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This paper proposes a generalization of the imprecise probability model given by probability 
intervals on singleton sets. This enables us not only to represent probability intervals in a 
hierarchy of sets with a tree structure but also to represent other models such as possibility 
measures and generalized p-boxes. The paper also shows how the resulting model is always an 
order-2 capacity and that the basic operations of checking coherence, computing the natural 
extension or conditioning can be performed in an extremely efficient way.

1. Introduction

One of the basic problems of imprecise probabilities is to check whether a set of assessments (upper and lower previsions) avoids 
sure loss, and, if it does, to compute its natural extension [25]. Other interesting problems include computing the set of extreme 
probabilities or determining the conditional upper and lower previsions. Generally speaking, these are expensive computational 
problems for general previsions, but in some particular relevant cases, they can be efficiently solved. In the general case, checking 
coherence or computing the natural extension can be performed using linear programming [27].

Due to the computational complexity of using general intervals in real applications, less general and more efficient models 
are usually considered. The case of elementary probability intervals [2] is of special interest as there are explicit expressions for 
checking coherence and efficient algorithms to compute the natural extension. There are also algorithms to compute all the extreme 
probabilities of the associated credal set [2]. If 𝑋 is a finite frame of discernment, an elementary interval probabilistic specification 
is a set of probability intervals for each element 𝑥 ∈𝑋, i.e. a family of intervals [𝑃 ({𝑥}), 𝑃 ({𝑥})], 𝑥 ∈𝑋.

A key issue of elementary intervals is that they always result in an order-2 capacity [4,14,15] and, therefore, certain operations 
such as computing extreme probabilities of the associated credal set or calculating the conditional upper and lower probabilities can 
be performed more efficiently and directly due to the special characterization of extreme probabilities [6] and conditional intervals 
[3] in order-2 capacities.

In this paper, we extend the results for elementary intervals to the more general setting of hierarchical interval specifications. A 
hierarchical interval specification is a family of intervals [𝑃 (𝐴), 𝑃 (𝐴)] in which events can be structured as a tree in such a way that 
the events associated with the children of a node are a partition of the event associated with the node. We also show how simple 
algorithms can be used to check coherence and compute the natural extension. Previous algorithms in [2] for elementary intervals 
are a particular case of the algorithms provided in this paper. We also demonstrate that these intervals always result in an order-2 
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capacity, providing fast procedures to compute not only extreme probabilities and conditional probabilities but also the upper and 
lower previsions of a general gamble.

Hierarchical intervals should not be confused with hierarchical Bayesian probabilistic models which have a family of variables 
that are dependent on a set of parameters related by means of a sequence of conditional probability distributions [12]. Although this 
paper considers imprecision in probabilities, there is another important difference: our model is applied to unconditional rather than 
conditional probabilistic specifications. The imprecise probability tree model [7] is more similar to the Bayesian hierarchical model 
that is also based on conditional information.

Our model also includes other well-known representations of uncertainty that are very common in literature such as possibility-

necessity intervals [10] and p-boxes [8]. In this way, we unify some of the most common imprecise specifications used in practice 
into a single framework.

The paper is structured in the following way: Section 2 provides the basic framework to introduce the important concepts 
and results, and follows a logical approach to differentiate between the initial specification from the associated consequences (the 
natural extension). Section 3 introduces the concept of hierarchical interval specification and provides the basic algorithms for 
checking coherence and computing the natural extension. Furthermore, a procedure is given to compute the natural extension in 
an incremental way whenever a new element is added to a set. Section 4 proves that hierarchical intervals always produce order-2 
capacities and provides an algorithm to compute the extreme probability associated with a specific order of the elements of the 
referential set. The comparison with existing models is presented in Section 5, where the differences with the imprecise probability 
tree model is discussed and the inclusion of other models as p-boxes is presented. Finally, Section 6 outlines our conclusions and 
discusses our future lines of work.

2. Basic concepts

Let us assume a referential set with a finite number of elements, 𝑋 = {𝑥1, … , 𝑥𝑛}. A probabilistic interval specification [25,28] is a 
triplet (, 𝑃 , 𝑃 ), where  is a family of subsets of 𝑋 ( ⊆ 2𝑋 ) and 𝑃 , 𝑃 are mappings from  into [0, 1], such that 𝑃 (𝐴) ≤ 𝑃 (𝐴), ∀𝐴 ∈.

Given a probabilistic interval specification 𝑆 = (, 𝑃 , 𝑃 ), its associated set of dominated probability measures [16,18,25] is the 
set

(𝑆) = {𝑃 ∈ (𝑋) ∶ 𝑃 (𝐴) ≤ 𝑃 (𝐴) ≤ 𝑃 (𝐴), ∀𝐴 ∈}, (1)

where (𝑋) is the set of all the probability measures on 𝑋. (𝑆) is always closed and convex and is called the associated credal set 
with 𝑆. If 𝑃 is a probability measure on 𝑋, we will denote its probability distribution as 𝑝. We will also use 𝑚(𝑆) to denote the set 
of probability distributions associated with the probability measures in (𝑆).

It is said that 𝑆 = (, 𝑃 , 𝑃 ) avoids sure loss if and only if (𝑆) ≠ ∅. Henceforth, all probabilistic specifications are assumed to 
avoid sure loss, even when this is not explicitly specified.

The natural extension of 𝑆 is the interval specification 𝐸(𝑆) = (2𝑋, 𝑃 ′, 𝑃 ′
) where

𝑃 ′(𝐴) = inf
𝑃∈(𝑆)

𝑃 (𝐴), 𝑃
′
(𝐴) = sup

𝑃∈(𝑆)
𝑃 (𝐴), ∀𝐴 ∈ 2𝑋. (2)

It is said that (, 𝑃 , 𝑃 ) is coherent if and only if 𝑃 (𝐴) = 𝑃 ′(𝐴), 𝑃 (𝐴) = 𝑃
′
(𝐴), ∀𝐴 ∈.

In the natural extension, only one interval limit is required since the following equality is always satisfied:

𝑃 ′(𝐴) + 𝑃
′
(𝐴𝑐 ) = 1, (3)

where 𝐴𝑐 is the complementary set of 𝐴 with respect to 𝑋.

It is said that 𝑆1 = (1, 𝑃 1, 𝑃 1) and 𝑆2 = (2, 𝑃 2, 𝑃 2) are equivalent if and only if they have the same natural extension 𝐸(𝑆1) =
𝐸(𝑆2). Generally speaking, equivalent probabilistic intervals provide the same information about an unknown value on 𝑋. It is 
desirable that a system of probabilistic intervals be coherent. If 𝑆1, 𝑆2 are coherent and equivalent specifications and 1 ⊆2, then 
𝑆1 is shorter and requires less space to be stored, but 𝑆2 is more complete as the upper and lower probabilities for events 𝐴 ∈2 ⧵1
are already computed and we do not need to use Expression (2) to obtain them. Therefore, there is a space/time trade-off between 
short/large specifications. The coherent specifications defined in  = 2𝑋 are said to be complete. The natural extension is always 
complete.

An interval probabilistic specification 𝑆 = (, 𝑃 , 𝑃 ) is said to be elementary if and only if  = {{𝑥} ∶ 𝑥 ∈𝑋}, i.e. the intervals are 
given for singleton subsets of 𝑋. These elementary interval specifications can be equivalently determined by giving intervals in the 
associated probability distribution, [𝑝(𝑥), 𝑝(𝑥)], ∀𝑥 ∈𝑋.

In [2], it was proved that an elementary specification avoids sure loss if and only if∑
𝑥∈𝑋

𝑝(𝑥) ≤ 1 ≤
∑
𝑥∈𝑋

𝑝(𝑥), (4)

and it is coherent if and only if∑
𝑝(𝑥) + 𝑝(𝑦) ≤ 1 ≤

∑
𝑝(𝑥) + 𝑝(𝑦), ∀𝑦 ∈𝑋. (5)
2

𝑥∈𝑋
𝑥≠𝑦

𝑥∈𝑋
𝑥≠𝑦
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If an elementary interval specification 𝑆 avoids sure loss, its natural extension 𝐸(𝑆) = (2𝑋, 𝑃 ′, 𝑃 ′
) is given by [2],

𝑃 ′(𝐴) = max{
∑

𝑥∈𝐴 𝑝(𝑥),1 −
∑

𝑥∉𝐴 𝑝(𝑥)},

𝑃
′
(𝐴) = min{

∑
𝑥∈𝐴 𝑝(𝑥),1 −

∑
𝑥∉𝐴 𝑝(𝑥)},

∀𝐴⊆𝑋. (6)

Example 1. Let us assume 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and the elementary specification given by the intervals 𝑝(𝑥𝑖) = 0.2, 𝑝(𝑥𝑖) = 0.3 for any 𝑥𝑖. 
We can easily verify that this specification avoids sure loss and is coherent. In this case, the lower intervals of the natural extension 
are given by

𝑃 ′(𝐴) = 0.2min{|𝐴|,2} + 0.3max{|𝐴|− 2,0}, ∀𝐴⊆𝑋.

The natural extension of an interval specification 𝑆 = (, 𝑃 , 𝑃 ) is always complete, but it might be convenient to represent it by 
providing intervals in a more reduced set of intervals. The natural extension can, in fact, always be equivalently specified on the 
same set  as 𝑆, as it is proved by the following result.

Proposition 1. Let 𝑆 = (, 𝑃 , 𝑃 ) be an interval specification that avoids sure loss, and 𝐸(𝑆) = (2𝑋, 𝑃 ′, 𝑃 ′
) be its natural extension. If 

𝑆′ = (, 𝑃 ′, 𝑃 ′
), then 𝑆′ and 𝐸(𝑆) are equivalent.

Proof. 𝑆′ and 𝐸(𝑆) are equivalent when they define the same set of probability measures, i.e. when (𝑆′) =(𝐸(𝑆)).
Since 𝑆′ assigns the same values of lower and upper probabilities as 𝐸(𝑆) but in a smaller family of sets, then it is obvious that 

the associated sets computed by expression (1) satisfy (𝐸(𝑆)) ⊆(𝑆′).
Moreover, it is well known [25, pag. 136] that (𝑆) =(𝐸(𝑆)), and that 𝑆 is defined for the same sets as 𝑆′ and that 𝑃 ′(𝐴) ≥

𝑃 (𝐴), 𝑃 ′
(𝐴) ≤ 𝑃 (𝐴). Consequently, the reverse inclusion (𝑆′) ⊆(𝑆) =(𝐸(𝑆)) is also satisfied.

Henceforth, 𝑆′ = (, 𝑃 ′, 𝑃 ′
) will be called the partial natural extension of 𝑆 and denoted by 𝐸′(𝑆).

An interval specification 𝑆 is said to be an order-2 capacity [14,15] if and only if

𝑃 ′(𝐴1 ∪𝐴2) + 𝑃 ′(𝐴1 ∩𝐴2) ≥ 𝑃 ′(𝐴1) + 𝑃 ′(𝐴2), ∀𝐴1,𝐴2 ⊆𝑋, (7)

or, equivalently,

𝑃
′
(𝐴1 ∪𝐴2) + 𝑃

′
(𝐴1 ∩𝐴2) ≤ 𝑃

′
(𝐴1) + 𝑃

′
(𝐴2), ∀𝐴1,𝐴2 ⊆𝑋, (8)

where (𝑃 ′, 𝑃 ′
) are the probability intervals of the natural extension of 𝑆.

It is well known that an elementary specification is always an order-2 capacity [2]. In order-2 capacities, the extreme points of 
their associated credal set can be computed in the following way: for each 𝜎 permutation in {1, … , 𝑛}, we consider the probability 
distribution 𝑝𝜎 on 𝑋 given by

𝑝𝜎 (𝑥𝜎(𝑖)) = 𝑃 ′({𝑥𝜎(1),… , 𝑥𝜎(𝑖)}) − 𝑃 ′({𝑥𝜎(1),… , 𝑥𝜎(𝑖−1)}), 𝑖 = 1,… , 𝑛, (9)

where 𝑃 ′ is the lower probability in the natural extension.

In the case of elementary probability intervals, the number of extreme probability distributions is usually much lower than 𝑛! and 
in [2] an efficient algorithm is given to compute them. There is an implicit result underlying this algorithm that we will now proceed 
to formally state and prove.

Proposition 2. If we have a coherent set of elementary probability intervals 𝑆 given by lower and upper probability distributions (𝑝, 𝑝) such 
that ∑𝑦∈𝑋 𝑝(𝑦) < 1, then the set of the extreme probabilities of their associated credal set 𝑚(𝑆) is given by the probability distributions 𝑝(𝐴,𝑥), 
where (𝐴, 𝑥) is the set of pairs in which 𝐴 is a subset 𝐴 ⊆𝑋 and 𝑥 is an element 𝑥 ∈𝑋 ⧵𝐴 such that

𝑃 ′(𝐴) =
∑
𝑦∈𝐴

𝑝(𝑦), 𝑃 ′(𝐴 ∪ {𝑥}) >
∑

𝑦∈𝐴∪{𝑥}
𝑝(𝑦). (10)

In this case, 𝑝(𝐴,𝑥) is given by

𝑝(𝐴,𝑥)(𝑦) =
⎧⎪⎨⎪⎩
𝑝(𝑦) if 𝑦 ∈𝐴

1 −
∑

𝑧∉(𝐴∪{𝑥}) 𝑝(𝑧) −
∑

𝑧∈𝐴 𝑝(𝑧) if 𝑦 = 𝑥

𝑝(𝑦) if 𝑦 ∈𝑋 ⧵ (𝐴 ∪ {𝑥})
(11)

See proof on page 16.

