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SOME EXACT SEQUENCES ASSOCIATED WITH
ADJUNCTIONS IN BICATEGORIES. APPLICATIONS
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ABSTRACT. We prove that the classical result asserting that the relative Pi-
card group of a faithfully flat extension of commutative rings is isomorphic
to the first Amitsur cohomology group still is valid in the realm of symmetric
monoidal categories. To this end, we build some group exact sequences from
an adjunction in a bicategory, which are of independent interest. As a partic-
ular byproduct of the evolving theory, we prove a version of Hilbert’s theorem
90 for cocommutative coalgebra coextensions (=surjective homomorphisms).
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INTRODUCTION

Given a commutative ring R, the classical Chase—Rosenberg seven term exact
sequence [6] gives a cohomological interpretation of the Brauer group of Azumaya
R-algebras split by a finitely generated faithful projective commutative R-algebra S.
This sequence leads to the Chase-Harrison—Rosenberg seven term exact sequence
[6] for a Galois extension of commutative rings, that generalizes Hilbert’s theorem
90 and the classical cohomological description of the relative Brauer group. Then
Chase—Rosenberg exact sequence relates the Picard and (relative) Brauer groups,
as well as some low degree Amitsur cohomology groups with coefficients in the unit
and Picard functors. Villamayor and Zelinsky showed [30] that, by replacing the
Brauer group by a suitable group of analogs of descent data, a generalization of
the Chase-Rosenberg sequence can be built for any commutative ring extension.
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Indeed, this construction allows one to connect the aforementioned Amitsur coho-
mology groups of the extension by means of the Villamayor—Zelinsky infinite exact
sequence [30, Theorem 4.14]. These results received a great deal of attention and
various generalizations of the sequence and its parts have been considered in differ-
ent contexts (see, for example, [29], [12], [13], [I4], [3I]). We are interested in such
a generalization given by Masuoka in [23]. For any extension of (non-necessarily
commutative) rings, Masuoka built an exact sequence of groups involving the auto-
morphism and Picard groups of the rings and the group of invertible subbimodules
of the extension. In this paper we give categorical generalizations of the main
results of [23].

By means of abstractions to general categorical contexts we gain a deeper un-
derstanding of these results and find precise expressions for the analogies existing
between various exact sequences. On the other hand, once the general theory is
well developed, we can come down to the concrete situations and make use of that
general theory. As a relevant example, we prove that the classical result asserting
that the relative Picard group of a faithfully flat extension of commutative rings
is isomorphic to the first Amitsur cohomology group is still valid in the realm of
symmetric monoidal categories. To this end, we prove that for a commutative al-
gebra A = (A, m,e) in a symmetric monoidal category V satisfying some technical
conditions, there is an exact sequence of groups

(1)
0 = Auty(I) 2% Aut,y(A) ™5 Auta_cor (A2A4) 25 Pic®(I) 2 pice(A),

whenever the functor A ® — : V — AV is comonadic. Details on the group homo-
morphisms involved are to be found in Subsection[Z2l The sequence () is deduced
from an exact sequence

2) 0= Auty(I) 2% Aut,y(A) 25 35 24 Pic(D) 2 pice(a),

defined for any commutative algebra A over V. The sequence (2)) turns out to
be a generalization of the five term crank-shaped sequence at degree zero from
[0, Section 4]. A sequence similar to () can be derived from an exact sequence
of categorical groups stemming from the monoidal functor A ® — : ¥V — AV (see
[31, Corollary 6.1]). For our purposes we prefer to build (2)), and, hence, () with
the aid of an exact sequence of groups associated, under mild conditions, to any ad-
junction in a bicategory (see Theorem[B.9]). This helps to identify the comonodacity
as the essential hypothesis generalizing the traditional faithfully flat condition on
extensions of commutative rings. For instance, to get the isomorphism between the
first Amitsur cohomology group and the relative Picard group, the middle points
of the exact sequences ([Il) and (2) need to be connected by a precise isomorphism,
and this requires the comonadicity of the functor A ® — : ¥V — AV. This kind of
isomorphism between the group of invertible sub-bimodules and the automorphism
group of a suitable coring was proved in [23], Theorem 2.10] for noncommutative
ring extensions, under faithfully flatness or separability-like conditions. In Theo-
rem we get, with the help of the previous analysis developed in [I5], a very
general version of [23] Theorem 2.10] that works for any adjunction in a bicategory
whenever the functor encoded by the left adjoint 1-cell is comonadic.

The exact sequence displayed in Theorem generalizes some useful exact se-
quences associated to a noncommutative ring extension, used in [I925] in the
unital case and in [II] in the realm of ring with local units, to take the first steps



EXACT SEQUENCES ASSOCIATED WITH ADJUNCTIONS 8257

to derive adequate noncommutative versions of Chase—Harrison—Rosenberg’s seven
term exact sequence [B, Corollary 5.5]. Thus, our results could be of independent
interest for extending to wider contexts the aforementioned seven term sequence.
More specifically, we are thinking of a possible extension of [25 Theorem 2.12] and
[11, Theorem 4.12] to the realm of firm rings. In this direction, we illustrate how
to obtain some preliminary exact sequences (see Examples and B.I8) where
it is well understood that a major part of the needed work, for instance, the con-
struction of a group of equivalence classes of generalized crossed products similar
to that of [25] and [11], is left for future inquiries.

We specialize our general theory to the case of the bicategory of bimodules over
a (non-necessarily symmetric) monoidal category V (see Theorem [T]). We get in
particular an exact sequence of groups associated to a monomorphic homomorphism
of V-algebras (see Example [£2]).

Every comonadic homomorphism of commutative V-algebras ¢ : A — B, where
V is a symmetric monoidal category fulfilling some minimal technical requirements,
leads to a homomorphism of abelian groups Pic®(:) : Pic®(A) — Pic®(B). Our the-
ory applies to obtain (Theorem [£13)) that if the change-of-base functor associated
to ¢ is comonadic, then Ker(Pic®(¢)) is isomorphic to the first Amitsur cohomology
group H1 (¢, Milg) of ¢ with coefficients in the functor Milg (which is a gener-
alization of the usual units functor; see Lemmal[4.11]). The problem is easily reduced
to prove that, in (), the cokernel of k4 is isomorphic to ’Hl(e,M(})ug), whenever
A ® — is a comonadic functor. Our proof involves some classical results, namely a
version of the Bénabou-Roubaud-Beck theorem identifying the category of descent
data with an Eilenberg—Moore category (Theorem [A.3]), and Grothendiek’s isomor-
phism between the Amitsur first cohomology pointed set and the set of descent
data of an effective descent morphism (Proposition [A4]). A brief account of the
required classical theory is given in the Appendix.

In the final section, we apply our general theory to the bicategory of bicomod-
ules. In particular, a version of Hilbert’s theorem 90 for cocommutative coalgebra
coextensions (=surjective homomorphisms) (Theorem [LI8)) is obtained.

1. PRELIMINARIES

In this section, we list some categorical notions and basic constructions that will
be needed. Our basic references on categories are [I1,4,21].

1.1. Subobjects and quotient objects. Let a be an object of a category .A.
Preorder monomorphisms with range a by setting j < ¢ if 7 is of the form j = ik;
the equivalence classes for the relation

“j <4 and i < j”

are called subobjects of a. We write Sub 4(a) for the the class of all subobjects of
a. We often identify a subobject with a representative monomorphism, and we call
the subobject regular, etc., if the monomorphism i is regular, etc.

Dually, one has the collection Quot 4(a) = Sub 40r(a) of isomorphism classes of
epimorphisms with domain a (LA°? denotes the opposite category of .A). We shall
call an element of Quot 4(a) a quotient object of a. Note that for epimorphisms
with domain a we write j < if j is of the form j = ki.

1.2. Images and coimages. Recall that a category admits images if any mor-
phism f can be written as f = ip with ¢ monomorphic and p regular epimorphic.
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The subobject [i] of the codomain of f is called the image of f. Dually, a category
is said to admit coimages if any morphism f can be written as f = ip with p epi-
morphic and ¢ regular monomorphic. The quotient object [p] of the domain of f is
called the coimage of f. We say that a monoidal category admits (co)images if its
underlying ordinary category does so.

1.3. Subobjects and quotient objects of (co)algebras. Suppose that V =
(V,®,1I) is a fixed monoidal category with underlying ordinary category V), tensor
product ®, and monoidal unit I. Recall that an algebra in V (or V-algebra) consists
of an object A of V endowed with a multiplication m4 : A® A — A and a unit mor-
phism ey : I — A, subject to the usual associative and identity conditions. These
algebras are the objects of a category Alg(V) with the obvious morphisms. Dually,
one has the notion of V-coalgebra; the corresponding category of V-coalgebras is
denoted by Coalg(V).

Given a V-algebra A = (A4, ma, ea), we write J3},(A) for the subclass of Suby,(A)
consisting of those elements [(J, 47 : J — A)] for which the composite

€A 28 AvA M A

is an isomorphism. Symmetrically, we let J7,(A) denote the subclass of Suby,(A)
consisting of those elements [(J,4; : J — A)], for which the composite

€ JRA 225 ApA 4 A
is an isomorphism.
Dually, for a V-coalgebra C = (C, 6, ¢), we write Q},(C) (resp., Q%,(C)) for the

subclass of Quot,,(C') consisting of those elements [(P,7p : C — P)] for which the

composite

c % oec €270 coP

(resp.,
c % coc 29 peC)
is an isomorphism.
1.4. Adjunctions in bicategories. We begin by recalling from [2] that a bicat-
egory B consists of :

e a class Ob(B) of objects, or 0-cells;

e a family B(A, B), for all A, B € Ob(B), of hom-categories, whose objects
and morphisms are respectively called 1-cells and 2-cells;

e a (horizontal) composition operation, given by a family of functors

B(B,C) x B(A, B) — B(A,C)

whose action on a pair (g, f) € B(B,C) x B(A, B) is written gof;
e identities, given by 1-cells 14 € B(A4, A), for A € Ob(B);
e natural isomorphisms

ap g5t (hog)of =~ ho(gof),ly: 1aof ~ f and ry: foly ~ f,
subject to two coherence axioms (see [2]).
Whenever the context is clear, we write [A, B] instead of B(A4, B).
We review the concept of adjunction in an arbitrary bicategory along with some
of the general theory needed later on.
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Fix a bicategory B. An adjunction (n,e: f 4 f*: B — A) in B consists of objects
Aand B, 1-cells f: A— Band f*: B— A, and 2-cells p : 14 — f*of, called
the unit, and ¢ : fof* — 1p, called the counit, such that the following diagrams
commute in [A, B] and [B, A], respectively:

-1

3) fola —2 fo(frof) LI (fof*)of
rfl lsof
f p—r lgof
and
(4) Lyof* =L (o fyof 1L pro( fof*)
lf*l/ lf*os
f* - f*OlB
T.f*

Let n,e: f 4 f*: B — A be an adjunction in B, and let X be an arbitrary 0-cell
of B. Then the functor

[Xaf] = fO— : [XaA} - [XvB]
admits as a right adjoint the functor
[X7f*] = f*O— : [XaB] - [XaA} .

