Similar results are found for the 6, = 107'A,, and J, = 103 A, cases.

A. Type I wave packets

Let’s analyze first the region below the critical point that, with the parameters chosen,
is located at A, = 0.995A,. Fig. 5 shows the time evolution of the fidelity for the Type I
packet described in the upper panel of Fig. 2 for three different values of the electric field
(A, = —2A, A, =0and A, = 0.9A,,). In each case, the fidelity is shown as a function of
time and as a function of classical and revival Loschmidt periods.

If we compare the upper left graph in each panel we can see that the classical Loschmidt

period decreases when A, increases from —24, to 0 but increases when it goes from 0 to

12
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FIG. 4: The same as Fig. 3 but in the vicinity of the charge neutrality point.

0.9A,,. In fact, if we look at the central panel in Fig. 3 we can see that T{! decreases down
to a minimum and then starts to increase when the system approaches the critical point.
If we now focus our attention on the upper right graph in each panel where M () is
depicted as a function of time but in Tfl units we notice that, obviously, there is one
oscillation per unit in the t-axis but that while the amplitude of the oscilllations seems to
be constant in the upper panel, it is clearly modulated in the other two cases: It oscillates
one and a half times in ten classical periods for A, = 0.9A,, but only describes half an

oscillation when A, = 0. Nevertheless, if we use Loschmidt revival period as time unit we

13
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15 2
0 0
0 50 100 150 200 ©0 2 4 6 8 10
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FIG. 5: Time-dependent fidelity for a Type I packet for three different values of A,: —2A4, in
the upper panel, 0 in the middle panel and 0.9A4, in the lower one. In each case, this quantity is

shown as a function of time and as a function of classical and revival Loschmidt periods.

get the graphs in the lower part of each panel. It is clear that there is always amplitude
modulation but that when A, = —2A,, a great number of classical oscillations occur before
a revival oscillation completes. In fact, the lower panel in Fig. 3 looks similar to the middle
one but there is a big difference: the slope of the decreasing part is much bigger in absolute

value (remember the logarithmic scale).

14
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Let’s move now to the region above the critical point. To test if classical and revival
Loschmidt periods are symmetric with respect to this point as Fig. 3 suggests we have cal-
culated the A, = 3.99A,,, A, = 1.99A,, and A, = 1.09A,, cases that are the symmetrical
ones to those presented in Fig. 5. The results are exactly the same as those of their coun-
terparts and we don’t show them. In fact, we have studied 9 different pairs of symmetrical
points, both close to and far from the critical point, and in all cases there is perfect agree-
ment. It is then clear than both classical and revival Loschmidt periods are symmetric with
respect to the critical point as the middle and lower panels in Fig. 3 suggest.

In order to analyze in greater detail the amplitude of the oscillations in the fidelity we
have calculated the maximun amplitude of the time-dependent fidelity,

(AML)MAX: max ML(t) (25)

te[0,T])
The left panel in Fig. 6 represents this quantity as a function of the electric field. The
maximum amplitude slightly decreases close to the critical point and it is symetric with
respect to it.
We have also calculated the time-independent fidelity, £’ and plotted it in the right panel

in Fig. 6. The result is the same, indicating that the maximum in fidelity occurs at ¢t = 0.

0.999999 0.999999

g

=, 0.999976 W 0.999976

=

<

0.999952 ‘ ‘ 0.999952 ‘ ‘ ‘
02 02 06 1 14 18 22 02 02 06 1 14 18 22

Az/Aso Az/Bso

FIG. 6: Maximun amplitude of the time-dependent fidelity (left panel) and time-independent

fidelity (right panel) for a Type I packet with 6, = 1072A,.

B. Type II wave packets

Cat states give rise to a third periodicity due to Zitterbewegung with a shorter period than

the classical one and this fact introduces some differences with respect to Type I packets.

15
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Let’s start again with the region below the critical point. Fig. 7 shows the time evolution
of the fidelity for the Type II packet described in the lower panel of Fig. 2 for three different
values of the electric field (A, = —2Ay,, A, = 0 and A, = 0.9A,). In each case, the fidelity
is shown as a function of time and as a function of Zitterbewegung, classical and revival
Loschmidt periods.

If we compare the upper left graph in each panel we can see that the Zitterbewegung
Loschmidt period increases as A, increases from —24A,, to 0.9Ag,. If we look at the upper
panel in Fig. 3 we can see that 772> increases monotonically up to the critical point.

If we now move to the upper right graph in each panel where My (t) is depicted as a
function of time but in 77" units we see something similar to what happened when Type I
results were plotted using 7! as time unit but the decay in the amplitude is much slower.
More oscillations are needed for the amplitude modulation to show.

If we use Loschmidt revival period as time unit we get the graphs in the lower left part
of each panel. The modulation is now more clear but Zitterbewegung is so fast with this
time scale that indivual oscillations are no longer visible and become a solid area. This is
also the case when T{ is used as time unit (lower right graph of each panel). Nevertheless,
Zitterbewegung, in spite of introducing a new oscillation that exhibits a different behavior
with electric field than classical or revival oscillations (compare the upper panel in Fig. 3
with the other two ones), doesn’t perturbate classical and revival Loschmidt periods because
it has a completely different time scale.

Focusing now on the region above the critical point, we have performed the same test
as we did for Type I packet and the result holds. Not only classical and revival Loschmidt
periods are symmetric with respect to the critical point but Zitterbewegung Loschmidt
period also exhibits the same symmetry.

We have also calculated the maximun amplitude of the time-dependent fidelity defined
in (25). The left panel in Fig. 8 represents this quantity as a function of the electric field.
The maximum amplitude slightly decreases in the vicinity of the critical point but increases
close to it and presents the absolute maximum at this critical point. This is different to
what happened for Type I packets but the symmetry with respect to the critical point is
preserved.

We have calculated the time-independent fidelity defined in (8) too and plotted it in the

right panel in Fig. 8. The result doesn’t coincide with that for (Ay, )max but with the one

16
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4
t (ps) T8

4 6
T

FIG. 7: Time-dependent fidelity for a Type II packet for three different values of A,: —2A4, in
the top panel, 0 in the central panel and 0.9Ag, in the bottom one. In each case, this quantity is
shown as a function of time and as a function of Zitterbewegung, classical and revival Loschmidt

periods.

for F' in Type I packets. This difference indicates that the maximum in fidelity doesn’t
appear at t = 0 for cat states. Zitterbewegung can’t affect ' because this quantity only has
to do with the initial overlap of the wave functions corresponding to the slighly different

electric fields. But it changes (Aay )max as the left panels in Figs. 6 and 8 clearly show.
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FIG. 8: Maximun amplitude of the time-dependent fidelity (left panel) and time-independent

fidelity (right panel) for a Type II packet with J, = 1072 Ag,.
VI. CONCLUSIONS

We have studied Zitterbewegung, classical and revival periods for silicene as a function
of electric field intensity when the electric field is changed by a very small amount. We have
used two different kinds of wave packets. Type I packet is a simple Gaussian while Type 11
is a double Gaussian cat state. We have shown that all three Loschmidt periods diverge
close to the charge neutrality point. The offset with respect to this point is determined by
the amount the electric field is changed.

We have also proven that time-independent as well as time-dependent fidelities can be
used as markers of topological phase transitions in silicene (and other 2D gapped materials)
and that time-indepent fidelity is equal to the maximum of the time-dependent one for

Type I packets but not for Type II packets.
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Capitulo 4

Caracterizacion de transiciones de fase
topologicas mediante medidas de

informacion

En este capitulo se han utilizado diversas medidas de teoria de la informacién para caracterizar
las transiciones de fase topoldgicas que tienen lugar en los materiales pertenecientes a la familia
del grafeno. Entre estas medidas se encuentran la entropia de Rényi relativa, la informacion de

Fisher y medidas de complejidad.

4.1. Medidas de complejidad

La complejidad de un sistema se define a partir de la entropia relativa de Rényi de orden «, la
cual viene dada por [54]
1 (0%
. :_1Og/—(f(x) _dr 0<a<oo (4.1)
Y a-1 (g(x))
siendo v y (3 pardmetros, mientras que f(x) y g(z) son distribuciones de probabilidad normaliza-

das. Con ella se define la complejidad como [55]
CeD = Ry 0 < o, B < oo, 4.2)

Las medidas de complejidad han resultado ser ttiles en el estudio de varios sistemas fisicos
(ver [56, 57], por ejemplo). Nosotros hemos conseguido utilizar la entropia relativa de Rényi para
caracterizar con éxito las transiciones de fase topoldgicas en los materiales de Dirac 2D. Adicio-
nalmente, nos hemos valido de medidas de complejidad para definir un nuevo nimero cuéntico,

similar al nimero de Chern, que nos permite detectar el estado de aislante topoldgico en el que se
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encuentra nuestro sistema.
Los resultados obtenidos se han publicado en el siguiente articulo:
J. C. Bolivar and E. Romera, Rényi entropies and topological quantum numbers in 2D gapped

Dirac materials, Physics Letters A, 381, 1753-1756 (2017).
DOI: https://doi.org/10.1016/j.physleta.2017.03.037



4.1. MEDIDAS DE COMPLEJIDAD

Complexity measures and topological quantum
numbers in 2D gapped Dirac materials

J. C. Bolivar

Departamento de Fisica Atémica, Molecular y Nuclear and Instituto Carlos I de
Fisica Tedrica y Computacional, Universidad de Granada, Fuentenueva s/n 18071
Granada, Spain

E-mail: jcbolivar@ugr.es

E. Romera

Departamento de Fisica Atémica, Molecular y Nuclear and Instituto Carlos I de
Fisica Tedrica y Computacional, Universidad de Granada, Fuentenueva s/n 18071
Granada, Spain

E-mail: eromera@ugr.es
9 January 2017

Abstract. New topological quantum numbers are introduced by analyzing
complexity measures and relative Rényi entropies in silicene in the presence of
perpendicular electric and magnetic fields. These topological quantum numbers
characterize the topological insulator and band insulator phases in silicene. In addition,
we have found that, these information measures reach extremum values at the charge
neutrality points. These results are valid for other 2D gapped Dirac materials
analogous to silicene with a buckled honeycomb structure and a significant spin-orbit
coupling.

