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ABSTRACT. A differentially recursive sequence over a differential field is a sequence
of elements satisfying a homogeneous differential equation with non-constant coeffi-
cients (namely, Taylor expansions of elements of the field) in the differential algebra
of Hurwitz series. The main aim of this paper is to explore the space of all differ-
entially recursive sequences over a given field with a non-zero differential. We show
that these sequences form a two-sided vector space that admits, in a canonical way,
a structure of Hopf algebroid over the subfield of constant elements. We prove that
it is the direct limit, as a left comodule, of all spaces of formal solutions of linear
differential equations and that it satisfies, as Hopf algebroid, an additional universal
property. When the differential on the base field is zero, we recover the Hopf algebra
structure of linearly recursive sequences.
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1. Introduction. This section represents a self-contained introduction to this
note. After giving a little background on linear differential equations over a differ-
ential field and on the study of their solutions from the point of view of Hurwitz
series, we clarify our motivations in reconsidering this subject. The main results
of the paper are reported herein as well, in great detail.

1.1. Motivation and overview. Let K be a field (of any characteristic) and
0 : K — K a derivation, that is, an additive map which satisfies

ANxy) = 20(y) + 9(x)y, Vz,yeK

The pair (K, ) is referred to as a differential field and its subfield of constant
elements is the set:

k::Kaz{c€K|8(c)=O}.

We keep this notation fixed all over the paper and we may often omit to refer
explicitly to 9 and simply write K instead of (K, d). The ring of linear differential
operators (also known as the skew polynomial algebra) K[Y; 9] associated with
(K, ) is the free k-algebra generated by K and an element Y subject to the relations

Y =Yz + 0(z) (1)

for all x € K. Over K, it coincides with the right K-vector space generated by the
symbols {Y* | i > 0}: €,5,Y'K. Therefore, a generic element of K[Y’; 9] will be
written as Z?:o Yic;, with ¢; € K for i = 0,...,d (see [MR, Section 2]). For the
sake of simplicity, we will often simplify the notation K[Y’; d] into K[0]. Notice that
K[9] is a two-sided K-vector space (i.e., a K-bimodule). However, over k it is an
ordinary, symmetric, vector space (i.e., we have ¢P = Pc for every c € k and P €
K[0]). Equivalently, one may say that K[J] is a central k-bimodule. Henceforth, all
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K-vector spaces will be right K-vector spaces, unless stated otherwise, and vector
spaces over k will be symmetric two-sided k-vector spaces.

Assume that we are given a homogeneous linear scalar differential equation of
order d, with not necessarily constant coefficients, of the form

0 (y) = (ca10" (y) + -+ + 10 (y) + coy) =0, (2)

where ¢; € K for ¢ = 0,...,d — 1. One is interested in looking for a full set of
solutions, that is, d linearly independent solutions of (2). It may happen that K
already contains a full set of solutions. This is the case, for instance, if we consider
the equation 0 (y)—y/z = 0 over C(z) with the obvious differential induced by 9/9z.
In general, however, this is not the case. For example, the equation 9 (y)—cy/z =0
over C(z) admits solutions in C(z) if and only if ¢ is an integer (see [vPS, Exmple
1.14 (3)] for both examples). One then looks for differential field (or even differential
ring) extensions of K containing the missing solutions, and this is, in fact, part of
the main duty of what is known in the literature as differential Galois theory [vPS].

In a series of papers [K2, KP, KS], Keigher and collaborators studied Hurwitz
series as a practical way of formally integrating homogeneous linear differential
equations over fields (or, more generally, rings, possibly with zero differential).
Namely, one introduces the differential algebra of Hurwitz series (H(K), ') over K
as H(K) = KN with product given by the Hurwitz product

Oé',@ = Z <Z>o‘k5n—k 5 VOL,B € H(K)a
0<k<n

n €N

and differential map given by the shift operator
N HEK) — HK),  ((a0,a1,02,...) — (a1,02,05,...) ).
In this way, one may look at (2) as a differential equation over H(K) of the form:
N = (s(ca) N*" 4 +5(c)) N +5(c0)) =0, (3)

where s : K — H(K), z — (z,0,0,...), is called the source map. Since N'(a) = 0 if
and only if a = s(c) for some ¢ € K, the k-algebra K can be identified via s with
the subalgebra of constant elements of the differential k-algebra (H(K), ). More
precisely, by adopting a notation similar to the one as above, we have that

HEK)YY = {a € H(K)| V(o) =0} = s(K).

As a consequence, equation (3) is now a differential equation with constant
coefficients and one can solve it to find the so called formal solutions of (2) in
H(K), that is, sequences o € KN such that

Optd = C4—10ntd—1+ -+ c1ans1 + coay, forall n > 0. (4)

It is noteworthy that o € H(K) is a formal solution of (2) in this sense if and only
if it is a linearly recursive sequence over K, that is, it satisfies a recurrence like
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(4). For the sake of comparison with what follows, let us highlight that in order
to write (4) at level (n 4 1) 4+ d, one needs to place the coefficients (c4—1,...,co)
along the vector (n4d,-..,@nt1) in a linear way, without deriving the ¢;’s.

Linearly recursive sequences arise widely in mathematics and have been studied
extensively and from different points of view. See for example [FMT, PT, T]
concerning their connections with Hopf algebras and the Sweedler dual K[X]° of
the coordinate algebra of the affine additive group (K, +,0) and [ES1] concerning
their topological structure and properties. For a survey on the topic, we refer to
[vdP].

Despite the strong motivations supporting Keigher’s approach, that is to say,
the fact that the “universal” space of formal solutions admits the structure of a
Hopf algebra, we believe that the argument reported above has a disadvantage:
the inclusion s : K — H(K) does not make of H(K) a differential extension of K,
as it does not commute with the differentials, unless the differential of K is zero
(i.e., @ = 0). Therefore, we could not see how to relate Keigher’s formal solutions
to solutions of the original equation (2) over K. In particular it is not clear, at
least to us, how to relate the Hopf algebra of formal solutions with the affine
algebraic k-group attached to the initial equation (2), neither how to construct the
Picard-Vessiot extension of this equation out of this Hopf algebra.

In the present paper, our aim is to overcome the aforementioned obstacle and
to offer to the reader a genuine differential extension of K containing all (formal)
solutions to homogeneous linear differential equations over K. Namely, our ap-
proach in studying (2) by means of the differential algebra (H(K),N) will take
into account the injective “Taylor map”: ¢ : K — H(K), z — (z,0(z),0*(x),...),
referred to as the the target map. In this way, we are able to show that H(K) con-
tains a distinguished two-sided vector space, the one of all differentially recursive
sequences hereby introduced, that naturally carries a commutative Hopf algebroid
structure (as linearly recursive sequences were carrying a Hopf algebra structure).
We will show how it can be realized as the universal object satisfying two universal
properties, and how, as left comodule, it turns out to be the direct limit of the
spaces of formal solutions of linear differential equations (compare with [KS]).

1.2. Description of the main Theorem. We consider H(K) as a differential
extension of K via the target map t : K — H(K) above. By identifying K with its
image via ¢, we may now look at (2) as an equation over H(K) of the form

N = (t(ca 1) N4+t (e) N+t () = 0. (5)

A sequence a € H(K) is a solution of (5) if and only if it satisfies a recurrence
relation of the form

n n
Qnid = Z <k)3k(cd—1)an+d—k—1 +---

: + kz:;) (Z) ¥ (c1)an—rt1 + kzn::o (Z) 9" (co)an—r  (6)



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 551

2

+ 0" (ca—1)aqg—1 + c4—20tn4+4—2 + - - + 0" (co) o,

n
= Cd—10n+d—1 + n0(Ci—1)0ntda—2 + < )82(Cd1)an+d3 + -

for ¢; € K. For instance, if d = 2 and equation (5) has the form N? — ¢t (¢;) N —
t(co) = 0, then the attached differential recurrence relation can be written as
follows:

n—1
n n n n\ .n
Qnt2 = (0) 8061om+1 +I§:O <<k N 1) e + (k) 8kco> Qp—k+ <n>8 cop, Vn > 0.
(7)

By solving (7), every a,, for n > 2 can be expressed in terms of ag,a;. For
example, we have

ay = c1a1 + oo,
az = (¢ +9e1+ o) + (cocr + Oeo) o,
ayg = (C? + 3c10¢1 + 2coc1 + 8261 + 2800)041 +

+(cfco + 2cgdc1 + ¢10¢cy + cg + 8200)040,

where one clearly notices the occurrence of 9 in the coefficients. As a consequence,
a sequence satisfying a relation of the form (6) will be referred to as a differentially
recursive sequence. We will prove that the collection Dling of all differentially
recursive sequences over K is not only a differential extension of K providing all
“formal” solutions to linear differential equations, but it also enjoys a structure of
a commutative Hopf algebroid over k (i.e., that of an affine groupoid k-scheme)
converting it into a universal construction (in the category theoretical sense) in
two ways. On the one hand, Dlink is the universal object K[0]° provided by the
Tannaka-Krein reconstruction procedure applied to the forgetful functor from the
category of all differential K-modules (i.e., finite-dimensional modules over K[0])
to the category of finite-dimensional right K-vector spaces, as in [EG]. On the
other hand, Dling is the “biggest” K-coring K[d]®, provided by the ring/coring
duality via the Special Adjoint Functor Theorem, inside the right K-linear dual
Homg (K[9], K), as in [AES2]. Namely, the following Theorem and the forthcoming
paragraph resume the main achievement of ours.

THEOREM. The k-algebra Dling of differentially recursive sequences (i.e., satis-
fying (6)) enjoys a structure of commutative Hopf algebroid with base k-algebra
K. The structure maps are explicitly given by the source s : K — Dling, x —
(x,0,...), the target t : K — Dling, v — (0"(2)),>q, the counit € : Dling —
K, a — «(0), the comultiplication -

d
A Dling — Dling @ Dling,  ar— Y N () @« (4} Un)) 0
=0

(where { y} | 0 <1i < d } is a suitable dual basis of the space of formal solutions
of the differential equation satisfied by « and vy, are the canonical images of the
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operators 0" therein) and the antipode

< : Dling — Dling, o — (zn: (Z) (_1)n*kak (a(n o k)))

k=0 n>0

It turns out that, with this structure, there is a chain of isomorphisms
K[0]° = Dling = K[9]°

of commutative Hopf algebroids (see [AES2] for the definitions of both (—)°, (—)*®).
Furthermore, if by M} we denote the (formal) solution space of the differential
equation L(y) = 0, then the family {M}.} , forms a directed system of left Dling-
comodules such that we have an isomorphism

lig (MZ) =~ Dling
L

of left comodules.

The relation between differentially recursive sequences and linear recursive se-
quences is given in form of the following commutative diagram of k-algebras, with
injective arrows:

[,ink

where Liny denotes the F-vector space of linearly recursive sequences for a given
field F (with or without differential). We provide concrete examples (see the ones
reported in Example 3.29 below) to show that the images of Dling and Ling
inside H(K) do not coincide. We conclude the paper by giving a brief comment
on the Picard-Vessiot ring extension of equation (2) and its relation with the Hopf
algebroid Dling.

2. Preliminaries, notation and basic notions. In this section, we recall
with details the notions of commutative and co-commutative Hopf algebroids over
a field. We also explain the main notations that will be used freely in the sequel.

2.1. General facts on rings and bimodules. For R,S,T three rings with
identity, the terminology (R, S)-bimodule refers to a bimodule where the ring R
acts on the left-hand side and the ring S acts on the right-hand side. An R-
bimodule stands for an (R, R)-bimodule and bimodules over a field are referred to
as two-sided vector spaces. Assume that we have a diagram of rings

R—Y-17<% 5§
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Then T admits two structures of bimodule via its multiplication. In fact, it is an
(R, S)-bimodule and (S, R)-bimodule, where the actions are given by:

r-t-s = @(r)to(s) and s-t-r = o(s)te(r)

forall r € R, s € S and t € T. The first bimodule will be denoted by 7T, and
the second one by ,T;,. If, in addition, R and S are commutative rings, then there
are other possible structures of bimodule on T. Namely, the ones which we denote
by oI, o1, Ty, and T, . For instance, the actions defining , , 7" are explicitly
given by
ret-s = o(r)o(s)t,

forall r € R, s € S and t € T. If furthermore T is a commutative ring, then all
these bimodules are equal.

