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Abstract

This paper deals with the derivation of the mean-field
limit for multi-agent systems on a large class of sparse
graphs. More specifically, the case of non-exchangeable
multi-agent systems consisting of non-identical agents is
addressed. The analysis does not only involve PDEs and
stochastic analysis but also graph theory through a new
concept of limits of sparse graphs (extended graphons)
that reflect the structure of the connectivities in the net-
work and has critical effects on the collective dynamics.
In this article some of the main restrictive hypothesis in
the previous literature on the connectivities between the
agents (dense graphs) and the cooperation between them
(symmetric interactions) are removed.
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1 | INTRODUCTION

We derive in this article the mean-field limit for multi-agent systems posed on a large class of
graphs. More precisely, we consider the dynamics of N agents, interacting pairwise through a
complex map of connections between them. The information about this connectivity map is
encompassed through a weighted, a priori non-symmetric graph Gy where each vertex repre-
sents an agent. Denoting by X;(t) € R the state of the i-th agent, and by K the interaction kernel,
this leads to the system

N
dXx;
= = ; wi; KX = X;), .
X;(0) = X7,

where the w;; = wf‘} # wj.\l.’ are the weight of the edge (i, j) of the graph.
While we consider for simplicity deterministic systems like (1), our analysis would extend in a
straightforward manner to stochastic multi-agent systems with additive noise such as

N
Jj=1

where the Wit are independent Wiener processes.

This paper focuses on the analysis of the behavior of the system as N — o0, for smooth Lipschitz
kernels K but with minimal assumptions on the connectivities w;;. We only impose scalings that
naturally extend the classical notion of mean-field scaling: First, the total interaction felt by an
agent should be of order 1, that is,

N N
max JZ{ lw;;| = 0(), 1%221(\1; lwijl =0(1), asN — oo, 3)

1<i<N

ensuring that complex dynamics emerge at time scales of order 1 as well. Secondly, no single agent
is allowed to have a dominant role, that is,

max |w;i| =0(1), asN — oo, 4
Imax ] = o(1) “@
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MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS | 3

which, together with (3), implies that a given agent is influenced by the average of a large number
of other agents, so that we expect some concept of mean-field limit to persist.

System (1) is a canonical example of so-called non-exchangeable or non-interchangeable sys-
tems. This refers to the fact that (1) is not symmetric under permutation: If (X;(¢));<;<n solves
(1) and o € Sy is any permutation, then (X;(;y());<i<n is not in general a solution to (1). Instead
the same permutation o would need to be applied to the connectivities w;;, thus modifying the
system. Another way of formulating this is that agents are not identical because the effect of the
j-th on the i-th agent may be very different from the effect on the k-the agent: One could have
w;; > 1 but wy, ~ 0 for example.

Classically, studies of many-particle systems have often focused on identical agents and
exchangeable systems which corresponds to choosing w;; = 1/N in (1). The question of the mean-
field limits for exchangeable systems where all agents are identical is now rather well understood
for Lipschitz interaction kernels, with even significant progress on singular kernels; see for exam-
ple the reviews [42, 48, 50]. The case of non-exchangeable systems and non-identical agents had
remained comparatively less explored but recently started to receive a lot of attention because of
their critical importance for many applications and their connections to diverse areas of Mathe-
matics. The analysis of non-exchangeable multi-agent systems indeed not only involves PDEs and
stochastic analysis but also graph theory. On the other hand, multi-agent systems are also found
in a large number of fields from their classical applications in Physics to the Bio-sciences, Social
Sciences or Economics. In many of those settings, agents naturally appear as non-identical: The
structure of the connectivities in the network has proved to have critical effects on the dynamics,
see among many [61, 77-80, 91, 92], and the role of the network of interactions is often critical.
We present one example of such application in Appendix A which is based on models for the
dynamics of biological neurons for which we briefly refer for example to [24, 37, 44, 65, 75, 86, 93].

The main result of this paper is to incorporate the complex non-interchangeable graph
structures defined by w;; into a simple limiting Vlasov equation

1
5, (t,x, &)+ div, (f(t,x,a / w(E,d¢) / K(x - ) f(t, dy,§)> -0, 5)
0 Rd

through the extended graphon w(&, d¢).

In (5), f describes the probability of finding an agent at position x € R?, in a certain state of
interaction with the network & € [0, 1], at time ¢ > 0. This means that the role of an agent can be
represented by adding an extra one-dimensional variable. In this way, we associate to the discrete
connectivities w;; a function w, or some more general object, which accounts for the effect of the
architecture of the complex original system (1) as the number N of agents is large. This type of
graphon-like representation had previously been explored in particular in [20-22, 54, 66, 67] or
in [41, 53]. However those results required more stringent assumptions on the connectivities, so
that for example [20-22, 54] only apply to dense graphs or symmetric interactions, whilst [41, 53]
allow for some sparse graphs, all of them requiring an a priori knowledge on how weights are
generated as to discretize a prescribed limiting object. Of course, this way of prescribing weights
provides some additional convergence, which is essential in these results. The case of sparse ran-
dom graphs such as the famous Erdds-Rényi graphs, has also been treated for example in [25,
27, 67]. In these references one finds the common assumption that Npy — oo, where py € (0,1)
represents the probability of drawing an edge. This condition characterizes the generalized mean-
field scaling (3)-(4) on this class of sparse random graphs. Some even sparser Erdos—Rényi graphs
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with Npy = O(1) have also been handled in [59, 71], but this time they do not satisfy the general-
ized mean-field scaling (3)-(4) and lead instead to diffusive systems. While graphons are capable
of handling limits of some sparse graphs [7, 8], this usually requires some sort of renormalization
of w;.

One of the major contributions of the present article is to offer a unified framework to derive
the mean-field limit without any assumptions, structural or not, outside of the extended mean-
field scaling provided by the assumptions (3)—(4). This comes with considerable difficulties and
impose a completely new strategy to obtain the limit equation.

1.1 | Mean-field limits for identical weights
Before going further in the technical aspects of our work, we recall here the main notions for the

idea of classical mean-field limit in exchangeable systems, corresponding to the simple case w;; =
w/N,

N
dX; w
dt Nj; X = X)), (6)
X;(0) =X,

A critical question for any multi-agent system is how to choose initial data for (6), since it is not
feasible in almost any applications to individually identify or measure every single X?. Classi-
cal assumptions rely on the notion of molecular chaos by imposing that the X? be independent
and identically distributed (i.i.d.) random variables (or almost i.i.d. in some appropriate sense)
according to an initial probability distribution f© € P(R%).

This leads to the key notion of propagation of chaos, which consists in proving that the X;(t)
solving (6) still remain approximately i.i.d. (again in some appropriate measure). For exchangeable
systems such as (6), propagation of chaos often then directly implies that the limit as N — oo of
the 1-particle distribution of the system solves the mean-field equation

9, f(t, x) + div, (w [, x) /d K(x—y) f(t, dy)) =0. (7
R

We refer to the seminal results in [13, 35, 70] and later [13, 25, 27, 35, 42, 48, 50, 53, 59, 67, 70, 71,
85, 93] for the derivation of (7) for K € W1*(R%). As mentioned earlier, the case of non Lips-
chitz kernels corresponds to many realistic applications, it is much more difficult and still poorly
understood to some degree [13, 43, 49, 51, 81, 82, 85]. An extensive discussion would however carry
us too far from the main goals of this article and we only briefly refer again to [42, 48, 50].

A useful notion for system (6) is the so-called empirical measure which is given by,

N
1
uN(t,x) 1= N Z{ 8x,(1)(X),

for every t > 0. In the deterministic case, the empirical measure is itself already a solution in
distributional sense to the mean-field equation (7), which offers a straightforward approach to
deriving the mean-field limit as N — oo, for Lipschitz kernels K, through a stability analysis of
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MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS | 5

Equation (7) in the space of measures. Specifically, the empirical measure offers a very simple way
to formulate and understand the mean-field limit in terms of the weak convergence of the random
measure i to the deterministic limit f. Classical results for Lipschitz kernels for example imply
that

lun = fllw-11 < II#?, — fllw-11 et OIVEKlze,

Some major differences are immediately apparent for non-exchangeable systems like (1). First
of all, because agents are non-identical, it may not be realistic to assume that they are initially
identically distributed. We will still assume that the X 19 are independent though as this is essential
for the reduction in complexity leading to (7). Instead of propagation of chaos, we consequently
have to deal with the weaker notion of propagation of independence.

It is possible to extend some of the classical approaches to prove this propagation of indepen-
dence (as we do in the proof later). Unfortunately propagation of independence no longer directly
implies the limit (7) for general non-exchangeable systems, creating major difficulties. The one
exception occurs in the special case where the degree of each node of the graph is independent of
i, thatis,

N
2 wij =0,
j=1

foralli =1,..., N. In that setting, it is possible to still derive the classical mean-field limit (7); see
[31] for i.i.d initial positions X' 19, and to [26] for the stability for this initial distribution. For general
connectivities w;; however, new ideas and new methods seem to be needed.

1.2 | The use of graphons for multi-agent systems

Graphons offer a non-parametric method of modeling and estimating large networks and are con-
structed as limits of sequences of dense graphs. There now exists a large literature dedicated to
graphons for which we refer to the seminal [9-12, 62].

To give a rough idea of how graphons play a critical role in non-exchangeable systems, consider
a sequences of dense graphs Gy with nodes indexed from 1 to N and adjacency matrix (wg D1<i,j<N
with the key assumption that

-N
w;
N _ _Y : N
w; = with 122??1\1 w;; 0(), asN — . (8)

For a fixed N, it is straightforward to define the graphon over [0, 1]?

N
wy(€,0) = Z ng}.rl][i 1

-1 i
i
Lj=1 NN

XGINEPN! ©)

-1 J
N’N

One directly observes that wy is uniformly bounded in L*®([0, 1]?) but a fundamental prop-
erty behind graphons is that wy can be made compact in the appropriate distance after
re-arrangements. More precisely, there exists a measure-preserving map ¢y on [0, 1] such that
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the rearranged object wy(¢n(€), Py ($)) is compact in the norms of operators from L*®([0, 1]) to
LY([0, 1]); this norm is equivalent to the so-called cut metric, see [62]. Identifying w with its asso-
ciated adjacency operator ¢ € L®([0, 1]) = w(¢p) = /01 PO w(-,¢)d¢ € Li([o, 1)), its operator
norm || - ||;~_z1 is defined by

lwlreworr = sup  flw(@llz = sup /[ ] P(E) P w(§,$)dE dS.
0,12

llpllLeo<1 llpllzeo,llPllLeo <1

The previous compactness property of wy in the operator norm under the assumption that wy
are uniformly bounded in L*([0, 1]?) was initially established in [63] using a weak version of the
Szemerédi Regularity Lemma [87] and a martingale argument.

This turns out to be a key property for the purpose of deriving the mean-field limit. For example,
it provides a natural way to obtain weak stability for Equation (5). Namely, consider a sequence
of weak solutions fy to (5) with weights wy, where wy are uniformly bounded in L*([0, 1]?)
and fy are uniformly bounded in L([0, t,] x [0, 1], Wb n WL(R%)), for all ¢, > 0. Assume
further that f is any other solution to (5) with weights w lying in the same regularity class as
above. We refer to Proposition 4.11 for the precise well-posedness result of (5). Then, we can infer
the stability estimate

d ! 1
S| [i-naxag<e [ [ ipv-flaxds 4oy -l 00)
o Jrd 0o Jrd
where C;, C, are constants depending on the norms of f, the uniform bound of the norm of wy
and the L' and Lipschitz norms of K. This estimate can easily be derived formally and how to
obtain it rigorously goes beyond the limited technical scope of this introduction. We just mention
that, since K is Lipschitz, (10) can also follow from the notion of solutions in Proposition 4.11 as
long as f and f are smooth in ¢t and x: if fy, f € W:;"L?’ for example, then we can use any
x(fy — f) for y smooth as a test function on (5).