Although the case ∑𝑦∈𝑋 𝑝(𝑦) = 1 is not covered by the previous proposition, it is a trivial situation since in this case under 
coherence, we must have 𝑝(𝑥) = 𝑝(𝑥), ∀𝑥 ∈𝑋 and, therefore, there is a single probability distribution in 𝑚(𝑆) given by 𝑝(𝑥) = 𝑝(𝑥), ∀𝑥 ∈
3

𝑋.
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Example 2. With the intervals given in Example 1, the extreme probabilities are associated with pairs (𝐴, 𝑥) where 𝐴 has two 
elements. Furthermore, since 𝑝(𝐴,𝑥) = 𝑝(𝐴,𝑦), for any 𝑥, 𝑦 ∉ 𝐴, the extreme probabilities only depend on 𝐴. There is one for each 
𝑥𝑖, 𝑥𝑗 ∈𝑋 denoted by 𝑝𝑖𝑗 given by

𝑝𝑖𝑗 (𝑥𝑖) = 𝑝𝑖𝑗 (𝑥𝑗 ) = 0.2, 𝑝𝑖𝑗 (𝑥𝑙) = 0.3 (𝑙 ≠ 𝑖, 𝑙 ≠ 𝑗) (12)

A set of probability measures  in 2𝑋 always defines a coherent and complete set of probability intervals 𝑆(), given by

𝑃 (𝐴) = inf
𝑃∈

𝑃 (𝐴), 𝑃 (𝐴) = sup
𝑃∈

𝑃 (𝐴), ∀𝐴 ∈ 2𝑋. (13)

It is important to note that several sets of probabilities can define the same set of probability intervals, with (𝑆) being the 
greatest one. In general, a set of probability intervals 𝑆 is considered to be equivalent to (𝑆), while other smaller sets defining 
the same intervals are considered to be more informative [25]. If we start with an arbitrary set  and compute its associated set of 
probability intervals, 𝑆() can be considered to be an approximate outer representation of  (equivalent to a larger set of probability 
measures).

There are several possible definitions of conditioning in imprecise probability. In this paper, we consider regular conditioning 
[25]. This is defined in terms of credal sets. If  is a credal set and 𝐴 ⊆𝑋, then the conditioning of  to 𝐴 is the credal set

𝐴 = {𝑃 (.|𝐴) ∶ 𝑃 ∈, 𝑃 (𝐴) > 0}, (14)

where 𝑃 (.|𝐴) denotes the conditional probability 𝑃 given 𝐴, which is properly defined if and only if 𝑃 (𝐴) > 0.

The conditional set of an interval specification 𝑆 = (, 𝑃 , 𝑃 ) to event 𝐴 ⊆𝑋 can be defined as the complete interval specification 
𝑆𝐴 = (2𝑋, 𝑃 (.|𝐴), 𝑃 (.|𝐴)) obtained with the following procedure:

• Compute the credal set associated with 𝑆 (Expression (1)): (𝑆)
• Compute the conditioning of (𝑆) to 𝐴 (Expression (14)): (𝑆)𝐴
• Compute 𝑆𝐴 as the interval specification associated with (𝑆)𝐴 (Expression (13)): 𝑆((𝑆)𝐴).

We can see how the conditional interval specification is always complete, except when it is not defined, i.e. when 𝑃 ′
(𝐴) = 0, 

where 𝑃 ′
(𝐴) denotes the upper probability of 𝐴 in the natural extension.

Example 3. In the case of the intervals given in Example 1, if the conditioning set is 𝐴 = {𝑥1, 𝑥2, 𝑥3}, then the credal set will be 
generated by 𝑝𝑖𝑗 (.|𝐴), where 𝑝𝑖𝑗 are the probability distributions given in Example 2. These conditional probabilities are1:

𝑝𝑖𝑗 (𝑥𝑖|𝐴) = 𝑝𝑖𝑗 (𝑥𝑗 |𝐴) = 2∕7, 𝑝𝑖𝑗 (𝑥𝑙|𝐴) = 3∕7, 𝑙 ≠ 𝑖, 𝑙 ≠ 𝑗 if 𝑥𝑖, 𝑥𝑗 ∈𝐴

𝑝𝑖𝑗 (𝑥𝑖|𝐴) = 1∕4, 𝑝𝑖𝑗 (𝑥𝑙|𝐴) = 3∕8, 𝑙 ≠ 𝑖, if 𝑥𝑖 ∈𝐴, 𝑥𝑗 ∉𝐴.
(15)

The intervals associated with these probability distributions are the intervals of 𝑆((𝑆)𝐴) and are given for the subsets of 𝐴 by

𝑃 ({𝑥𝑖}|𝐴) = 1∕4, 𝑃 ({𝑥𝑖, 𝑥𝑗}|𝐴) = 4∕7, 𝑃 ({𝑥1, 𝑥2, 𝑥3}|𝐴) = 1

In this case, it can be seen how this set of probability intervals can be represented by a set of elementary probability intervals 
(𝑝

𝐴
, 𝑝𝐴):

𝑝
𝐴
(𝑥𝑖) = 1∕4, 𝑝𝐴(𝑥𝑖) = 3∕7, 𝑖 = 1,2,3

One of the extreme probabilities of the credal set associated with this interval specification is given by

𝑝(𝑥1) = 1∕4, 𝑝(𝑥2) = 9∕28, 𝑝(𝑥3) = 3∕7

This probability distribution is not a convex combination of the probability distributions in Expression (15). In order to obtain 
𝑝(𝑥1) = 1∕4, it is only possible to select the probability in the second row but then 𝑝(𝑥2) should be equal to 3∕8.

The conclusion is that the step from the credal set defined in Expression (15) to the probability intervals increases the associated 
credal set and there is an ensuing loss of information. In order to obtain the entire credal set exactly, it is necessary to add the upper 
and lower previsions (intervals on general gambles or functions defined on 𝑋) [16,17].

When the initial specification 𝑆 is an order-2 capacity, the upper and lower conditional intervals can be computed directly 
without the use of the associated credal set (𝑆) using the following result [3]:

Proposition 3. If the interval specification 𝑆 is an order-2 capacity, then the conditional intervals can be computed using the following 
expressions:
4

1 In order to simplify, we only specify the conditional information of elements or sets in the conditioning set 𝐴.
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𝑋,[1,1]

{𝑥1 ,𝑥2},[0.25,0.6]

{𝑥1},[0.1,0.4] {𝑥2},[0.1,0.4]

{𝑥3 ,𝑥4},[0.25,0.6]

{𝑥3},[0.1,0.4] {𝑥4},[0.1,0.4]

Fig. 1. Interval tree for Example 5.

𝑃 (𝐵|𝐴) = 𝑃 ′(𝐴 ∩𝐵)

𝑃 ′(𝐴 ∩𝐵) + 𝑃
′
(𝐴𝑐 ∩𝐵)

, 𝑃 (𝐵|𝐴) = 𝑃
′
(𝐴 ∩𝐵)

𝑃
′
(𝐴 ∩𝐵) + 𝑃 ′(𝐴𝑐 ∩𝐵)

, (16)

where (𝑃 ′, 𝑃 ′
) are the intervals of the natural extension of 𝑆.

It is important to note that if 𝑆 is defined for sets in , the conditional specification 𝑆𝐴 should be complete, as it is generally 
not equivalent to the interval specification defined on the same set  with the intervals given by Expression (16) as the following 
example shows:

Example 4. Let us consider 𝑆 on 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5} and the elementary interval specification given by (𝑝, 𝑝) where 𝑝(𝑥𝑖) =
0.1, 𝑝(𝑥𝑖) = 0.3, ∀𝑥𝑖 ∈𝑋. If 𝐴 = {𝑥1, 𝑥2, 𝑥3, 𝑥4}, then

𝑃 ({𝑥𝑖}|𝐴) = 1∕9, 𝑃 ({𝑥𝑖}|𝐴) = 3∕7, ∀𝑖 = 1,… ,4.

Furthermore, 𝑃 ({𝑥1, 𝑥2}|𝐴) = 1∕4. The natural extension of conditional elementary intervals to this set, however, would imply 
𝑃 ′({𝑥1, 𝑥2}|𝐴) = 2∕9 (using Expression (6)). In this way, the conditional intervals are not equivalent to these intervals that are 
restricted to the set  in which 𝑆 is defined. If the conditional intervals are only computed for sets in , then an additional 
approximation is performed.

3. Hierarchical intervals

In this section, we generalize elementary probability intervals to specifications that can provide intervals for additional sets while 
retaining most of the properties of elementary interval specifications, and provide algorithms to check sure loss and compute natural 
extension.

It is said that 𝑆 = (, 𝑃 , 𝑃 ) is a hierarchical interval specification if and only if  can be structured as a tree 𝑇 with a set of 
 labeling each of its nodes, in which the root is always associated with 𝑋, and that for each non-leaf node with set 𝐵, the sets 
associated with its children, 𝐵1… , 𝐵𝑘 are a partition of 𝐵. These sets are denoted by 𝐶ℎ(𝐵).

Example 5. Let us assume that 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and the specification given by the following sets of intervals is

{𝑥𝑖}→ [0.1,0.4], 𝑖 = 1,2,3,4

{𝑥1, 𝑥2}→ [0.25,0.6], {𝑥3, 𝑥4}→ [0.25,0.6]

𝑋 → [1,1]

The associated interval tree is depicted in Fig. 1.

We will now provide an example of an interval specification which cannot be expressed as a hierarchical one.

Example 6. In order to provide an example of an interval specification which cannot be represented as a hierarchy, we must 
consider a frame with at least 4 elements. Any interval specification can be expressed as an elementary interval if 𝑋 = {𝑥1, 𝑥2, 𝑥3}. 
Correspondingly, an interval [𝛼, 𝛽] for {𝑥1, 𝑥2} is equivalent to an interval [1 − 𝛽, 1 − 𝛼] for its complementary set {𝑥3} which is a 
unitary set.

Let us consider 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and the interval specification given by [0, 0.5] for each unitary set, and [0.2, 0.8] for any set with 
two elements. If we wish to reduce this to a hierarchical specification, we should include all the intervals for elementary events. The 
intervals for sets with 3 elements are not informative since they are the complementary set of singletons and these intervals can be 
obtained by duality. For sets of 2 elements, we can only keep 2 intervals for complementary events in order to obtain a hierarchical 
5

specification. Without loss of generality, let us assume that these sets are {𝑥1, 𝑥2} and {𝑥3, 𝑥4}, both with intervals [0.2, 0.8]. With this 
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𝑋,[1,1]

{𝑥1 ,𝑥2},[0.25,0.6]

{𝑥1},[0.2,0.4] {𝑥2},[0.2,0.4]

{𝑥3 ,𝑥4},[0.25,0.6]

{𝑥3},[0.1,0.25] {𝑥4},[0.1,0.25]

(a) Original interval tree

𝑋,[1,1]

{𝑥1 ,𝑥2},[𝟎.𝟒,0.6]

{𝑥1},[0.2,0.4] {𝑥2},[0.2,0.4]

{𝑥3 ,𝑥4},[0.25,𝟎.𝟓]

{𝑥3},[0.1,0.25] {𝑥4},[0.1,0.25]

(b) Corrected interval tree with (𝑃 ∗, 𝑃 ∗
) computed as in Proposition 4

Fig. 2. Checking sure loss in interval trees (Example 7).

specification, if we compute the natural extension for set {𝑥2, 𝑥3}, we obtain the vacuous interval [0, 1], i.e. by using a hierarchy of 
intervals instead of the original ones, we lose information (wider intervals for some sets), and the original one cannot be specified 
by a hierarchy.

Since the root node always corresponds to the complete 𝑋 set with lower and upper probabilities equal to 1, it can always be 
considered to be implicit in any hierarchical specification without the need to include it explicitly. On account of this, an elementary 
specification is always a hierarchical specification in which the root node has as children all the elementary events, {𝑥𝑖}, for 𝑥𝑖 ∈𝑋. 
There are, however, hierarchical specifications that are not equivalent to elementary specifications such as the one in Example 5 since 
the natural extension of the specification considering only the intervals on the elementary events would result in 𝑃 ′({𝑥1, 𝑥2}) = 0.2, 
which is different from the value of 0.25 assigned by the hierarchical specification.

It is possible to check whether a hierarchical specification avoids sure loss in linear time, as the following result shows:

Proposition 4. Let us consider 𝑆 to be a hierarchical specification with an associated tree 𝑇 . If the tree nodes are visited from the leaf nodes 
to the root and the following adjustment is performed on the inner nodes:

𝑃 ∗(𝐵) = max{𝑃 (𝐵),
∑

𝐵𝑖∈𝐶ℎ(𝐵)
𝑃 ∗(𝐵𝑖)}, 𝑃

∗
(𝐵) = min{𝑃 (𝐵),

∑
𝐵𝑖∈𝐶ℎ(𝐵)

𝑃
∗
(𝐵𝑖)},

Then, 𝑆 avoids sure loss if and only if for any 𝐵 in tree 𝑇 , 𝑃 ∗(𝐵) ≤ 𝑃
∗
(𝐵).

See proof on page 17.

We can see that this computation is linear according to the size of the problem specification since it involves visiting and operating 
with the values of each node twice at most.

Example 7. Let us assume that 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and the specification by interval tree is depicted in Fig. 2a. The correction 
in Proposition 4 is applied in order to obtain the interval tree in Fig. 2b with 𝑃 ∗. Since 𝑃 ({𝑥1}) = 𝑃 ({𝑥2}) = 0.2, then the value 
𝑃 ({𝑥1, 𝑥2}) = 0.25 has been changed to 𝑃 ∗({𝑥1, 𝑥2}) = 0.4. In this case, as the new intervals always satisfy 𝑃 ∗(𝐴) ≤ 𝑃

∗
(𝐴), ∀𝐴 ∈ 2𝑋 , the 

initial assessment avoids sure loss.