The abelian group of all bilinear morphisms between two (R, S)-bimodules M
and M’ is denoted by pHomg (M, M’). The endomorphism ring of right R-module
X is denoted by End.g(X) and we use the notation Endz(X) if R is commutative.
Given an (S,T)-bimodule N, an (R, S)-bimodule M and an (R, T)-bimodule P,
the hom-tensor adjunction states that we have a natural isomorphism

sHom (N, gHom (M, P)) = rHom; (M ®4 N, P) = pHomg (M, Homy (N, P)),

where ®g denotes the tensor product over S. The (S, T)-bimodule structure on
rHom (M, P) (and, similarly, the (R, S)-bimodule one on Homg (N, P)) is given
as follows. For all s€ S, t €T, f € zgHom (M, P) and m € M,

(s-f-t)(m)=f(m-s)-t.
Equivalently, observe that every s € S (and, analogously, every ¢ € T') induces an
R-linear endomorphism ps : M — M, m — m - s. Therefore, we can also write
s-f-t=piofops.

Similarly, every r € R (and every s € S) induces the T-linear morphism A, : N —
N,n+ r-n, and hence
rog-s=Xogoh

for all g € Hom (N, P). We will often omit the - symbol in what follows.
By a differential algebra over a commutative ring R we mean an R-algebra A
together with an R-linear endomorphism 04 : A — A satisfying the Leibniz rule:

da(ab) = da(a)b + ada(b),
for all a,b € A. The following relation can be proven inductively
3 & n n—
(e = Y- (1) ohtapor o) ®
k=0

With (K, 0) we always denote a differential field with subfield of constants k.
If a different field is required, we denote it by F. The unadorned tensor product ®
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is that over k. The space of right K-linear functionals Homyg (V,K) on a two-sided
K-vector space V' will be denoted by V*.

For the definition of a general left (or right) Hopf algebroid over a non-com-
mutative algebra, one can consider [Sc, Theorem and Definition 3.5] (or a right-
handed version of it. See also [BM, Definition 2.2]). However, in the sequel we
will be interested in 1. commutative Hopf algebroids and 2. co-commutative right
bialgebroids and right Hopf algebroids with base algebra the field K, considered as
k-algebra. Thus, let us remind quickly about these constructions, for the sake of
the unaccustomed reader.

2.2. Commutative Hopf algebroids. Recall from [Ra, Appendix Al] that a
commutative Hopf algebroid over the base k-algebra K consists of a k-algebra H
together with a diagram of k-algebra maps:

7

A

U A

K He N,

where, to perform the tensor product, H is considered as a two-sided K-vector
space of the form H;. The maps s,t : K — H are called the source and the
target respectively, € : H — K the counit, A : H — H ®x H the comultiplication
and . : H — H the antipode. These have to satisfy the following compatibility
conditions:

e the datum (H, A, ) is a coassociative and counital comonoid in (gxBimg,®y,K),
i.e., a K-coring;

e the antipode satisfies P os=1t, .7 ot = s and .2 = Idy;

e by resorting to the so-called Sweedler’s Sigma Notation A(h) = }_ ) h() ®x«
h(2),! the antipode satisfies also >y (h)hy = (toe)(h) and 3 ) 717 (h2)
—(soc)(h).

A morphism of commutative Hopf algebroids over K is a k-algebra map ¢ : H — K
such that

QSOSH:SKv d)ot'H:tK:a
A op = (¢ @« ) oAy, £ 0 ¢ = €,
Frop=¢oSy.

If it is important to highlight that the commutative Hopf algebroid H is over K,
one usually writes that (K, H) is a commutative Hopf algebroid over k.

Observe that the existence of s and ¢ is equivalent to the existence of a k-algebra
extension 7 : K ® K — H that makes of H a (K ® K)-algebra.

IWhen involved in long computations, we will often omit the summation symbol.
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2.3. Co-commutative Hopf algebroids. Next, we recall the definition of a
co-commutative right Hopf algebroid. A k-algebra U together with a k-algebra
extension A — U is called an A-ring. A co-commutative right bialgebroid over
K is the datum of a possibly noncommutative k-algebra U and a k-algebra map
7 : K — U landing not necessarily in the center of U (i.e., a K-ring structure on
U), with the following additional structure maps:

e a morphism of right K-vector spaces ¢ : U, — K;

e a morphism of K-rings A : U — U xg U, where

Z 7(x)u; ®x v;

i

= Zui ®g 7(x)v; for all z € K}

UXKU3—{ZU11®KU'L€UT®KUT

is a right K-vector subspace of U, ®x U, via
(Zul Rk vi) L o= ZUZ @y v;7(z) = Zun(m) Ry Vs

This is one instance of the so-called Takeuchi-Sweedler’s x -product (see [Sw,
Definition 2.1] and [Tak, p. 460]). It is endowed with the k-algebra structure

I !/ I /
( E u; @y vi> E u; Qv | = E Uuj Qy UV}, luseu = 1v @« 1u
i j ij

and the K-ring structure given by the k-algebra morphism

K— U xg U, x> 7(2) Q@ Iy = 1y Qk 7(x);
subject to the conditions

e the composition U AU xg U C U, ®¢ U,, which we denote by A again, is
coassociative, it admits € as a right and left counit and it is co-commutative
in the sense that

AP (u) = Zu(z) Rk U1y = ZU(D ®@x u(2) = Alu)
(u) (u)

for any u € U;
e ¢ satisfies e(uv) = e(e(u)v) for all u,v € U.

The so-called Hopf-Galois map (or canonical map) attached to a right co-commu-
tative bialgebroid U is the map defined by

5 U @ U — Uy ®¢ Us, U®1Kv’—)zuv(1) Qx V(2)
(v)
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The co-commutative right bialgebroid (K, U) is said to be a co-commutative right
Hopf algebroid whenever its canonical map [ is bijective. If this is the case, then
there is a well-defined map 371 (1 ®x —) : U = U, @y U, u+ B71(1 ®4 u), known
as the translation map.

If it is important to highlight that the co-commutative right Hopf algebroid U
is over K, one usually writes that (K, U) is a co-commutative right Hopf algebroid
over k.

It is worthy to mention that if (K,U) is a right co-commutative bialgebroid,
then the category of right U-modules is a monoidal category and the restriction of
scalars functor (or forgetful functor) to the category of right K-vector spaces is a
strict monoidal functor. In this case, the category of U-modules is for free a left
closed monoidal category and (K, U) is a right Hopf algebroid if and only if the
forgetful functor preserves left inner homs-functors. For more details we refer to
[Sc] (see also [EG, Section 1.2]).

3. Differential operators and differentially recursive sequences over dif-
ferential fields. This section is devoted to stating and proving the main result
of the paper, concerning the Hopf algebroid structure on the space of differentially
recursive sequences. Namely, after recalling explicitly the Hopf algebroid structure
of the differential operator algebra of a given differential field, we introduce the
space of differentially recursive sequences, we prove that it inherits a Hopf alge-
broid structure from that and, finally, we compare these sequences with the usual
linearly recursive ones.

3.1. Differential operators over differential fields and Hopf algebroids.
Given K, 9 and k as before, we consider the skew polynomial algebra K[Y’; 9] asso-
ciated with K. For the sake of simplicity, we set K[9] := K[Y’; J]. Let us give a few
examples and then describe the Hopf algebroid structure of K[0].

ExXAMPLE 3.1. The field C of complex numbers (and, in general, any field) with the
zero derivation 0 = 0 is a differential field with constant field C itself. It’s associated
skew polynomial algebra is the algebra of polynomials in one indeterminate C[Y].

ExXAMPLE 3.2. For a field F of characteristic 0, the field of rational functions
F(X) = {p(X)/q(X)]|q(X)+#0} in one indeterminate, with derivation Jx
uniquely extended from dx : F[X]| — F[X], is a differential field with constant
field F itself. Notice that

1Y k)
8X<q<X>>‘ 4(X)?

for all non-zero ¢(X) € F[X], in light of the Leibniz rule. In this case, the associated
skew polynomial algebra is the algebra of differential operators of F (X) (see [MR,
Corollary 15.2.5 and Theorem 15.5.5]).

REMARK 3.3. In general, the skew polynomial algebra K[J] can be considered as an
algebra of differential operators of K (i.e., a subalgebra of the algebra of differential



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 557

operators of K). It is well-known that for C a differential field as in Example 3.1,
the skew polynomial algebra C[Y] is a Hopf algebra and its finite dual Hopf algebra
C[Y]° coincides (up to isomorphism) with the algebra Linc of linearly recursive
sequences over C (see [Ab, Section 3.5] for the explicit definition of the finite dual
Hopf algebra). This observation played a fundamental role in [ES1] and allowed us
to reveal the rich topological structure of Linc. The present section is devoted to
show that a similar identification holds over more general differential fields.

For any differential field (K, d) with field of constants k, the skew polynomial
algebra K[J] is a co-commutative right Hopf algebroid over K. In details, identify
2Y? with x for every 2 € K, so that we may consider the assignment 7 : K —
K[0],  — 2. This is a morphism of k-algebras which converts K[J] into a K-ring
(not a K-algebra, as 7 does not land into the center of K[J] because of equation
(1)). As a consequence, K[J] is a two-sided K-vector space with actions

Y- z=Y"z and z-Y"= ,;) (Z) ko R (a), 9)

for alln > 0, z € K. The counit is provided by the assignment ¢ : K[0] = K, Y —
00,n, extended by right K-linearity, where d,, , is Kronecker’s delta (i.e., d,, m =1
if n = m and 0 otherwise). The unique right K-linear morphism A : K[0] —
K[0] @y K[0] satisfying

A(Y") = Z (Z) Yk @, Yk (10)

k=0

for all n > 0 (where the tensor product ®y is taken by considering K[J] as a
symmetric two-sided K-vector space with left action induced by the right one)
is a well-defined coassociative and counital comultiplication that lands into the
Sweedler-Takeuchi x-product and such that A : K[9] — K[0] xg K[0] is a K-ring
map. The translation map is provided by

Br1l@, Y™) = i() R Y
=0

ExXAMPLE 3.4. For K = C(z) and 9, := 0/0z, K[,] is the universal enveloping
Hopf algebroid of the Lie-Rinehart algebra Derc(C(z)) = C(z2)d,, the free left
C(z)-module generated by 9,.

The space K[0]* = Homy (K[J], K) of right K-linear morphisms from K[J] to K
becomes a ring with the convolution product

(f+9)( Zf uy) 9 (u) . (11)

for all f,g € K[0]* and u € K[J].
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REMARK 3.5. The interested reader may check that, since the filtration
Fr(K[Y;0]) == @j_,Y*K is an admissible filtration on K[9] (in the sense of
[ES2, Section 3.4]) and since the translation map is filtered with respect to this
filtration, K[0]* becomes a complete commutative Hopf algebroid in the sense of
[ES2] (see in particular [ES2, Proposition 3.16] and [Sa, Section 3.3.1] for a detailed
treatment of the general case).

Notice that K is a (right) K[9]-module with action uniquely determined by
xz-Y = 9(x) for all x € K. In view of (10), a straightforward check by induction
shows that x-u = e(zu) for all z € K and u € K[J]. By the hom-tensor adjunction,
this action induces a k-linear map p : K — K[9]" such that p(z)(u) = z - u for all
z € K,u € K[J]. This u turns out to be a k-algebra morphism, since for all n > 0

)@ -

play) (F") = 0" (ay) & () 20" () D (u(@) * uy)) (V).
=0

As a consequence, K[J]* is a (K ® K)-algebra with 7' : K ® K — K[9]* uniquely
determined by n'(z ® 1) = ze and /(1 ® z) = p(z) for all z € K. Namely

7 KoK —s K], (:L‘@y — [P o E(yP)x]).

Tt is also a right K[0]-module with action induced by left multiplication on K9]

Ko ®K[0] = K[0],  f®ur fol, (12)
where A\, (v) = ww for all u,v € K[J).
3.2. The finite dual Hopf algebroid. All over the paper, by K[0]° we mean
the finite dual construction performed in [EG] and not the Sweedler dual of K[d]
(see also [AES2]). Recall from [EG] that K[9]° is constructed out of the symmetric
rigid monoidal k-linear abelian category of finite-dimensional differential K-vector
spaces (equivalently, the category of right K[0]-modules with finite-dimensional

underlying K-vector space). That is to say, out of those finite-dimensional (right)
K-vector spaces M endowed with a k-linear endomorphism 0y : M — M satisfying

Oy (mx) = Oy (m)x + md(z)

for all m € M, x € K. Notice that the following extension of (8) holds

(mx) kz_;)( ) m)o"k (z). (13)

Henceforth, we resort to the notation of [EG, Section 3.1]. For a given differential
K-vector space M, we denote by Ty = End((M, dyr)) its k-algebra of differential
endomorphisms (e.g., Tx = k), and for two given differential K-vector spaces M, N,
we denote by Thsn the k-vector space of all differential morphisms from (M, dps)
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to (N,0n). The (K® K)-algebra K[0]° is by definition the quotient two-sided
K-vector space:

D M @, M
(MwaM)

<7/1 Oy f(CC) - (7/} ° f) By, x>'¢}€N*,I€M7f€TJ\4N
with multiplication (see [EG, Equation (20)])

K[9]° :=

(78 0) - (VErg a) = (009) Broy,, (@S p), (14)

where Yo p : Q®x P = K, ¢ ® p — ¢ (¥(q)p) and where the overlined notation
stands for the equivalence class of a given element in the direct sum displayed in
the numerator.