Consequently, using the above theory of dense graph limits, one can set the measure-preserving
maps ¢, on [0, 1] so that the re-arranged objects wy(¢n (&), Pn($)) converge (up to subsequence)
in the operator norm, and also set w to be the obtained limit. By doing so, the second term in the
right hand side of (10) converges to zero and, assuming well-prepared initial data, we can pass
to the limit as N — oo in fn (2, x, pn(€)) and obtain a solution f(t, x, &) to (5). As a consequence,
we can determine the limit of the 1-particle distribution given by fol fan@t,x,&)déE:

1 1 1
/ F(tox,6)dE = / Fr(tx. (8 dE — / ftx0)dE, asN — oo.
0 0 0

We refer to [20-22, 54] in particular for a complete analysis that this brief sketch cannot do justice
to. An alternative and more primitive approach to derive macroscopic limits for (1) was obtained
in [66], again for graphons w € L*([0, 1]?) and Lipschitz kernesl K, in terms of the graph-limit
equation

1
8.X(t,6) = / w(E, O KX(t, £) — X(1.0) d¢. an
0
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Here, X € C 1([F'\{Jr, L*®([0, 1]) can be interpreted as a time-evolving parametrization of the contin-
uum of agents by a continuousindex & € [0, 1]. Whilst a large portion of the literature sticks to this
simpler formulation, we remark that (11) corresponds to a special class of solutions to (5) having
the form f(t,x,&) = Ox(1,6)(X), but clearly not all solutions of (5) come from solutions to (11).

The critical issue to implement a similar stability estimate like (10) in our case is that our
assumptions (3)-(4) of course cannot ensure that the weights w;; satisfy (8). This concerns both
dense and sparse graphs: sparse graph sequences in general will not satisfy (8), but also many
dense graph sequences may fail to satisfy (8). As we noted above, one may still use graphons to
characterize limits of some sparse graph sequences. For example, for sparse deterministic graphs
[7, Theorem 2.8] shows that any C-upper LP regular sequence of weighted graphs with p > 1 con-
verges to some w € LP([0, 1]) in the cut distance. For sparse random graphs, [7, Theorem 2.14,
Corollary 2.15] derives a general convergence result of the sequence of w-random sparse graphs
generated by any w € L'([0, 1]) toward w itself in the cut distance. In both cases, a suitable renor-
malization on the graphon is needed. One fundamental advantage of the theory developed in
this paper is that it applies to all sparse graphs which satisfy (3)-(4). However, our analysis and
motivation are not limited to extend previous results to sparse graph sequences.

Various extensions of graphons have been proposed to handle less stringent assumptions
than (8). We mention in particular the aforementioned extension to L? graphonsin 7, 8], the more
general operator-based extension in [3] based on graphops, and the measure-theoretic extension
in [55] based on s-graphons. Each of the three classes of continuum objects contain the family
of finite graphs, and they can be endowed with a compact metric space structure under a certain
topology, similarly to what it was done for graphons. We emphasize that the above assumption (3)
represents a scaling of weights w;; and only provides uniform bounds for wy in the mixed spaces
LM = L?’([O, 1], M¢([0, 1]) and L M = LEO([O’ 1], M([0, 1]). The scaling of weights in

¢ ¢
LM N L;"Mg corresponds to a continuous versions of the same discrete version (3) of the

sgaling and suggests defining a new class of continuum objects which we shall call extended
graphons, see next section and Definition 4.6 below for further details. A similarly scaled exten-
sion was developed in [55], based on digraph measures or bounded everywhere defined families
of measures, and is discussed more at length after Theorem 1.1. Closely related is also the scaling
in [64], where the author considered limits of random graphs sampled from graphons not neces-
sarily bounded but belonging to the mixed space L§°([0, 1],L§([O, 1])). In contrast with classical
graphons, our measure-valued definition of extended graphons reflects, in part, the sparsity of the
network (as they are intimately related to graphops, s-graphons, and digraph measures), but also,
the microscopic inhomogeneity of the network. A fundamental example of this lies in constant
graphons, which are associated with homogeneous graphs. We refer to Section 2.5 for some exam-
ples sparse and inhomogeneous graph sequences which converge to extended graphons under our
notion of convergence.

The goal of this paper is not to provide a complete classification of the existing theories of graph
limits. However, the above classes of objects can be compared, and so has been done in more
dedicated literature, for example, [3, 55] and also [41, 53]. Without any intention of comparing
their topologies, the previous classes of objects are related as sketched in Figure 1, at least when
restricted to symmetric weights. We note that extended graphons account for an intermediate
degree of sparsity as they occupy an intermediate position between the class of graphons and
graphops. This fact will become clearer later in Section 4, and more particularly in the operator
representation of extended graphons in Lemma 4.7. However, we do emphasize the topology that
we use on those extended graphons is very distinct from other known objects.
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4 )
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N S S —

k s-graphons [59

FIGURE 1 Comparison of the various graph limit theories.

1.3 | Our new result

The main contribution of this paper is to provide the mean-field limit with only assumptions (3)-
(4). This first requires a careful definition of the space for limiting kernel which we call extended

graphons and we denote by L?’Mg n L?Mg; namely w € L?Mg N L;"Mg iff

w(§,df) € L=([0, 1], M([0, 1)),  w(d€,{) € L*=([0, 1], M([o, 1])), (12)

where we define the space L*°([0, 1], M([0, 1])) as the topological dual to the Banach
space L'([0, 1], C([0, 1])), endowed with the corresponding weak-* topology.
We are now ready to state our main result,

Theorem 1.1. Assume that the interaction kernel K belongs to W' n W1 (R%) and consider a
sequence (X;(t))1<i<n, solving the multi-agent system (1) for connection weights satisfying only (3)-
(4). Assume moreover that the initial data X ? are independent random variables, but not necessarily
identically distributed, and denote their laws by f ?. Finally assume that

0 0
sup sup E[|X]|?] < oo, sup sup [|f}llwiinwiemd) < o.
NeN 1<i<N NeN 1<i<N

Then, there exist w € Lg"M; n L;"M; and f € L2([0, t,]x [0, 1], Wb n WL=(R%)), for any
t, > 0, such that f solves (5) with w and, up to the extraction of a subsequence,

1
sup [EW1</ f(t,-, &) dE, un(t, -)) -0,
0<t<T 0

as N — oo, where W is the usual Wasserstein distance acting on the subset of P(R%) with finite
first order moments, and uN(t,x) := L Zf\il Ox,(1)(x) are the empirical measures associated to

N
X <i<n-
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Compared to the existing literature, Theorem 1.1 is the only result so far capable of handling the
mean-field limit where we only assume assumptions (3)-(4) on the connections w;; without any
other structural assumptions. As mentioned earlier in the introduction, when the graph has some
specific structure, Erdds-Rényi for example, other approaches exist that only require the scal-
ing (3)-(4) [25, 27, 59, 67, 71]. We do not obtain classical graphons since the limiting kernel w only
belongs to Lg" M N L‘E" M, which is a natural space corresponding to the scaling in (3). As men-
tioned above, a space with a similar scaling is the space of digraph measures B([0, 1], M([0, 1]).
This space was inspired in the s-graphons [55], specifically introduced to handle sparse graphs,
and itwas used in [53] for mean-field limits. There are a few key differences with the present analy-
sis, as digraph measures B([0, 1], M([0, 1]) consists of everywhere defined in £ bounded measures
in ¢ while our extended graphons in L§° Men Lg‘f" M are only almost everywhere defined in § (or
in ¢). The use of extended graphons offers several advantages when passing to the limit. In par-
ticular, in comparison [53] appears to require an improved continuous dependence in £ of the
digraph measures that further restricts the type of connectivities that can be used with respect
to (3)-(4).

But our notion of extended graphons in L‘;Mg n L?Mg does lead to some major issues, as it
does not seem possible to pass to the limit in Equation (5) directly. That imposes a new strategy
briefly outlined in the sketch of proof in the next subsection. Some of that technical difficulty
can be glimpsed from the fact that it is not yet clear in which sense Equation (5) is posed with
onlyw € LE"M; N L;,”Mg. The main issue is the non-linear term of course since f is only essen-
tially bounded in £ with no additional regularity, and only a.e. defined. More specifically, it is not
immediately obvious how to make sense of terms like

1
Eelo, 1] / () w(t, o),
0

for ¢ € L*°([0, 1]). This is where the proper definition of LE"M; N L?’Mg is needed and one
reason why we require w to belong both to L° M, and to L;" M (which would be automatic

if w was symmetric). A careful analysis then allows proving that the above function is correctly
defined in L*([0, 1]) with

1
/ () w(t, o)
0

< oo o0 oo
LS ”w”L§ MenLE Mg Il e

as we prove later in Lemma 4.7. Note that the above also allow identifying any w € L?M; N

L;".A/lg with a bounded linear operator L*([0, 1]) — L*([0, 1]), and therefore this explains the
above-mentioned relation in Figure 1 between extended graphons and graphops.

We also note that our proofs could imply an even more general formulation of Theorem 1.1. For
example the assumptions f ? € L' n L= (R%) would be enough, and it should even be possible to
further relax some of the assumptions on the graphs with

1 N
ﬁZ(
i=1 \J

N 4 L X
|wl-j|> =0(1), NZ sup lwi;|P =0(1), asN — oo,
1

=1 1<j<N

for some p > 1, instead of (3)-(4).
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As in classical mean-field limits, independence of initial data is the key to the reduction of com-
plexity provided by Theorem 1.1. We assumed for simplicity that the X ? were fully independent but
it would be straightforward to relax this condition by having them approximately independent.

Theorem 1.1 obtains the limit up to the extraction of a subsequence in N, since it makes no
assumptions on the convergence of the initial data and it then amounts to a compactness result.
Nevertheless, it is possible to derive the convergence of the whole sequence but the formulation
is trickier than usual because of the role played by the connectivities w;;. The first necessary
assumption is naturally the convergence of the full sequence of empirical measures: There exists
0 € whe(R%) such that

[EWl(fO, ,u]?]) -0, asN — . (13)

Alternatively, since X lQ are independent, one may assume convergence of the 1-particle distribu-
tion
N

W1<f0, IlV Zf:)> — 0, asN — oo.

i=1

However (13) is not enough and some additional convergence of the w;; is also required.

Theorem 1.1 opens up new avenues to the analysis but still leaves some important questions
unresolved. The main and obvious issue concerns the Lipschitz assumption on the kernel K. This
is a critical issue for many applications which involve some form of singular interactions. Among
several examples, we mention the integrate and fire system for biological neurons that we briefly
describe in Appendix A. Integrate and fire models only very loosely fit within the multi-agent
framework that we focus on in this paper so that extending the present analysis to integrate and
fire model would be a highly non trivial extension.

The Lipschitz regularity of K plays a critical role in the first step of our analysis when propagat-
ing independence. It does not appear as essential in the next, more complex steps of our proofs.
Replacing the classical trajectory methods to obtain propagation of independence could allow
obtaining an equivalent of Theorem 1.1 with less stringent assumptions on K.

2 | NOTATIONS, BASIC DEFINITIONS, EXAMPLES AND SKETCH OF
THE PROOF

2.1 | Notations

We denote by M(E) the space of finite Radon measures on E, where here the underlying space E
could be R?, the interval [0, 1], or also some product of those spaces like R¢ x [0, 1] or [0, 1]2. The
space P(E) denotes the subspace of probability measures on E, [89] that is measures u € M(E)
that are non-negative, with mass 1.

For a given measure u, we denote by u(x) the abstract notion and by u(dx) when integrating
against u. For example, the Dirac mass at 0 is defined by p(x) = 6y(x) and we write

/ $(x) p(dx) = / $(x) 8(dx) = $(0),
E E

for all continuous function ¢.
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This notation offers a convenient way of representing marginals for measures of several vari-
ables. For example, if u € M(E X E), then v,(x) = fE u(x,dy) simply denotes the first marginal
of u, that is,

v1(0) = u(0 X E),

for any measurable subset O C E, while v,(y) = /E u(dx,y) represents the second marginal of u.

