THE EQUIVALENCE BETWEEN CPCP AND STRONG
REGULARITY UNDER KREIN-MILMAN PROPERTY

GINES LOPEZ-PEREZ AND RUBEN MEDINA

ABSTRACT. We obtain a result in the spirit of the well-known W. Schachermeyer
and H. P. Rosenthal research about the equivalence between Radon-Nikodym and
Krein-Milman properties, by showing that, for closed, bounded and convex subsets
C of a separable Banach space, under Krein-Milman property for C, one has the
equivalence between convex point of continuity property and strong regularity both
defined for every locally convex topology on C, containing the weak topology on C.
Then, under Krein-Milman property, not only convex point of continuity property
and strong regularity are equivalent as defined for weak topology, but even when
they are defined for a locally convex topology containing the weak topology. We
also show that while the unit ball B of ¢y fails convex point of continuity property
and strong regularity (both defined for the weak topology), threre is a locally
convex topology 7 on B, containing the weak topology on B, such that B still
fails convex point of continuity property for 7, but B surprisingly satisfies strong
regularity for 7—open subsets. As a consequence, using the usual norm of ¢y, we
obtain that B satisfies the diameter two property for the topology 7, that is, every
nonempty 7—open subset of B has diameter two, but every 7—open subset of B
contains convex combinations of relative 7—open subsets with diameter arbitrarily
small, that is, B fails strong diameter two property for topology 7, which stresses
the known extreme differences up to now between those diameter two properties
from a topological point of view.

1. INTRODUCTION

There are three families of subsets in each bounded, convex, and non-empty subset
C of a Banach space X that are highly relevant to understanding the weak topology
w of the space X and its structural properties: the family of slices of C' (a subbasis
of the weak topology), the family of relatively weakly open subsets of C' (or a basis
of the weak topology) and the family of convex combinations of slices or relatively
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weakly open subsets of C' (a m-basis of the weak topology). From the isomorphic
point of view, these three families of subsets give rise to three widely studied iso-
morphic properties in Banach spaces, the Radon-Nikodym property (RNP) for C
(existence of slices of arbitrarily small diameter in each bounded and convex subset
of C), the convex point of continuity property (CPCP) for C' (existence of relatively
weakly open subsets of arbitrarily small diameter in each bounded and convex subset
of C') and strong regularity (SR) for C' (existence of convex combinations of slices
or relatively weakly open subsets with arbitrarily small diameter in each bounded
and convex subset of C'). When C' is the unit ball Bx of the Banach space X, it
is said that X verifies RNP, CPCP, or is strongly regular, respectively (see [7], [11]
for background). Another widely studied property related to the previous ones is
the Krein-Milman property (KMP). It is said that the subset C' verifies the KMP
if each nonempty, closed, bounded and convex subset of C' has some extreme point,
and when C' is the unit ball of the space it is said that the space itself verifies the
KMP. It is known that RNP implies CPCP and CPCP implies SR, and that these
three properties are different [2]. It is also known that RNP implies KMP, and it
is a famous problem still open today whether KMP implies RNP. Research on this
problem has obtained some important partial answers (see for example [7], [8], [9],
[12], [13], [14], [16]), although in general the most relevant result in this regard has
been to be able to relate the properties defined above, obtaining that for a closed,
bounded, convex and strongly regular subset C of a Banach space X, C verifies the
RNP as long as C verifies the KMP ([17], [15]). Consequently, the problem of the
equivalence between the RNP and the KMP is solved for subsets where the RNP
and the SR are not equivalent properties, or if desired, this problem will be solved
for subsets in which the CPCP and the SR are not equivalent, since RNP implies
CPCP. In short, the previous result can be stated by saying that under the KMP,
one has that CPCP and SR are equivalent properties. Since the CPCP and the SR
are defined in terms of families of subsets relevant to the weak topology, it is then
natural to ask if translating the definitions of the CPCP and SR for a topology other
than the weak one can obtain a result similar to the previous one. In this note we
study this possibility, showing that for a locally convex topology that contains the
weak topology, it is also obtained that the new CPCP and SR properties for the
above topology are equivalent under the KMP, which generalizes the results known
up to now. As a consequence, a new strategy is obtained to obtain the equivalence
between the RNP and KMP: starting from a Banach space X failing CPCP for the
weak topology (otherwise we already know that RNP and KMP are equivalent for
X), it would enough to build a locally convex topology 7 on the unit ball By of
X, in such a way that for the new topology Bx fails CPCP and verifies SR, which
implies, applying the previously announced result, that X does not verify KMP.
In fact, if one starts with a Banach space whose unit ball has nonempty relatively
weakly open subsets with diameter uniformly positive, we prove that it is enough
assume SR for open subsets to get the failure of KMP. The above strategy is based
on the possibility of building a suitable topology for which the CPCP and SR prop-
erties are not equivalent. The more ambitious question would be whether this can
be done for any space without the CPCP for the weak topology, but we don’t have
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an answer to this question for now. However, another natural question is whether
this can be done in some space where CPCP and SR properties are equivalent for
the weak topology, or at least for some space where the unit ball does not satisfy
either of the above two properties. The answer in this case is affirmative, since it is
shown in this note that there is a locally convex topology on the unit ball B of space
o, containing the weak topology, such that B is SR for the family of open subsets
of this topology, but it does not verify CPCP for the same topology. Of course, such
a topology is not the weak topology because B verifies neither CPCP nor is it SR
for the weak topology.