The (K ® K)-algebra K[9]° is, in fact, a commutative Hopf algebroid (see [EG,
Theorem 4.2.2]) with source and target

so : K—=K[0]°, z—2®,1 and to : K= K[I]°, z—T1®.z, (15)

comultiplication

Ao :K[0]° = K[0]° @ K[0]°, @By, m> Y 0 Bry, € O € Oryy

K2

({ei7 ef} dual basis of M),

counit &, : K[0]° = K, ¢ ®r,, m — ¢(m), and antipode

S, : K[9]° — K[9]°, O Rry, M > eV, Qr, . P,

where ev,, : M* — K, + p(m), is the evaluation at m. Furthermore, K[0]°
always comes with a canonical morphism of (K ® K)-algebras

CKOP — KR (5@, m— [P p(m < P)])

where < is the action of K[J] on M. In this particular case, this ¢ is also injective
(see [EG, Corollary 3.3.6]).

REMARK 3.6. In addition, K[9]° is a differential K-algebra with respect to the
source s, and the derivation

0o : K[O]° — K[0]°, 9 ®r, M @y, (maY), (16)

and the target ¢, becomes a morphism of differential algebras with respect to this
structure.

Observe that the finite dual Hopf algebroid K[d]° is not, in general, the same
as the Sweedler dual of K[9]. In fact, recall that the Sweedler dual of an alge-
bra A is the space of linear functionals on A vanishing on a finite-codimensional
two-sided ideal. If we consider the example K = C(z) with 0, = 0/0z, then
K[0,] = C(2)[Y;.] is a simple ring (in light of [MR, Theorem 1.8.4], for instance).
Therefore, the Sweedler dual of K[d,] is zero. On the other hand, the existence of
the non-zero algebra map 7, : K® K — K[d,]° provided by s, and ¢, from (15)
ensures that the finite dual K[9,]° in the sense of [EG] is non-zero.
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3.3. Differentially recursive sequences. The set KN of all denumerable se-
quences of elements in K admits a left (eventually, symmetric) K-vector space
structure induced by the equivalent description

KN = Fun(N, K) = {a ‘N - K},
that is to say, given by the componentwise sum and action:
(a+B) (n) = a(n) + B(n) and (za) (n) = xa(n)

for all @, 8 € KN, z € K and n € N. As a matter of notation, a sequence in KN
will be denoted either as (a,),,~q, or as (a(n)),,~, or simply as a, meaning by this
the function o : N — K. On K~ we can also consider a product, called the Hurwitz
product,

(@i =3 () )awitn - (17)
k=0

for all a, 3 € KN and n € N, and the shift operator N' : KN — KN, given by
N(a)(n) = a(n+1) for all « € KN, n € N. Denote by H(K) the ring KN with the
Hurwitz product. With respect to this structure, H(K) becomes a commutative
K-algebra with unit morphism s : K — KN, 2 +— (2,0, ...), and A/, which is already
a K-linear endomorphism, becomes a derivation. Since this structure will be fixed
throughout the paper, we will often omit the - symbol in equation (17).

REMARK 3.7. Observe that A'(a) = 0 if and only if a(n) = x4, for some z € K,
whence H(K) is a differential algebra with subalgebra of constants K via s. In
particular,

N € Derg(H(K)) = {5 € Endy(H(K)) | §(af) = 8(c)B + ad(B) and 5o s = o}.

In addition, H(K) is a K-algebra with respect to the k-algebra map ¢t : K —
H(K), z — (0"(2)),,o- In the literature, the map ¢ has been called the Hurwitz

mapping of O (see [K2]) and the element ¢(z) has been called the Hurwitz expansion
of z. In particular, H(K) becomes a commutative (K @ K)-algebra with unit

n: KoK -— HK), zoy—— s@)t(y)=(20"(y)),en -

As such, we will consider it as a two-sided K-vector space with left K-action induced
by s and right K-action induced by ¢. It is noteworthy that ¢ : (K, 9) — (H(K), N
is a morphism of differential k-algebras. Furthermore, #(K) is also augmented over
K via the algebra map ¢ : H(K) — K sending o — ayp.

REMARK 3.8. Observe that Endy(#H(K)) is naturally endowed with a two-sided
K-vector space structure given by

x-F-y:=s(@)t(y)F : a— s(x)t(y) F(a)
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for all z,y € K, F € Endg(H(K)) and o € H(K). Thus, #(K) is naturally a right
K[0]-module, infinite-dimensional over K, with action uniquely determined by

adY = N(a) (18)
for all & € H(K).
We are now ready to introduce differentially recursive sequences.
DEFINITION 3.9. An operator £ = Z?:o t(c;)N* € Endg (H(K)), with ¢; € K and

cqg # 0, is said to have order (or degree) d. We set

Dling := {a € H(K)

d
L (a) =0 for some L = Zt(ci)/\fi,ci € K with ¢4 7&0}.

=0

An element « of Dlingk is called a differentially recursive sequence over K. The
minimum d such that « is annihilated by an operator of order d is said to be of
order a.

REMARK 3.10. Very informally speaking, the motivation for this terminology is
twofold. On the one hand, a sequence as in Definition 3.9 satisfies a differential
recursive relation with differential coefficients in the same way a linearly recursive
one satisfies a linear relation with constant coefficients (with respect to the differ-
ential A/). On the other hand, as we will see in Remarks 3.15 and 3.28, a sequence
is differentially recursive if and only if it is killed by a differential polynomial while
it is linearly recursive if and only if it killed by an ordinary one.

ExAMPLE 3.11. If K = C with the zero derivation, then s = ¢ and a differentially
recursive sequence in the sense of Definition 3.9 is the same as a linearly recursive
sequence in the classical sense, that is to say, a sequence of elements of C which
satisfies a recurrence relation with constant coefficients. Indeed, o € Dlinc if and
only if there exists cg,...,cq € C, ¢g = 1, such that

d d
i=0 i=0 n>0
if and only if aptg = — (C4—10nt+d—1 + Cd—2Qntd—2 + -+ + co), for every n > 0.

ExaMPLE 3.12. If K = C(z) with derivation @ = 9/9z, then t(p(z)/q(2)) =
(0™ (p(2)/4q(2))),,>0- Consider the particular case of an operator £ = Z?:o t(a; )N
in which a; € C for all ¢ = 0,...,d. Then the elements f € C(z) for which
L(t(f)) = 0 are exactly the solutions to the differential equation

aoy + a10(y) + a20*(y) + -+ + aad’(y) =0

with constant coefficients in C(z).
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3.4. The Hopf algebroid structure on differentially recursive sequences.
Henceforth, for the sake of simplicity and clearness, a sequence a = (a(n)),,~, =
(an),>o Will be denoted also by (). -

PROPOSITION 3.13. We have an isomorphism of (K ® K)-algebras

®:K[O] = H(K) : f = (f(Y*))

with inverse sending the sequence « to the right K-linear morphism f, uniquely
determined by the assignment Y™ +— «(n) for all n € N. Moreover, ® is also right
K|[0]-linear with respect to the actions (12) and (18), namely

O(f)aP(Y) =2 (forpw)) (19)
for every differential polynomial P(Y') € K[d].

Proof. At the level of K-vector spaces, the isomorphism @ is the one derived from
the following chain of canonical isomorphisms:

K[8]* = Homg (Gns0Y" K, K) 2 Homg (KW K) ~ KN = H(K).

By using the formulae (10), (11) and (17), the proof of the fact that ® is a (K® K)-
algebra map is immediate and the details are left to the reader. Now, let us check
explicitly the last claim. If P(Y) = Zfzo Yic;, ¢; € K, then for all n >0

d d n
(®(f)<P(Y (Zt i) j\/l ) ZZ( )ak cl)f(Y" k+z)
0 k=0

(2 1=

_ f n Y”_k+i5k(0¢)>
(E20)
d
-t (Z yic,.y") = (£oApm) (V") = B (£ 0 hpy) (),

=0

which gives the stated equation (19). O

COROLLARY 3.14. The pair (K, H(K)) is a complete commutative Hopf algebroid
with respect to the structure maps and the linear topology coming from that of
K[O]* via ®.

Proof. 1t follows from Proposition 3.13 together with the observation of Remark
3.5. O

REMARK 3.15. Observe that if P(Y) = Zd Yic; then L(a) = a < P(Y), where
L = Z t(c;)N*. This in particular justifies the terminology used before: the
degree of a. Furthermore, thanks to the division algorithm on K[J] (see [O]), for
every a € Dling we may assume that £ such that £(«) = 0 is the operator asso-
ciated with the monic generator P(Y") of the right annihilator Ann (o) = {Q(Y) €
K[0] | a < Q(Y) = 0}.
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PROPOSITION 3.16. Both maps s,t : K — H(K) land into Dling. Moreover, via
® of Proposition 3.13, differentially recursive sequences correspond to linear maps
f : K[0] — K vanishing on a principal right ideal of K[0]. More precisely, for
f € K[8]* we have that ®(f) € ker (L) with £ = Y% t(c;)N?, ¢; € K, if and only
if ker (f) 2 P(Y)K[0], the principal right ideal generated by P(Y) = Z?:o Yic; in
KJ[9).

Proof.  Clearly, for every z € K we have that N (s(z)) = 0, whence s(z) is
differentially recursive. Moreover, since we already know that N (¢(x)) = t(d(x))
because t is a morphism of differential algebras, it is clear also that L(t(z)) = 0
with £ = ¢(d(z)) — t(z)N, whence t(z) is differentially recursive as well. This
proves the first claim. Concerning the second claim, assume that ®(f) € ker (L)
with £ = "% #(c;)N* and set P(Y) := .7, Yi¢; € K[d]. Then,

0=L(®(f)) = () a P(Y) Z ®(f 0 Ap(y)).

However, being ® invertible, this means that for every u € K[9], f(P(Y)u) = 0 and
hence ker (f) 2 P(Y)KI[0]. Conversely, if ker (f) 2 P(Y)K[0] then f o Apyy =0
and hence a9y
19
0=2(foApr)) = O(f)aP(Y).

Thus, £ (®(f)) = 0 with operator £ = Z?:o t(c;) N O

As a matter of notation, for every f € K[0]* as in Proposition 3.16 we will write
P¢(Y) for the polynomial Z?:o Yic;, so that ker (f) 2 Pp(Y)K[9]. If moreover
[ = fa = ® !(a) then we will write P,(Y) instead of P¢(Y). In particular, by an
harmless abuse of notation, from time to time we will write £ = P, (N). Observe
that for every x € K, Py;)(Y) = d(z) — Y.

REMARK 3.17. Let us observe that the foregoing arguments and constructions can
be realized over any differential algebra (A, d) instead of a differential field (K, )
with no additional effort. In this more general context one may also show that the
assignment R — H(R) induces a functor H : Alg, — DiffAlg, from the category of
k-algebras to that of differential k-algebras, which is right adjoint to the underlying
functor U : DiffAlg, — Alg forgetting the differential structure (see [K1]). The unit
of this adjunction is exactly ¢ : (4,9) — (H(A),N), a — (9°(a)), and the counit
is € : H(R) — R, a — «(0). The distinctive feature of the field case is that
we may always assume P,(Y) to be monic and hence the ideal P, (Y)K[J] to be
finite-codimensional, as we will need later on.

Our next objective is to show that Dlink is isomorphic to the finite dual Hopf
algebroid K[0]° of K[J] as a (K ® K)-algebra. Our first step will be that of showing
that, for a given differential vector space (M, dys) and a given element ¢ ®,,, m €
K[0]° (i.e., the equivalence class of the homogeneous element ¢ ®,,, m € M* ®,,
M), the sequence

(2 (B3,(m))) = @ (¢ (¢ ®r,, m)) € K,
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satisfies a particular kind of (differential) recursion, where @ is the isomorphism of
Proposition 3.13.