The following result enables us to compute in linear time the partial natural extension of a hierarchical specification that avoids 
6

sure loss.
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𝐵,[0.4,0.7]

{𝐵1},[0.1,0.3] {𝐵2},[0.2,0.4] {𝐵2},[0.1,0.4]

(a) Original node with 3 children

𝐵,[0.4,0.7]

𝐵1∪𝐵2 ,[0,1]

𝐵1 ,[0.1,0.3] 𝐵2 ,[0.2,0.4]

𝐵3 ,[0.1,0.4]

(b) After adding an intermediary node

Fig. 3. Example of the basic step in a binary tree transformation.

Proposition 5. If we assume that 𝑆 is a hierarchical specification with tree 𝑇 that avoids sure loss, then the partial natural extension defined 
for nodes in 𝑇 can be computed from the bounds 𝑃 ∗, 𝑃 ∗

defined in Proposition 4 with the following equations applied to every 𝑇 node from 
root to leaves: if 𝐵 is an inner node, then ∀𝐵𝑖 ∈ 𝐶ℎ(𝐵),

𝑃 ′(𝐵𝑖) = max{𝑃 ∗(𝐵𝑖), 𝑃 ′(𝐵) −
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃
∗
(𝐵𝑗 )}

𝑃
′
(𝐵𝑖) = min{𝑃

∗
(𝐵𝑖), 𝑃

′
(𝐵) −

∑
𝐵𝑗∈𝐶ℎ(𝐵)

𝑗≠𝑖

𝑃 ∗(𝐵𝑗 )}

See proof on page 17.

The complexity of this procedure is also linear to the size of the problem specification (number of nodes, 𝑚), but multiplying by 
the branching factor 𝑑 of the tree 𝑂(𝑚𝑑), as this is the maximum number of times that a node is visited or that its values are used in 
operations. However, the complexity could be reduced to linear by considering the fact that a hierarchical specification can always 
be transformed into a binary specification (two children at most for each node), with a linear increase in the number of nodes. The 
transformation is based on the following basic step: if node 𝐵 has children 𝐵1, … , 𝐵𝑘, then we can combine two child nodes, for 
example 𝐵1 and 𝐵2, to include an intermediary node (parent of both) with the set 𝐵1 ∪𝐵2 and to add a trivial interval [0, 1] for this 
set. This set will now have two children, 𝐵1, 𝐵2, each one of them with their original specifications. A simple example can be seen in 
Fig. 3. The resulting tree is not coherent, but coherence will be achieved once the previous procedure has been applied. This reduces 
the branching by 1 by adding an additional node. As this can only be applied once per node, the number of new nodes is limited to 
the number of original nodes, and the new tree can be at most double the size of the original. We can now check coherence and its 
complexity is linear in the binary tree. We can see that checking coherence for elementary intervals using Expression (5) is quadratic 
in terms of the problem size (number of elements in 𝑋). However, if we express the representation as a hierarchical specification 
and transform it into a binary tree, then the complexity would be linear since the additional nodes (with trivial specifications) serve 
as a cache to avoid repetitions in the computations.

Example 8. Let us assume that 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and intervals (𝑃 ∗, 𝑃 ∗
) in Fig. 4a. The partial natural extension is given by the 

intervals (𝑃 ′, 𝑃 ′
) in Fig. 4b. We can see how 𝑃 ′({𝑥1}) = 0.3 since 𝑃 ∗({𝑥1, 𝑥2}) = 0.4 and 𝑃 ∗

({𝑥2}) = 0.1. At the same time, 𝑃 ′
({𝑥3, 𝑥4} =

0.6 since 𝑃 ∗
(𝑋) = 1 and 𝑃 ∗({𝑥1, 𝑥2}) = 0.4.

Henceforth, all hierarchical specifications are assumed to be coherent. If any specification is not coherent, then it can be always 
replaced by its partial natural extension which can be efficiently computed with the previous propositions. We will now prove a 
result to show that the natural extension can also be efficiently computed for any set 𝐴 ∈ 2𝑋 using Algorithm 1 which will return two 
values (𝑃 ′

(𝐴), 1). The second value is always 1 but since this is a recursive algorithm, this value will be meaningful in intermediate 
steps.

Proposition 6. If 𝑆 is a coherent hierarchical specification with the associated tree 𝑇 , then Algorithm 1 returns the pair of values (𝛼, 𝛽)
where 𝛼 is the upper natural extension, 𝑃 ′

(𝐴), for any 𝐴 ∈ 2𝑋 and 𝛽 =1.

See proof on page 18.

The computational complexity of this algorithm is linear in relation to the number of nodes 𝑚 since each node is visited at most 
once and the values (𝛼, 𝛽) of each node are used once in the parent node computations.
7

In order to compute 𝑃 ′(𝐴), we can apply the same algorithm by considering that 𝑃 ′(𝐴) = 1 − 𝑃
′
(𝐴𝑐 ).
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𝑋,[1,1]

{𝑥1 ,𝑥2},[0.4,0.6]

{𝑥1},[0.05,0.5] {𝑥2},[0.05,0.1]

{𝑥3 ,𝑥4},[0.25,0.7]

{𝑥3},[0.1,0.4] {𝑥4},[0.1,0.4]

(a) Intervals (𝑃 ∗, 𝑃 ∗
)

𝑋,[1,1]

{𝑥1 ,𝑥2},[0.4,0.6]

{𝑥1},[𝟎.𝟑,0.5] {𝑥2},[0.05,0.1]

{𝑥3 ,𝑥4},[𝟎.𝟒,𝟎.𝟔]

{𝑥3},[0.1,0.4] {𝑥4},[0.1,0.4]

(b) Natural extension intervals (𝑃 ′, 𝑃 ′
)

Fig. 4. Checking partial natural extension (Example 8).

Algorithm 1 Computing the Natural Extension.

Require: 𝐴, a set for computing its natural extension

Require: 𝑇 , the tree of a hierarchical specification, such that 𝐴 is included in the root of 𝑇
Ensure: (𝛼, 𝛽), where 𝛼 is the upper natural extension of 𝐴, 𝑃 ′

(𝐴), and 𝛽 is 1
1: procedure NATURALEXTENSION(A,T)

2: 𝐻 ←𝑅𝑜𝑜𝑡(𝑇 )
3: if 𝐻 ∩𝐴 = ∅ then

4: return (0, 𝑃 (𝐻))
5: end if

6: if 𝐻 is a leaf then

7: return (𝑃 (𝐻), 𝑃 (𝐻))
8: end if

9: {𝐶𝑖}𝑙𝑖=1 = 𝐶ℎ(𝐻)
10: for i=1,. . . ,l do

11: (𝛼𝑖, 𝛽𝑖) ← NATURALEXTENSION(𝐴∩𝐶𝑖,𝐶𝑖)
12: end for

13: 𝛽 ←min{max{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)}, 𝑃 (𝐻)}
14: 𝛼 ←

∑𝑙

𝑖=1 𝛼𝑖 + 𝛽 −max{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)}
15: return (𝛼, 𝛽)
16: end procedure

Example 9. In Fig. 5, we have a hierarchical specification with the intervals (𝛼, 𝛽) computed in each node of the tree for 𝑃 ′
({𝑥1, 𝑥3})

(lower part of each node in the figure). The final obtained value is 𝑃 ′
({𝑥1, 𝑥3}) = 0.85.

Let us now assume that we have computed 𝑃 ′
(𝐴) using Algorithm 1 and that we want to compute 𝑃 ′

(𝐴 ∪{𝑥}) where 𝑥 ∉𝐴, i.e. the 
natural extension after adding a value 𝑥 to 𝐴. This computation is relevant since it will be instrumental in showing that a hierarchical 
specification is always an order-2 capacity in Proposition 8.

Let us call 𝛼(𝐻), 𝛽(𝐻) the values computed in order to obtain the upper natural extension of 𝐴, assuming that 𝛼(𝐻) = 0 and 
𝛽(𝐻) = 𝑃 (𝐻) if 𝐻 ∩ 𝐴 = ∅. We can see that these would be the values computed by Algorithm 1 if we apply the equations shown 
in lines 13 and 14 until the leaf nodes in which 𝐻 ∩𝐴 = ∅ is fulfilled. We also consider that 𝛼𝑥(𝐻), 𝛽𝑥(𝐻) are the values computed 
after adding 𝑥 and applying the same algorithm to obtain the natural extension of 𝐴 ∪ {𝑥}. Since it is evident that 𝛼(𝐻) = 𝛼𝑥(𝐻) and 
𝛽(𝐻) = 𝛽𝑥(𝐻) if 𝑥 ∉𝐻 , it is only necessary to compute the new values for the events in the path from the leaf node {𝑥} to the root. 
Let us assume that these sets are 𝐻0, … , 𝐻𝑚, where 𝐻0 = {𝑥} and 𝐻𝑚 =𝑋.

If we call 𝛿(𝐻𝑗 ) = 𝛼𝑥(𝐻𝑗 ) − 𝛼(𝐻𝑗 ) and 𝜙(𝐻𝑗 ) = 𝛽𝑥(𝐻𝑗 ) − 𝛽(𝐻𝑗 ), then 𝛿(𝐻0) = 𝑃 ({𝑥}) and 𝜙(𝐻0) = 𝑃 ({𝑥}) − 𝑃 ({𝑥}).
It can be seen how if for an index 𝑗, 𝜙(𝐻𝑗 ) = 0, then we have 𝛽𝑥(𝐻𝑘) = 𝛽(𝐻𝑘) and 𝛿(𝐻𝑘), is constant for 𝑘 ≥ 𝑗. Therefore, 
8

𝑃
′
(𝐴 ∪ {𝑥}) = 𝑃 (𝐴) + 𝛿(𝐻𝑗 ).
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𝑋,[1,1]

(0.85,1.0)

{𝑥1 ,𝑥2},[0.4,0.6]

(0.5,0.55)

{𝑥1},[0.3,0.5]

(0.5,0.5)

{𝑥2},[0.05,0.1]

(0.0,0.05)

{𝑥3 ,𝑥4},[0.4,0.6]

(0.4,0.5)

{𝑥3},[0.1,0.4]

(0.4,0.4)

{𝑥4},[0.1,0.4]

(0.0,0.1)

Fig. 5. Natural extension 𝑃
′
({𝑥1 , 𝑥3}) according to Algorithm 1.

The values of 𝛿 and 𝜙 can be computed recursively for 𝐻0, … , 𝐻𝑚 starting at 𝐻0. In order to compute the values for 𝐻𝑗 , we 
consider the following two values:

𝜖1 = min{max{𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) − 𝑃 (𝐻𝑗 ),0}, 𝜙(𝐻𝑗−1)}

𝜖2 = min{max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ),0}, 𝜙(𝐻𝑗−1)}

where 𝐵(𝐻𝑗 ) =
∑

𝐶𝑖∈𝐶ℎ(𝐻𝑗 ) 𝛽(𝐶𝑖) and 𝛽(𝐶𝑖) is the value computed in Algorithm 1 when computing 𝑃 ′
(𝐴).

The updating can then be performed using the following expressions:

𝛿(𝐻𝑗 ) = 𝛿(𝐻𝑗−1) − 𝜖1, 𝜙(𝐻𝑗 ) = 𝜙(𝐻𝑗−1) − 𝜖1 − 𝜖2.

A detailed description of the process is provided in Algorithm 2. Although it is not specified in the algorithm, if after computing 
𝑃
′
(𝐴 ∪ {𝑥}) we want to compute 𝑃 ′

(𝐴 ∪ {𝑥, 𝑦}), we can apply the same algorithm to 𝑦 but now the 𝐵(𝐻) values should be updated in 
nodes (𝐻0, … , 𝐻𝑚) using the expression 𝐵(𝐻𝑗 ) ← 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗 ), when 𝜙(𝐻𝑗 ) > 0.

Algorithm 2 Extending the Natural Extension.

Require: 𝑇 , the tree of a hierarchical specification, such that 𝐴 is included in the root of 𝑇
Require: 𝑃

′
(𝐴), the natural extension of 𝐴 computed with Algorithm 1

Require: 𝐵(𝐻), the value 𝐵(𝐻) =∑
𝐶𝑖∈𝐶(𝐻) 𝛽(𝐶𝑖) of 𝑃 ′

(𝐴) computations with Algorithm 1

Require: 𝑥, a value in 𝑋 ⧵𝐴

Ensure: 𝑃
′
(𝐴 ∪ {𝑥}), the natural extension of 𝐴 ∪ {𝑥}.

1: procedure EXTENDNATURALEXTENSION(T,𝑃
′
(𝐴),𝑥)

2: Compute the nodes (𝐻0 , … , 𝐻𝑚) in the path from leaf node {𝑥} to the root.

3: 𝛿(𝐻0) ← 𝑃 ({𝑥})
4: 𝜙(𝐻0) ← 𝑃 ({𝑥}) − 𝑃 ({𝑥})
5: for 𝑗 = 1 to 𝑚 do

6: 𝜖1 ←min{max{𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) − 𝑃 (𝐻𝑗 ), 0}, 𝜙(𝐻𝑗−1)}
7: 𝜖2 ←min{max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ), 0}, 𝜙(𝐻𝑗−1)},

8: 𝛿(𝐻𝑗 ) = 𝛿(𝐻𝑗−1) − 𝜖1
9: 𝜙(𝐻𝑗 ) ← 𝜙(𝐻𝑗−1) − 𝜖1 − 𝜖2

10: if 𝜙(𝐻𝑗 ) = 0 then

11: Break

12: end if

13: end for

14: return 𝑃
′
(𝐴) + 𝛿(𝐻𝑗 )

15: end procedure

Proposition 7. If in Algorithm 2 𝐵(𝐻) =∑
𝐶𝑖∈𝐶ℎ(𝐻) 𝛽(𝐶𝑖), where 𝛽(𝐶𝑖) are the values computed in Algorithm 1 when computing 𝑃 ′

(𝐴), then 
it returns 𝑃 ′

(𝐴 ∪ {𝑥}).

