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1 | INTRODUCTION AND MAIN RESULTS

Lax pair formulation is one of the most conventional approaches in the integrability analysis of
differential equations. For solitonic-type equations, the integrability is related to zero-curvature
representation [18, 29], while for dispersionless equations the situation is different. Namely, dis-
persionless Lax pair (dLp) no longer consists of higher order differential operators, but is reduced
to a pair of vector fields with a spectral parameter, often also with terms including differentiation
by the spectral parameter [50]. Such dLp allows convenient geometrization of the integrability via
twistor theory [23, 25, 37], which eventually for many classes of dispersionless systems in a more
general context has been related to curvature properties of underlying background geometries [5,
13, 14, 16].
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ZERO-CURVATURE AND INTEGRABILITY IN 5D | 3 0f41

The integrability of second-order partial differential equations (PDEs), or more generally
systems of PDEs with quadratic characteristic variety, was shown to be equivalent to the Einstein—
Weyl property in 3D and the self-duality property in 4D for the canonical conformal structure read
off the characteristic variety/symbol of the equation [7]. Here, the integrability is understood as
the existence of a nontrivial dLp. Moreover, for several classes of examples, this was also shown
to be equivalent to the existence of hydrodynamic reductions, as developed in [19, 48], see [20].

Not much is known in dimensions beyond 4, except for sporadic examples [3, 26, 41, 46]. In
this paper, we address the smallest of those dimensions, namely, 5D. Let us note that conformal
geometry in 4D is one of the key examples of the so-called parabolic geometry, and that self-
duality is expressed as vanishing of a part of its curvature, namely, the anti-self-dual Weyl tensor.
Similarly, in 3D, Weyl geometry is a structure reduction of conformal geometry, and the Einstein-
Weyl condition is expressed as vanishing of a part of the curvature, namely, the trace-free part of
the symmetrized Ricci tensor of the Weyl connection.

It turns out that the situation in 5D is similar, and dispersionless integrability can be written as
a zero-curvature condition for a contact parabolic geometry.

1.1 | Subconformal structures on solutions

Let us explain the main ingredients of this article in the case of a scalar second-order PDE, which
will be fundamental for the more general case of PDE systems in Section 3.1. A scalar second-order
PDE can be expressed as

& : F(x,u,0u,0’u) =0 1)

for a scalar function u of an independent variable x on a connected manifold M with dim M = d,
where du = (y;) and 8%u = (y; ;) denote partial derivatives of u in local coordinates x = (xH.

Let M,, denote the manifold M equipped with a scalar function u; we may view M,, as the graph
of uin M X R or, as we will see later, in the appropriate jet space. A tensor on M,, is, by definition,
a tensor on M, which may also depend, at each x € M, on finitely many derivatives of u at x.

Let ¢ (u) be the linearization on a solution u of £

Cr(u)v = 4

I F(u + ev),

e=0

which clearly depends on the background solution u if F is nonlinear, and let o be the symbol,
that is, the top degree of # involving only second derivatives

OF

op=) —
F du;;

)

i<j

Invariantly, o defines a section of S*TM,,, hence a quadratic form on TM,, for each x € M,,.
Changing the defining function F of £ changes o by a conformal rescaling on £. Hence, the con-
formal class of o along F = 0is an invariant of £, and so is the characteristic variety Char(€, u) —
M,,, which is defined as a bundle whose fiber at x € M,, is the projective variety

Char(€,u), = {[6] € P(T*M,) | 5(6) = 0}.
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In what follows it is important that this variety is a quadric; however, it is degenerate. Actually,
the following is a direct corollary of the characteristic property of [7, Theorem 1], hidden in the
discussion of the coisortopic property of dLp [7].

Theorem 1.1 [7]. For integrable determined PDE systems in dimension d > 4 with quadratic char-
acteristic variety, the bilinear form o and hence the characteristic variety are degenerate. In fact, the
rank of the symmetric matrix [o;;] does not exceed 4.

In this paper, we assume that rank [o};] is maximal, that is, equal to 4 on generic solutions u of
£. This means that the vector distribution (obtained by contraction)

Ap = (o5, T*M,)) C TM,

has rank 4. In general, A, is a nonintegrable and even nonholonomic distribution of rank 4 on
M, for generic solution u of £. Moreover, in what follows we assume that d = dim M,, = 5 and
that A, is a contact distribution on M,,.

The symmetric bivector o is nondegenerate on A,z and can be inverted to give sub-pseudo-
Riemannian structure defined up to scale, that is, subconformal structure c, = [gr] on any
solution:

gr = (0pla,) " €5°A%,  where [g;]=[o;;]7"

In what follows, we assume that the conformal structure c, has neutral signature (2,2). In other
signatures, one still can use the same approach via complexification, yet the real integrability con-
ditions can be more restrictive. For instance, in 4-dimensional Lorentzian conformal structures,
the integrability implies that F is the standard wave operator plus lower order terms.

For any point x € M,,, recall that the neutral signature conformal structure cg|, on a 4-
dimensional space Ag(x) has 2 one-parameter families of isotropic planes that is CP! in the
complex case and RP! ~ S! in the real case. These are traditionally called a- and B-planes, or
self-dual or anti-self-dual null planes, which are swapped upon the change of orientation. The
structure (Ag, cg) on M, is called compatible if the ce-family can be chosen to consist of Lagrangian
planes with respect to the conformally symplectic structure on the contact distribution. In this
case, a generic §-plane would not be Lagrangian. Note that the existence of dLp implies the exis-
tence of a 1-parameter family of surfaces whose tangent plane at each point lies in the contact
distribution and is null with respect to the subconformal structure. Since an integral surface
of any field of contact planes is necessarily Legendrian, then its tangent planes are Lagrangian
with respect to the induced conformal symplectic structure. In other words, the existence of dLp
requires the compatibility condition that will be assumed in what follows.

1.2 | An example of integrable PDE
Consider the following example of 5D version of the heavenly equation wherein c is a constant:

F =5 + Clps + Upzllyy — Ugglip; = 0. ()
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This equation is a traveling wave reduction of the well-known Takasaki-Plebansky-Przanowski
equation in 6D [41, 46], and it, in turn, reduces to the first Plebansky (also known as heavenly),
modified heavenly and Hussain’s equations [12, 40].

The symbol of F is o = v; - U3 + U, - Uy Where U] = 01, Uy = 05, U3 = 05 — Uy30, + Uy 03, Uy =
€05 4+ Uy30, — U 4035

A = {0y, 0,,03,0,) = Ker(?),

@® = (U3 + cty) dX + (U + ctyy) dX* + (uys + cUys) dX°

= d(ul + Cu3) - (un + Cu13)dx1 - (u12 + Cu23) dx2.

Additionally, on the contact plane A, we have

g = a;l =w'w+ w2w4,

where

cdx3 + up,dx® e dx* + uyydx®

3
- ’
Upg + Clyy Uz + Clys

w! =dx!, w? =dx? w

The -planes Ker{w!' — 1w?, w* + 1w3} are not Lagrangian for Q = dw® except for two particular
values of 4, which can be projectively reparametrized to 0 and co.

The a-planes Ker{w! + Aw*, w? — Aw®} = (v, — Av;,v; + Av,) are a family of Lagrangian
planes, and they give rise to the following dLp for (2):

1.3 | Main results

In general, a dispersionless Lax pair, referred to as dLp, for (1) is a rank 1 covering system & of € of
a special kind [28, 50]. Namely, there is a fiber bundle 7 : Mu — M,, with connected rank 1 fibers,
and a rank 2 distribution IT C TM,, such that its Frobenius integrability condition [IT, IT] = IT is
a quasi-linear overdetermined system € whose compatibility is £. Often, this latter condition is
relaxed to the claim that £ is a differential corollary of Mu, but it is assumed that £ is restored
up to a simple integration/nonlocalities of potentiation kind; see a discussion in [7]. In practice,
one can choose generators of IT to be linearly independent vector fields X and Y on M,,, whose
coefficients depend on finitely many derivatives of u.

A fiber coordinate 1: M, — R is called a spectral parameter and it locally identifies M,, with
M,, x R.We may thenwriteX = X + md,,Y =Y + nd, where X, Y are A-parametric vector fields
on M, and a section of 7 : M, — M,, may be written A = g(x) for a function g : M,, — R. The
dLp IT then has the geometric interpretation that £ is the integrability condition for the existence
of many one-parameter families of foliations of M,, by surfaces that at any x € M,, are tangent to
T = 7(IT) at x, with 1 = g(x).

By the mentioned (co)isotropic property of the dLp, we may thus identify M, locally with the
P!-bundle whose fiber over x € M,, consists of all a-planes. In this case, at each x € M, II gives
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an immersion P! — Gr(2,A). Under this identification, with IT considered as a P!-bundle over
M,,, the pullback 7*IT — M,, is the tautological bundle.

Any Weyl connection V on M,,, that is, a torsion-free connection that preserves the conformal
class ¢ and depends on finitely many derivatives of u, induces a connection on the P!-bundle
M, — M,,. Hence, it defines a horizontal lift of IT to a rank 2 distribution ITy C TM,,. It is well
known [7, 39] that in 4D, the lift ITy is independent of V, that is, conformally invariant; the same
applies in higher dimensions provided that rank [o;;] = 4.

Now let (Ag, c¢) be a compatible subconformal structure on a contact distribution in 5D. In Sec-
tion 2, we will associate to such structure a coframe w' on M,, that is determined up to a projective
reparametrization and rescalings, whose group action depends on a discrete invariant sgn § = +1
that distinguishes between the CR and para-CR types. The Cartan-Tanaka prolongation of this
structure is of finite type and this implies the fundamental curvature components. Important
for us is a tensor W = (Wl-)a1 generalizing the self-dual part of the Weyl tensor in 4D conformal
geometry, which we will describe in detail in Sections 2.2-2.4.

Similar to the situation in 4D, there exists a canonical lift of the P!-bundle of a-planes, that is,
the a-congruence on M, to a rank 2 distribution in 5D. This will be called a standard dLp. Two Lax
pairs are £-equivalent if their restrictions to the (infinitely prolonged) equation £ coincide. A dLp
is called nondegenerate if it is not £-equivalent to a dispersionless pair, for which the Frobenius
integrability condition holds identically, also referred to off shell, that is, not as a corollary of &, cf.
[7, Definition 5].

Theorem 1.2. Let £ : F =0 be a determined PDE system in 5D, whose characteristic variety
Char(€) is a bundle of quadric hypersurfaces of maximal rank 4 in P T*M,,, and such that the sub-
conformal structure on contact distribution (Ag, cc) on M, is compatible for (almost) every solution
u. Then, any nondegenerate dLp T1 is £-equivalent to a standard dLp Tly.

Our main result establishes an equivalence between the dispersionless integrability of £ and
the zero-curvature property of cg.

Theorem 1.3. Under the same assumptions as in Theorem 1.2, £ is integrable by a nondegenerate
dLp if and only if the zero-curvature condition holds nontrivially on solutions of €.

Finally, let us give a presentation of master equation for dispersionless integrable equations in
5D with contact characteristic distribution. Here, by “master,” we mean two following properties.

* Any integrable background subconformal geometry in 5D is locally described by this equation,
as a particular solution of the PDE on the functional parameters.

* Any integrable dispersionless equation with the specified conditions on the characteristic vari-
ety is a reduction of this equation, meaning that all solutions of the given PDE are locally
reparametrizations of the solutions of the master equation.

Such master equation in 3D was identified in [17] with the Manakov-Santini equation, governing
Einstein-Weyl structures, and in 4D a determined PDE was derived in [17], governing the self-dual
conformal structures.

This can be considered as the quotient problem of the space of all background integrable
geometries in 5D by the pseudogroup of local diffeomorphisms, where the residual gauge

8518017 SUOILIOD BRI 3[eot|dde 8Ly Aq pausenob ase sap1e VO '8 J0 a|n Joj Aleiqi8UIUO 8|1 UO (SUORIPUCD-PUE-SLLLBYLIOD" A8 | 1M ARed] Ul Uo//SY) SUORIPUOD pue SWiIS | 8L} 88S *[G202/T0/PT] Uo ARiqiTauliuo A8|IM epeueID 8 pepsIeAIun Ad 9200/ SWII/ZTTT 0T/I0p/W00"A8| 1M AReid Ul U0"d0SUIRWPUO|//SANY WO papeojumoq '9 ‘v20Z '05.L697T



ZERO-CURVATURE AND INTEGRABILITY IN 5D | 7 of 41

transformations can be eliminated via the differential invariants approach, as was done in [31,
32] for the EW (Einstein-Weyl) and SD (self-duality) systems.
Leaving the precise form of the master equation to Section 3, let us preview the result.

Theorem 1.4. General zero-curvature integrable subconformal structures on contact distributions
in 5D are given locally by the contact form dr — p dx — q dy and the conformal metric

g=dx+@+v)dy)-(dg—(u—-v)dp+wdx + (z—w(u—0v))dy)

+(dx+w—-v)dy)-(dg—(u+v)dp+wdx + (z—w(u +v))dy),

where the functions u,v,w, z of variables x,y, p, q,r satisfy PDEs {W; = 0}i3=0 given by (25). This
system is itself integrable via a dLp (21-23). The local moduli space of zero-curvature integrable
subconformal structures is parametrized by 8 functions of 4 variables.

Structure of the paper. In Section 2, we investigate the background geometry in dimension
5, that is, the subconformal contact structure on M,, with appropriate compatibility conditions,
express the structure equations and fundamental invariants, and link the integrability via dLp to
the zero-curvature condition. In Section 3, we describe the systems of PDEs to which our results
extend, introduce the necessary tools from jet machinery, and prove the main results. In Section 4,
we relate our results to other geometries via twistorial techniques and symmetry reductions. We
conclude in Section 5 with an overview of the main results and discuss possible generalizations. In
the Appendix, we classify integrable parabolic background geometries, in addition to the geometry
discussed in this paper and the previously known parabolic geometries in 4D and 3D, namely,
Cartan geometries of type (SO(3, 3), P;) and (SO(2, 3), P;), the latter of which is equipped with a
choice of Weyl structure.

Conventions. In this article, all manifolds are real and smooth. Given a (system of) differential
equation, we work locally away from singularities. For a foliation of a manifold, we restrict to open
sets in which the leaf space of the foliation is a smooth manifold. Given a set of 1-forms {al,...,a"}
on a manifold M, their span is denoted by I = (oci)i’l: and their kernel (annihilator) is denoted
by Ker I or I'+ interchangeably. For a distribution A C TM, its annihilator will be denoted as I =
Ann(A). For a pseudo-Riemannian metric ¢ € S>T*M, the corresponding conformal structure is
denoted by either [g] or c,. Given a bundle G — M with a coframe (a,...,a", B, ...,8%) on G,
the dual frame is denoted by (9,1, ..., Oy, 651 s ey 65k). Furthermore, if (al);’zl are semibasic with
respect to a fibration G — M, then given a function f : ¢ — R, the iterative coframe derivatives
of f are defined as

f;l- =0, ,df, f;ij = 6a,-de;l-, and so on.