The unit 7 and counit eX of this adjunction are given by the formulas

-1 o Qpx f
775( 1 g > 1409 BECN (f*of)oyg SR AN fro(fog), for all g € [X, A]

and
—1

X1 fo(froh) L (fof*Yoh =2 150k 5 h, for all h € [X, B).
The situation may be pictured as

[X7f]:fof
— T
[X, A L [X, B]

\_’/

(X, f7]=f"o—
Definition 1.5. A 1-cell f: A — B in B is called invertible if there exist a 1-cell
g : B — A and isomorphisms gof ~ 14 and fog ~ 1g. The 1-cell g is called a
pseudoinverse of f.

Recall that an adjoint equivalence in B is an adjunction in which both the unit
and counit are isomorphisms, and that any equivalence is part of an adjoint equiv-
alence.

Remark 1.6. If a 1-cell h: A — A is invertible, then, for any object X € B, both
functors [X, h] = ho— : [X, 4] — [X, A] and [h, X] = —oh : [4, X] — [A, X] are
equivalences of categories, and thus they preserve existing limits and colimits. In
particular, they preserve monomorphisms and epimorphisms.
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The following is an example of a bicategory to which some of our general results
will be applied.

Example 1.7. Firm bimodules. Let S be a ring, which is not assumed to be
unital. A right S-module M is said to be firm [27] if the map M ®¢ S — M
sending m ®g s to ms is an isomorphism. Thus, the ring S is said to be firm if the
multiplication map S ®g S — S is an isomorphism. Firm left modules and firm
bimodules are defined analogously. We denote by Firm the bicategory whose 0-cells
are firm rings, the 1-cells are firm bimodules, and the 2-cells are homomorphisms of
firm bimodules. The horizontal composition in Firm is given by the tensor product
of bimodules. Given a homomorphism ¢ : R — S, where R and S are firm rings,
we may consider the bimodules pSg and ¢Sk in the usual way. We say that ¢ is a
homomorphism of firm rings if gSg and Sk are firm bimodules. In this case, we
have 1-cells sSg : R — S and rSs : S — R which form an adjunction gSr 4 rSs
in Firm. Its counit is the multiplication map u : S ®g S — S, while the unit
is given by the composite R = S % S ®g S, where v denotes the inverse of the

multiplication map S ®g S = 8.
1.8. Mates. Recall from [20] that for adjunctions (n,e : f 4¢g : B — A) and
(n,e': f/4g : B— A) in B, there is a bijection between 2-cells
c:f=>f andT:¢ —g,
where 7 is obtained as the composite

l 1
(goo)og og’ Tg
g % 1g0g' %5 (gof)og 220, (gof'og' & go(fog’) L5 golp 2 g

and o is given as the composite

fo(oof’ ) of’
rx folA—>fO(g of') === fo(gof') "~ (fog)Of' —— 1 Of/Nf/
In this situation, o and & are called mates under the given adjunctions, and this is

denoted by ¢ 4.

Lemma 1.9. If 0 47 under adjunctions (f 4g: B — A) and (f' 44’ : B — A),
then o is an isomorphism if and only if & is an isomorphism.

2. INVERTIBLE CELLS ASSOCIATED TO AN ADJUNCTION

Let A be an object of a bicategory B. We call a (co)algebra in the monoidal
category [A, A] an A-(co)ring and write A-ring = Alg([A, A]) (resp., A-cor =
Coalg([A, A])) for the category of A-(co)rings.

Any 1-cell with a right adjoint generates a ring as well as a coring as follows. If
ng,ep: [ f7: B — Ais an adjunction in B, then the triple

(5) Sf = (f*of,mfvnf)v

where

(6)

my = (rp-of) - (f*oep)of) - (ays jyeof ) - (apeop.pe.f) " i (fof )o(f*of) = frof,

is an A-ring, while the triple
(7) Cp = (fof" d5,e5),
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where 7 is the composite
(apeoppeg) - (@f e pof*) - ((fonp)of*) - (rytof*) : fof* = (fof*)o(fof*),
is a B-coring.

Since Sy is an algebra in the monoidal category [A, A], one has the sets TJ%AA} (Sy)
and T, 4 (Sy) described in Subsection [[L3l Recall from [15, Remark 4.2] that for
any monomorphic 2-cell iy, : h — f*of,

b= (f70k,) - ap pon
and

i, = (&5, 0f) - aizlf*,f
where §;, and & are the composites

l

& foh L0 fo(frof) Z1y (fof*yof L2140 1y f
and
& hof* 22l (profyopr LLLIY pro(fofr) LU, proyy IO pr
respectlvely

We write J ”? " (resp., 3? ") for the subset of j%AA} (Sy) (resp., Jia,a) (Sy)) deter-

mined by those subobjects [(h,ip)] with h invertible.

Proposition 2.1. Let ny,ep: f 4 f*: B — A be an adjunction in B such that ny
is monomorphic in [A, A], and let h : A — A be an invertible 1-cell. If there is an

isomorphism o : foh — f in [A, B], then [(h,i)] € j?’l, where i}, is the composite
oh *o
B2 peofoh 2% frofl]

Proof. Suppose that h is invertible and that there is an isomorphism o : foh — f in
[A, B]. Since 7y is assumed to be monomorphic in [A, A], it follows from Remark [I.6]

that h —— f*o foh is monomorphic in [A, A]. Then, since ¢ is an isomorphism,
iy, must be a monomorphism too. Now, since the functor f*o— : [4, B] — [A, 4] is
right adjoint to the functor fo— : [A, A] — [A, B] with nyo— as unit and efo— as
counit, it follows that o = (eyof) - (foir) = &;,. Therefore, {éh = f*o&;, = ffoois
an isomorphism too, and hence [(h, i},)] € ijA] (S¢)- O

Proposition 2.2. In the situation of Proposition 2], suppose that h* is a pseudo-

inverse of h. Then there is a monomorphic 2-cell ip~ : h* — f*of such that
~A,T

[(h*,in-)] € 3%
Proof. Composing the adjunction f - f* with h 4 h* yields an adjunction foh -
h*of*. Since foh ~ f and since adjoints are unique up to a unique isomorphism,
one has an isomorphism 7 : h*of* ~ f*. Now, if we take iy« to be the composite

h*o 3
i : h* Lo, h*of*of Tof, f*of, then the result is proved in exactly the same
way as Proposition 2] but this time using the adjunction

—of* 4 —of : [B, A] — [A, A]. O

IFor simplicity of exposition we sometimes treat B as a 2-category which is justified by the
coherence theorem (see [22]) asserting that every bicategory is biequivalent to a 2-category. Conse-
quently, we sometimes omit brackets in the horizontal compositions and suppress the associativity
constraints o and the unitality constraints [ and 7.
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Proposition 2.3. Letn,e: f 4 f*: B — A be an adjunction, and let (np,ep : h =
h*: A — A) be an adjoint equivalence in B. Then for any 2-cell iy, : h — f*of, the
following are equivalent:

(i) §,h foh — f is an isomorphism;
(ii) &, : (f*of)oh — f*of is an isomorphism;
(iii) f* hof* — f* is an isomorphism;
(iv) &, 2 ho(f*of) — f*of is an isomorphism.
Moreover, iy, is monomorphism in [A, A] provided any (and hence all) of the above
conditions hold.

Proof. Since (i) is equivalent to (ii) and (iii) is equivalent to (iv) by [I5l Remark
4.2] and its dual, we have only to show that (i) and (iii) are equivalent.

Note first that composing the adjunction (ny,e5 : f = f*) with (9, e : R 4 h*)
yields an adjunction (7,2 : foh - h*of*), where 7 and € are the composites

1a 2 h*oh h*on—th> h*of*ofoh
and

fohohtof* L0, fops sy,
respectively.

Consider now the composite

€, " L hofrofohoft hroftofoft L oy,

which is the mate of §;, under the adjunctions (foh - h*of*) and (f - f*). A
straightforward calculation, using the expression for 77 and §;,, shows that §; is
the composite

h*of*o&;, of "
L oh

h*of*

J7 o prohoft M oo oy L o,

and therefore
&i,, = (h7&7,) - (mnof™),
implying—since both A* and 7, are invertible 1-cells—that Zih is an isomorphism
iff & is an isomorphism. In light of Lemma one now concludes that (i) and
(iii) are equivalent.
Finally, each of the conditions (i)—(iv) implies that €7l;h is an isomorphism, and
then 4, is a monomorphism by Proposition 2.1l This completes the proof. |

Proposition 2.4. 3?’ = TJ? "

Proof. By symmetry, it suffices to prove the inclusion Jﬁ’l C 3’;’7“. To this end

consider an arbitrary element [(h,ip)] € TJ?’Z. Since h is an invertible 1-cell, we
) . : Al

need only show that [(h,in)] € Jjy 4 (S¢)- Since [(h,in)] € T C J%AA} (Sy), the

2-cell ffh’ : (f*of)oh — f*of is an isomorphism, and then &;, : foh — h is also an

isomorphism by [15, Remark 4.2]. Now applying Proposition 2.3 gives that both

;o hoft — f*and £ = & of 1 ho(f*of) — f*of are isomorphisms. Thus,

th

[(h,in)] € 374 yy(Sy), and hence [(h, )] € I3 i

Definition 2.5. We write TJJ/;‘ to denote either J "’? ! 3?”.
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3. EXACT SEQUENCES OF GROUPS RELATED TO ADJUNCTIONS IN BICATEGORIES

Fix an adjunction ns,ef : f 4 f* : B — A in B. In this section we suppose,
with the exception of Subsection 3.4l that B is a bicategory such that each hom-
category admits finite limits and imagesﬂ and that the 2-cell ny : 14 — f*of is a
monomorphism in [A, A]. Then, according to [I5, Proposition 3.2], Sub4, 4;(f* o f)
can be endowed with the structure of a monoid by defining the product [(J1,74,)] -
[(J2,1.,)] of any two elements of Subyy _4(f* o f) to be the image of the composite

Jyody ~22, StoSs MR Sy. The unit of this monoid is [(14,77 : 1a — f*of)].
Throughout this paper, when considering Sub4 4)(f* o f) as a monoid, we always
mean this monoid structure. Note that since the image of any monomorphic 1-cell
is (isomorphic to) itself, it follows that if [(J1,i7,)],[(J2,75,)] € Sub(g 4)(f* o f)
are such that the composite my - (i,01,) is monomorphic, then

[(J1,30)] - [(J250,)] = [(Jrodz, my - (i, 007,)]-

Our motivation for defining such a monoid structure on Suby 4;(f* o f) came
initially from the fact that for any (noncommutative) ring extension R C S, the set
of all R-sub-bimodules of S has a monoid structure given as follows. For arbitrary
R-sub-bimodules I,J C R, one defines the product IJ to be the image of the
multiplication map

IQrJ — S, s®grt — st.

With respect to this product, the R-sub-bimodules of S form a monoid with unit
R.

3.1. Automorphisms and invertible subobjects. One can easily verify that
the assignment of taking a 2-cell s: 14 — 14 to the composite

-1

fr SRR 1a0f* ﬂ) laof* lf—*> I
yields a monoid morphism
@ [A Al(1a,14) = [B,AJ(7, ),
which gives, by restriction, a homomorphism of groups
@0 : Autia, (1) = Autp, 4(f7)
between the groups of automorphisms of the objects 14 and f*, respectively.
Proposition 3.1. The map wy is a monomorphism of groups.