PROPOSITION 3.18. Given an element of the form ¢ ®@,,, m € K[0]°, then a :=
(¢ (0%;(m))) is a differentially recursive sequence in H(K). That is to say, there
exist 0 < d < dimg (M) and ¢y, ..., cq € K such that Z?:Ot (i) Ni(a) = 0.

Proof. Write d’ := dimg(M). Then the set {m, v (m),. .. ,aj‘\l/l[(m)} is linearly
dependent over K, in the sense that there exist cg,...,cq in K such that mcg +
O (m)ey + -+ 04 (m)eqr = 0. If 0 < d < d’ is the maximum index for which
cqg # 0, we may look at the set {m,@M(m), .. .,8j'\l4(m)}, which is still linearly
dependent over KK, and at the relation mco+9a(m)cy +- - - +09%,(m)cg = 0 instead.

Then
0= (Zé‘M )““ZZ( )it mot e,

=0 k=0

for all n > 0 and hence

n

0@(22( Yt mot )ZZ(Z) (@5~ m) 0¥ (e

=0 k=0 1=0 k=0
d n d
=2 <Z) 0" ()N (i (93, (m))) = Do tedN (v (m)))> (n)
i=0 k=0 i=0
as claimed. O

Conversely, pick o € H(K) and consider

fo =27 o) : K[9] K
Y —a(n)

(20)

If a € Dling then, by definition, there exists £ = Z?:o t(c;)N'* such that a €
ker (£) and hence f, vanishes on P,(Y)K[9] where P,(Y) = Z?:o Yic;. The
quotient K[0]/P,(Y)KI[0] is a right K[0]-module and we may consider the mor-
phism f, € Homy (K[9]/P,(Y)K[9], K) induced by f,. We denote by 1 := lkg) +
P, (Y)KI[0] the equivalence class of the unit 1k of the algebra K[J].

PRrROPOSITION 3.19. For a € Dling, the right K-vector space
M, = K[0]/ P (Y)K[0] is finite-dimensional and a differential K-vector space with
differential Ops, given by acting on the right via Y.

If « is of order d (i.e., it is annihilated by an operator L of order d), then
dimg (M) = d. In particular, the element fa Oy, 1 is a well-defined element in
K[0]°. Moreover, for all n € N, it satisfies

fa (93, (D) = a(n). (21)
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Proof. If P,(Y) = Z?:o Yic; and d = deg(P,(Y)), then we claim that M, =
K[0]/P.(Y)K[O] is the right K-vector space generated by the vectors y; := Y +
P,(Y)K][9] for i =0,...,d — 1. Consider the obvious right K-linear morphism

VDU~ K

induced by the inclusions ;K C K[9]/P,(Y)K][0]. Let us see first that it is injective.
Assume that

d—1 d—1
0=v | Y ya; | =D Ya; + Pa(Y)K[D]
7=0 7=0

and assume, by contradiction, that ZJ _oyjz; # 0. Then there exists u € K[0]
non-zero such that Ej:o Ty = (Zi:o Y’ci> u. Let Y®u, be the leading term of
u (the summand with highest degree such that us # 0). Then

d s
(Z Y’cl> Yiu, ® ZZ ( )Y”ké‘s k(cz)us
i=0 k
d s—1
Y cqus + Z Yitscus + Z Z < >Yi+k65_k(ci)us

=0 k=0
. d ; .
and hence Y4t5c u, is a summand of (Zi:o YZCZ'> u. However, being s > 0, ystd

appears with 0 coefficient in Z?;é Y7z, and hence we should have cqus = 0, which
is a contradiction. Summing up, E?;é y;z; = 0 and v is injective. To see that
it is surjective, consider the following facts. First of all, since ¢4 # 0, we may
assume that c¢; = 1 and hence that y; = Zi;é ync},. On the one hand, for every
0<j<d-1,y; =Y+ P,(Y)K[0] = ¢(Y;). On the other hand, let us show by
induction on r > 0 that for every j = d+4r we have that y; € ZZ 0 "y, K. For r =0,

we know that yq = tho ync), € ZZ—:O y;IK. Assume then that the property holds
for all 0 <[ <r —1 and let us see that it holds for r. Compute

y; =Y + Po(Y)K[O] = YY" + P, (Y)K[0] = (Y + P,(Y)K[0]) <Y

d—1 d—1 r
(Z Yhe, + P, (Y)K[@}) v ZZ< >Yh+kar B (c)) + Py (Y)K[O]
h=0 h=0 k=0

d—1 r

-y (;) (Y 4 Py(Y)K[D]) 07 (c})

h=0 k=0
where < is the K[0]-action on M,. Now, forallh=0,...,d—1,k=0,...,7, we

have h+k < d+7 — 1 and hence Y"** + P (Y)K[9] € Zz o ¥iK by the mductlve
hypothesis. Therefore,

d—1 r d—1i
=33 (1) 0 P ) 0 G € Tk
h=0 k=0 =0
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as claimed. By induction, we conclude that v is surjective and hence an isomor-
phism. This allows us to conclude that M, is a differential K-vector space as
claimed and the differential is exactly the linear endomorphism induced by right
multiplication by Y.

Concerning the last claim, it should be clear now that, for every n > 0, we have
that |

fa (91, (D) = fa (yn) = fa(Y") = a(n).

As a consequence of Propositions 3.18 and 3.19 we can prove the main theorem
of this section, that allows us to describe the finite dual of a skew polynomial
algebra as the space of linear functionals vanishing on a finite-codimensional ideal
and to relate it with differentially recursive sequences.

THEOREM 3.20. The isomorphism ® of Proposition 3.13 induces an isomorphism
of (K ® K)-algebras ¢ : K[0]° — Dling such that ®o( = ¢. It is explicitly given by

¢ (¢ @r,, m) = (¢ (0%;(m))) with inverse ¢~ (o) = fa ®r,, 1, for all p @, m €
K[@]O and all o € Dling. Furthermore, ¢ is an isomorphism of differential K-
algebras.

Proof. 1t follows from Proposition 3.18 that ® o ¢ lands into Dling, thus inducing
the claimed morphism ¢. Being ¢ : K[9]° — K[J]* injective, ¢ has to be injective.
From Proposition 3.19 it follows that the assignment ¢~! : Diling — K[0]°, a —
fa ®r,, 1, is a section of ¢ (i.e., po ¢~ = Idpiin, ), whence ¢ is surjective as well
and hence an isomorphism. To show that ¢ is also compatible with the differentials,
let us consider a generic element » ®@,,, m € K[J]°. Then

6(0u(@ Ty ) = 0(¢ @, (m < Y)) = 6(¢ 0,y O (m))
= (¢ (93 (m))) = N(é(p@r,, m))

where J, is as in (16). Thus, we have ¢ 0 3, = N o ¢ and so ¢ is a differential
morphism. O

COROLLARY 3.21. Up to the canonical morphism ¢, K[0]° can be identified with
the (K ® K)-subalgebra of K[0]* of all those linear functionals vanishing on a finite-
codimensional (principal) right ideal.

REMARK 3.22. Something more general than (21) can be said, in light of Theorem
3.20. In fact, observe that K[0]° is a right K[]-module with action given by

(90 ®TM m) «u= (p®TM (m <« U)

for all p ®r,, m € K[9]°, u € K[0], and, as such, it is an K[d]-submodule of K[d]*.
Therefore, Diing inherits a structure of right K[0]-module such that ¢ is K[J]-
linear and, in particular, it becomes a right K[J]-submodule of H(K). Therefore,
for every ¢ > 0 we have

(Fu (080, ) = 6 (Ja 1y, ) =0 (Ja ©r,y, 1Y) =0V = N (@),
(22)
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As a consequence of Theorem 3.20 we can finally state the central result of the
paper.

THEOREM 3.23. The k-algebra Dlink of differentially recursive sequences enjoys a
structure of commutative Hopf algebroid over K. The structure maps are explicitly
given by the source s and the target t from Proposition 3.16, the counit ¢ : Dling —
K, a — «(0), and the comultiplication

d-1
A : Dling — Dling @, Dling,  ar— > N (e) @ (] (), (23)
=0
where {y; =Y + P,(Y)K[9],y; }i:O 4, Is the dual basis of M,, and d is the

degree of a. Lastly, the antipode is given by

& : Dling — Dlink, o — (i: <Z> (_1)n*kak (a(n o k)))

k=0 n>0

Proof. The structures come from those of K[d]° via ¢ of Theorem 3.20. O

REMARK 3.24. We know, for abstract reasons, that if a, 5 € Dlink, then o - 8 €
Dlink as well. However, before proceeding, the reader may be interested in knowing
explicitly which differential operator the product of two differentially recursive
sequences satisfies.

To this aim, assume that L£,(a) = 0 = L5(8) with £, = Z?io t(a; )N and
Lz = Z t(b;)N*, a;,b; € K. In light of Theorem 3.20,

a-f=¢ (¢ (a) 07'(B))
“o(om ) (50, 1) o (7o) By, (1501

By Proposition 3.18, o - 8 is annihilated by an operator L,.3 of order d such that

O<d<dlmK(Mﬂ®K ) d dB
(see Proposition 3.19 as well). Therefore, we may assume L,.5 = Zd“dB t(z;) N for

some (not necessarily non-zero) x; € K, i =0,...,dydg. Consider the (non-linear)
system of equations

0="Lyp(a-B)(n)= . (Z)@k(xi)(a-ﬁ)(n—k+i)7 0<n<dydg—1,
(24)

2 Apart from its own interest, this computation could perhaps have a certain interest form a
combinatorial point of view.
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in the d,dg + 1 unknowns o, ..., zq,q,. By Proposition A.2, this is equivalent to
the homogeneous (linear) system

deds n
3 <Z <Z)(1)kak (- B)(n—k+ i))) =0, 0<n<dads—1, (25)

1=0 k=0

which necessarily admits a non-zero solution (recall that « - § € Dling, whence
Lq.p exists and it satisfies (24)). Conversely, in light of Lemma A.1, any solution
of (25) (and hence of (24)) gives rise to an operator £ which annihilates a - .
Therefore, in order to find an operator L,.5 such that 0 = L,.g(a - 8) it is enough
to solve (25).

Let us show the procedure in detail on a concrete and easy-handled example.

EXAMPLE 3.25. Consider p,q two non-zero scalars in K and assume that 0 =
ad(Y —p),0=8<(Y —q), a(0) # 0 and 3(0) # 0. Then the recursions are

a(n+1) i}() a(n—k) and  B(n+1) i() B(n — k)

for all n > 0. In particular, one may check directly that

(1) = pa(0) B(1) = qp(0)
a(2) = (p* +9(p)) a(0) B(2) = (¢° + d(q)) B(0)
by iterative substitution (we will come back on these computations with more detail

in Section 4). Now, consider the relation (a-8) < (Ya+b) = 0. For n = 0, this
gives rise to the equation

a(a(1)B(0) + (0)5(1)) + ba(0)5(0) = 0
which, after substituting and cancelling a(0)3(0), becomes
a(p+q)+b=0.

For n =1 it gives rise to

a(a(2)B(0) + 2(1)5(1) + a(0)5(2)) +
+(9(a) +b) ((1)5(0) + (0)5(1)) + 9(b)(0)5(0) = 0,

which, after substituting and cancelling (0)3(0), becomes
a (p* +0(p) +2pq + ¢* + 9(q)) + (9(a) +b) (p + q) + I(b) =

Observe that, since b = —a (p + q), we get

a(p® +9(p) +2pq + ¢* + 0(q)) + 0(a) (p+ q) — a (p* + 2pq + ¢*) +



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 569

—09(a) (p+q) —a(d(p) +9(q)) =0,

that is to say, the second equation is identically satisfied and Ya + b is determined
by any solution of
a(p+q) +b=0,

as we were expecting. The easiest one is, of course, a = 1 and b = —(p + q),
ie, Pop(Y)=Y —(p+¢q).

Let us devote an additional bit of time to see a second, more meaningful, ex-
ample with a bit less of details.