2 | GEOMETRY OF SUBCONFORMAL STRUCTURES IN 5D

Here, we discuss compatible subconformal structures on contact 5D manifolds (M, A). Let «° €
Ann(A) \ 0 be a contact form. Then, Q = dw®|, defines a conformal symplectic structure. We will
operate with structures on A via a coframe o', 1 < i < 4, modulo w°. The dual frame on A will be
denoted by 01,02, 9,3, 9,4, and it is complemented by the transversal vector d 0 (which may be
chosen to be the Reeb vector field but we do not require it).
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2.1 | Compatibility

A subconformal structure on (M, A) is the conformal class of a nondegenerate bilinear form g €
['(S?A*), which will be assumed of neutral signature (2,2). In null-diagonal coframe, we get

g =w'w + w’wt 3)

There are two P!-bundles of contact planes, denoted as A, B C Gr,(A) and referred to as a- and
B-planes, respectively, which are totally null with respect to [¢], that is, at every point x € M

A, 1={II = Ker{ayo' — a,0, ayw* + ;0,0 | [, : a;] € P!},

)
B, :={TI = Ker{By0' — B,0", Byo® + B10*, 0% | [B, : Bl € P'}.

With respect to the Hodge operator * on (4, g), these are self-dual and anti-self-dual planes,
respectively, and they are swapped upon the change of orientation on A. In what follows, we
choose to focus on the family of a-planes.

Definition 2.1. A subconformal contact structure (M, A, [¢]) is compatible if all at-planes of [g]
= (0, +10,2,A0,5 — 0,s), A= j{—f € RU oo, 5)
are Lagrangian with respect to the induced conformal symplectic structure [Q] on A.
We also call Q compatible under the same conditions with respect to g on A.
Lemma 2.2. A compatible symplectic structure has the form
Q=pao' A? + g0 Aw® +@? Aw*) + 10’ Aw?
with a relative invariant § = q> — pr # 0.

Proof. Indeed, writing Q = 3, _ i

: - - - 192 — — ol Aw? A w3 A
gives ¢y3 = 0, €13 = Cyy, €14 = 0. Then, 5O = —Gvol , where vol, = v’ Aw” Aw” Aw™. O

¢;j@' A w/ modulo w’, evaluating this on IT and expanding by

Proposition 2.3. If Q is compatible with (5), then it is conformally equivalent to one of the forms
§>0: Q=o' A0’ +w? At (6)

§<0: Q=o' Aw® + 0’ At @)

Proof. Let us introduce an operator J = ¢~'Q on A. Normalizing |§| = 1 by rescaling Q is equiv-
alent to the spectrum of J belonging to the unit circle S! C C. More explicitly, if § = +1, then
eigenvectors of J are +1 and if § = —1, then eigenvectors of J are +i, in both cases both eigenvalues
have multiplicity 2 and the operator J is semisimple and is related to ¢ by

g(Ju,w) + g(v,Jw) =0 Vo,w € A.
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In the case § = +1,J? = 1 and the g-null Q-Lagrangian planes are generated by J-eigenvectors,
and so are either eigenspaces L, = E;(+1) or belong to the family IT generated by an orthogonal
pair of vectors from L_ and L, . Choosing null-orthogonal basis of eigenvectors of J as in (3), we
get the required formula (6).

In the case § = —1,J? = —1 and the g-null Q-Lagrangian planes form a 1-parameter family IT,
but no such singular planes as in the case § = +1 exist. Then, a pair of J-invariant null planes
yields null-orthogonal basis (3) and the required formula (7) follows. [l

Note that in the family of 3-planes given by
I = (9,1 +A0,4,0,2 — A8,3), A= % ERU oo,
1

Q-Lagrangian planes for 6 > 0 correspond to 4 =0 and oo, that is, L_ = (3,1,9,2) and L, =
(8,3, 0,4), while for § < 0, the equation for such planes is 12 + 1 = 0 and it has no real solutions.

Corollary 2.4. A compatible subconformal structure (M, A,[g]) possesses an adapted coframe
{w'} , inwhich A = {&° = 0} and formulae (3) together with either (6) or (7) hold. The part {&'}} |
modulo «° is defined up to an action of R,GL(2,R) C End(A).

Proof. The first statement is the direct corollary of the proposition. The second follows from the
formulae (3)-(6)—~(7). In matrix terms, the action is given as follows:

apip A 0 0 an a,, —bay bay
_ |91 A9 0 0 _| 9z ay, —bay bay
A, = , _= . (®
where the first matrix corresponds to § > 0 and the second to § < 0.
Note that those algebras preserveJ, = —3,1 @ w! —3,, ® w? + 9,3 ® w* +J,4« @ w*andJ_ =
0 @ w* — 0,4 @w! —3,, @ w +d,: ® w?, respectively. O

Formula (8) shows the action of GL(2,R) on A ~ R* which is reducible for § > 0 and
irreducible for § < 0. It induces the action of PSL(2, R) on the projective line P! of a-planes.

2.2 | Curvature in subconformal geometry: Naive approach
We consider the case § >0 given by (3) and (6) and the case § <0 given by (3) and
(7) simultaneously.

The preimage of a-planes to M, which is the total space of the P!-bundle with fibers A, in (4),
is given by

7 M = (0,1 + 48,2, 40,3 — 0,4, 0,),

where A is a local coordinate along the fibers. Given the compatibility condition, this distribu-
tion has growth vector (3, 5,6), and hence, it possesses the radical (dLp) uniquely given by the
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condition [I1, TT] € 7 'I1, and so, we get

=4/ = (8,1 + 28,2 + md;,A8,3 — B4 + n3;).

This can be considered as a lift of the configuration IT on M, and the coefficients m, n are uniquely
determined as follows. Let the structure equation of the frame be

k_ 1k i j a1k
dw ——Ecijwl/\cof & [awl,aw]]—cijdwk.

We compute

8,1 + A3, + md;, 43,5 — B0 + 13,
= Ack, 8, — ¥, 8, + 2%ck,0, — Ack, 8,k + md 3 — nd,» mod(d;)
= (=A%c]y + Act, + Ac), — ¢}, — ey, + APc5, + APcy, — Acs, —n) O,
+ (Aef, + A%y, — 3, — Acy, + A2, + Acy, — Acy, — A%c5, + m) 8,5 mod(d;)
whence

_ .34 2(4 _ 3 _ 4 3 4 3 3
m=—A°cy; + 4 (¢34 %) 013)"'/1(624""614 ci3) + iy

3.1 2/ 2 1N a2 1 2\ 2
n=-Acy+4 (C24+C23 C13) /1(024 C4 c13) Clg

Now the curvature of the subconformal structure, considered as the obstruction to integrability
of dLp, is dA([8,,1 + 40,2 + md;,A08,,3 — 8,4 + nd,]), which equals

W =0,(n) + A0,,:(n) —A0,,3(m) + 9,4(m) + mn; —nm;, 9)

where m; = d;m. This is clearly a quartic in 4 responsible for Frobenius integrability of dLp. In
fact, with the notations

3 3 _ 4 _ 3 4 _ 4

_ — 3 4 _ _ _
my =cj,, my =c5, +cf, — ;s m, =c, — 5 —cls, my = —cy;,
_ 2 _ 2 1 _ 2 _ 1 2 1 _ 1
Ry = —Ciys n =cj3+ 0 — Gy Ny =Cyy + €33 — O3 N3 = —Cys,

we have W = W, + W1 + W,4% + W33 + W24, where

Wi = 0,1(ng) + 9,,4(mg) + my ny — my ng,
Wi =0,1(ny) + 8.,2(ng) — 0,3(mg) + 8,4(my) + 2(myny — myng),
W, = 0,1(ny) +0,2(ny) — 9,3(m;) + 9,4(m,) + 3(myn; — msng) + mh, — myn,,
W3 =0,1(n3) + 9,2(n,) — 0,3(my) + 0,4 (m3) + 2(mynz — myn,),

W, = 0,2(n3) — 0,3(m3) + myny — msn,.
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2.3 | Associated parabolic geometry

A compatible subconformal structure can be equivalently described as a parabolic geometry of
type (A3, P;3). We refer to [9] for the basics of parabolic geometries and to many examples,
including those related to ours.

Remark 2.5. Among A;-type parabolic geometries, the following are well known and considered in
[9]: 3D projective geometry has type (As, P;), 4D conformal geometry has type (As, P,), geometry
of systems of second-order ordinary differential equations (ODEs) with two dependent variables
has type (As, P;,) and vanishing torsion of the lowest weight, CR structures in 5D or its para-
version integrable Legendrian structures have type (As, P3) and vanishing torsion. This latter
case is different from ours, which allows torsion but requires vanishing curvature.

Here, we only note that the underlying geometric structure for (A5, P;3), in the complex case,
is a contact distribution A on 5-manifold M, and this distribution is split A = L_ @ L, into the
sum of two Lagrangian subbundles, which are thus conformally dual to each other. The matrix
form of the parabolic subalgebras p = Lie(P) corresponds to the part of nonnegative grading, as
follows (we also show other parabolics that will be relevant later):

0 +1 +1 +1 0 0 +1 +1 0 +1 +2 +2 0 +1 +1 +2
-1 0 0 0 0 0 +1 +1 -1 0 +1 +1 -1 0 0 +1
—1 0 0 0 -1 -1 0 0 -2 -1 0 0 —1 0 0 +1
-1 0 0 0 -1 -1 O 0 -2 -1 0 0 -2 -1 -1 ©0

P1=080Dg: P2=00Dg; P12=60D 31 Dg> P13=60D3:1Dg>

There are three different real versions, corresponding to the following real groups G of type A;:
SL(4,R), SU(1, 3), and SU(2, 2), each of which has a parabolic subgroup of type P ;.

However, real compatible subconformal structures correspond only to the first and the last
ones. The middle real parabolic geometry has induced conformal structure on A of definite signa-
ture, hence does not possess null 2-planes, which can be taken as dLp candidates. The other two
cases have the following notations as crossed Dynkin diagrams:

pi; C8I(4R):  x—o—X pscsu2): ok

In the first case, corresponding to § > 0, the parabolic geometry on M> results in a splitting
of A and the conformal duality L, ~ L*. Conversely, given such geometric structure, we define
the subconformal structure via pairing null planes L_ and L, . The configuration of a-planes is
restoredas Il = 77 @ ¢ *,whereL_ D 7L f; C L, (so¢] determines f;). The splitting can be
encoded via an almost product structure on the contact distribution A given by J|; = +1d,. With
no requirement of integrability of distributions L, , this geometry is almost para-CR.

Similarly, in the last case, corresponding to § < 0, the parabolic geometry on M> reads off the

splitting of A® into a pair of complex conjugated 2-distributions L,, and L, = L,,(holomorphic
and antiholomorphic parts of the complexified contact distribution). This can be encoded via an
almost complex structure J on A, compatible with the conformally symplectic structure. However,
we again do not require integrability of the complex distributions (or vanishing of the Nijenhuis
tensor), and hence, this geometry is almost CR of split Levi signature. Thus, we proved:
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Proposition 2.6. There is a bijective correspondence in 5D between compatible subconformal con-
tact structures (8 > 0, resp., § < 0) and (A, P13)-type parabolic geometries (Legendrian contact
structures, resp, almost CR structures of split Levi signature).

Now we would like to define the notion of a Cartan geometry. Given Lie groups P C G, let
denote their Lie algebras by p and g, respectively. A Cartan geometry (G — M, ) of type (G, P) is
given by a (right) principal P-bundle 7 : ¢ — M together with a Cartan connection 3 € Q'(G, g),
that is, a g-valued 1-form on G with the following properties:

* 1 is P-equivariant, that is, er) = Ad, 109 forany g € P,
* 1 maps fundamental vector fields to their generators, that is, ({y) = X for any X € 9,
* 3 defines an isomorphism ¢ : T,,G — g for any u € G.

The curvature of a Cartan connection 1 is the 2-form ¥ € Q?(G, g) defined as
Y(X,Y) =dpX,Y) + [%(X), p(Y)]

for X, Y € I(TQ).

Every parabolic geometry possesses a Cartan connection ) € Q'(G, g) on the principal bundle
G over the base M, where g = Lie(G) is the Lie algebra of the corresponding Lie group discussed
above. The curvature of this connection

K =dp +3[$.9] € Q*(G.0)

can be identified with the curvature function x : ¢ — A2p + ® g via the Killing form identifica-
tion ¢* = (g/p)* = p,, where g = g_ P g, ® g, is the grading corresponding to the choice of
parabolic p = g, @ g, and p, = g,. The normality condition 6*x = 0, where 3* : A’p, ® g —
P, ® g is the Kostant codifferential, uniquely determines the Cartan connection [9].

The harmonic curvature x;; is the quotient part of ¥ taking values in the g, submodule

Ker(() = II(er((aa )) of A%g* ® g, where [] = 33" + 3*0 is the Kostant Laplacian [27]. This x
m *

uniquely restores x via invariant differentiations, and is a simpler object, as it takes values in the
Lie algebra cohomology H i(g_, g), where the subscript “+” indicates positive homogeneity with
respect to the grading element Z € g,.

Computation of this cohomology is straightforward from the Kostant’s version of the Bott-
Borel-Weyl theorem [27]. For the complex Lie algebra A, and its parabolic subalgebra p,5, we
haveg, = C® 8l(2,C) ® C,g_ = g_, ® g_; = heis(5),and the cohomology H? decomposes into
go-irreps as follows:

2 —_ D (-1,2) (1,1
H+(g—’ g) - \/1 @ \/1 @ \/4 ’ (10)

where V, indicates g3 = 81(2, C) module and superscripts show the weight with respect to 3(g,) =
C @ C. The first two summands correspond to the torsion 7, and can be identified with A’L* ®
L, and A’L* ® L_. The last module corresponds to the curvature wherein W takes values. We
thus have the following.

Proposition 2.7. The harmonic curvature of a compatible subconformal structure splits as above
xy = T_ + 7, + W and the zero-curvature condition is W = 0.
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The correspondence space, as the total space of the P!-bundle 7 : M% — M?> (with A coordi-
nate in fibers), is a parabolic geometry of type (A, P;,3) and its underlying rank 3-distribution

n;ll'l with growth vector (3,5,6) has the radical In= A /n;ll'l. The harmonic curvature of the lifted

structure on M° has 5 irreducible components
Ry =¢_+¢,+1_+7,+W, (11)

all of which are torsion, that is, the 2-cocycles take values in the corresponding g_. Because the
distribution is a lift of a (A5, P,3) structure, one has ¢, = 0. The zero-curvature condition W = 0
corresponds to integrability of IT, so there is a local quotient, M® — T*, where T* is referred to
as the twistor space. However, the induced structure on 7 is not a parabolic geometry of type
(A3, P,), that is, a conformal structure, unless 7, = 0, that is, unless the subconformal contact
structure is flat.