PACS numbers: 03.65.V{, 03.65.Pm,

1. Introduction

Silicene, a 2D honeycomb-like lattice of silicon with a buckled structure and a significant
intrinsic spin-orbit coupling is a material,which can be described by a Dirac Hamiltonian.
In this material there is a topological phase transition [1] from a topological insulator
(TT) phase to a trivial band insulator (BI) phase, at a charge neutrality point (CNP).
Silicene has several advantages in comparison with graphene: besides the stronger
intrinsic spin-orbit coupling (useful for a better realization of quantum spin Hall effect in
some cases), it has a better tunability of the band gap (useful for effective field transistors
working at room temperature) and an easier valley polarization (for applications in
valleytronic) [2]. There are theoretical and experimental progress in the study of silicene
(see, for example, the review [3]). Theoretically, it has been verified that silicene have

69



70

CARACTERIZACION TFT MEDIANTE MEDIDAS DE INFORMACION

Complexity measures and topological quantum numbers in 2D gapped Dirac materials 2

a stable 2D honeycomb buckled structure [4, 5, 6] with an estimated Fermi velocity
vp = 10°ms™" and with an equilibrium buckling of I = 0.44A which allows to control
the band structure by applying a perpendicular electric field to the silicene layer. In fact
the gap decreases and increases linearly, reaching the zero value for a critical value of the
electric field (for this critical value spins are perfectly polarized up or down at the two
inequivalent corners of the Brillouin zone, K and K, respectively [7]). Experimentally,
we can stress that it has been obtained epitaxially growing silicene on metallic substrates
and it has been observed asisilicene field-effect transistors operating at room temperature
[3, 8] . There are other gapped Dirac materials with exceptional properities as germanene
(Ge), tinene (Sn) or Indiene (In) [9] having a structure analogous to that of silicene.

2D topological insulators have been theoretically predicted by Kane and Melle [10]
using a model with a 2D material isoestructural with graphene and with a stronger
spin-orbit interaction. They were firstly observed experimentally in mercury telluride
quantum wells [11] and then in other materials (see [12] and references therein) . A
topological insulator has an energy gap but with gapless edge or surface states that
are topologically protected, in fact it is considered a singular matter state. A TI-BI
transition is characterized by a band inversion with a level crossing at some critical
value of a control parameter (electric field, quantum well thickness, etc). Recently
theoretic information measures and some properties of the time evolution of electron
wave packets have been used to characterize topological phase transitions in 2D gapped
Dirac materials [13, 14, 15, 16, 17]. In particular, it has been shown that the inverse
participation ratio (IPR) is an alternative measure of a topological insulator phase
transition [14]. The IPR measures the delocalization of a state [1) over a basis {|i)} in
terms of the probability p; of finding the state 1)) over the element |i) as [ = 3 p?.

In this paper we propose the relative Rényi entropy and a complexity measure to
define topological quantum numbers and characterize the topological phases TT and
BI in silicene (and other 2D analogous gapped Dirac Materials) in external magnetic
and electric fields. The paper is organized as follows. In the next section we have
introduced the model for the description of silicene, in section 3 we introduce the new
topological quantum numbers doing a numerical analysis in the silicene model. Finally,
our conclusions are presented in the final section.

2. Low energy Hamiltonian

Let us consider the effective Hamiltonian for a monolayer silicene in the vicinity of the
Dirac points in externals electric and magnetic fields, £, and B which are perpendicular
to the silicene sheet [18, 19]:

1 1
H.§ = vp(§o.(p, — eBy) — pry) - §€3ASOUZ + iAzazv (1)

where £ = 1 or &€ = —1 corresponds to the two inequivalent points K and K’,
respectively, o; are the Pauli matrices, s = £1 is the spin, vp is the Fermi velocity
of the Dirac fermions, Ay, is the spin-orbit interaction, which provides an effective mass



4.1. MEDIDAS DE COMPLEJIDAD

Complexity measures and topological quantum numbers in 2D gapped Dirac materials 3

Ao (meV) | 1 (A) | vp (10°m/s)
Si 4.2 0.44 4.2
Ge 11.8 0.68 8.8
Sn 36.0 0.84 9.7

Table 1. Parameters Ay, (spin-orbit coupling), ! [9] and vp (Fermi velocity) [20, 21]
for monolayer Si (silicene), Ge (germanene) and Sn (tinene).

to the Dirac fermions, A, = [£, the gap associated to the constant electric field &,
(the electric field provides a tunable gap that produce a potential difference between
both sub-lattices) and where we have taken into account the standard minimal coupling
7 — p+ eA with the Landau gauge vector potential A= (—By,0,0).

This is the effective Hamiltonian for other 2D Dirac materials (for example tinene
or germanene) taking into account the different values of the interlattice distance, I,
the intrinsic spin-orbit coupling, and the Fermi velocity. In Table 1 are the parameters
(theoretically calculated in [18, 22, 23, 9]). We will do the study in silicene and all
the results that we have obtained in this paper can be applied to the other 2D Dirac
materials. These 2D Dirac materials suffers a topological phase transitions from the
known as TT phase, for |A,| < Ay, to the called BI phase, for |A,| > Ay, when the
value of the effective gap |Aye| (with Age = (A, — s§As)/2, the lowest band gap) goes
to zero at the charge neutrality points [18, 22, 23, 7].

The solution of the eigenvalue problem for the Hamiltonian (1) can be obtained
analytically by [1, 19, 13, 14, 15, 16, 17]

e _ [ s P AL, 0o o
" _EAS§> n= 07

and
A || - €.) )
N)ge = 1 . 3
mhe= (i) @
Where , {4 = (14 €)/2, ||n|) are the orthonormal eigenstate of the harmonic oscillator

with n = 0,+1,42,..., w = vpy/2eB/h is the cyclotron frequency, and the constants
A3t and Bt are given by [19]

|E5S [ +sgn(n) A e

A% = sgn(n) o o n#o
577 n= O?
[ 1EaE | —san(n) Ase
B = a0 70 (4)
£+7 n=0.
We will used the position representation of the Fock (number) states |n), which is
given by
/4

e 2 H, (ﬁx) (5)

(x[n) =

\/2rnly/m
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here, H,(z) are the Hermite polynomials of degree n. Let us introduce the position
density

(@) = [(z|n)[? (6)
1

Pn
(with [ p,(z)dx = 1) and the position density for the eigenvectors (3)
pi (@) = (AR )2 lln] = &adael® + (BR[| — &)l (7)

3. Topological quantum numbers

3.1. Relative Rényi entropy

Let us consider two nonnegative distribution functions f(r) and g(r) normalized to 1.
We can define the relative Rényi entropy of order o as [24, 25]

() 1 fa(r)
Ry = pop—| In pr=ye dr (8)

provided that the integral exists and o > 0. The relative Rényi entropy is an increasing
function of the parameter « [26] and in the limit o = 1 it gives us the so-called Kullback-
Leibler entropy [27]. Both entropies provide a distance between the functions f and g,
although they are not true metrics. In fact when f = g, R(faq) =1and Rgcaq) > 1 in any
other case (the more different f and g are, the lager RE{J‘; ). The Relative Rényi entropy
gives a local comparison of the distribution functions.

If we take the function f = p*¢ and g = pif = po, we can define a combined relative
Rényi entropy in terms of the sum of the relative Rényi entropy for electrons and holes:

pla)  _ pla) (@)
Rpff,po o Rpffypo + Rpi‘g,”po (9)

Now we plot the combined relative Rényi entropy (Eq. 9) for silicene in terms of the
external electric potential A, for different values of the parameters. In Fig. 1 we have
shown the results for @« = 2.5, an external perpendicular magnetic field B = 0.01T,
the Landau levels n = 2,3,4 and 5 and for spin up (magenta lines) and down (green
lines) Dirac fermions, in the valley £ = 1. The curves have a maximum value at the
CNP A, = Aso (A, = —Agp) for the spin up (down) case. Moreover if we analyze the
slope of the different curves we realize that for the BI phase the slopes of the spin up
and down curves have the same sign, and for the TI phase they have different signs, so
we can define a topological quantum number (like the Chern number) to identify the
different phases in terms of the combined relative Rényi entropies (9) as:

8 (o a P (o
Ci(A;) = sgn <8Az (Rf)z%po) A, (Rf()n)%)) v

which can be see as the topological charge
1 |Az| > ASO BI
Ci(A,) = ’ 11
1( ) { —1, |Az| <ASO TI ( )
We have checked that the C(A,)’s has the same property when we have changed the
a, B and £ values in (9).
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Figure 1. Combined Relative Rényi entropy R of electron and holes in position
space at valley £ = 1 for @« = 2.5 as a functlon of the electric potential A, for the
Landau levels n = 2 (left top), 3 (right top), 4 (left bottom) and 5 (right bottom) for
B = 0.01 T. Magenta lines for s = +1 and green lines for s = —1. The vertical black
dotted grid lines indicate the charge neutrality points.

3.2. Relative complezity measure

The relative complexity measure is defined in terms of two relative Rényi entropies as
[26]:
(a) _ p(B)

C’a”ﬂ = efro B, 0<a,pf <. (12)
C}f’f verifies some desirable properties associated with a complexity measure [28, 29
(the properties of inversion symmetry, monotonicity, invariance under translations,
invariance under rescaling transformations, invariance under replication and near-
continuity, see [26] for a detailed analysis of them). The relative complexity measure
also gives a local comparison of the distribution functions [26] and has been revealed
as a good tool to quantify quantum phase transitions in the Dicke and Vibron models
[26, 30].

In a similar way to the previous case, we introduce a combined complexity

measurefor electrons and holes in terms of the combined Rényi entropy (Eq. 9) as

A (a,B) () HB) 1 _ AlaB) ~(aB)

Cpff, exp[R —RG |=C07C% (13)

035 .p0 P35 .0 P00
In Fig. 2 we compute the combined relative complexity measure (Eq. 13) for
silicene, for (o, ) = (2.5,3), as a function of the external electric potential A, for a
magnetic field B = 0.01T, the Landau levels n = 2, 3,4 and 5, for the spin up (magenta
lines) and down (green lines) Dirac fermions and in the valley £ = 1. Now, the curves
have a minumum value at the CNP A, = Agp (A, = —Agp) for the spin up (down)
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Figure 2. Combined complexity C of electron and holes in position space at

valley £ = 1 for « = 2.5 and § = 3 as ap function of the electric potential A, for the
Landau levels n = 2 (left top), 3 (right top), 4 (left bottom) and 5 (right bottom) for
B = 0.01 T. Magenta lines for s = +1 and green lines for s = —1. The vertical black
dotted grid lines indicate the charge neutrality points.

case. If we take into account the slopes of the curves we can define another topological
quantum number that is given by

_ 9 (Ao 9 (B
cxag__wn<5A;Q%mm)aA (q%’m) . (14)

C3(A,) has the value 1 in the BI phase and -1 in the TI phase, that is,

1, |Al>A BI
CQ(AZ) — { | | SO

1, A <Ago T (15)

We have checked that the Cy(A,)’s behavior remains unchanged when we have changed
the values of a and § in (13), for other values of the magnetic field and in the valley

£=—1.