We recall that M(E) is the topological dual of Cy(E), the space of continuous functions with
vanishing limit at infinity (more precisely, Co(R%) for E = R? and C([0, 1]) for E = [0, 1]).
Unless otherwise specified, we always use the corresponding implied weak-* topology on M(E).
Specifically, we have that u,, — u for the weak-* topology if, and only if,

/ $(x) pn(dx) — / $(0) u(dx),
E E

forall ¢ € Cy(E). We also recall that, by the the Banach-Alaoglu theorem, any ball of finite radius
of M(E) is precompact for this topology. If E is compact, for example, E = [0, 1], then P(E) is a
compact metric space for the weak-* topology.

2.2 | The space L*([0, 1], M(]O0, 1])

We define the space L*®([0, 1], M([0, 1])) as the topological dual of the Bochner space
L([0, 1], C([0, 1])). So defined L*®([0, 1], M([0, 1])) is not a Bochner space because M([0, 1])
fails the Radon-Nikodym property [6, 33]. However, by a variant of the Riesz representation
theorem operating in the absence of the Radon-Nikodym property [47] we have that the dual
space L*®([0, 1], M([0, 1])) amounts to a weak-* Bochner space. Specifically, objects w €
L*>([0, 1], M(J0, 1])) are alternatively identified with maps £ € [0, 1] — w(&,¢) € M([0, 1])
which are weakly-* measurables and such that there exists C > 0 such that

1
/ () w(-,dd) < Cliglicqo, 1,
0

Le>([o, 11)

for all ¢ € C([0, 1]). We refer to Definition 4.5 for further details. The best constant C above
defines the norm on the weak-* Bochner space L*([0, 1], M([0, 1])) and, by the above duality
theorem, it is equivalent to the norm of L*([0, 1], M([0, 1])) as a dual space. The corresponding
duality reads

(w.¢) = / $(6, O w(&,do),
[0, 1]2

for all w € L*([0, 1], M([0, 1])) and all ¢ € L'([0, 1], C([0, 1])). Except otherwise specified,
we always imbue L*([0, 1], M([0, 1])) with its weak-* topology as a dual space. By the Banach-
Alaouglu theorem, any ball of finite radius of L*([0, 1], M([0, 1])) is again precompact in the
weak-* topology.
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We recall that L'([0, 1], C([0, 1])) is a separable, Banach space. Moreover, the following
inclusions

c=([o, 11*) c c([o, 1]*) c L ([0, 1], €([0, 1])),

are dense, which directly implies that L*([0, 1], M([0, 1])) can be identified with a subspace of
M([0, 1]?) (and therefore of distributions D’([0, 1]?)). This leads to the inclusions:

L=([o, 1], M([0, 1])) € M([0, 1]*) ¢ D'([0, 1]).

Specifically, a distribution w € D’([0, 1]?) belongs to L¥([0, 1], M([0, 1])) if, and only if, there
exists some C > 0 such that

/ B(.)w(E, dO)dE < C Il 0,11 oo, e
B2

for all ¢ € C*([0, 1]%), the best C being the norm of L*([0, 1], M([0, 1])) as a dual space.

Since the weak-* topology on a dual space is metrizable when induced on balls, then we
have that w,, — w for the weak-* topology of L*([0, 1], M([0, 1])) if, and only if, w,, - w in
the sense of distributions and sup,, [|w,lr=(0, 1], Mm([0, 17)) < oo- This also directly implies that
C*=([0, 1]?) functions are dense in L®([0, 1], M([0, 1])), so that this space is separable for the
weak-* topology.

Similarly, the space L®([0, 1],L?[0, 1]) can be defined either through duality with
LY([0, 1], L?([0, 1])) or as a Bochner space. Since this time L?([0, 1]) does verify the Radon-
Nikodym property, the classical version of the Riesz representation theorem [33] ensure that both
approaches coincide.

2.3 | The space L; M. N L;"Mg and examples

Depending on the order of variables, we can actually define two spaces L;"M; =
L?’([O, 1], M¢([0, 1]]) and L;"Mg 1= L;"([O, 1], Mg([0, 1]]). As above, both can be regarded
as subspaces of distributions D’([0, 1]?) through the dualities

<w19¢> = ]¢(§9§) wl(g’dg)’ <w2’¢> =

[0, 1

]¢(§,§)wz(d§,§),

[0,1

foreveryw,; € L?’ My, w, € L§°° M and all¢ € C=([0, 1]%). As subspaces of distributions we can
easily define the intersection Lg" Me N L§° M with the corresponding union of the two topologies.
Equivalently, this could be defined as the topological dual of L;

weak-* topology. The induced norm on L?M; n L§°M§ is simply

Ce + L; C¢, with the corresponding

Iwllze menre me = max{liwllze g, Iwllzg a3

We again have that w, — w for the weak-* topology of L?’Mg N Lg‘f"Mg if, and only if, w, - w

in the sense of distributions and sup,, [|w,|| LE ML My < 00. As before L?M; N L§°M§ is also
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separable and C*([0, 1]) functions are dense for the weak-* topology. Again, any ball of finite
radius of LE" M N L;" M is precompact for the same weak-* topology. The space Lg" M N LS‘E" M
will also be introduced later in Definition 4.6 under the name of extended graphons, and will serve
as a new graph limit theory.

An elementary but illuminating example of elements in Lg" Men L;f" M consists in consider-
ing just w = §(§ — ¢). Obviously this kernel can be regarded in three different equivalent ways.
First, as an element in L?’M;, that is, a parametrized family £ € [0, 1] = 6¢({) € M([0, 1])

of measures in . Second, as an element in L?Mg, that is, a parametrized family ¢ € [0, 1] —

8¢(§) € M([0, 1]) of measures in §. Finally, as the measure in M([0, 1]?) supported on the diag-
onal of [0, 1]%. The definitions above provide a simple framework where we can simply switch
between each interpretation as desired.

A more interesting example consists in considering w = §(®(§) — ¢) where @ : [0, 1] —
[0, 1] is any one-to-one, measure-preserving map. We build on this example to provide an illus-
tration of a non-trivial limiting kernel for our main result. As above, this kernel can be seen in
three different ways. First, it is clearly a parametrized family § € [0, 1] = Jg ) () € M([0, 1])
of measures in {. More precisely,

PO w(§,dS) = ¢(P(5))

[0,1]

for all ¢ € C([0, 1]), which yields obviously a measurable function in &, and therefore w defines

an element in L;"M;. Of course, the above embedding allows regarding w as a measure in

M([0, 1]?), that is,

/ o6, O w(dE,d¢) = / pEaENdE= [ p@ 1)) de,
[0, 1] [0, 1] ]

[0, 1

for all p € C([0, 1]%), where in the last equality we have made the change of variables ¢ = ®(£) as
® is one-to-one and measure-preserving. This allows regarding w also as a a parametrized family
$ €10, 1] = Sg-1(6y(§) € M([0, 1]) of measures in §, that is,

]¢(§) w(d§, $) = ¢(@~({)),

[0, 1

forall ¢ € C([0, 1]). Of course, they all represent the same object as for all ¢ € C([0, 1]*) we have

o6, w(dE, d¢) = / o(£, O w(dE. 0 de.

[0, 12

/ o(6. O w(E,dg) dE =
[0, 1]2

[0, 12

2.4 | Further comments on our extended graphons

There are compelling reasons why extended graphons w € LE"M; nL?Mg appear to be the
correct scale for the type of complex structures of connectivities that we are interested in.
We first point out that our extended graphons occupy an intermediary place in the current

hierarchy of graphon-like objects, see Figure 1. Obviously they are more general than classical
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graphons since they are not necessarily bounded, that is, w ¢ L?,); =L%®([0, 1]?) in general.
However as mentioned above, the analysis will show later thatany w € Lg" M N L Mg can also
be seen as the kernel of a bounded operator from L*([0, 1]) - L*([0, 1]); instead of an operator
L*([0, 1]) — L'([0, 1]) for graphops. As such extended graphons appear as intermediary objects
between classical graphons and other extensions such as graphops, s-graphons and digraph
measures, see Figure 1.

However the topology that we consider in our analysis for this space L?Mg N L?Mg is one
of the major differences with respect to the existing literature. The proper convergence for our
large-graph limit cannot hold in the classical cut distance, or any direct extensions such as the
topology of bounded linear operators L*([0, 1]) — L*®([0, 1]), which we have defined earlier,
to the best of our knowledge. This is clear from the stability estimate (10) for graphons, which
inevitably breaks for unbounded graphons. Instead the key notion of convergence that we use is
based on a new countable family of observables that mixes the connection kernel and the initial
laws on each agent. Specifically, the observables can be defined as follows

N
1
T(T,(wij)lsi,jSN7(f?)lSiSN)(Oaxla---,x|T|)=N Z II Wy, ” f?m(xm), (14)
iy iy =1 (kD)EE(T) mev(T)

and they are indexed by finite trees T, where f? denotes the initial law of the variable X?.
Those observables have a corresponding representation at the limit when the discrete weights
(Wij<i,j<n and laws f ?(x) are replaced by kernels w(¢,¢) and initial data f°(x, &) through the
definition,

(T, w, )0, X1, o X)) = / M weet [I G éndédér. as)

[0, 117" (k. eE(T) mev(T)

Those definitions allow defining precisely the convergence in Theorem 1.1: If we have the strong
convergence in L*(R4!) of the observables 7(T, (w;)1<i j<n (f)1<ien) = T(T,w, fO(€, X)) as
N — oo, for all trees T, then the dynamics of the X; can effectively be represented at the limit
by the solution f to (5),

1 1
— Ox. - t,x,d&).
ORUCRYIERD

As it can be seen in the sketch of proof below, the observables 7(T, (w;;)1<;,j<n> (f?)lsisN) indeed
play a critical role in our analysis as they entirely control the dynamics.

Note that since f ?(x) and f°(x, ¢) are normalized probability measures with respect to the
variable x, then by integrating the observables (14)—(15) on the spacial variables we are led to the
well-known notion of moments on a graph, that is,

/d| | (T, (wij)lgi,jsN,(f?)lgigN)(O, X155 X)) dX1 ey Ay = T(T, (W< j<n)s
RAIT
together with its continuum version

/dm (T, w, f)(0, X1, ..., X;7) dXq ..., dx7| = (T, w),
R
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where 7(T, (w;;)1<;,j<n) is the homomorphism density of the finite tree T in the finite graph
(wiji<i,j<n»> and (T, w) is its continuum version, which are also used in the classical theory
of graphons. In particular, under the above-mentioned convergence of the observables, we also
have 7(T, (w;j)1<i,j<v) = ©(T,w) as N — oo for all finite tree T. In a first major difference to
graphons though, when w € Lg"./\/lg N L;"M,; is an extended graphons we can only define the
associated observables (T, w, f) and the homomorphism density 7(T, w) for trees T and not any
arbitrary graph.

A second critical difference is that our notion of observables completely entangles the kernel
with the initial conditions. In particular our main theorem does not provide independent conver-
gence of the extended graphons and the initial data. In other words (see the example below as
well), we could have that for some initial data f?(x) and some connections w;;, one has that
(T, (Wi 1< j<n> ([ Dh<ien) = (T, w, f°) for some limiting w(¢,d¢) and fO(x, £). If one then
considers different initial data f ?(x) but for the same connections w;;, there is no particular reason
why we would be able to use the same limiting kernel: We may need to derive a different limiting
kernel (&, d¢) together with a different limiting initial law f°(x, &) to maintain the convergence
(T, i< j<n> FDi<ien) = (T, @, 0.

While our main theorem ensures that there always exists a limiting representation, it is not
necessarily unique. We can for instance find different kernels w(§, d{) # w(&, d¢) and initial data
£O>x, &) # fOx, &) such that (T, w, f°) = ©(T,w, f°); see the example below again.