See proof on page 19.

The complexity of this algorithm is linear in the size of the path from the root to node {𝑥}. If the tree is balanced, this length is 
logarithmic in the number of tree nodes.

Example 10. Let us consider the case of Example 9 in which the natural extension of 𝐴 = {𝑥1, 𝑥3} was computed and that 
we now want to compute the natural extension of 𝐴 ∪ {𝑥4}. The sequence of sets for which 𝛿 and 𝜙 must be computed is 
({𝑥4}, {𝑥3, 𝑥4}, {𝑥1, 𝑥2, 𝑥3, 𝑥4}). These values are computed in Fig. 6. The values are in the lower part of each node: (𝛿(𝐻𝑗 ), 𝜙(𝐻𝑗 )). As 
9

𝛿(𝑋) = 0.1, the value 𝑃 ′
({𝑥1, 𝑥3, 𝑥4}) = 𝑃

′
({𝑥1, 𝑥3}) + 0.1 = 0.95. This value is correct since 𝑃 ′({𝑥2}) = 0.05.
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𝑋,[1,1]

(𝟎.𝟏,𝟎.𝟎)

{𝑥1 ,𝑥2},[0.4,0.6]

{𝑥1},[0.3,0.5] {𝑥2},[0.05,0.1]

{𝑥3 ,𝑥4},[0.4,0.6]

(𝟎.𝟐,𝟎.𝟏)

{𝑥3},[0.1,0.4]
{𝑥4},[0.1,0.4]

(𝟎.𝟒,𝟎.𝟑)

Fig. 6. (𝛿,𝜙) values to compute 𝑃
′
(𝐴 ∪ {𝑥4}) where 𝐴 = {𝑥1 , 𝑥3}.

4. Hierarchical intervals and order-2 capacities

Proposition 8. If 𝑆 is a hierarchical specification, then it is always an order-2 capacity.

See proof on page 20.

Since a hierarchical specification is an order-2 capacity, it is easy to compute the conditional intervals using Expression (16). 
The necessary values can be computed with Algorithm 1. When a lower probability is needed, this is computed by duality: 𝑃 ′(𝐶) =
1 − 𝑃

′
(𝐶𝑐 ).

The extreme probabilities are also associated with permutations 𝜎 on {1, 2, … , 𝑛} and can be computed using Expression (9).

Algorithm 3 Computing the Extreme Probability.

Require: 𝑇 , the tree of a coherent hierarchical specification on 𝑋
Require: 𝜎, a permutation on 𝑋
Ensure: 𝑝𝜎 , the extreme probability associated with this permutation

1: procedure EXTREMEPROBABILITY(T,𝜎)

2: Let 𝑝𝜎 be a mapping from 𝑋 to [0, 1]
3: for 𝑗 = 1 to 𝑛 do

4: 𝑝𝜎 (𝑥𝜎(𝑖)) ← 𝑃 (𝑥𝜎(𝑖)) in tree specification 𝑇
5: 𝑃 (𝑥𝜎(𝑖)) ← 𝑃 (𝑥𝜎(𝑖)) and add this restriction to 𝑇
6: Compute intervals (𝑃 ∗ , 𝑃 ∗

) ⊳ Proposition 4

7: Compute natural extension intervals (𝑃 ′ , 𝑃 ′
) ⊳ Proposition 5

8: (𝑃 , 𝑃 ) ← (𝑃 ′ , 𝑃 ′
)

9: end for

10: end procedure

In order to compute these extreme probabilities, we can follow Algorithm 3. Since 𝑃 ′ is an order-2 capacity, this procedure 
computes the values of the extreme probability given in Expression (9). In Step 4, the probability value of 𝑥𝜎(𝑖) is fixed to its lower 
value and the upper probability is then set to this lower value. In Steps 6 and 7, this new specification is propagated to the rest of 
the tree, making it coherent.

The complexity of this algorithm is quadratic in relation to the number of nodes of the tree (𝑚) since the number of elements in 
𝑋 is proportional to the number of nodes (at most, the number of leaves) and the complexity of each iteration of the loop in lines 
3-9 of the algorithm is linear.

Example 11. Let us assume the coherent hierarchical specification of Fig. 7a and the permutation given by 𝜎(1) = 3, 𝜎(2) = 2, 𝜎(3) =
4, 𝜎(4) = 1.

First, 𝑥3 must take its lower value 𝑝𝜎(𝑥3) = 0.1. The upper interval of 𝑥3 is then set to this value 0.1, and new intervals are 
computed for the other values according to Propositions 4 and 5. The result is shown in Fig. 7b. It can be observed how the upper 
probability of {𝑥3, 𝑥4} has changed to 0.5 (upper propagation when computing (𝑃 ∗, 𝑃 ∗

) intervals) and that the lower probability of 
{𝑥1, 𝑥2} has increased to 0.5 (lower propagation for intervals (𝑃 ′, 𝑃 ′

)). This is a consequence of the fact that the upper probability of 
its complementary set is 0.5. Similarly, the lower probability of {𝑥1} has increased to 0.4 and the lower probability of {𝑥4} to 0.3.

We then set 𝑝𝜎(𝑥2) to its lower interval value 𝑝𝜎(𝑥2) = 0.05, the upper probability is set to its lower probability and the new 
interval is propagated again to compute the new coherent intervals. The result is shown in Fig. 7c.

The probability of 𝑋4 is then fixed to its lower probability 𝑝(𝑥4) = 0.35 and after propagating, the probability of 𝑥1 is fixed to 0.5.

Finally, if we have a coherent hierarchical specification 𝑆 on 𝑋 and 𝑓 is a gamble, i.e. a mapping 𝑓 ∶𝑋 →ℝ, the lower prevision 
10

of 𝑓 , also denoted by 𝑃 (𝑓 ), is the minimum of 𝑃 (𝑓 ) =∑
𝑥∈𝑋 𝑝(𝑥)𝑓 (𝑥) for every probability 𝑃 ∈(𝑆). Since 𝑆 is an order-2 capacity, 
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𝑋,[1,1]

{𝑥1 ,𝑥2},[0.4,0.6]

{𝑥1},[0.3,0.5] {𝑥2},[0.05,0.1]

{𝑥3 ,𝑥4},[0.4,0.6]

{𝑥3},[0.1,0.4] {𝑥4},[0.1,0.4]

(a) Original Coherent Specification (𝑃 , 𝑃 )
𝑋,[1,1]

{𝑥1 ,𝑥2},[0.5,0.6]

{𝑥1},[0.4,0.5] {𝑥2},[0.05,0.1]

{𝑥3 ,𝑥4},[0.4,0.5]

{𝑥3},[0.1,0.1] {𝑥4},[0.3,0.4]

(b) Probability intervals after setting 𝑝𝜎 (𝑥3) = 0.1
𝑋,[1,1]

{𝑥1 ,𝑥2},[0.5,0.55]

{𝑥1},[0.45,0.5] {𝑥2},[0.05,0.05]

{𝑥3 ,𝑥4},[0.45,0.5]

{𝑥3},[0.1,0.1] {𝑥4},[0.35,0.4]

(c) Probability intervals after setting 𝑝𝜎 (𝑥2) = 0.05

Fig. 7. Computing the Extreme Probabilities (Example 11).

this computation is very simple and we only need to compute a permutation 𝜎 such that if 𝑓 (𝑥𝑖) ≤ 𝑓 (𝑥𝑗 ), then 𝜎(𝑖) ≤ 𝜎(𝑗) and to make 
𝑃 (𝑓 ) = 𝑝𝜎(𝑓 ). This is due to the fact that the lower prevision in an order-2 capacity is the mathematical expectation with respect to 
the extreme probability which is obtained with a permutation that is co-monotone with the gamble [6]. With some additional detail, 
the procedure is as follows:

• Determine a permutation 𝜎 over 𝑋 so that 𝜎(𝑥𝑖) < 𝜎(𝑥𝑗 ) if 𝑓 (𝑥𝑖) < 𝑓 (𝑥𝑗 ). If 𝑓 (𝑥𝑖) = 𝑓 (𝑥𝑗 ), the order of 𝜎(𝑥𝑖) and 𝜎(𝑥𝑗 ) is chosen in 
an arbitrary way.

• Compute 𝑝𝜎 with Algorithm 3. Make 𝑃 (𝑓 ) = 𝑝𝜎(𝑓 ) =
∑

𝑥∈𝑋 𝑓 (𝑥)𝑝𝜎(𝑥).

𝑃 (𝑓 ) can be computed using duality 𝑃 (𝑓 ) = −𝑃 (−𝑓 ) or directly by computing a permutation 𝜎 such that 𝑓 (𝑥𝑖) ≥ 𝑓 (𝑥𝑗 ) then 
𝜎(𝑖) ≤ 𝜎(𝑗) and making 𝑃 (𝑓 ) = 𝑝𝜎 (𝑓 ).

5. Relationships with existing approaches

The most similar approach to the one presented in this paper is the elementary interval model [2]. This corresponds to a hierar-

chical specification with only one level below the root, and on this, intervals are provided for the singletons. One example of this is 
shown in Fig. 8.

If we compare this specification with the one corresponding to Fig. 1, we can see that the lower probability 𝑃 ′
({𝑥1, 𝑥2}) =

0.2, whereas in Fig. 1, with the same initial intervals for elementary events, the lower bound is 0.4, which is more informative. 
11

Hierarchical specifications are, therefore, a proper generalization of elementary intervals.
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𝑋,[1,1]

{𝑥1},[0.1,0.4] {𝑥2},[0.1,0.4] {𝑥3},[0.1,0.4] {𝑥4},[0.1,0.4]

Fig. 8. Interval tree for elementary intervals.

𝑋,[1,1]

𝐵1={𝑥1 ,𝑥2},[0.6,0.7]

{𝑥1},[0.4,0.5] {𝑥2},[0.2,0.3]

𝐵2={𝑥3 ,𝑥4},[0.3,0.4]

{𝑥3},[0.1,0.2] {𝑥4},[0.2,0.3]

Fig. 9. Interval hierarchical tree for Example 12.

Specifications with only one level on the tree in which leaves are not necessarily singletons but a general partition of 𝑋: 𝐵1, … , 𝐵𝑘

have been considered by Walley [25, Page 198]. The conditions for avoiding sure loss and checking coherence are given for this case 
and are a direct generalization of the ones for elementary intervals but are a particular case of the algorithms in this paper.

Much has been written and published on the topic of avoiding sure loss and checking coherence for general specifications and 
also conditional probability intervals [1,13,20,27]. However, they are based on solving linear programming problems which are less 
efficient. The approach in [21] is efficient but it is limited to syllogistic deductions involving only three probability intervals.

Although hierarchical specifications of imprecise probabilities are discussed in [7,29], both these referenced models are based 
on conditional previsions [25, Ch. 6]. The difference is that if we have a node 𝐵 with children 𝐵1, 𝐵2, (𝐵1, 𝐵2 are a partition of 
𝐵), then in the conditional approach, the information in the children is about conditional events 𝑃 (𝐵𝑖|𝐵), whereas in our approach, 
we provide intervals for unconditional events 𝑃 (𝐵𝑖). In the conditional approach, coherence is simpler as there is no interaction 
between the coherence of different levels. If we have interval probabilities for 𝑃 (𝐵) and 𝑃 (𝐵1|𝐵) and 𝑃 (𝐵2|𝐵), we only need to check 
the separated coherence of the conditional specifications, but in the case of our hierarchical specifications, if we have the interval 
[0.1, 0.2] for both 𝐵1 and 𝐵2, and we include the interval [0.15, 0.5] for 𝐵, the resulting specification is not coherent. The following 
example shows a more complex situation:

Example 12. Let us assume that 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and that we have a set of observations for these values from which we want to 
estimate the probabilities 𝑃 (𝑥𝑖). If we have observed that 𝑛1 = 4, 𝑛2 = 2, 𝑛3 = 1, 𝑛4 = 2, where 𝑛𝑖 is the number of observations for 𝑥𝑖, 
and the imprecise Dirichlet model (IDM) [26] is applied with 𝑠 = 1, then the following intervals are obtained for the different values:

{𝑥1}→ [0.4,0.5], {𝑥2}→ [0.2,0.3], {𝑥3}→ [0.1,0.2], {𝑥4}→ [0.2,0.3]

Once again, we can apply the IDM at a different level: for example, to the set {𝐵1, 𝐵2} where 𝐵1 = {𝑥1, 𝑥2}, 𝐵2 = {𝑥3, 𝑥4}, with 
frequencies 𝑛(𝐵1) = 6, 𝑛(𝐵2) = 3, and the resulting intervals for 𝐵1 and 𝐵2 are

𝐵1 → [0.6,0.7], 𝐵2 → [0.3,0.4]

We can see how this application does not contain any new information as these intervals could be obtained by natural extension 
from the original ones. In any case, in Fig. 9 we can see the associated hierarchical specification containing these two intervals.