4. Conclusions

We have analyzed the relative Rényi entropies and the relative complexity measures of
the charge densities of silicene in external magnetic and electric fields using an effective
Hamiltonian model. A numerical investigation of these quantities in this system has
led us to find out two new topological quantum numbers to characterize the topological
insulator and band insulator phases in silicene. The study of the combined relative

@)

Rényi entropies R sg and the combined complexity measures o . of electron and

o pn
holes as a function of the electric potential A, and for spin up and down electrons,
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clearly show that (i) they reach an extremum at the transition points A, = Ago (
A, = —Agp) for spin up (down) electrons (ii) the slopes of these curves for spin up and
down Dirac electrons along the different band insulator (BI) and topological insulator
(TI) phases provide two (Chern-like) topological quantum numbers C}(A,) and Cy(A,)
, in fact the TI and BI phases are characterized by the signs of these quantum numbers.
These results will be valid for other 2D Dirac materials (for example, germanene or
tinene) replacing the interlattice distance, [, the intrinsic spin-orbit coupling, and the
Fermi velocity parameters. This informational description can contribute to the better
understanding of topological phases in these systems. We are aware of the fact that
a more systematic and extensive analysis of this new topological quantum numbers is
needed to get a deeper insight into it.
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4.2. Informacion de Fisher

Se define la informacién de Fisher para un sistema descrito por una funcion densidad de pro-

babilidad p(x) normalizada como [58]

[ ()
I, = dz. 43
d /_oo plx) )

El significado fisico de esta entropia es medir la deslocalizacién de la funcién densidad del
sistema que estemos estudiando, de forma que, cuanto mayor sea la entropia de Fisher menor sera
la incertidumbre en la localizacion de la particula dentro de nuestro sistema.

En esta ocasidn se ha utilizado la informacién de Fisher para dar cuenta de las transiciones de
fase que tienen lugar dentro de los materiales bidimensionales de Dirac. Ademads de la informacion
de Fisher, también se han utilizado otras herramientas como la varianza, la desigualdad de Cramer-
Rao y el principio de incertidumbre de Stam.

Los resultados recopilados se encuentran en el articulo:

J. C. Bolivar, A. Nagy and E. Romera, Phase-space Fisher information of 2D gapped Dirac mate-
rials, Journal of Mathematical Chemistry, 1-12 (2019). (Capitulo 4)
DOI: https://doi.org/10.1007/s10910-019-01015-2
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Abstract.

It is shown that phase-space Fisher information marks topological phase transitions
in 2D Dirac gapped materials. The phase-space Fisher information determined for
electrons and holes exhibit minimum at the charge neutrality points. Topological
quantum numbers are defined to identify different phases utilizing combined
information measures. Upper and lower bounds are derived for the phase-space Fisher
information.

PACS numbers: 03.65.V{, 03.65.Pm,

1. Introduction

Information theoretical concepts have become very important in several fields of
research. In this paper we focus on phase-space Fisher information (PSFI) [1, 2, 3]
and explore how it describes topological phase transitions (TPT). Recently, there has
been intense activity in studying Dirac materials. Here we focus on silicene, a 2D
crystal of silicon having a low-buckled honeycomb arrangement. Perpendicularly to the
silicene sheet, there is a shift in the two sublattices with a buckled height of I = 0.44A)
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due to large interatomic distances. It has a significant spin-orbit interaction giving
rise to a small band gap opening at the Dirac point [4, 5]. Silicene is a topological
insulator (TI) [6], but it changes to a band insulator (BI) [7] due to the spin-orbit
interaction and a transverse external field. 2D TI was theoretically predicted by Kane
and Melle [8] and later was observed experimentally in mercury telluride quantum wells
[9]. There is an energy gap in a TI, however, the surface states are gapless. A typical
feature of a TI-BI transition is a band inversion, when the control parameter (e.g.
electric field) attains a critical value. We metion in passing that there are other 2D
gapped Dirac materials isoestructural with graphene: germanene (Ge), tinene (Sn)
or Indiene (In) [10]. There are experimental and theoretical studies of these systems
[11, 12, 13, 14, 15, 16, 17, 10, 18, 8, 9, 19, 20, 21, 22, 23, 24, 25].

Information theoretical concepts have already been applied in studying quantum
phase transitions [26, 27, 28, 29, 30, 31, 32]. TPT has also been analyzed by Shannon,
Rényi and relative information and uncertainty relations [33, 34, 35, 36, 37]. Recently, we
have shown that Rényi-Fisher entropy product is a good marker of TPT [38]. All these
previous investigations were done in either the position or the momentum space. Here
we make an extension and broaden our analysis to the phase space. We select the phase-
space Fisher information (PSFI), a quantity that has received almost no attention [3]. It
is now shown that PSFI marks TPT since the electron-hole PSFT takes its minimum at
the charge neutrality points. We also derive bounds for PSFT and introduce a topological
quantum number.

The paper is organized as: TPT in 2D gapped Dirac crystals is summarized in the
following section. PSFI of silicene is presented in Section 3, while in Section 4 results for
the variance are shown and bounds for the PSFI are derived. The last section contains
conclusions.

2. Low energy eigenvalue problem of 2D crystals

The low energy effective Hamiltonian can be written [18] around the Dirac point as

1 1
H&s = UF(prz - go—ypy) - §§SASOO—Z + §A202~ (1)

The parameter £ is applied to mark the inequivalent corners K ( £ = 1) and K’ (
¢ = —1) of the Brillouin zone. o, are the Pauli matrices and vp = 10° ms™ denotes
the Fermi velocity of the Dirac fermions. The monolayer silicene film is placed in the
external fields. The electric fields £, produces a potential difference A, = IE, between
the sub-lattices with a separation [. The spin-orbit interaction leads to the band gap
A, and therefore the Dirac fermions possess a mass [19, 20, 21, 10]. Up (down) spin is
marked by s = +1. Perpendicularly to the silicene plane a magnetic field B acts. Using
the Landau gauge, A = (—By,0,0) in the momentum operator p; — p; + ¢A;, the low
energy Hamiltonian takes the form

Age vrl€(Pe — £BY) — iby] )

Hee = ( orlé@e — SBy) +ip,] D @)
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where
1
Age = §(AZ — 8§ Ag). (3)

There is a TPT: we have the phase TT if |A,| < Ay, and the phase BI when |A,| > A,.
The effective gap |Ay| disappears at CNP [18, 33, 34, 35, 36, 24]. The eigenvalue
equation of the model is [19, 20, 21, 10]

Hiy = e, (4)

z/}:(j‘;g) 6

are associated with the sublattices A and B. The solution of Eq. (4) takes the form

« ) sen(n)y/In|h’w? + A%, n#0, (6)

" { _gAsfv TLZO,

_( —iAIn] = &)
|n>s§ - ( BZ§|‘TL| _ £_> ) : (7)

[n) stands for the orthonormal Fock eigenstates of the harmonical oscillator having
n=0,£1,£2,.... w=wvp /2eB/h is the cyclotron frequency and £+ = (1 +&)/2. The
coefficients A3¢ and B3¢ have the form [24]

Eflg +sgn(n)Ag
AZE _ Sgn(n) %7 n 7é Oa
677 n = 07

where

€

and

|E5E | —sgn(n)A,

Bsf — 2?;;&7 Ea n 7é 0>

> , .
§+7 n=20

As we are interested in the density, the plane-wave e** can be discarded and we have

1/4 ,
e 2 H, (Vwy) (9)

w

\/2rnly/m

in the position space, where H,, are the Hermite polynomials of degree n. The density

{yln) =

arising from (7) can be written as

i (y) = (A1 (lInl = €)1 + (B3 Kylln| — ). (10)
The Fock states in momentum space read as

Wi (py) = (A2 [(pylln] — €07 + (B3 [(pylIn] — €)1, (11)
where

{pyln) = e P/ H, (p, /) (12)

Note that the position and momentum space densities have almost the same form.
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3. Phase-space Fisher information

Fisher information (FI) [1] is given by

/ 2
= / p@E,, (13)
J ()
where the probability density function (PDF) p(z) fulfills the condition

/ pla)dz = 1. (14)
The Cramer-Rao inequality [2] relates FT to the variance
Var[z] > 17" (15)

That is, a narrower PDF leads to a larger FI. Therefore, FI is considered to be a
local measure, describing the ’tightness’ of a distribution. We have equality in the
relation (15) in case of a normal distribution. As FIis a gradient functional of the PDF,
it is sensitive to local rearrangements of the density. In a phase transition we have
always a sudden change in the properties of the quantum systems. So, FI incorporates
information about the localization and shape of the density.

In the knowledge of the position (p(z)) and momentum (7:¢(p)) PDFs, the

position-space (Ipsg) and momentum-space (stg) FI can be determined. Applying
expressions (10), (11) and (13) we can immediately derive the relation

wilfpff = WI’Yff' (16)

In this paper the main emphasis is on the PSFI. Earlier it was proved that the sum
of the position and momentum space Fisher information is an upper bound of the PSFI
[3]. In the following this sum will be referred as PSFIL. In our case it takes the form

[ZE = w_lfp:»lg + ij;"'f' (17)

Note that the position part is divided by w, while the momentum part is multipled by
w for dimensional reasons [39]. (Unit mass for the oscillator is supposed.) Utilizing Eq.
(16) PSFI (17) can also be written as

L =20 s = 2w s (18)

and is shown in Fig. 1. for silicene as a function of A,/A,, for Landau levels
[n| =1,2,3,4 for £ = 1. We can see that electrons and holes (separately) incorporate
information about the different phases. The PSFI curves for electrons and holes cross
each other when there is a change from the TI to the BI phase, that is, we gain
information about TPT when we consider both (electrons and holes ) simultaneously.
Therefore, we calculated the sum of PSFT for electrons and holes in silicene

156 = 1%+ I, (19)
and plotted in Fig. 2 versus A,/A,,. There are minima at the charge neutrality points

(CPN) A, = A, (A, = —A,,) for Landau levels |n| = 0,1, 2,3, 4 both for spin up and
down cases. One can also notice that the slopes of the curves have the same sign in the
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Figure 1. Phase-space Fisher information 3¢ against A,/A,, for the Landau levels
In| = 1,2,3,4 and £ = 1. Blue (green) curves stand for spin up (down). Solid lines
for n positive and dash lines for n negative. Upper (lower) limit is denoted by cyan
dashed (red point) lines.

phase BI (JA,| > Ay) and have different sign in the phase TI (|A,| < Ay,). Taking
advantage of this fact we can construct a topological quantum number (TPQ):

oI oI,
T _ n n ) )
Cns§ sgn <8AZ aAZ ) ( 0)
This quantity can be considered a topological charge (TC)

1 |A | > ASO BI
C (A, = e 21
nsf( ) { —1, |Az| < ASO TI ( )
which is capable to identify different phases like the Chern number.
4. Variance and bounds for the Phase-space Fisher information
The variance of the PDF p is given by
00

Var(@) =02 = [~ (@ = )’ pla)de = (@ = ") (22)

where
“+oo
p=[ " ap)ds = (). (23)

It can also be written as

Var(xz) = <:r2> —u2 (24)
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Figure 2. Phase-space Fisher information for electrons and holes f;f against A, /A,
for ¢ = 1 and Landau levels [n| = 1,2,3,4. Upper (lower) limit is denoted by cyan
dashed (red point) lines.