From the geometric point of view, there are also widely studied properties as a
non-isomorphic counterpart to the properties we have talked about so far, they are
the so-called diameter 2 properties, which are also defined through the same families
of subsets of the ball unit of a Banach space relevant to the weak topology discussed
above. A Banach space verifies the diameter two property for slices (slice-D2P),
diameter two property (D2P) or strong diameter two property (SD2P) if each slice,
nonempty weak open, or convex combination of slices or nonempty weak open sub-
sets, respectively, of the unit ball of the space has diameter 2. These properties are
related to other well-known properties, such as the Daugavet property, octahedral-
ity, and dualize as non-differentiability properties of the dual norm. Furthermore, it
is known that the three previous properties are different and it is clear that SD2P
implies D2P and D2P implies slice-D2P (see [3], [4], [6]). Precisely to obtain the dif-
ference between the D2P and SD2P properties, an equivalent norm was constructed
in the space ¢y in such a way that each nonempty weak open subset of the unit ball
of ¢y has a diameter 2 for the new norm, while for a such norm it is possible to
find convex combinations of slices or nonempty weak open subsets with arbitrarily
small diameter [4]. It is natural then, as previously stated for the CPCP and SR
properties, to ask if it is possible to obtain a similar result to the above for the
unit ball of ¢y using the usual norm of ¢y, but changing the definition of D2P and
SD2P to another proper topology. The answer is yes, in fact, for the topology built
on the unit ball of ¢y we talked about above, it is obtained that the unit ball of ¢
verifies the D2P for this topology and each nonempty open subset for this topology
contains convex combinations of relatively open subsets for the same topology with
arbitrarily small diameter, and in particular, it does not satisfy SD2P for the same
topology. Of course, the diameters are measured here with the usual norm of c¢.
Then the differences between the D2P and SD2P properties are even greater than
what has been known so far if they are defined for more general topologies, even
maintaining the natural norm of the space.

2. MAIN RESULTS

Let X be a Banach space, D is a closed convex and bounded subset of X and 7 is
a locally convex topology (7 has a countable basis of open subsets) in D containing
the relative weak topology on D. For every subset C' of D we will denote 7|, the
induced topology of 7 in D. With this notation, we recall the definitions for CPCP
and SR. We say that D has the
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i) 7-convex point of continuity property (7-CPCP) if, for every bounded and
convex subset C' of D and every ¢ > 0 there is a nonempty 7|,-open set with
diameter less than e.

ii) 7-strongly regular (7—SR) if, for every bounded and convex subset C' of D
and every € > 0 there is a convex combination of nonempty 7|, -open sets
with diameter less than e.

iii) 7-strongly regular (7—SR) for open subsets if, for every nonempty and convex
T—open subset O of D and for every € > 0 there is a convex combination of
nonempty 7|,-open subsets with diameter less than .

iv) Krein-Milman property (KMP) if every nonempty closed and convex subset
of D has some extreme point.

When 7 is the weak topology restricted to D, we use CPCP, SR and SR for open
subsets, and omit the reference to the topology. Also, when D is the unit ball of the
space X and 7 is defined on X, we say that X satisfies T——CPCP, 7—SR or 7—SR
for open subsets, respectively.

As we said in the introduction, it is well known that D satisfies CPCP whenever
D is SR and satisfies KMP, that is, under KMP, CPCP and SR are equivalent. Our
mail goal is to get the same result for another topology other than the weak one.
We start with a couple of easy lemmas, omitting the elementary proof of the first
one.

Lemma 2.1. Let E be a closed subset of a Banach space X and let (S,) be a
decreasing sequence of subsets of E. If diam(S,) — 0 then there is # € E such that
every sequence (x,) C E with z,, € S, for every n € N converges to z.

Lemma 2.2. If D is 7-strongly regular and C' is a nonempty convex subset of D,
then, for every € > 0 and every nonempty set O € 7| there is a a finite family of
nonempty sets Oy, ...0, € 7|, with O; C O, such that

diam(ii1 %Oz> <e.

Proof. Since 7 is locally convex and C'is convex we get that 7|, is locally convex.
Hence, there is a nonempty convex set O € 7|, with O C O. Now, as D is 7-strongly

regular, we deduce that there are nonempty sets Oy, ...,0, € 7|5 such that
) 1
d1am< Z EQ) <e.
We are now done because O; € 7|5 C 7|, for every i =1,...,n. 0J

Inspired by Schachermayer’s work in [17], we introduce in the following definition
the subdiameter (SD) in order to estimate from bellow the diameter of convex com-
binations of weakly open subsets, taking into account the coefficients of the convex
combinations.
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Definition 2.3. Let C be a convex subset of D and n € N. Given a n-tuple of
nonempty sets (0;); C 7|, and X € SZL, we define the sub-diameter of Y. A(7)O;
as

SD(, (0))) = inf {diam(ZA(i)Ui> L Ui € 7l \ {0} for 1< i < n} VA € 5.