Proof. 1f s € Autj4 4)(14) is such that wo(s) = 1y, then 17« = [y« - (sof*) - l;},
and hence [+ = [+ - (sof*). But since Iy« = I~ - (li,0f*) and since [+ is invertible,
it follows that 1;,0f* = sof*, and hence 1, o(f*of) = so(f*of). Direct calculation
then shows that n; - 1, = ny - s. Now, since 5y is assumed to be monomorphic in
[A, A], it follows that 1;, = s. Thus, wy is a monomorphism of groups. O

2Indeed, we need this assumption only for the hom-category [A, A].
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For any A € Aut(p, 4)(f*), form the pullback in [4, A]

(8) fr—2 frof

l lkof

1a Tf>f*°f

Since, by hypothesis, 7y is a monomorphism in [A, A], so too is ¢y, and thus
(fx,ix) represents an element of Subjs 4)(fof*), implying—since pullbacks are
unique up to isomorphism—that the assignment A — [(f,%x)] yields a map Dy :

AUt[B,A](f*) — Sub[AﬁA}(f*of).
Now consider the diagram

ef)of

a1 «o *o Texof
(Frof)o(f*of) 2 ((Frof)of*)of ~n (fro(fof<)yof — LT (pro1y)or 14 frof

(Aof)o(f*of) (1) ((Nof)of™)of  (2)  (Xo(fof*))of (3) (AOi[)Of (4) Aof

(Fro)of*of) — (7)o f)of —p= (Folfof*)of ——re—>

cp)of (f 01A)°f';;:;?'f of

in which rectangles (1) and (2) commute by naturality of a, rectangle (3) commutes
by naturality of the composition, while rectangle (4) commutes by naturality of r.
Thus the outer rectangle of the diagram is also commutative, and now using that,

by (@),

my = (rg=of) - ((froef)of*) (ape s p+0f) a;*lof,f*,f
we get
(9) (Aof) -my =my - ((Aof)o(f"of)).

It then follows from (8) that

(Aof) -my - (ixo(fTof)) =my - (Aof)o(fof)) - (ixo(f*of))
(10) =my - (no(frof)) - (pao(f*of))
= lfeop - (Pro(f 0 f)).

Since the morphisms A, [ ¢+, ¢, and py are all isomorphisms, one concludes that the
composite my - (ixo(f*of)) is also an isomorphism and hence we have the following.

Proposition 3.2. Under the hypotheses above, Dy(X) € T, 4(Sy) for all X €
Aut g 4)(f).
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We shall need the following easy lemma.

Lemma 3.3. In an arbitrary category, a commutative diagram gf = yx with g
isomorphism is a pullback iff © is an isomorphism.

Proposition 3.4. The map Dy : Aut g () — Sub, 4)(f*0f) is a homomor-
phism of monoids.

Proof. Quite obviously, the diagram
14 —2o frof
llAl llf*of—lf*of
Lo ——~ Jrof

is a pullback, showing that Dy(1+) = [(14,77)] = 1.
Next, for any two elements A\, \" € Aut[p 4)(f*), consider the diagram

f)\of)\/ faopas f;\olA prola 1A01A
) fz\Onf\l/
. (Iv)

Oty / la0
Taets Fro(Vof) he(fref) Ao (F7of) A
)
ro(f*of) oo op) ao(f*of) “ooen ao(f*of)

ixo(f*of) (11) lnfO(f*Of) (VII)
* * * * Liws Lies
(frof)o(f Of)m(f of)o(f*of) (VD) sror |lyror
my (I11) my
frof oF frof Yof frof

in which diagrams (I) and (IT) commute by (&), diagram (III) commutes by (),
diagrams (IV), (V) commute by naturality of composition, diagram (VII) commutes
by naturality of [, and diagram (VI) commutes since n; : 14 — f*of is the unit
for the multiplication m ;. Thus the outer diagram, which by naturality of [ can be
rewritten as

frofx 222 (frof)o(f*of) — L= f*of
PAOP N/
lp0ly (Ao f
ll =71
14 w7 frof

commutes, and since all the 2-cells I, A\, X, px, and px/ (and hence also Iy (propar)
and (A)X)of) are isomorphisms, it follows from Lemma B3] that the diagram is a
pullback. Then, in particular, the composite my - (x0iy/) is a monomorphism, and
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thus
Dp(AN) = [(faofarsmy - (ixoixn))].
Morcover,
[ )] - [(vsin)] = [(faofar, myg - (ixoin))]

in Sub4, 4(f*of) by our remark at the beginning of this section. Thus

Dr(AN) = [(fx,in)] - [(farsin)] = D (X) - Dp(XN),

and hence Dy is a homomorphism of monoids. (Il

Remark 3.5. Putting M = A~! in the proof of Proposition 3.4l gives that for any
A € Aut (g, 41(f*), the 1-cell fy defined in () is invertible.

Proposition 3.6. The monoid structure on Subpa a)(f*of) restricts to a group
structure on 3?. Moreover, Dy induces a group homomorphism

ﬁf : Aut[B7A](f*) — j?

Proof. The 2-cell ¢ is monomorphic by assumption. Since, quite obviously, 14 is
invertible, and [(14,ny)] € ijA} (Sy), it follows that [(1a,ny)] € 3?.

Next, if [(h,i4)],[(g,%9)] € 3}?, then clearly hog is invertible. Observe that
511-9 : Sjog — Sy is an isomorphism as [(g,i4)] € 3? C TJ%A’A} (S¢). Since i, is
a monomorphism, we get from Remark that the 2-cell ipog : hog — Syog is
a monomorphism. On the other hand, my - (ipoiy) = fﬁg - (inog), and it follows
that the 2-cell 404 := my - (in,0t,) is monomorphic. Thus, as we have remarked
at the beginning of this section, [(h,in)] - [(g,ig)] =[(hog, inog)] in Subpa, a1(f*of).
Moreover, [(hog,inog)] lies in J%A’A} (Sf) by exactly the same argument as in the
proof of [I5, Proposition 3.5]. Thus [(hog,ineg)] € 3‘;‘, and hence 3? inherits the
structure of a monoid from Suby 4)(f*of). In view of Proposition 1] it is easy
to see that if [(h,ip)] € 3?, then its two-sided inverse is [(h*,ip+)], where h* is the
pseudo-inverse of i. Therefore, ﬁ]j} is in fact a group.

In light of Proposition and Remark B8] it follows from Proposition 2.4] that
Dy(N) € 3}4, for any A € Aut g 4)(f*). Proposition [3.4] then guarantees that Dy

induces a homomorphism of groups Dy : Autip 4(f*) — 33?. O
Theorem 3.7. The sequence of groups
wo * 5f ~A
1— Aut[AA](lA) — Aut[B7A](f ) — Iy

15 exact.

Proof. To say that the sequence is exact at Aut(4 4)(1a) is to say that @y is
injective, which is indeed the case by Proposition 3.1l
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To prove the exactness at Autip 4(f*), we have to show that Ker(Dy) =
Im(@o). For any s € Autjs 4)(14), the diagram

ng

(11) 1a frof
(i )™" (Ig=)"tof
14014 (1aof*)of
sola (sof)of
1aola (Laof*)of
I, lpeof
1a 0 frof

is commutative, as can be easily seen by using the naturality of [ and of o and the
fact that

(1a0u)ov _ Tawy 10(uov)

uov

is a commutative diagram for all 1-cells u,v : A — A (e.g., [I8, Proposition 1.1]).
Since s = r1, - (sola) - (r1,)~! by the naturality of r, l;, = 71,, and wy(s) =
Lpo(sof*)o(lp+)~1, it follows that (II]) may be rewritten in the form

nf .
1y ———— f*of

sl lwo(s)of

Ly ————=f"of

Since both s and wWy(s) are invertible 2-cells, it follows from Lemma B3] that the
diagram above is a pullback, implying that D(wo(s)) = [(14,77)] = 1 in 3}‘»‘. Since
s € Autpy, 4(1.4) was arbitrary, Im(@o) € Ker(Dy).

Next, if A € Autp, 41(f*) is such that Dy(A) = 1, then there is an automorphism
s:14 — 14 such that the diagram

1g —2> frof

l lw

1a —nf>f*of
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is a pullback, implying that in the diagram

£ fora I po( oy 0L po( o) YL (fof*yof
fos Fons efof
fola ———f — Laof
lf

the triangle commutes, while the trapezoid commutes by (3). It then follows that
the mate of \ under the adjunction f - f*, which is the composite

Iy (o) - ap g - (Forof)) - (fong) 15,

is in fact equal to the composite ry - (fos) - r;l. Direct inspection using the fact
that the diagram

Qf1,,f*

(fola)of* fo(Laof*)
fof*

commutes, shows that the mate of the last composite under the adjunction f - f~
is just wWo(s) = I« - (sof*) - (Iy+)~*. This proves that wy(s) = A. Thus Ker(Dy) C
Im(@p), and hence Ker(Dy) = Im(wp). O

3.2. An exact sequence involving the Picard group. For any object A of B,
define the Picard Group of A, denoted Pic(A), to be the collection of isomorphism-
classes [h] of invertible 1-cells h: A — A with product and inverses defined by

[h] - lg9] = [hog] and [n] ™" = [n7],

where h* is a pseudoinverse of h. As is easily seen, Pic(A) is a well-defined group
with identity element [14].

Proposition 3.8. The assignment that takes [(h,ip)] € 35;‘ to [h] defines a group
homomorphism

Qy : 37 — Pic(A).

Proof. For any [(h,i)] € 34, [h] € Pic(A) by the very definition of ﬁ]j}. The
product [(h,ip)] - [(W,ip)] of [(hyin)], [(W,in)] € 3? is the pair ([hoh'],inon’),
where iy, is the composite

inons = hoh! 25 (f*of)o(f*of) L5 frof

(see the proof of Proposition B.6]). Therefore, 2 preserves the product and hence
is a group homomorphism. O

Theorem 3.9. The sequence of groups

1= Autps 4(1a) 2% Autip a)(f*) —2 34 —5 Pic(A)

s exact.
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Proof. By Theorem B.7] it suffices to show that the sequence is exact at 33’;‘. So,
suppose [(h,ip)] € 3? is such that Q¢ ([(h,in)]) = [h] = [1a]. Then there exists an
isomorphism 7 : h — 14 in [A, A]. Define A to be the composite

(G rof* .
f* h hof* / 1Aof* lf_> f*

It is clear that A\ € Aut(z 4 (f*). We claim that Dy(A\) = [(h,ip)]. Indeed, we
know that the diagram

(hof*)of — L2 ho(f*of)
(TOf*)Ofl lTO(f*Of)
(Laef")of ——r> Lae(f"of)

commutes by naturality of a, and lg«o¢-au, r« f = lf~of by one of the two coherence
axioms (see [I8, Proposition 1.1]). Since (& )™! = oy g« 5 - ((§,) " *of) by the dual

of [15] Remark 4.2]), the 2-cell Aof can be rewritten as follows:

(&7 )71 « To(f*o « Lexo %
Frof = ho(frof) 20 1 4o(frof) <L frof.