EXAMPLE 3.26. Assume that 0 = a<(Y —p), 0 = 8<(Y? =Y q1—qo), a(0) = a # 0
and (8(0),5(1)) = (bo,b1) # (0,0). Assume also that a = 1. As in Example 3.25,
this is not restrictive. Then the recursions are

aln+1) = kz:; (Z) 8* (p) a(n — k) and

802 = 3 ()04 (@) dln =kt 1)+

k=0

n

()" () 500

k=0

for all n > 0. In particular, one may check directly that

a(0) =1,

a(l) = p,

a(2) = p* + d(p),

a(3) = p® + 3pd(p) + 0% (p),
(4)

4) = p* + 6p°9(p) + 4p0*(p) + 3(3(p))* + 8°(p),

+ (giq0 + 110(q0) + 2q00(q1) + a§ + 9°(q0)) bo

by iterative substitution as before. Now, consider the relation
(a-B)« (Y2a +Yb+ c) = 0. For n = 0, this gives rise to the equation

((P* 4+ 0(p) + qo)bo + (2p + q1)b1) @+ (pbo + b1) b + boc = 0. (26)

For n =1 it gives rise to

((p* + 3pd(p) + 0*(p) + 3pgo + q190 + A(q0))bo +
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+(3p? + 30(p) + 3pa1 + i + 9(q1) + qo)b1) a+

—|—((p2 + 0(p) + qo)bo + (2p + q1)b1) (8(a) + b)+(pbo + b1) (c+0(b))+bod(c) = ((). |
27

For the sake of brevity, we omit here the expression for n = 2. Now, a priori this
situation gives rise to three different possibilities.

(1) by = 0 and we may consequently assume by = 1. In this case, (26) gives b =
—(2p+q1)a. If we substitute it in (27) then we get ¢ = (p*+pg1 —qo — (p))a.
A straightforward but tedious computation confirms that the third equation
is identically satisfied and hence

Pop(Y)=Y?+Y©2p+aq) — (p° +pa1 — g0 — O(p)) - (28)

Having ruled out the case by = 0, we may assume henceforth that by = 1 and
substitute b; with w := by /bg. Under these hypothesis, (26) gives

c=— (p2+8(p) + g0+ (2p+ q)w) a— (p+ w)b. (29)

(2) w satisfies the (generalized) Riccati equation d(w) = gy + wq1 — w? (see [R,
Section I.1]). In this case, (27) turns out to be automatically satisfied and
hence P,.s is determined simply by (29). Therefore

Pop(Y) =Y = (p+w).

This is a case in which the order of the product is strictly smaller than the
product of the orders.

(3) w does not satisfy the (generalized) Riccati equation, i.e., d(w) # qo + wqy —
w?. In this case, by substituting (29) into (27) we find out that b = —(2p+q1)a
and that the third equation is identically satisfied (as expected). Therefore,

Pos(Y)=Y?+Y(2p+aq) - (v° +par — a0 — (p)) ,
which coincides with (28).

Back to the main topic, Corollary 3.21 gives a description of K[9]° that closely
resembles the classical one: for an ordinary Hopf k-algebra H, H® is the subalgebra
of H* of all those linear functionals that vanishes on a finite-codimensional (two-
sided) ideal. As a consequence, a very natural question arises. Recall from [AES2,
Section 4] that there exists a second finite dual construction for co-commutative
Hopf algebroids, obtained via the Special Adjoint Functor Theorem. This alter-
native finite dual K[9]® is, in a suitable sense, the biggest K-coring inside K[d]*.
Namely, it is uniquely determined by the following universal property: K[9]°® is a
K-coring together with a k-linear map ¢ : K[9]® — K[0]* which satisfies

§(2)(w) = &(z) (7 (€ (22) (W) v),  &(2)(Ike) = &(2)
and  {(z-z-y)(u) = x€(2)(T(y)u) (30)
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for all z € K[0]°, u,v € K[J] and x,y € K. It is universal with respect to this
property, in the sense that if C is another K-coring with a k-linear morphism
f: C — K[0]* satisfying (30) then there exists a unique coring homomorphism
f: C — K][0]® such that £ o f: f. In light of this, it is natural to ask how K[J]°
(and Dling) are related with K[9]°, which will give the second universal property

mentioned in the Introduction.

THEOREM 3.27. For a differential field (K, ), the two-sided K-vector space of
differentially recursive sequences Dling with the inclusion Dling C K[J]*, which
we denote by £, satisfies the universal property of the Hopf algebroid K[9]°®. In
particular, we have a chain of isomorphisms K[9]° = Dling = K[0]® of commutative
Hopf algebroids.

Proof. Assume that C is a K-coring together with a k-linear morphism g : C' —
K[0]* satisfying (30). For every ¢ € C, write explicitly A(c) = >27_, ¢} @« ¢]. All
the morphisms g (c;-’) for j = 1,...,r admit a kernel ker (g (c;’)) C KJ[9] which is of
codimension 1. In particular, since there is only a finite number of them and K[J]
is infinite-dimensional, (;_, ker (9(cf)) 2 P(Y) # 0. In light of (30), for every
n >0

9(e) (PL(YIY™) = 3 g (&) (7 (9 () (Pe(¥)) ¥Y™) = 0

and hence ker (g(c)) 2 P.(Y)K][9], which is a finite-codimensional (principal) right
ideal. Summing up, g factors uniquely through ¢’ : C' — Dling,c — ¢, where
&(g%) = g(e) for all ¢ € C and we have the following chain of equalities

g(@(Y") =&(g)(Y") = go(n) = for (Y") = Jyr(yn),  YneN,  (31)

where f,, € (K[0]/P,, (Y)K[9])" is the factorization through the quotient of f,, =
&(g.). Let us check that with the structure introduced in Theorem 3.23 and with the
canonical inclusion & : Dling — K[0]*, a — fq, as K-coring Dling satisfies relations
(30). First of all, ¢ is K-bilinear because ® of Proposition 3.13 is. Secondly, in light
of (20), £(a)(1k[s)) = @ (0) = e(a). Thirdly, we have that

d—

Soé(am) (€ (aw) () ) B e (W (@) (¢ @ wen) (vF) ¥7)

(@)

-

i
d—1 d—1

J
= . (axfa (2 iy <yk>>> = fa B3 () & aln+ k) = £(@) (Y")

i=0
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where in (%) we used the right K-linearity of fu. Therefore, ¢ satisfies the condition
(30). We are left to check that the morphism ¢’ : C — Dling,c — g, where
g.(n) = g(c)(Y™) for all n > 0, is a morphism of K-corings. Again, it is K-bilinear
because g : C — K[9]* was and ® is. It is counital because

(30)

e(90) = 9.(0) = g(c)(1gja) = ec(c).
It is comultiplicative because
(23) (31) =
Ay Z/W a0 @ (y; (we) E S (9 ) ®s (7 (ve))
1=0 i=

de—1
(30)

=3 (9leqy) (gle) (V) Y*)) @ (0 (v))

—< e (go( )Y’fa”—’“ (92(2) (z’)))) @ (¥ (ys))

d
n>0

URS
de.—1 n
(31) $ (Z (Z)gém (k) 0" (gern, (i))) ®x (Y5 (Ya))
k=0 nz0

=0
(a7) el '
= 2 e (9c<2> <z>) ®x (47 (ya))
=3 gl @5 (9l ) - 7 (50)

Z Iy ® (fgq , Wi () = >l (for,,, (w0)
@ Z L e (9 () (V) = chm D oy = (9 @2 9) (Ac(e)),
(c)

where d. is the degree of g... Therefore, it is a coring homomorphism and the proof
is complete. O

3.5. Comparing linearly and differentially recursive sequences. Let us
conclude the section by showing how the notion of differentially recursive sequences
is related to the classical notion of linearly recursive sequences over fields. Given
any field IF, recall that a sequence a € FY is linearly recursive if there exist d > 0
and coefficients b, ...,bg_1 € F such that

a(n+d) =bg_1an+d—1)+ -+ boa(n)

for all n > 0. The space of linearly recursive sequences over F will be denoted
by Ling. Notice that « is linearly recursive if and only if it satisfies £(a) = 0
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where £ = Z?:o s(c;) Nt and ¢; € F for all i = 0,...,d. If F is considered as
differential field with the zero derivation, then the morphisms s,t : F — H(F)
obviously coincide. Therefore, a linearly recursive sequence over I (in the classical
sense) is the same as a differentially recursive sequence over (F,0) (in the sense
of the present paper). Thus, the notion of differentially recursive sequence does
not add anything new to the picture when the base field is differential with zero
derivation.

In general, for a differential field (K, ), the spaces Dling and Ling are related
by the following commutative diagram of k-algebras

H(K)
PN
DlinK £inK

~ 7

Eink

where, as usual, k is the field of constants of (K,d) and all the morphisms are
injective. In the forthcoming Example 3.29 we show that, in general, Dling and
Ling have different images inside H(K).

REMARK 3.28. Consider the assignment A\, : K — Endyg(H(K)) sending every
z € K to the endomorphism () : H(K) = H(K),a — s(z)a = (ray)nen. Itis a
morphism of k-algebras satisfying N o Ay(z) = Ag(z) 0N for every x € K. Therefore,
it extends to a unique k-algebra morphism A : K[Z] — Endg(#H(K)) which makes
of H(K) a left K[Z]-module with action

P(Z)>a=L(x),

where £ = Z] _os(pj)NV if P(Z) = Z?:o p;Z7. With this interpretation, a €
Ling if and only if P(Z) a = 0 for some P(Z) € K[Z]. However, this procedure
does not convert H(K) into a (K[Z], K)-bimodule, as

Zv(a<z)=2Zv () o) =N ({t(z) a) =t(0()) a+t(z) N(a)

while

(Zva)az =t(z) - N (a)
for all x € K, a € H(K). In particular, #(K) is not a (K[Z], K[Y; d])-bimodule.
EXAMPLE 3.29. In general, there is no evident relation between Dling and Link.

Consider, for example, the case K = C(z) with the usual derivative 9, = 9/9z. If
we pick 1/z € C(z), then

() () - (b b A Yo

and satisfies ¢(1/2) < (0.(1/z) — Y (1/2)) = 0, whence it belongs to Dling(,). How-
ever, let us show that it cannot belong to Ling(,) by mimicking the proof of [AES],
Lemma B.6]. Observe that if we assume that
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— - NN L\ _ : i (A i)le
o_izos(cz)/\/ (t (Z>>_ (ZO( DT nZO
:<Z?_o<—1>n+i<n+i>!cizdZ‘) . (32)
n>0

Zn+d+1

then, in particular, the set of elements {cozd,...,cd_lz,cd} C C(z) satisfy the
(d+1) x (d+ 1) linear system:

0! —1! 2! e (—1)4d! coz?
—1! 2! —3! e (=DM A+ 1) c12%71
2! -3 4! e (=DM 2)! ] : -0
. : : . Cd—1%
(—D)4d! (=D d+ 1) (=) d+2) - (—1)%%(2d)! ca

The matrix of this system is T = ((—1)*”(2’ + j)!)A , for 4,7 that run from 0 to
0.
d and its determinant satisfies

det(T) = det ((—1)i+j(i +j)!)
d d
= det ((—1)i+jz'!j!qij) = <H(—1)%‘!> H(—l)jj! det(Qq)

d 2
- ((_1)‘““?” Hi!) det(Qq) = (011! - - d!)? det(Qq)

i=0

where ¢;; = (Hl']) and Qg is the d-th Pascal matrix. In view of [BP, Discussion
preceding Theorem 4], we know that det(Qs) = 1, whence det(T) # 0 and hence
T is invertible. As a consequence, the only solution turns out to be ¢; = 0 for all
i=0,...,d, and so there is no non-trivial relation of the form (32).

In the other way around, consider the sequence o = (2*) = (1,2,22,...) €
C(2)N. This is linearly recursive since it satisfies (2 — Z) > a = 0, but it cannot
be differentially recursive because of the following argument. Assume, by contra-
diction, that there exists P(Y) = Zj:o Yie; € C(2)[Y;0.] with ¢4 # 0 such that
a <4 P(Y) = 0. This implies that

(EE o) (£ )

By induction on m, one deduces from this that Z?:o 0™ (c;)z* = 0 for all m > 0.
Now, from Z?:o ™ (¢;) ' = 0 we deduce that

d d d d
0=20, <Z ™ (¢;) z) =D 0" (e) 24 Y 0T (e) 2 =D 0T (e) 2
1=0 1=0 1=1 =1
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and hence Z?:l i07 (c;) 271 = 0 for all m > 0. In the same way,

d d d
0=20. (Z 0 (ci) z“) =i (e) 2T (i — 1) (e) 2,
i=1

i=1 =2

so that Z?:z i(i — 1)0™ (¢;) 2°72 = 0 for every m > 0. By proceeding inductively,
after d steps one concludes that d!07"(cq) = 0 for every m > 0. In particular, for
m = 0 we find dlcgy = 0, which contradicts the choice of ¢4. Thus, there does not
exist P(Y) # 0 such that a < P(Y) = 0.

Summing up, there exist linearly recursive sequences that are not differentially
recursive and conversely. In addition, there exist sequences which are linearly and
differentially recursive but that are not coming from Linc. The easiest example is
s(z) = (2,0,...): it satisfies N (s(z)) = 0, which identifies it as a linearly and a
differentially recursive sequence (Z > s(z) =0 = s(z)<Y), but it is not an element
of CN. In fact, any sequence with compact (finite) support would be linearly and
differentially recursive without being in CN.