The next two lemmas use the definition of subdiameter to get a relation between
the diameter of a convex combination of weak open subsets and the distance from
a finite set to these convex combination.

Lemma 2.4. Let C' be a convex subset of D, e > 0,n,k € N, A € SZ” {z1,..., 21} C

X and a n-tuple of nonempty sets (O;)", C T|o. Then, for 1 < i < n there is a
nonempty 7| 5,-open set O; such that:

(2.1) diam(Z)\(i)OZ) < SD(\, (0)) + ¢,

(2.2) d({ml,...,mk},ZA(i)Oi> > w e

Proof. By definition, for each i = 1,...,n there must be O € 7|5 \ {0} such that

(2.3) diam(Z A(z’)O?) < SD(\, (0;)) +£/2 < SD(\, (O)) + £/2.

We will be done if we find O; € 7|50 \ {0} for 1 <i < n satisfying (2.2). Indeed, we
would have from (2.3) that

diam( > A(i)0i> < diam( > A(z’)()?) < SD(M, (O%) + 2 < SD(X, (03)) + <,

and thus (2.1) would also hold.

Let us then prove by induction on k& € N that there is for every i < n a nonempty
set O; € 7|0 satisfying (2.2).

First step of the induction (k = 1): Clearly, there are a,b € >, A\(i)O) and
x* € Sy« such that

2*(a—b) > SD(\, (09)) — /2.

We may assume without loss of generality that the last inequality holds together

with z*(z1) < 2*(%2) (changing sign of 2* and swapping the roles of a and b if

necessary). We define now
O} =0N{x e D : x2*(x) >supa*(0?) —/2}.

Clearly, O} € 7|50 \ {0} for every i. Let us prove that Of,... O} satisfy (2.2) for
k=1:
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If y € >, \#)O} then y = >, A\(i)y; where y; € O}. Therefore,
() = S AT (m) > Y AG) supa*(0F) — £/2 > supa* ( 3 A(z‘)O?) — /2
>x*(a) —e/2.

Hence, for every y € >, A\(1)0j,

Iy —mll > 2y —0) > a*(@) o (T50) —ep2 =t (C50) — 2

2
_SDOL(0Y) 3=
- 2 4

(2.4)

Clearly, from (2.3) we have that

SD(\, (O1) < diam(Z A(i)()}) < diam(Z A(z‘)O?) < SD(\, (0%)) + /2.

Therefore, putting together this last inequality and (2.4) we finish this step.

Inductive step: Let us assume that for some m € N there are nonempty sets
or,...,0m with O™ € 7|0 for every i < n satisfying equation (2.2) for k = m.
We may then construct O7"*!, ... O™+ € 7|, \ {0} with O"*" C O? and satisfying
equation (2.2) for £ = m + 1. The construction is analogous to the one given for
the case k = 1. We just take z* € Sx- and a,b € Y. A(7)O" such that 2*(a — b) >

SD(X, (0;)) — € and *(2p11) < 2*(%2). Then, the sets given by

Ottt =0"n{zx e D : z*(x) >supz*(O") — ¢/2}
make the trick. Hence, (2.2) holds for O; = OF for every i < n. O

Lemma 2.5. Let C be a convex subset of D, ¢ > 0, n,k € Nand {xy,..., 2} C X.

If (0;)i~; C T|g, then there is another n-tuple of nonempty 7|,-open sets (O;)",
with O; C O; such that

diam(Z)\(i)Oi) < Qd({xl, Lk ZA(z‘)OZ) +e VAe Sk
i=1 =1

Proof. Let us consider (A\;)Y; an £-net of S 2% It is now straightforward to construct,

by recursively using Lemma 2.4, n-tuples (O7)2_, for j < N satisfying

(1) @#O}C@ and ) # O/ € OJ for every j < N and i < n.
(2) diam(Z?l Aj(z')ogf) < 2d({x1,...,xk},z;‘1 Aj(i)og) +¢/4 for j < N.
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We take O; = ON for i = 1,...,n so that for every j < N,
diam ( pRY (z’)OZ) <diam ( >N (z)og)
i=1 i=1
=1

§2d({x1, . ,xk},ixj(i)@) +e/d

If we take now A € S/ arbitrary, then there must be j < N such that | X\;—Al[m < =
It is straightforward to check that

diam<§; /\(i)Oi) < diam(;ﬂ; Aj(@')oi) +e/2,

d({xl, . ,xk},gx(i)@) > d({xl, o ,xk},ng<i)oi) —¢/4.

We are therefore done since
diam < D )\(i)Oi) <diam ( > Aj(z')oi) +e/2
1=1 1=1
(2.5) "
< Qd({xl, Tk} Z)\j(i)Oi) +3e/4
=1

§2d({x1, . ,xk},iA(i)Oi) te.