All of this makes the notion of convergence that is developed in the present paper very differ-
ent from most of mean-field limit results based on graphons or graphon-like objects. Because our
result applies to any connections with only the bounds (3)-(4) without any additional convergence
assumptions, it is unclear whether it would even be possible to identify a specific topology on the
connections w;; or kernels w without mixing them with the initial data. Another fundamental

question is whether our class L?M; N Lg"Mg is optimal for detecting the sparse connectivity

and the microscopic inhomogeneity of networks, and again we believe that it will depend on
the properties of the network and its connectivities to be studied. Note our main Theorem 1.1
operates up to the choice of a subsequence, that is, once a suitable subsequence of graphs is a
selected so that the observables 7(T, (w;;)1<;,j<n> (f ?)151‘5N) (and therefore the homomorphism
densities (T, (w;;)1<; j<n)) converge. Therefore, a natural question is to understand how big
is the set of all possible accumulations points via this procedure. We want to clarify that any
we L?M{ N L;"Mg can be recovered in this way, which suggests that the class of extended
graphons is optimal for that purpose. More specifically, and as established in Lemma 4.12, for any

w € L M¢ N L Mg, there exists wy € Lg%, uniformly bounded in L®L! N LPL!, converging to

¢ ¢< §7¢ TR
w in LgH s”_l N L;H §—1. This finding is subsequently utilized in Lemmas 5.3 and 5.4 to establish the

convergence of 7(T, wy) to (T, w). Certainly, if wy is further uniformly bounded in LY, (which

o0

is compatible with weights satisfying the scaling (8)), then 7(T, wy) — (T, w) for some wel e

thus retrieving the classical result of Lovasz—Szegedy [62, 63].

Several other open questions concern the new system of observables that we introduce in (15).
Those are conjectured to naturally extend the notion of marginals, and hierarchy of marginals
to non-exchangeable systems. The structure of the hierarchy of observables (15) remains rather
poorly understood however. A first example is the range of possible functions that one can reach
through (15): What would be the conditions on a sequence ar(x;, ..., X|7|) indexed by trees T so
that we can find w € L?M; N L?M; and f € L®(R? x [0, 1]), such that

(T,w, f)=a(T), VT?
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2.5 | Example of convergence

To illustrate those remarks, we discuss in some depth a natural example of connection weights,
based on a sparse graph. Choose 1 << M <« N (with N multiple of M for simplicity), and separate
{1,...,N}into N/M subsets EV, ... ,Eg/M, with size |EkN| = M for each k < N/M. In other words,
we separate our agents into N /M distinct subpopulations.

Introduce further a permutation ¢ € Sy,p which lets us define

1 ... N . N
w;j = {J\_/I ifi € E; and]eE¢(k) for some k,

0, otherwise.

This choice of connection has a very simple interpretation. Agents are divided in N/M distinct
classes or layers EIICV ,k=1,..,N/M.Each agent i in a class E}{V is connected with exactly M other
agents that all belong to the class E;;](k).

We note that the adjacency matrix w;; is sparse as we have exactly N - M non-zero entries
among a total of N2. Because M is much smaller than N this does lead to a sparse graph of
connections. Note also that those connections satisfy (3)-(4) as long as M > 1. In particular if

: N
lEEk

N EN
S wyl= Y 1 _ o0 =1,
~ U &M M
J _]€E¢(k)

and also similarly le |w;;| = 1since ¢ is a permutation. We also observe that this weights satisty
the assumptions in [26]. Therefore, if the X ? are initially i.i.d., then we can derive the mean-field
limit to the classical Vlasov equation, that is, we can choose as a limiting kernel w = 1. This is not
possible in general if the X? are not i.i.d., and this example will provide an excellent illustration
that the choice of the limiting kernel may have to depend on the initial laws.

Let us introduce the usual graphon representation of wy

N
wN(é',{) = 2 Nwlj I][L 1

-1 i
i,j=1 NN

(&) ﬂ[%%)(?)-
To derive a more explicit formula for wy, it is useful to have a good labeling of the indices on each

class E]]{\’ . Of course, for any k = 1, ..., N, we can list the indices in EkN consecutively by

EY ={(o(k) - 1)M +1,...,0(k) M},

where 0 € Sy is some permutation. Introduce now the approximation of the Dirac mass at
scale M /N,

N
5%(&) = M I]gelo’ %)7

and let us extend the discrete permutation ¢ to the step function ¢, : [0, 1] — [0, 1] with

PO =GN =D i1, itE € (@00 -1 3. o0 3 ).
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MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS 17

forallk =1,..., % We then have the simple expression
wy(§,¢) = 8m (S — PN (E)).
N

Let us note immediately that the classical Lovasz—Szegedy theory based on graphons cannot
apply here. First, we of course have that ||[wy||;~ = IYER Moreover, we cannot have conver-
gence of wy in the cut distance as it is not a Cauchy sequence for this topology. Consider wy and

M, and

. . N N N _
wy (with corresponding M and M") with R Choose (&) = ﬂge[(¢(a(1))—1) % $o) 2

note that
! N
/ wy (&, P dS = M I]ge[(a(l)—l) M o) My
0 N N
Therefore, we have

1
/ Wy OPOde| =1
0

Ll
However, using that wyy € L?{ (and also any rearranged version) we also have

N' M

| [ evt@@.ecruas N

< llwnrllze 19l =
L1

for any measure-preserving map @ : [0, 1] — [0, 1]. Altogether implies the control on the cut
distance
N M

inf flwy (€, ) = wy (), PNt 2 1= 75 =

e . . N
where the infimimum ranges over all measure-preserving maps of [0, 1]. Of course, since R

11\\77’,’ the above lower bound that does not converge to 0 as N’ — oo. Because wy is purely determin-
istic, there is also no renormalization that would preserve the dynamics and provide convergence
in the cut distance.

This expression of wy of course amounts to a discretization of

Wy (£,8) = 84,5,

where we observe that ¢ is a a.e. defined measure-preserving map on [0, 1]. At this point, it
is tempting to conjecture that, after re-indexing such that ¢, is compact and extracting a sub-
sequence such that ¢, — ¢, the limiting dynamics should follow the limiting kernel w(&,¢) =
85(¢)($)- But this is not correct per se. Instead, in such an example, it is not possible to determine
the limiting kernel without some further information on the laws f ?(x) of the initial positions
X ?. To keep this example reasonably simple, we assume that we only have at most N /M different

laws f) withk =1, ..., 11:1_4 and that the X are actually i.i.d. fori € E} according to the law f}(x).

To determine the limiting kernel, our analysis requires to find the limit of every observable
defined in the previous subsection. Let us hence write explicitly some of them. First we perform
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18 | JABIN ET AL.

the obvious graphon extension of the initial law defined by

N/M
InG,§) = 2 Sir(x) I]fe[(cr(k)—l) %’ o(k) %) .
k=1

The first observable, corresponding to the unique tree T, € T; with just one vertex is simply

1 o VM
T(T1, Wir<i jens FD1<ien) = / In(x,§)d§ = N Z Si().
0 k=1

One can readily check that the observable for the unique tree T € T, with two vertices is

1
T(T29(wij)lsi,jSN’(f?)lsiSN):/ InGea, §) (e, dn(£)) d§.
0

Other observables are built in a similar manner. We provide below some more examples. For
instance, the tree T); € Ty, With one root and k leaves yields

1 k
T(Tis1s (wij)lgi,jgN’ (f?)lSiSN) = / frn(x1,6) HfN(xi+1,¢N(§)) d§.
0 i=1

The tree Ty,,1 € Toryq With one root connected to k vertices, each of them with one leaf, instead
produces the observable

1 k
(T4 (wij)lsi,jSN’ (f?)lSiSN) = / I ) H I N () fin(Xais1s PN (PN (£)) dE.
0 i=1

As one can readily see, a sufficient condition to obtain §£)(¢) as a limiting kernel is to have both
¢n converges strongly to ¢ and f converging strongly to some f. We are allowed to reindex (or
use a measure-preserving map) but it has to be the same map for both. We will in fact obtain later
a lemma that guarantees that this is possible (and in fact up to a countable number of functions).
However, we stress again that the limiting kernel is not unique in general. Hence, even when ¢y
and fy are jointly compact, we may have other, different, and simpler acceptable limiting kernels.
A trivial example was mentioned at the beginning of this subsection: if fy does not depend on &
then we may take w = 1.

We expect that the simplest limiting kernel depends on the decomposition in cycles of ¢ and
how fn behaves on each cycle. Performing a full analysis is well beyond the scope of this example
though. For this reason, let us further simplify things by assuming that ¢ has exactly one cycle of
full length with simply: ¢(k) = k + 1 for k < % with ¢(;\V—4) = 1. Furthermore, let us assume that

o = Id, that dimension d = 1 and f(x) = f(x — k %) for some smooth f. With these choices,
one can check that

N8 = f(x—[€n), on(E) =[Eln

where [£]y = ]z\v_/[ [%%’ | and [-] is the ceiling function. Since f is smooth, we have that

= fe=9+0( ). e =¢+0(3).
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MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS | 19

Hence, it is obvious that the limiting dynamics can be represented by choosing & = §(§ — ¢) and
f(x,8) = f(x — &). But of course, even here, the representation is not unique: any composition
by a measure-preserving map would still work.

However, we can prove in that special case that the limiting dynamics cannot be represented
by some w € L?{. Assume that there is one such w and f such that (T, w, f) = 7(T) for all tree

T.To be specific’, assume that w obeys the mean-field scaling, that is,

1 1
0(§,$)d§ <1, p(€,0)|dE < 1.
sup /0 [w(, ) d¢ < §GSE(1),p1]-/0 [w(€, )l dé <

§elo, 1]

Assume moreover that the function

1
xEIR»—>/ |f(x = ©)|*dE,
0

does not take only a finitely many values. We can easily calculate the limiting observables for any
tree T

1 17T|

oy ) = 20 = [ [ fG- 6t
0 i=1

This is of course a very remarkable formula as it depends only on |T|.
Consider the tree T; € T with two leaves attached to its root. Since we have ]R flx,&Ddx =1
for all &; € [0, 1], then we can calculate

/ H(Ta 0, )1, x, %) doxy dx = / / D(EL, £) (&, £3) F(x, £) [(x, £) dE, dE, dE, dx
R2 R J[0, 13

1
- / / W), ) dx dE,
RJ0

where W : L*(R x [0, 1]) — L?*(R x [0, 1]) is the linear operator defined by

1
W(g)(x, &) := / B(E,$) g(x, ) de.
0

Consider next the tree T, € T, where we add one leaf to T; connected to one leaf (say node 2) of
T5 (which is then no more a leaf of course). Calculate again,

/ (T4, 0, f)(x1, Xy, X, X) dx; dx, dx
R3

Z/R/[ ]u_’(gh52)w(fz,54)w(fl,53)f(x,§3)f(x,§4)d§1d§2d§3d§4dx
0, 14

1
_ / / W(F)(x, &) W2(F)(x, £) dx dE.
RJO0
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20 | JABIN ET AL.

Now observe that by the above shape 7(T, w, f) = 7(T) of the limiting observables, we have

/ (T4, W, F)(x1, %5, %, X) dx; dx, dx = / T(T3)(x1, x, x) dx; dx,
R3 R

that is,

1 1
/ / W), &) WA(F)(x, ) dx dE = / / W), )2 dx dE.
RJ0 R J0

Note that thanks to the mean-field scaling on w, we have

1 1
/ / W) x, O dx dt < / / W), )2 da dE,
R J0 R JO

since we have that by Cauchy-Schwartz

2

1 1 1
|W2<f')(x,§>|2=( / w(g,g)W(fxx,&)ds“) < / W(E,¢) d¢ / B(E, ) (W), O de
0 0 0

1
< / B(EO WP O de.
0

from the mean-field scaling. Therefore as claimed,

1 1 1
W2(F)(x, |2 dxdE < D(E, W(H(x,O>dxdéd
/R/O| (), )2 dx de /R/O/Ow(sm (), )2 dx de d¢

1
Fad 2
< /R /0 WP dx de,

still from the mean-field scaling.
This equality, together with another Cauchy-Schwartz inequality, lead to

1
/ / W()x, ) W2 )(x, €) dx dE
R J0

1
< IWAPI WDl < IWDIE, = / / IW()(x, 617 dx dé.
0

R
The identity above corresponds to equality in the Cauchy-Schwartz inequality, which implies that
W (f) and W2(f) must be linearly dependent: there must exist A € R such that W2(f) = A W(f).
Furthermore the last inequality above also implies that 1 = 1.