4. Connections with linear differential matrix equations. This section
is devoted to explain how differential linear matrix equations can be approached
by means of differentially recursive sequences. Firstly we show that the space of
these sequences can be seen as a direct limit of all spaces of formal solutions of
linear homogeneous differential equations (that is, it is a kind of “universal formal
solution”). Secondly we comment on how Picard-Vessiot ring extensions can be
constructed from the Hopf algebroid of all differentially recursive sequences by
analysing, for the sake of simplicity, the case of two-dimensional differential vector
spaces.

As before we fix a differential field (K, 9) with (non-trivial) sub-field of constants
k and we consider its differential algebra of Hurwitz series (H(K), ') and its algebra
of differential operators K[J].

4.1. Dlink as the universal algebroid of solutions. Consider a differential
operator £ = Z?:o t(c;)N* and set Pp(Y) := Z?:o Yc;, the associated element
in K[0]. For any a € H(K) solution of £(«) = 0, we have that the map f, of
equation (20) vanishes on the right ideal P (Y)K[0] and conversely. Therefore, the
following correspondences are bijective

IR

ker (£) — (Pe(Y)K[9])* (Pﬁ?ﬂg[m) | (33)
(o%; fozI fa

where (Po(Y)K[O])™ = {f : K[o] = K| f (Pz(Y)K[]) = 0}.
In light of this, we refer to M* := (K[9]/P.(Y)K[J])" as the space of solutions
of the differential equation £(«) = 0. It is a differential module itself with

Ompx Me™ — Mc™, [ [m = 9(f(m)) — f (Om,(m))]
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and a left K[9]°-comodule with coaction

deg(Pz)—1
PM* ¢ Mg* — K[a}o ®x Mc", fr— Z (f ®TML yi) QY - (34)
=0

EXAMPLE 4.1. Here are some basic examples. Let R be the field of real numbers
with zero derivation.

1. Consider the differential equation 9 (y) = yx for z € R. To it, one assigns
the operator £L = N — t(z) on H(R) which corresponds to the polynomial
P:(Y)=Y —x € R[Y;0]. The space of solutions of £ is the one-dimensional
vector space (R[Y]/P.(Y)R[Y])", which means that any solution is a scalar
multiple of the one associated with the linear functional R[Y]/P.(Y)R[Y] —
R, 1+ 1. By pre-composition with the canonical projection, we find R[Y] —
R, Y™ +— 2", corresponding to the sequence (1,z,...,z™,...), which in turn
can be seen (via the algebra isomorphism R[Y]* 2 R[[T]]) as the power series
Ym0 “"n—T;T” = exp(zT). It is well-known that the solutions of ' = yx are of
the form y = cexp(xT) for ¢ € R.

2. Consider the equation 92 (y) + w?y = 0 with w # 0. The space of solutions
of the associated operator £ = N2 —t (w?) is (R[Y]/ (Y2 — w?) R[Y])", which
is 2-dimensional. Therefore, any solution is a linear combination of those
corresponding to the morphisms y; and yj. Now, by pre-composition with
the canonical projection, y§ corresponds to (1, 0, —w?,0,w*, 0, —wb, .. ) while
y] corresponds to (O7 1,0, —w?,0,w?,0, —wb, .. ) One would easily recognize
the power series expansions of cos(wT) and L sin(wT'), as expected from the
theory of ordinary differential equations.

Analogously, one may consider a differential polynomial P(Y) € K[J] and set
Mp :=K[9|/P(Y)K[0]. If Lp = Z?:o t(c;)N'* denotes the associated differential
operator then Mp* = Homg (Mp, K) = ker (Lp) can be seen as a sub-space of
Dli?’L]K.

REMARK 4.2. Let us introduce, for the sake of brevity, the componentwise deriva-
tion

ViH(K) — HEK),  V(8) = (0(B(n))),=

and observe that the inverse of (33) is explicitly given by M * — ker (L), f —
(f(Yn)),;>0- Thanks to this, one may endow ker (£) with a structure of differential
K-module with

8ker([)) (Oé) = V(Oé) - N(Oé)

for every a € ker (£).

The following proposition shows why K[0]°, or Dling, can be referred to as the
universal space of solutions.
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PROPOSITION 4.3. The family {Mp* = Homy (Mp,K) | P(Y) € K[a]}, where
Mp = K[0]/P(Y)K][9], forms a directed system of left K[0]°-comodules with mor-
phisms mpo* : Mp* — Mg* induced by the canonical right K[0]-linear projections
mpq : Mg — Mp for Q(Y) € P(Y)KI[J]. Moreover, we have the following directed
limit
limg  (Mp*) = K[o)
P eK[a]

of left K[0]°-comodules with canonical injections being the comodule maps Mp* —
K[0]°, f + f 1y, 1, where K[9]° is a comodule over itself via the comultiplication
A, (see §3.2).

Proof. The morphisms mpg* : Mp* — Mg* are colinear because of the following
direct computation

deg(Q)—1 %) deg(Q)—1
Z 7TP,Q*(f) ®TMQ Yi Ok y: = f ®TMP TP,Q (yz) Qk y:
i=0 =0
deg(P)—1
= Z [ ®ny i ®umpQ” (7)
=0

where (%) follows from the fact that 7p ¢ is a morphism of differential modules
and hence it belongs to Thig,Mp and () from the fact that the dual basis map

K — Mp* @ Mp, 1 Z?i%(m*l y; Qg y§ satisfies

deg(Q)—1 deg(P)—1
Z Tpq (Vi) ®x y; = Z Yi @ mpQ" (Y7) -
i=0 i=0

Let us show that K[J]° satisfies the universal property of the stated colimit. First
of all, for every P(Y) € K[J] consider the assignment ¢p : Mp* — K[3]°, f
f ®ryy,, 1. For all z € K and for all f € Mp*, we have that

¢P(:L"f):’(/)P(/\Iof):)‘wof(@TMPi:‘r'(f@TMP i)’

whence ¥ p is K-linear and

deg(P)—1 deg(P)—1
Ao (wP(f)) = Z f ®TMP Yi Ok y: ®TMP 1= Z f ®TMP Yi Qx Yp (yz*)
=0 =0

whence it is left colinear. Moreover

Vo (mpQ" (f)) =vq (formpg)
= fompgq ®TMQ 1= f ®TMP TP,Q (I) =f ®TI\4P L=14p (f)
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for all P(Y) € K[9], Q(Y) € P(Y)K][0], f € Mp*. Thus, the ¢p’s are compatible
with the morphisms of the directed system, and by the isomorphism of Theorem
3.20 they are all injective.

Assume now that there exist a left K[0]°-comodule V and K[d]°-colinear mor-
phisms op : Mp* — V for all P(Y) € K[0] such that og o mpo* = op for all
QYY) € P(Y)K[9]. Now, for every finite-dimensional right K[d]-module M pick
an element of the form ¢ ®;,, m € M* ®,,, M. Since M is finite-dimensional
over K, m satisfies a relation of the form m <« P, (Y) = 0 for a certain monic
P, (Y) € K[9] (see Proposition 3.18). Thus the (unique) right K[d]-linear mor-
phism ®,, : K[0] — M mapping 1 to m factors (uniquely) through a right K[J]-
linear morphism ¢y, : Mp,, — M, 1~ m. Define Brs : M* @y, M — V, p@z, m
op,, (¢ o ¢m). This is well-defined because if h € Thy, then

0=h(m <« Pp(Y)) =h(m) «Pu(Y)

and 8o P, (Y) € Py (Y)K[I]. The induced morphism 7p, , p,.: K[0]/ P (Y)K[0]
K[0]/ Pp(m)(Y)K[0] satisfies then h o ¢, = ¢p(m) © Tp,,,,.P,, and hence

op, ((poh)odm)=0p, (©0°Pnm) TP, m.Pm)
= (0P, © TPy P ) (90 Oim)) = TPy (90 Ph(m)) -

The family of morphisms 33; for M varying over all finite-dimensional right K[J]-
modules induces a unique morphism

B: P M@, M-V
M € mod-K[9)]

which factors through 3 : K[0]° — V by an argument similar to the one used to
show that Sy was well-defined. Of course, S (¢p(f)) =8 (f Qrp i) = op(f) for
all P(Y) € K[9] and all f € Mp*. In addition, 8 is the unique satisfying this
property because we know that

' ®TM m=po ¢m ®TMPm 1= 7;[}Pm (90 © ¢m)

for all o ®,, m € K[0]°. We are then left to check that J is left K[9]°-colinear.
To this aim, for every ¢ ®,,, m € K[0]° pick a dual basis {e;, e} |i=1,...,d} of
M and compute

(;)

pv (8@ ®ry M) = pv (01 (90 6m)) = (KO @ 0r) (oo, (90 0m))

51) deg(Ppm)—1 deg(Pm)—1
34 * —_— *
=Y (podm) @1y, Yi @ Op, (Yi) = > 9@y bm (v) Qe o, (U7
=0 =0
d deg(Prm)—1 d
Z P Q1) €k O TPy, Z (¢m (yl)) Z p Qry, ek Qx TP, (@k © Pm)
k=1 =0 k=1

= (K[0]° @« B) (Ao (¢ @1y, ) -
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0O

The subsequent result provides a constructive method for finding these solu-
tions, given d initial conditions ay,...,aq—1 € K. It is noteworthy the role played
in this by the universal coring structure on Dling.

PROPOSITION 4.4. A solution « € H(K) of the equation L = E?:o t(c;) ) Nt = 0,
subject to the initial conditions ay,...,aq—1 € K, is explicitly given by a(i) = a;

fori=20,...,d—1 and
d—1
n) =3 aw; (vn)
i=0

for all n > d, where {y;},
[0

(K[9]/Pc(Y)K
K[a]/Pc(Y)K[9].

4.y 1Is the basis of the space of solutions

1)* dual to the basis {y; ==Y+ Pg(Y)K[@]}iZO 4 of My =

Proof. 1In view of Theorem 3.27, we know that

a(h+k) = &(a) (YHF) Z& () (€ (a@) (Y")YF)
()

i ( > ) (Y7) 0" (€ (a) (Y") = Zk: (f) aq) () 0" (o) (h)) .

Jj=0

By writing this relation with k = 0, h = n and by resorting to the explicit descrip-
tion of A(a) given in (23) we find out that

SH
Ju

an) =, €W () (1) € (7 (v Zazyz (Un)

s
I
=)

as claimed. O

REMARK 4.5. An useful consequence of Proposition 4.4 is the following iterative
method to construct formal solutions to homogeneous linear differential equations.
Consider an equation of the form

0=L(y) =" (y) — (a10""" (y) + -+ 10 (y) + coy)
over a differential field (K, d) as usual, and consider its extension
0=L(y) =N"(y) = (t (o) N" () + -+t (c) Ny) +t(co) y)

to (H(K),N). Its space of solutions M} is an n-dimensional vector space over K
with basis {yg, . ,y;';_l} and we know, from Proposition 4.4, that a full set of
linearly independent formal solutions to L(y) = 0 in H(K) (in fact, in Diling) is
provided by the sequences

i = (yf (ve)), fori=0,....,n—1
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and where we recall that y, = Y* + P, (Y)K[0] € K[0]/Pz(Y)K][], for all k > 0.
For every k > 0 consider the column vector (og (k),01 (k) ,...,0n_1 (k) € K»
and consider the matrix

00 -+ 0 ¢
1 0 0 C1
A= 0 1 e 0 C2
00 - 1 ¢
Then the solutions o; satisfy the recursive formula
oo(k +1) d (0o(k)) oo (k)
or(k+1) 9 (01 (k) o1 (k)
. - . Al
On—l(k + 1) 8(0n—1(k)) On—l(k)
for all kK > n — 1, subject to the initial conditions
00(0) oo(1) -+ oo(n—1)
01(0) 01(1) ol(nf 1)
. . . . = Iny
On—l(o) On—l(l) e On—l(n - 1)

where I, is the identity n x n matrix.