Taking into account that the PDF studied here are even functions (see Eg. (10)) the
expectation value of z disappears: (x) = 0. Consequently, the variance takes the form
Var(z) = <x2> (25)

Recall now the well-known expression for the variance of the linear harmonic oscillator

(@), =2 (n+3) (26)

in the nth quantum state with & = 1 in the rest of the paper. (It can be found in
most textbooks on quantum mechanics or can be derived from the recursion relation
on Hermite polynomials. Unit mass for the oscillator is supposed.) Applying the virial
theorem the variance in momentum space can be written as

1
2\ _ -\ 27
(), =w(n+3) (27)
The variance for the PDF (10) has the form

G 5672 1 5612 1
(@) = = a2 (inl - &+ 3) + (B9 (ol — ¢ +3) (25)
Utilizing Egs. (10), (11), (26) and (27) we can obtain
s§ _ s€
w(@®), =7 (), (29)
If n = 0 we obtain (22);° = -L. Taking into account that (A5%)? = 1 — (B:£)2, we are

led to
()= Dnve (92 -2)] (30)
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It can be seen from Eq. (9) that 0 < (B2%)? < 1 if n # 0. Therefore, we obtain the

relations

1 1 N 1

2 (l=3) = @) < (vl +3) Gy
and

1 2 s& 1
o (1nl=5) < (#)F <l +5). (32)
Taking into account the Cramer-Rao inequality (15) we arrive at the inequality
w

— <] . 33

IR )
The corresponding inequality for the momentum space FI has the form

1
m < ]%s”s. (34)

Turn now to Stam uncertainty principle
[ <40 (35)
in position space and
I <40, (36)

in momentum space. Combining inequalities (31), (32), (35) and (36) we obtain upper
bounds to the FI:

1
and
4 1
<= (|n| 4 5) . (38)
Inequalities (33), (34), (37) and (38) can be put together as
1
—— <. <4 = 39
(o) .
and
1 4 1
R EYRPEYIE 0
w <|1’L| + %) Yn w In| 2 (40)

Note that the bounds do not depend on s and £. If n = 0 we obtain equalities in
relations (39) and (40): [ . = 2w and [ . = 2/w.

0

Egs. (16), (17), (18), (19), (33) and0(34) lead to lower and upper bounds for PSFI

2 1
<Js€<8( 7) 41
and
4 - 1
< ‘95<16(n+7). 42

IA;'T’;{ stands for the electron plus hole PSFI sum. These limits are also presented in Figs.
1. and 2. as horizontal lines for n = 1,2, 3, 4.
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Figure 3. Combined difference j§5 for electrons and holes against A, /Ay, for Landau
levels |n| = 1,2, 3,4 for spin up (solid lines) and spin down (dashed lines) in the valley

=1

The plot of the PSFI of electrons plus holes hints that there is a delocalization
in the vicinity of CNP-s. However, the variance sum for electrons and holes does not
support this assumption.

To obtain further knowledge on the Cramer-Rao inequality (15) define the

differences
—1
Spe = Vare(z) = <Ipi§) (43)
and
-1
Spe = Var,e(p) - <[7f§> ' (44)
The phase-space differences are
Tot = wd e +w e (45)
and
J56 = J 4 %, (46)

The latter expression for the combined difference for electrons and holes is shown in Fig.
3. There are minima at CNP both for spin up and down cases. The slopes of the curves
have the same (opposite) sign in the phase BI (TI) that makes it possible to introduce
another form of TQN

0T3¢ 0., %
2 . n n
Crse = Sgn <8 “OA. > . (47)
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This quantity can also be identified as the TC

1 |Az| > ASO BI
2 A — )
Cnag(82) { —LI[A[<Ago TI

Turn now to Stam uncertainty principle ( (35) and (36)) and define the position-
prf - Ipiﬁ — 40—’775; S 0 (49)

(48)

and momentum-space

Z%sf = I,st — 4(TPZ§ S 0. (50)

differences. One can easily prove that

wilZPff = wZ,beg. (51)
The corresponding phase-space difference is defined as

Zy =wZ s +wZ s <0. (52)
It is worth summing the differences of electrons and holes

738 = 7%+ 7%, <0. (53)

This quantity is presented in Fig. 4 against A,/A,, for Landau levels |n| = 1,2, 3,4 in
the valley ¢ = 1. The curves have minima at the CNP and the slopes of the curves have
the same (different) sign in the phase BI (TT). This result provides for defining TQN in
another form
0L 07,
C3= -l T 54

TC can be now formalized as
1 |A | > ASO BI
C3 (A = VI
ns{( ) { —1, |Az| < ASO TI

(55)

5. Conclusions

We have analyzed how PSFT characterize TPT in silicene, a 2D Dirac gapped material.
The PSFT of electrons plus holes exhibit minimum at the CNP A, = A, (A, = —A,,)
for spin up (down) case. Moreover, a TQN capable to identify the different phases has
been defined utilizing combined PSFT in three forms. Upper and lower bounds for PSFI
have been derived. We have analyzed the difference of the variance and the inverse
Fisher measures. It has turned out that the sum of the differences exhibits minima at
CPN. TQN can be defined utilizing this quantity. Stam inequality has also turned out
to be useful in detecting TPT and defining a TQN. In summary, PSFI has been found
to be a new marker of topological phase transitions.
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Figure 4. Combined difference 255 for electrons and holes against A, /A, for Landau
levels |n| = 1,2, 3,4 for spin up (solid lines) and spin down (dashed lines) in the valley
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4.3. Medidas entrépicas de Rényi-Fisher

En esta seccion se ha utilizado la informacion de Rényi-Fisher, la cual se expresa en términos
de la entropia de Rényi y la informacién de Fisher, para caracterizar las transiciones de fase topo-
l6gicas en nuestro sistema. Ademads de la informaciéon de Rényi-Fisher, también se han utilizado
otras dos medidas mds para localizar las TPT, las relaciones de incertidumbre de Stam-Rényi y
el producto de incertidumbre Stam-Rényi. A partir de estas tres medidas de informacién se han
conseguido definir tres nuevos nimeros cudnticos que ayudan a conocer en qué fase topoldgica se

encuentra el siliceno.
Los resultados obtenidos pueden encontrarse en el articulo:
J. C. Bolivar, A. Nagy, E. Romera, Rényi—Fisher entropy product as a marker of topological

phase transitions, Physica A, 498, pags. 66-73.
DOI: https://doi.org/10.1016/j.physa.2018.01.024
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Abstract. The combined Rényi-Fisher entropy product of electrons plus holes
displays a minimum at the charge neutrality points. The Stam-Rényi difference and the
Stam- Rényi uncertainty product of the electrons plus holes, show maxima at the charge
neutrality points. Topological quantum numbers capable of detecting the topological
insulator and the band insulator phases, are defined. Upper and lower bounds for the
position and momentum space Rényi-Fisher entropy products are derived.

PACS numbers: 03.65.V{, 03.65.Pm,

1. Introduction

Information theoretical concepts have significant impact on research in physics. In
this paper we show how Rényi-Fisher entropy product [1] can recognize topological
phase transitions. Two-dimensional topological insulators have attracted attention
in last years. They were theoretically predicted by Kane and Mele [2] using a two
dimensional material with a spin-orbit interaction and was observed experimentally
in several materials (see [3, 4] and references therein). The 2D Dirac equation
has been used to describe low energy electronic properties of several topological
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insulators; among others 2D gapped Dirac materials such as silicene, germanene
or tinene. These 2D materials were studied both experimentally and theoretically
[5, 6, 7, 8,9, 10, 11, 12, 13, 2, 14, 15, 16, 17, 18, 19, 20, 21] and they are similar
to graphene but with a bluckled structure (with buckling length [ and a significant spin-
orbit coupling, A,). This buckling length gives the possibility to control the structure
by applying an electric field perpendicular to the layer and allows these systems undergo
a topological phase transition (TPT) from a topological insulator (TT) to a trivial band
insulator (BI). TI- BI transitions are characterized by a band inversion with a level
crossing at some critical value of a control parameter (p. e. the electric field) .

It has already been shown that information theoretical concepts are powerful in
analyzing quantum phase transitions [22, 23, 24, 25, 26, 27, 28]. Furthermore, it
has also turned out that Shannon, Kullback-Leibler, Fisher information and Rényi
entropies, uncertainty relations are distinctive indicators of topological phase transitions
[29, 30, 31, 32, 33, 34, 35]. In this paper we point out that the Rényi-Fisher entropy
product detects topological phase transitions. Namely, the combined Rényi-Fisher
entropy product of electrons plus holes displays minimum at the charge neutrality points
(CPA). Furthermore, Stam uncertainty relations and Stam- Rényi uncertainty products
can be utilized in constucting quantities for electrons and holes that exhibit maxima
at CPA. Upper and lower bounds for the position and momentum space Rényi-Fisher
entropy products are derived. Moreover, we define topological quantum numbers capable
of detecting the topological insulator and the band insulator phases.

The layout of the paper is as follows: topological phase transitions in 2D gapped
Dirac materials is reviewed in the following section. In Section 3, first, analytical results
for the Rényi-Fisher entropy product are summarized, then calculations for the silicene
are presented and a topological quantum number is defined. Section 4. presents Stam
uncertainty relations and Rényi-Stam uncertainty products and topological quantum
numbers. Conclusions can be found in the last section.

2. Eigenvalue problem in the vicinity of the Dirac point

Our investigation is limited to the vicinity of the Dirac point, where the effective
Hamiltonian takes the form [13]

1 1
Hes = vp(0up, — Eoypy) — §§5Asoaz + iAzaz. (1)

The inequivalent corners K and K’ of the Brillouin zone are distinguihed by the
parameter &: £ = 1( £ = —1) stands for K (K’). o; denotes the Pauli matrices and vp
is the Fermi velocity of the Dirac fermions. There is an external magnetic field B and
an electric field £, applied perpendicular to the silicene plane. &, produces a potential
difference A, = [£, between sub-lattices with a separation [. A, is the band gap
generated by intrinsic spin-orbit interaction and results a mass to the Dirac fermions
[15, 16, 17, 12]. s = £1 stands for spin up and down, respectively. In the Landau
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gauge A = (—By,0,0), and the momentum operator can be written as p; — p; + gA,.
Therefore, the low energy effective Hamiltonian reads as

A Age vpl(Pe — SBY) — ipy] )
Hs = ~ N ¢ ) 2
= artenmring " ae .
where
As£ - %(Az - 35A50)~ (3)

There exists a topological phase transition from the phase TT with |[A,| < Ay to the
phase BI with [A,| > Ay,. The effective gap |Ay¢| becomes zero at the charge neutrality
points [13, 29, 30, 31, 32, 20]. The eigenvalue equation can be rewritten as [15, 16, 17, 12]

Hip = e (4)

The sublattices A and B are characterized by the components ¥4 and ¥p of the wave

¢(jg). 5)

The choice of the vector potential A = (— By, 0,0) preserves the translational invariance

function

along the x-axis. The eigenvalues and eigenfunctions take the form
2.2 2
et _ sgn(n),/|n|h°w? + A%, n#0, (6)
_gAs& n = 07
and

(iAo - €
<= o) ) "

respectively. w = vgy/2eB/h is the cyclotron frequency. |n) stands for the orthonormal
Fock eigenstates of the harmonical oscillator with n = 0,£1,£2,... and £ = (1+£)/2.
The constants A5 and B3¢ in Eq. (7) are [20]
Eff +sgn(n)Ag
Asﬁ — Sgn(n) %7 n 7& 07
677 n = 07

Bl sn(mdag

B = ABE|
§+7 n= 0
The Fock states in position space have the form
1/4

(wln) =~ H, (Vo). ©)
2rnly/m
where H,, are the Hermite polynomials of degree n. The density corresponding to the
eigenstate (7) reads as

pif(x) = (A |(xlln] — &)1 + (B3 [(wlIn] — €-)[*. (10)
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The momentum space Fock states are

Wt () = (A2 | (plnl = &0 + (BE)* | (plin] — &), (11)

where

w1/4

(pln) = NN

Note the similar forms of the position and momentum space densities. They differ

e 2 H, (p/\/w). (12)

only in the appearance of y/w: in the nominator (denominator) in the argument of the
Hermite polynomials in position (momentum) space.