In the following diagram

-t TO by =r
h () holA La 1A01A —>1A u 1A

iht (1) lhonf (2) lle'flf (3) lﬂf

Jrof —>(£:h),1 o(f Of)W ao(f*of) 4>lf*of [rof

square (2) commutes by naturality of composition, while rectangle (3) commutes
by naturality of . We claim that rectangle (1) is also commutative. Indeed, using
that

(12) my - ((f*of)ons) =rseof

since m is the multiplication for the A-ring Sy, we have
i+ (homy) - (ra) ™" since &, = my - (ino(f*of))
=my - (ipo(f*of)) - (hony) - (rp) 1 by naturality of composition
=my - ((f*of)ons) - (inola) - (ra)~" by ([12)

-1

=Trpeof - (inola) - (rn) by naturality of r

=ip - (rn)
= ip.
Thus the diagram
h—"frof

7’1A~(7'01A)-(rh)1l l)\of

1a Tf>f*of
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commutes, and since the composite 71, - (7014)- (r,) ! is an isomorphism, it follows
from Lemma [3:3] that the diagram is a pullback. Hence D()) = [(h, i1)], and thus
Ker(Qf) C Im(Dy).

Now, if ij, : h — f*of is such that there are an automorphism A € Aut(g, 4(f*)
and a pullback

h—"s frof

14 Tf>f*°f

then clearly the 2-cell pj, : h — 14 is an isomorphism and thus Q([(h,i4)]) = [h] =
[14]. Thus Im(Dy) C Ker(2f), and hence Ker(2;) = Im(Dy). This completes the
proof. O

Example 3.10. Let ¢ : R — S be a homomorphism of firm rings as in Example
[L7 If o is injective, then we can apply Theorem [3.9]to the adjunction §Sr 4 rSs
in Firm, and we get the exact sequence of groups

(13) 1—— Aut(RRR) e Aut(SSR) — Ian(S) — PIC(R),

where Aut(grRRg), (resp., Aut(sSg)) denotes the group of (R, R)-bimodule (resp.,
(S, R)-bimodule) automorphisms of R (resp., S), Inv(S) is the group of invertible
R-sub-bimodules of S, and Pic(R) is the Picard group of the ring R. The exact
sequence ([I3) was obtained, as a generalization of the unital case [25], in [10,
Proposition 1.4] for any extension of rings with the same set of local units. Every
such an extension is clearly an injective homomorphism of firm rings.

Given an arbitrary category C, we write m(C) for the collection of the iso-
morphism classes of objects of C. For any C € C, [C] denotes the class of C.
Clearly, for any functor S : C — D, the assignment [C] — [S(C)] yields a map
7m0(S) : mo(C) = (D). [

fo—

Quite obviously, the assignment [h] — [foh] yields a map Pic(A) e, mo([A4, B]),
where 7 ([A4, B]) denotes the pointed set of the isomorphism classes [g] of 2-cells
g : A — B with a distinguished class [f]. Since foly =~ f, [fo—] is a morphism of
pointed sets.

Theorem 3.11. The following sequence of pointed sets,

34 2 pic(4) L 714, BY),

15 exact.

Proof. Since 3? - j%A,A](Sf)’ it is clear that ([fo—] - Qs)([(h,in)]) = [f] for all
[(h,in)] € 3?. So it remains to show that if [g] € Pic(A) is such that

[fo=](lg]) = [fogl = [f],

then there exists [(h,ix)] € T4 with [g] = Q([(h,in)]) = [h]. Since [fog] = [f],
there is an isomorphism o : fog — f in [A, B]. It then follows from Proposition
R that [(g,i,)] € 3?, where i, is the composite g SISEN f*ofog Soo, f*of. Then
clearly Q([(g,4g)]) = [9]- O
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3.3. Comonadicity. Recall from Section ] that from the adjunction ny,ef : f -
f*: B — Ain B we get, besides the A-coring Sy, the B-coring €y (see (). We
know from [I5 p. 172] that there is a map

Ff : j%A,A] (Sf) — EndB-cor(Q:f)
that takes [(h,ip)] € TJ%A Al (Sf) to the composite

&, of” g g fog;
fof* =2 (foh)of* “ELy fo(hof*) <M fof.
Theorem 3.12. Suppose that the functor [A, f] = fo— : [A,A] — [A,B] is
comonadic. Then L'y restricts to an isomorphism of groups
ff : j? — AutB_co,,‘(Qf).

Proof. The functor [A, f] is precomonadic if and only if the unit of the adjunction
[A, f] 4[A, f*] is a componentwise monomorphism. So iy : 1 — f*o f is right pure
in the monoidal category [A, A] (meaning that nyoh : loh — (f*o f)oh is monomor-

phic for all 1-cells h: A — A), provided the functor [A, f] is (pre)comonadic. Con-
sequently, according to [I5, Proposition 4.4], TJ’f A,4] (S j) inherits the structure of a

monoid from Suby, 4)(f*of). Moreover, the map I'y : A 4)(S7) = Endp_cor (€5)
is an isomorphism of monoids by [I5, Theorem 4.9]. If [(h,in)] € TJ;‘, then &7 is
an isomorphism and hence is so I';([(h,4)]). Thus, I'y restricts to a monomor-
phism I‘f ”A — Autp_cor(€y) of groups. To show that Tf is surjective, note
first that if [(h in)] € 3[A7A (Sy) is such that T'f([(h,in)]) € Autp-cor(€y), then
[(h,in)] € T(4 4)(Sy)- Indeed, if the composite
_ g, of" fog&, .
Ty ([(hin)]) : fof* =“—— (foh)of* =L fo(hof*) —™+ fof

is an isomorphism, then fog? is also an isomorphism. But by hypothesis the
functor [A, f] = fo— is comonadic, and in particular conservative. Hence &; is an
isomorphism too. Thus [(h,i5)] € Tf4 4(Sy). Consider now any a € Autp-cor (&y).

Then, since F;l is a morphism of monoids, one has the following equalities in
j%A,A] (Syp):

Iil(a) Tl (a™ ) =T (a-a™) =T (1s,) = [(La,np)]

f « f (67 f a- f Sy A1)l
Similarly, F;l(a’l) -F;l(a) = [(14,7n/)]. If now F;l(a) = [(h,ip)] and F;l(ofl) =
[(W,ip)], then since by [I5l Proposition 4.4] the product [(h,ip)] - [(R,ip/)] in
TJ%A’A} (Sy) is the pair ([hoh'],ipon’), where ipop is the composite
inon : hoh! 2 (f*of)o(f*of) T fof,

it follows that hoh' ~ 14 and h’oh ~ 14. Hence [h] € Pic(A). Since I‘f(l“;l(a))
ais an isomorphism, I’;l (a) € T[4 4)(Sy), as we have shown above. Thus, I‘;l(a)

Om

3}4, and hence ff is surjective. This completes the proof.

Remark 3.13. We have proved in passing that, when the functor
[Aaf] = fo_ : [A,A} - [A,B]

is comonadic, then
37 = 30a, ) (Sp) NI 4 (Sp)-



8272 J. GOMEZ-TORRECILLAS AND B. MESABLISHVILI

As a corollary, we get the following.
Proposition 3.14. Whenever the functor
[A, fl = fo—:[A, Al = [A, B
is comonadic, we have an equality of groups
37 = Olaa (),

X is the functor taking a monoid to its group of invertible elements.

where (—)

Remark 3.15. According to [I5, Theorem 4.9], if the functor fo—: [A, A] — [A, B]
is comonadic, then 3% A,4) (Sy) is endowed with the structure of a monoid in such a
way that the map I'y : TJ%AA} (Sf) = Endp-cor(€y) is an isomorphism of monoids.
Theorem might be considered as a refinement of this result, although we know
that 3? is a group without the comonadicity condition. In [I5 Section 5] some
sufficient conditions for the comonadicity of the functor [A, f] = fo— : [4, 4] —
[A, B] are investigated. Concretely, if [A, f] preserves equalizers and 7y is right
regular A-pure (that is, nyoh:140h — (f*o f) o h is a regular monomorphism
in [A, A] for every object h of [A, A]), then [A4, f] is comonadic, according to [15]
Proposition 5.2]. A classical example is to consider an extension R C S of unital
rings such that Sg is faithfully flat. Then it is easily proved that Sg is pure and,
hence, the functor S ® g — becomes comonadic. Therefore, we get from Theorem
BI2 applied to the adjunction ¢Sgr -+ rSs in the bicategory of bimodules, the
isomorphism of groups J% = Autg_cor (S ®g S) proved in [23, Theorem 2.10]. The
functor [A4, f] also becomes comonadic if f is a separable 1-cell (that is, if iy is
a split monomorphism in the category [4, A]) (see [15, Proposition 5.5]). In the
case of a ring extension R C 5, we get that if R is a direct summand of S as an
R-bimodule, then the isomorphism from [23, Theorem 2.10] is also obtained.

3.4. Duality. Let B be a bicategory whose hom-categories admit finite colimits
and coimages, and let ns,ef @ f 4 f* : B — A be an adjunction in B such that
ef ¢ fof* — 1p is epimorphic in [B, B]. Let €; be the corresponding B-coring.
Write Q?’l (resp., Q?’T) for the subset of QfB_’B] (€y) (resp., Q%B_’B] (¢)) determined
by the elements [(h,is)] with A € Pic(B). Then, by the dual form of Proposition
24 Q?’l = Q?’r, and we write Q? to denote either Q?’l or Q?’T.

Recall that for any bicategory B, B is a bicategory obtained from B by reversing
2-cells, i.e., B®(A, B) = B(A, B)°P. Now applying Theorems and B.11] to the
bicategory B gives the following.

Theorem 3.16. We have an exact sequence of groups

1= Autip (1) 2% Auty g (f) = QF 225 Pic(B),

and an exact sequence of pointed sets
Q f* *07
0?7 2% Pic(B) L2 xy([B, A)).
Here,

—1 .
o So(lp 5 1) = 1o s 1p0r st
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o Dp-(f = [) = [(P.7p)], where

fof* L >1p

oof*l l

fof*T)P

is a pushout, and
o Q- ([P,7p]) = [P].

When the functor [B, f*] is monadic, we have, by [I5l Theorem 4.11], that the

map B
Ly QfBgB](Qtf) — Enda—ring(Sy),
given by
* f*OEﬂ-p * Oé_*lap’ * :P - *
[(p.mp)] — frof — fro(pof) == (fop)of —"— f*of,

is an isomorphism of monoids.

Now, the dual version of Theorem yields the following.

Proposition 3.17. Suppose that the functor [B, f*] = f*o— : [B,B] — [B, 4] is
monadic. Then I ¢« restricts to an isomorphism of groups

Ff* : Qlfg — AutA_m-,,g(Sf).

Example 3.18. Let ¢ : R — S be a homomorphism of firm rings as in Exam-
ple 71 Now, the adjunction ¢Sr - rSs in Firm leads to the functor S ®g — :
Firm(S,S) — Firm(S, R), which is monadic according to Beck’s Theorem. More-
over, the isomorphism S ®g S = S becomes an isomorphism of R-rings, so that, by
Proposition B.I7] we get an isomorphism of groups Q2 2 Autp_ring(S). We thus
get from Theorem an exact sequence of groups

1 —— Aut(sSs) —= Aut(sSg) ——= Autp_,iy(S) — Pic(9),
which generalizes [I0, Proposition 2.3].

