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1 Introduction

The Standard Model (SM) extended with effective operators, also known as SMEFT [3–6], is
arguably one of the best rivals of the SM itself (if not the only one) for describing fundamental
particles and their interactions at current accessible energies. In order to determine which
one accounts best for the experimental data, important progress is needed in both the
experimental and the theoretical sides. In this latter respect, SMEFT calculations should be
pushed to higher accuracy. This includes computation of observables to O(1/Λ2) (equivalently
dimension-six) at one loop [7–14], as well as to O(1/Λ4) (equivalently dimension-eight) at
tree level [12, 15–24]; where Λ is the SMEFT cut-off. Likewise, for consistency as well as
for testing the SMEFT against data obtained at very different scales, the dimension-eight
SMEFT should be renormalized to the one-loop level. This paper focuses on this problem.
(Ideally, too, the renormalization of the dimension-six sector should be pushed to the two-loop
order; see refs. [25–28].)

The first systematic effort towards computing the one-loop SMEFT RGEs to O(1/Λ4)
was initiated in ref. [1], where quantum corrections to bosonic operators driven by pairs of
dimension-six terms were computed. The contributions from dimension-eight terms were later
obtained in ref. [2]. In the meantime, using amplitude methods, the full dimension-eight sector
of the SMEFT was renormalized to order g2 in SM couplings, and ignoring flavour, in ref. [29].
Further works, based on the geoSMEFT [30, 31], have also computed a big part of these
RGEs (and certain others), with excellent agreement within the different approaches; see also
refs. [32–35]. These results have been used not only in phenomenological studies [32, 33, 36, 37],
but also for understanding positivity constraints better [38–42] as well as a proving ground
for high-energy physics tools [43, 44]. In this work, we continue this endeavour, concentrating
on the computation of two-fermion RGEs triggered by pairs of dimension-six terms.

Our approach relies on diagrammatic techniques off-shell. For this matter, we build a
new basis of dimension-eight Green’s functions with two fermions and two or more Higgs
fields, based on the method for constructing operator bases of refs. [45, 46] as well as on the
Green’s basis of ref. [47] (which in turn extends the results of ref. [48]). We further reduce
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the interactions that are redundant on-shell using a variety of techniques, most importantly
diagrammatic on-shell matching relying on the equivalence of the S-matrices computed within
the redundant and non-redundant Lagrangians, as described in refs. [44, 49]. To a lesser
extent, we also use equations of motion (EoM) both by hand [50] and as implemented in the
computer tool Matchete [51], as well as the method briefly introduced in ref. [52] where the
off-shell amplitude formalism was proposed, allowing operators to be represented in terms
of so-called off-shell amplitudes and to be reduced systematically.

This article is organised as follows. We introduce our conventions in section 2. In
section 3 we explain our approach to renormalization, making emphasis on the different
classes of operators that run on-shell, as well as on how we build on previous results. We
discuss generic features about the structure of mixing under running in section 4, though
the full RGEs can be only found in github.com/SMEFTDimension8-RGEs. We close in
section 5, where we also reflect on the interplay between our results and positivity constraints,
and comment on possible future research directions. In appendix A, we provide a detailed
example of one of our calculations.

2 Conventions

Consistently with our previous works [1, 2], we write the SM Lagrangian as

LSM = −1
4G

A
µνG

Aµν − 1
4W

a
µνW

aµν − 1
4BµνB

µν

+ qαLi /DqαL + lαLi /DlαL + uαRi /DuαR + dαRi /DdαR + eαRi /DeαR (2.1)

+ (Dµϕ)† (Dµϕ) + µ2|ϕ|2 − λ|ϕ|4 −
(
yuαβq

α
Lϕ̃u

β
R + ydαβq

α
Lϕd

β
R + yeαβl

α
Lϕe

β
R + h.c.

)
,

with minus-sign covariant derivative Dµ = ∂µ − ig1Y Bµ − ig2
σI

2 W
I
µ − igs λ

A

2 G
A
µ .

As usual, B,W and G represent the electroweak gauge bosons and the gluon, respectively,
while g1, g2 and gs stand for the corresponding gauge couplings. Likewise, l, q and u, d, e are
the left-handed leptons and quarks and the right-handed counterparts, respectively. We use
ϕ for the Higgs doublet; σI and λA represent the Pauli and Gell-Mann matrices, respectively.