Once this is proved, we can keep adding leaves and with the same method, we can prove that

1
WY (x, £) = WW (FY)(x, £) = / W(E. ) W x. &) de.
0
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MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS 21

The density of polynomials in continuous functions shows that in fact

1
2P x, ) = WEW (N, £) = / D&, &) (W), 0) de,
0

for any continuous function y.
This unique fact implies an extremely simple structure on W(f) and wif o € L

o0

~ e
forward to show that W(f) can only take a finite number of values: there exists level sets L; such

that

It is straight-

K
W E =Y el per, -
k=1

Moreover w needs to be decomposed along, because we must have for all x and £ that

1
lxo)er, = /0 w(&, ) e o)er, dS. (16)

Indeed, assume by contradiction that W(f) takes infinitely many values. By taking appropriate
functions y, this implies that we have an infinite number (at least countable) of sets L, such that
for every k

1
lix,0)eL, =/0 w(&, ) lixo)er, dS-

However for any fixed x, we can only have a limited number of L, such that there exists & with
(x, &) € Ly. Denote by Ly (x) the corresponding section: L (x) = {£, (x, &) € L;}. Observe that

1
/ 0 O) b prer, A < 10l 1L GOl
0

Therefore, if |L(x)| > 0, then we need to have that |L(x)| > ||t]|;2 so that at most [|w]|; 4 num-
ber of L sets can be of positive measure. Since we are on a compact support, a straightforward
covering lemma then shows that we cannot have an infinite number of L; sets.

Observe that, in addition, we have that

1 1
/ / W W (), &) W()(x, &) dx dé = / / W()ox, &) WA(P)(x, &) dx dE,
R J0 R J0

with W* defined by the formal adjoint

1
W*(g)(x, £) 1= / B¢, &) gx, ) de.
0

We hence have from the argument above that

1 1
/ / W W) x, £ W()x, &) dx dE = / / W), )2 dox dE.
RJ0 RJO
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22 | JABIN ET AL.

Again the same mean-field scaling implies that

1 1
/ / WA W (), O dx dE < / / W), )2 dx dE,
RJ0 R J0

so we again have a case of equality in Cauchy-Schwartz and that proves that W*(W(f)) = W(f),
or

1
lx)er, = /0 w($, &) lixo)er, dS- (17)

Of course, this shows that the mean-field scaling also has to be an equality

1 1
/ W(E ) d¢ =1, / W(E, ) dE = 1.
0 0

For any x, we recall that L, (x) is the corresponding section: L (x) = {£, (x, &) € L;}. The iden-
tities (16)—~(17) imply that if & € L (x) then supp w(¢,-) C Li(x) and reciprocally supp w(.,¢) C
L (x)if ¢ € Li(x).

This has some surprising consequences on the structure of the L;(x). For example, if M =
Li(y) \ Li(x), then for each & € M, since £ € L;(y) but £ & L, (x)

1 1 1
/ w(§, ) ey dS = / w(§, ) leer, ) d¢ —/ W&, O leer—ip)nr,nd6 =1-0=1.
0 0 0

Because w € L°,, a similar calculation as for proving that there is a finite number of level sets
implies that, if L;(y) N Li(x) # @

1

L)\ L(x)] > W,

and of course, individually, we have also for any x and k that

- 1
|L(x)] 2 ———.
lw]l
Because the measure of [0, 1] is finite, we can deduce that we can only have a finite number
of different L (x): there exists M, ..., My C [0, 1] such that for any x and k, there exists | with
L (x) = M;. This is a variant of the famous Vitali’s covering lemma.

Note that for example

1 K
[ Wi ords = ¥ @il
0 k=1

Since L;(x) has only a finite number of possibilities, this finally implies that the integral above
can only take a finite number of values. But this integral is derived from 7(T5, W, f) and it has to
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MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS 23

be equal to the corresponding quantity derived from 7(T;) which is

/ f(x = O dE.
0

This provides the contradiction since we assumed that the above quantity takes an infinite number
of values as a function in x.

This example shows that it can be very complicated to determine what are the possible limiting
kernels even knowing explicitly the limiting observables (and even with simple formulas such as
here). One major issue is that we have much less observables than for classical graphon theory
where one can work with homomorphism densities 7(G, wy) for any graph G and not only trees.

This means that several additional transforms can leave the observables invariant. As a matter
of fact, one can for example change w(&,¢) into wW(®(£), ®(¢)) and f(x, &) into f(x, D(E))J(E),
where J is the Jacobian of the transform ®. In particular, we are not necessarily limited here to
measure-preserving transforms @. This can lead to all sort of complicated phenomena, where it is
sometimes possible to “split” Dirac masses for instance. It is one of the reasons why the analysis
above is so intricate in spite of the simplicity of the choices.

2.6 | Sketch of the proof

We briefly explain here some of the main ideas and steps that are used in the proof of the main
Theorem 1.1.

o Step 1: Propagation of independence.

This is done in Section 3 by introducing the independent system of coupled PDEs (20), restated
here

N
8,fi +div, | fit, i -y fit,d =0,
fi+div <f(t x),;wf/RdK(x » it y)) 0 s

fie=0)=f,

and it proves (cf. Proposition 3.2) that f;(t, x) are correct approximations for the law of X;(¢) under
the assumption (4). As mentioned earlier, this relies on a straightforward extension to the classical
trajectorial methods for mean-field limits, see [88].

For general connectivities w;;, this is only the very beginning as it does not allow directly
obtaining the limit of the corresponding 1-particle distribution given by

1 _
N fi(t, x).

M=

The one exception concerns the special case where Z;\Tzl w;; = w is independent of i. If moreover
all f? are equal to f°, then it can be seen that f; = f solves (18) provided that f is a solution to
the classical mean-field limit.

o Step 2: Introducing extended graphons.
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24 | JABIN ET AL.

The next step in our proof is to define our extended empirical graphons for a fixed N, which is
still done through the equivalent of formula (9), namely

N
wy(§,0) = Z Nuw;; I,

i,j=1

XINEPR !

L =1 J
N’N N'’N

N
NCERIEDWHACEINEING)
i=1

i
N

z|1

It is straightforward to check that, since the f; solve (18), then wy and fy solve the limiting
equation (5), namely we have

1
ath(t,X,g)-i-diVx fN(tvxag) wN(g’g) K(x_y)fN(tsy’g)dydg =0.
0 Rd

This is performed at the beginning of Section 4 together with the study of some basic proper-

ties of our extended graphons under the only scaling wy € L?’M; N L2’°M§, which include the

aforementioned

< Il atgnzg e 19l
£

/ B (&, do)
0

For a fixed w € L?M{ N Lg‘f" M, this allows for example obtaining the existence and unique-

ness of a solution f € L®([0, T] x [0, 1], W1®(R%)) to (5), see Proposition 4.11. However, we are
unfortunately incapable of passing to the limit directly in the above equation for f to derive (5).
The main obstruction is the lack of compactness in £ on f,y combined with the very weak topology
in L?Mg N L?Mg.

o Step 3: Introducing and studying the new observables.

The latter difficulty is what leads to the introduction of the observables, that can be defined at

any time ¢ through the formula (15) that we repeat here,

T(T’ Wn, fN)(t’ xl""’x|T|) = / H wN(gk’gl) H fN(t’ xm’gm) dgl d§|T|

[0, 1171 (k. heE(T) mev(T)

Those observables include the 1-particle distribution which simply corresponds to choosing the
tree T = T, with only one vertex:

N
(T, wy, F)(6) = 0 D it ).
i=1

The fact that the 7(T, wy;, f) are well defined follows from the basic analysis of our extended
graphons in the previous point.

A critical point is that those observables solve an independent hierarchy of equations, which
reads

IT|

0,7(T,wy, fn) + Z divxl_ </d K(x; — 2) (T + i,wy, fn)(E, X15 e s x|T|,z) dz> =0,
i=1 R
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where T + i denotes the tree obtained from T by adding a leaf on the i-th vertex.

It turns out that we can pass to the limit in the above hierarchy and even obtain the uniqueness
of solutions upon appropriate assumptions on the 7(T, wy, f ) as per Theorem 4.23. The analysis
is performed in the second part of Section 4 and is one of the major contribution of the paper.

Independently to the proof in this paper, we mention the very recent [58] that obtains unique-
ness on the classical exchangeable BBGKY or Vlasov hierarchies. The basic idea in that proof
is reminiscent of the strategy that we develop here for Theorem 4.23, even if [58] uses relative
entropies while we base our estimates on L? bounds.

o Step 4: Identifying the limit.

Theorem 4.23 allows passing to the limit in all (T, wy;, fy), after extracting a sub-sequence, to
some hierarchy of hy. It remains to identify the hy by finding w and f° such that if f solves the
limiting equation (5) with w and f° as initial data then we have the representation

T(T, w, f) = hT'

This is done in Section 5 in Theorem 5.1 and relies on a modified regularity lemma for graphons
stated in Lemma. 5.7. This also requires the definition of the 7(T, w, f) in general with only f €
L>([0, T] x [0, 1], W-°(R4)) and w € L?’M; N Lg‘f"Mg, which is based on an abstract algebra
that encompasses the sequence of operations on the tree that are performed to produce (T, w, f).
Putting all estimates together finally allows to conclude.

As one can see, this does not prove the convergence of fy to f in any direct sense. Instead it
only shows the convergence of all (T, wy;, fy) to the (T, w, f). It implies the claimed result by

taking T = T, the trivial tree with only one node and no edge, which in particular yields

1 1 N _ 1
|| e o =g Siwn~ [ saxoa

3 | A GENERALIZED McKean SDE AND PROPAGATION OF
INDEPENDENCE

The aim of this section is to show that independence of events is propagated in our system (1) in an
appropriate sense. It will be the equivalent of the aforementioned classical concept of propagation
of chaos (for uniform weights w;; = %), butitis not and it requires a careful extension of the usual
arguments. To that end, we shall propose an extension of the classical [88] McKean SDE associated
with the particles system to our current case with non-uniform weights.

Lemma 3.1 (McKean SDE). Consider the nonlinear system of SDE for (X1, ..., Xy) given by

dX; <«

; _ _

—— = wy; [ KX;—y)f;(tady),
Xi(t=0)= X?,

where K € W® and we denote fi(t,-) = Law(X;(t)). Then, for any random initial data

(X0, ... ,X'?]) such that [E[|X'i0|] < oo there is existence and uniqueness, trajectorial and in law of

solutions of (19). In addition, ifX'? are independent then X;(t) are also independent for each t € R,.
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The proof is an elementary extension of the classical case with uniform weights, see [88, Theo-
rem 1.1]. We notice that the independence of initial data is crucial in the previous result. However,
X ? are not necessarily identically distributed, although we could have also assumed so. Unfortu-
nately, notice that the presence of non-uniform weights makes particles non-exchangeable and
there is a rupture of symmetry. Thus, the necessity for the use of the different laws f j in the SDE
is justified. This was not the case for uniform weights, where symmetry is propagated and for each
X; the McKean SDE can be closed in terms of its law f; itself.

Proposition 3.2 (Propagation of independence). Let (X1, ..., Xyy) be solution to (1) with K € W1
and consider the associated laws f;(t,-) = Law(X;(t)). Assume that X? are independent random
variables such that [E[|X?|2] < oo, and the following uniform estimates hold

sup \/EIX?|2 <M, sup Z|wul <c,

1<i<N 1<1<N

forevery N € N and appropriate M,C € R... Consider the solution f; to the coupled PDE system

N
6 _i d X _i s ij K - f ,d =0,
i+ div (f(t x);wj/m (=) fjt y)) 20)
fi(0,x) = £1(0,x).