4. APPLICATIONS

In this section, we apply the results from Section Bl to an adjoint pair in a
bicategory of bimodules. This bicategory is built over an abstract monoidal category
subject to some requirements which, of course, are fulfilled by the category of
abelian groups, recovering the usual bicategory of bimodules. With this tool at
hand, we treat the case of a homomorphism of commutative algebras. In particular,
the group isomorphism involving first Amitsur cohomology and the Picard group
is proved.

4.1. The bicategory of bimodules. Suppose that V = (V,®,I) is a monoidal
category such that the category V admits reflexive coequalizers and the latter are
preserved, as in the biclosed case, for instance, by the functors M ® —, — ® M :
VYV — V, for all M € V. We will briefly recall basic notions and results about
(commutative) monoids and modules over them in monoidal categories; all can be
found in [21].

For simplicity of exposition we treat ® as strictly associative and I as a strict
unit, which is justified by Mac Lane’s coherence theorem [21].
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Recall that, for a V-algebra A = (A,ma,e4), a left A-module is a pair (M, ppr),
where M is an object of V and ppy : A® M — M is a morphism in V, called
the action (or the A-action) on M, such that ppr(ma @ M) = ppr(A ® par) and
pu(ea ® M) =1.

The left A-modules are the objects of a category a/. A morphism of left A-
modules is a morphism in V of the underlying V-objects that commutes with the
actions of A. In a similar manner, one defines the category Va of right A-modules.

If A and B are algebras in V, then an (A, B)-bimodule M in V is an object of
VY with commuting left A-module and right B-module structures. The category of
(A, B)-bimodules is denoted AVs.

If (M,on) € Va and (N, pn) € AV, then the tensor product of (M,on) and
(N, pn) over A is the object part of the following (reflexive) coequalizer:

N qM,N

M®N —> M®aN.

MRA®N

M®pn

Moreover, if M € gVa and N € AVq, then M@aN € V. It then follows, in
particular, that for a fixed V-algebra A, the category ala of (A, A)-bimodules
in V is a (nonsymmetric) monoidal category with tensor product of two (A, A)-
bimodules being their tensor product over A and the unit for this tensor product
being the (A, A)-bimodule A.

This allows us (see, for example, [3] or [31]) to construct the bicategory Bim()V)
in which:

e objects are V-algebras,

e Bim(V)(A,B) = gVa,

e 2-cells are bimodule morphisms.
Although the 1-cells in a bicategory are usually denoted using the arrow symbols,
we sometimes, as here, find it convenient to write A ~ B instead of A — B. Thus,
M : A ~~ B means that M is a (B, A)-bimodule.

The horizontal composite NoM of M : A ~ B and N : B ~» C is the (C, A)-
bimodule N® gM, while the vertical composition of two 2-cells is the ordinary
composition of bimodule morphisms.

We write I for the trivial V-algebra (I, ry :I®I — 1,17 : I — I). Then, for
any V-algebra A, the category Bim(V)(I, A) is (1somorph1c to) the category of left
A-modules aV, while the category Bim(V)(A, I) is (isomorphic to) the category
of right A-modules Va. Moreover, if M : A ~ B is a (B, A)-bimodule, then the

diagrams
Bim(V)(I, A) 2°= Bim(V)(I, B)
A o BV
and

Bim(V)(B, I) —£ Bim(V)(A, I)

Va

VB
where the vertical morphisms are the isomorphisms, are both commutative.

—®BM
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We henceforth suppose in addition that the category V admits, besides reflexive
coequalizers, all finite limits and image factorizations. Then, for any two V-algebras
A and B, the category AVg, being the Eilenberg—Moore category for the monad

AR — @B :V —> YV,

also admits finite limits (see, for example, [4]) and image factorizations (see [I]). So
we are in a position to apply Theorems [3.9] and B.17] to obtain the following result.

Theorem 4.1. Let V = (V,®,1I) be a monoidal category with V admitting finite
limits, image factorizations, and reflexive coequalizers. Assume that the latter are
preserved by the tensor product, and let A,B be two V-algebras. Then for any
adjunction nar,epr : M 4 M* 2 B ~~ A in Bim(V) with monomorphic ny + A —
M*®@pM = M*oM, the sequence of groups

1= Aut y, (4) =% Auty, (M*) 225 54 £, pic(A)
is exact. Moreover, the sequence of pointed sets

38 20 pic(A) AT o (Va)

15 exact.

Example 4.2. Each morphism of V-algebras ¢ : A — B leads to two bimodules
B,: A~ B and B*: B ~ A which are both equal to B as objects of V but with
the bimodule structures defined by

(B® B 2 B, BoA 224 Bg B & B)

and
(A®B ‘25, B® B % B, B® B I B).
In fact B* is right adjoint for B, in Bim(V) with
AY B~ BB = B‘oB,
as unit and .
B,oB* = BoaB 22 B

as counit. Here BRa B 5, B is the unique morphism making the triangle

BB 2% BoaB

m

B

commute.
It therefore follows that every morphism ¢ : A — B of V-algebras gives rise to
two functors:

e the forgetful functor 1, = B'o— : g — AV, where for any left B-module
(M, o00), t«(M, 0p) = M is a left A-module via the action

Ao M 2N Bo M 24 0,

e the change-of-base functor t* = B,o— : AV — gV, where for any (left)
A-module (N, pn), t*(N,pny) = B4 N and B®4 N is a (left) B-module
via the action

B Bos N 222N, po ., N.
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Since B* is right adjoint to B, in Bim(V), it follows that the forgetful functor ¢, is
right adjoint to the change-of-base functor functor ¢*.

If we specialize Theorem H.1] to the adjunction B, +4 B* in Bim()), we obtain
the following exact sequence of groups:

(14) 1= Auty, (4) 2% Aut,y, (BY) 225 54 225 Pic(A)
and the following exact sequence of pointed sets:

(15) 34 2, pic(A) L2271 (ga).

Let us now assume that V is a symmetric monoidal category with symmetry
7. Recall that a V-algebra is called commutative if the multiplication morphism is
unchanged when composed with the symmetry.

Given a morphism ¢ : A — B of commutative V-algebras, consider the associated
adjunction B, 4 B* in Bim(V). Write S, for Sg,. Then S, = B*®pB, ~ B, where
the left and right actions of A on B are given by the compositions

o A2B 22, Bo B ™5 B and p, : BoA 224 Bo B ™% B,

respectively. Since ¢ is a morphism of commutative V-algebras, these actions co-
incide (in the sense that p, = p; - 75, 4), and one concludes that Sub,y, (S,) =
Sub ,\,(8,) = Suby, (S,). Therefore 3%, (S,) = T4,,(S.).

Similarly, write €, for €g,. Then €, is the (B, B)- bimodule (B®a B, mp®a B,
B®amp) equipped with the coproduct

Boaep®aB : BoaB — (BRaB)®B(B2aB) ~ BoaBoaB

and counit mp : BaB — B.

The unit e of A can be seen as a morphism of commutative V-algebras I — A.
If e is a monomorphism, using that Yo = Va and that /7 = A/, we get from (I4)
and () the following exact sequences of groups:

(16) 1 Auty(I) 2% Auty(A) 25 3, 2, Pic(1)
and of pointed sets:

(17) 3L 24 pic(n) 227 1),

It is easy to see that J%,(S.) = J%,(A) and that J7,(S.) = I%,(A).

Proposition 4.3. Let A be a commutative V-algebra with monomorphic unit e :
I — A. Then 3%,(A) is a commutative monoid, while 7Y is an abelian group.

Proof. Since V is symmetric, the monoid structure on J},(A) is easily seen to be
commutative. This implies—since by Proposition the monoid structure on

TJ{,(A) restricts to the group structure on jg—that the group 32 is abelian. (]

Lemma 4.4. For any commutative V-algebra A, 3%,(A) = J7,(A).
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Proof. For any subobject iy : J — A of A, consider the diagram

A®iy

AR ARA
TA,J\L lTA,A
JRA - B A9A
g~ N lm”

A

in which the rectangle commutes by naturality of 7. Since A is commutative,
ma - Taa = ma, and hence § - Ta g = ma-Tan - (AQiy) = ma - (A®iy) = fJ.
Thus & - 74,7 = ffj, and hence &/ is an isomorphism (i.e., [(i7, J)] € 37,(A)) iff fll-J

is so (i.e., [(is, J)] € 3L, (A)). Therefore, 3%, (A) = T%,(A). O

Proposition 4.5. Let A be a commutative V-algebra such that the functor AQ— :
V — AV is comonadic. Then

EndA—ca’r‘(Q:e) = AUtA—cor(Q:e)-
Proof. Since the functor AQ— : V — AV is assumed to be comonadic, the map
FA : j%)(A) = j%;(se) — EndA—cor(Ce)

is an isomorphism of monoids by [I5, Theorem 4.9]. But since

e the monoid isomorphism T4 : TJ%,(A) — Enda_or(€,) restricts to an iso-
morphism [y : 34 — Auta_cor(€.) of groups by Theorem B.12] and
o 7L =734,(4) N7 (A) = 3, (A) by Remark B.I3 and by Lemma [£4]
it follows that I'y = T4, and hence Aut-cor(Se) = Enda-cor (). O

Remark 4.6. Since for any commutative V-algebra A, AV is a symmetric monoidal
category with tensor product —®a— and monoidal unit (A4,m4), and since the
monoid of endomorphisms of the monoidal unit of any monoidal category is com-
mutative (e.g., ([28, 1.3.3.1])), it follows that End, (A, m4) is a commutative
monoid and Aut,y(A) is an abelian group. Since A = A°P for any commutative
V-algebra A, it follows that AVa = agaV; and since A®A is again a commuta-
tive V-algebra, we get that End,y, (A®A) is a commutative monoid. Then the
inclusions
AUtA-cor(Q:e) c EndA-cor(Q:e) c EndAVA (A®A)

imply that Enda-cor(€.) is a commutative monoid, and that Auta-cor(€.) is an
abelian group.

4.2. Amitsur cohomology and Picard group. We still assume that V' is sym-
metric with symmetry 7, and also that V admits reflexive coequalizers that are
preserved by the tensor product, and all finite limits and image factorizations.

For a commutative algebra A = (A, m,e) in V, write Pic®(A) for the subgroup
of Pic(A) consisting of all classes of invertible (A, A)-bimodules (M, p; : AQM —
M, p, : M®A — M) such that p, - 74, = p;. Then Pic®(A) is easily seen to be an
abelian group. Moreover, given a morphism ¢ : A — B of commutative V-algebras,

Pic(1) : Pic®(A) — Pic’(B),
defined by Pic®(¢)([P]) = [B&aP], is a homomorphism of abelian groups.
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It is clear that Pic(I) = Pic(I). It is also clear that [A®—]| factors through
Pic’(e) : Pic’(I) — Pic®(A), i.e., the diagram

AR —
Pic“(I) i} 7o (aV)

Picc(e)l /
Pic*(A)

where the unlabeled morphism is the canonical embedding, is commutative. It then
follows—since ([IT)) is an exact sequence of pointed sets—that

(18) 7, 24, pice(r) 2 pice(a)

is an exact sequence of abelian groups, provided e : I — A is monomorphic.