If we repeat the two-level application of the IDM but using a conditional approach as in [7,29], then the result can be seen in 
Fig. 10. We can see how the first level is identical but the second level is different: for 𝐵1 children, the conditional probabilities 
{𝑥1}|𝐵1 and {𝑥2}|𝐵1 are computed. As the frequencies are 𝑛1 = 4, 𝑛2 = 2 given 𝐵1, the following intervals are obtained when the IDM 
is applied:

{𝑥1}|𝐵1 → [4∕7,5∕7], {𝑥2}|𝐵1 → [2∕7,3∕7]

If once again, we apply the conditioned IDM model to 𝐵2 , we obtain

{𝑥3}|𝐵2 → [1∕4,2∕4], {𝑥4}|𝐵2 → [2∕4,3∕4]

We can observe how the interval hierarchical specification of Fig. 9 is more informative than the hierarchical conditional spec-
12

ification of Fig. 10. If the conditional probabilities {𝑥𝑖}|𝐵𝑗 are computed in the tree of Fig. 9, we obtain the same conditional 
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𝑋,[1,1]

𝐵1={𝑥1 ,𝑥2},[0.6,0.7]

{𝑥1}|𝐵1 ,[4∕7,5∕7] {𝑥2}|𝐵1 ,[2∕7,3∕7]

𝐵2={𝑥3 ,𝑥4},[0.3,0.4]

{𝑥3}|𝐵2 ,[1∕4,2∕4] {𝑥4}|𝐵2 ,[2∕4,3∕4]

Fig. 10. Interval conditional hierarchical tree for Example 12.

𝑋,[1,1]

{𝑥1 ,𝑥2 ,𝑥3},[0.5,0.8]

{𝑥1 ,𝑥2},[0.3,0.5]

{𝑥1},[0.2,0.3] {𝑥2},[0,1]

{𝑥3},[0,1]

{𝑥4},[0,1]

Fig. 11. Interval hierarchical tree for a p-box.

𝑋,[1,1]

{𝑥1 ,𝑥2 ,𝑥3},[0.5,0.8]

{𝑥1 ,𝑥2},[0.3,0.5]

{𝑥1},[0.2,0.3] {𝑥2},[0.1,0.2]

{𝑥3},[0.2,0.3]

{𝑥4},[0.2,0.5]

Fig. 12. Interval hierarchical tree for a p-box after natural extension.

probabilities as in Fig. 10. However, the lower probability of {𝑥1} in the conditional tree is 0.6 × 4∕7 = 24∕7, which is strictly lower 
than the lower probability of {𝑥1} in the hierarchical specification (0.4).

Former example does not claim that interval hierarchical specifications can always represent hierarchical conditional specifica-

tions without losing information. They are different and complementary models, and the most appropriate one will depend on the 
particular situation we are representing. In fact, in the example, we start with a sample that provides a joint information about 𝑋
and therefore, in this case the interval specification is more appropriate than the conditional one.

Another related approach is given in [5], but in that paper, it is studied when a partial assignment can be extended to different 
types of measures, but not always considering the natural extension as in our case.

Another model that is included in the hierarchical specification is generalized p-boxes [8] which are receiving increasing interest 
in engineering applications [11]. A generalized p-box is given by an interval specification for a set of nested sets. For example, if 
𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4}, we may have:

{𝑥1}→ [0.2,0.3], {𝑥1, 𝑥2}→ [0.3,0.5], {𝑥1, 𝑥2, 𝑥3}→ [0.5,0.8], 𝑋 → [1,1]

This is a hierarchical specification, where the initial intervals are given in Fig. 11 and the intervals after computing natural 
13

extension are given in Fig. 12.
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𝑋,[1,1]

{𝑥1 ,𝑥2 ,𝑥3},[0,0.8]

{𝑥1 ,𝑥2},[0,0.5]

{𝑥1},[0,0.3] {𝑥2},[0,0.5]

{𝑥3},[0,0.8]

{𝑥4},[0.2,1]

Fig. 13. Interval hierarchical tree for a possibility measure.

𝑋,[1,1]

{𝑥1},[0,0.3] {𝑥2 ,𝑥3 ,𝑥4},[0.7,1]

{𝑥2},[0,0.5] {𝑥3 ,𝑥4},[0.5,1.0]

{𝑥3},[0,0.8] {𝑥4},[0.2,1]

Fig. 14. Interval hierarchical tree for a necessity measure.

Possibility and necessity measures [10] are also particular cases of p-boxes in the finite case [24]. They correspond to nested 
specifications where either the lower values are always 0 (possibility specification) or the upper values are always 1 (necessity 
specification). By way of example, we may consider

{𝑥1}→ [0,0.3], {𝑥1, 𝑥2}→ [0,0.5], {𝑥1, 𝑥2, 𝑥3}→ [0,0.8], 𝑋 → [1,1]

Its natural extension can be seen in Fig. 13.

Equivalently, the same information (identical credal set) can be represented by the necessity values

{𝑥4}→ [0.2,1], {𝑥3, 𝑥4}→ [0.5,1], {𝑥2, 𝑥3, 𝑥4}→ [0.7,1], 𝑋 → [1,1]

The associated hierarchical specification is depicted in Fig. 14.

This example also shows how an interval hierarchical specification is not unique for a given credal set since we have provided 
two different representations for the same credal set.

However, hierarchical specifications offer new possibilities such as mixing interval and possibilistic specifications, as the following 
example shows.

Example 13. Let us assume that 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6}, that 𝐵1 = {𝑥1, 𝑥2, 𝑥3}, 𝐵2 = {𝑥4, 𝑥5, 𝑥6} and that we have a set of observa-

tions about the membership to 𝐵1, 𝐵2, with these observations for the two sets being 𝑛1 = 3, 𝑛2 = 6. By applying the IDM, we could 
obtain the following intervals:

{𝑥1, 𝑥2, 𝑥3}→ [0.3,0.4], {𝑥4, 𝑥5, 𝑥6}→ [0.6,0.7]

At the same time, we have two experts and each one knows about each set 𝐵1 and 𝐵2 and they provide the following nested 
specifications for both sets:

{𝑥1}→ [0,0.2], {𝑥1, 𝑥2}→ [0,0.3], {𝑥1, 𝑥2, 𝑥3}→ [0,0.6]

{𝑥4}→ [0,0.5],{𝑥4, 𝑥5}→ [0,0.8], {𝑥4, 𝑥5, 𝑥6}→ [0,0.9]

The resulting specification is shown in Fig. 15.
14

Although the specification is not coherent, it can be efficiently extended to the coherent specification of Fig. 16.
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𝑋,[1,1]

𝐵1={𝑥1 ,𝑥2 ,𝑥3},[0.3,0.4]

{𝑥1 ,𝑥2},[0,0.3]

{𝑥1},[0,0.2] {𝑥2},[0,1]

{𝑥3},[0,1]

𝐵2={𝑥4 ,𝑥5 ,𝑥6},[0.6,0.7]

{𝑥4 ,𝑥5},[0,0.8]

{𝑥4},[0,0.5] {𝑥5},[0,1]

{𝑥6},[0,1]

Fig. 15. Hierarchical tree combining interval and possibilistic information for Example 13.

𝑋,[1,1]

𝐵1={𝑥1 ,𝑥2 ,𝑥3},[0.3,0.4]

{𝑥1 ,𝑥2},[0,0.3]

{𝑥1},[0,0.2] {𝑥2},[0,0.3]

{𝑥3},[0,0.4]

𝐵2={𝑥4 ,𝑥5 ,𝑥6},[0.6,0.7]

{𝑥4 ,𝑥5},[0,0.7]

{𝑥4},[0,0.5] {𝑥5},[0,0.7]

{𝑥6},[0,0.7]

Fig. 16. Natural extension of a hierarchical tree combining interval and possibilistic information for Example 13.

6. Conclusions and future work

In this work, we have generalized the computations associated with elementary intervals to the more general case of hierarchical 
intervals. We have provided efficient algorithms to check coherence and compute natural extension. Previous algorithms for elemen-

tary intervals are a particular case of the algorithms provided in this paper. Hierarchical specifications also include other well-known 
models in literature, but there are limitations in the type of interval that can be provided (intervals for disjoint or nested sets), and 
therefore models such as belief functions cannot always be represented by hierarchical specifications. A procedure to overcome this 
limitation will be to study convex combinations of hierarchical specifications: if {(𝑃 ′

𝑖
, 𝑃 ′

𝑖)}𝑘𝑖=1 are such that each (𝑃 ′
𝑖
, 𝑃 ′

𝑖) is the natural 
extension of a hierarchical specification and {𝛼𝑖}𝑘𝑖=1 are real non-negative numbers such that ∑𝑘

𝑖=1 𝛼𝑖 = 1, the convex combination is 
given by lower and upper intervals (∑𝑘

𝑖=1 𝛼𝑖𝑃
′
𝑖
, ∑𝑘

𝑖=1 𝛼𝑖𝑃
′
𝑖). Our objective will be to extend algorithms to these convex combinations. 

The convex combinations of hierarchical specifications include the particular case of belief functions. If we have a belief function 
𝐵𝑒𝑙 with focal elements 𝐴1, … , 𝐴𝑙 , then for each 𝐴𝑖 we can define the interval specification given by the interval [1, 1] for 𝐴 and 
the interval [0, 0] for the complementary set (the belief function focused on 𝐴𝑖). If we use (𝐵𝑒𝑙𝑖, 𝑃 𝑙𝑖) to identify its associated pair of 
belief-plausibility functions (𝐵𝑒𝑙𝑖(𝐵) = 1, if 𝐴𝑖 ⊆ 𝐵 and 0 otherwise), then it is clear that (𝐵𝑒𝑙, 𝑃 𝑙) =∑𝑙

𝑖=1𝑚(𝐴𝑖)(𝐵𝑒𝑙𝑖, 𝑃 𝑙𝑖) and so the 
convex combinations of hierarchical specifications include belief functions as a particular case. We can easily verify that a convex 
combination of hierarchical specifications is always an order-2 capacity. An important question to answer is whether there is an 
example of an order-2 capacity which cannot be expressed as a convex combination of hierarchical interval specifications. If this is 
not the case, then hierarchical specifications would be the building blocks of order-2 capacities and play a similar role to the focal 
elements for belief functions.2 This represents a very important research question for us as it would provide a better and deeper 
understanding of the nature of order-2 capacities and would provide a tool to represent them efficiently.

2 As one of the reviewers of this paper mentioned, the paper by Quaeghebeur and De Cooman [22], which studies extreme lower previsions, can provide valuable 
15

tools.
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The number of extreme probabilities of a hierarchical specification is limited by 𝑛! as they are particular cases of order-2 ca-

pacities, but in most cases, as with elementary probability intervals, this number is lower. Theoretical and experimental studies for 
determining this number of extreme probabilities represent an extremely interesting area of research for the future.

Another possible use of hierarchical specifications is as an approximation tool. There are many situations in which general 
interval specifications are transformed into elementary probability intervals with loss of information but improved efficiency [23]. 
Hierarchical specifications can serve for this purpose, but with less information loss. An important optimization task would be to 
determine the hierarchical structure with a minimum loss of information for a general set of interval probabilities.

Finally, we can consider the extension of marginal hierarchical specifications to a joint representation and under which conditions 
(dependence structure) it is possible to obtain again a hierarchical specification, similarly to [19] with p-boxes and other models.
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Appendix A. Proofs of main results

Proposition 2. If we have a coherent set of elementary probability intervals 𝑆 given by lower and upper probability distributions (𝑝, 𝑝) such 
that ∑𝑦∈𝑋 𝑝(𝑦) < 1, then the set of the extreme probabilities of their associated credal set 𝑚(𝑆) is given by the probability distributions 𝑝(𝐴,𝑥), 
where (𝐴, 𝑥) is the set of pairs in which 𝐴 is a subset 𝐴 ⊆𝑋 and 𝑥 is an element 𝑥 ∈𝑋 ⧵𝐴 such that

𝑃 ′(𝐴) =
∑
𝑦∈𝐴

𝑝(𝑦), 𝑃 ′(𝐴 ∪ {𝑥}) >
∑

𝑦∈𝐴∪{𝑥}
𝑝(𝑦). (10)

In this case, 𝑝(𝐴,𝑥) is given by

𝑝(𝐴,𝑥)(𝑦) =
⎧⎪⎨⎪⎩
𝑝(𝑦) if 𝑦 ∈𝐴

1 −
∑

𝑧∉(𝐴∪{𝑥}) 𝑝(𝑧) −
∑

𝑧∈𝐴 𝑝(𝑧) if 𝑦 = 𝑥

𝑝(𝑦) if 𝑦 ∈𝑋 ⧵ (𝐴 ∪ {𝑥})
(11)

Proof of Proposition 2. The proof is based on demonstrating that the probability distribution 𝑝(𝐴,𝑥) is the same as 𝑝𝜎 for any 𝜎 such 
that

𝑥𝜎(𝑖) ∈𝐴, if 𝑖 < 𝑘, and 𝑥𝜎(𝑙) ∈𝑋 ⧵ (𝐴 ∪ {𝑥}), if 𝑖 > 𝑘 (A.1)

where 𝑘 is the number of elements of 𝐴 ∪ {𝑥}.