In the real split (para CR) case g = 31(4, R), the above expressions hold literally by changing C
to R with g3 = 8[(2,R), and so on. In the real CR case g = 8u(2, 2), the first two summands of
(10) form an irreducible module over g;’ = 8u(1,1) =~ 81(2, R). Thus, 7_ + 7, in Proposition 2.7
is the indecomposable torsion, and similarly, in (11), curvature components¢_ +¢, and 7_ + 7,
are indecomposable.

2.4 | Structure equations and fundamental invariants

The equivalence method for subconformal compatible contact structures, reformulated as Cartan
geometries (G — M, ) of type (A;, P;3), yields the full curvature K of the problem. For our pur-
poses, it suffices to compute only selected entries of the Cartan curvature, which we do using the
structure equations.

In this section, for brevity, we consider only the almost para-CR case, corresponding to g =
81(4,R). The CR case can be treated similarly. The Cartan connection and curvature have the
following form:

$—p £, 31 §o P, —R E, B Eo
w? ¢ —p §s &, Q* @ -R E E
= ,W=d AP = ! > 0, 2
v w! W Po—p & pryaY Q! Q> @,—-R &, (12)
w’ w? W p 0 Q4 o R

where p = %(qﬁo + ¢, +¢,)andR = %((I)O + @, +D,).
Imposing the normality conditions and Bianchi identities, modulo {«°}, one has

Q' =T w’ A 0, Q? =T? w3 A ?, Q3= T}_co1 A w2, Q= Tf_co1 A w2,
Q= -2 (TLT, + 2T = W,) @' A e’ + 5 (TATL = W3) ' A’ + 2 (TITL + W;) 0’ A 0®

—W,w0? A @ + x50 A @ + x,0° A @?,

m
1l

S= 2 (TLTL + T2T5 = Wy) @ A’ + 4 (TLT2 —W)) @’ Aot + 5 (TLT2 + W) o' A0

—Wow! A o + x,0° A 0* + xg0! A @?,
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@y = 5 (TLT} — ST2T7 —4W,) ' A @’ — - (T2T% = STLT, — 4W,) 0’ A o
+ inwl A wt— iW3w2 A @ = xp30" A @0 + X60° A WP,

D, = —Dy — (X153 + X315) wl A w? + (14 + xlé)a)3 N

?, i2 (TiT‘lF - STiTi) @' A’ + % (TiTi - STiT}r) W’ Ao + %T}rTicul A w?

112 2 3 1 2 3 4

for some functions TS, W;, x;jon G. We omit long expressions for other curvature functions as they
are not relevant for thls Work

The harmonic invariants from Proposition 2.7 can be represented as two torsion components
(here and below we omit pullback s* via a section s : M — G for forms on the structure bundle)

= (T10,: +T20,4) ® (@' Aw?), 7_= (T 0,1 +T%d,:) ® (> A w?). 14)
and the curvature component (this and similar invariants will be treated as tensors on M)

W = (Wy(w")* + Wi(e')’w® + W@ (w?)? + Wie (@) + Wi(@)) QU ® (V_) >
15)
+ (Wo(@h* = Wi(@*)’w® + Wy(w") (@) = Wi (@*)’ + Wy(H)) @ U® (V)2

where U = 0%, V_ = w!' A 02, V, = 0® A w*. Asaresult,
W eT((S'L*) @ (A’L*) 2 + (S'LY) ® (A’LY) %) @ A*

and 7, € T(A’L: ® L,.).

Note that for v =a(d, +1dw?)+ b (10w® —dw*) €I, we get W(v,v,v,v) = a*W;A +
b*W,(=2)" and each summand, in turn, can represent the harmonic curvature.

The correspondence space M, as a parabolic geometry (u: G — M, ) of type (As, P;,3), is the
leaf space of the Pfaffian system {w?, ..., }. The structure equations imply that the zero-curvature
condition W = 0is equivalent to the Frobenius integrability of the Pfaffian system {0, 0!, w*, 0}
on M. Denote its 4-dimensional leaf space by 7. Thus, the zero-curvature condition gives a
fibration M — 7 with 2-dimensional fibers.

Equivalently, as was discussed in Section 2.3, M has a (3,5,6) distribution, where the rank 3
distribution has a splitting into a line field and an integrable corank 1 subdistribution. In [35],
such (3,5,6) distributions are referred to as causal structures on T wherein the fibers of M — 7T at
each point x € 7 can be locally realized as the projectivization of a cone of codimension 1in T, 7
whose Gauss map has maximal rank.

In terms of the Cartan geometry (,u : g — M, 1), the rank 3 distribution is given by 11 @ 7 =
U (@0, b, w*)t, where IT : = u, (0, 0!, w* @)+ C TM is integrable and equipped with an indef-
inite bilinear form. In terms of the structure equations (13), the conformal class of the bilinear
form w2ow? € S2I1* is well defined. Moreover, the line field £ = u, («°, !, w?, @, w*)* is the
characteristic direction of @° on M, that is, Z = (v) ¢ TM, where »°(v) = 0 and dw°(v, -) = 0.
The integral curves of # foliate M and can be thought of as a generalization of the null geodesic
spray in conformal pseudo-Riemannian structures to causal structures. On M the conformal class
[s*h], where h = ww® — w'w* and s: M — G is a section, is well defined. If the fibers of the
causal structure M — T are the projective quadric, that is, 7, = 0, then [s*h] defines an indefinite
conformal structure on 7 whose projectivized null cone bundle coincides with M.
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The almost CR case is similar, except that instead of having two components 7, in (14), the
torsion has only one irreducible component, so we omit the respective arguments.

Lastly, we point out that subconformal structures on contact 5-manifolds that we consider in
this article are also referred to as 5-dimensional Lie contact structures of signature (1,1) for § > 0
and (2,0) for § < 0.

3 | PROOF OF THE MAIN RESULTS
Let £ : F = 0be a PDE system in terms of u. Following [7], we introduce dLp’s as follows.

Definition 3.1. A dispersionless pair is a bundle 7 : M, — M, called the correspondence space,
whose fibers are connected curves, together with a rank 2 distribution IT ¢ TM,, such that:

« forall £ € M, I1; C T4M, depends on a finite jet of u at x = 7(X) € M,;
» I1is transverse to the fibers of 7, that is, IT N Ker 7, = 0.

A spectral parameter is a local fiber coordinate 1 = A(%) : M, — R for M,, —» M,,.

Definition 3.2. Two dispersionless pairs IT,IT' C TM,, are £-equivalent if IT1 = IT' whenever
F(u) = 0.1Tis a dispersionless Lax pair (dLp) for € if for any IT’ £-equivalent to IT, the integrability
condition [IT’, IT'] = IT’ is a nontrivial differential corollary of £.

To be precise with the notion of a differential corollary and to encompass systems of PDEs, we
introduce some jet formalism, for which we refer to [28, 30] for further details.

3.1 | Jets, symbols, and characteristics

Consider a (vector) bundle v : ¥ — M of rank m with local fiber coordinates u = (u/), so that
sections have coordinate expression u = u(x), x = (x)) (1 <i<d, 1< j <m). A k-jet of u is an
equivalence class of sections by tangency of order > k relation, and in coordinates, it can be written
as j*u = (x,u,du, ..., 0u), where 6'u = (8,u/) with the multi-index o = (i, ..., iy) of length |o| =
2(11 iy =1l<k.

This yields the space of k-jets J*v and its projective (inverse) limit J®v. There are natural pro-
jections v : J*v - M,k =0,1,..., 00, and also vy ; : J¥v — J'v for k > L. The fibers of v ; _, for
k > 2 have a natural affine structure associated with fibers of S*T*M ® V. Anysectionu : M -V
canonically lifts to the jet section j*u of J¥v.

By f € C®(J*v), we mean a function f on J*v for some finite k, which corresponds to a (non-
linear) differential operator of order k. A collection of such functions F = (Fy, ..., F,,) can be seen
as a vector-valued differential operator F : J¥» — W), where the latter is another (vector) bundle
over M.

The bundle J*°v has a canonical flat connection, the Cartan distribution, for which the horizon-
tal lift of a vector field X on M is the total derivative Dy characterized by (Dy f)oj®u = X(foj®u)
for any smooth function f on J*v. More generally, any section X of vZ TM has a lift to a vector
field Dy onJ*®v, given in local coordinates by Dy = }’; a;D;, where X = Y, a;0;,inwhichd; = 9,4,
and D; = §; +Zauj d ;.

ot uy
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Higher order operators [] in total derivatives, also known as €-differential operators, are gen-
erated as compositions of the derivations Dy with coefficients being smooth functions on J*v.
In local coordinates, []= } a,D,, where a, € C*(J*®v) and D, = D; - D;, for a multi-index
a = (i, ... ij) with entries in {1, 2, ... d}.

A PDE of order k is defined as an equation of the form

o

F(j*u) = o, (16)

where F € C®(J*v, W) is a vector function.

Let I be the ideal in C®(J*v) generated by the pullback of F € C*(J¥v) and its total deriva-
tives of arbitrary order. Then, the zero set £,, C J*v of T, is the space of formal solutions of (16):
u is a solution of (16) if and only if j*u is a section of €. This embeds M, to £,.

In this formalism, a differential corollary of £ : F = 0 is a differential ideal I C Ip; it is non-
trivial, provided that it is not a subset of 7y, for any F’ with the zero locus being a proper (closed)
subset of that for F. Thus, in Definition 3.2, the integrability condition for a dLp I1for £ : F =0
need not generate I: indeed, the freedom to replace a dLp by an £-equivalent one may change
the ideal 7 C I that its integrability conditions generate.

For a function F € C®(J*v), the vertical part of the 1-form dF € Q!(J*v) may be viewed in
coordinates as a (vector-valued) polynomial on v} T*M given by

k
Z Fy where Fg = Z (0, F)d; isasection of Vi SITM @ V*.
Jj=0 lc|=]

The top degree term o = Fy, called the (order k) symbol of F, is independent of coordinates. We
assume it is nonvanishing: if it vanishes, F has order < k — 1 and o has lower degree.

Similarly, for a W-valued vector-function F on J€v, the symbol o is a homogeneous degree k
polynomial on 7% T*M with values in Hom(V, W). For a PDE system £ : F = 0 of order k it is
not identically zero, and the characteristic variety is defined by [43]

Char(&,u) = {[0] € P(x T*M,) | 0(0) is not injective}.

If ¥ and W have the same rank m, then oy, is represented by a m X m matrix [o;;] of polynomials
of order k, and the (projective) covector [6] is characteristic if and only if o(6) is not bijective,
whence

Char(&,u) = {[6] € P(n . T*M,,) | det[o;;(6)] = 0}.

Thus, a determined system is defined by the condition codim Char(&) = 1.

3.2 | Normality condition

In this section, we prove Theorem 1.2.
In order for IT to be a dLp for an equation € : F = 0, we require that the integrability condition
[I1,TI] = IT holds modulo &, that is, when F = 0, or, to use physics terminology, on shell.

Definition 3.3. We say that the dispersionless pair IT ¢ TM,, is normal if [I1, IT] C 7 'II off shell,
that is, without assuming F = 0. In other words, 7, [IT, IT] = II.
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Consider local Darboux coordinates (x, y, p,q,r) on M,, so that for @° = dr — pdx — qdy, we
get A = Ker(w°) = (vy, vy, wy, w,) With v; = 6, + pd,, v, = 9, + q0,, w; =9, w, = J,. Let A be
a local coordinate on the fiber of 7 : M,, — M,,. Then, because a dLp is characteristic [7], we get
that IT C A can be chosen isotropic off-shell, and so, in an open region of M,, generators of the
distribution IT, as well as Darboux coordinates, can be chosen so that

X=v,+aw, +bw,+md;, Y=v,+bw, +cw,+nd,, 17)

for some coefficients a, b, c, m, n depending on coordinates of J*v and 4.
Then, IT = (X, Y) is normal if and only if [X, Y] is a multiple of 8, . In this case, the integrability
condition reduces to the vanishing of the d;-component X(n) — Y(m) of the vector field [X,Y]

with no A-dependency. The genericity condition we need here is as follows.

Definition 3.4. An isotropic 2-plane congruence IT = Ker{w?,¢,0} C A is called nondegenerate
if

OAENOAE A’ #0. (18)
This condition depends only on IT, and not on a choice of generators @O, ¢, 6 of Ann(IT). Indeed,
the nondegeneracy can be expressed, in terms of the generators X = v, +aw, +bw,, Y =v, +
bw; +cw, ofII, as
(dw® A d®)(X,Y,X,,Y;) #0,
or in terms of their coefficients as follows:
a;c; —b; #0, (19)
where ad = 0;a.

Lemma 3.5. Any nondegenerate isotropic 2-plane congruence I1 has a unique normal lift.

Proof. If X and Y are given by (17), then equalities dx([X, Y]) = dy([X, Y]) = dr([X,Y]) = 0 hold
identically, while dp([X, Y]) = dq([X, Y]) = 0 form two linear equations on m, n:

[a,l b,l] [ n ] _ [(X<b>—Y(a>)] :
b, ¢||-m X@-Y®d)|’

these have a unique solution by the nondegeneracy condition (19). O

Proposition 3.6. Let I1 be a dLp such that I1 = 7, (IT) is nondegenerate. Then, I1 is £-equivalent to
a normal dLp. Such a dLp is unique.

Proof. The on shell Lax pair condition implies

dpor,[X,Y]=[]F, dgom,[X,Y] = [1,F
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for some operators [;,[], in total derivatives. Let us modify X = X + A(F)d;, Y =Y + B(F)d;,
where A, B are operators in total derivatives. The new commutation equation modulo J; is

dpor [X,Y] = (0, — a;B + b A)F,

dgor,[X,¥] = (00, — b;B + ¢, A)F.

Vanishing of these, equivalent to normality, can be achieved by a unique choice of the operators
in total derivatives A, B due to nondegeneracy condition (19). O

This finishes the proof of Theorem 1.2.

3.3 | Zero-curvature condition

As was noted above, due to the characteristic condition [7], the 2-plane congruence is isotropic
both with respect to conformal symplectic and subconformal structures. In other words, for every
x € M, II € Gr(2,T, M) as a function of 4 is a section of .4, U B,. However, as we saw in Sec-
tion 2.1, isotropic planes in B, are discrete (two points for § > 0 and empty for § < 0). Thus,
if we postulate essential dependence on A, that is, the spectral parameter is nonremovable, the
congruence has to take values in the bundle of «-planes.