Hence, ignoring lepton-number violating terms, the SMEFT Lagrangian to order 1/Λ4

reads:

LSMEFT = LSM + 1
Λ2

∑
i

c
(6)
i O

(6)
i + 1

Λ4

∑
j

c
(8)
j O

(8)
j . (2.2)

In our basis, i runs over the dimension-six operators in the Warsaw basis [4], while for j we
use that of ref. [53]. We follow the notation provided in these references for the corresponding
Wilson coefficients (WC).

The dimension-eight WCs vary under changes of the renormalization scale µ̃ according to:

ċ
(8)
i ≡ 16π2µ̃

dc
(8)
i

dµ̃
= γijc

(8)
j + γ′

ijkc
(6)
j c

(6)
k . (2.3)

The first term in the r.h.s. of this equation amounts to the running induced by dimension-eight
terms themselves, while the second term captures the contributions from loops involving
pairs of dimension-six terms.
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Figure 1. Two-fermion 1PI topologies (ignoring SM vertices) that arise at one loop involving two
dimension-six terms from table 1.

For bosonic operators, both the anomalous dimensions γ [2] and γ′ [1] are known; see
also refs. [29–31]. For two-fermion interactions, γ has been computed in ref. [29] to O(g2, λ)
in amplitudes language, while essentially nothing is known about γ′. The main goal of this
paper is computing this quantity. We also compute the 1/Λ4 corrections to the running of
lower-dimensional operators, which scale with powers of the Higgs squared mass parameter µ2.

We take into account only loops involving dimension-six interactions that can appear
at tree level in weakly-coupled UV completions of the SMEFT [37, 54]; otherwise we would
be computing corrections which are formally of two-loop order. Since, contrary to those
in ref. [53], the names of the dimension-six WC do not shed immediate light on their field
content, we summarise them in table 1.

3 Renormalized Lagrangian

We work in dimensional regularisation with space-time dimension D = 4− 2ϵ. Our approach
to renormalization consists in computing the 1/ϵ poles of all one-loop one-particle-irreducible
(1PI) diagrams off-shell, which can be projected onto a Green’s basis of effective interactions.
For the latter, we use an explicitly-hermitian version of (a subset of) the one presented
in ref. [47] for the dimension-eight sector. We provide this in Feynrules [55] format in
github.com/SMEFTDimension8-RGEs, as well as in PDF document in the supplementary
material. We have performed our computations using FeynArts [56] and FormCalc [57] as
well as within matchmakereft [43], with perfect agreement between the two approaches.

The only dimension-eight two-fermion Green’s functions that renormalize are those
with at least two Higgs fields, including ψ2ϕ2D3, Xψ2ϕ2D, ψ2ϕ3D2, Xψ2ϕ3, ψ2ϕ4D and
ψ2ϕ5. This can be drawn from the 1PI topologies that involve two dimension-six terms; see
figure 1. However, redundant bosonic dimension-eight Green’s functions also contribute to
the renormalization of two-fermion dimension-eight operators on-shell. Of those, the only
ones that get divergences from loops involving two dimension-six terms are those that contain
at least four Higgs fields [1], namely ϕ4D4, Xϕ4D2 and ϕ6D2. Since the number of Higgs
(nϕ) and of fermion (nψ) fields in a diagram can only change by ∆nϕ ≥ 1,∆nψ = 0 or by
∆nϕ = −1,∆nψ = 2 upon attaching a SM vertex on an external leg (equivalently by using
EoM on the redundant Green’s functions), it is clear that the only two-fermion dimension-
eight operators that can renormalize on-shell from dimension-eight bosonic Green’s functions
contain at least two Higgs fields. Likewise, redundant dimension-six Green’s functions,
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Operator Notation Operator Notation

ϕ6 (ϕ†ϕ)3 Oϕ
ϕ4D2 (ϕ†ϕ)□(ϕ†ϕ) Oϕ□ (Dµϕ

†ϕ)(ϕ†Dµϕ) OϕD

ψ2ϕ2D

i(qγµq)(ϕ†←→D µϕ) O(1)
ϕq i(qγµq)(ϕ†σI

←→
D I

µϕ) O(3)
ϕq

i(uγµu)(ϕ†←→D µϕ) Oϕu i(dγµd)(ϕ†←→D µϕ) Oϕd
i(uγµd)(ϕ̃†Dµϕ) Oϕud
i(lγµl)(ϕ†←→D µϕ) O(1)

ϕl i(lγµσI l)(ϕ†←→D I
µϕ) O(3)