According to Expression (6) for computing 𝑃 ′(𝐵) and condition (10), we have that 𝑃 ′(𝐴) = ∑
𝑦∈𝐴 𝑝(𝑦) and 𝑃 ′(𝐴 ∪ {𝑥}) = 1 −∑

𝑦∉𝐴∪{𝑥} 𝑝(𝑦).
It can be seen that the set function 𝑓 (𝐵) =∑

𝑦∈𝐵 𝑝(𝑦) −(1 −∑
𝑥∉𝐵 𝑝(𝑦)) is not increasing in 𝐵. In fact, 𝑓 (𝐵∪{𝑧}) −𝑓 (𝐵) = 𝑝(𝑧) −𝑝(𝑧) ≤

0, as the set of probability intervals is coherent. Therefore, 𝑃 ′(𝐶) =∑
𝑦∈𝐶 𝑝(𝑦) for any 𝐶 ⊆ 𝐴 and 𝑃 ′(𝐷) = 1 −∑

𝑦∉𝐷 𝑝(𝑦) for any 𝐷, 
such that 𝐴 ∪ {𝑥} ⊆𝐷.

For any 𝜎 satisfying (A.1), therefore, 𝑃 ′({𝑥𝜎(1), … , 𝑥𝜎(𝑖)}) =
∑𝑖

𝑗=1 𝑝(𝑥𝜎(𝑗)) if 𝑥𝜎(𝑖) ∈ 𝐴 and 𝑃 ′({𝑥𝜎(1), … , 𝑥𝜎(𝑙)}) = 1 −∑𝑛

𝑗=𝑙+1 𝑝(𝜎(𝑥𝜎(𝑗))
16

if 𝑥𝜎(𝑙) ∉𝐴 ∪ {𝑥}.
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If we apply Expression (9), we obtain, 𝑝𝜎(𝑥𝜎(𝑖)) = 𝑝(𝑥𝜎(𝑖)) if 𝑥𝜎(𝑖) ∈𝐴 and 𝑝𝜎(𝑥𝜎(𝑙)) = 𝑝(𝑥𝜎(𝑙)) if 𝑥𝜎(𝑙) ∉𝐴 ∪{𝑥}, i.e. the same expression 
as in (11) for 𝑦 ∈𝑋 ⧵ {𝑥}. Since the two probability distributions that assign the same value for 𝑛 − 1 elements in a set of 𝑛 elements 
are equal, 𝑝𝜎 = 𝑃(𝐴,𝑥).

In order to conclude the proof, we must show that for each permutation 𝑝𝜎 , there is a pair (𝐴, 𝑥) that satisfies the conditions in 
(10). It is necessary for one of the pairs ({𝑥𝜎(1), … , 𝑥𝜎(𝑖)}, 𝑥𝜎(𝑖+1)) (𝑖 = 1, … , 𝑛 − 1) to satisfy this since we have 𝑃 ′({𝑥𝜎(1)}) = 𝑝(𝑥𝜎(1))
and 𝑃 ′(𝑋) = 1 > ∑

𝑦∈𝑋 𝑝(𝑦). More precisely, (𝐴, 𝑥) is the pair ({𝑥𝜎(1), … , 𝑥𝜎(𝑖)}, 𝑥𝜎(𝑖+1)) given by the minimum value of 𝑖 satisfying 
𝑃 ′({𝑥𝜎(1), … , 𝑥𝜎(𝑖), 𝑥𝜎(𝑖+1)}) >

∑𝑖+1
𝑙=1 𝑝(𝑥𝜎(𝑙)).

Proposition 4. Let us consider 𝑆 to be a hierarchical specification with an associated tree 𝑇 . If the tree nodes are visited from the leaf nodes 
to the root and the following adjustment is performed on the inner nodes:

𝑃 ∗(𝐵) = max{𝑃 (𝐵),
∑

𝐵𝑖∈𝐶ℎ(𝐵)
𝑃 ∗(𝐵𝑖)}, 𝑃

∗
(𝐵) = min{𝑃 (𝐵),

∑
𝐵𝑖∈𝐶ℎ(𝐵)

𝑃
∗
(𝐵𝑖)},

Then, 𝑆 avoids sure loss if and only if for any 𝐵 in tree 𝑇 , 𝑃 ∗(𝐵) ≤ 𝑃
∗
(𝐵).

Proof of Proposition 4. We first prove that if for any 𝐵 in tree 𝑇 , 𝑃 ∗(𝐵) ≤ 𝑃
∗
(𝐵), then the specification avoids sure loss. It can be 

seen how after adjustment, intervals [𝑃 ∗(𝐵), 𝑃 ∗
(𝐵)] are narrower than the original ones [𝑃 (𝐵), 𝑃 (𝐵)]. Therefore, if the new intervals 

avoid sure loss, then so will the original ones.

We can also observe that if for any leaf 𝐵 on 𝑇 where 𝐵 is not an elementary set, if we add a child to this node for each 𝑥 ∈ 𝐵

with set {𝑥} with interval [0, 1], the tree is extended so that every leaf is elementary and with no effect on the adjustment. We can, 
therefore, assume that all the leaves are elementary. In such conditions, we can select a probability measure starting at the root node, 
i.e. by assigning 𝑃 (𝑋) = 1 and then assigning probabilities to every node from root to leaves, taking into account that for every inner 
node 𝐵 the new intervals satisfy∑

𝐵𝑖∈𝐶ℎ(𝐵)
𝑃 ∗(𝐵𝑖) ≤ 𝑃 ∗(𝐵) ≤ 𝑃

∗
(𝐵) ≤

∑
𝐵𝑖∈𝐶ℎ(𝐵)

𝑃
∗
(𝐵𝑖).

Since the assigned value 𝑃 (𝐵) belongs to the interval [𝑃 (𝐵), 𝑃 (𝐵)], we therefore find that∑
𝐵𝑖∈𝐶ℎ(𝐵)

𝑃
∗
(𝐵𝑖) ≤ 𝑃 (𝐵) ≤

∑
𝐵𝑖∈𝐶ℎ(𝐵)

𝑃
∗
(𝐵𝑖).

If this is satisfied, then there are values 𝑃 (𝐵𝑖) such that 𝑃 (𝐵𝑖) ∈ [𝑃 ∗(𝐵𝑖), 𝑃
∗
(𝐵𝑖)] such that ∑𝐵𝑖∈∈𝐶ℎ(𝐵) 𝑃 (𝐵𝑖) = 𝑃 (𝐵). For example, 

if 𝑃 (𝐵) = 𝛼
∑

𝐵𝑖∈𝐶ℎ(𝐵) 𝑃
∗(𝐵𝑖) + (1 − 𝛼) ∑𝐵𝑖∈𝐶ℎ(𝐵) 𝑃

∗
(𝐵𝑖), one solution is obtained by setting 𝑃 (𝐵𝑖) = 𝛼.𝑃 ∗(𝐵𝑖) + (1 − 𝛼).𝑃

∗
(𝐵𝑖) for any 

𝐵𝑖 ∈ 𝐶ℎ(𝐵). Since the leaves are elementary sets, we obtain a fully specified probability measure that satisfies all the intervals and 
thereby avoids sure loss.

For the reverse implication, assume that the original assignment avoids sure loss, there is a probability measure 𝑃 that satisfies 
every inequality. We will then prove that 𝑃 must also satisfy the adjusted intervals. This is true for leaves that do not change and 
the inner node result is proved on account of the fact that if 𝑃 (𝐵𝑖) ≥ 𝑃 ∗(𝐵𝑖) for any 𝐵𝑖 ∈ 𝐶ℎ(𝐵𝑖) and the child nodes of node 𝐵 are a 
partition of 𝐵, then it also follows that 𝑃 (𝐵) =∑

𝐵𝑖∈𝐶ℎ(𝐵) 𝑃 (𝐵𝑖) ≥
∑

𝐵𝑖∈𝐶ℎ(𝐵) 𝑃
∗(𝐵𝑖). Since 𝑃 (𝐵) ≥ 𝑃 (𝐵), it follows that

𝑃 (𝐵) ≥max{𝑃 (𝐵), ∑𝐵𝑖∈𝐶ℎ(𝐵) 𝑃
∗(𝐵𝑖)} = 𝑃 ∗(𝐵).

The new lower bounds for 𝐵 are satisfied and this can also be proved for the new upper bounds. As there is a probability satisfying 
𝑃 ∗(𝐵) ≤ 𝑃 (𝐵) ≤ 𝑃

∗
(𝐵), it follows that 𝑃 ∗(𝐵) ≤ 𝑃

∗
(𝐵) for any node 𝐵.

Proposition 5. If we assume that 𝑆 is a hierarchical specification with tree 𝑇 that avoids sure loss, then the partial natural extension defined 
for nodes in 𝑇 can be computed from the bounds 𝑃 ∗, 𝑃 ∗

defined in Proposition 4 with the following equations applied to every 𝑇 node from 
root to leaves: if 𝐵 is an inner node, then ∀𝐵𝑖 ∈ 𝐶ℎ(𝐵),

𝑃 ′(𝐵𝑖) = max{𝑃 ∗(𝐵𝑖), 𝑃 ′(𝐵) −
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃
∗
(𝐵𝑗 )}

𝑃
′
(𝐵𝑖) = min{𝑃

∗
(𝐵𝑖), 𝑃

′
(𝐵) −

∑
𝐵𝑗∈𝐶ℎ(𝐵)

𝑗≠𝑖

𝑃 ∗(𝐵𝑗 )}

Proof of Proposition 5. We begin by proving that any probability measure 𝑃 that satisfies 𝑃 ∗(𝐵𝑖) ≤ 𝑃 (𝐵𝑖) ≤ 𝑃 ∗(𝐵𝑖) also satisfies 
𝑃 ′(𝐵𝑖) ≤ 𝑃 (𝐵𝑖) ≤ 𝑃 ′(𝐵𝑖). This is true for the root node since the bounds for this node do not change. We can then prove that if this 
is true for an inner node, then it is also true for its leaves. We have a probability measure 𝑃 such that 𝑃 ′(𝐵) ≤ 𝑃 (𝐵) ≤ 𝑃

′
(𝐵) and 

𝑃 ∗(𝐵𝑖) ≤ 𝑃 (𝐵𝑖) ≤ 𝑃
∗
(𝐵𝑖) for any child 𝐵𝑖 of 𝐵. Since 𝑃 is a probability measure and the children of 𝐵 are a partition of the set, it 
17
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𝑃 ′(𝐵) ≤ 𝑃 (𝐵) =
∑

𝐵𝑖∈𝐶ℎ(𝐵)
𝑃 (𝐵𝑖).

Therefore,

𝑃 (𝐵𝑖) ≥ 𝑃 ′(𝐵) −
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃 (𝐵𝑗 ) ≥ 𝑃 ′(𝐵) −
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃
∗
(𝐵𝑗 ).

Since we also know that 𝑃 (𝐵𝑖) ≥ 𝑃 ∗(𝐵𝑖), then 𝑃 (𝐵𝑖) ≥max{𝑃 ∗(𝐵𝑖), 𝑃 ′(𝐵) −∑
𝐵𝑗∈𝐶ℎ(𝐵)

𝑗≠𝑖

𝑃
∗
(𝐵𝑗 )} = 𝑃 ′(𝐵𝑖). Similarly, this can be proved 

for the upper bounds.

This result also proves that the specifications with (𝑃 ∗, 𝑃 ∗
) and (𝑃 ′, 𝑃 ′

) are equivalent, since they define the same credal set, and 
that 𝑃 ′(𝐵) ≤ 𝑃

′
(𝐵) for any set 𝐵 in the tree. In order to prove that (𝑃 ′, 𝑃 ′

) is the partial natural extension, we only need to prove 
that for every 𝐶 in 𝑇 there is a probability in the credal set associated with (𝑃 ′, 𝑃 ′

) such that 𝑃 (𝐶) = 𝑃 ′(𝐶) and another probability 
𝑄 such that 𝑄(𝐶) = 𝑃

′
(𝐶), then the intervals given by (𝑃 ′, 𝑃 ′

) are tight and cannot be made smaller.

We will only prove the case of the lower bound. If 𝐶 is the root node, the result can easily be verified since 𝐶 =𝑋 and 𝑃 (𝑋) = 1, 
and any probability in the associated credal set will satisfy the equality.

If 𝐶 is not a root node, then we can proceed as in the proof of Proposition 4 by assigning probability values for every 𝐵 node from 
root to leaves using bounds 𝑃 ′(𝐵), 𝑃 ′

(𝐵), except for 𝐶 and its siblings. Let us assume that 𝐵 is its parent node, i.e. 𝐶 = 𝐵𝑖 ∈ 𝐶ℎ(𝐵). 
We have an assignation 𝑃 (𝐵) such that 𝑃 ′(𝐵) ≤ 𝑃 (𝐵) ≤ 𝑃

′
(𝐵). The probabilities 𝑃 (𝐵𝑗 ) are then assigned as follows:

𝑃 (𝐵𝑗 ) =

{
𝑃 ′(𝐵𝑗 ), if 𝑖 = 𝑗

𝛼𝑃 ∗(𝐵𝑖) + (1 − 𝛼)𝑃
∗
(𝐵𝑖), if 𝑖 ≠ 𝑗

}
where 𝛼 ∈ [0, 1] is such that 𝑃 (𝐵) − 𝑃 ′(𝐵𝑖) = 𝛼

∑
𝐵𝑗∈𝐶ℎ(𝐵)

𝑗≠𝑖

𝑃 ∗(𝐵𝑗 ) + (1 − 𝛼) ∑𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃
∗
(𝐵𝑖). This value 𝛼 always exists as

𝑃 (𝐵) − 𝑃 ′(𝐵𝑖) ≤ 𝑃 (𝐵) − 𝑃 ′(𝐵) +
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃 ∗(𝐵𝑗 ) ≤
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃 ∗(𝐵𝑗 ),

and similarly, it can be proved that 𝑃 (𝐵) − 𝑃 ′(𝐵𝑖) ≥
∑

𝐵𝑗∈𝐶ℎ(𝐵)
𝑗≠𝑖

𝑃
∗
(𝐵𝑖).