Definition 3.7. A dLp IT is called immersed if the underlying 2-plane congruence consists of
a-planes and the map 4 ~— I is an immersion to P! = A, C Gr(2, T, M) for every x € M.

Lemma 3.8. A dLp I is immersed if and only if it is nondegenerate.

Proof. Choosing a frame so that the subconformal structure has form (3) and the conformal
symplectic is (6) or (7), the 2-plane congruence of a-planes takes form (5). Then, we can choose
the symplectic basis v; = 9,1, v, = 0,4, wW; = =03, W, = J,2. With respect to these choices, one
obtains a = ¢ = 0 and b = A, so that condition (19) holds. In other words, in the immersed case,
we can take the coordinate A on P! to be a spectral parameter, which implies nondegeneracy, and
the converse follows from the same computation if we assume, for instance, b; # 0. O

Proofof Theorem 1.3. Let us first note that if F has order k, then the subconformal structure (A, c)
has order < k in u, and therefore, is well defined and, moreover, is nondegenerate for almost
any u, which may not necessarily be a solution. Note that the order is < k, for example, if F is
quasi-linear. By Lemma 3.5 and Proposition 3.6, the normal lift to the correspondence space is a
first-order operator, and hence, the standard dLp has order < k + 1 in u.

Suppose next that IT C TM,, is a dLp for €. Then, IT = 7,(T1) is characteristic, and hence, it
is a nondegenerate congruence of a-planes for generic u. Then, by Lemma 3.8, IT immerses into
Gr(2,TM,,), and hence, by Theorem 1.2, I is £-equivalent to a standard dLp over any open subset
of M,,. By the results of Section 2.2, the curvature is zero on M,, for every solution u of £. Hence,
the zero-curvature condition is a nontrivial differential corollary of £, as required.

Conversely, suppose that the condition W = 0 is a nontrivial differential corollary of £, and let
# : M, — M, be the bundle of a-planes. Then, if IT is £-equivalent to a standard dLp on an open
subset of M,,, the integrability of IT is a differential corollary of € on that open subset, since this is
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true for the standard dLp. If any such IT is a differential corollary of a proper subsystem &’ of &,
then the first part of the argument implies that the zero-curvature condition is also a consequence
of &, contradicting nontriviality. O

3.4 | Master equation

We restrict to the almost para-CR case § > 0 and work in the framework of Section 2.1. The spec-
tral parameter A is defined up to projective transformation, depending on the base point x € M,,.
By integrability, there are infinitely many a-surfaces, that is, 2-dimensional submanifolds of M,,
whose tangent plane at each point coincides with IT = IT; for some 1. They can be thought of as
projected integral surfaces of I1, and hence, there are 4-parameter family of them. Thus, using
the freedom of projective reparametrization of P! for a-planes, we can arrange a null and Legen-
drian foliation corresponding to the value 4 = co. In other words, we can assume the Legendrian
cg-isotropic distribution IT  to be integrable.

Now we straighten this distribution IT_, that is, choose Darboux coordinates (x, y, p, g, *) such
that a contact form «° € Ann(A) can be expressed as @’ = dr — pdx — qdy and that [T =
(9,,0,)- Note that straightening a Legendrian foliation is possible by a canonical transformation.
Then,

g = a;;dxdp + a;, dxdq + a,; dy dp + a,, dy dq + by; dx* + 2 by, dx dy + b,, dy>.

Computing the operator J, the compatibility conditions between ¢ and Q, which is equivalent to
J? = ¢ - 1 for a positive constant c on A, are the following:

_ _ 2 _ 2 _
ap(a; +ay) =0, ay(ay; +ay) =0, ajy = a3, ay by —appby = (a — ap)by,. (20)

together with the normalization a,,a,; + agz = 4 coming from the constraint detJ = 1 required
to compute L, = Ker(J F 1). Equations (20) branch as follows:

* Ay =0y,01 =0y =0;
* Qy = —Qy, A1pbyy —ay by = 2ay,by;.

The first branch has less parameters and can be transformed to a particular case of the second
branch. Henceforth, we proceed with the latter. Using the conformal freedom for the metric, we
impose a different conformal normalization a;, = 1 to simplify computations. We get

g = by dx? +2by,dx dy + (ay by + 2a5,b1,) dy* + dxdq + a,; dy dp + a,, (dy dg — dx dp).

Introducing a change of dependent variables u = a,,, v = 4/ agz +a,;, w= by, z=2b,, and
using the coframe below, in addition to the contact form @O,

w'=dx+ Wu+v)dy, w’*=dg—(u+v)dp+wdx+(z—-wlu+v)dy,

wl=dqg—(u—-v)dp+wdx +(z-wu—-v)dy, «*=dx+u-0v)dy,
we get the following form for a conformal representatives on A:

29 = w'o’ + w?wt, 200 = ' A + W Aot
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Then, with the notations 3, = d, + pd, and 6:, =9, + q0,, we get
L_ = (3,1,8,2) = ((u— )3, — 3, + wd, — (w(u — v) — 2)3,,8, + (U — v)3,),
L, = (9,1,0,3) = ((u+ )3, — 9, + wd, — (W(u + v) — 2)8,,3,, + (u + v)3,).

These define the para-CR structure on M,,, whose family of a-planes is IT; = (3,1 + 402,403 —
0,4). A linear combination with the change of the parameter A — —vA yields new generators

X =0, 4248, + (Au—w)d,, Y =3, + (Au — w)d, + (A’ — v*) — 2)3,. (21)
The corresponding (standard) dLp is
X=X+md,, Y=Y+nd, (22)
where, by the normality condition,

m= % ((uX@w)—20X@©) - Y(W)A + uX(w) — X(2) + Y(w)),
(23)
n= % (@ +v)Xw) —2uvX) —uY(W)A + > —v)H) X(w) —uX(z) + uY(Ww)).

Now the curvature, which is the obstruction to integrability, is given by
W=X(n)—Y(m)+mn;, —nmy; =Wy + W1+ W,A% + W33 + W,A*%

In general, W € ®*R? is a polynomial of degree 4 in 4, but due to straightening of I, we get
W, = 0, so integrability is given by 4 second-order PDEs

Wo=W,=W,=W;=0 (24)
on 4 functions u, v, w, z of x, y, p, q, r. Using decompositions,

X =X, + X, Xy =8, + pd, — wd,, X, =8, +ud,,

Y =Y,+ 1Y, Yy =0, +q0, —wd, —zd,, Y, :u5p+(u2—v2)6q,

and m = my + Amy + 1’m,, n = ny + An; + 1*n,, where

my = v (uXo(w) — X,(2) + Yow)), my =0 (uX w)—20X,(v) — Y (u)),
m; = v % (uX,(u) — 20X,(v) — Yo(u) + uX,(w) — X,(2) + Y, (w)),
ny = v % (W — V) Xp(w) —uXy(2) + uYy(w)),
ny =072 (W 4+ v) X)) — 2u v X,(v) — u Yo() + @? — v) X;(w) — uX,(2) + u Y (w)),

n, = v (W + ) X, (W) — 2uv X, (v) —uY,(w)),
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the components of (24) are given by

Wy = Xo(ng) — Yo(mg) + mony — ngmy,
W, = Xo(ny) + X,(ng) — Yo(my) — Y1 (mg) + 2(mon, — ngmy),
W, =Xo(ny) + X (ny) = Yo(my) — Y (my) + myn, — nym,,
W5 =X,(n,) —Y,(m,).

(25)

Proof of Theorem 1.4. Master equation (25) is a system of 4 second-order PDEs on 4 functions. Its
symbol given by the 4 X 4 matrix B, whose row number k + 1 (0 < k < 3), consists of symbols of
W, by variables u, v, w, z in turn. (The symbol of mth order differential operator F by u is ) jTFaa,

where o = (a4, ..., &s) is a multi-index of length || = m and 9, = afl 6?5.)
Up to a nonzero factor, det(B) « Q*, where Q = Y b'/3,0 jisa quadric in the generators 0, +
pds, 0, + 05,94, 95 and hence has rank 4. The matrix g/ of this bilinear form in the given basis

is the inverse to the matrix g;; of the subconformal metric g representing c,. Thus:

* this system of equation recovers the subconformal structure it describes;
* the symbol is nondegenerate, that is, det B # 0 as a function on T*M;
* the characteristic variety is a (degenerate quadratic) hypersurface.

Hence, system (25) is determined, and, assuming analyticity, the generality of its local solutions
can be read off from the Cauchy data: 4 - 2 = 8 functions of 4 variables.

To determine functional freedom of zero-curvature subconformal structures, let us compute the
equivalence pseudogroup consisting of transformations that leave our normalizations invariant
and act as a symmetry on the considered PDE system; a priori the quotient by this symmetry can
reduce the naive count of functional parameters.

Consider the contact vector field X on M,,, given by 1 generating function f of 5 arguments,
and its action of the most general conformal metric g, parametrized by 4 functions u, v, w, z. The
flow of Xy preserves the family of such metrics (shape preserving transformation, cf. [31, 32]) if
and only if

Ly,g = cg+ ¢ moda®.

Here, c is a scalar function and ¢’ is the metric in the family with parameters u, v, w, z changed
to parameters u’,v’, w’, z’. Taking components and eliminating ¢, u’,v’,w’, z’, one obtains five
equations, of which only two are linearly independent:

— (12 _ 2 - _
Sy =@ =00y 55 Fyy, = =y,

Concentrating for a moment on dependence on y,, y, only, the characteristic variety of this sys-
tem{[6] = [6, : 6,] € P! : 6] = (u* — v?)63,6,6, = —ub3}is empty for v # 0, hence it is of finite
type. In other words, f depends on functions of 3 arguments only.

In fact, first prolongation of this system of PDEs is complete in third derivatives by y;, y,; hence,
its solution depends on at most 4 functions of 3 arguments; and indeed, it depends exactly on 4
such functions: the compatibility condition for the above second-order system on f (so-called
Mayer bracket [30]) is precisely the component W of the curvature, which is one of PDEs in
W, = 0}i3=0. Since local solutions of (25) depend on 8 functions of 4 arguments, the equivalence
pseudogroup (shape-preserving transformations) cannot change this count. O
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3.5 | One more example

The following integrable PDE is a direct reduction of the 6D equation by Ferapontov-
Khusnutdinova [20], rewritten in the second-order form by Sergyeyev [42]:

F = usty3 — Uslys + Uslyy — Ugllys = 0. (26)

The symbol of F equals op =v; - 03+, 0, for v; =0;, Uy =0,, U3 =uU503 — U305, Uy =
usd, — u,0s, and the nonholonomic distribution is

A = (v},0,y,03,04) = Ker(coo).

2

In coordinates x = x!,y = x2,r =u,p = Uy, q = u,, the contact form is canonical

w’ =dr — pdx —qdy,
while the subconformal structure (mod «°) is canonical in other coordinates
g=1us- o =dx'-dx’ +dx*-dx*.

Passing from these to the Darboux coordinates above brings ¢y = [gy] to the form of Theorem 1.4,
which realizes (26) as a reduction of the master equation (25); we skip the long explicit formulae.
The a-planes (v; — Av,, vy + Av;) give rise to the dLp:

ﬂ:<a3—;‘—zas—aaz,a4—z—255+/wl>.

4 | SYMMETRY REDUCTIONS AND TWISTOR CORRESPONDENCES

The integrability via dLp can be conveniently described by the double fibration

where the top is the correspondence space and the left-bottom is the twistor space, that is, the leaf
space of the distribution IT? on M. Note that in the parabolic twistorial picture M> corresponds to a
Cartan geometry of type (A3, P3), and MS has a Cartan geometry of type (A3, P1,3). As discussed
at the end of Section 2.4, the projection to Tu“ gives a Cartan geometry of type (A;, P,) only if
the causal structure arises from a pseudoconformal structure, that is, the 2-dimensional fibers
of M, — T are quadratic, which is equivalent to the vanishing of the torsions 7 +. However, the
vanishing of 7, implies flatness of the subconformal structure on M, which, in turn, induces flat
pseudoconformal structure on 7;,. As a result, in general, the causal structure on 7, that is encoded
by the fibration M,, — T, defines a field of cones on 7,, that are not quadratic almost everywhere.
In this section, we discuss other twistor approaches and symmetry reductions.
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4.1 | Subconformal geometry in 5D from 3D projective structures

Parabolic twistor correspondence [8] is represented as double fibration below, where M> of type
(A3, Py3) with 8 = +1 is assumed to be of zero curvature: W = 0. The quotient to both sides exists
only in the flat case: the quotient by L, gives a projective geometry on a 3D manifold N, only
if . = 0 and the Weyl curvature of the projective structure on N, is generated by the torsion
component 7, by Proposition 2.7 and the parabolic theory of correspondence spaces [8].

A3 /Pi3 M?

L L, ifr,=0 7 N ift_=0
// \\,1
L

As/P, A3 /Py N? N3

Conversely, given a projective structure in 3D, which can be taken to be either N or N_, as they
are projectively dual to each other, we can lift it to a subconformal structure in 5D as follows. A
choice of affine symmetric connection V on N induces a connection on the bundle 7 : T*N — N
and hence a splitting T(T*N) = H @ V into a pair of Lagrangian 3-planes, where V = Ker(x,)
and H is the lift of TN.

For M = PT*N, it also induces a connection V on the bundle 7 : M — N, which depends only
on the projective class [V] [47], whence a splitting T:M = H, @ V; for any X € M, where V; =
Ker(d;7) and H, is the lift of T, N. Since X = (x,[p]) for p € TN, the latter space contains the
subspace H corresponding to Ann(p) C T, N. Thus, we get the splitting of the contact structure:
A; = dy7w'(p) = H; & V into a pair of Lagrangian 2-planes, giving the L, planes of the required
subconformal structure on M.

At the level of the PDE system arising from the zero-curvature condition, the additional condi-
tion for half of the torsion to vanish results in an overdetermined system of PDEs, whose general
solution corresponds to generic 3-dimensional projective structure. Thus, we get:

Theorem 4.1. Projective lift provides explicit solutions of the master equation (25). Moduli of the
corresponding zero-curvature subconformal structures depend on 12 functions of 3 variables.

Remark 4.2. This twistor reduction can be thought of as a 5-dimensional analog of the so-called
Dunajski-West construction and its generalization due to Calderbank [6, 15] wherein self-dual
4-manifolds with a null conformal Killing vector are shown to have a foliation by null surfaces
containing the conformal Killing field. Consequently, the 2-dimensional leaf space of such null
surfaces is equipped with a projective structure.

In coordinates, the projective connection is given through a representative symmetric affine
connection with Christoffel symbols Fi.‘j depending on coordinates (x°, x!, x?) of N. Projective
transformations I“f.‘j - Pifj + %(Yi 5;‘ +Y;é ;‘), depending on arbitrary 1-form Y;, leave the Thomas
symbols Hﬁ‘j = Fi.‘j - %(Fﬁiéj? + F%J.é;‘) invariant. Note that Hij =0.