ϕl

i(eγµe)(ϕ†←→D µϕ) Oϕe

ψ2ϕ3 (qϕ̃u)ϕ†ϕ Ouϕ (qϕd)ϕ†ϕ Odϕ
(lϕe)ϕ†ϕ Oeϕ

ψ4

(qγµq)(qγµq) O(1)
qq (qγµσIq)(qγµσIq) O(3)

qq

(uγµu)(uγµu) Ouu (dγµd)(dγµd) Odd
(uγµu)(dγµd) O(1)

ud (uγµTAu)(dγµTAd) O(8)
ud

(qγµq)(uγµu) O(1)
qu (qγµTAq)(uγµTAu) O(3)

qu

(qγµq)(dγµd) O(1)
qd (qγµTAq)(dγµTAd) O(8)

qd

(qu)ϵ(qd) O(1)
quqd (qTAu)ϵ(qTAd) O(8)

quqd

(lγµl)(qγµq) O(1)
lq (lγµσI l)(qγµσIq) O(3)

lq

(eγµe)(uγµu) Oeu (eγµe)(dγµd) Oed
(qγµq)(eγµe) Oqe (lγµl)(uγµu) Olu
(lγµl)(dγµd) Old (le)ϵ(qu) Oledq

(le)ϵ(qu) O(1)
lequ (lσµνe)ϵ(qσµνu) O(3)

lequ

(lγµl)(lγµl) Oll (eγµe)(eγµe) Oee
(lγµl)(eγµe) Ole

Table 1. Dimension-six interactions that can arise at tree level in UV completions of the SMEFT.

that we capture using the basis of ref. [58], can also contribute to the renormalization of
dimension-eight operators on-shell, upon attaching a dimension-six vertex to one external
leg. The only redundant dimension-six Green’s functions that renormalize are those in
classes1 ϕ4D2, Xϕ2D2, ψ2ϕD2, ψ2ϕ2D and Xψ2D; while the interactions in table 1 have
(nϕ, nψ) = (6, 0), (4, 0), (2, 2), (3, 2) or (0, 4).

1Interactions that modify the Higgs or gauge boson propagators are not renormalized off-shell within
our setup, because the absence of 3-point vertices within the operators in table 1 makes the only possible
diagrams being bubbles, which vanish in dimensional regularisation. For the very same reason, Yukawas do
not renormalize.
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ϕ4D2 ψ2ϕ2D ψ2ϕD2 Xϕ2D2 ϕ4D4 ϕ6D2 ψ2ϕ2D3 ψ2ϕ3D2 ψ2ϕ4DXψ2ϕ2DXϕ4D2

ψ2ϕ2D ✓
ψ2ϕ3 ✓ ✓ ✓ ✓ ✓ ✓

ψ2ϕ2D3 ✓
ψ2ϕ3D2 ✓ ✓ ✓ ✓
ψ2ϕ4D ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
ψ2ϕ5 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Xψ2ϕ2D ✓ ✓
Xψ2ϕ3 ✓ ✓ ✓

Table 2. Green’s functions (columns) that, on-shell, contribute to the renormalization of the different
physical operators (rows) are indicated with ✓. Dimension-six and eight interactions are separated by
vertical and horizontal lines.

Accordingly, it is clear that, on-shell, either ∆nϕ ≥ 2, or else ∆nψ ≥ 2. So once more the
only two-fermion dimension-eight operators that can renormalize on-shell from dimension-six
Green’s functions contain at least two Higgs fields. Altogether, the only physical two-fermion
dimension-eight interactions that can renormalize within our framework are those in classes
ψ2ϕ2D3, Xψ2ϕ2D, ψ2ϕ3D2, Xψ2ϕ3, ψ2ϕ4D and ψ2ϕ5; for comparison, all two-fermion
dimension-six operators in the Warsaw basis do [59–61] at order 1/Λ2 (we find that only some
do at order 1/Λ4). The running of these interactions get contributions from very different
Green’s functions, at dimensions six and eight, with two or no fermions; see table 2. The
example in appendix A (see in particular figure 2) should make this transparent.

4 Structure of mixing

The full set of RGEs for two-fermion dimension-eight operators can be found online at
github.com/SMEFTDimension8-RGEs. For a snapshot, we refer to table 3, where we show
the dominant contributions to the different terms in the anomalous-dimension matrix γ′,
marking in blue those that depart from naive dimensional analysis (namely, γ′ ≳ 10 barring
SM couplings).