Now, we are ready to get our main result

Theorem 2.6. Let X be a separable Banach space and D a 7-strongly regular
closed, bounded and convex subset of X without the 7-CPCP, where 7 is a locally
convex topology on D containing the weak topology on D. Then, there is a closed
convex subset of D without extreme points, that is D fails KMP.

Proof. Let C' be a bounded and convex subset of D and 6 > 0 such that every
T|-open set has diameter greater than § > 0. We assume without loss of generality
that C' C Bx. Our aim is to find out a closed bounded and convex subset of D
without extreme points. We will split the proof into three different steps. The first
two steps will deal with the construction of a particular set & C D whereas in the
final step we will prove that F is the sought set without extreme points.

Since X is separable we may consider a sequence (z,,) dense in X. We are going to
inductively define a sequence of indexes sets (€2,,) satisfying that Q; = {1,...,m;}
and Q1 = Q, x {1,...,my,11} for every n € N where (m,,) C N.



8 G. LOPEZ-PEREZ AND R. MEDINA

Step 1. We are going to define inductively the sequence (£2,) altogether with a
family of nonempty 7| -open sets indexed by Q = J,, 2, (O )weq satistying the
following properties.

(1) O,y C O, for every w € Q, and i € {1,...,m,q1} withn € N.
(2) For every n € N and \ € SZ(Qn)’

diam< Z A(w)Ow) < 2d<{:r;1, e Tty Z )\(w)Ow) +27"

wEQn WGQTL

(3) For every n € N and w € Q,,,

Mn+1 1
diam( Z - O(w,i)) <27

=1 = "t

Let us proceed with the inductive construction. For n=1 we consider m; = 1. We

use Lemma 2.5 with n = k=1, 0; = C, e = 1/2 and X € SZ({1}) = {1}. Thus,
there is a nonempty 7|,-open set O; satisfying (2). Now, provided that for some
n € N we have Q, = {1,...,m1} x--- x {1,...,m,} and O, for every w € §,, let
us define m,41 and O, for every (w,i) € Q, x {1,...,mpy1} = Q4 satisfying
properties (1), (2) and (3). First, by Lemma 2.2 there is m,; € N such that for

every w € €, there are m,; nonempty 7|,-open sets (6(%“);1"1“ such that

O(w,i)) S 27" and 6(0.},1’) C Ow Vi = 1, ey My,

Mn+1 1

(2.6) diam( >

i=1

Mp41

Now, by Lemma 2.5, for every w € 2,11 there is a nonempty 7|,-open set O,, C 6w
satisfying property (2). Clearly, by (2.6), (O )weq,,, also satisfies property (3). We
may assume that O, is convex for every w € () without loss of generality because 7
is locally convex.

Step 2. We are finally ready to construct the closed convex subset of D without
extreme points. Let us first pick for every w €  an element y, € O,. Now, if
w € Q, for some n € N we define for every £ > n + 3 the element

Z = Z ;mkya;

i mp+1 -
wey

Where Qf = {0 € Q) : (i) = w(i) Vi < n}. Notice that #QY = my4q1-- - mg.
We claim that (z%); is a Cauchy sequence for every w € . From property (1) we
deduce that Oz C O, for every w € QY. Now, for every g € {n+2,...,k — 1} we
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have Qy = |J Q‘E and therefore

HeQw
1
D e D DI S Oz

= Mpy1 . Mp41 .. -MgMgy1 ... Mg

en R o

' 1
=2 . > O

n+1 - +1 - k

wEQ“’ M wEQ“’ ?

Hence, it follows that

S 0 Y s

seqy AL seqw
(2.8) . me
Equation (2.7) yields that if n € N and w € Q,,
(2.9) z, GZ O3 Vg, ke N, n+2<q¢<k-1.

wEQW

On the other hand, if ¢ > n + 2,

diam( Z ;mOUJ)

e Mpy1...My

(2.10) o

< Z ;diam<zmiq0@i)> < g-atl,

- Mpy1 ... Mg—1
wEQqW_l

Therefore, for every k, k' > g + 1,

, 1 (2.10)
<o Y L 0;) g,
I = =) < diam( _0;) <

U~JEQ‘; Mpy1...My

This proves that (2), is a Cauchy sequence for every w € Q. We are then allowed
to consider its limit 2z, € D. Our sough set finally is

E = @((zw)weg).

Step 3. We just need to show that F does not have any extreme point.

Claim 1. We claim that for every a € E there is a sequence (ax), where a; €

CO((Zw)w.ng) for every k € N such that a;, — I H
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It is enough to show that if w € §2,, for some n € N then for every ¢ > n it holds
that

1
2.11 =S = e ).
( ) & :Z Mpy1 My Zw € CO((Zw)wEQq)
weNy
Indeed, if (2.11) holds, then for every z € co((2,)weq) there is N € N such that for

every g > N,z € co((z;)g,egq) and the claim is immediately deduced. Let us show
the proof of (2.11). Let w € Q,, and ¢ > n be fixed. From (2.9) we know that

1 ~
k =
ke 05 VoeEQ, VE>q+3
i Z: Mgty .. . Mi—1 4 4
wey_,

Therefore, for every k > q + 3 it follows that

1 1 1
Zm,hLl...mqdez M Z ...mk_lOa

I~ ~ Mp+1
wGQ‘(; wEQ‘;

(2.12) 1
N 0=
= 5 = k.