Alternatively, using the lift of (45, P;) structure to (A3, P,,) structure, a projective connection
can be considered as the second-order ODE system of the type (derivation by t = x°)

21 _ 10 (.1\3 0 (213252 0 L1732Y2 0 1y 4132
X =100, (x0)7 + 21T, (X ) “x” + T, X (X7)” + (2I0, — T, )(x7)

0 1 yel32 1 (422 0 13,1 1.2 1
+ 2(TT, — I},)% X~ — T, ()" + (IT, — 2[5 )% — 2[5, X~ — I,
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%% = M), (x1)?%% + 2110, X' (%%)* + I19,(x*)° — I3, (&1)? + 2(TT, — I0;,)% ' %

+ (2109, — IT3,)(%*)* — 2105 %' + (I, — 2I13,)%* — TIZ,,.

Choosing local coordinates [p] = [—~1 : p; : p,] in the fiber PT{N, we get local coordinates
(t,x',x2, p;, p,) on M, in which a contact form is expressed as @’ = dt — p;dx! — p,dx? and
the contact Legendrian structure L, is given by 2-distributions

H=m,m),  V=(,0p,) @7

where V is integrable and

ni = 0yi + p;0; — Hgopipjpkapj - Z Hgipjpkapj - Z ngpipkapj + (I, — Hgk)Pinapj
P ey

— Z Hljpka + Z(HO — Hl )plap + Z(HO _H] )p]ap + (21—[0 _ Hl )pla +H?]ap ,
e J#i

in which the summation is over repeated indices 1 < j, k < 2, with no summation overi = 1, 2.
Denoting !, ..., w* the coframe (mod «) dual to the contact frame 7,,7,,0 p,»0p,» We obtain
formulae (3) and (6) for the subconformal structure (M, A, g).
Note that the coordinate freedom can constrain 3 out of 15 coefficients, for example,
1Y, = I, = TIY, = 0; the remaining 12 Thomas’s coefficients give functional parameter on the
moduli space.

4.2 | Symmetry reductions and integrable systems in 3D and 4D

Let us assume that a subconformal contact structure (M, A, [¢]) has an infinitesimal symmetry
¢ € I(TM). Since A is contact, ¢ is transverse to A almost everywhere, so localizing in M, we can
assume the leaf space of the integral curves of { to be a 4-manifold Q with the fibrationg : M — Q.
For x € M, we can identify A, ~ T;,Q, and thus, Q gets equipped with conformal metric
[3] = q.[¢] and conformal symplectic structure [Q] = ¢,[Q], as well as the endomorphism J =
§71Q = q,J satisfying J?> = 61, where § = +1.
A contact form on M can be fixed by the relation

w’(¢) =c for c € R,.. (28)

This induces a homothety class of closed 2-forms Q on Q by g*Q = dw’. As a result, the 4-manifold
Q is conformally symplectic and has a homothety class of almost §-Kdhler of neutral signature,
that is, almost pseudo-Kidhler for § < 0 and almost para-Kéhler for § > 0. The converse statement
is true together with the integrability constraint:

Theorem 4.3. There is a bijective local correspondence between zero-curvature subconformal con-
tact structures in 5D with an infinitesimal symmetry and (homothety classes of) self-dual almost
(pseudo-/para-)Kdhler structures in 4D.
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The inverse construction is given by the so-called contactification and the correspondence
between zero-curvature and self-duality condition follows from the existence of a-surfaces. Below
we briefly describe the construction.

The homothety class of an almost para-K#hler structure on Q defines a Cartan geometry
(K = Q, ) of type (R, GL(2,R) X R*, R, GL(2,R)), where R, GL(2,R) C GL(4,R) was described
in Corollary 2.4. The two cases § < 0 and § > 0 involve different representations but are similar,
so we proceed with the latter. The Cartan connection takes the form

p jsqgo i gs~ 0 0
P= 24 g ;3451 5 _Oggz g , p= i(‘igo + ). (29)
o' —@? 0 p+¢,

Remark 4.4. Fixing c = 11in (28) results in p = 0 and corresponds to a representative of the homo-
thety class in Theorem 4.3. In the treatment of [10], the authors keep the homothety factor so that
the structure group G, of the symmetry reduction remains the same as that of the corresponding
parabolic geometry in order to exploit the parabolic theory of Weyl connections.

From now on, we reduce the scaling factor R, in the structure group, as in the remark above,
which implies ¢, = —¢; in (29). The Cartan connection and curvature are given by:

¢ & 0 0 ®  E; 0 0
~5 3 &S §
N R 0 o] - |& - 0 0
¢ = ~4 ~31 g ’ IP = Vi ~ 31 3 ’ (30)
@l —-&* o0 ¢, ol -2 o 9,
where
Q'=tla’rat, @®=r’a’ra!, QP =tra'ra’, Q'=ra'Ad’
O = —s5y(@' A @ + @? A @*) — 2r@! A @* — Ppd! A @ — P3y@° A &%,
D, = —2r@* A &* + (r +5))(@' A @ + &% A @) + P& A @F — Pyyd® A &Y, an
d, =C10' N> = @Br+s, —22)d' A @ + (21} + 50" A@?
+ (L2 +5)@* A&+ Br—s; — L)@ A & + Ci0° A &Y,
By = —5,(@' A @ + &% A G*) —2r@® A @° 4 P @' A &% +1@? A @° 4 Pyyd® A &
for some functions ¢!, t2, t}r, ti, S0» 81,82, and Cy, C3, P;; on K.
The fundamental invariants of such Cartan geometries are 7, S, R given by
T, =105 +129;0) @ (@' A @), T_=(t10;, +120;) @ (@° A d?), 32)

S = (sp(@?)? + 28, w%w! — 5,(@")?) @ (@' A d*)/? @ (@° A &*)~1/2, R=rQ.

We also have a closed 2-form
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The conformal structure of the homothetic representative is
@ + @’a (33)

for which the Schouten tensor in the coframe (@', ...,&*) is given by the quantities P; jin (31),
where

1 1
So =Pz, 81 =5(P13—Py), s, =Py, 1=3{P13+Py).
The remaining entries of the Schouten tensor are derived from the torsions 7, as follows:

Pll = _a@4t_1'_, P22 = 5@3[_2*_, P = 1(503311 - a@4t2) Cl = %(6@3[_1*_ + a@4t-2|—)’

(34)
P33 = —603211, Py = ad)ﬂi, Py = (aw1[1 - 6wzt2) C; = —%(5@1t£ + 6032&).

Note that the fundamental invariant S in (32) is a GL(2, R)-component part of the Ricci curvature
of the almost para-Kdhler metric g, in (33), and the scalar curvature is 24r. The anti-self-dual Weyl
curvature of g, is zero; the self-dual part is represented by the quartic

(25 — L DAY +4C2° +6(tL e, + 6215 =22 +4C A+ 15, — 1), (35)

on the bundle of a-planes (5) with parameter 4 € R U {co}, where £, = 9t

To contactify, take a local nonvanishing primitive 1-form @° of the closed representative Q €
[Q], that is, d&° = Q. Defining M = Q x R with projection q : M — Q, the 1-form 8 = dt + g*&°
satisfies dB = g*Q, whence A :=Ker 8 C TM is a contact distribution. Moreover, by the con-
struction, the splitting TQ = L_ & L, induces a splitting on A with the appropriate compatibility
conditions for the induced (para-)complex structure. This shows that M is equipped with a
compatible subconformal contact structure with infinitesimal symmetry 9;.

To relate the Cartan connections ¢ and ¥, let us denote by 4 : K — M the pull-back bundle
q*K of the principal bundle £ — Q using the projection g : M — Q. Let w° denote the lift of
the primitive 1-form g to K by the scaling action. The symmetry reduction gives an inclusion
(1 K = G,where (G — M, ) is the Cartan geometry for the corresponding subconformal contact

5-manifold. Using the expressions (30) and (12), one has
: 1
¢2 = ¢2 + (6t£ti S22 —ne’, & =&+ 35,00

wherein we have suppressed ¢* on the left-hand side and §* on the right-hand side.

Using the relations above, one can find the Schouten tensor of the reduced subconformal geom-
etry. More precisely, defining the Schouten tensor as &; = Q; ja)j , one obtains that the symmetric
part Q(ij)’ 1<1i,j <4,isgiven by

1 1 1 1 1 1
Q(n) = §P11’ Q(lz) = §P21’ Q(zz) = §P22’ Q(33) = 5P33’ Q(34) = §P43’ Q(44) = 5P44
Quyy =r+38 + i(tl th—5262), Quay =r— 38 + 5 (1212 = 5t1¢})

=1 1024
Q(23) _ SO + 4t_t+, Q(14) —_ §S2 + Zt_t+,

and the only nonzero entries of the skew-symmetric part Qy; il for1<i,j<4are

Q[12] = }‘Cl’ Q[43] = iC3-
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The expressions of the entries Q;, and Q; involved first and second derivatives of the fundamen-
tal invariants of the almost para-Kéhler structure. Since their expressions are long and will not
be important for us, we will not provide them. Using relations (36), one can immediately relate
invariants (14)—(32) by

T, =q T,

An interpretation for the vanishing of S was given in [36], using the natural lift ¢ of the infinitesi-
mal symmetry ¢ to its correspondence space M,, that would be its corresponding causal structure
as discussed at the end of Section 2.4. It was shown that the infinitesimal symmetry §° is null with
respect to the canonical symmetric bilinear form h = w°w> — w'w* of the causal structure in terms
of (12) if and only if the induced structure on Q satisfies S = 0.

On the level of differential equations and their canonical subconformal structure on solu-
tions, vanishing of the fundamental invariants is a constraint, not changing the integrability. For
instance, if in addition to the symmetry on M,,, we impose vanishing of the Ricci curvature of g,
namely, P;; = 0forall 0 <, j < 4, then we get the Plebanski equation (first or second depending
on coordinization) describing self-dual gravity [17, 40]. On the other hand, fewer constraints yield
reductions to other geometries as will be discussed in the next section.

Symmetry reduction of integrable PDEs in 5D clearly gives an integrable PDE in 4D, for
instance, by the results of [7, 20]. Imposing more symmetries on M,,, we get lower-dimensional
reductions, as in [5]. In particular, reduction by a 2-dimensional Abelian symmetry group whose
intersection with the contact distribution is not null with respect to the indefinite metric on
A yields integrable background geometry in 3D, which is Einstein—-Weyl. Split as two succe-
sive 1-dimensional symmetry reductions, this yields the Jones-Tod correspondence [25]. Again,
vanishing of extra invariants leads to further reductions, for example, almost para-Kidhler 4-
manifolds with 7_ = 0 give symmetry reduction of 3-dimensional projective structures, which
can be viewed as an analog of the Dunajski-West construction [15]. (The local generality of such
almost para-Kihler structures is 12 functions of 2 variables.)

4.3 | Further reductions: Nested Lax sequences

In this section, let us restrict to the case § > 0. We consider a subconformal structure
(M, A,[g]) with infinitesimal symmetry ¢ and its symmetry reduction, namely, a homoth-
ety class almost para-Kihler 4-manifold (Q,[g],J), with various overdeterminations of the
zero-curvature condition.

We interpret such vanishing conditions as the extendability of the Lax pair to a Lax triple, Lax
quadruple, and so on. Since a differential subsystem of an integrable system is an integrable system
itself, we obtain overdetermined systems that are integrable via Lax distributions of higher rank.
The candidates for these distributions are as follows.

Consider at first the reduced space Q and its correspondence space Q, that is, the bundle of
a-planes and the projection 7, : Q — Q with P!-fibers. The a-planes (I_,I, ), where I, C L,,
[_ L1 [, 1ift to the rank 2 distribution IT> C TQ defined using the Levi-Civita connection of 7; this
lift is independent of the representative metric in the homothety/conformal class. Similarly, the
3-planes (I_) @ L, parametrized by A € P! lift to the rank 3 distribution IT* C TQ. Finally, the
tangent bundle TQ lifts via the Levi-Civita connection to the rank 4 distribution IT* c TQ.
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Proposition 4.5. Frobenius integrability of T1? is equivalent to the self-duality of §. Assuming self-
duality, TT3 is integrable if and only if we have T_ = 0 and S = 0. Assuming the integrability of T1?
and I13, then T1* is integrable if and only if the Ricci curvature vanishes.

Proof. In terms of Cartan connection (30) on the principal bundle Tyt K- 0, we have 112 =
T (@t @t @) TP = 7, (@', @°)*, and TT* = 7,5, (&°)*. The first claim on the Frobenius con-
dition for 12 is well known [39]. Assuming self-duality, the conditions for this Lax pair to be
extendable to the Lax triple are straightforward: using (31) and (34), the Frobenius integrability of
I13 is equivalent to 7_ = 0 and S = 0. Similarly, assuming 7_ = S = 0, the condition Ric; =0is
necessary and sufficient for the rank 4 distribution IT* to be a Lax quadruple. O

Remark 4.6. Note that by relation (34), when 7_ = 0, then the binary quartic (35) has a repeated
root of multiplicity at least 2 at 4 = co. The condition 7_ = 0 and Ric; = 0 implies that (35) has a
repeated root of multiplicity at least 3.

Now consider the subconformal structure with the projection g : M — Q and the correspond-
ing projection of the correspondence spaces ¢ : M — Q. We define IT*+! = 1T for i = 2,3,4
which together with the rank 2 distribution IT? give a flag of suspaces of TM. This can also be
defined as a lift of subspaces of TM via Weyl connection. Indeed, the symmetry ¢ determines a
reduction of the Cartan structure algebra 81(4, R) to the opposite parabolic p%’ =g_,DPg_; Dy
where g, = gl(2,R), g_, = R* and g_, = R, the latter generated by ¢. This reduction is given by
a Weyl structure.

Proposition 4.7. Given a zero-curvature subconformal structure (M, A, g), the rank 3 distribution
13 C TM is integrable if and only if S = 0 holds for the induced structure on Q. Assuming that 1 is
integrable, the integrability of TI* C TM is equivalent to T_ = 0 and S = 0 on Q. Finally, assuming
that T3 and T1* are integrable, the integrability of 11> C TM is equivalent to the vanishing of T_ and
Ric;.

Proof. Infinitesimal symmetry yields a reduction of the structure bundle given by ¢ : K — G,
as discussed before. Using the pull-back of the Cartan connection (12) to K and the projection
7 o K = M, one has IT? = 74 (0%, 0!, w*, 0%), I3 = 7 (0!, 0*, ), TI* = 74 (0!, @)L,
and IT° = 7'[]@*(605>J‘. Now the proof is a straightforward inspection of Frobenius integrability
conditions using the structure equations (31) and the relations (36) on K. O

In the proposition above, the Frobenius condition for I given by S = 0 has no analogs on Q.
This provides another interpretation of the vanishing of S.