Theorem 4.7.
(1) For any algebra A = (A,m,e) in V, we have the exact sequence of abelian
groups
(19) 0 Auty(l) % Aut,(A) 2 35 24 Pict(n) 29 pice(A).

(2) If A is such that the functor AQ— : V — AV is comonadic, then there exists
an exact sequence of abelian groups

(20)

0 = Auty(I) =% Aut,p(A) 25 Auta_con(C) 25 Pic®(D) 2 pice(A).
Proof.

(1) The exact sequence ([I9)) is obtained by combining (I8) with (I8]).

(2) By Theorem B.12] the isomorphism I'4 : 3},(4) — Enda-cor(€,) of monoids
restricts to an isomorphism

Ta: 04 — Auta-cor (€,).

Write k4 for TyDy and o4 for Q4 (fq)_l. Then the exact sequence (20)) is deduced

from (9. O

As an immediate consequence we deduce the following.

Proposition 4.8. Suppose that A = (A,m,e) is a commutative V-algebra such
that the functor AQ— : V — AV is comonadic. Then one has an isomorphism of
groups

Coker(r4) ~ Ker(Pic(e)),
where Coker(k4) denotes the cokernel of the homomorphism k4.

We will need the following description of k4.

Proposition 4.9. In the circumstances above, k4 (\) = (AQA™1)-(ARA) for every
PYS AU.tAv(A).

Proof. Recall first that for any [(J,i)] € 3%, Ta([(J,4,)]) is the composite

(€)'®A A®E]
ARA —— AQRJRA —= ARA.
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Now, take any A € Aut,p(A) and form the pullback

Then Da(\) = [(Ax,ix)]. Moreover, m - (ix®A) = A~! - (pa®A) by ([[0). Thus
7 =Xt (pa®A). Then, since £ = & 74, a,, it follows that & = A~ (A®py),
and hence (¢}, )" = (A®py ') - A\. We now calculate:

(AREL)((E) T @A) = (ARA ™) (ARpr@A)-(Aspy @A) (AR A) = (AR 1) (AR A).
Thus, k4(A) = (AQAT!) - (ARA). O

Remark 4.10. An exact sequence equivalent to (I9) can be derived from [31], Corol-
lary 6.1]. Next, we sketch how to prove this claim. To this end, let V be a symmetric
monoidal category with equalizers and coequalizers stable under the tensor prod-
uct, and write F' for the monoidal functor A ® — : V — AV. Then F satisfies the
conditions of [3I], Section 6]. In the following diagram of abelian groups the top
row is the exact sequence (I9), while the bottom row is a complex obtained from
the sequence of symmetric cat-groups from [3I], Section 6] by applying the functor
w1 from cat-groups to abelian groups sending each cat-group to the endomorphism
group of its unit object:

Da Qa Pic®(e)

Auty(I) — > Aut 1 (A) 3L Pice(I) Picq(A)
|
|
(1) t] (2)
|
Y
F Z 4
T (2 (V))) WWI(Q(AV)) WWI(J) W”l( M) WWI( (aV))

Following [31L Section 5], one constructs a bicategory F from the functor F' with

classifying category clF, endowed with a suitable monoidal structure. Since the
unit object of c/F (and hence also of the symmetric cat-group F = Z(cIF)) is
(I, A, ), the elements of the group (%) are automorphisms of (I, A,T) in clF.
But, according to [3I], any endomorphism of (I, A,I) in F is a triple (V, f, W),
where V,W €V and

AW AR (AQW) - (AQV)®4 A~ ARV

is a morphism in AV, and its 2-isomorphism class [(V, f, W)] is an isomorphism in
clF iff [V; and W are equivalences in Bim(V) (or, equivalently, VW € Z(V))
and f is an isomorphism in AV .

It follows that the assignment that sends [(J,i;)] € 4 to [(J, (514])’17 I)], where

51[;, is the composite J ® A 2% A ® A = A yields a map t : 3L = m(Z). It
follows from the definitions of the map Q4 and the functor F; (see [31) Section 6])

that ¢ makes the square (2) commute. We claim that the square (1) also commutes.
Indeed, let A : A — A be an isomorphism in AV. Then Dy(A) = [(Aa,ir)], where
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Ay and iy are from the pullback

Then (¢ Da)(A) = [(Ax, (€)1, 1)), where ¢ is the composite Ay ® A4 225
A® A ™ A On the other hand, (2F;)()\) is the 2-isomorphism class of the
l-arrow (I, A\, I) in F, where X is the composite A ®4 A ~ A M A~ A ®4 A. We
claim that [(Ay, (ff-x)_l,f)] = [(I, )\, I)], or equivalently, that (A, (fé)_l,f) and
(I, A\, I) are 2-isomorphic 1-cells in F. Direct inspection, using commutativity of
the above square, shows that the pair (py,1;) is a 2-isomorphism in F. Thus, (1) is

also commutative. Then the following diagram is also commutative, which implies
that 71 (Py) -t : 34 — 7 (F) is an isomorphism:

Autgp(A) — 24 gl 24 piee(I)
|
(1) m(F:w-t (2)
v
o
(P W) 1) o m(A0)

Our next objective is to prove that the group Ker(Pic®(e)) is isomorphic to
a suitable Amitsur cohomology group H!(e, Aut ?[g). In order to describe this
cohomology group, and to prove the existence of the aforementioned isomorphism,
we need to use some classical results which, for the convenience of the reader, are
recalled in the Appendix. Let us first describe the functor M?[g, which is a
particular case of the given at the beginning of the Appendix.

Let £ be the opposite of the category of commutative V-algebras, CAlg(V). It is
well known (e.g., [I7, Corollary C.1.1.9]) that, under our assumptions on V, £ has
pullbacks and they are constructed as tensor products. It is routine to check that
the assignments

AV and A5 B AV -5y,

where (* : AV — gV is the change—of-base functor induced by ¢ (see Example [2)),
give rise to an £-indexed category (see the Appendix)

Alg : £ — CAT.

Since for any morphism ¢ : B — A in £ (i.e., a morphism ¢ : A — B of commutative
V-algebras) the functor v* : AV — gV admits as a right adjoint the forgetful functor
ts : BY — AV (see Example [£2), the £-indexed category 2lg has products (in the
sense of Definition [A2]) if and only if, for any morphism x : C — A in &, there
is an isomorphism ¢,p* — (*k, of functors, where p = 1@aC : C — BRaC and
q = Boak : B = BaC. It is easy to see that this condition is equivalent to
saying that for any V' € ¢V, one has an isomorphism

(BRAC)®cV ~ BRAV,
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and this is certainly the case, since the tensor product in V preserves reflexive
coequalizers by our assumption on V. Thus, 2lg admits products.

Lemma 4.11. The functor Auti[g : (EL AP = A CcAlg(V) — Group is
described on objects as

(21) Aut¥ (A % B) = Aut,y(B)

and on morphisms as

(22)  Aut’®(f: (B,/) = (B,1)(0) = mp - (B'®f) - (B'®0) - (B'®ep)
for all o € Autyy(B).

Proof. Fix a commutative V-algebra A and a left A-module My. We have the
functor

Aut%\ld[(g) 1 (EJA)? = Al calg(V) — Group

sending each object ¢ : B — A of £ A (i.e., a morphism ¢ : A — B of commutative
V-algebras) to the group

Aut’ (1) = Autyy((Mo)).

Note that since (*(My) = (B®a My, mp@a M), M%‘;{?(L) = Aut,y(B®a M),
where B®a My is a left B-module via mp®a My : BRBR A My — BRa M.

Let us describe explicitly the action of M%ﬁ on morphisms. If f: (B',/) —
(B, ¢) is a morphism in (€] A)°P making the triangle

commute, then
AL A1 A1
Aut)(f) - Aut2(c) — Auty, ()

takes o € AthAIZ[If(L) to the composite

B'©aMy ~ B'®p(BoaMy) =2% B'op(BoaM) ~ B'©a M.

Since the split coequalizer diagram

B'®@BRep®a Mo B'®ep®a Mo
, B'®@mp®a Mg , //_/\,
B'Q BRBRAMy ——————= B'QBRaA My ———— > B'QB'®aA Mg ———— > B'®a Mo
a B'®f®aA Mo mpr@a Mo



8282 J. GOMEZ-TORRECILLAS AND B. MESABLISHVILI

(where a is the composite (mp@B®RaMy) - (B'®f@BRaM;)) is the defining

coequalizer for B'®@p(B®a M), it follows that Aut?\l/_[[f(f) (o) is the unique (iso)-

morphism B'®a My — B’'®a My making the diagram

B'@BoaMy —227 L B'oBasM,
B’®f®AMol lB’@f’e@AMo
B'®B'®a M, B'®@B'®a My
mB/®AMOl lmB/@)AMO
B'®a M, - B'®@aA My
Aut?(f) (o)

commute. But since (mp®@aMp) - (B'@f®@aMp) - (B'®ep®@aMp) = 1, it follows
that

Aut}*(f)(0) = (mp@aMy) - (B'@foaM) - (B'®0) - (B'® ep@aMy).

Our interest is in the case where My = A with the left regular action of A on
A. Since Autiug(A % B) = Aut,y(B®aA) and since the defining coequalizer
diagram for B®a A is the split diagram

B®B®€A B®6A
® /\
BRARQA —————= BRA B®B — B
(mp®A)-(BRLRA) Bt B
it follows that the group Aut*®(:) is canonically isomorphic to Auty,(B). O

Note that since for each morphism ¢+ : A — B of commutative V-algebras,
Autilg(L) is an abelian group by Remark .6, it follows that the functor Autilgl
takes values in the category of abelian groups.

Now consider the augmented simplicial object in & = CAlg(V)°P
S50, S1

S0

ig
i— ARQARA
- =

12

(23) (A/I),: [—S= A== AoA

21

associated to the morphism e : I — A, which is a particular case of [27)) in the

Appendix. By applying the functor Aut?”g to (A/I),, and computing cohomology,

we get the first Amitsur cohomology group H*(e, Aut?ug). The reader is referred

to the Appendix for details.

Theorem 4.12. Suppose that A = (A, m,e) is a V-algebra such that the functor
AR —:V — aV

is comonadic. Then there is a natural isomorphism

H'(e, Aut}'?) ~ Ker(Pic‘(e)).
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Proof. According to Proposition [4.8] it is enough to show that there is a natural
isomorphism Coker(k4) ~ H'(e, Aut 3'9).
Write G, for the comonad on AV generated by the adjunction

e =AQ—
_— T
% T AV
N~
e.=U

and write G.—Coalg(A, my4) for the set of all G.-coalgebra structures on (A, m4) €
AV. We know from [I5, Proposition 4.5] that G.—Coalg(A4,m4) = Enda-cor(€e)
and that Enda-cor(€.) = Auta-cor(€.) by Proposition On the other hand,
Desqg(A,ma) = Z'(v,Aut’?'®) by Proposition A4 and Desgig(A,ma) =
G.—Coalg(A,m ) by Theorem[A3 Tt follows that Z!(e, Aut >'9) = Autz-cor (€. ).