Then, the following estimate holds

sup Wi(fi(t,-), fi(t,-)) < Ci(t) sup |w;; 12, (21
1<i<N 1<i,j<N

for every t € R, where W is the 1-Wasserstein distance. We also have a direct control on the
empirical measure of the system, namely

N N
1 1 = CCy(t)
w NT Ox. s NT (t’ ) +C ([) su |w”|1/2a (22)
1<N ; X;([) N ;fl > N 1 ]<i7]'IS)N ij
foreveryt € R, and appropriate constants C,6 > 0 depending only on the dimension d. In addition,
C,(t) and C,(t) depend on M, C, || K ||y1. and t, and they can be made explicit by

Cl(t) = \/g(eZCt 1Kl p1,00 1),

Cy(1) 1= M2 + 2C2|K || t2)

We notice that if weights relax uniformly to zero, that is, limy_, o, sup, <ij<N |w; j|1/ 2 =0, then
the above estimate (21) guarantees that the creation of correlation between particles of system
(1) is weak and relax to zero as N — oo. Indeed, the relaxation rate extends the usual N~2/2 of
the classical propagation of chaos for uniform weights w;; = l , and the laws f; of each particle is

approximated by the independent laws f; in the McKean SDE (19) in the mean field limit N — oo,
see [88, Theorem 1.4].
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Proof. Let (X,...,Xy) be the unique solution to (19) with initial data X? = X?, according to
Lemma 3.1. We note first that we can simply propagate the second moments,

EIX;|> < E(IX?] + C [IK |l £)* < Cy(1)%.
In addition, let us denote the laws f;(t, -) = Law(X;(¢)) and consider the sub-c-algebras generated

by X, that is, F;(t) = o(X;(t)), for each t € R, and i = 1,..., N. Since the variables X; and X ; are
independent by Lemma 3.1, for any j = 1, ..., N with j # i, then we have

/d KX; —y) fi(t.dy) = B[KX; — X)),
R

where E; = E;[ - |F;(¢)] denotes the conditional expectation given F;(t). Therefore, taking the
difference in Equations (1) and (19) we obtain the SDE

N
4% - %)= 3wy (KX = X) = EIK (K = %))
=
N N
= Z w;j (K(X; = X;) - K(X; — X)) + Z w;; (K(X; — X)) — E[KX; — X)),
= =

for every t € R, . Hence, taking total expectation and using the Lipschitz continuity of K we have
that

d i i}
—E|X; — X;] <2C[K]y;, sup E|X; —X;|+E
dt 1<j<N

N
2 w;j (KX; - X;) — B[K(X; _Xj)])H :
]
! (23)

We remark that all the expectations are finite by the assumption on X l.O. Our goal now is to derive
a bound from (23). Notice that the key point is to control the relaxation of the second term of
the right hand side as N — oo in terms of weights w;;. Such a step is reminiscent of the classical
propagation of chaos with uniform weights w;; = % see [88, Theorem 1.4]. However, the presence
of non-uniform weights makes the argument more subtle. By Jensen’s inequality we shall control
the second order moment instead. Indeed, expanding the square we obtain that

2

E

N
Zl w;(KX; — Xj) — B[KEX; — X))
=

N
= 2 w;j wy E [(K(Xi - X)) - E[KX; = X)) - (KX; = Xp) = E[KX; = X))
k=1

Since K(0) = 0, then only the terms with j #i and k # i persist in the above sum. We shall
prove that all the terms with j # k also disappear. This will be a consequence of the statistical
independence of X;. Indeed, take j # k in the sum and notice that (X;, X;, X) are independent.
Therefore,
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E [(K(Xi - X)) - B[KX; - XD - (KEX; — X;) — E[K(X; _Xk)])]

= [E{[Ei [(K(Xi - X;) - B[K(X; _Xj)])] E; [(K(Xi - Xi) - B[K(X; _Xk)])] } =0.

Here, we have used again the law of total expectation E = EE; and the fact that the ran-
dom variables K(X; — X;) — E;[K(X; — X;)] and K(X; — X)) — E;[K(X; — X})] are conditionally
independent given F;. This means that only the terms j = k persist in the sum and

N 2

D wij (KX — X)) - B[KX; - X))])
j=1

N
E =2 ) w} KX - X)) - E,[K(X; - X))
j=1

2
<8C|Kll{w sup |w;l,
1<j<N

foreachi=1,...,N and ¢t € R,. Finally, putting everything together into (23), using Gronwall’s
inequality and noting that E[|X;(0) — X;(0)|] = 0 (by definition), we obtain the following estimate

sup EIX; —X;| <Ci(1) sup |w;]'/?,
1<i<N 1<i,j<N

foreveryt € R,.

To conclude the proof, it only remains to check that f; = Law(X;) are precisely the solution to
the PDE system (20), and that the above error estimate for the processes implies the correspond-
ing W, error bounds (21) and (22) for the laws. Let us assume the former and let us prove the
later first. Since f;(t,-) = Law(X;(t)), this directly implies (21), since

Wi(fi(t, ), fit,)) = sup $(x) (fi — fi)(t, dx)

IV@llLeo <1 J Rd

= vl E[(X:(1)) — X (0)] < E [X;(t) — X (D).

Similarly, denoting the two empirical measures

N
1 _ 1
un(tdx) 1= ;5)(1-(:)((135), En(d0 =

M=

SXL(I)(dx)1

Il
—

we have that

N
EW (£, ), (8, )) = [El sup = 2<¢(Xi(r>>—¢<xi<t)>>]
1

IVl <1 i=

N
<E l%; ; 1X;() —X}(t)l] < 1211_1SpN[E|Xi(t) — X))
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Furthermore, by the independence of the X;, we have, through a straightforward extension of
the proofs in [34] or [5] (see also Theorem 1 in [38]) which consider the exchangeable case that
for some C,8 > 0,

5

[EW1<""N“ N Zflﬁ >< £ sup EMx P12 < £SO

1<i<N N6

provided for example that the second moments E|X;|> are bounded uniformly in N, which
we proved earlier. Combining the above estimates and using the triangle inequality allows
deducing (22).

Finally, for completeness we show that the laws f;(t, ) = Law(X;(t)) verify (20). Set any ¢ €
CH(R?%). Then, we have

4 PO fit, x)dx = i[E[qo(Xi)] [qu(X ) —
Rd

dX;
dt dt

N
= ) wi; E[VeX)) - Ei[K(X; — X)]].
j=1

We notice that E;[K(X; — X))] = [, K(X; =) f;(t,dy), by independence of X; and X ;. Then, we
have

E[VpX,) - E[KX; - X)) =E [VCP(Xi) : /d KX —y) fi, dY)]
R

= [ Vet KGr= ) fitt.dn )
R2d

Putting everything together and noticing that ¢ is arbitrary, we deduce that f; verifies (20) in weak
form, foreachi=1,...,N. O

The above result is only the beginning to prove our main result because deriving the system
(20) is not enough to conclude. Indeed, so far we have only replaced a coupled system of ODEs by
a couple system of PDEs. We do not even have any compactness with respect to N. There is one

big exception:

Remark 3.3 (Exchangeable case). Assume that Z ij =wand f) = fOforeveryi =1,..,Nand

some ¥ € R and f* € P(RY). Then, there is usual propagatlon of chaos. Specifically, we have that
fi(t,x) = f(t,x) for everyi = 1,..., N, where f solves the usual Vlasov equation:

8, f + w div, <f(t,X) / K(x —y)f(t,dy)> =
[Rd

4 | ANEW HIERARCHY

To make some of the calculations in this section rigorous, let us introduce a variant of the original
system (20) for the f;(t,-) := Law(X;(t)) which includes an artificial diffusion term:

N
O, f; + div, (fi(t:x) Z Wi / K(x—y) f(t, dy)) =vA.fi (24)
j=1 R4
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With identical arguments as in Proposition 3.2 introducing a Wiener process in the McKean pro-
cess (19) with variance 2 v t we can deduce (24). More specifically, this can be done starting from
system (1) with a noise dW;, where the W; are N independent Wiener processes

N
dx; = 2 w;; KX — X ;) dt + V2vdw,.
j=1

Of course (20) is just a special case of (24) with v = 0. As in the case without diffusion, in (24) there
is an abrupt rupture of symmetry caused by the presence of potentially heterogeneous weights
w;;. Indeed, even for identical initial data f ?, the intrinsic dynamics instantaneously yields non-
exchangeable distributions f;(¢) for any ¢ > 0. This prevent us from reducing the system (24) of
N coupled PDE:s to a single Vlasov-McKean type PDEs in the usual way as in the classical setting
with uniform weights. In addition, there is no realistic hope to identify the limit of each individual
fias N — oo. However, we may still be able to study the limit of appropriate averaged statistics. In
this section, we shall introduce a natural family of observables that will allow determining a closed
averaged description of (24) in terms of an infinite hierarchy of PDEs. For such a novel hierarchy
we study uniqueness and stability under the presence of artificial diffusion (v > 0). Although an
analogous result is still open for the hierarchy in the absence of artificial diffusion (v = 0), we
shall prove that the stability can still be recovered for the full initial system (20) under appropriate
regularity of the initial data.

4.1 | Hierarchy of observables indexed by trees

For simplicity of the presentation, in this part we shall restrict to the starting case (20) without
artificial diffusion (v = 0). Associated with any solution of (20) we shall define an infinite family
of observables indexed by the set of trees containing an averaged information of f; and w; j- The
role of trees is suggested by the construction and will become apparent in a moment. For clarity,
we recall some necessary notation of graph theory that will be used throughout the paper.

Definition 4.1 (Graphs and trees).

(i) A (simple) graph is a pair G = (V, E) where V is a finite set (vertices) and E C {(i, j) € V X
V : i+ j}isasubset(edges). Agraph G = (V,E)is called a weighted graph if it is endowed
with a (weight) function W : V XV — Rsuch that E = {(i, j) e VXV : W(,j) # 0}. The
amount of vertices (or order) will be denoted by |G| := #V.

(ii) Atreeisagraph T = (V,E) so that any couple of different vertices i, j € V are connected by
exactly one path (concatenation of edges) and each vertex i € V cannot be connected with
itself.

(iii) We define the family T,, of labeled trees of order n by the following recursive formula

Tl = {Tl}a

Top1 :={T+i: TeT,iefl,.,n}}, neZ;,

where T, is the only tree with one vertex {1}. Here, for any tree T with vertices {1, ..., n}
and any such vertex i, we will denote by T + i to the new tree with vertices {1, ...,n + 1}
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after adding the leaf n + 1 at node i. The family of all labeled trees of arbitrary order is then
defined by T := U}° | T,,. Note that, in particular, T contains all possible trees modulo graph
isomorphism.

Remark 4.2 (Directed graphs and directed trees). Our graphs G = (V,E) are a priori assumed
directed so that (i, j) € E and (j, i) € E do not in general represent the same edge. Since we work
with labeled trees, those are imbued with a natural orientation starting from the root.

With this notation, we introduce our family of observables {OE : T € T} as follows.

..........

Then, we deflne the family of time-dependent Radon measures:

Ot X1 e, X)) 2= N Z IT wa 1 Fixw, (25)

iy,-f ) =1 (k,)EE(T) meV(T)
for any t > 0, every (x;, ...,xm) € R4l and each tree T € T.