Remark 4.8. Our hierarchy of reductions, when a Lax pair is extended to a Lax triple and up to a
Lax quintuple, is nested: the smaller equation (larger Lax distribution) is defined when its larger
counterpart is integrable. It turns out that given a zero-curvature subconformal structure with
an infinitesimal symmetry and integrable IT for i = 2, 3,4, 5, its Cartan Holonomy is reduced to
p(l)g C 8l(4,R)viaareduction:: K — ¢ifand only if C; =0, thatis,7_ = 0and Ric; = 0 and the
binary quartic (35) has a repeated root of multiplicity 4 or is zero on Q.
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4.4 | 2-nondegenerate CR structures on the twistor bundle

For our purposes in this section, involving (para-)CR structures, define k, := [R[\/E] fore = +1
(also written as € = +), thatis,k_ = Cand k, = R.

Definition 4.9. An almost e-CR structure of hypersurface type on a manifold N consists of a
corank 1 distribution D C TN equipped with a field of compatible e-complex structures

J.:D—D, ng =¢el, Tr(J)=0, L(JTX, JY)=—-eL(X)Y) (37)
where £ : A°D — TN/D is the Levi bracket of D defined by
L(X,Y)=[X,¥], modD, for X,Y €D, X,Y €I(D), X, =X, Y, =Y.

An e-CR structure is characterized by the condition that D’ and D" are Frobenius integrable where
D', D" are eigenspaces of J, corresponding to v/ and —4/e.

In the Levi degenerate case, denote the kernel of £ by K C D, which is equipped with the split-
ting K’ @ K” = K ® k, (with obvious notations) and the higher Levi bracket £; :K'®D" —
D' /K’ defined by

£i(X,Y) = [X,Y], mod(K! @ DY) for X €K, Y € D,

where as above X € T(K'), Y € I(D"”), X, = X, Y, =Y its conjugate C’Z’ :K"®D' - D" /K"
is defined similarly. An e-CR structure is called 2-nondegenerate if E’Z(X ,D'") = 0 implies X =0
and similarly for the conjugate L.

Remark 4.10. Note that when the Levi form is nondegenerate the trace condition in (37), which is
automatic for e = —1, follows also for ¢ = +1. This condition implies, in turn, that the eigenspaces
D', D" of J, corresponding to \/E and —\/E have equal dimensions, which gives D’ @ D" =D ®
k., and hence dim N is odd.

For CR-structures (¢ = —1), the conjugate conditions follow automatically (they are required
for para-CR case ¢ = +1). Such structures are a subclass of k-nondegenerate CR-structures (for
some finite k), which in the analytic case enjoy the following properties.

* They cannot be CR-straightened, that is, they are not CR-equivalent to a product [21].
* Their algebra of infinitesimal holomorphic symmetries is finite-dimensional [2].

Recall that a compatible subconformal structure on a contact 5-manifold possesses a naturally
associated Cartan bundle (G — M, ) with parabolic structure group P,; = G, X P, where G, &
(Ry) X SL(2, R) X (R,) is the reductive part and P, is the nilradical; note that G, action on P,
factors through R, GL(2, R). Via the GL(2, R) action, the contact structure A can be equipped with
an almost e-complex structure using J, € GL(2, R) given by

0 1 0 1
J—=<—1 0)’ J+=<1 0>’ (38)

which, as we will show, gives rise to a 2-nondegenerate ¢-CR structure.
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The stabilizer of J, in P;; is equal to H® = ((RX) X HE X (RX)) X P,, where Hj is
S0O(2),50(1,1) c SL(2,R) for € = —1, 1, respectively. Define the e-twistor bundle as

7. = G/H* = G xp (P/H").

This bundle can be identified as the bundle of all g-compatible e-complex structures, cf. (37), that
is, endomorphisms on A satisfying:

J,tA—> A, Jl=el, Ti(J)=0, g¢UX,JY)=—-e9(X,Y). (39)
Thus, v, : f’E — M is a fiber bundle with the fibers SL(2, R)/Hg.

Lemma 4.11. Any fiber SL(2,R)/H_ is diffeomorphic to the disk D? when e = —1 and to the cylinder
S! X R! when e = +1.

Proof. This is obvious from the adjoint action of SL(2,R) preserving the Killing form (of
Lorentzian signature): in the Minkowski coordinates R'2(t, x,y), ds* = dt?> — dx? — dy?, the
models of Lobachevski and de Sitter planes are given by t> — x> — y? = +1 with the stabilizers
of points being conjugate to SO(2) and SO(1, 1), respectively.

It is instructive to note that this isomorphism reflects, actually, the twistor picture:

Z_(R*?) = 50(2,2)/U(2) = SL(2,R)/SO(2) ~ D?,

Z,(R*?*) =S0(2,2)/U(1,1) = SL(2,R)/SO(1,1) ~ S' x R,

which are, respectively, the spaces of orthogonal complex/product structures in four-dimensional
space of split signature, reflecting (39). O

Note that the e-twistor bundle 7, has a codimension 1 distribution, namely, the preimage of
the contact distribution D = dv;l(A). Its space of Cauchy characteristics, or the kernel of the
Levi form, is K = Ker(dv,). Similar to the classical twistor theory, D has the induced almost
complex/product structure 7, so (f'g, D, J.) is an almost e-CR manifold.

The following is a nonholomorphic higher-dimensional analog of the classical Atiyah-Hitchin-
Singer version [1] of Penrose’s nonlinear graviton construction.

Theorem 4.12. A compatible subconformal structure (M, A, [g]) in 5D has zero curvature if and
only if the corresponding almost e-CR manifold (7A'E, D, J.) in 7D is integrable, which makes it a 2-
nondegenerate ¢-CR manifold.

Note that € = +1 here is independent of the choice of the invariant sgnd = +1 of (M, A, [¢]).
Furthermore, if the result holds for either ¢ = +1 or —1, then it is true for both ¢ = +1.

Proof. Note that we have Tf; = G Xye (¢/5%), where i = Lie(H*). In the p,; (contact) grading of
g, the distribution D corresponds to g_; @ (g,/h°) and K to g, /h*.

For ¢ = —1, in terms of matrix expression (12), the 1-forms («?, ..., w*, @ + &5, ¢, — ¢;) give a
coframe on 7__, and D = Ker(v* w°) c T7 . Using the action of GL(2, R) and the almost complex
structure J_ as in (38), it follows that the holomorphic (1,0)-type distribution in Definition 4.9 is
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given by D’ = (v_), Ker{w?, {1, ¢2,¢3} ¢ D€ and D" = D/, where
¢ = ol +iw?, $? = w® +iw*, 3 =¢y— ¢y + i@ + &)

A straightforward inspection of the structure equation (13) shows that D’ is Frobenius integrable
if and only if W vanishes. Thus, W = 0 implies CR-integrability of J_. Moreover, one obtains

do® = 2" A$2 - ¢* ALY modw}. (40)

As a result, the Levi bracket is degenerate along K = K’ @ K", where K’ = (9;3). Lastly, the 2-
nondegeneracy of (D, J_) follows from the symbol algebra of (3[(4, R), p;3) since

-1

@ =LA, d=-oAT mod{w‘),?lfz}- (4D

For ¢ = +1, one can proceed similarly. In terms of matrix expression (12), the 1-forms
(..., 0% 0> — &5, ¢y — ¢;) give a coframe on 7, and D = Ker(v:w°) C T7,. Using the GL(2, R)
action and the expression of J as in (38), the corresponding para-holomorphic distributions are
D' = (v,), Ker{w’,¢1,¢%,¢3 € D, D" = (v,), Ker{w®,¢{1,¢2,¢3} € D, where

¢ =l —w?, % =’ + ot $=¢o— ¢+ (@ &),

&= w! 4 w?, & =’ -t &=y — ¢ — (@ = &),

with respect to which relation (40) remains valid. It is again a matter of straightforward inspection
of the structure equations (13) to show that distributions D’ and D"’ are Frobenius integrable if and
only if W is zero. Lastly, the 2-nondegeneracy of the para-CR structure follows from the symbol
algebra since (41) remains valid in the para-CR case as well. O

The geometric picture presented here has a direct counterpart on the level of equations: the
dispersionless integrability of PDE &, which by Theorem 1.3 is given by the zero-curvature con-
dition of the induced subconformal geometry on M,, for a generic background solution u of &, is
also equivalent to (para)CR-integrability of the corresponding structures on 7, with any choice of
e=+1.

Remark 4.13. We point out that the 7-dimensional 2-nondegenerate CR structures, associated to
zero-curvature parabolic geometries of type (A5, P,5) in Theorem 4.12, are generalized in [22] to
other types of parabolic geometries.

Furthermore, the integrability of the complex structure J_ on D can be considered as the odd-
dimensional counterpart of the same phenomenon on the twistor bundles for para-quaternionic
structures, known as f-integrable (2, n)-Segré structures, [38, 49].

4.5 | Models of maximal and submaximal symmetries

Let us begin with the zero-curvature subconformal structure of maximal symmetry, and then, we
will discuss the constructions of this section for submaximal symmetric structures.

(1) The unique zero-curvature subconformal structure of maximal symmetry for § > 0 is
SL(4,R)/P;5 and that for § < 0is SU(2, 2)/P,5; the symmetry is 15-dimensional as indicated.
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Let us consider the flat para-CR case (§ > 0) in details. The model, corresponding via the con-
struction from Section 4.1 to the flat projective structure, is given by M = R>(x!, x2,u, p;, p,) and
the L, splitting of the contact distribution

A =Ker(@?), «°=du-— pldx1 - pzdxz,
as follows (we again redenote the subdistributions by H, V):
A=H@®V with H=(d,1+ p19,,0,2+p,0,) and V =(3,,9, ).

The subconformal structure is represented by the metric ¢ = dx! dp; + dx?>dp, on A.

The symmetry algebra g = 81(4,R) contains an element & = ud,, + P10, + P,0,,. To obtain
the corresponding symmetry reduction, we pass to coordinates (x!,x?,1n(1/u), p;/u, p,/u),
where the first two and last two are invariants of the flow of £. Keeping the same nota-
tions (x!,x2,u, D1, D,) for the new coordinates, the quotient conformal metric on M =
R*(x!, p;, x%, p,) is given by the formula

g = dx'dp, + dx*dp, + (p,dx! + p,dx?)*.

This metric is self-dual but not conformally flat. A straightforward computation of conformal
Killing vectors shows that this quotient corresponds to SL(3)/GL(2). (This can also be seen from
Lie-theoretic arguments, since the normalizer of £ in g is gI(3, R) with £ in the center.)

The corresponding CR-reduction (the case § < 0) with g = 3u(2, 2) gives SU(1,2)/U(1, 1).

Note that for any £ € g, the symmetry reduction allows to obtain not only 4D conformal struc-
ture, but also its canonical metric representative. Indeed, for the symmetry & (in the open dense
set, where it is transversal to the contact distribution), the contact form can be normalized by the
condition w°(£) = 1, whence we get a symplectic form Q on A and normalization of the metric
Q1 g|| = 1. This quotient metric j is almost (pseudo/para-)Kihler of neutral signature.

Actually, since in the flat model, the torsion is zero, the metric g for § < 0 is pseudo-Kéhler
and for § > 0 is para-Kidhler, that is, the almost (para-)complex structure J is integrable. The
space of self-dual (pseudo/para-)Kihler structures (also known as Bochner-Kihler or Bochner-
bi-Lagrangian structures, cf. [4]) arising as the symmetry reduction of the flat 5D subconformal
contact structure, depends on 3 parameters. More precisely, among the fundamental invariants
(32), one has 7, = 0, and, by (34), the self-dual Weyl curvature, given by the quartic (35), is zero
if r = 0, or otherwise has Petrov type D if r # 0, that is, has two repeated roots of multiplicity
2. The unique (up to homothety) such nonconformally flat self-dual (para-)Kdhler metric that is
Einstein, that is, satisfies S = 0 and R # 0in (32), is the canonically defined pseudo-K#hler metric
on SU(1,2)/U(1,1) and para-Kéhler metric on SL(3,R)/GL(2, R).

(2) Now consider submaximally symmetric structures. For A5 /P,;-type geometry, the submax-
imal symmetry dimension is 8, achieved both in pure curvature and in pure torsion modules [33].
In the split real case § > 0, the submaximal zero-curvature subconformal structure is unique and
is given by the lift of the Egorov projective connection. We write it as a deformation of the trivial
system of ODEs:

ilt=0 x*=exh (42)
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By the construction of Section 4.1, this generates the zero-curvature structure in 5D, which, as
above, in coordinates (x!, x%, u, D1, Dy) is given by the L, splitting of the contact distribution:

A=H@®V with H= (3,1 +p;8,+€x'3,,0,2+ p,d, +ex'9,) and V =(3,,9, ). (43)

The subconformal structure is represented by the metric ¢ = w! @* + w? w* in the coframe w! =
dx',w? = dx?,w3 = dp; — e x'dx?, w* = dp, — ¢ x'dx! on A. The point symmetry algebra of (42)
coincides with the symmetry algebra g of the subconformal structure; it is solvable and generated
by

£ =x'00 —x?0,2 +ud, +2p,0,,, & = x'3,2 + 36 (x")*0, + (e(x')? = p,)3,, ,
€3 =x%0,2 +ud, +p,0,, £, =01 +¢ (xlxzau +x%9, + x16p2> ,
§5 = axz, §6 = au, §7 = xlau + apl, 58 = xzau + apz.

Consider three Abelian subalgebras §); = (&,,&7), B, = (€4, &5), B3 = (£4,&5). All of them are
nonnull, meaning that the span of the fields does not intersect with the g-null cone on A.

Let us first do symmetry reduction along &,, which is the field common to all subalgebras. Pass-
ing to coordinates (u — %es(xl)z(xz),xz,xl,p1 —ex'x?, p, - %e (x1)?) where the first two and
last two are invariants of the flow of £, and keeping the same notations (x!, x2,u, p;, p,) for the
new coordinates, the quotient conformal metric on M = R*(x!, p;, x, p,) is given by the formula

g =dx'dp, +dx*(p,dp, — p,dp,) +¢ Z—?(dxl — podx*)%.
This metric is self-dual but not conformally flat.

We can take further reduction from 4D to 3D, and in new coordinates, the remaining generators
of By, By, b3 have the form: &, = 8,1, & = x?0,1 +9,,, &5 = x'3,1 + x?3,2 + p;8,, . Reduction
along both &, and &; yields conformally flat 3D metrics, but the symmetry reduction along &,
gives in new coordinates/invariants (x;, x,, x;) the following conformal metric:

7 = (x3dx; — (X3 — 1)dx, + X, %,d%3)° + 4 (e x;(x;x3 — 1) — x2) dx;dx.