3. Rényi-Fisher entropy product

The Rényi entropy of order « for a probability density function f(z) normalized to one
is defined by [36]

o — 1 [e%
le_aln/f(x)d:v for 0<a<oo a#l (13)
The limit o — 1 gives the Shannon entropy [37]
Sy= = [ fw)In f(@)da. (14)

The Rényi entropy power of order « is defined by

2a—1

a1 1
N§ = <72aa— 1) 5 OXP (2R?>
= Bl/(l_ﬂ)% exp <2R?), (15)

where f3 is given by the equation o'+ 87! = 2. The limit o — 1 leads to the Shannon
entropy power
1
Ny = —e*r, 16
F=g e (16)
The Rényi entropy power has the property [39]

Ny >Ny  a<d. (17)

The Rényi entropy and the Rényi entropy power can be constructed in both the

{e%

position and the momentum spaces: R;, N, RS and N7, respectively, with the position

(p) and momentum (7y) densities. The Rényi uncertainty relation [38] can be expressed
in terms of Rényi entropy power in a compact form by

apnB
NONP > 1/4, (18)

The Fisher information of the probability density function f is given by [40, 41]

Iy = /f(lx) (dj;f))de. (19)
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The Stam uncertainty principle has the form [42]

[Pff S 40’%515 (20)
in position space and
[%slg < 4o s (21)
in momentum space. oy stands for the variance of the density f.
The Rényi-Fisher information product is defined as
Pf = NI with a € (1/2,1]. (22)
There exist an important inequality, the Rényi-Fisher relation
P >1 with o€ (1/2,1]. (23)
Combining inequalities (20), (21) and (23) we arive at the uncertainty relations [1]
1
Ny > —, e (1/2,1 24
w2 e/2] (24
and
1
N > — € (1/2,1]. 25
2 ae2]) (25)

We calculated the Rényi entropy with the probability density functions p¢ (10)
and 3¢ (11), respectively. We can take advantage of the fact that the densities in
position and momentum spaces take almost the same form. The difference appears in
the presence of y/w in the nominator (denominator) in the argument of the Hermite
polynomials in position (momentum) space. Introducing the new variable y = z+/w, it
can be easily shown that

1 o0 - 1
a s& «a _ pa
R =——n [ L (@) dx} = R — 5in (@) (26)
and
Do o ~s& «a
Fre = ——in | [~ (i) dy . (27)

where p¢ is the normalized density obtained after the variable change y = z/w.
The Rényi entropy power reads as

1 o fat o
No = — [ e
P 2w (2a — 1> [ —oo(p" (v))*dy

On the other hand, in the momentum space the Rényi entropy takes the form

2/(1—a)

(28)

1 oo ~ 1
o s& « R 5Ye -
R = | [~ (iEp)rdp| = R + 5in (), (29)
where
~ 1 o)
o ~s& a
= | [~ Grw)ray (30)

and 7% is the normalized momentum density obtained after the variable change

y=z/Vw.
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The Rényi entropy power can be written as

w a N\ aSEq oo 2/(1-a)
N - 2 [ era)™ . 1
W T 2n (2a— 1) { )y (31)

The Fisher information reads as

Isg—/wwdx—w/wwdy—wfpig (32)

e pif(@) —o pr(y)
in position space and
e (GEw)Y) -
Lot [T g (3)
" —o A (y) "

in momentum space.
The Rényi-Fisher product takes the form

o \ET e 2/(1-0) .
P;é”é N N’%Ip% - (2a — 1) {/— (¥t ))ady} Ip?f (34)

and

2/(1-a) _
I . (35)

2a—1

=Nl = (5205) 7 ) Giwray
in position and momentum spaces, respectively. It follows form Egs. (10) and (11)
that ¢ = 4%¢. Therefore, I e = =1 6 wNSe = w 1N"SE and P%c = P That is, the
position and momentum space Reny1 Flsher products are equal We determined the
Rényi-Fisher products for several values of . Fig. 1. presents Pa5 for the Landau
levels |n| = 1,2,3,4 as a function of A,/A,, with a = 0.75, s = — +7 and ¢ =1. The
calculations presented here were done with B = 0.17. Other values of B resulted similar
behaviour.

Then we calculated the sum of the Rényi-Fisher product for electrons and holes

ﬁfgg = Ppc + Pe (36)

for several values of . The combined Rényi-Fisher product P2 e is plotted in Fig. 2.
for silicene as a function of the ratio A,/A,, for Landau levels \n| =1,2,3,4 for spin
up and spin down in the valley £ = 1. In Eq. (36) f stands either the position (p) or
the momentum () space density. The curves exhibit minimum at the charge neutrality
points A, = A, (A, = —A,,) for spin up (down) case. Furthermore, we can also
observe that the slopes of the spin up and down curves have the same sign in the phase
BI (JA.| > Ay) and have different sign in the phase TI (JA,| < Ay,). Analogously
to the Chern number, based on the combined Rényi-Fisher product we can define a
topological quantum number to identify the different phases:

X 0P OP? .
Cfig = sgn oA oA | (37)

This quantity can be considered a topological charge:

1 |Az| > ASO BI
1 o )
Chae(B:) = { 1AL < Ao T
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Figure 1. Rényi-Fisher product for the Landau levels |n| = 1,2, 3,4, as a function of
A, /A, for spin up (blue lines) and spin down (green lines) and o = 0.75 in the valley
& = 1. Solid (dashed) lines represent electrons (holes). f,, stands for the Landau levels
In.

-1
Az/Bso Az/0so

Figure 2. Combined Rényi-Fisher product for the Landau levels [n| = 1,2,3,4, as a
function of A, /A, for spin up (solid lines) and spin down (dashed lines) and o = 0.75
in the valley £ = 1. f,, stands for the Landau levels |n|.
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4. Stam-Rényi uncertainty relations

Consider now the uncertainty relation (24) and define the differences
1

S% = N%: — <0 39
png an 4 O—ry, s€ - ( )
and
1
5% = N% — <0. 40
'Yns 'Yns 4Up e ( )

in position and momentum spaces, respectively. Then the sum of these differences are
constructed for electrons and holes:

Ga . Qo el

Sp:-l.g — Sp:-l.g + Spién S O (41)
and

St = S + 8% 0. (42)

Eqgs. (28) and (29) lead to
wS%e = w1 8% (43)

wSAjﬁf is plotted in Fig. 3. for silicene as a function of the ratio A,/A,, for Landau
levels |n| = 1,2, 3,4 for spin up and spin down in the valley £ = 1. We obtained exactly
the same figure for w‘lg%g. The curves exhibit maxima at the charge neutrality points
A, = Ay (A, = —A,,) for spin up (down) case. Furthermore, the slopes of the spin
up and down curves possess the same sign in the phase BI (|A,| > Ay,) and different
sign in the phase TI (JA.|] < As,). Consequently, we can construct another topological
quantum number that detects the different phases as the Chern number does:

CQ _ 8§§;§ 6S;;S§ 44)
AR NN VN (

This quantity can also be recognized as a topological charge:

1, |Az| > ASO BI

4
-1, ‘Azl < ASO TI. ( 5)

Crea) =

2

Moreover, we can immediately see that this topological quantum number can be
obtained in momentum space, as well:

08%, DS,
C’islg = sgn Tn__Tn =C%. (46)

OA. OA.
Define now the Stam-Rényi uncertainty products as
;”;g = N[’j‘iféloﬁg (47)
and

T%g = N’?};&ZLUPZE . (48)
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5 3 4 1 3 5 -5 3 -1 1 3 5
Dz/Dso Dz/Aso

Figure 3. Combined difference S’;‘sf for electrons and holes as a function of A, /Ay,
for Landau levels |n| = 1,2, 3,4 for spin up (solid lines) and spin down (dashed lines)
in the valley £ =1 in case of a = 0.75.

In the previous section we proved that P;;£ = 5“55. A similar proof can be given to the
the assertion T%¢ = T"%. Combining the relations (22), (23), (24) and (25) we arrive at
the inequalities:

1< Ple < T (49)

That is, the Stam-Rényi uncertainty products T ;gg act as an upper limit to the Rényi-
Fisher entropy products P%.. Now, we construct the combined Stam-Rényi uncertainty
product for holes and electrons:

T = Tpie + T (50)

In Eq. (50) f stands either the position (p) or the momentum () space density. The
combined Stam-Rényi uncertainty product ij:ig is plotted in Fig. 4. for silicene as a
function of the ratio A, /A, for Landau levels |n| = 1,2, 3,4 for spin up and spin down
in the valley £ = 1. The curves exhibit maxima at the charge neutrality points A, = Ay,
(A, = —A,,) for spin up (down) case. Furthermore, we can also observe that the slopes
of the spin up and down curves have the same sign in the phase BI (|A,| > Ay,) and have
different sign in the phase TI (|A,| < As). Consequently, we can define a topological
quantum number (similar to the Chern number) to identify the different phases utilizing
the combined Stam-Rényi uncertainty products:

\ T, aT;_SE
Cf:f = sgn oA, oA | (51)
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0.47f

-1 3 3 -1
Dz/Aso Dz/Aso

Figure 4. Combined Stam-Rényi uncertainty products T‘ﬁ.& for electrons and holes
as a function of A, /A, for Landau levels |n| = 1,2,3,4 for spin up (solid lines) and
spin down (dashed lines) in the valley £ = 1 in case of a = 0.75.

This quantity can be recogized as a topological charge:

1, |Az| > ASO BI

3 _
Cpe(As) = { “1,|AL < Ago T (52)

5. Conclusions

Rényi-Fisher entropy product has here been presented as a marker of topological phase
transitions in silicene. In this 2D Dirac gapped material, there is a topological phase
transition from the phase TI with |A,| < Ay to the phase BI with |A,| > A.The
Rényi-Fisher entropy product of electrons plus holes displays minimum at the charge
neutrality points A, = Ay, (A, = —A,,) for spin up (down) case. This quantity
can be used to define a topological quantum number capable to identify the different
phases. We have proved that the position and momentum space Rényi-Fisher entropy
products are equal. We have constructed the Stam-Rényi difference of the electrons
plus holes that shows a maximum at the charge neutrality points. This quantity is also
suitable for composing a topological quantum number. We have also defined the Stam-
Rényi uncertainty poduct that has the same value in both the position and mometum
spaces. Furthermore, it provides an upper bound to the Rényi-Fisher entropy product.
Relation (49) gives upper and lower bounds for the Rényi-Fisher entropy product. We
have shown that the combined Stam-Rényi uncertainty poduct for electrons plus holes
exhibit a maximum at the charge neutrality points. This quantity has been utilized in
defining a topological quantum number.
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Capitulo 5

Caracterizacion de transiciones de fase
topologicas en presencia de un campo laser

mediante medidas de informacion

En este capitulo se han utilizado diversas medidas de informacidn para caracterizar las transi-
ciones de fase topoldgicas que tienen lugar en siliceno bajo el efecto de campos electromagnéticos
perpendiculares a este. Ademds, en esta ocasion, también se ha considerado la aplicacién de un
haz de luz laser circularmente polarizada que produce una serie de resultados diferentes a los que

se presentaban en ausencia de dicho campo léser.