Of the 469 WCs in our Green’s basis, 302 renormalize, out of which 184 are redundant.
In turn, 114 of the 158 operators in the on-shell basis do.2 Among these, we have the running
of dimension-six operators up to O(µ2/Λ4). Given the small number of WCs in here, and for

2The WC c
(2)
udW ϕ2D

renormalizes only indirectly, through redundant operators; while the WCs c
(9)
l2W ϕ2D

,
c

(4)
u2Gϕ2D

, c
(4)
d2Gϕ2D

, c
(4)
q2W ϕ2D

and c
(9)
q2W ϕ2D

renormalize both directly as well as indirectly, but they cancel in
the physical basis.
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ψ2ϕ2D3 cϕ4D2 cϕ6 cψ2ϕ2D cψ2ϕ3 cψ4

cϕ4D2 0 0 . . . 0 0
cϕ6 0 0 0 0

cψ2ϕ2D . . . 0 . . .

cψ2ϕ3 0 0
cψ4 0

Xψ2ϕ2D cϕ4D2 cϕ6 cψ2ϕ2D cψ2ϕ3 cψ4

cϕ4D2 0 0 g 0 0
cϕ6 0 0 0 0

cψ2ϕ2D g 0 g

cψ2ϕ3 0 0
cψ4 0

ψ2ϕ3D2 cϕ4D2 cϕ6 cψ2ϕ2D cψ2ϕ3 cψ4

cϕ4D2 y 0 y . . . y

cϕ6 0 0 0 0
cψ2ϕ2D y . . . y

cψ2ϕ3 0 . . .

cψ4 0

Xψ2ϕ3 cϕ4D2 cϕ6 cψ2ϕ2D cψ2ϕ3 cψ4

cϕ4D2 0 0 gy 0 0
cϕ6 0 0 0 0

cψ2ϕ2D gy g 0
cψ2ϕ3 0 0
cψ4 0

ψ2ϕ4D cϕ4D2 cϕ6 cψ2ϕ2D cψ2ϕ3 cψ4

cϕ4D2 y2 0 y2 y g2

cϕ6 0 0 0 0
cψ2ϕ2D y2 y y2

cψ2ϕ3 . . . y2

cψ4 0

ψ2ϕ5 cϕ4D2 cϕ6 cψ2ϕ2D cψ2ϕ3 cψ4

cϕ4D2 y3 y y3 y2 yλ

cϕ6 0 y . . . y

cψ2ϕ2D y3 y2 0
cψ2ϕ3 y y2

cψ4 0

Table 3. Structure of the mixing of pairs of dimension-six operators into dimension-eight operators.
Entries represent the parametric dependence of the leading contributions. Ellipses represent SM-
independent contributions. Entries in blue are significantly large; see the text for details.

later use, we write explicitly the corresponding RGEs in the lepton sector:

ċϕe,mn = 4µ2(cϕ□cϕe,mn +cϕDcϕe,mn)+ · · · , (4.1)
ċ

(1)
ϕl,mn = 4µ2(cϕ□c

(1)
ϕl,mn +cϕDc

(1)
ϕl,mn)+ · · · , (4.2)

ċ
(3)
ϕl,mn = 4µ2(cϕl,pnc

(3)
ϕl,mp +cϕ□c

(3)
ϕl,mn)+ · · · , (4.3)

ċeϕ,mn =−µ2
[
48cϕ□ceϕ,mn−12cϕDceϕ,mn +2ceϕ,mpcϕe,pn−2ceϕ,pnc

(1)
ϕl,mp−6ceϕ,pnc

(3)
ϕl,mp

−8cϕ□cϕe,pny
e
mp +2cϕDcϕe,pny

e
mp +8cϕ□c

(1)
ϕl,mpy

e
pn−2cϕDc

(1)
ϕl,mpy

e
pn +24cϕ□c

(3)
ϕl,mpy

e
pn

−6cϕDc
(3)
ϕl,mpy

e
pn +2cϕe,pncϕe,qpy

e
mq−4cϕe,pnc

(1)
ϕl,mqy

e
qp−4cϕe,pnc

(3)
ϕl,mqy

e
qp +2c(1)

ϕl,mpc
(1)
ϕl,pqy

e
q,n

+2c(1)
ϕl,mpc

(3)
ϕl,pqy

e
qn +2c(1)

ϕl,pqc
(3)
ϕl,mpy

e
qn +6c(3)