This metric on the quotient M= R3(x1, X,, X3) is not conformally flat, but is Einstein-Weyl.

(3) Let us describe the geometry on the twistor space 7 obtained from the correspondence
space M° via quotient by the foliation of the dLp IT?. For the flat (A5, P;) geometry, the induced
geometry on the twistor space is flat conformal, that is, of type (A5, P,). This follows from the
parabolic twistor correspondence [8], see the discussion at the beginning of Section 4.

Otherwise the projection of tangents 3, to the fibers of M® — M> along the foliation IT? yields a
field of surfaces on 7, that is, a causal structure (see the discussion at the end of Section 2.4); thus,
the correspondence space can be identified with a codimension 1 subbundle of the projectivized
tangent bundle: M C PT(T). In general, such a causal structure (also known as a cone structure)
may not be isotrivial, in the sense of [24]. Being isotrivial means that all the fibers of M — T
are projectively equivalent to a fixed projective surface C C P3, and being isotrivially flat means
trivialization of the bundle M° ~ C x T as a subbundle of PT(7).

In the case of large symmetry, the causal structures are isotrivial. For the maximal symmetric
case, the causal structure is isotrivially flat with quadratic fibers. For the submaximal symmetric
case, it was demonstrated in [34] that M — T is the so-called Cayley structure, namely, the fiber
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C is the projectivized ruled Cayley cubic; moreover, it was proved that there are precisely two
other 3D projective connections inducing a Cayley structure on 7. Let us show it directly for the
zero-curvature subconformal structure, derived from the Egorov projective connection.
Denoting the vector generators in (43) by h, h, for H and v,, v, for V, the dLp is
1= (h; +1h, =81 +10,> + (p; + Ap,)d, + ex1(6p2 + 48, ), vy —Av; =0, — A3, ).

This distribution is Frobenius integrable on M®. Passing to new coordinates (p; + A(p, —
e(xH)?),x? —Axhu+ /1(%(—: (x1)® —x'p,) — x'p;,x', p,, 1), among which the first three and the
last one are IT-invariants, and keeping old notations for the new coordinates, we get

1A[new = (aplvam)’ (a/1>new = <a/1 - (GP% - Pz)axl - plax2 + <§€pf - p1p2>> .

2
Taking the coefficients of the latter vector field with simple rescaling [1 P Dy— e%l, DPiD2 —

3
ep?l] and changing coordinates once again, we get (isotrivially flat) ruled Cayley cubic

z= %x3 —Xxy.

(4) The submaximal symmetry algebra for subconformal structures in 5D with § < 0 has dimen-
sion 7 [33, 35]. There is no uniqueness in this case, and the models are obtained as follows.
Consider a projective surface C C P? with 2-dimensional symmetry algebra; for the classification,
see [11] and references therein. Consider 74 = R*(x!, x%, x3,x*) and let M® = C x T* c PT(T)
be the isotrivially flat cone structure with the fiber C.

By the construction, the correspondence space M° has a rank 3 distribution split into two inte-
grable subdistributions IT?> @ 7. The projection along # = (3, yields M. Surfaces C with positive
definite second fundamental form correspond to zero-curvature subconformal structures with
8 < 0, while those with Lorentzian signature correspond to the para-CR case § > 0.

The 7-dimensional symmetry is composed of four translations d; and the homothety x'd,; on T
as well as two projective symmetries of C. By functoriality, these pass to M and M. Explicit formu-
lae can be obtained as follows. Choose a coordinate system (z°, z!, z2, z3) on 7 and let (w°, w', w?)
be the corresponding affine coordinate chart for P? = PT,(7T). An isotrivially flat causal structure
M C PT(T), adapted to these coordinates, can be written as a graph

w’ = G(w', w?).
The induced (3,5,6) distribution on M, following Section 2.4, is given as IT?> @ # with
0z ozl 0z2 0z3

ﬁ=<aw1’aw2>’ I/p=<Gi+wli+wzi+i>.

The first summand T is the vertical tangent bundle to M — T'; the second summand ¢ is the
characteristic line field for the odd contact 1-form

a =dz° — Gdz' — G,pdz® + (w'Gy + WGy — G)dz?,

which at (z; w) € M belongs to the pullback of the annihilator to the affine tangent space of the
cone C, C T,T alongw € C,.
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(5) Finally, we consider the twistorial construction of 2-nondegenerate (para-)CR structure in
dimension 7. It is a bundle 7, over M> with the two-dimensional fiber D? or S! X R! according
to Lemma 4.11. Denoting the coordinates in the fiber by q;, g, and keeping the notations hy, h,
for the generators of H and v, v, for the generators of V in (43), the induced para-CR structure
(¢ = +1) corresponding to the Egorov structure (42) is given by the splitting

D = (hy + q1hy,0; — q1V1,0,,) © (hy + 27y, 01 — qy05,9,,)

into a pair of integrable subdistributions. Similarly, one gets a CR structure (¢ = —1) corre-
sponding to the Egorov structure via a pair of complex conjugated subdistributions in D ®
C.

This twistorial construction is fully functorial: an equivalence downstairs lifts from M> to fg
and, conversely, any symmetry of fg projects along the Levi kernel K to M>. The distribution D
projects to the contact structure A. The (para-)CR structure .7, is not projectable, but there exists
a unique up to sign (para-)complex structure J, commuting with it, cf. the proof of Theorem 4.12.
(This is analogous to the left and right (split-)quaternionic multiplications.) Such J projects along
K toJ on M° making it into a zero-curvature subconformal manifold.

We note that 7-dimensional 2-nondegenerate CR structures arising from zero-curvature sub-
conformal structures are recoverable in the sense of [45]. A CR structure is called recoverable if
the space

ad (KY) := {ad, |v € K] | ¢ Hom (D|/K,D///K!!)

has vanishing first prolongation. Recall that the first prolongation is defined as the kernel of the
Spencer operator 0 : Hom(V, W) - Hom(V A V, W) where 0 f(v,u) = f(v)u — f(u)v. Using the
relation (41), it is straightforward to show that the first prolongation of ad(K )/C’ )iszeroforall x € fg
This gives isomorphism of symmetry algebras.

In particular, for the family derived from (42) with € # 0, we obtain 7-dimensional 2-
nondegenerate CR structure with 8D symmetry, while for the flat case € = 0, we get the structure
with 15D symmetry algebra. This latter can be either SL(4, R) or SU(2, 2) realizing the submaximal
symmetry dimension for 7-dimensional 2-nondegenerate CR structures.

5 | OUTLOOK

In this paper, we generalized the paradigm “Integrability via Geometry” [7] from 3D and 4D to dis-
persionless equations and Lax pairs in 5D, provided that the symbol of the equation has conformal
symmetric bivector of rank 4 and the corresponding distribution is contact at generic solution u of
the equation £. Surprisingly, this case has an underlying parabolic geometry, similar to the well-
studied lower-dimensional cases. This allowed us to identify the required curvature component
of the corresponding subconformal structure.

Let us note that parabolic geometries of type (A5, P;3) have been studied in the literature, for
instance, subconformal structures of neutral signature in 5D appeared both as integrable Legen-
drian and Levi-split CR structures. However, in that class, the torsion vanishes while the curvature
may be nonzero. In our case, the situation is opposite: the dispersionless integrability is equivalent
to the vanishing of the curvature, while we allow torsion.
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Some of the concepts we introduced in this paper have direct higher dimensional generaliza-
tions. The fact that the underlying geometry is parabolic does not persist in higher dimensions, as
we indicate in the Appendix. In our next paper, we will address those and explain how to define
the proper curvature and connect it to the integrability.

If the rank of ¢, drops below the maximal value 4 or the distribution becomes (partially) inte-
grable for nongeneric u, this yields a class of algebraically special solutions. If, however, this
happens for generic solution u of the PDE &, then the underlying geometry is different.

For instance, investigating rank 3 subconformal structures on a 5D background generically
meets the following aspects: (i) the distribution A has growth vector (3,5) and the radical \/Z,
arank 2 distribution with growth vector (2,3,5) on a generic solution u, has higher order tensorial
invariants; (ii) a partial Weyl connection associated to the subconformal structure c¢ has curvature
components on its own; and (iii) a compatibility condition relates both (i) and (ii).

We expect that integrability for such a class of 5-dimensional dispersionless PDEs is also
expressible via certain “zero-curvature condition,” involving the above invariants. We do not
address these questions here, but raise the problem of describing the corresponding integrable
background geometry as a parabolic geometry. We also expect that 5D zero-curvature systems dis-
cussed in this paper pass the test for hydrodynamic integrability as in [20] as well as adaptation
for the deformation scheme as in [44].

APPENDIX: INTEGRABLE PARABOLIC BACKGROUND GEOMETRIES

Let us define a class of parabolic geometries that may serve as integrable background geometry
by first specifying the compatibility properties discussed in Section 1.1, which only constrain the
algebraic type of the geometry and does not restricts the curvature properties.

Definition A.1. Given a semisimple Lie group G and a parabolic subgroup P C G, a parabolic
geometry of type (G, P) is called a compatible background geometry if it admits a subconformal
structure (g_;, ¢) with the following compatibility conditions:

* dimg_, =3o0r4,
* there exists a (unique) Gy-invariant conformal structure c on g_;,
* there exists a 1-parameter family of c-null 2-planes that are Abelianin m = g_.

These 2-planes are henceforth called a-planes.

Definition A.2. A compatible parabolic background geometry is called an integrable background
geometry if every a-plane is tangent to an a-surface, that is, a surface whose tangents are a-planes.

Note that we included the case of rank 3 subconformal structure, whose integrability requires a
choice of Weyl connection, which is an additional constraint on the parabolic geometry. Geome-
tries of rank 2 and 1 may also be considered as an instance of integrable background geometry,
within the paradigm of [5]; however, in this paper, we restrict to ranks 3 and 4.

The uniqueness claim in Definition A.l is not obvious a priori but is a by-product of the
following classification result.

Theorem A.3. The only compatible parabolic background geometries are those of the types (B,, P;),
(D5, Py), and (D, P, 3), as well as (B, P13) and (Cs, P,).

Here, we used the exceptional isomorphism (43, P; ;) = (D3, P, ;) over C. Over R, the com-
patible parabolic background geometries of the above type are: (30(2,3), p;), (80(3,3),p;1),
(§0(3, 3)9 p23)5 (gu(z’ 2)7 p13)5 (§0(3’ 4)’ pl?,)’ (QP(G, IR)5 pz)
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Proof. We will work with Lie algebras. The constraint of g,-equivariance is enough to exclude
false candidates. For the remaining five, the equivariance on the group level is straightforward.
Until the end of the proof, we work over C (the claim over R follows by direct inspection).

We start with simple Lie algebras. Their structure root theory implies dim g_; > n = rank(g)
(the equality is achieved on the Borel parabolic subalgebra p, ). Indeed, if «; are simple roots,
then ) ;. a; is also a root for any connected piece S of the Dynkin diagram. Thus, there are at
least n roots of this form, where S contains only one crossed node in X for p = ps.

This already makes the list of candidates finite. Further restrictions are:

* parabolics given by more than 2 crosses (py with |Z| > 2) have 3 independent scalings, and so
cannot conformally preserve a bilinear form of rank > 3;

* the Dynkin diagram of the Levi part g, obtained by excluding crosses, must be B; = A, or
D, = A, A, because in other cases, g;° cannot preserve a conformal structure.

Consequently, for dim g_; = 3, the candidates for compatible parabolic background geometries
are (we use outer automorphisms of g to exclude repetitions):

(A3’P12)a (B2aP1)a (B3’P23)’ (CS’P12)a (C3aP23)'

For dim g_, = 4, the candidates are (we use exceptional isomorphisms B, = C,, A; = D5):

(A?,aPZ)a (A3’P13)’ (A45P23)5 (B3aP12)’ (B3’P13)5 (C3’P2)’ (C4a P23)’ (GZ’PZ)’ (F4’P23)'

Among these only, the following have g,-invariant conformal structure:
(BQ,P1)§ (A3,P2), (Ag’P13), (B3’P13)’ (C3aP2)~ (A1)

The recipe to do so is as follows: determine the g,-module g_; and compute its [2] plethysm; for
instance, in the case (Bj, P,3), we have g’ = A; and ¢_; = 1x[0] + 1X[1], whence S%g_, =1x
[0] + 1x[1] + 1%[2] but the trivial representation corresponds to rank 1 bilinear form, and hence,
an invariant conformal metric does not exist.

The first case in (A.1) has 3-dimensional irreducible manifold (g_; = TM), and the remain-
ing cases have 4-dimensional g_;: on the manifolds of dimensions 4, 5, 8, and 7, respectively. A
straightforward computation shows that each is a compatible background geometry.

If g is semisimple but not simple, it must be a product of

(AI’P1)7 (AZ’Pl)’ (A27P12)’ (BZ’PZ)’ (B27P12)’ (GZ’P1)7 (GZ’PIZ) (AZ)

with dimg_; = 1V 2. In this list, only geometries with the Borel subgroup B C G possess g,-
invariant conformal structure on g_,. However, in the product, that is, for nonsimple G, with
factors from (A.1) and (A.2), no such geometry can have g,-invariant conformal structure on g_;
(there are, however, g;’-invariant such). This finishes the proof. O

Corollary A.4. Theonly integrable parabolic background geometries are those listed in Theorem A.3
with their respective corresponding zero-curvature condition.

These so-called “zero-curvature” conditions were already discussed for the standard conformal
geometries (B,, P;) in 3D, with a choice of Weyl structure, and (D5, P;) in 4D, as well as for the
geometry (A;, P;3) studied in this paper. The novel candidates are (B3, P;3) and (C5, P,) in 8D and
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7D, respectively. While higher dimensions will be considered in a forthcoming paper (where the
corresponding curvature W will be introduced) let us briefly comment on the two new cases.

8D case. The grading of B, corresponding to parabolic P13isg=¢_: P g, Pg_ D gy P g, &
g, @ g; with dimensions of components (2,2,4,5,4,2,2). In terms of root vectors, g, is generated by
the Cartan subalgebra ) and e, ., , while

g1 = <e—a19 €_a—ay €—ay> e—az—oc3> and g_, = <e—a1—a2—a3’ e—a2—2a3>'

The only g,-invariant conformal metric (after proper normalization of root vectors) is

g =¢€q "Cqyra, € ta, Ca,
The only congruence of a-planes (g-null and [,]-isotropic) is

(e_oc1 + Ae_a] oy oy — Ae_az_%).
This lifts to a canonical rank 2 distribution in the correspondence space, which is a parabolic
geometry of type (B, P;,;) and a bundle over (Bs, P;;) with fiber P1. However, the curvature
W, corresponding to the Frobenius condition, takes value in the component of the cohomology
H?*(g_,g), whichisa g, irreducible module with the lowest weight vector

ea1 A ezx3 ® e—a1—20c2—2a3'

This corresponds to torsion of negative homogeneity —1 with respect to the grading element
Z € g,. We refer for the technique behind this computation and the general theory of parabolic
geometries to [9]. In nontrivial case W # 0, this means that the parabolic geometry is nonregu-
lar, and hence, the zero-curvature condition cannot be obtained as a component of the harmonic
curvature in the standard parabolic formalism.