Let us note that (DIT\](t, ) € M(R4T) are finite Radon measures for each ¢t > 0. Unfortunately,
the heterogeneity of weights still implies that (9{, are not symmetric. In the next section we
shall show that they indeed satisfy an appropriate hierarchy of PDEs containing an averaged
information of (20). Just to illustrate the underlying idea, let us explore some examples. First,
consider the only existing tree T; € T; of order 1 and note that (25) simply reduces to (9;1 (t,x) =

% Zf\il fi(t, x). Summing in (20) over i = 1, ..., N yields
T, ,
atON (t,x) + div, </ K(x - y) Z Wij fz(t x)f](t dJ’)> (26)
lj 1

which cannot be closed in terms of (9T1 only. In fact, setting the only existing tree T, € T, of

order 2 allows identifying the new observable © 2(t x,y) = Zl o1 Wij fit,x)f; j(t,y) inside the
divergence of (26). In other words, (26) can be readily ertten as

almﬁl(t,x) + div, </ K(x—y) Oﬁz(t, X, dy)> =0. (27)
Rd

Since (27) requires a priori knowledge of (9122 we may seek for an equation of such a new
observable. Indeed, from (20) we obtain again that

N
Oijz(t7 x,y) +divy (/ K(x _Z)]lv Z wtjwlkft([ x)fj(t y)fk(t dz)>
i,j,k=1

(28)
N
+ div,, </ K@y - Z)le Z wijwjk.fi(t’x)fj(tay)fk(tadz)) =0
Rd

i,jk=1
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3

|

2 3 2

\/ |

1 1
(a) Tree T3 € T3 (b) Tree T3 € T;

FIGURE 2 TreesinT;.

Note that in this case two different divergence terms appear. Accordingly, note that T also con-
tains two possible trees T?l, =T,+1land T% = T, + 2 which respectively arise by adding the new
leaf 3 at either of the vertices 1 and 2 of T, € T, (see Figure 2)

By construction
T} 1 < - - -
ON3(t»X,y,x) = ﬁ wijwikfi(ts x)fj(ts y)fk(t5 Z),
i,jk=1
T3 1 < < - -
Oy (t.x,7,%) = i}; i )56 it )

Again, we identify the above observables in the divergences of (28), so that the latter can be restated
as

1 2
3,0%2(t,x,y) + div, < / K(x = 2)0, (t,%,, dz)> + div, < / K(y = 2)0, (£, %, y, dz)) =0
Rd Rd

(29)
It is now apparent that an analogous recursive argument would lead to similar equations like (27)
and (29) involving observables indexed by all other higher order trees. In the following section we
will make this argument rigorous and will recover the full hierarchy of equations for the observ-
ables OIT\] with T € T. To do so, we shall rely on a more general formulation of the system (20) and
the observables OIT\] in (25) inspired in the treatment of graphons which is formally independent
of the decomposition into agents.

4.2 | A graphon-like representation of the system and its hierarchy

Let us remark that in the limit N — oo we must control two different processes simultaneously:
a many-particles limit and a large-graph limit. Unfortunately, the explicit dependence on the
discrete labels i = 1, ..., N of agents still persists both in the expression of the observables in Defi-
nition 4.3 and in the systems (20) and (24) with and without artificial diffusion. This is reminiscent
of the theory of graphons (cf. [62, 63]). Specifically, graphons have proved a suitable tool to identify
the limit of dense graph limits by replacing discrete indices by continuous ones. Accordingly, we
expect to recover integrals as N — oo that replace the various finite sums over particles’ labels.
However, for our graphs, we need to develop an appropriate extension of the theory of graphons
that allows for the joint treatment of the large-graph limit for non necessarily dense graphs and
the many-particles limit.
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.....

.....

N
wy(,¢) 1= Y Nwjlim (@l €, & ¢ €0, 1],
e (30)
N
N8 1= Y fioLm (&), xeRd £ elo, 1].
i=1 NN

.....

.....

family of probability measures in P(R?) parametrized by the continuous variable ¢ € [0, 1]. Using
such a notation, we can rewrite the coupled system of PDEs (20) and (24) with and without arti-
ficial diffusion in a more compact form that forgets labels of the specific individuals. Specifically,
we equivalently obtain

1
a[fN<r,x,§>+divx<fN<r,x,§> / / wN@,g)K(x—y)fNa,y,c)dyd;)=o, (31)
0

Rd

1
8 fn(t. %, £) + div, (fN(t,x,Q / / W (&, O K(x =) fr(t,y.0)dy d§> = VAL S (6,3, E),
0 Rd
(32)

in the sense of distributions. Our ultimate goal will be to identify the limit of the above systems
as N — oo. For later use, we specify minimal assumptions on the space which will contain the
limiting structures.

Definition 4.5. We define the weak-* Bochner space L?’Mg as the topological dual of LéCg;

namely those elements consist of the weak-* measurable essentially bounded maps & € [0, 1] —
w(é,d¢) € M(J0, 1]) which make the following seminorm finite

”w”L?’MS» := sup esssup
lI#llcqo, 1< £€l0, 1]

/ 80 w(;:do’.
0

Similarly, we define LS?" M, or more generally L?’B; for any dual Banach space B*.

As usual, we will identify LE"M; with its Kolmogorov quotient under the above semi-norm

Il LE Mg which is a Banach space. Specifically, we shall identify elements w; = w, when for

any ¢ € C([0, 1]) the scalar functions & € [0, 1] — —/Rd P& w;(&,d¢) are equal almost every-
where for i = 1,2. As mentioned above, the main feature of such a Banach space is its duality
representation L?’M; = (L%C;)*, where L;C; stands for the (strong) Bochner space, see [47].
Although this property is desirable, the weak-* Bochner spaces raise several analytical difficul-
ties. For instance, strong-measurability of the representatives is not granted because M([0, 1])
fails the Radon-Nikodym property. Fortunately, in our special case C([0, 1]) is separable so that,
atleast, £ € [0, 1] — |[w(&, )| M(Jo, 1]) is measurable and essentially bounded. For the same rea-
son, the above equivalence relation = reduces to the usual a.e. identity of functions. Therefore, a
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simpler expression of the norm in the separable case is available:

lwllze a1, = ess sup [[w(&, )l ao, 1))-
¢ £efo, 1]

Definition 4.6. We shall say that w € Lg" Men L?Mg is an (extended) graphon.

For our purpose we will need to integrate extended graphons against functions ¢ that are
only in L*. This leads to the straightforward issue as to whether £ € [0, 1] — /0 ! (O w(E,dg)
can be well defined if ¢ € L*®([0, 1]). In fact if we only had w € L‘;’M;, then the above inte-
gral would be highly sensitive to modifying ¢({) over the atoms of w(§,d¢), preventing any
straightforward definition.

The key point for our investigations is that our extended graphons belongs to both Lg° M, and
LE" M. This yields two weakly-star measurable and bounded families of measures § € [0, 1] —
w(é,d¢) e M(J0, 1])and ¢ € [0, 1] — w(dé, ) € M([0, 1]) thatinduce the same bi-variate mea-
sure w(§,d¢)dé = w(dé,¢)d¢ € M([0, 1]). This implies that w is a transition kernel in the full
sense and the following continuity of the associated linear operator on L* holds true.

Lemma 4.7 (Operator representation of kernels). Consider the following bounded bilinear operator
(L?Mg N L?Mg) X Cg — L?,

1
W, ¢) — [ $Ow(,do).

oo

e Specifically, we

This operator extends into a bounded operator from (L§° M N LS‘E" M) X LE" toL
have the following estimates

1
/ () w(t, do)
0

< lwllgae 181,
Ll

1 (33)
/ $() &, do)
0

< lwllzga, gllze,
3
LOO

for any w € L?’M; N L;"Mg and ¢ € L*™®. Moreover, the following continuity property holds: if

w, Sw weakly-star in L?M; N L?Mg, ¢, — ¢ strongly in L' and the ¢,, are uniformly bounded
in L, then

1 1
/ (0w dS) — / () w(-,do), (34)
0 0

weakly-starin L™,

The proof of Lemma 4.7 relies on a careful but straightforward density argument, which we
provide in Appendix B. Lemma 4.7 immediately implies the following version with test functions
¢ depending on x.
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Lemma 4.8. Consider the following bounded bilinear operator
(L?M{ N L?Mg) X CSVB; — L?’B;,
1
(w,$) — [, $C.Ow(,do),

where B} stands for any Banach space. Then it is also bounded from (L°°M§ N L°°M§) X L°°B*
to L?B;ﬁ, and from (L?M; N L?’Mg) X L;"B; (with L?’B* endowed with the LgBj‘C norm) to LgBj;
Specifically, we have the following estimates

< Ml Il s;
LlB*
§ P

1
/ $(x, O w(E, do)
0

(35)

< ||w||L§°M§ ||¢||L§°Bj;,
LB}

1
/ $(x, ) w(é, do)
0

foranyw e Lg"M; n L‘{"’Mg and ¢ € L;"B;‘;,

Note that wy and fy in Definition 4.4 must belong to the previous spaces. Then, the study
of the limit of those structures as N — oo and the identification of the limiting equations of (31)
and (32) is in order. Namely, we expect to obtain w € L?M; N L;".A/lg and f € L*=([0, t.], L°°L1)

with t, > 0 verifying either of the following equations (with or without artificial diffuswn) ina
weak sense:

1
5 (t.x, &) + div, <f(t,x,§> / wE,d¢) / K(x—y)f(t,y,s“)dy>=0, (36)
0 Rd

1
8 (t,%, &) + div, (f(t,x,é’) / w(E,d¢) / dK(x—y)f(t,y,C)dy> — VA St E). (37)
0 R

In (36) and (37), we recognize a nonlinear drift, which is fibered as there is no transport on the
variable &. For later use, we define formally the associated velocity field.

Definition 4.9 (Velocity field). Consider any w € L?’M; OLEOME fe L°° Ll and K € L®.

Let us set ¢7(f,x,¢) : fRd K(x —y)f(t,y,¢)dy which is well defined in L?tx by the usual
convolution estimates. We define the associated velocity field V[ f] as follows,

1 1
Vit,x.£) = / W(E,d¢) b (t,x,8) = / wé,do) /R K(x =) f(6.¢,0)dy,
0 0 d

(¢, x)elo0, 1] x R4, t >0,

which is well defined in Lf‘% . by Lemma 4.8.

We may then define the weak solutions to (36)-(37) in the usual way.

Definition 4.10 (Weak solutions). Consider any pair consisting of a w € L?Mg N Lg‘f"Mg and

any f € L*([0, t,], L°°L1) We say that (w, f) is a weak solution of (37) for some K € L* and for
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any v > 0 if the following weak formulation is verified

/Ot* /01 /Rdazw’ x,8) f(t,x,§)dxd¢ dt

te ol
' 38
+/0 /0 /[Rd Vep(t,x, &) - Vp(t,x, &) f(t,x,&) dx dé dt (38)

Ly 1
+'V/0 '/0 /Rd Ax¢(t’x’§)f(t’xa§)dXd§dt -0,

for any ¢ € C2((0, t,) x [0, 1] X R%).

We have the following result about the existence of weak solutions.

Proposition 4.11. ConsideranyK € L' N L® withdivK € L', anyw € L?’ M N LS‘3°M§ and any

o e L=(o, 1], Wil n Wh*(R9)). Then foranyv > 0, thereexists f € L¥([0, t.] x [0, 1], Wbl n
WL (R%)) such that (w, f) is a weak solution to (37) (or (36) if v = 0) for every t, > 0 as per
Definition 4.10.

The proof is given in Appendix B and follows a straightforward fixed point argument from
classical a priori estimates for advection-diffusion equations. We also note that it would be possible
to obtain an even more existence result with f only a measure; for example, through the pathwise
approaches developed in [83, Chapter 10].

We finish this short analysis of the space L° M N Lg‘f" M by noting the following density result

§
Lemma 4.12. Foranyw € L?Mg n L?Mg, there exists w,, € Lg"g, uniformly bounded in L?L; N
co7l . . orlp—1 1p7-1
LS, Lg’ converging to w in LgHg nLgHg .

‘We also provide the proof of Lemma 4.12 in Appendix B.
Unfortunately we do not know how to pass to the limit directly in Equations (31) or (32), as
we lack some compactness in the £ variable either for wy or for fy. Indeed, from our uniform

* *
bounds, we could extract converging subsequences wy — w and f — f respectively in L;"’M; N

LS‘3° M and L?E(L}C N W}C’°°). But this gives only weak convergence on wy and weak convergence

in £ on fy whereas Lemma 4.7 for example requires some strong convergence on fy. To further
emphasize the point, the existence result that we just stated does rely on strong convergence of f
through the contraction argument.