ϕl,mpc
(3)
ϕl,pqy

e
qn +12ceϕ,pqcle,mpqn−16cϕ□cle,mpqny

e
pq

+4cϕDcle,mpqny
e
pq +24cϕ□cledq,mnpqy

d
qp−6cϕDcledq,mnpqy

d
qp−24cϕ□c

(1)
lequ,mnpqy

u∗
pq

+6cϕDc
(1)
lequ,mnpqy

u∗
pq −18cdϕ,pqcledq,mnqp +18c(1)

lequ,mnpqc
∗
uϕ,pq−16c2

ϕ□y
e
mn +10cϕ□cϕDy

e
mn

−2c2
ϕDy

e
mn

]
+ · · · ; (4.4)

the ellipses represent terms independent of µ2, which were first computed in refs. [59, 60],
and we have omitted the cut-off Λ.
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In appendix A we provide a thorough explanation of how we derive eq. (4.4). Finally,
SM dimension-four terms with two fermions, that is Yukawa couplings, do not renormalize
to O(µ4/Λ4).

5 Discussion and outlook

We have computed the one-loop RGEs of the two-fermion operators of the SMEFT to
O(1/Λ4) triggered by pairs of dimension-six terms. To this aim, we have built on previous
results on the bosonic sector [1]. The full result can be found in a Mathematica notebook at
github.com/SMEFTDimension8-RGEs. Several comments are in order.

1. To the best of our knowledge, close to none of these RGEs have been computed anywhere
else in the literature. We have cross-checked some minor terms in the RGEs of ce2ϕ4D,
c

(1)
l2ϕ4D and c(2)

l2ϕ4D2 with ref. [32]. (Most of the terms entering these RGEs are neglected
in this reference because they are not relevant for the flavour-violating observables
studied in there.)

2. Some further cross-checks ensue from positivity bounds [62]. Indeed, as explained in
refs. [38, 40], one-loop quantum corrections triggered by pairs of dimension six terms do
not spoil the validity of tree-level positivity bounds. In particular, it must be the case
that [41] ċ(1)

e2ϕ2D3 + ċ
(2)
e2ϕ2D3 ≥ 0 as well as ċ(1)

l2ϕ2D3 + ċ
(2)
l2ϕ2D3 + ċ

(3)
l2ϕ2D3 + ċ

(4)
l2ϕ2D3 ≥ 0 and

ċ
(1)
l2ϕ2D3 + ċ

(2)
l2ϕ2D3 − ċ(3)

l2ϕ2D3 − ċ(4)
l2ϕ2D3 ≥ 0 in the one-flavour limit for arbitrary values of

the dimension-six WCs; likewise in the quark sector. In fact, we get:

ċ
(1)
e2ϕ2D3 + ċ

(2)
e2ϕ2D3 = 4c2

ϕe , (5.1)

ċ
(1)
l2ϕ2D3 + ċ

(2)
l2ϕ2D3 + ċ

(3)
l2ϕ2D3 + ċ

(4)
l2ϕ2D3 = 4(c(1)

ϕl + c
(3)
ϕl )2 + 8(c(3)

ϕl )2 , (5.2)

ċ
(1)
l2ϕ2D3 + ċ

(2)
l2ϕ2D3 − ċ(3)

l2ϕ2D3 − ċ(4)
l2ϕ2D3 = 4(c(1)

ϕl − c
(3)
ϕl )2 + 8(c(3)

ϕl )2 . (5.3)

3. It is self-evident that none of the two-fermion dimension-eight operators that can only
arise at loop level in UV completions of the SMEFT renormalizes, simply because they all
contain less than one Higgs field. This extends previous findings in the bosonic sector [1].

We can mention several obvious future directions of work. First, it remains to compute the
renormalization of two-fermion dimension-eight operators by loops involving single dimension-
eight terms, as well as completing the running of four-fermion interactions [34, 35]. It
could be also interesting to compute the RGEs triggered by loops involving loop-generated
dimension-six operators, which might be relevant if the UV is strongly coupled. Moreover,
our results could be applied to describe, to a better accuracy, the breaking of universality
with the SMEFT [63] as well as departures from different flavour assumptions [64] due to
quantum corrections. Likewise, it would be interesting to study the impact on electroweak
precision parameters, though this requires first knowledge on how the latter are written
within our adopted SMEFT basis; see refs. [20, 63, 65, 66] for some results. Finally, and
most importantly, our results pave the way to confronting the SMEFT with experimental
data with higher precision.
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Still, given the huge amount of computations at hand (for an example, the full list of
redundancies, like the one in eq. (A.2), involves more than 2000 monomials; its computation
surpassing in complexity the work needed for obtaining the counter-terms of all relevant
WCs), it would be very desirable to cross-check our findings (using same or alternative
methods). To facilitate this process, we also provide separate notebooks for the redundancies
and for the divergences in the GitHub repository. We will appreciate being informed about
any disagreement.
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A Detailed example: renormalization of Oeϕ