Seaw Mp+1 .- M1
k—1

Clearly, from (2.9) we know that 2* € S, for every k > ¢+ 3. From (2.8) we get that
Ski1 C S, for every k > g+ 3 and from (2.9) we know that diamSy — 0. Hence, by
Lemma 2.1

. . 1 1
2z, = lim zF = lim E — = E TEE—
k k Mpg1...Mg ¥~ Mypq...my “
weQy weNy
which finally proves the claim.

Let us take a € E and a sequence (ay) converging to a as in the claim. Then,
for every k € N there is A\ € SZ(Qk) such that ar, = > M(w)z, for every k € N.

weN
Let us prove that a is not an extreme point in E. First, we extend A, to |J €, as
n<k
follows. If w € €, with n < k we define

Me(w) = D (@)

HeQw

We may assume (taking subsequence if necessary) that for every n € N, the sequence
(Aklg, )& is pointwise convergent. Therefore, we define A : Q2 — [0, 1] as

AMw) = li}gn Ak (w) (we Q).
Clearly, Ao, €5, (0. for every n € N. Moreover, if w € €2, then

(2.13) Z AMw) = lilgn Z (W) = lil{;n A(w) = A(w) Vm >n.

ey, e,
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Let us now define for every m,n € N with m > n and every w € §2,, the element

> igwgzw if Mw) >0
a™ (w) = £ weNy,
Z otherwise.

Claim 2. For every w € Q the sequence (a(w)),, is convergent, moreover, if we

take a(w) = lima™(w) then a = > A(w)a(w) for every n € N.

UJEQTL

If we fix n € N, we have that a;, € > \(w)O, for every k € N so that a €
wey

> AMw)O,. By property (2) we deduce that

diam( Z )\(w)Ow) §2d<{x1, ce Tty Z )\(w)Ow) +27"

(214) ISI97 weQy
<2d({xy,..., 2}, a) + 27" 2250

Also, if m > n and w € Q,, with A(w) > 0 then
- (@) Aw)
D A@0a=2w) 3 0+ 3 MG Z
weEQm weNw, wEQ \{w} Q
so that, by (2.14) we have
diam< Z A(@)Og) > )\(w)diam( MO@>
~ . =\
WEQ M we
Therefore,

oy,

=

(2.15) lim diam(

" Heaw (w

003) —0 VweQ, with A(w) > 0.

>~

Let us prove that the sequence of subsets ( > %Og) is decreasing for every
weN, m
w € Q in order to use Lemma 2.1. Clearly, by (2.13), property (1) and the fact that

Oy is convex for every w € €2, we have that

>, Ao co, Ve, vmeN.
A@)

weQm+l

Then, if w € €, for some n € N and m > n,
w w w @ AMw
S 5T B RiBT Bpenie

Ean«fl 7n wEQ Q UJGQ(::L+1 aEQ(;;L
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which means that ( > %Og) is decreasing for every w € €2, as we wanted. In
weNy, m
particular, taking w = 1 € €y, this shows that the sequence of sets ( > )\(w)Ow)

wEQm
is a decreasing sequence.

By Lemma 2.1 the sequence (a™(w)),, is convergent in E since a™(w) € > %Og.

By,
Let us denote a(w) its limit. We just need to prove that a = > A(w)a(w) for every
UJEQn
n € N. If we fix n € N and denote a™ = > Aw)a™(w) for every m > n, it is
UJGQT’L
enough to show that ¢ — a. By (2.15), we know that lim diam( > )\(w)Ow> = 0.
m wEQm
For every m >n,a € > AMw)O, and
wGQm
NG
@t = Y AW (w@) = D0 Aw) %z; = > AWz € Y Aw)O..
weQy, wey, weNy, WEm wWENm,
A(w)>0 A(w)>0

Therefore, by Lemma 2.1, a™ — a and Claim 2 is proven.

Finally, we wanted to show that E has no extreme point, that is, we want to show
that our previously picked element a € F is not an extreme point in E. Notice
that by Claim 2, it is enough to show that there is w € {2 with A(w) > 0 such that
a(w) # a.

Let us argue by contradiction. If we deny the above statement then for every
w € Q with A(w) > 0 we have a(w) = a. Therefore, a € O, for every w € Q with
A(w) > 0. From (2.13), we know that there must be a sequence (w,,) C £ such that
for every n € N, w41 € Q3% and A(wy,) > 0. Hence, a € O,, for every n € N. By
property (2) we obtain that d(a, X) > §/2 which is clearly false.

O

We want to remark that while part of the techniques used in the proof of the
above theorem appear in [17], we don’t use the essential approach in [17] about the
positive face of the unit sphere of L; via the construction of an operator from L; to
the space X, in order to get the subset without extreme points.