In order to finish the probability specification, if a leaf 𝐵 is not elementary, we can assign 𝑃 ({𝑥𝑖}) =
1|𝐵| , for any 𝑥𝑖 ∈ 𝐵, with 

which the desired probability is obtained.

Proposition 6. If 𝑆 is a coherent hierarchical specification with the associated tree 𝑇 , then Algorithm 1 returns the pair of values (𝛼, 𝛽)
where 𝛼 is the upper natural extension, 𝑃 ′

(𝐴), for any 𝐴 ∈ 2𝑋 and 𝛽 =1.

Proof of Proposition 6. We will use 𝛼(𝐻) and 𝛽(𝐻) to denote the couple of values (𝛼, 𝛽) computed by the algorithm for node 𝐻 .

Given the expression for computing 𝛽, we can easily verify that 𝑃 (𝐻) ≤ 𝛽(𝐻) ≤ 𝑃 (𝐻).
As in the root node, we have the full set 𝑋 and 𝑃 (𝑋) = 𝑃 (𝑋) = 1, so in this node 𝛽 = 1.

We will prove by induction on the number of nodes which are descendants of 𝐻 that for any probability 𝑃 satisfying all the 
restrictions in the tree, it follows that 𝑃 (𝐻 ∩𝐴) ≤ 𝛼(𝐻) and 𝑃 (𝐻 ∩𝐴𝑐 ) ≥ 𝛽(𝐻) − 𝛼(𝐻).

If 𝐻 is a leaf node or 𝐻 ∩ 𝐴 = ∅, verification is easy given lines 4 and 7 of the algorithm and on account of the fact that the 
current assessment is coherent.

If 𝐻 is not a leaf node and 𝐻 ∩𝐴 ≠ ∅, then for any of its children 𝐶𝑖, it follows that for any probability that satisfies the restrictions 
in the subtree nodes given by the nodes 𝐶𝑖 and their descendents, it holds that 𝑃 (𝐶𝑖 ∩𝐴) ≤ 𝛼(𝐶𝑖) = 𝛼𝑖.

We now consider two situations:

• When 𝛽(𝐻) =max{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)}, then 𝑃 (𝐻) ≥∑𝑙

𝑖=1 𝛽𝑖,

𝛼 =
∑𝑙

𝑖=1 𝛼𝑖, and 𝑃 (𝐻 ∩𝐴) =∑𝑙

𝑖=1 𝑃 (𝐶𝑖 ∩𝐴) ≤∑𝑙

𝑖=1 𝛼𝑖 = 𝛼(𝐻).
Furthermore, 𝛽 − 𝛼 =max{

∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)} −∑𝑙

𝑖=1 𝛼𝑖.

This implies that 𝑃 (𝐻 ∩𝐴𝑐) =∑𝑙

𝑖=1 𝑃 (𝐶𝑖∩𝐴𝑐) ≥∑𝑙

𝑖=1(𝛽𝑖−𝛼𝑖) (by the induction hypothesis) and that 𝑃 (𝐻 ∩𝐴𝑐 ) = 𝑃 (𝐻) −𝑃 (𝐻 ∩𝐴) ≥
𝑃 (𝐻) −∑𝑙

𝑖=1 𝛼𝑖.

Therefore, 𝑃 (𝐻 ∩𝐴𝑐 ) ≥max{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)} −∑𝑙

𝑖=1 𝛼𝑖 = 𝛽 − 𝛼.

• When 𝛽(𝐻) <max{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)}, then 𝛽(𝐻) = 𝑃 (𝐻) and ∑𝑙

𝑖=1 𝛽𝑖 > 𝑃 (𝐻).
In these conditions, 𝛼 = 𝑃 (𝐻) +∑𝑙

𝑖=1 𝛼𝑖 −
∑𝑙

𝑖=1 𝛽𝑖.

This follows that 𝑃 (𝐻 ∩ 𝐴) = 𝑃 (𝐻) −∑𝑙

𝑖=1 𝑃 (𝐶𝑖 ∩ 𝐴𝑐) ≤ 𝑃 (𝐻) −∑𝑙

𝑖=1(𝛽𝑖 − 𝛼𝑖) = 𝛼, on account of the fact that we have applied 
𝑃 (𝐶𝑖 ∩𝐴𝑐 ) ≥ 𝛽𝑖 − 𝛼𝑖 by induction.
18

Moreover, 𝛽 − 𝛼 =
∑𝑙

𝑖=1(𝛽𝑖 − 𝛼𝑖) ≤
∑𝑙

𝑖=1 𝑃 (𝐶𝑖 ∩𝐴𝑐 ) = 𝑃 (𝐻 ∩𝐴𝑐 ).
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If we apply this to the root node, then any probability satisfying every restriction represented by the tree also satisfies 𝑃 (𝐴) ≤ 𝛼(𝑋), 
which is the value provided by Algorithm 1.

We will now prove that the bounds are tight by virtue of the following facts which can be proved by induction:

a) For any 𝛾 such that 𝛽 < 𝛾 ≤ 𝑃 (𝐻), there is a probability that satisfies all the constraints below node 𝐻 such that 𝑃 (𝐻) = 𝛾 , 
𝑃 (𝐻 ∩𝐴) = 𝛼.

b) For any 𝛾 such that 𝑃 (𝐻) ≤ 𝛾 ≤ 𝛽, there is a probability satisfying all the constraints below node 𝐻 such that 𝑃 (𝐻) = 𝛾 , 𝑃 (𝐻 ∩
𝐴𝑐) = 𝛽 − 𝛼.

For nodes with 𝐻 ∩𝐴 = ∅, we have that 𝛽 = 𝑃 (𝐻), 𝛼 = 0. The first fact a) is satisfied since for any value 𝛾 satisfying 𝑃 (𝐻) < 𝛾 ≤

𝑃 (𝐻), there is a probability 𝑃 , with 𝑃 (𝐻) = 𝛾 . The second fact b) is also satisfied since for any 𝛾 = 𝑃 (𝐻), there is a probability 𝑃 , with 
𝑃 (𝐻) = 𝛾 = 𝑃 (𝐻) = 𝛽 − 𝛼, because all the intervals are reachable by coherence. For nodes with 𝐻 ∩ 𝐴 = ∅, we have that 𝛽 = 𝑃 (𝐻), 
𝛼 = 0. The first fact a) is satisfied since for any value 𝛾 satisfying 𝑃 (𝐻) < 𝛾 ≤ 𝑃 (𝐻), there is a probability 𝑃 , with 𝑃 (𝐻) = 𝛾 . The 
second fact b) is also satisfied since for any 𝛾 = 𝑃 (𝐻), there is a probability 𝑃 , with 𝑃 (𝐻) = 𝛾 = 𝑃 (𝐻) = 𝛽 −𝛼, because all the intervals 
are reachable by coherence.

For other leaf nodes these conditions are easily verified.

For any non-leaf node 𝐻 , such that 𝐻 ∩𝐴 ≠ ∅, we assume by induction that this is also fulfilled for any of its children 𝐶𝑖, 𝑖 = 1, … , 𝑙.
We consider two cases:

• 𝛾 ≤
∑𝑙

𝑖=1 𝛽𝑖: In this situation, we have 𝛾𝑖, 𝑖 = 1, … , 𝑙 such that 𝑃 (𝐶𝑖) ≤ 𝛾𝑖 ≤ 𝛽𝑖, 𝑖 = 1, … , 𝑙 and such that ∑𝑙

𝑖=1 𝛾𝑖 = 𝛾 . We then apply 
the induction hypothesis to this case and there is a value 𝑃𝑖 such that 𝑃𝑖(𝐶𝑖) = 𝛾𝑖, 𝑃𝑖(𝐴𝑐 ∩𝐶𝑖) = 𝛽𝑖 − 𝛼𝑖. The probability 𝑃 defined 
on 𝐻 by 𝑃 (𝑥) = 𝑃𝑖(𝑥), for 𝑥 ∈ 𝐶𝑖, then satisfies the given requirements. We must take into account the following facts:

– Since 𝑃 (𝐻) ≤ 𝛾 ≤
∑𝑙

𝑖=1 𝛽𝑖, this means that 𝛽 =min{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)} and 𝛽 − 𝛼 =
∑𝑙

𝑖=1(𝛽𝑖 − 𝛼𝑖).
– The situation in point a) is not possible:

* if ∑𝑙

𝑖=1 𝛽𝑖 ≤ 𝑃 (𝐻), then 𝛽 =
∑𝑙

𝑖=1 𝛽𝑖 and 𝛽 =
∑𝑙

𝑖=1 𝛽𝑖 < 𝛾 ≤
∑𝑙

𝑖=1 𝛽𝑖 = 𝛽

* if ∑𝑙

𝑖=1 𝛽𝑖 > 𝑃 (𝐻), then 𝛽 = 𝑃 (𝐻) and we cannot have 𝛽 < 𝛾 ≤ 𝑃 (𝐻) = 𝛽

– Therefore, only 𝑏) is possible, and in this case it can easily be verified that 𝑃 (𝐻) =∑𝑙

𝑖=1 𝛾𝑖 = 𝛾 and that 𝑃 (𝐻 ∩𝐴𝑐) =∑𝑙

𝑖=1(𝛽𝑖 −
𝛼𝑖) = 𝛽 − 𝛼.

• 𝛾 >
∑𝑙

𝑖=1 𝛽𝑖: In this situation, we have 𝛾𝑖, 𝑖 = 1, … , 𝑙 𝛽𝑖 < 𝛾𝑖 ≤ 𝑃 (𝐶𝑖), 𝑖 = 1, … , 𝑙 such that ∑𝑙

𝑖=1 𝛾𝑖 = 𝛾 . We then apply the induction 
hypothesis to this case and there is a value 𝑃𝑖 such that 𝑃𝑖(𝐶𝑖) = 𝛾𝑖, 𝑃𝑖(𝐴 ∩𝐶𝑖) = 𝛼𝑖. The probability 𝑃 defined on 𝐻 by 𝑃 (𝑥) = 𝑃𝑖(𝑥), 
for 𝑥 ∈ 𝐶𝑖, satisfies the given requirements. It is necessary to consider the following facts:

– Since ∑𝑙

𝑖=1 𝛽𝑖 < 𝛾 ≤ 𝑃 (𝐻), 𝛽 =max{
∑𝑙

𝑖=1 𝛽𝑖, 𝑃 (𝐻)} and 𝛼 =
∑𝑙

𝑖=1 𝛼𝑖.

– In situation 𝑎), i.e. 𝛽 < 𝛾 ≤ 𝑃 (𝐻), it can easily be verified that 𝑃 (𝐻) =∑𝑙

𝑖=1 𝛾𝑖 = 𝛾 , and that 𝑃 (𝐻 ∩𝐴) =∑𝑙

𝑖=1 𝛼𝑖 = 𝛼.

– The situation in point 𝑏), i.e. 𝑃 (𝐻) ≤ 𝛾 ≤ 𝛽, is only possible when 𝑃 (𝐻) = 𝛾 = 𝛽. In this situation, it follows that 𝑃 (𝐻) = 𝛾 and 
𝑃 (𝐻 ∩𝐴𝑐 ) = 𝛾 − 𝛼 = 𝛽 − 𝛼.

At the root node, 𝑃 (𝑋) = 𝑃 (𝑋) = 𝛽 = 1, and the value 𝛼 is a tight bound.

Proposition 7. If in Algorithm 2 𝐵(𝐻) =∑
𝐶𝑖∈𝐶ℎ(𝐻) 𝛽(𝐶𝑖), where 𝛽(𝐶𝑖) are the values computed in Algorithm 1 when computing 𝑃 ′

(𝐴), then 
it returns 𝑃 ′

(𝐴 ∪ {𝑥}).

Proof of Proposition 7. The proof is based on showing that 𝛿(𝐻𝑗 ) = 𝛼𝑥(𝐻𝑗 ) − 𝛼(𝐻𝑗 ) and 𝜙(𝐻𝑗 ) = 𝛽𝑥(𝐻𝑗 ) − 𝛽(𝐻𝑗 ) in a recursive way. 
The values 𝛼(𝐻), 𝛽(𝐻) for nodes with 𝐴 ∩𝐻 = ∅ also satisfy the equations in lines 13 and 14 of Algorithm 1, and we can proceed 
from the leaf to the root assuming that these equations are always satisfied.

For the leaf node 𝐻0, this is the case because of the way in which it is defined.

For each inner node 𝐻𝑗 , we can see that if this is true for 𝐻𝑗−1 then it is true for 𝐻𝑗 . Let us consider 𝐴(𝐻) =∑
𝐶𝑖∈𝐶ℎ(𝐻) 𝛼(𝐶𝑖). 

When superscript 𝑥 appears in a parameter, then it is considered to correspond to the values of Algorithm 1 when applied to set 
𝐴 ∪ {𝑥} and when the superscript does not appear then it corresponds to the values of the same algorithm applied to set 𝐴.