The operator Oeϕ = (lϕe)ϕ†ϕ renormalizes directly through loops like the upper fourth
and upper fifth ones in figure 1. The bottom first does not contribute to the running of
dimension-six Green’s functions because there is no light mass on the loop (fermions are
massless in the Higgs unbroken phase). The corresponding contribution reads:

(ċeϕ,mn)dir = −µ2
[
8(3cϕ□ − cϕD)ceϕ,mn + 2ceϕ,mpcϕe,pn − 2(c(1)

ϕl,mp + 3c(3)
ϕl,mp)ceϕ,pn (A.1)

− 4cϕD(c(1)
ϕl,mp + c

(3)
ϕl,mp)y

e
pn + 4cϕDyempcϕe,pn − 4(c(1)

ϕl,mr + c
(3)
ϕl,mr)y

e
rpcϕe,pn

]
.

On top of this, Oeϕ renormalizes also indirectly upon using the EoM on redundant
Green’s functions (equivalently, upon attaching a SMEFT vertex on an external line on a
1PI diagram). We represent the different possibilities in figure 2. The first one describes the
contribution from a redundant dimension-six Green’s function in the class ψ2ϕD2 with an
EoM involving ϕ4D2. The cross represents a mass insertion (equivalently the mass-dependent
part of the Higgs EoM D2ϕ ∼ µ2ϕ). Note that something interesting occurs here: while,
normally, the Higgs EoM removes two derivatives from the Green’s function where it is
applied, the Higgs EoM of the SMEFT3 to order 1/Λ2 includes D2 terms that bring these
derivatives back. That is why two EoM (two vertex insertions in the 1PI diagram) are
needed to move ψ2ϕD2 to ψ2ϕ3.

3We use the results in ref. [50], with typos corrected. In particular, there is a factor of 2 off in the
contribution of cϕD to the EoM of the W as well as a wrong imaginary unit in the ϵIJK term. Note also that
the Yukawa and covariant-derivative-sign conventions in that reference differ from ours.
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Figure 2. Pictorial representation of the different contributions entering the renormalization of ψ2ϕ3.
Thin- and thick-line circles ⃝ represent redundant operators of dimension six and eight, respectively;
a square □ stands for physical dimension-six interactions, while the small dots are renormalizable
ones. The cross × represents a Higgs mass insertion.

The second stands for the effect of a redundant dimension-eight ψ2ϕ3D2 with a Higgs
mass insertion. The third describes the contribution from a redundant dimension-eight
ψ2ϕ2D3 with the Yukawa part of a fermion EoM and a Higgs mass insertion. The fourth
represents the direct renormalization of the dimension-six ψ2ϕ2D (necessarily ensuing from
diagrams with Higgs loops providing a µ2 term), which turns into ψ2ϕ3 via a Yukawa-like
EoM. (No Higgs mass insertion in external legs is needed in this case.) The last-to-last one
stands for the effect of a purely bosonic redundant dimension-eight ϕ4D4 with the Yukawa
part of the Higgs EoM and a Higgs mass insertion. Finally, there are also effects from
redundant dimension-six ϕ4D2 that receive µ2/Λ4 divergences, shown in the final diagram.

In practice, we compute most of the effects of all aforementioned EoM using tree-level
on-shell matching [44, 49]. For dimension-six redundant terms, we also use the dimension-six
EoM, which generate a set of redundant dimension-eight interactions, followed again by
tree-level on-shell matching.