7D case. The grading of C; corresponding to parabolic P, isg=¢g_, ®g_, D g, D g, D g,
with dimensions of components (3,4,7,4,3). In terms of root vectors, g is generated by the Cartan
subalgebrahande,, ,e,,,, while

g1 = <e—ocz 6oy —ay C—ay—ayr €—ag —otz—oz3> andg_, = (e—szz—a3 » €0t —20y—atyr €20y 20—y )-

The only g,-invariant conformal structure, after proper normalization of root vectors, is

9 =C€q, " o taytay T Cayta, " Caytas

The only congruence of a-planes (g-null and [,]-isotropic) is

<e—a2 + Ae—az—ay € oi—a, ~ Ae—al—az—a3>'

This lifts to a canonical rank 2 distribution in the correspondence space, which is a parabolic
geometry of type (Cs,P,;) and a bundle over (C;, P,) with fiber P!. In fact, the preimage of
the above congruence is the distribution with growth (3,2,3) in the correspondence space. The
curvature W, corresponding to the Frobenius condition, takes value in the component of the
cohomology H*(g_, g), which is a g, irreducible module with the lowest weight vector

€q, A€o ta, ® €_g;-
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This has homogeneity 2 with respect to the grading element Z € g, so the geometry is regular.
Thus, the corresponding W component of KIZ{ can be computed through the technique of parabolic
geometry, similar as we did with the 5D subconformal case in this paper.

The zero-curvature condition W = 0 of the subconformal geometry is, however, not sufficient
to identify the twistor space with the parabolic geometry of type (C, P5) unless the initial parabolic
geometry of type (C;, P,) is flat. Indeed, there is another harmonic curvature component K}{
of homogeneity 1, which must vanish in order for parabolic geometry to descent. This is yet
another analog of the classical conformal geometry in 4D, in which case the twistor space is never
projective unless the conformal structure is flat.

ACKNOWLEDGMENTS

We are grateful to E. Ferapontov and D. Sykes for helpful discussions and comments. BK acknowl-
edges hospitality of IMPAN Warsaw, and OM acknowledges hospitality of UiT Tromse, where
parts of this work have been performed.

The research leading to our results has received funding from the Norwegian Financial
Mechanism 2014-2021 (project registration number 2019/34/H/ST1/00636), the Polish National
Science Centre (NCN) (grant number 2018/29/B/ST1/02583), and the Tromse Research Founda-
tion (project “Pure Mathematics in Norway”). OM gratefully acknowledges partial support by the
grant PID2020-116126GB-100 provided via the Spanish Ministerio de Ciencia e Innovaciéon MCIN/
AEI /10.13039/50110001103.

JOURNAL INFORMATION

The Journal of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
Boris Kruglikov (2 https://orcid.org/0000-0001-5005-091X

REFERENCES

1. M. F. Atiyah, N. J. Hitchin, and I. M. Singer, Self-duality in four-dimensional Riemannian geometry, Proc. R.
Soc. London A 362 (1978), 425-461.

2. M. S. Baouendi, P. Ebenfelt, and L. P. Rothschild, Real submanifolds in complex spaces and their mappings,
Princeton University Press, Princeton, 1999.

3. L. V. Bogdanov, Doubrov-Ferapontov general heavenly equation and the hyper-Kdhler hierarchy, J. Phys. A:
Math. Theor. 48 (2015), 235202.

4. M. Cahen and L. J. Schwachhofer, Special symplectic connections, J. Differential Geom. 83 (2009), no. 2, 229-
271.

5. D. M. J. Calderbank, Integrable background geometries, SIGMA 10 (2014), 034.

6. D.M.J. Calderbank, Selfdual 4-manifolds, projective structures, and the Dunajski-West construction, SIGMA 10
(2014), 035.

7. D. M. J. Calderbank and B. Kruglikov, Integrability via geometry: dispersionless differential equations in three
and four dimensions, Comm. Math. Phys. 382 (2021), 1811-1841.

8. A. Cap, Correspondence spaces and twistor spaces for parabolic geometries, J. reine angew. Math. 582 (2005),
143-172.

9. A. Cap and J. Slovak, Parabolic geometries. I. Background and general theory, Mathematical Surveys and
Monographs, vol. 154, American Mathematical Society, Providence, RI, 2009.

8518017 SUOILIOD BRI 3[eot|dde 8Ly Aq pausenob ase sap1e VO '8 J0 a|n Joj Aleiqi8UIUO 8|1 UO (SUORIPUCD-PUE-SLLLBYLIOD" A8 | 1M ARed] Ul Uo//SY) SUORIPUOD pue SWiIS | 8L} 88S *[G202/T0/PT] Uo ARiqiTauliuo A8|IM epeueID 8 pepsIeAIun Ad 9200/ SWII/ZTTT 0T/I0p/W00"A8| 1M AReid Ul U0"d0SUIRWPUO|//SANY WO papeojumoq '9 ‘v20Z '05.L697T


https://orcid.org/0000-0001-5005-091X
https://orcid.org/0000-0001-5005-091X

40 of 41 | KRUGLIKOV and MAKHMALI

10

1.

12.

13.

14.

15.

16.
17.

18.
19.

20.

21.
22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

. A. Cap and T. Salag, Parabolic conformally symplectic structures II: parabolic contactification, Ann. Mat. Pura
Appl. 197 (2018), no. 4, 1175-1199.

F. Dillen, B. Doubrov, B. Komrakov, and M. Rabinovich, Homogeneous surfaces in the three-dimensional
projective geometry, J. Math. Soc. Japan 52 (2000), no. 1, 199-230.

B. Doubrov and E. V. Ferapontov, On the integrability of symplectic Monge-Ampére equations, J. Geom. Phys.
60 (2010), 1604-1616.

B. Doubrov, E. V. Ferapontov, B. Kruglikov, and V. Novikov, On the integrability in Grassmann geometries:
integrable systems associated with fourfolds Gr(3,5), Proc. London Math. Soc. 116 (2018), 1269-1300.

B. Doubrov, E. V. Ferapontov, B. Kruglikov, and V. Novikov, Integrable systems in 4D associated with sixfolds
in Gr(4,6), Int. Math. Res. Notices 21 (2019), 6585-6613.

M. Dunajski and S. West, Anti-self-dual conformal structures with null Killing vectors from projective structures,
Comm. Math. Phys. 272 (2007), 85-118.

M. Dunajski, Solitons, instantons, and twistors, Oxford University Press, Oxford, 2010.

M. Dunajski, E. Ferapontov, and B. Kruglikov, On the Einstein-Weyl and conformal self-duality equations, J.
Math. Phys. 56 (2015), 083501.

L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer, Berlin, 1987.

E. V. Ferapontov and K. R. Khusnutdinova, Hydrodynamic reductions of multi-dimensional dispersionless
PDEs: the test for integrability, J. Math. Phys. 45 (2004), no. 6, 2365-2377.

E. V. Ferapontov and B. Kruglikov, Dispersionless integrable systems in 3D and Einstein-Weyl geometry, J.
Differential Geometry 97 (2014), 215-254.

M. Freeman, Local biholomorphic straightening of real submanifolds, Ann. Math. 106 (1977), no. 2, 319-352.

J. Gregorovi€, On equivalence problem for 2-nondegenerate CR geometries with simple models, Adv. Math. 384
(2021), 107718.

N. J. Hitchin, G. B. Segal, and R. S. Ward, Integrable systems: twistors, loop groups, and Riemann surfaces,
Clarendon Press, Oxford, 1999.

I.-M. Hwang, Varieties of minimal rational tangents of codimension 1, Ann. Sci. Ec. Norm. Supér. 46 (2013),
no. 4, 629-649.

P. E. Jones and K. P. Tod, Minitwistor spaces and Einstein-Weyl spaces, Classical Quantum Gravity 2 (1985),
no. 4, 565-577.

B. G. Konopelchenko and W. K. Schief, On an integrable multi-dimensionally consistent 2n + 2n-dimensional
heavenly-type equation, Proc. R. Soc. A. 475 (2019), 20190091.

B. Kostant, Lie algebra cohomology and the generalized Borel-Weil theorem, Ann. Math. 74 (1961), no. 2, 329-387.
I. S. Krasil’shchik and A. Verbovetsky, Geometry of jet spaces and integrable systems, J. Geom. Phys. 61 (2011),
1633-1674.

I. S. Krasil’shchik and A. M. Vinogradov, Nonlocal trends in the geometry of differential equations, Acta Appl.
Math. 15 (1989), 161-209.

B. Kruglikov and V. Lychagin, Geometry of differential equations, Handbook of global analysis, D. Krupka, D.
Saunders (eds.), Elsevier, Amsterdam, 2008, pp. 725-772.

B. Kruglikov and E. Schneider, Differential invariants of self-dual conformal structures, J. Geom. Phys. 113
(2017), 176-187.

B. Kruglikov and E. Schneider, Differential invariants of Einstein-Weyl structures in 3D, J. Geom. Phys. 131
(2018), 160-169.

B. Kruglikovand D. The, The gap phenomenon in parabolic geometries, J. reine angew. Math. 723 (2017), 153-216.
W. Kryniski and O. Makhmali, The Cayley cubic and differential equations, J. Geom. Anal. 31 (2021), 6219-6273.
O. Makhmali, Differential geometric aspects of causal structures, Ph.D. thesis, McGill University, 2016.

O. Makhmali and K. Sagerschnig, Parabolic quasi-contact cone structures with an infinitesimal symmetry,
arXiv:2302.02862, 2023.

L. J. Mason and N. M. J. Woodhouse, Integrability, self-duality, and twistor theory, L.M.S. Monographs, vol. 15,
Oxford University Press, Oxford, 1996.

T. Mettler, Reduction of §-integrable 2-Segre structures, Comm. Anal. Geom. 21 (2013), no. 2, 331-353.

R. Penrose, Nonlinear gravitons and curved twistor theory, Gen. Relativity and Gravitation 7 (1976), no. 1, 31-52.
J. F. Plebanski, Some solutions of complex Einstein equations, J. Math. Phys. 16 (1975), 2395-2402.

8518017 SUOILIOD BRI 3[eot|dde 8Ly Aq pausenob ase sap1e VO '8 J0 a|n Joj Aleiqi8UIUO 8|1 UO (SUORIPUCD-PUE-SLLLBYLIOD" A8 | 1M ARed] Ul Uo//SY) SUORIPUOD pue SWiIS | 8L} 88S *[G202/T0/PT] Uo ARiqiTauliuo A8|IM epeueID 8 pepsIeAIun Ad 9200/ SWII/ZTTT 0T/I0p/W00"A8| 1M AReid Ul U0"d0SUIRWPUO|//SANY WO papeojumoq '9 ‘v20Z '05.L697T



ZERO-CURVATURE AND INTEGRABILITY IN 5D | 41 of 41

41.

42.

43.

44.
45.

46.

47.

48.

49.

50.

J. F. Plebanski and M. Przanowski, The Lagrangian for a self-dual gravitational field as a limit of the SDYM
Lagrangian, Phys. Lett. A 212 (1996), 22-28.

A. Sergyeyev, A simple construction of recursion operators for multidimensional dispersionless integrable
systems, J. Math. Anal. Appl. 454 (2017), no. 2, 468-480.

D. C. Spencer, Over-determined systems of linear partial differential equations, Bull. Amer. Math. Soc. 75 (1969),
179-239.

L. A. B. Strachan, A geometry for multidimensional integrable systems, J. Geom. Phys. 21 (1997), 255-278.

D. Sykes and I. Zelenko, On geometry of 2-nondegenerate CR structures of hypersurface type and flag structures
on leaf spaces of Levi foliations, Adv. Math. 413 (2023), 108850.

K. Takasaki, An infinite number of hidden variables in hyper-Kdhler metrics, J. Math. Phys. 30 (1989), no. 7,
1515-1521.

M. Takeuchi, Lagrangean contact structures on projective cotangent bundles, Osaka J. Math. 31 (1994), no. 4,
837-860.

S. P. Tsarev, Geometry of hamiltonian systems of hydrodynamic type. Generalized hodograph method, Izvestija
AN USSR Math. 54 (1990), no. 5, 1048-1068.

V. Zadnik, Interactions between para-quaternionic and Grassmannian geometry, Ann. Glob. Anal. Geom. 57
(2020), no. 2, 321-347.

V. E. Zakharov and A. B. Shabat, Integration of nonlinear equations of mathematical physics by the method of
inverse scattering. IT, Funct. Anal. Appl. 13 (1979), 166-174.

8518017 SUOILIOD BRI 3[eot|dde 8Ly Aq pausenob ase sap1e VO '8 J0 a|n Joj Aleiqi8UIUO 8|1 UO (SUORIPUCD-PUE-SLLLBYLIOD" A8 | 1M ARed] Ul Uo//SY) SUORIPUOD pue SWiIS | 8L} 88S *[G202/T0/PT] Uo ARiqiTauliuo A8|IM epeueID 8 pepsIeAIun Ad 9200/ SWII/ZTTT 0T/I0p/W00"A8| 1M AReid Ul U0"d0SUIRWPUO|//SANY WO papeojumoq '9 ‘v20Z '05.L697T



	Zero-curvature subconformal structures and dispersionless integrability in dimension five
	Abstract
	1 | INTRODUCTION AND MAIN RESULTS
	1.1 | Subconformal structures on solutions
	1.2 | An example of integrable PDE
	1.3 | Main results

	2 | GEOMETRY OF SUBCONFORMAL STRUCTURES IN 5D
	2.1 | Compatibility
	2.2 | Curvature in subconformal geometry: Naïve approach
	2.3 | Associated parabolic geometry
	2.4 | Structure equations and fundamental invariants

	3 | PROOF OF THE MAIN RESULTS
	3.1 | Jets, symbols, and characteristics
	3.2 | Normality condition
	3.3 | Zero-curvature condition
	3.4 | Master equation
	3.5 | One more example

	4 | SYMMETRY REDUCTIONS AND TWISTOR CORRESPONDENCES
	4.1 | Subconformal geometry in 5D from 3D projective structures
	4.2 | Symmetry reductions and integrable systems in 3D and 4D
	4.3 | Further reductions: Nested Lax sequences
	4.4 | 2-nondegenerate CR structures on the twistor bundle
	4.5 | Models of maximal and submaximal symmetries

	5 | OUTLOOK
	APPENDIX: INTEGRABLE PARABOLIC BACKGROUND GEOMETRIES
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