Las magnitudes de las que nos hemos valido para realizar este estudio son: los coeficientes
de participacion inversa (IPR), la entropia de Rényi, la entropia de Rényi relativa y la relacién de
incertidumbre de Rényi. Debido a que ya hemos visto las entropias de Rényi en el tema anterior,

aqui solo presentaremos la IPR y la relacion de incertidumbre.

IPR es una cantidad que nos permite conocer el niimero de estados accesibles para una parti-
cula cuando existe una incertidumbre intrinseca sobre la posicion que ocupa dicha particula. Los

coeficientes de participacion inversa vienen dados por [43]

Iy = / " (f@)) d, 5.1)

donde f(z) es una distribucién de probabilidad normalizada.

IPR ha sido estudiada en [43] resultando ser una buena herramienta para localizar las tansicio-

nes de fase topoldgicas que tienen lugar en el siliceno en ausencia de un campo laser. La IPR se
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relaciona con la entropia de Rényi con o = 2 de la siguiente forma
RY = ~log (Iy). (5.2)

Por otro lado, las relaciones de incertidumbre de Rényi también han sido estudiadas en [44]
resultando ser utiles en la labor de caracterizar las TPTs en modelos sin la presencia de luz laser.
La relacion de incertidumbre de Rényi viene dada por
1 1

In< m? (5.3)

— ﬂ_l—ﬁ s

gtsﬁ - R;}f + Rislé > =
donde se debe cumplir o~ + 37! = 2. Esta relacion de incertidumbre da cuenta de como de des-

localizada esté la funcién de onda.
Los resultados obtenidos en esta seccién han sido publicados en:

E. Romera, M. Calixto and J. C. Bolivar, Information measures and topological-band insulator
transitions in 2D-Dirac materials under external circularly polarized lasers, and static electric and
magnetic fields, Physica A, 511, 174-181 (2018).
DOI: https://doi.org/10.1016/j.physa.2018.07.048
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Abstract
The graphene family of 2D-Dirac materials shows different topological phases induced by the
aplication of electric fields and the circularly polarized lasers. In this paper we present an informa-
tional analysis of these topological phases. Additionally, we determine the entropic uncertainty of
these systems in the plane given by the electric and light fields, showing the different topological

phases.
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I. INTRODUCTION

Topological insulator behavior (time-reversal symmetry-protected edge states) was pre-
dicted in [1] and observed in mercury telluride quantum wells [2], and in many others
systems later (see e.g. [3, 4]). Topological insulators are nowadays considered a singular
state of matter [5—7]. The case of 2D topological insulators was predicted theoretically by
Kane and Mele [8], studying the effects of spin orbit interactions on the low energy elec-
tronic structure of graphene (Quantum Spin Hall Effect). Actually, the graphene family is
usually referred to the group of monolayer honeycomb materials like: silicene, germanene,
stanene, plumbene, etc, which are 2D allotropes of Si, Ge, Sn and Pb atoms, respectively,
instead of carbon [9, 10]. An important difference with graphene is that they exhibit a much
stronger intrinsic spin-orbit coupling that opens a gap A, in their electronic band structure
that ranges from 4.2 (silicene) to 200 (plumbene) meV. They also have a buckled structure
[11-15], with their two inequivalent sublattices lying in two distinct parallel planes sepa-

rated by a distance 2¢ (see Figure 1) The lattice distortion (compared to graphene) is due

FIG. 1: Illustration of the buckled honeycomb lattice (cross section) of a member of the graphene
family in the presence of perpendicular electric £, and magnetic B fields. Red and black sites form
two sublattices separated by a distance 2/ that ranges from 2¢ = 0.46A(Si) to 2¢ = 3.00A(Pb).

Arbitrary units.

to the large ionic radius of the atoms compared to carbon (a stronger sp® bonding). This
buckled structure allows a response of these materials to the presence of an out-of-plane
static electric field £, = A,/(e2¢), where A, denotes the staggered sublattice potential and
e the electron charge. The electric field then provides a tunable band gap (Dirac mass)
AS = (A, — 5€Ay)/2, with s = £1 the spin and £ = +1 the Dirac valley.

Optical response of the graphene family has also been recently studied in [16, 17]. Indeed,
a (left + and right —) circularly polarized laser of intensity I and frequency w also modifies

the band structure [18]. Its interaction with the monolayer is described through the coupling
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constant A = +8raviI /w? provided 4|A|hw/3t? < 1, where « is the fine structure constant,
vp = V/3at/2h the Fermi velocity, a is the lattice constant and ¢ is the nearest neighbor
coupling or transfer energy. The Dirac mass gets a contribution from the coupling to the
laser field as AS = (A, — s€A,, + €M) /2, where we have set A = 2A. Rashba couplings are
neglected due to their small effect compared to the intrinsic spin-orbit coupling. We also
disregard additional couplings between the energy bands caused by the light field.

The graphene family exhibits several electronic phases resulting from changes in A$ in-
duced by the electric field A, and the light field A [18]. These phases are characterized the
Chern number C = %Z;é: 11 Esgn(AY), where the prime in the summation indicates that
only non-vanishing A§ # 0 terms should be included. In particular, silicene displays three
distinct topological phases, in addition to the trivial band insulator (BI) phase. For zero
electric A, and laser A fields, silicene is a quantum spin-Hall insulator (QSHI), which is
a particular type of topological insulator (TT). When A, increases and crosses the charge
neutrality point |A,| = |As| (where silicene is a semimetal), it undergoes a phase transition
to a BI. Applying a strong circular polarized laser at fixed A, silicene is transformed from a
QSHI or a Bl into a photoinduced spin-polarized quantum Hall insulator (PS-QHI) and even-
tually into a photoinduced quantum Hall insulator (P-QHI), where velocities of up and down
spins are different. At the crossing points of the two phase boundaries, (A, = 0,A = A,,)
and (A, = A, A = 0), silicene is a spin-polarized metal (SPM) and spin-valley-polarized
semi-metal (SVPM), respectively. Note that the band gaps at £ = £1 Dirac cones can be
made different, and a new interesting state, called single-Dirac cone (SDC), is formed along
a phase boundary that has only one closed gap with a linear dispersion [18].

In this article we propose the use of information measures of Hamiltonian eigenvectors
to explore the phase diagram in the A, — A plane. These are localization measures that
turn out to display different monotonic properties in the diverse phases, thus providing an
alternative characterization to the traditional Chern-number approach. This approach has
been already used in [19-22] to identify topological-band insulator transitions in 2D-gapped
Dirac materials. Moreover, these information theoretic measures have proved to be useful in
characterizing standard quantum phase transitions in some paradigmatic models like: the
superradiant phase in the Dicke model of atom-field interactions [23-27], the linear-to-bent
transition in the vibron model of molecules [28-30] and the ubiquitous Lipkin-Meshkov-Glick
model [31, 32].
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The paper is organized as follows. In section II we present the Dirac-like Hamiltonian for
the low energy band structure at the vicinity of the Dirac points. In section III we study
several information measures to describe topological phase transitions, defining topological-
like quantum numbers. In section IV we relate uncertainty relations and topological phase

transitions. Finally, the last section is left for conclusions.

II. LOW ENERGY HAMILTONIAN AND EIGENSTATES

The low energy band structure in the vicinity of the Dirac points £ = %1 is described by
a Dirac-like Hamiltonian [41, 42]

HSS = UF(Ua:px - fo'ypy) + AEO'Z (1)

with Dirac mass

Az - SgAso + f)‘
A§ = 5 : (2)

This Hamiltonian is obtained from a nearest-neighbor tight-binding model, plus an exter-
nal electric field perpendicular to the plane of the material and irradiated with circularly
polarized light [18].

We shall apply a perpendicular magnetic field B , which is implemented in the Hamiltonian
(1) through the minimal coupling p — p'+ eA for the momentum, where A = (—By,0) is

the vector potential in the Landau gauge, that is

AS vp[&(ps — eBy) — ip,]
vp[€(pe — €By) + ipy —A§

The Hamiltonian eigenvalues at the & points are given by

He =

sgn(n)y/Inlhze? + (A2, 020,
_fAE, n= 07
where the dependence of E¢ with the electric field A, and the light field A is implicit inside

B (AN = (4)

the Dirac mass (2) and w = vpy/2eB/h. The Hamiltonian eigenvectors are given in terms

of Fock states |m) as

~iAt|In] — €2
) = (5)
o\ B - €
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with coefficients

[ |En | +sen(m)AS
AS£ _ Sgn(n) Q‘E:ﬂ ) n 7& 07
n

g—a n= 07
(6)
| B35 | —sgn(n) A
e = )\ s n70, .
§+7 n = 0

where £ = (£ £1)/2.
We know that Fock (number) states |n) can be written in position representation as
1/4 ,—wy?/2
w/*e
yln) = —=——==H, (Vwy
i) == e (V)
where H,, are the Hermite polynomials of degree n. The Hamiltonian eigenvector density in

position (y) representation is

PE(y) = (A5)” praces (v) + (B2E)” pu—e_(v) (7)

with ,
) wl/Qefwy

_ 2

pa(y) = [(y[n)|* = CIING H} (Vwy) (8)
the number-state density. In momentum (p) representation, the Hamiltonian eigenvector
density is

YE() = (A2)* nimes () + (BE) Ymp—e_ (), (9)

where
w—l/Qe—pz/w

Tn(p) = WHZ (p/Vw). (10)

III. INFORMATION THEORETICAL MEASURES AND TOPOLOGICAL
QUANTUM NUMBERS

In this section we will use several information theoretical measures to describe topological
phase transitions. We will consider the Inverse Participation Ratio (IPR), the Rényi entropy
and the relative Rényi entropy. These entropies are closely related to the Havrda-Charvat

entopies [39] (see also Daréezy [40] and Tsallis [38]). Rényi entropies have been calculated

5
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using numerical quadratures. Among other applications, these information measures have
also been used to describe quantum phase transitions in some paradigmatic models like:
the Dicke model of atom-field interactions [23-27], the vibron model of molecules[28-30],
the so called Lipkin-Meshkov-Glick model [31, 32] and silicene in an external magnetic and
electric field [19-22, 33, 34]. In this paper we will prove the usefulness of Rényi entropies
in characterizing the topological phase transitions in 2D Dirac materials under external

circularly polarized lasers.