Altogether, in our Green’s basis, the indirect renormalization of Oeϕ reads:

(ċeϕ,mn)ind = 1
2r

′
ϕDy

e
mn + r′

ϕe,pny
e
mp + r

′(1)
ϕl,mpy

e
pn + r

′(3)
ϕl,mpy

e
pn − µ2

[
− 4cϕ□r

(1)
eϕD,mn + cϕDr

(1)
eϕD,mn

− 2cϕ□r
(2)
eϕD,mn + 1

2cϕDr
(2)
eϕD,mn + 2cϕ□r

(4)
eϕD,mn −

1
2cϕDr

(4)
eϕD,mn + r

(7)
leϕ3D2,mn

+ ir(9)
leϕ3D2,mn + r

(11)
leϕ3D2,mn − r

(14)
leϕ3D2,mn + 1

2r
(15)
leϕ3D2,mn + 3

2ir(16)
leϕ3D2,mn − r

(4)
ϕ4D4y

e
mn

+ 2r(8)
ϕ4D4y

e
mn + r

(10)
ϕ4D4y

e
mn + r

(11)
ϕ4D4y

e
mn + 1

2r
(33)
l2ϕ2D3,mpy

e
pn + 1

2r
(35)
l2ϕ2D3,mpy

e
pn

]
. (A.2)

Note that we name the redundant WCs with r. Let us also stress that, in full generality,
there are more redundant WCs that enter this equation, however they are not renormalized
within our framework.

We have:

r′
ϕe,mn = −2µ2cϕe,mpcϕe,pn , (A.3)

r
′(1)
ϕl,mn = −2µ2c

(1)
ϕl,mpc

(1)
ϕl,pn − 6µ2c

(3)
ϕl,mpc

(3)
ϕl,pn , (A.4)

r
′(3)
ϕl,mn = −2µ2c

(1)
ϕl,mpc

(3)
ϕl,pn − 2µ2c

(3)
ϕl,mpc

(1)
ϕl,pn , (A.5)

r
(1)
eϕD,mn = −2cϕe,pnyemp + 4cle,mprnyepr − 6cledq,mnprydrp + 6c(1)

lequ,mnpry
u∗
pr , (A.6)

r
(2)
eϕD,mn = cϕe,pny

e
mp − c

(1)
ϕl,mpy

e
pn − 3c(3)

ϕl,mpy
e
pn , (A.7)

r
(4)
eϕD,mn = −3cϕe,pnyemp − c

(1)
ϕl,mpy

e
pn − 3c(3)

ϕl,mpy
e
pn , (A.8)
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r
(7)
leϕ3D2,mn = 12cϕ□ceϕ,mn − 2cϕDceϕ,mn − ceϕ,pnc

(1)
ϕl,mp − 5ceϕ,pnc

(3)
ϕl,mp − 4cϕ□cϕe,pnyemp

+ cϕDcϕe,pny
e
mp + 4cϕ□c

(1)
ϕl,mpy

e
pn + 16cϕ□c

(3)
ϕl,mpy

e
pn − 3cϕDc

(3)
ϕl,mpy

e
pn

− cϕe,pnc
(1)
ϕl,mry

e
rp + 2cϕe,pnc

(3)
ϕl,mry

e
rp − c

(1)
ϕl,mpc

(3)
ϕl,pry

e
rn + c

(3)
ϕl,prc

(3)
ϕl,mpy

e
rn

+ 4ceϕ,prcle,mprn + 4c(3)
ϕl,prcle,mpsny

e
rs − 6cdϕ,prcledq,mnrp + 6c(1)

lequ,mnprc
∗
uϕ,pr

− 6c(3)
ϕq,prcledq,mnspy

d
rs + 6c(3)

ϕq,prc
(1)
lequ,mnrsy

u∗
ps − 3cϕud,prc

(1)
lequ,mnspy

d∗
sr

+ 3cϕud,prcledq,mnrsyusp , (A.9)

r
(9)
leϕ3D2,mn = iceϕ,mpcϕe,pn − iceϕ,pnc

(1)
ϕl,mp − 6iceϕ,pnc

(3)
ϕl,mp + 6icϕ□c

(3)
ϕl,mpy

e
pn

− 3
2 icϕDc

(3)
ϕl,mpy

e
pn − 6icϕe,pnc

(1)
ϕl,mry

e
rp + 12icϕe,pnc

(3)
ϕl,mry

e
rp , (A.10)