Observe that the hypothesis on D (non-7r—CPCP) in the above theorem is used
first to get a subset C' so that every nonempty weakly open subset of C' has diam-
eter at least 0, for some positive 4. From this moment, the 7-SR is used to find
convex combinations of relatively 7—open subsets with diameter arbitrarily small
inside every relative 7—open subset of C'. Then, starting with D satisfying that
every nonempty 7—open subset of D has diameter at least 0 (say D fails 7—CPCP
d—uniformly), we have with the same proof that D fails KMP whenever D is 7—SR
for open subsets.

Corollary 2.7. Let X be a separable Banach space and D a closed, bounded and
convex subsets of X failing 7—CPCP d—uniformly for some positive ¢, where 7 is a
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locally convex topology on D containing the weak topology on D. If D is 7—SR for
open subsets then D fails KMP.

Observe that SR for open subsets is strictly weaker than SR, since every Banach
space with a LUR norm, for example, has a unit ball SR for open subsets while not
a such ball is necessarily SR, ¢q is an example, that is, SR for open subsets depends
on the used equivalent norm and this is not the case for SR. On the other hand, it
is known that if a closed, bounded and convex subset C' of a Banach space X fails
CPCP, then there is an equivalent norm on X so that the new unit ball fails CPCP
d—uniformly [5]. As every separable Banach space can be equivalently renormed
with a LUR norm [10], then every separable Banach space can be equivalently
renormed so that its new unit ball is SR for open subsets.

In order to get a nonseparable analogous result of the above theorem, recall that
a topological space X is said countable tightness if for every A C X and for every
r € A there is a countable subset B C A such that x € B. The key to get the
nonseparable result is to have the separable determination of 7—CPCP, which is
proved in the next

Lemma 2.8. Let X be a Banach space and D a closed, bounded and convex subset
of X without 7—CPCP, where 7 is a locally convex and countable tightness topology
on D containing the weak topology on D. Then there is a separable, closed, bounded
and convex subset of D without 7—CPCP.

Proof. If D fails 7—CPCP there is a convex subset A of D and a § > 0 such that

every relatively 7—open subset of A has diameter at least §, so a € A\ B(a, g) for
every a € A. As 7 is countable tightness, for every a € A there is D, a countable
subset of A\ B(a, ) such that a € D,” . For ay € A define By = {ao}Uco(D,,) and
Bny1 = B,Uco(Uuep, D,) for every n. Now put B = U, B,,. Then B’ is a separable,
closed, bounded and convex subset of D since A it is and A C D . Observe that
B is convex since B, C co(Usep,D,) and B,11 = B, U co(Uuep, D,) for every n.
Now every relatively 7—open subset of B has diameter, at least, g. Indeed, if U is
a relatively 7—open subset of B then there is x € U N B,, for some n and x € D, .

Then thereis y € D,NU and y € BNU . As |lzy|| > 2, one has diam(U) > £ and

. . . -7
we are done, since B is dense in B . O

Finally, using the above lemma joint to theorem 2.6 we get the following

Corollary 2.9. Let X be a Banach space and D a 7—strongly regular closed,
bounded and convex subset of X without 7—CPCP, where 7 is a locally convex and
countable tightness topology on D containing the weak topology on D. Then, there
is a closed and convex subset of D without extreme points, that is D fails KMP.

3. NON-CPCP AND SR LOCALLY CONVEX TOPOLOGY ON THE UNIT BALL OF ¢

As the problem about the equivalence between RNP and KMP, as we said in the
introduction, is solved when CPCP and SR are not equivalent, the above theorem
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suggests exploring a new way to proceed: starting with a Banach space X failing
CPCP, is it possible to construct a locally convex topology 7 on the unit ball of
X, By, containing the weak topology so that By still fails 7—CPCP and satisfy-
ing 7—SR? We don’t know the answer to this question, but a first step could be
answer the above question for the unit ball B of ¢j, since B fails CPCP, in fact
every nonempty weakly open subset of B has diameter 2, that is B fails CPCP
2—uniformly and B also fails SR. In this case, we have a positive answer and for
that purpose we state and prove the following lemma.

Lemma 3.1. Let £ € N, A C P(N) countable family and Ay € A. There is a
partition {A},... Ak} of Ay satisfying that for every FF € A<“ and 1 < i < k, if
Ao N ger A is infinite, so is A N[ 4cp A

Proof. Since A is countable, so is F = {F' € A~ : Ay N[\ cp A is infinite}.