Applying the functor Aut ?[g to ([23), and using the fact that for any commuta-
tive V-algebra S, Aut 2'9(S) = Autg(S) is an abelian group by Remark B8, we
get the simplicial abelian group

Aut 1'% (s0)

Aut 79 (49)

Aut y(A) Aut, . (ARA). ..

_—
Aut 70 (iy)

Aut ?'?(e)

(A/I, Aut '), : Auty(])

and the corresponding complex C'(A/I, Aut (}mg) of abelian groups

Aut 9 (e)

0 — Auty() Autp(A) 25 Aut,, 0 (ARA) 225 ..

where

A, = HAut?[g(in)(*l)n, n>1.
i=0

Since ig = A®e, i1 = e®A and since the multiplication in the tensor product V-
algebra A®A is given by the composite (ma®@my) - (A®7T4,4A®A), it follows from

22) that

Aut 29 (i) (\) = (ma@m.a) - (ABTa, ABA) - (ARARAR €) - (ARARN) - (AR AR €)
and

Aut 7'(i1)(A) = (ma®ma) - (ABTA, 4RA) - (ADAR e®A) - (ARARN) - (AD AR e)

for all A € Aut,y(A,my).



8284 J. GOMEZ-TORRECILLAS AND B. MESABLISHVILI

But since in the diagram

A®A ARAR®e A®A®A ARARA A@A@A%A@A@A@A
AemAd ARTaA, A ARTa, A ARTA, AQA
A®A®A W A®A®A W A®A®A®A
lasa ma®A A®A@mM A
ARA vy ARA el ARARA

the top left triangle commutes since 7 is symmetry,

the middle rectangle commutes by naturality of 7,

the right rectangle commutes by naturality of composition,

the curved triangle and the bottom right triangle commute since e is the
unit of A, and

e the trapezoid commutes since A is an automorphism of the left A-module

(4,m),

while in the diagram

AR ARe ARARN ARAReRA
_— _—

ARA ARA®A ARARA ARARARA

ARTA, ARA
AReRAR

A®@ma ARARA ARARARA

maRQARA

AR@m A

ARA ARA

AQA

e the top right triangle commutes since 7 is symmetry,

e the left and the bottom right triangles commute since e is the unit of A,
and

e the rectangle commutes since A is an automorphism of the left A-module

(A,m),
it follows that

Aut ?'9(ip) = A\®A and Aut’}'%(i)) = AR,

and since Ay = Aut 2 '%(ig) - (Aut 2%(iy))"" = (Aut 39(i1))"! - Aut 219(ip), it
follows that Ay = (A®A™1)-(A®A). From PropositionLdwe get the commutativity
in

Auty, (A) —2 > Auta_cor(Ce)

Aut,(A) Ve 2, Aut™ (1)) C Aut, . (ARA)
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implying that Coker(r4) ~ H!(e, Aut ?”g). This completes the proof of the theo-
rem. ]

It is well known (e.g., [I7]) that for any commutative V-algebra A, one has
ELA = (AlCAlg(V))P.

Moreover, the coslice category A ] CAlg()) is isomorphic to the category CAlg(a)).
In other words, to give a commutative algebra B in the symmetric monoidal cat-
egory AV is to give a morphism ¢ : A — B of commutative algebras in V. The
latter morphism serves as the unit morphism of the aV-monoid B. Write (¢) for
the corresponding commutative algebra in the symmetric monoidal category aV.
Then a (left) (¢ )-module in AV consists of a (left) A-module structure AQM — M
together with a morphism p : BRAM — M in aV. A straightforward calculation
shows that the composite

q4B,M

BoM 22 BoaM & M

makes M into a B-module. In other direction, if 9 : BQM — M is a B-module

structure on M, then the pair (M, AQM EM BoM 4 M) is a left A-module

and ¢ = ¢ - qg . for a unique ¢’ : BRAM — M. Then (M, (') is a left (¢)-
module in gV. It is easily checked that the above constructions are inverse to each
other, and hence give an isomorphism (,J(AV) ~ BV of categories. This allows us
to identify the change-of-base functor 1* = B®a— : AV — gV with the functor
(L)@A— AV — (L)(AV)-

One then constructs an £ A-indexed category

2Alg : (ELA)°P — CAT
as follows: if (¢ : A — B) is an object of (£ A)°P, then 2Alg(¢) = B/, and if

A |
I
is a morphism in (€] A)°P, then f* is the functor B'® g— : gV — V. This £ A-
indexed category satisfies the Beck—Chevalley condition (see the Appendix) and
applying Theorem gives us the following.

Theorem 4.13. Suppose that v : A — B is a morphism of commutative V-algebras
such that the change-of-base functor B&a— : AV — BV is comonadic. Then there
is a natural isomorphism

H(1, Aut?'?) ~ Ker(Pic®(1)).

Let R C A be an extension of commutative rings. If + : R — A denotes the
inclusion map, then 'Hl(L,M%[g) is just the first Amitsur cohomology group
H'Y(A/R,U), where U denotes the “units” functor. When ¢ is a faithfully flat ex-
tension of commutative rings, then the change-of-base functor A®r — : RMod —
AMod is comonadic (see, for example, [24]). Moreover, specializing Theorem T3]
to this case gives the following well-known result (see, for example, [6l Corollary
4.6]).



8286 J. GOMEZ-TORRECILLAS AND B. MESABLISHVILI

Corollary 4.14. Let A be a faithfully flat commutative R-algebra, andlett: R — A
be the inclusion map. Then there is a natural isomorphism

H'(A/R,U) — Ker(Pic®(1)).
Theorem 13| also implies the following, in view of Remark

Corollary 4.15. Let A be a commutative R-algebra such that R is a direct sum-
mand of A as an R-module, and let 1 : R — A be the inclusion map. Then there is
a natural isomorphism

H'(A/R,U) — Ker(Pic‘(1)).

4.3. The category of bicomodules. As observed in Subsection B4l there are
dual versions of the exact sequences built in Subsections [3.1] B.2] and [3.3] from an
adjunction in a bicategory. One reason for explicitly recording them is to have
statements tailored to concrete situations, as Examples B.10 and B.I§ illustrate.
Next, with the same motivation, we will consider the bicategory of bicomodules,
and we will record some exact sequences derived from an adjunction in this setting.
We close with some applications.

In this subsection, suppose that V = (V,®, I) is a monoidal category with equal-
izers such that all the functors X®@— : V. — V, as well as —®X : V — V for
X €V, preserve equalizers. Coalgebras and (left, right, bi-) comodules in V can be
defined as algebras and left (right, bi-) modules in the opposite monoidal category
(VP ®,I). The resulting categories are denoted by Coalg(V), €V, V€, and €VP,
with C and D being coalgebras in V.

Let C,D,E be V-coalgebras. Dualizing the tensor product of bimodules, the
cotensor product XOgY of a (D, C)-bicomodule (X, 9!,97) and a (C, E)-bicomodule
(Y,6',07) over C is defined to be the equalizer of the pair of morphisms

KX,y 9" ®1
XOcY —= XY —/—= XCRY.
106"

Note that XOg¢Y is a (D, E)-bicomodule.

Recall (for example, from [J]) that there is a bicategory Bicom(V), called the
bicategory of V-bicomodules, in which

e (O-cells are V-coalgebras,

e for C,D € Coalg(V), the hom-category Bicom(V)(C, D) is the category
CYD of (C, D)-bicomodules,

e 2-cells are morphisms of bicomodules, with obvious vertical composition
and identities, and

e horizontal composition is the opposite of the cotensor product of bico-
modules; the identity 1-cell 1c for C € Coalg(V) is the regular (C,C)-
bicomodule C, i.e., the (C, C)-bicomodule (C, dc, dc).

Suppose in addition that V admits, besides equalizers, finite colimits and coimage
factorizations. In this case, for any two V-coalgebras C and C’, the category
CYC’ = Bicom(V)(C, C’), being the category of Eilenberg-Moore algebras for the
comonad C® — ®C’, also admits coequalizers (see, for example, [4]) and coimage
factorizations (see [I]).

Applying Theorem gives the following.
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Theorem 4.16. In the circumstances above, let C and D be V-coalgebras and let
A :D ~ C be a 1-cell admitting a right adjoint A* : C ~~ D with unit ny : tp —
NoA = AOc A and counit ep : AoX* = AXOp A — 1. If ep is epimorphic, then

1 — Auteye(C) 2% Autoye(A) 255 0F 2% Pic(C)

is an exact sequence of groups, while

C O —OcA* C+\D
QA & E iC( :) [ ] 0( v )
s an exact sequence oj polnted sets.

Each morphism ¢ : D — C of V-coalgebras determines a bicomodule Dy : D ~~
C defined to be D together with the coactions

(D 22 poD, D 22 DeD 222 DeC)

and a bicomodule D? : C ~» D defined to be C together with the coactions
(D 22, peD 222 coD, D 22 Do D).
D? is right adjoint to Dy in Bicom(V) with
D,oD? = DOpD ~ D % ¢
as counit and

D 22, DOeD = D%oD,,

as unit. Here D 22 DUOeD is the unique morphism making the triangle

D", DeD
ND,D
ED T
DOeD

commute.
It follows that a morphism ¢ : D — C of V-coalgebras gives rise to two functors

¢* = —OcD? : V€ — VP,
(Y,9y) € VAN (YOeD,YOcép),
known as the change-of-cobase functor, and
¢ = —OpDy : VP — VC,

where for any right D-comodule (X, 0x), ¢.(X,0x) = X is a right C-comodule via
the coaction

x 2 xop X2 xec.

Since D? is right adjoint to D, in Bicom(V), it follows that ¢* is left adjoint
t0 s

Assume further that V is symmetric with symmetry 7. It is well known that
the category of cocommutative V-coalgebras, CCoalg(V), has pullbacks and they
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are constructed as cotensor products: For any two morphism ¢ : D — C and
¢’ : D' — C in CCoalg(V), the diagram

D'OcD 2> D

-

D/

where pp = ep/OcD and ppr = D’'O¢ep, is a pullback in CCoalg()V).
Define a CCoalg(V)-indexed category

Coalg : (CCoalg(V))? — CAT

by setting

Coalg(C) = VC and Coalg(D % C) = VE &5 VD,
where ¢* = —OcD : V€ — VP is the change-of-cobase functor. Since for any
morphism ¢ : D — C in CCoalg(V), the functor ¢* = —OcD admits as a left

adjoint the forgetful functor VP ﬂ V€, the CCoalg(V)-indexed category

Coalg admits coproducts iff it satisfies the Beck—Chevalley condition, i.e., for any
morphism ¢’ : D’ — C in CCoalg()), the diagram

YD’ (pD’)*VD’DcD

(¢’)*l l(pn)*

VC T) VD
commutes up to canonical isomorphism. It is easily to check that this condition is
equivalent to saying that for any X € VP, one has an isomorphism

XOp/(D'OcD) ~ XOeD,

and this is certainly the case, since the tensor product in V preserves reflexive
equalizers by our assumptions on V. Thus, €oalg admits coproducts.