r
(11)
leϕ3D2,mn = 12cϕ□ceϕ,mn − 2cϕDceϕ,mn + ceϕ,pnc

(1)
ϕl,mp + 4ceϕ,pnc

(3)
ϕl,mp − 4cϕ□cϕe,pnyemp

− cϕDcϕe,pnyemp + 4cϕ□c
(1)
ϕl,mpy

e
pn + 10cϕ□c

(3)
ϕl,mpy

e
pn + 1

2cϕDc
(3)
ϕl,mpy

e
pn

− cϕe,pnc
(1)
ϕl,mry

e
rp + 2cϕe,pnc

(3)
ϕl,mry

e
rp + c

(1)
ϕl,mpc

(3)
ϕl,pry

e
rn − c

(3)
ϕl,mpc

(3)
ϕl,pry

e
rn

+ 4ceϕ,prcle,mprn + 4c(3)
ϕl,prcle,mpsny

e
rs − 6cdϕ,prcledq,mnrp + 6c(1)

lequ,mnprc
∗
uϕ,pr

− 6c(3)
ϕq,prcledq,mnspy

d
rs + 6c(3)

ϕq,prc
(1)
lequ,mnrsy

u∗
ps − 3cϕud,prc

(1)
lequ,mnspy

d∗
sr

+ 3cϕud,prcledq,mnrsyusp , (A.11)

r
(14)
leϕ3D2,mn = −ceϕ,mpcϕe,pn − ceϕ,pnc

(1)
ϕl,mp − 7ceϕ,pnc

(3)
ϕl,mp + 2cϕDcϕe,pnyemp − cϕDc

(1)
ϕl,mpy

e
pn

+ 8cϕ□c
(3)
ϕl,mpy

e
pn − 3cϕDc

(3)
ϕl,mpy

e
pn − 2cϕe,pnc

(1)
ϕl,mry

e
rp + 4cϕe,pnc

(3)
ϕl,mry

e
rp

− 2c(1)
ϕl,mpc

(3)
ϕl,pry

e
rn + 2c(3)

ϕl,prc
(3)
ϕl,mpy

e
rn − 4ceϕ,prcle,mprn + 8c(3)

ϕl,prcle,mpsny
e
rs

+ 6cdϕ,prcledq,mnrp − 6c(1)
lequ,mnprc

∗
uϕ,pr − 12c(3)

ϕq,prcledq,mnspy
d
rs

+ 12c(3)
ϕq,prc

(1)
lequ,mnrsy

u∗
ps − 6cϕud,prc

(1)
lequ,mnspy

d∗
sr + 6cϕud,prcledq,mnrsyusp , (A.12)

r
(15)
leϕ3D2,mn = −3ceϕ,mpcϕe,pn − ceϕ,pnc

(1)
ϕl,mp − 9ceϕ,pnc

(3)
ϕl,mp + 2cϕDc

(1)
ϕl,mpy

e
pn

+ 12cϕ□c
(3)
ϕl,mpy

e
pn − 5cϕDc

(3)
ϕl,mpy

e
pn − 4c(1)

ϕl,mpc
(3)
ϕl,pry

e
rn + 4c(3)

ϕl,mpc
(3)
ϕl,pry

e
rn , (A.13)

r
(16)
leϕ3D2,mn = −iceϕ,mpcϕe,pn + iceϕ,pnc

(1)
ϕl,mp + 5iceϕ,pnc

(3)
ϕl,mp − 4icϕ□c

(3)
ϕl,mpy

e
pn

+ icϕDc
(3)
ϕl,mpy

e
pn + 4icϕe,pnc

(1)
ϕl,mry

e
rp − 8icϕe,pnc

(3)
ϕl,mry

e
rp , (A.14)

r
(33)
l2ϕ2D3,mn = −2c(3)

ϕl,pnc
(3)
ϕl,mp , (A.15)

r
(35)
l2ϕ2D3,mn = 2c(3)

ϕl,pnc
(3)
ϕl,mp . (A.16)

The contributions from bosonic Green’s functions were computed previously in ref. [1],
obtaining:

r′
ϕD = −µ2(−16c2

ϕ□ + 8cϕ□cϕD + 2c2
ϕD) , (A.17)

r
(4)
ϕ4D4 = −24c2

ϕ□ + 2cϕ□cϕD + c2
ϕD , (A.18)

r
(8)
ϕ4D4 = −8c2

ϕ□ + 2cϕ□cϕD −
1
4c

2
ϕD , (A.19)
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r
(10)
ϕ4D4 = −c2

ϕD , (A.20)

r
(11)
ϕ4D4 = −16c2

ϕ□ + 4cϕ□cϕD −
1
2c

2
ϕD . (A.21)

Adding eqs. (A.1) and (A.2), we obtain the final result in eq. (4.4).

Data Availability Statement. This article has no associated data or the data will not
be deposited.
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