A. Inverse Participation Ratio

The inverse participation ratio for a density function f(y) is defined as

Iy = /_OO F(y)dy, (11)

The IPR of a Hamiltoninan eigenstate in position representation is then calculated as

L= [ (o) an (12)
In this case, the IPR in position and momentum spaces are proportional, I%slg = w[pflg. We
shall also restrict ourselves to the valley ¢ = 1, omitting this index from (5) and (7). All
the results for the valley £ = 1 are straightforwardly translated to the valley £ = —1 by
swapping electrons for holes (i.e., n <+ —n), spin up for down (i.e., s <> —s) and the sign of

A. The integral (12) can be calculated for every n and gives

Ly = (A3) M1, pni 1 + (B3)* My

+2(A5B;)* M -1 (13)

where
Mon = [ pu@pu(a)is (14)
are integrals of Hermite density products for n,m = 0,1,2,3.... This kind of integrals are

studied in [43]. M, , can be seen as the elements of the infinite dimensional matrix M

1 3 5
12816
13 71
2 4 16 32
M= 23 2 u s
27T 8 16 64 128 " |’
5 11 51 w7
16 32

128 256 "¢
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We will use the combined IPR of electrons plus holes

Lg=1s+1: n>0 (15)
to characterize the TI and BI phases (as in Ref. [20]). Fig. 2 shows the value of fng around
the critical point A,. = —A,, + X as a function of the electric potential A, and the laser
coupling A for s = 1 and the Landau level n = 2, for B = 1072 T (we shall use this value of B
all along the paper). We can see that the combined IPR decreases when it goes form —2A,,
to —A,, + A and increases when it goes from —A,, + A to 2A,,, when A goes from —2A,,
to 2A,,. In fact, we can see that there is a minimum at the critical point A, = —A,, + .
We have checked this behavior for other Landau levels and changing the spin and the valley,

and we always obtain a minimum at the critical point.

AZ/ASO

FIG. 2: jpsg (in in position space at valley £ = 1 as a function of the normalized electric potential
A./Ag, and the laser coupling constant A/Ag, for s = 1 and the Landau level n = 2. Arbitrary

units.

B. Rényi entropy

The Rényi entropy [35, 44] of a density f5¢ function is defined as:

1 o o
Rie= -t [ (750) & 0<a<wazl (16)

For the particular case & = 1 we have the Shannon entropy — [°° f(y)In (f:(y)) and
for @« = 2 we have the relation with the IPR, —In/; = R?. The parameter « plays a role
of focus on head and tails of distributions and it can be considered a tuning parameter to

better analyze the topological phases. Again, we will use the combined, electrons plus holes,
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Rényi entropy [33, 34] to characterize the topological phase transition:
R, = R+ Rje n>0 (17)

The combined Rényi entropy shows in fig. 3 a maximum at the critical point A,. = —A,+ A

FIG. 3: f%;‘:sg in position space at valley £ = 1 as a function of the normalized electric potential
A, /Ag, and the laser coupling constant A/Ag, for s = 1 and the Landau level n = 2 and oo = 0.5.

Arbitrary units.
when we change the electric potential and the laser coupling from —2A,, to 2A,,.

C. Relative Rényi entropy

Let us consider now the relative Rényi entropy [36], given in terms of the two normalized

functions £ and fy = £ as

s€ o
—L-In [* Mdy, 0<a<oo,a#l,

o o a—1 —00 fsﬁ(y) a—1
g -~ (% fsg)(y) (18)
S ) <f§§<y>) y o=l

Again, the combined relative Rényi entropy is written as the sum of the relative Rényi

entropy for electrons plus holes

. . X
= >
Risc p = Rpse g + e (0 20 (19)

In this case we have a similar behavior than in the case of the combined IPR of electrons
plus holes. For the sake of illustration we show the combined electrons and holes relative
Rényi entropy in fig. 4 for s = 1, the Landau level n = 2 and @ = 1 and we can see that it
presents a minimum at the critical point A,. = —A,, + A when the electric potential and
the laser coupling go from —2A,, to 2A,,. We have studied the combined relative Rényi

entropy for other values of o obtaining the same behavior.

8
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FIG. 4: R?sg P in position space at valley £ = 1 as a function of the normalized electric potential
n »JO
A, /A, and the laser coupling constant A/Ag, for s = 1 and the Landau level n = 2 and a = 1.

Arbitrary units.

D. Topological-like quantum numbers

Now, using above quantities we can define topological-like quantum numbers as

(20)

s& —s&
CE(AL) = sgn (aY" oY, )

0A!, 0A/,
where AL = A, + ¢\ and Y% denotes any of the combined entropic measures defined above.

We have checked that

CoE(A) = +1, |AL| > A, BI (21)

-1, |All <A, TI
for any Hamiltonian eigenstate, which characterizes the band insulator (BI) and topological
insultor (TI) phases. Now, we shall define C' = %Zg C¢(A%). In figure 5 we have plotted
C' as a function of A,/A,, and A/A,,, showing that: when C' = —1 (purple regions) the
systems behaves like a topological insulator, whereas when C' = 1 (light brown regions) it

behaves like a band insulator and when C' = 0 (light blue regions) the system is a topological

insulator in one valley and a band insulator in the other one.

IV. UNCERTAINTY RELATIONS

Recently, the relation between the topological phase transitions and the entropic and
the variance-based uncertainty relation has been explored in [21]. Now we will explore the

description of topological phase transitions by means of Rényi uncertainty relations. The
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AZ/ASO

FIG. 5: C as a function of A, /A, y A/Aso. Arbitrary units.

Rényi uncertainty relation is given by [37]

—rla)lng—ﬁlng, (22)

with é—l—% = 2. In the limit « — 1 the Rényi uncertainty relation reduces to Shannon’s and

Unas§ = szf + R,islﬁ >

both are saturated by the Gaussian distribution. Rényi entropy in position space measures
the uncertainty in the localization of the wave function in position space and, equivalently,
in the momentum space, so the higher the Rényi entropy is, the lower the accuracy in
the localization of the wave function and vice versa. Next, we will make use of the Rényi
uncertainty relation (22) to study topological phase transitions in silicene for different values
of the electric potential A,/A,, and laser coupling A\/A,,. We have used different values
of a parameter obtaining similar results. We show the result for £ = 1, n = 2, s = 1 and
« = 2 in figure 6. We have found that the uncertainty has a maximum at the critical values
A,. = —A, + A when we change A, and A from —2A,, to 2A,,, which means that the wave

function delocalizes and spreads at the topological phase transition.

10
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ap
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FIG. 6: Uncertainty relation Ur?sg foré=1,n=2,s=1, =2, and 8 = 2/3. Arbitrary units.

V. CONCLUSIONS

We have studied topological-band insulator transitions in silicene in the presence of per-
pendicular electric and magnetic fields and interacting with circularly polarized laser. We
have analyzed the inverse participation ratio, finding that it reaches minima at the critical
points. Also we have defined the combined electrons and holes Rényi entropies showing that
these measures detect the topological phase transition showing maxima at the critical points.
The examination of the relative Rényi entropies display minima at the critical points. We
have explored a wide range of o parameter values and we have obtained analogous results
for all of them, showing a representative value in each case.

We have defined a new topological-like quantum number using the abovementioned en-
tropic measures. The defined topological number C' gets the value 1 when silicene behaves
like a band insulator, the value —1 when it behaves like a topological insulator and 0 when
the system is a topological insulator in one valley and a band insulator in the other one.

Finally we have analyzed the relation between the topological phase transition and the
Rényi uncertainty relation finding that this uncertainty relation has a minimum at the
critical values showing that the wave function delocalizes and spreads at the topological
phase transition.

All the results can be simply generalized for the other members of the graphene familiy,

that is, germanene, stanene and plumbene.
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Conclusiones generales

En el desarrollo de esta tesis se ha utilizado un modelo de Hamiltoniano efectivo que describe
el comportamiento de los materiales pertenecientes a la familia del grafeno. Aunque esta familia
de materiales es amplia, nosotros nos hemos centrado en el estudio del siliceno, pudiendo extender
de forma sencilla los resultados encontrados para el resto de materiales de Dirac bidimensionales.
Mediante el uso de este Hamiltoniano, hemos conseguido caracterizar y localizar 1o que se conoce
como transicion de fase topoldgica, esto es, la transicion entre un aislante de banda convencional
a un aislante topoldgico. Esta transicion de fase tiene lugar en los puntos de carga neutra que son
aquellos puntos donde el acoplamiento espin-6rbita se cancela con el campo eléctrico, es decir,
cuando A, = 0. Para realizar esta caracterizacion, se han utilizado diversas magnitudes fisicas y
se ha estudiado su comportamiento en los ya citados CNPs, esto es, en Agpo (—Agp) para s = 1
(s =—1).

En primer lugar, mediante el estudio de medidas relacionadas con la evolucion temporal de
paquetes de onda (corrientes y Fidelidad) hemos podido encontrar comportamientos interesantes
que nos han permitido caracterizar las TPTs. Por un lado, mediante el anélisis del comportamiento
de la evolucién temporal de paquetes de onda electrénicos en una monocapa de siliceno bajo la
influencia de un campo magnético y otro eléctrico (ambos perpendiculares a la 1dmina de material
2D) se ha comprobado que aparecen dos periodicidades, clédsica y revival, que alcanzan valores
extremos en los CNPs. Ademds, el comportamiento de las corrientes, j, y j,, para diferentes va-
lores del campo eléctrico proporcionan una caracterizacion adicional de las TPTs, debido a que
la amplitudes de las corrientes, M, y M,, alcanzan un valor extremo en los puntos criticos. Por
otro lado, hemos estudiado la Fidelidad (tanto dependiente como independiente del tiempo) como
una funcién de la intensidad del campo eléctrico aplicado. Para esto, hemos utilizado dos tipos de
paquetes de onda, siendo un paquete Gaussiano el de Tipo I y uno tipo gato el de Tipo II. En este
sistema aparecen varias escalas temporales que se han denominado como periodicidades Losch-
midt: Zitterbewegung, cldsica y revival. Dichas periodicidades divergen cerca de los CNPs por lo
que son un buen indicador de la TPT. Adicionalmente, se ha encontrado que la amplitud de la
Fidelidad también es un buen marcador de la TPT debido a que alcanza un valor extremo en los
CNPs.

En segundo lugar, también se han conseguido caracterizar las TPTs mediante el uso de medidas
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de informacion. La informacion de Fisher, las relaciones de incertidumbre de Stam o medidas de

complejidad han sido algunas de las magnitudes utilizadas.

Mediante un andlisis numérico tanto de la entropia relativa de Rényi como de medidas de
complejidad relativa, ambas relacionadas con la funcién densidad, hemos conseguido caracterizar
las transiciones de fase topoldgicas en siliceno. En primera instancia, el estudio de la entropia
combinada de Rényi, R;? Y las medidas de complejidad combinada, C (55620’ de electrones y
huecos como funciones del7p0tencial eléctrico, A, nos han permitido caracteriiar las TPTs debido
a que estas magnitudes alcanzan valores extremos en los puntos de carga neutra. Ademads, el estudio
de las pendientes de las curvas que describen estas cantidades nos ha permitido definir dos nuevos
numeros cuénticos topologicos (similares al nimero de Chern) cuyos signos caracterizan la fase

aislante (de banda o topoldgico) en la que se encuentra el sistema.