This follows that

𝛽(𝐻𝑗 ) = min{max{𝐵(𝐻𝑗 ), 𝑃 (𝐻𝑗 )}, 𝑃 (𝐻𝑗 )} (A.2)

𝛼(𝐻𝑗 ) =𝐴(𝐻𝑗 ) + 𝛽(𝐻𝑗 ) − max{𝐵(𝐻𝑗 ), 𝑃 (𝐻𝑗 )} (A.3)

𝛽𝑥(𝐻𝑗 ) = min{max{
∑

𝐶𝑖∈𝐶ℎ(𝐻𝑗 )
𝛽𝑥(𝐶𝑖), 𝑃 (𝐻𝑗 )}, 𝑃 (𝐻𝑗 )} (A.4)

𝛼𝑥(𝐻 ) =
∑

𝛼𝑥(𝐶 ) + 𝛽𝑥(𝐻 ) − max{
𝑙∑
𝛽𝑥,𝑃 (𝐻 )} (A.5)
19
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Under the hypothesis of induction, it follows that 𝛽𝑥(𝐻𝑗−1)) = 𝛽(𝐻𝑗−1) + 𝜙(𝐻𝑗−1) and 𝛼𝑥(𝐻𝑗−1) = 𝛼(𝐻𝑗−1) + 𝛿(𝐻𝑗−1) and for any 
child 𝐶𝑖 different from 𝐻𝑗−1 it follows that 𝛽𝑥(𝐶𝑖)) = 𝛽(𝐶𝑖) and 𝛼𝑥(𝐶𝑖) = 𝛼(𝐶𝑖). Therefore, ∑𝐶𝑖∈𝐶ℎ(𝐻𝑗 ) 𝛽

𝑥(𝐶𝑖) = 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) and ∑
𝐶𝑖∈𝐶ℎ(𝐻𝑗 ) 𝛼

𝑥(𝐶𝑖) =𝐴(𝐻𝑗 ) + 𝛿(𝐻𝑗−1). The expressions for 𝛽𝑥(𝐻𝑗 ) and 𝛼𝑥(𝐻𝑗 ) can be rewritten as

𝛽𝑥(𝐻𝑗 ) = min{max{𝐵(𝐻𝑗 ) +𝜙(𝐻𝑗−1), 𝑃 (𝐻𝑗 )}, 𝑃 (𝐻𝑗 )} (A.6)

𝛼𝑥(𝐻𝑗 ) =𝐴(𝐻𝑗 ) + 𝛿(𝐻𝑗−1) + 𝛽𝑥(𝐻𝑗 ) − max{𝐵(𝐻𝑗 ) +𝜙(𝐻𝑗−1), 𝑃 (𝐻𝑗 )} (A.7)

This is obtained by considering the following situations:

a) 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) ≤ 𝑃 (𝐻𝑗 ). In this case, 𝜖2 = 𝜙(𝐻𝑗−1), 𝜖1 = 0, 𝛿(𝐻𝑗 ) = 𝛿(𝐻𝑗−1), 𝜙(𝐻𝑗 ) = 0 and 𝛽𝑥(𝐻𝑗 ) = 𝛽(𝐻𝑗 ), 𝛼𝑥(𝐻𝑗 ) = 𝛼(𝐻𝑗 ) +
𝛿(𝐻𝑗−1). The desired expressions, therefore, are also valid for 𝐻𝑗 .

b) 𝑃 (𝐻𝑗 ) ≤ 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) < 𝑃 (𝐻𝑗 ). In this case, 𝜖1 = 0, 𝜖2 = max{0, 𝑃 (𝐻𝑗 ) − 𝐵(𝐻𝑗 )}, 𝛿(𝐻𝑗 ) = 𝛿(𝐻𝑗−1), 𝜙(𝐻𝑗 ) = 𝜙(𝐻𝑗−1) −
max{0, 𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 )}.

Furthermore, 𝛽𝑥(𝐻𝑗 ) = 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1), 𝛽(𝐻𝑗 ) =max{𝐵(𝐻𝑗 ), 𝑃 (𝐻𝑗 )} and 𝛼𝑥(𝐻𝑗 ) =𝐴(𝐻𝑗 ) + 𝛿(𝐻𝑗−1), 𝛼(𝐻𝑗 ) =𝐴(𝐻𝑗 ).
We can then easily verify that 𝛽𝑥(𝐻𝑗 ) − 𝛽(𝐻𝑗 ) = 𝜙(𝐻𝑗 ) and 𝛼𝑥(𝐻𝑗 ) − 𝛼(𝐻𝑗 ) = 𝛿(𝐻𝑗 ).

c) 𝐵(𝐻𝑗 ) > 𝑃 (𝐻𝑗 ). In this case, we will also have 𝐵(𝐻𝑗) + 𝜙(𝐻𝑗−1) > 𝑃 (𝐻𝑗 ), 𝜖1 = 𝜙(𝐻𝑗−1), 𝜖2 = 0. Therefore, 𝜙(𝐻𝑗 ) = 0, 𝛿(𝐻𝑗 ) =
𝛿(𝐻𝑗−1) − 𝜙(𝐻𝑗−1).
We also have 𝛽𝑥(𝐻𝑗 ) = 𝑃 (𝐻𝑗 ), 𝛽(𝐻𝑗 ) = 𝑃 (𝐻𝑗 ) and 𝛼𝑥(𝐻𝑗 ) =𝐴(𝐻𝑗 ) + 𝛿(𝐻𝑗−1) + 𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ) − 𝜙(𝐻𝑗−1), 𝛼(𝐻𝑗 ) =𝐴(𝐻𝑗 ) + 𝑃 (𝐻𝑗 ) −
𝐵(𝐻𝑗 ).
With this, we can easily verify that 𝛽𝑥(𝐻𝑗 ) − 𝛽(𝐻𝑗 ) = 𝜙(𝐻𝑗 ) and 𝛼𝑥(𝐻𝑗 ) − 𝛼(𝐻𝑗 ) = 𝛿(𝐻𝑗 ).

d) 𝐵(𝐻𝑗 ) ≤ 𝑃 (𝐻𝑗 ) ≤ 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1). In this situation, it follows that 𝜖1 = 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) − 𝑃 (𝐻𝑗 ), 𝜖2 = max{𝑃 (𝐻𝑗 ) − 𝐵(𝐻𝑗 ), 0}. 
Therefore, 𝜙(𝐻𝑗 ) = 𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ) −max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ), 0}, 𝛿(𝐻𝑗 ) = 𝛿(𝐻𝑗−1) + 𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ) − 𝜙(𝐻𝑗−1).
Furthermore, 𝛽𝑥(𝐻𝑗 ) = 𝑃 (𝐻𝑗 ), 𝛽(𝐻𝑗 ) = max{𝐵(𝐻𝑗 ), 𝑃 (𝐻𝑗 )} and 𝛼𝑥(𝐻𝑗 ) = 𝐴(𝐻𝑗 ) + 𝛿(𝐻𝑗−1) + 𝑃 (𝐻𝑗 ) − 𝐵(𝐻𝑗 ) − 𝜙(𝐻𝑗−1), 𝛼(𝐻𝑗 ) =
𝐴(𝐻𝑗 ) + 𝛽(𝐻𝑗 ) −max{𝐵(𝐻𝑗 ), 𝑃 (𝐻𝑗 )} =𝐴(𝐻𝑗 ).
Therefore, 𝛽𝑥(𝐻𝑗 ) − 𝛽(𝐻𝑗 ) = 𝑃 (𝐻𝑗 ) −max{𝐵(𝐻𝑗 ), 𝑃 (𝐻𝑗 )} = 𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ) −max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ), 0} = 𝜙(𝐻𝑗 ) and 𝛼𝑥(𝐻𝑗 ) − 𝛼(𝐻𝑗 ) =
𝐴(𝐻𝑗 ) + 𝛿(𝐻𝑗−1) + 𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ) − 𝜙(𝐻𝑗−1) −𝐴(𝐻𝑗 ) = 𝛿(𝐻𝑗 ).

Finally, when 𝜙(𝐻𝑗 ) = 0, there is immediate verification that 𝜖1 = 𝜖2 = 0 if these values were computed for 𝐻𝑘 with 𝑘 > 𝑗 and the 
values 𝛿(𝐻𝑘) are all equal to 𝛿(𝐻𝑗 ) so the loop can be exited at this point.

Proposition 8. If 𝑆 is a hierarchical specification, then it is always an order-2 capacity.

Proof of Proposition 8. We will prove that if 𝐴 ⊆ 𝐵, then 𝑃 ′
(𝐴 ∪ {𝑥}) − 𝑃

′
(𝐴) ≥ 𝑃

′
(𝐵 ∪ {𝑥}) − 𝑃

′
(𝐵). This property is known as the 

law of diminishing returns and it is an equivalent definition of an order-2 capacity [9].

In order to prove this, we will consider Algorithms 1 and 2 that compute 𝑃 ′
(𝐴) and the difference 𝑃 ′

(𝐴 ∪{𝑥}) −𝑃
′
(𝐴), respectively.

We will also consider the same algorithms to compute 𝑃 ′
(𝐵) and the difference 𝑃 ′

(𝐵 ∪ {𝑥}) − 𝑃
′
(𝐵). In order to discriminate the 

parameters computed in this case for 𝐴, let us add a prime symbol to the parameters of 𝐵.

In this situation, it follows that

• 𝐵′(𝐻) ≥ 𝐵(𝐻) as the beta values always increase for larger sets

• Since 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) = 𝐵𝑥(𝐻𝑗 ), this means that 𝐵′(𝐻𝑗 ) + 𝜙′(𝐻𝑗−1) ≥ 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1).

We will prove by induction that for any 𝑗 = 0, … , 𝑚 it follows that

𝛿(𝐻𝑗 ) − 𝛿′(𝐻𝑗 ) ≥ 0, 𝛿(𝐻𝑗 ) −𝜙(𝐻𝑗 ) − (𝛿′(𝐻𝑗 ) − 𝜙′(𝐻𝑗 )) ≥ 0

We have that

𝛿(𝐻𝑗 ) −𝜙(𝐻𝑗 ) − (𝛿′(𝐻𝑗 ) − 𝜙′(𝐻𝑗 )) = 𝛿(𝐻𝑗−1) −𝜙(𝐻𝑗−1) − (𝛿′(𝐻𝑗−1) −𝜙′(𝐻𝑗−1)) + 𝜖2 − 𝜖′2 (A.8)

We also have

𝜖2 = min{max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ),0}, 𝜙(𝐻𝑗−1)},

𝜖′2 = min{max{𝑃 (𝐻𝑗 ) −𝐵′(𝐻𝑗 ),0}, 𝜙′(𝐻𝑗−1)},

If 𝜖2 = max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ), 0}, this is because

𝑃 (𝐻𝑗 ) ≤ 𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1),
20
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𝑃 (𝐻𝑗 ) ≤ 𝐵′(𝐻𝑗 ) + 𝜙′(𝐻𝑗−1),

and therefore

𝜖2 = max{𝑃 (𝐻𝑗 ) −𝐵(𝐻𝑗 ),0} ≥max{𝑃 (𝐻𝑗 ) −𝐵′(𝐻𝑗 ),0} = 𝜖′2.

Since 𝜖2 ≥ 𝜖′2, if we consider induction and Expression (A.8), we obtain

𝛿(𝐻𝑗 ) −𝜙(𝐻𝑗 ) − (𝛿′(𝐻𝑗 ) − 𝜙′(𝐻𝑗 )) ≥ 0.

Furthermore, if 𝜖2 = 𝜙(𝐻𝑗−1), using Expression (A.8), it follows by induction that

𝛿(𝐻𝑗 ) −𝜙(𝐻𝑗 ) − (𝛿′(𝐻𝑗 ) − 𝜙′(𝐻𝑗 )) = 𝛿(𝐻𝑗−1) − (𝛿′(𝐻𝑗−1) −𝜙′(𝐻𝑗−1)) − 𝜖′2.

Since 𝜙′(𝐻𝑗−1) ≥ 𝜖′2, it follows that

𝛿(𝐻𝑗 ) −𝜙(𝐻𝑗 ) − (𝛿′(𝐻𝑗 ) − 𝜙′(𝐻𝑗 )) ≥ 𝛿(𝐻𝑗−1) − 𝛿′(𝐻𝑗−1) ≥ 0.

Let us now prove by induction that we also have that 𝛿(𝐻𝑗 ) − 𝛿′(𝐻𝑗 ) ≥ 0.

𝛿(𝐻𝑗 ) − 𝛿′(𝐻𝑗 ) = 𝛿(𝐻𝑗−1) − 𝛿′(𝐻𝑗−1) − 𝜖1 + 𝜖′1.

If 𝜖′1 = 𝜙′(𝐻𝑗−1), as 𝜖1 ≤ 𝜙(𝐻𝑗−1), it follows that

𝛿(𝐻𝑗 ) − 𝛿′(𝐻𝑗 ) ≥ 𝛿(𝐻𝑗−1) − 𝛿′(𝐻𝑗−1) − 𝜙(𝐻𝑗−1) + 𝜙′(𝐻𝑗−1) ≥ 0,

where the last inequality is true due to the induction hypothesis.

Furthermore, if 𝜖′1 < 𝜙′(𝐻𝑗−1), this is because

𝜖′1 = max{𝐵′(𝐻𝑗 ) + 𝜙′(𝐻𝑗−1) − 𝑃 (𝐻𝑗 )},0} ≥max{𝐵(𝐻𝑗 ) + 𝜙(𝐻𝑗−1) − 𝑃 (𝐻𝑗 )},0} ≥ 𝜖1.

Therefore

𝛿(𝐻𝑗 ) − 𝛿′(𝐻𝑗 ) = 𝛿(𝐻𝑗−1) − 𝛿′(𝐻𝑗−1) − 𝜖1 + 𝜖′1 ≥ 𝛿(𝐻𝑗−1) − 𝛿′(𝐻𝑗−1) ≥ 0,

where the last inequality is also true as a result of the induction hypothesis.

Since the difference 𝑃 ′
(𝐴 ∪ {𝑥}) − 𝑃

′
(𝐴) = 𝛿(𝐻𝑚) and 𝑃 ′

(𝐵 ∪ {𝑥}) − 𝑃
′
(𝐵) = 𝛿′(𝐻𝑚), where 𝐻𝑚 is the root node, we thereby obtain 

the desired result.
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