Hence, we may label its elements as F = {F},},eny where F} = {4y} and we also

label Ayg = {a;} en (the case when A is not infinite is trivial). We now construct

inductively a family { A%} <k of finite subsets of Ay with the following properties for
neN

every p,q € N,

(1) Forz",jgk, Al N A} =0 if either i # j or p # q.
(2) #(A N Nyep, A) > 1 for every m < p and i < k.
(3)
40\ (U 45) € {ashion
m<p
i<k
We take A} = {a;} for i = 1,..., k which satisfy the above properties for p = ¢ = 1.
Assume that A’ has been defined for ¢ < k and m < n — 1 satisfying the above
properties for p,qg < n — 1. We aim to define A’ for i < k such that {4 } <k
m<n

satisfy properties (1) to (3) for p,q < n. For that purpose, if Ay \ <U i<k A%) =

m<n—1

{ao() }jen we take A% | = {a,(;»} and inductively A%, == Al U{a;} where

(3.1) (400 N A\ (U AvUA) = {arg bien
A€F,, T%‘%iil i<k

We rename Al | = A for i =1,... k. Let us prove that we reached our goal, that
is, {A¢ } i<k satisfy properties (1) to (3) for p,q < n.
m<n

Property (1): If p,q < n—1 then by the induction hypothesis it is clear that (1)
holds true. Otherwise, we may assume that p =n. If ¢ < p =mn and 7,57 < k then
by construction, A!,; N A7 = () since a,(;) ¢ AJ. If we assume that A}, NAI =0,
we need to show that A%, N AJ = 0. Indeed, A.  NAI = (A U{ax}) N
A{Z = {qT(i)} N Al :4(2) since again by construction a,; ¢ A}. This shows that
A, NA = AN Af] = (. Finally, if ¢ = n and i # ] < k then aq,u) # aq()
and hence A}, N A}, = (). We assume that A, NA ) and show that

J —
n,m—1 —
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Al NALL = 0. Since ar;) # arg) and ar), argy ¢ Al U AL it s clear
that Af, NAJ = (AL U{an}) N (4,1 U{a)}) = 0. Hence, A\ N AJ =
AL NALL =0

Property (2): If p < n then by the induction hypothesis #(A;, NNaer, A) >1
for every m < pandi < k. Let then p = n and i < k. In this case a;) € Az,m - A;.
By (3.1), it is clear that a.() € () cp, A and therefore a-;) € Al N ep A

Property (3): By the induction hypothesis we have that

{ao(}jen = Ao \ ( U Afn) C {aj}j>km-1)-
m<n—1
i<k

This means that o(1) > k(n —1) + 1 and hence o(j) > o(1)+j—1> k(n—1) +j.
Taking into account that last inequality, we have that

(U ) =(a0 (U )\ (U)

i<k mtsﬁnk_
={as(}j>1 \ <U Aim) SRCEOMER (U Aﬁ"1>
i<k i<k

={ao() ik € {akm-1)+5}j>6 = {a}iskn-
This finishes the induction.

Finally, we define A} = U,en Al for every i < k. Tt only remains to prove that
Ab, ..., Ak satisty the statement of the lemma. From (1) it is clear that A} N A} = ()
for i # j. It is also immediate from (3) that (JI_, Aj = Ag so that {A},..., An}
forms a partition of Ay. Finally, if F' € F then combining properties (1) and (2) we
have that

#AN N ALY #AnN4) 2 o
n=1

AeF A€F
O

Now, we pass to show the existence of a appropriate topology on B.,. From now
on we say that an interval I C [—1,1] is a proper open subinterval whenever it is
open as a subset of [—1, 1] and different from [—1, 1].

Theorem 3.2. There exists a locally convex topology 7 in B, containing the weak
topology such that B, is 7-strongly regular for open subsets, but B, does not enjoy
the 7-CPCP, in fact every nonempty relatively 7—open subset of B, has diameter
2.

Proof. We will proceed by induction, constructing an increasing sequence (8, )nen
of countable convex subbases of topologies in B,, where f3; is a subbase of the weak
topology and such that for every n € N the following properties are satisfied:
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(1) For every nonempty U € 3, there is Ay C N such that
U= {(;Uk) € Bco DT € [k, vk € N\AU},

where [ is a nonempty proper open subinterval of [—1, 1].
(2) For every F € F(5,) :={G € B85 : NyecU # 0}, the set (cp Av is
infinite.
(3) If n > 1 then for every F € F(f,_1) there exist U,...,U, € 5, \ {0} such
that U; C (yep U fori=1,...,n and
"1 4
di -U; ) < —.
Clearly, the weak topology has a convex countable subbase [, satisfying properties
(1) and (2) (notice that property (3) does not apply when n = 1). Now, for the
inductive step, assume that (5,_; is a convex countable subbase containing (3; and

satisfying properties (1) and (2). Since F(f,_1) is countable, we label its elements
as F(Bn-1) = {Fim}m- Now we rename (. Ay = A, so that by (1),

() U={(xx) € Bey : w1 € Lim, ¥k € N\ Ay},
UeF,,

for some proper open subintervals I, of [-1,1]. We define /3, by means of an-
other inductive argument. Specifically, we construct now an increasing sequence of
subbases {f2},en with the following properties,
(4) g2 ={U,,..., UrUpE—t with U}, ..., U} pairwise disjoint subsets of Nver, U
for every p € N (taking 89 = S3,_1).
(5) PP satisfies properties (1) and (2) for every p € N.

(6) For every p € N,
. 1\ 4
dlam(ZﬁUp) < -

i=1
Let us construct ;.