As in the case of algebras, given a cocommutative V-coalgebra C, we get the
functor

AutZ" : (CCoalg|C)°P — Group
sending each object ¢ : D — C of (CCoalg] C)°P (i.e., a morphism ¢ : D — C of
cocommutative V-coalgebras) to the group

(24) Aut®9(D 4 C) = Autyn (D).

On morphisms it is defined in the following way: given a morphism f : (D, ¢) —
(D', ¢') in (CCoalglC)°P (i.e., a commutative diagram

C
N
D——-=D
f
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in CCoalg|C), then
(25)  AutE"(f:(D,¢) » (D',¢)(0) = (p@D') - (6@D') - (f&D') - 6

for all 0 € Autyp (D).

Note that, since for each morphism ¢ : D — C of cocommutative V-coalgebras,
Aut'E$*(¢) is an abelian group, it follows that the functor Aut$®'® also takes
values in the category of abelian groups.

Given a morphism ¢ : D — C of cocommutative V-coalgebras, consider the
associated augmented simplicial object

50,81

/\/\

DlHDO ¢

_°.C

(D/C),: - D?

31%
PX o

where
e D' =D,
e D" =D0cD---OcD foralln>1,
(n+1)-times
e 0; = D'Oc¢0cD™ " : D" — D™ forall 0 <i < n,
® 5, = Di0cépOcD™7=1: D"t 5 D™ forall 0<j<n.

Applying the functor Aut5*"? : (CCoalg|C)°P — Group to (D/C)., we obtain
the following augmented cosunphclal group

Coal
Aut'c " (s0)

AutZ*'%(8)

[ [
Aut® 9

—>
(D/C, Aut$™™), : Auty,c (C) ———> Auty,n (D) Aut pogo (DOGD). ..
AutZ "9 (ay)

Since for any 7 > 0, D™ is a cocommutative V-coalgebra, and all the categories VP

are symmetric monoidal with monoidal unit D", it follows that (D/C, Aut' "),
is in fact an augmented abelian cosimplicial group.

Write Pic®(C) for the subgroup of Pic(C) consisting of all classes of invertible
(C, C)-bicomodules (X, % : X — C®X,9, :—» X®C) such that ¥, = 7¢ x - V.
Then Pic®(C) is an abelian group. Moreover, given a morphism ¢ : D — C of
cocommutative V-coalgebras, the map

Pic®(¢) : Pic®(C) — Pic’(D)
defined by Pic®(¢)([P]) = [POcD] is a homomorphism of abelian groups.
Now with the complex of abelian groups
Au Coalg
0 = Autye(C) 22D Autyn (D) 2% Autyooee (DOeD) 22 -
H Au tCou[g ( " . n > 17

corresponding to the augmented abelian cosimplicial group (D/C, Aut%"a[g)* , by
arguments similar to those used in Theorem T3] we derive the following result.
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Theorem 4.17. Suppose that ¢ : D — C is a morphism of cocommutative V-
coalgebras such that the change-of-cobase functor ¢* = —OcD : V€ — VP s
monadic. Then there is a natural isomorphism

H(p, Aut'E™?) ~ Ker(Pic®(¢)).

Specializing Theorem [£17] to the case where V = Vecty, is the category of vec-
tor spaces over a field k and using that for any cocommutative k-coalgebra C,
Pic’(C) = 0 (see, for example, [8, Proposition 3.2.14] or [7, Proposition 4.1]), we
get the following version of Hilbert’s theorem 90 for cocommutative coalgebras.

Theorem 4.18. Suppose that ¢ : D — C is a morphism of cocommutative k-
coalgebras such that the change-of-cobase functor —OcD : VectkC — Vect]kD 18
monadic. Then

H' (6, Aut’$™'?) = 0.

APPENDIX A. SOME CLASSICAL RESULTS AND CONSTRUCTIONS

Let A be a category with pullbacks. An A-indexed category X is a pseudofunctor
AP — CAT, where CAT denotes the 2-category of locally small (but possibly
large) categories, explicitly given by the data of a family of categories X (a), indexed
by the objects of A, with change of base functors

o X(a) = X(b)

for each morphism ¢ : b — a of A and with additional structure expressing the idea
of a pseudofunctor (see [22], [26]).

A simple but important example of an A-indexed category is the so-called basic
A-indexed category Al — : A°? — CAT that to any object a € A associates the
slice category A | a, and to a morphism ¢ : b — a the functor ¢* : Ala — Alb
given by pulling back along ¢.

Fix an object a of A, and let X' : A°°> — CAT be an A-indexed category. For
each object z € X(a), let us define a functor

Aut? : (A]a)°® — Group
sending each object b = a of Al a to the group
(26) Aut (r) ' Aut) (5 (2)).
A.1. Descent. Consider the augmented simplicial object in A

50,51 S0

(27) (b/a).: - (b/a)s o——= (b/a)y —Z (b/a)o —a
N &

associated to any morphism ¢ : b — a in A, where
(b/a)o =b,
(b/a)n =bXabXq- - Xab foralln>1,
(n+1)-times
0; =< P1,P2y s Pie1yPitly -« P+l > Gp = a1 forall 0 <i < n,
@ 55 =bXqbXg - XabXqgAyq XabXqbxg--Xqb: (b/a)n_1 — (b/a)n,

j-times (n—j—1)-times

forall 0 <j <n.
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Here p; : b Xqb X4+ Xqb — bis the projection to the ith factor, while 4;/, is

(n+1)—times
the diagonal morphism b — b x, b.
Let us recall from [16] the definition of the category Desy(¢) of X-descent data
relative to ¢. Its objects are pairs (x,d), with « an object of X' (b) and 9 : f(x) ~
9 (x) an isomorphism in X' (b x, b) such that s§(¥) = 1 and the diagram

* Ok 95 (9) * Ok = * Ok
9307 (z) —— 0305 (v) —— 0501 (x)

-] |

9705 (z) o 0705 (w) —== 9595 (x)

commutes in X (b X, b x4 b). Here the labeled isomorphisms are the canonical ones
of the A-indexed category X coming from the simplicial identities

82»6]» = 8]»,1& (Z < j)
A morphism f : (x,9) = (y,6) in Desy(¢) is a morphism f : z — y in X(b) which
commutes with the descent data ¥ and 6 in the sense that the diagram

(o) —2> 05 ()

D

commutes in X(b X, b).
If z is an object of X (a), then t*(z) comes equipped with canonical descent datum
given by the composite

97 (17(2)) = (101)"(2) = (100)"(2) = 5(¢7(2))

of canonical isomorphisms. In other words, the functor +* factors as

X(a) —2> Desx (1)

where U is the evident forgetful functor and K, sends z € X(a) to t*(z) equipped
with the canonical descent datum.

Definition A.1. ¢ is called an X-descent morphism if K, is full and faithful, and
an effective X-descent morphism if K, is an equivalence of categories.

Let x € X(b). Write Desy(z) for the set of all descent data on . Two descent
data (z,9) and (x,79') on z are called equivalent if they are isomorphic objects in
the category Desy(¢). The set of equivalence classes of descent data on x is denoted
by Desy(x). If x = +*(y) for some y € X(a), then Desx(:*(y)) is a pointed set
with the class of canonical descent datum as a distinguished element.

Definition A.2. An A-indexed category X' has products (resp., coproducts) if for
each morphism ¢ : b — a in A, the change of base functor t* : X'(a) — X (b) admits
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a right (resp., left) adjoint II, : X(b) — X(a) (resp., X, : X(b) — X(a)) and the
Beck—Chevalley condition is satisfied, i.e., for every pullback diagram

b
a

the diagram
X (b) T X(c) (resp. X(V) ., X(c)
T T
X(a) ——= (V) X(a) ——= X(b))

commutes up to canonical isomorphism.

We shall need the following version of the Bénabou-Roubaud-Beck theorem (cf.
[T, Proposition B1.5.5]).

Theorem A.3. For an A-indexed category X : A°? — CAT having products
(resp., coproducts) and for an arbitrary morphism ¢ : b — a in A, the category
Des () of descent data with respect to v is isomorphic to the Eilenberg—Moore
category of coalgebras (resp., algebras) for the comonad (resp., monad) G, (resp.,
T,) on X(b) generated by the adjoint pair * - II, : X(b) — X(a) (resp., X, 4
¥ X(a) = X(b)). Moreover, modulo this equivalence, the functor K, : X(a) —
Desx (1) corresponds to the comparison functor X(a) — (X (b))G (resp., X(a) —
(X(b))r,). Thus, ¢ is an effective X-descent morphism if and only if the functor
*: X(a) = X(b) is comonadic (resp., monadic).

A.2. Amitsur cohomology. Let F' be a functor on the category (Al a)°P with
values in the category of groups. Applying F' to the augmented simplicial object
1), one gets a coaugmented cosimplicial group

F(s1)
F(SO) /\
() K(ao\ F(%)

(b/a,F)*: F(a)—> bﬁFbX b—F(61 F(bx,bx,0) -
F(al) F(62)

with cofaces F'(0;) and codegeneracies F'(s;), and hence one has the nonabelian
0-cohomology group H°((b/a, F). and the nonabelian 1-cohomology pointed set
H((b/a, F).). More precisely, H°((b/a, F).) is the equalizer of the pair (F(dp),
F(0n)).
On the other hand, a 1-cocycle is an element x € F(b X, b) such that
F(01)(z) = F(92)(x) - F()(x)

in F(bxqbx,b). Write Z1((b/a, F).) for the set of 1-cocycles. This set is pointed
with point the unit element of F'(b x4 b). Two 1-cocycles x and a’ are equivalent if

= F(01)(y) - = - F(90)(y)™"
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for some element y € F(b). This is an equivalence relation on Z1((b/a, F),) and
H((b/a, F).) is defined as the factor-set of equivalence classes of 1-cocycles, and
it is a pointed set.

We call HO((b/a, F).) (vesp., H((b/a, F).) the zeroth Amitsur cohomology group
of t:a — b with values in F (resp., the first Amitsur cohomology pointed set of
t:a — b with values in F) and denote it by H(s, F) (resp., H' (¢, F)).

If for each n > 1, F(b X4 b X4+ X4 b) is an abelian group (which is indeed the

n times
case if the functor F' factors through the category of abelian groups), it is possible

to define higher cohomology groups as follows. Let

C(1, F): 0= Fla) 2% P(b) 25 F(b xab) 22 -+,

A, =[[F@)) V" n>1,
i=0
be the complex of abelian groups associated to the abelian cosimplicial group
(F'/u)*. The cohomology groups of this complex are called the Amitsur cohomology
groups of t: a — b with values in F and are denoted by H'(v, F).
The following result of Grothendieck is to be found in [I6].

Proposition A.4. Let X : A°? — CAT be an A-indexed category, let 1 : b — a
be a morphism in A, and let © € X(a). Then the assignment that takes o €
Aut x5 1) (0%(x)), where O denotes the common value of v -0y and ¢ - Oy, to the
composite

01 (" (2)) = (- 01)"(2) = 0" (2) = 9" (w) = (v )" (z) = F5 ()
yields an isomorphism
Yo 2o, Aut’) ~ Desy (¢ (2))

of pointed sets. When v is an effective X-descent morphism, Y** induces an iso-
morphism

Tor H (e, Aut?) ~ Desy (1" (x))
of pointed sets.
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