La informacién de Fisher también ha resultado ttil como marcador de las TPTs en siliceno.
Hemos comprobado que la suma de la informacién de Fisher de electrones y huecos muestra un
minimo en los CNPs. Con esta medida se ha conseguido definir un nimero cudntico topolégico
nuevo capaz de identificar las diferentes fases aislantes del sistema. Se ha conseguido establecer
una relacion sencilla entre las medidas de Fisher en el espacio de momentos y de posiciones. Por
otro lado, la suma combinada de la informacién de Fisher de electrones y huecos muestra un mi-
nimos en los puntos de carga neutra. Ademads, hemos encontrado limites superiores e inferiores
para la informacién de Fisher tanto en el espacio de momentos como en el de posiciones. Hemos
analizado la diferencia de la varianza y la inversa de la medida de Fisher encontrando que la suma
de esta cantidad para electrones y huecos alcanza valores minimos en los puntos de carga neutra.
A partir de esta medida, se ha podido definir un nuevo nimero cudntico tanto en el espacio de mo-
mentos como en el espacio de posiciones. También nos hemos valido de las desigualdades de Stam
para detectar las transiciones de fase topoldgicas y definir otro nimero cudntico topolégico. De
forma complementaria, se han obtenido otras ligaduras inferiores y superiores para la informacién

de Fisher modificada combinada.

El producto entrdpico de Rényi-Fisher ha sido otra buena herramienta para identificar la transi-
cidén de fase topoldgica en siliceno. La suma del producto entrépico de Rényi-Fisher de electrones
y huecos muestra un minimo en los puntos de carga neutra, pudiendo usar esta cantidad para definir
un nuevo nimero cudntico topoldgico capaz de identificar las diferentes fases del sistema. Se ha
demostrado que el producto entrépico de Rényi-Fisher es igual tanto en el espacio de momentos
como en el de posiciones. Por otra parte, hemos construido la diferencia de la relacioén de incerti-
dumbre de Stam-Rényi para electrones y huecos que muestra un méximo en los puntos de carga
neutra. Esta cantidad es también util para construir un nimero cudntico topolégico. Hemos defini-
do también el producto de incertidumbre de Stam-Rényi cuyo valor en los espacios de momentos
y de posiciones coincide. Adicionalmente, hemos encontrado un limite superior para el produc-

to entrépico de Rényi-Fisher. Complementariamente, hemos encontrado una relacidén que permite
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establecer un limite (tanto superior como inferior) al producto entrépico de Rényi-Fisher. Hemos
mostrado que la incertidumbre combinada del producto entrépico de Stam-Rényi para electrones y
huecos exhibe un maximo en los puntos de carga neutra, hecho que ha sido ttil en la determinacién
de otro niimero cudntico topoldgico similar al nimero de Chern.

En tercer lugar, en el dltimo capitulo de esta tesis, se ha utilizado el modelo de Hamiltoniano
efectivo en sistemas compuestos por una ldmina de siliceno bajo la influencia (ademds de los
campos electromagnéticos que ya teniamos) de un haz laser de luz circularmente polarizada. En
este tipo de sistemas se ha detectado que las TPTs se producen también en los puntos donde
Age = 0 con la peculiaridad de que ahora nuestro sistema puede acceder a una cantidad de estados
aislantes mas grande que antes. Mediante el uso de medidas de la informaciéon hemos conseguido
caracterizar los lugares donde se producen estas TPTs y, adicionalmente, hemos conseguido definir
un ndmero cudntico que nos aporta informacién extra sobre los posibles estados a los que puede
acceder el sistema. Bajo estas condiciones, hemos analizado el coeficiente de participacion inversa
(IPR), encontrando que alcanza un valor minimo en los puntos criticos. También hemos definido la
entropia combinada de Rényi de electrones y huecos que muestra un valor maximo en los puntos de
carga neutra. Tras la exploracion de la entropia relativa de Rényi se ha detectado que tiene un valor
minimo en los puntos criticos. Se ha observado el mismo comportamiento para un amplio abanico
de valores de « considerados y de los que se ha mostrado un valor representativo en cada caso.
Hemos podido definir un nuevo nimero cudntico topoldgico utilizando las medidas de informacién
anteriores. Este nimero topoldgico adquiere el valor 1 cuando el siliceno se comporta como un
aislante, el valor —1 cuando se comporta como un aislante topolégico y 0 cuando el sistema es un
aislante topoldgico en un valle y un aislante de banda convencional en el otro. Por dltimo, hemos
analizado la relacion entre la transicion de fase topoldgica y la relacion de incertidumbre de Rényi,
encontrando que esta relacion de incertidumbre posee un minimo en los puntos de carga neutra, lo
que muestra que la funcién de onda se deslocaliza y se propaga en la transicion de fase topoldgica.

Todos los resultados encontrados en este trabajo para el siliceno pueden ser extendidos de
forma sencilla a los demds materiales de Dirac bidimensionales (germaneno, estaneno o plumbeno)
sin mds que modificar los valores de los pardmetros caracteristicos de este material: distancia
intrarred [ , acoplamiento espin-6rbita Agp y velocidad de Fermi vg.

Algunas de las propiedades y comportamientos que se han encontrado a lo largo de este trabajo
podrian ser utilizados para el desarrollo de nuevos dispositivos de interferencia cudntica (como, por

ejemplo, dispositivos FET).
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General conclusions

We have utilized an effective Hamiltonian model for our calculations. This Hamiltonian des-
cribes the behavior of a sheet of silicene (this material belongs to the Dirac materials family) under
two electromagnetics fields (one electric and another magnetic). With this model, we have been

able to charazterize the topological phase transitions in this type of materials.

We have shown that the evolution of wave packets can be used as a tool to characterize topo-
logical band-insulator transitions in silicene. In particular, we have used an effective Hamiltonian
model to analyze the time evolution of electron wave packets in a monolayer of silicene under
perpendicular electric and magnetic fields. Two different periodicities appear in this system, the
classical and revival times. Both quantities reach a maximum at the CNP Agp (-Agp) for s = 1
(s = —1), thus providing a characterization of the TPT. Moreover, the behavior of the amplitudes
of the electron currents, j, and j,, for different values of the electric field provides an additional
characterization of the TPTs, inasmuch the maximum value of the currents, M, and M,, reaches a
maximum value at the CNPs. We have checked that this is a common feature for different values

of the magnetic field.

We have studied Zitterbewegung, classical and revival periods for silicene as a function of
electric field intensity when the electric field is changed by a very small amount. We have used
two different kinds of wave packets. Type I packet is a simple Gaussian while Type II is a double
Gaussian cat state. We have shown that all three Loschmidt periods diverge close to the charge
neutrality point. The offset with respect to this point is determined by the amount the electric field
is changed. We have also proven that time-independent as well as time-dependent fidelities can
be used as markers of topological phase transitions in silicene (and other 2D gapped materials)
and that time-independent fidelity is equal to the maximum of the time-dependent one for Type I

packets but not for Type II packets.

We have analyzed the relative Rényi entropies and the relative complexity measures of the
charge densities of silicene in external magnetic and electric fields using an effective Hamiltonian
model. A numerical investigation of these quantities in this system has led us to find out two new
topological quantum numbers to characterize the topological insulator and band insulator phases in

silicene. The study of the combined relative Rényi entropies I%(C:E) and the combined complexity

n PO

measures C' (fga) of electrons and holes as a function of the electric potential A, and for spin up

Pn’5P0
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and down electrons, clearly show that (i) they reach an extremum at the transition points (ii) the
slopes of these curves for spin up and down Dirac electrons along the different band insulator (BI)
and topological insulator (TI) phases provide two (Chern-like) topological quantum numbers, in

fact the TI and BI phases are characterized by the signs of these quantum numbers.

We have studied how Fisher information characterizes topological phase transitions in silicene.
The Fisher information of electrons plus holes exhibits a minimum at the charge neutrality points.
Moreover, a topological quantum number capable to identify the different phases has been defined
utilizing combined Fisher measures. We have derived a simple relation between position and mo-
mentum space Fisher measures. The phase space entropy sum has been also investigated here. The
modified combined Fisher information sum of electrons plus holes shows a minimum at the charge
neutrality points. Upper and lower bounds for the Fisher information have been derived both in
position and momentum spaces. Furthermore, we have analyzed the difference of the variance and
the inverse Fisher measures. It has turned out that the sum of the differences for electrons and ho-
les exhibits minima at the charge neutrality points. A topological quantum number can be defined
utilizing this quantity both in position and momentum spaces. Stam inequality has also turned out
to be useful in detecting topological phase transitions and defining a topological quantum number.

Finally, upper and lower bounds have been obtained for the phase-space Fisher information.

Rényi-Fisher entropy product has been presented here as a marker of topological phase transitions
in silicene. The Rényi-Fisher entropy product of electrons plus holes displays a minimum at the
charge neutrality points. This quantity can be used to define a topological quantum number capable
to identify the different phases. We have proved that position and momentum space Rényi-Fisher
entropy products are equal. We have constructed the Stam-Rényi difference of the electrons plus
holes that shows a maximum at the charge neutrality points. This quantity is also suitable for com-
posing a topological quantum number. We have also defined the Stam-Rényi uncertainty poduct
that has the same value in both position and momentum spaces. Furthermore, it provides an upper
bound to the Rényi-Fisher entropy product. We have found a relation that gives upper and lower
bounds for the Rényi-Fisher entropy product. We have shown that the combined Stam-Rényi un-
certainty poduct for electrons plus holes exhibits a maximum at the charge neutrality points. This

quantity has been utilized in defining a topological quantum number.

We have also studied topological-band insulator transitions in silicene in the presence of per-
pendicular electric and magnetic fields and interacting with circularly polarized laser radiation. We
have analyzed the inverse participation ratio, finding that it reaches minima at the critical points.
We have also defined the combined electrons and holes Rényi entropies showing that these measu-
res detect the topological phase transition showing maxima at the critical points. The examination
of the relative Rényi entropies shows minima at the critical points. We have explored a wide range
of o parameter values and we have obtained analogous results for all of them, showing a repre-

sentative value in each case. In addition, we have defined a new topological-like quantum number
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using the abovementioned entropic measures. The defined topological number C' gets the value
1 when silicene behaves like a band insulator, the value —1 when it behaves like a topological
insulator and 0 when the system is a topological insulator in one valley and a band insulator in the
other one. Furthermore, we have analyzed the relation between the topological phase transition and
the Rényi uncertainty relation finding that this uncertainty relation has a minimum at the critical
values showing that the wave function delocalizes and spreads at the topological phase transition.

Besides, all the results found here can be simply generalized for the other members of the
2D Dirac materials family, that is, germanene, stanene and plumbene, by changing the interlattice

distance, [, the intrinsic spin-orbit coupling, and the Fermi velocity parameters.
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