We use here Lemma 3.1 with £ = n, A = A; U {Av}tues, , and Ay = A;.
Therefore, there exists {A},..., A7} a partition of A; such that

(3.2) A0 () Ap isinfinite VR UF € F(B,-1), Vi€ {l,...,n}.

UeFUF

We define n pairwise disjoint subsets of ();,cp, U as
U ={(zx) € By : mp €L, it ke N\ Ay, x € (=1/n,1/n) if k€ Ay \ Aj},

where [ Ii,l’ .o, Ity C Iy are pairwise disjoint nonempty open intervals of the same
length.

Claim. We claim that 8} := {U{,..., U} U 3,_; is a subbase satisfying (4), (5)
and (6).
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Clearly, 3! satisfies by definition property (4) so that we just have to show (5)
and (6). Let us first tackle property (5). It is immediate from the definitions and
inductive assumptions that (3, satisfies (1) with A} = Ay for i = 1,...,n. Let
us focus on property (2). Consider then F' € F(B}). If F € 55 then from the
induction hypothesis we know that (2) is satisfied. Otherwise, thereis 1 < i < nsuch
that U] € F. Since (e U # 0 necessarily F\{U}{} € 5 and Nveruvrmun U # 0.
Hence, F{UF\{U{} € F(B,-1). Therefore, (Vo Av = A} NNverum i Av which

is infinite by (3.2). This finally proves that 8} enjoys property (2) and hence (5).
Let us finish the proof of the claim by showing that 3! enjoys property (6). Indeed,
if we pick (z} ), (yy )k € Uf for i = 1,...,n, then |2' —y;'| < 2 whenever k ¢ Al
Therefore,

> oD

i=1

Z

=1

= —sup

4
—sup (2+Z|x ) <
kgEAZ

This proves that 3! satisfies the induction hypothesis and hence the claim is proven.

Let us now get into the inductive step. Assume 2~! has been defined for some p >
1 enjoying properties (4), (5) and (6).We use Lemma 3.1 with k£ = n, the countable
set A = {A,} U{Ap} g1 and Ag = A, and obtain a partition {A,,..., Ay} of A4,
such that for every F,UF € F(B:") we have that A? N Nver,ur Av is infinite (this
is due to the fact that SP~1 satisfy (2)). Now, we define for i = 1,...,n the set,

U ={(zx) € By : €L, if keN\ A, x € (=1/n,1/n)if ke A, \ A},

where [ ,ip, ooy Ity C I p are pairwise disjoint nonempty open intervals of the same
length. Following the same reasoning as in the case p = 1, we know that g? :=
{U),...,Upyupe~" satisfies properties (4), (5) and (6). Finally, 3, is defined as the
union 3, := |J, B5. It is straightforward to see that j, satisfies properties (1), (2)
and (3) and hence the inductive construction is complete.

We are then ready to define our sought topology 7 as the topology generated by
the subbase 8 = |, B,. 7 is clearly locally convex and contains the weak topology.
Let us check that B, is 7-strongly regular but does not enjoy the 7-CPCP.

In order to show that B, fails 7-CPCP we will prove that every nonempty 7—open
subset of B, has diameter 2. For that, observe that the family of finite intersections
of elements in 3 is a basis for 7, so we will be done if we get that every set of the
form (\,cp U is either empty or has diameter 2 for every F' € 3<“. There has to
be some n € N such that F' € g5“. If we assume that (), U is nonempty then
F € F(B,) and the set [, Ay is infinite from (2). Now, from (1), if U € F the
elements in U are sequences of B, without restrictions on terms of Ay, so there
is k (in fact, infinite many terms) such that the elements of U have no restrictions
on its values for the term £, other than belongs to B,,, for every U € F', and then

diam(yep U) = 2.
In order to show that B, is 7—SR for open subsets, let O be a nonempty 7-open
set and € > 0. Then, there is ' € < such that 0 # (", U C O. Therefore, there
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is n € N such that F' € F(f,). Consider m > n such that 4/m < e. Since (5,), is
increasing, F' € F(f,,_1) and thus by property (3) there are Uy,...,U,, € 8\ {0}
such that U; C (yep U fori=1...,n and

"1 4
di —U, )| < —<e.
1am(;m >_m £

O

We think that it would be interesting to know if a topology as the constructed
one in the above theorem exists for L.

Observe that the topology defined in the above theorem can be defined on the
whole space ¢y and even it is possible defining a topology on /., following the
same above ideas, containing the weak-star topology on /., so that every relatively
open subset of the unit ball has diameter 2, while the unit ball contains convex
combinations of relatively open subsets with diameter arbitrarily small.

In [4] (see also [1]) is proved that every Banach space containing ¢y can be equiv-
alently renormed satisfying D2P so that the new unit ball contains convex combina-
tions of relatively weakly open susets with diameter arbitrarily small, showing the
extreme diference between D2P and SD2P. The abore result stresses this extreme
difference from a topological point of view, enlarging the family of open subsets
with diameter 2 and keeping the existence of convex combinations of relatively open
subsets with diameter arbitrarily small, without renorming.
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