EXAMPLE 4.6. For a differential operator of degree two £ = N? —t(c1)N — t(co),
the basis of the K-vector space of solutions inside Dlink is computed as follows.
Consider the attached differential polynomial P.(Y) = Y? — Ye; — ¢. Set yo :=
1=14+P:(Y)K[0], y1 :=y =Y + P-(Y)K[0] = 9(1) (the basis as in Proposition
3.19) and for higher degree y,, := Y™ + P.(Y)K[9] = 9"(1), n > 2. Inside K[9]°
we have the following four elements

Yo Oy Y05 Yo Oryy Y1, YT Oy, Yo and Yy Qo wi,
which, respectively, correspond to the following four sequences:
a’ = (1,0,¢9,0 (co) + cocr, -+ ), N(a®) = (0,¢0,0 (co) + cocr, -+ ),
o' =(0,1,¢1,2 +co+0(c1), ), N@)=(1,c1,2+co+0(c1), ).

In matrix form, we have that

a? 1 0 ¢ O(co)+coer -+ a%n)
al 0 1 ¢ E+c+d(c1) -+ al(n)
with the following matrix recursive relations:
a®(n) 9 (a®(n—1)) 0 ¢ a(n—1)
= + , Vn > 2.

al(n) 9 (a'(n—1)) 1 ¢/ \at(n—-1)



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 581

We know from Proposition 4.4, that {a”, o'} leads to the full set of solutions of
L(y) = 0. We also know that 8° = N (a®) and B! = N(al) generate the space of
solution of a differential equation of the same degree that we want to determine
now. For this reason, we will analyse the two cases: ¢y = 0 and ¢y # 0.

For the case ¢y = 0, we have that o = (1,0,0,---) = s(1) and so N (a?) = 8% =
0, thus y§ ®r,, y1 = 0 in K[9]°. On the other hand, we know that d(y1) — y1c1 =0
and hence (1 satisfies N'(3') — t(c1)Bt = 0.

For the case ¢y # 0, we follow explicitly the argument of the proof of Proposition
3.18. Since yo = ya/co — y1¢1/¢o, we have that

0 0
ys = O0(y2) = y2(61 + ﬂ) + 1 (3 (c1) +co— ﬂﬁ)-
Co Co
Therefore,
. 0 0
82(y1)—6(y1)b1 —y1b0 = 0, with bo 28(01)+Co— izO)Cl, b1 :Cl+%.

As a consequence, yj ®r,, y1 and y; @r,, y1 (and so 3° and B! as well) satisfy the
equation
N2(y) = t(b1)N (y) — t(bo)y = 0

with by, b; as above. Observe that if ¢g,c; € k (i.e., they are constant elements),
0o 1

then by = cp and b; = ¢;, and so Y, 3! satisfy the same recursive relation as a, a?.
ExaMPLE 4.7. Let (K, 0) = (C(2),0/0z) be the field rational functions on C with
the differential induced by the formal derivation with respect to z. On K, consider
the general homogeneous linear differential equation of order one

L(y)=0(y) —ay=0 (35)

for a = u(z)/v(z) € C(z), u(z),v(z) € Clz]. Observe that the space of solutions of
(35) in a differential extension of C(z) is one-dimensional, because (35) is of order
one. In particular, if a non-zero solution belongs to some differential extension
(R,0r) 2 (K, 9), then R contains a full set of solutions of (35).

Being C algebraically closed, v(z) = [, (z — 7)™ and hence, by the division
algorithm in C[z], we have that a can be rewritten as its partial fraction decompo-
sition

for certain p(z) € C[z], ¢;; € C. It can be checked directly, by elementary argu-
ments, that (35) admits a non-zero solution in C(z) if and only if ¢;; € Z for all
i=1,...,N,¢;j=0foralli=1,...,N and for all j > 2 and p(z) = 0. It admits
a non-zero solution which is algebraic over C(z) (i.e., it satisfies a polynomial equa-
tion with coefficients in C(z)) if and only if ¢;; € Qforalli =1,...,N, ¢ ; =0
forall i = 1,...,N and for all j = 2,...,n; and p(z) = 0 (check [vPS, Exercise
1.14(3)]).
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Now, extend (35) to (H (C(z)),N) via the differential morphism ¢ : C(z) —
H (C(z)). It becomes

L(y) = N(y) - t(a)y = 0. (36)
Consider the associated polynomial P.(Y) =Y —a € K][J], the differential module
K[9]
M= ——F——
£ Pe(YV)K[D)

with (right) K-basis yo := 1 + P(Y)K][9] and differential
Or (u+ P (Y)K[9]) := (u+ Pz (Y)K[9]) «Y =uY + P (Y)K][9],

and the associated left K-vector space (K[0]/P(Y)K[9])" = Ky; of dimension one.
If we set y,, := Y™ + Pp(Y)K][0] for all n > 0, then there exists o, € C(z) (in fact,
on =Yg (yn)) such that y, = o, + P(Y)K[0] and hence

YoOnt1 = Yni1 = YT + PL(Y)K[O] = (Y" + Pc(Y)K[D]) <Y
= (op + P.(Y)K[J]) « Y
= (Yo, + Pc(Y)K[0]) + (9 (on) + Pc(Y)K[9])
= (Y + Pc(Y)K[9]) «on+ (9(on) + Pc(Y)K[D])
= (ao, + 0 (0,)) + Pz (Y)K][0]
= yo (a0 + 9 (05)) -
By Proposition 4.4 we have that, for a given initial condition a(0) = py € C(z), the

unique solution « of (36) is given by a(n) = pgo, for all n > 0 where o, satisfies
the recursion

op = ].,
On+1 = a0n + 0 (0n) ,

that is to say,
azs(po)(l,a,a2+8(a),a3+3a8(a)+82 (a),...).

Set 0 := (0a) := (¥ (ye)) = (1,a,a® + 9 (a),...), the solution corresponding to the
initial condition py = 1. In this more general framework, observe that (35) admits
a solution f € C(z) if and only if 0 (f) = af, which is equivalent to say that
0" (f) = on f for all n > 0 (one implication is trivial, for the other one proceeds by
induction on n > 1). Thus, if and only if ¢(f) = s(f)o.

Let us analyse the case a = ¢/z for the sake of brevity, for some ¢ € C. A direct
computation by induction on n > 1 shows that

0= (0s) = (1,0,0(6—1) c(c—1)(c—2) cle—1)-(c—n+1)

z 22 23 Y 2"

Moreover, since o satisfies (o) = t(a)o, it follows that

N (0") = ko* =N (0) = t(ka)o",
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for all k € Z \ {0}, whence, by the same argument used to prove (37),

1’?’ 22 ’ 23 Y zn

0k=< ke ke(ke—1) ke(ke —1)(ke —2) kc(kc—l)...(kc—n+1)’-“).

If ¢ € N then

_ |
0= (1,0,0(621),...,6',0,...>
z z z¢

1 -
=— (26 ez (e —1)272, .. cl0,...) = s (29) Y (2°)
z

and O (y) — cy/z = 0 has general solution f = \z¢ € C(z) for A € C. If ¢ = —k for
k € N then

o (1h

NI

?

k(k+1)-(k+n—1) )

z 2,’2 Zn
_ (1l k k(k+1) ekt ) (k1)
=z Zik,_ZkJFl’W""’(_) Skt S

()

and 0 (y) —cy/z = 0 has general solution f = A2¢ € C(z) for A€ C. If c=p/q € Q
with p € Z, ¢ € N\ {0}, then

01 @ (1 ppp—1) pp—1p-2) pp—1)--(p—n+1)
’27 22 5 23 yeeey on goes s

whence either 07 = s (2P) " ¢ (2P) (if p > 0) or 07 = 5(2P)t(zP)"" (if p < 0). In
both cases, o is a solution of 0 (y) — cy/z = 0 algebraic over C(z).

REMARK 4.8. The following is a noteworthy relation arising from the computations
performed in Example 4.7. For every ¢ € C and for every k € N, set formally

(;) _ c(c—l)(c—2])€!-~-(c—k—|-1)

for all n > 0. Indeed, it is enough to compare term by term the explicit computation
of 0%, by using the Hurwitz product, with formula (38) for & = 2. Even more

general, for all r,n € N,
Z c c\ [c)_ (re
k1) \ ko k.) \n)’

ki+-+kr=n

Then
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EXAMPLE 4.9. Let (K, 9) := (C(z),0/9%) as in Example 4.7. Consider the follow-
ing homogeneous differential equation:

1
z—1

9% (y) — ( )’y = o. (39)

)O () + (=

Denote by ¢ = Zil € K, so we have that d(c) = —c?. The differential operator
associated with (39) is £ = t(c?) — t(c)N + N? with corresponding polynomial
Pe(Y) = Y2 —Yce+ ¢ € K[]. By Proposition 4.4, a solution a € H(K) of
equation (39) subject to the initial conditions ag,a; € K has the form

a(n) = aoyy(Yn) + a1yy (Yn)-

From the definition of the differential K-vector space M, = K[0]/P:(Y)K][0], we
have the following recursive relation:

(yé(yn+1)> _ (3(yé‘(yn))> N (0 cQ) (yS(yn))
Yi (Ynt1) (i (yn)) 1 c ) \yi(yn)
In matrix form, the fundamental solutions (i.e., those generating
(K[0]/Pz(Y)K[D])") can be expressed by:
1 0 -2 & =22 6 - (=) (n—-2)l"
(40)
01 ¢ —c& 2 -6t - (=1)*(n—-2)lc !

The general solution a € H(K) is then

(n—2)!(ag — ar(z — 1))

= (-t >2
a(n) = (~1) T L n>
a(0) = ag, (1) = as.
REMARK 4.10. In Example 4.9 observe that, since 0 (¢) = —c?, we have

Pe(Y) = Y2-Yete® = Y2-Ye-0(c) = V2= (Yerd(e) 2 Y2—cY = (Y—0)Y.

Therefore, any 3 such that N (8) — t(c)B = 0 satisfies £L(8) = 0 as well. Thanks

to Example 4.7, we know that g = s (by) (1, Z—il, 0,.. ) for some initial condition

by € K. Now, by looking at (40) the reader may easily convince himself that

B=s000) (45 () +evi ) . b€k

as expected.



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 585

4.2. Comments on the Picard-Vessiot ring extension. In this section, we
discuss the relation between the Picard-Vessiot differential ring extension of a given
differential module and the Hopf algebroid of differentially recursive sequences. For
simplicity, we only treat the case of a differential module of rank two (that is, a
differential K-vector space (M, 0dp) of dimension two). We will often implicitly
refer to notations and constructions from [EG].

Consider, as before, (K,d) a differential field with k = K? C K its non-trivial
sub-field of constant elements (assumed now to be algebraically closed of charac-
teristic zero). Let us consider a linear homogeneous scalar differential equation

0*(y) — c10(y) — coy =0, (41)

with ¢p,c; € K. After extending the latter equation to (H(K),N) via the differ-
ential algebra homomorphism ¢, it corresponds to £(«) = 0 where the differential
operator is given by £ = N2 —t(c;)N — t(co) and the associated differential poly-
nomial by P(Y) = Y2 —Ye¢; —cg. Set M := K[9]/P(Y)K[9]. It is a differential
module (M, ) of dimension two over K with dual basis {yo, y1, 5, y;} and dif-
ferential Opr(Yn) = Yn+1, where y, = Y™ + P(Y)K]J] for all n > 0. Therefore,
O (yo) = y1 and Op(y1) = coyo + c1y1. By considering the column expression
(with the usual minus), the matrix of the differential 05; computed as in [vPS, p.

7] is then of the form _CO). Recall from Remark 4.2 that ker (£) & M* as

-1 —C1
differential K-modules. The matrix of the differential module (M*, 95+ ) is then the
opposite of the transpose of the previous one. That is, we have O~ (y§) = —coy;

and Oy~ (y3) = —y§ — c1yy. By Remark 4.5, the dual basis for the solution space
M* of L(a) =0 over H(K) satisfies the recursive relation:

Y6 (Yn+1) (Y5 (yn)) 0 co\ [¥5(yn)
= + , for n>0.

Y5 (Yn+1) (v (yn)) 1 o) \wiyn)

In what follows, we will implicitly identify M with (M*)* in the rigid symmetric
monoidal category of differential modules over K. Consider, as in Example 4.6, the
following four elements

Too 1= Yo @7y Yoo Tot = Yo Dryn Y15 T10 2= Y1 Orypn Yo
and  z11:=y1 Qr,,. Y]
in the Hopf K-algebroid K[9]°, that is, the differentially recursive sequences
ob = (y:;(y"))neN’ ol = (y’f(yn))neN7 N(ao), and J\/(al).

Following [EG, Lemma 5.4.2], the element det(M™*) = xoox11 — L1210 is invertible
in K[0]° and it inverse is given by

det(M*)™" = (yo Ay1)* @r

A2 a1 (yo Ay1) € K[9]°,

where /\2 M is the two-exterior power differential K-module of (M, das).
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We denote by U(OM*) the Hopf K-sub-algebroid of K[0]° generated by the set of
elements {z;;,det(M*)"'}o<; j<1. It turns out that Ugyr+ 18 in fact the universal
Hopf algebroid constructed from the rigid monoidal full sub-category {{M*}}3 con-
sisting of those differential K-modules that are sub-quotient generated by (M*, d3;).
More precisely, given two positive integers k, [, we denote by
TED(M) = M® @ (M*)®F = M @, M @y -+ @ M @ M* @y M* @y -+ @y M*

l-times k-times

which we consider canonically as a differential K-vector space. A differential K-
vector space (X, d) belongs to the sub-category {{M*}} if it is a quotient of the
form X = X5/X;, where X; C Xo C @kvlT(k’l)(M) (finite direct sum). Since
the category of all differential K-vector spaces is in fact an abelian category, a
differential module (X, ) belongs to {{M*}} if and only if it is a sub-object of an
object finitely generated by those T%:0(M)’s (see, for instance, [EG, Section 5.4]).

Moreover, since we know that 9, 0 s = 0 and 9, ot = t 0 9 (see Remark 3.6),
the (K® K)-algebra U, is (via the target map) a differential extension of (K, 9)
with differential the restriction of d,.

Let us denote by P the total isotropy Hopf K-algebra U(OM*)/<5 — t), where

(s — t) denote the Hopf ideal generated by the set {s(u) —t(u) |u € U("M*)}. In
light of [EG, Proposition 5.5.2], P is generated as a K-algebra by the elements:

fiji=xy+(s—t), 0<i,j<1, and (foofi1 — forfi0) "

Moreover, it is a differential K-algebra whose differential § : P — P can be ex-
pressed by the rule

5(<f00 fm)):( fio fi1 ):(0 1)<f00 f01>
fio fua cofoo + c1fio cofor +cifin co c1) \fio fi1)’

Therefore the matrix F' := (fi;)o<ij<1 is a fundamental matrix (in the sense
of [vPS, Definition 1.9]) for the linear differential matrix equation attached to
(M*,0pr+), with entries in P. Furthermore, one can adapt the proof of [EG,
Proposition 5.5.2] to show that (P, d) is in fact a Picard-Vessiot ring of the differ-
ential K-vector space (M*, dps+). Notice that, as a differential K-algebra, (P, d) is
not an extension of the differential K-algebra (U, (OM*), 05), because the Hopf ideal
(s —t) is not necessarily Od,-stable.

Consider now the differential K-vector space (P @y M*, Opg,n~) wWith Opg, -
= 0Qx M*+PRyOn~ (see [VPS, p. 44]). A direct check shows that the two elements

Po := foo @k Yo + f10 @k Y1 and P1 = fo1r @k Yo + f11 @k Y1,

in P ® M* are k-linearly independent. Notice that {pg,p1} generates the two
dimensional k-vector space ker (Opgy,m+) C P ®x V, which is the solution space

3 Another notation that can be found in the literature for this category is (M)g. See, for
instance, [D, §6.16]
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(in the sense of [vPS, p. 13]) of the linear differential matrix equation defined by
(M*, 0pr+).

The assignment ker (Opgya-) = M*, p; — yf, clearly defines a monomorphism
of k-vector spaces. Moreover, when ¢y # 0 one can show that the k-vector space
ker (Opgy p+) is isomorphic to the following k-subspace of P:

{p eP ‘ 0%(p) = con + (1 + 8(60))5(;)) } . (42)

Co

EXAMPLE 4.11. Assume that ¢; = 0 and that ¢y # 0 is a constant element of K.
Take any non zero element p in the sub-space described by equation (42), that is,
0 # p € P such that 62(p) = cop. Then the element u = §(p)p~! in the field of
fractions of P is a solution of the equation d (u)+u? = ¢g. The converse is also true
when K = C(z) with the differential 9/9z. In this case the equation 9 (u) +u? = cg
is the so called Riccati equation. Assume now that K = C(z) and ¢; # 0. Denote
by ¢ the differential on the field of fractions of P as well. More generally, if p € P
is a non-zero element of the Picard-Vessiot ring P, then u = §(p)/p satisfies

5 <5(p)> _ P =) _ cor® + (e + X pd(p) — 6(p)?
p P? p?

—o (o ) 0 ()

that is to say, u satisfies the (generalized) Riccati equation §(u) = a(z)+b(z)u—

2
u
where a(z) = ¢g and b(z) = ¢; + %COO) (see [R, Section I.1]). Conversely, assume

that u is a solution of the Riccati equation and consider y a solution of §(y) = uy.
Then, we have

52(y) = 8 (u)y+ud (y) = a(=)y-+b(=)uy—uPy-+ud(y) +uPy = coyt ( L9 (j’)) 5(y).

REMARK 4.12. Since (M*,0pr+) is the dual of (M, dps) in the category of differ-
ential modules, we have the bijective correspondences

Homgjg) (M, drr) , (P,0)) = Homgjg) (K, 0), (P&« M", Opgyn+)) Zker (Opgyn-)

(43)
(see, for example, [vPS, p. 45]). The distinguished differential morphisms in
Homgg) (M, P) corresponding to the basis {po,p1} of ker (Opg,n-) under the
isomorphism (43) are

qo:MC U(OM*) P g : M U(OM*) P
Yo't Too b foo Yo b Zo1 | for -
Y1t T10 't fio Y1t T11t fin

Notice that the first one is induced by the canonical maps of Proposition 4.3.
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REMARK 4.13. Under certain assumption (mainly on the generators f;; of the
algebra P), one can connect the group of automorphisms of the differential vector
space (M, Ops) (which, in the sense of [KS], is the dual space of solutions of equation
(41), see Remark 4.2) with the differential group of the differential ring (P, 9), i.e.,
the group of K-algebras automorphisms of P that commute with the derivation ¢,
which we denote by Autaizqig((P,0)). Precisely, if we assume that any invertible
matrix (oi;)i; € GL2(K) induces a K-algebra automorphism of P defined on the
generator f;; by

o:P— P, ((fij)OSiJSl — (GOO 001) (?1)2 ;ﬁ) ) )

Jg10 011

then one shows that the group of automorphisms of the differential K-module
(M, Opr) is in fact identified with a subgroup of the group Autag aig((P,8)). Specif-
ically, let g be a K-linear automorphism of M such that godas = darog. We use the
above dual basis {yo,y1} of M, and we set g(y;) = goi¥o + g1:¥1, ¢ = 0, 1, for some
(9ij)o<ij<1 € GL2(K). Then, one can easily check that the matrix (g:j)o<sj<1

satisfies
0 ¢
{(1 c?) ,(gij)z',j} = (09ij)i.5;

where the bracket stands for the Lie bracket (compare with [KS, Theorem 3.5]).
Now under the above assumption, we have a well defined monomorphism of groups
given by:

Autai(M",00)) — Attugeain(P.0). ((931)ig — (9:)T5)

where the matrix (gij)g<i,j<1 is the transpose of (g;j)o<i j<1, and stands for an
automorphism as in (44).

Acknowledgements. We would like to thank the referee for her/his helpful com-
ments. Paolo Saracco expresses his heartfelt gratitude to the members of the De-
partment of Algebra of the University of Granada for their warm hospitality and
friendship during his stay in November-December 2019, when the greatest part of
this work has been written.

Appendix.

A. Some technical details. This appendix contains some results that we used
along the paper but that we considered too technical for the main body. We report
them here for the sake of completeness and of the unaccustomed reader.

LEMMA A.1. Let o € Dling be a differentially recursive sequence of order d (see
Definition 3.9). If there exists an operator £ such that L(«)(n) = 0 for all n =
0,...,d—1, then L(a)) = 0. In particular, L(a) = 0 if and only if L(a)(n) = 0 for
alln=0,...,d—1.
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Proof. If a € Dling is a differentially recursive sequence of order d, then there
exists an operator L, = Z?:o t(a; )N such that 0 = L,(a) = a < Py (Y), where
P,(Y) = 3% Yia;. Assume that £ = Y¢_ #(c;)N is another operator such
that

0=CL'(a)(n)=(a<P'(Y))(n) forall n=0,...,d—1. (45)

Consider f, = ® (o) € K[9]* and f, € (K[3]/P.(Y)K[J])*. Equation (45),
together with (19) and (20), entails that

Fu (V)Y 4 Po(VIK[) = fuo (P'(V)Y™) 2 071 (0 P(V)) (V)

(20) 45)

(
L'(a)(n) =
foralln =0,...,d—1. Let us prove by induction on k& > 0 that £'(«)(d+k) = 0 as
well. For the sake of simplicity, write P,(Y) = Y?—Q.(Y), with deg(Q.(Y)) < d.
For k =0,

0 (46)

(20) (19)

L(a)(d) = frray (YY)
= (46)

= fo (P'(Y)Qa(Y) + Pa(Y)K[9)) = a( (Y)Y + Pa(Y)K[I]) i = 0.

fo (PrNYY) = fo (P'(V)Y? + Pa(Y)K[9))

~.

Now, assume that £'(«a)(d + k) = 0 holds for all k =0,...,h— 1. Then
L'(@)(d + h) = fo (P'(YV)Y "+ P (Y)K[O]) = fo (P'(Y)Qa (Y)Y + P (Y)K[J)])

=Y fu (PY)Y'qY" + P, (Y)K[9))

d—1 h
DY (0)da Py 4 Ry GE]) 0 (a0
=0 j=0 J
-1 h 4
=5 (2 e o @ —o
i=0 j=o \J
and so, by induction, £'(«)(n) = 0 for every n € N. O

PROPOSITION A.2. Let o € H(K) be a sequence and d > 1. The (non-linear)
system of d equations

d n
Oz[ﬁ(a)(n)zzz<Z)8k(xi)a(n—k+i), 0<n<d—1,

in the d + 1 unknowns xo, . . ., x4 is equivalent to the homogeneous (linear) system

d n
S (Z (Z>(_1)kak (a(n — k+z‘))> —0, 0<n<d-1
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Proof. For every n € N, denote by E,, the expression

Let us prove by induction on n > 0 that if F; = 0 for all ¢ = 0,...,n, then
En+1 = Fn_;,_l. For n = 0,

d
Zwia F() =0
i=0
and
d d d d
By =Y moali+1)+ Y d@)a(i)=> zali+1) - z:0(a(i)) + d(Eo)
i=0 i=0 i=0 i=0
= sz (i+1) =3 (a(i))) = F.
1=0
Assume that the claim holds for k& = 0,. — 1 and let us prove it for k& = n.

Since Fy =0 for s <n, 0" °(Fy) =0, that 1stosay,

0= =23 3 () (15 )0 o ot k.

i=0 j=0 k=0 J
(47)
Therefore, a very technical but otherwise straightforward computation shows that
n—1
En (4:7) En _ Z (’;L)an—s(F‘s)
5=0
- (Z)ak (z:) aln — k + i)+
i=0 k=0
n—1 d n—s s s ] s ,
B 3055 30 31 (3 4 Wty [T T

Xd: ()a (xl)a(nkarz)fZXd:Z( )() 1)k on otk (a(sfk+z))+

i=0 k=0 =0 i1=0 k=0

- Z > Z Z ()" )0t @oom= = (ats — k +9)
555 (ot oatn k- 55055 (1) ()00 e k04
g 0 k=0

i=0 k=0 s=0 i=

s

>y Zd:Z( INIG ; ) DR (@) 0" I (als — K+ )
j=1s=0i=0 k=0
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Xdi @i <a<n +9) - Z_j > (M) () =nrom =+ (ats -k + i))) +
_ i=0 s=0 k=0
D)oty ((:)a(" = S () (M ) et -t i)))
i=0 k=1 s=0 h=0
Xd: T; (a(n +1i) — "i:l XS: (7;) (Z) (,1)’€3n—s+k (als — k + 1))) n
_ =0 s=0 k=0 )
DS ()2 = (‘1(" AR 3> ("G - i)))
i=0 k=1 s=0 h=0

Let us focus first on
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aln+i) 2( ) (; (”ht)(—nh— <—1>“> 0" (alt + 1))
n—1

)+ () D" (at + 1))

- Z (ﬁ) Yot (alt+ ).
Thus, )
B, = Zm <Zn: (?) (=)™t (ot + i))) = F,.

t=0

This implies the following. If {z;} is a solution of E, = 0 for n = 0,...,d — 1
then Fy = Fy = 0 and, by the inductive argument above, F,, = E, = 0 for
n=0,...,d — 1. Conversely, If {x;} is a solution of F,, =0 forn =0,...,d — 1
then, by the same argument, £, = F,, =0 forn=0,...,d — 1. O
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