To bypass this issue, we will look at an analogous family of observables providing an averaged
information of the system, since it is much easier to obtain compactness on those observables as
we will see in the next section. Inspired in Definition 4.3 we set the following operator acting on

abstract elements w € L?M; n L§°M§ and f € L?L}C.

Definition 4.13 (7 operator). Consider any w € L;°> M¢ N L° M; and any f € L?L}C. Then, we

3 ¢
(formally) define the operator

T(T’w’f)(xl""’x|T|) L= A H w(gk’gl) H f(xm’gm) d§1 d§|T|’ (39)

0, 1T (ke DEE(T) mev(T)
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for every tree T € T. Time dependence can be included when f also depends on ¢.

This notation allows removing again the explicit discrete indices for the agents’ labels in Defini-
tion 4.3 of the observables (9{,. Specifically, note that the latter enjoy the following more universal
representation

Oy =t(T,wy, fy), TET.

We also note that, at the present, it is not clear why 7(T, w, f) given by (39) is well defined with

onlyw € LE"M; N L?’Mg and f € LE"L}C. This requires more work and will be performed in the

next section (cf. Definition 5.5). Instead, for the moment it is enough to observe that (T, wy, fn) is
indeed well defined, and more generally, 7(T, w, f) is also well defined as soon as w has a density,

that is, w € L®L! N L®L!. Moreover, we can then obtain uniform bounds in terms of only the

£ e
L M N LY Mg norms as follows.
3 ¢

Lemma 4.14 (Homomorphism densities). Consider any w € L?’Lé L?Lé and define

o(T,w) := / H W(gk,gl) dgl d§|T|’ TeT. (40)

[0, 11T (k,heE(T)
Then, (T, w) is finite and the following relation holds true
I7(T, w)| < ||w||'f;l e (41)

Proof. We argue by induction. First, note the only tree T, € T, actually consists of only one vertex
and no edges. Then, we trivially obtain that H(k DeE(T,) lw(&, &D| = 1 so that (T, [w|) = 1. By
the induction hypothesis, let us assume now that we have

ITy|—1

(Tl w) < wll o

for any T, € T,,. Consider any T,,,.; € T,,4; and find a tree T, € T,, and a vertex i € {1, ..., n} so
that we can write T,,,; = T,, + i. Hence, we obtain

T(Thy1, lwD) =/[ | H lw(&x, §Dldéy ... d&,pq
0,1

"k DEE(Tpe1)

1
-/ ( / |w(§i,£n+1>|d§n+1> [T IwE.eids .. g,
lo, 1" \ /o

(k.DEE(T,)

where we have used that £, ; does not appears in the above product over edges of T,,. Hence, by
our hypothesis on w and by definition (40) of 7(T,, |w|) we obtain

T(Th41, lw]) < Iwllzg at, (Ty, [w)).
We then conclude by applying the induction hypothesis to 7(T,,, |w|). O

We can obtain as a straightforward consequence of Lemma 4.14,
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Lemma 4.15. Consider any w € L?L; nLE"L;, any f € L?L}C and T € T. Then ©(T,w, f) €

LY(RUT1Y and the following estimate is fulfilled

IT|-1 IT|
I w. Pl < 1 a1

A similar result holds when the space L?L}C for f is replaced by any other function Banach space

stable under tensorization and admitting a Minkowski integral inequality, but maintaining w €

L?L; L;"L; In particular, if f € L?Wﬁ’p for some k>0 and p € [1, 0], then ©(T,w, f) €

wkp(RATlY gnd
[T|-1 [T
I7(T, w, Ollwrpwarry < ”w”LooM LS A ||f”L°°W

Formula (40) for 7(T, w) in Lemma 4.15 is reminiscent of the usual extension of the homomor-
phism density for bounded graphons w € L®([0, 1]?) [62, 63]. However, our theory must account
for eventually unbounded graphons so that a more delicate treatment is required. Namely, note
that in (40) we have restricted to trees T € T and graphons w € L§° M N Lg"" M. Indeed, in such
a class of graphons, if T is replaced by a generic graph G, then the above proof breaks down due
to the eventual presence of cycles in the graph. This leads to eventual infinite values of (G, w).

We note that we prove in Section 5 that the operator 7(T, w, f) can be rigorously defined for

any w € Lg" M N Lg‘f"Mg. We refer more precisely to Definition 5.5 and in the present context

to Lemma 5.3 which implies that if w, € L?’Lé LS‘B"L; converges to w in L §H ;N L gH P then

(T, w, f) can be obtained as
o(T,w, f) = lim (T, w,, f).
n—oo

Of course Lemma 4.12 exactly allows constructing an appropriate sequence of w,,. But deriving
the limit of (T, w,, f,) as above requires the precise construction of an algebra describing the
sequence of operations involved in obtaining 7(T, w, f). This algebra plays a key role in Section 5
and, for this reason, the corresponding results are stated there.

Assuming for the time being that type of property holds, it implies an immediate extension of
Lemma 4.15 to more generic kernels.

Corollary 4.16. Consider any w € L?’M; N L;,”.A/lg, any f € L;"’Wﬁ’p foranyk >0, p € [1, o],
andT € T. Then (T, w, f) € WkpP(RAITT)

[T|-1 T
IeCT.w. om0 e 1

In the following result, we derive the full hierarchy of observables presented in the previous
section under our graphon representation. Specifically, we now provide the system solved by
(T, w, f) whenever (w, f) is a weak solution to either (36) or (37) in the sense of Definition 4.10.

Proposition 4.17. Consider any w € L?’M; N L;"’Mg and f € L*([0, t.], L?’L}C) so that (w, f)
is a weak solution to (37) in the sense of Definition 4.10 for some K € L* and for any v > 0. Then,
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(T, w, f) solves the generalized, linear, non-exchangeable Vlasov hierarchy

IT| IT|

0,t(T,w, f) + z divxi </ K(x; —2)t(T +i,w, f)(t,xq, ...,x|T|,z) dz> = Axi‘r(T, w, f),
i=1 Rd i=1
(42)
forany tree T € T in the sense of distributions.

Proof. First of all, we notice that from the properties of w and f we can guarantee that (T, w, f) €
L=([o, t.], LY(R4T1)) thanks to Corollary 4.16. Since K € L™, then there is no issue to define the
various terms in the equation and justify our various calculations in the distributional sense. For
simplicity of the presentation, we avoid using weak formulations here but a straightforward adap-
tation yields the rigorous argument. Also, we shall shorten notation by denoting 7(T) = 7(T, w, f),
for any T € T, when there is no confusion. First, we differentiate (T, w, f) in time

IT|
dr(M) =Y / [T we&daftxnén) T £ xm, Em) dés . iy
n=1710, U (e neE(T) m#n
Using (37) on f(t, x,, §,) yields
IT| 1
0,7(T) = — ,Epdiv, K(x,— ns t,x,, E)f(t,y,$)dyd
==/ BICE w,(/o PR CE NSV CERERY (R ys’)
X [T £ X Emddér -+ dépgy
m#n
|T|
s X [ TT w88 fxn b [] Ak G - dEir
n=1"1011"" (k,eE(T) m#n

IT|

1
=~ Y div, , K(x, — s OF (X0, EDF(E,y,O)dyd
) wn< /. s I et | K = e, O 5 E7 v bt

IT|
x [ £t xp. £m)d - dgm) +v ) A, (D),
n=1

m#n

where in the last line we have used that no other f(t, x,,, §,,,) depends on x,, as we exclude m = n
from the product. Hence, we find

IT|

1
o0 == R divs /R K- 2) /[O - /0 (w(;fn,c) [T we&.o

(k,)EE(T)

IT|
x f(t,2,0) [] £t xm, gm)> d¢ dé, ... d€jrdz+v Y A, (D).
n=1

m#n

We recall that for any n = 1, ..., |T| the tree T + n contains exactly the same edges as T plus a
new edge from the vertex n to the new vertex |T| + 1. Thus, recalling that we only consider edges
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(k,1) € E(T + n) that run from the root to the leaves, we have that

T(T+n)=/[ " w(&ns §i714+1) H w(&i, &) fC X741, §p1141) H
0’1 T|+1

(k.DEE(T) mev(T)

f(t’ Xms gm) dgl d§|T|+1-

Changing variables &7, with { and x|, with z, we arrive at

IT| IT|
0,7(T) = — Z div, / K(x, —z)©(T + n)(xy, ..., X7, 2)dz + v Z A, (T),
n=1 Rd n=1
thus, concluding the proof. O

Proposition 4.17 shows that we can study directly the propagation of the observables 7(T, w, f).
Our next step is naturally to analyze the stability on the hierarchy with diffusion (42).

4.3 | Stability on the hierarchy with artificial diffusion

Along this section, we will study a stability property of generic solutions to the previous hier-
archy of non-exchangeable Vlasov-type equations (42) which are not necessarily parametrized
as 7(T,w, f) for a weak solution (w, f) of (37). Specifically, we shall consider any sequence
h = (hy)ret with hy € L2([0, t.], LY(R4T1)) for any T € T that solves the analogous hierarchy
of non-exchangeable Vlasov equations

IT| IT|
6thT + ZdiVxl_</ K(xl' —Z)hT_H'(t,xl,...,X|T|,Z)dz> =V AxihT7 (43)
i=1 Rd

i=1
in the sense of distributions, for some K € L* and any v > 0.

We do need to emphasize that this section does not provide a well-posedness theory for (43).
While we do obtain uniqueness on solutions with enough a priori estimates, this does not directly
yield the existence of any solutions in that class. This does not impact the present paper as we
only need the uniqueness result for the special type of solutions parametrized as hr = (T, w, f)
with (w, f) a weak solution of (37) (cf. Proposition 4.17).

We also emphasize that the presence of artificial diffusion is needed in the method of proof
in this subsection and a similar result with v = 0 is still unknown. To analyze stability we shall
define the following norms.

Definition 4.18 (Norm of the hierarchy). Consider any family h = (hy)rer such that hy €
L?>(R4IT1) for every T € T. Then, we define the following norms:

l|kllx = sup AIT1/2 lhrll2gairys (44)
TeT

for any 4 > 0.
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The norm (44) is natural since, for any f € L>(R?) and the special sequence h = (hy)rer given
by hy = (T, w, f) for any T € T, we obtain the following bound

h|l, <su T2 1w |7;l—1 |T|,
Il < sup 22wl 1) 171

for any 4 > 0 thanks to Corollary 4.16. Hence, by choosing 4 > 0 small enough relative to the
IT|-1
T
L?’M{
quantity. Indeed, it provides the following stability result for solutions of (43).

inverses of the preceding norms of w and f, that is, less than [|w|| IIf ||222, we obtain a finite

Theorem 4.19. Consider any solution h = (hy)ret in the sense of distribution to (43) for somev > 0
and K € L? such that hy € L([0, t.], (L' n L))(RYUTY) for any T € T. Assume that there exists
some A > 0 such that C; := SUP;epo, 1] [|h(t, )|z < oo. Then, for any p > 1 and any 6 € (0, 2_1’/)
there exists a constant C, g € R such that

2
K112,

_ h°
(e, Mos < C2Cp0 exp (p 7' log %) (45)

foranyt € [0, t,], where p’ is the conjugate of p.

Remark 4.20. Taking p > 1 sufficiently large, note that any 6 € (0, é) provides an estimate (45).
However, such a constraint on the size of 0 is clearly an artifact of the method of proof since
a similar estimate can be obtained for any 8 € (0, 1) by interpolation. Namely, set any py > 1
and any 6, € (0, Z_Pt,)) so that (45) is fulfilled. Consider any arbitrary 6 € [%, 1). Then, note that
fpA < 64 < A and

1At llea < I1ACE NG A, I,
for any ¢ € [0, t.], where we have set « :=log8/log6,. Then, we obtain

2
K112,

——L= 0
B0l 17" loa
1h(t, JMler < C2C5 o exp|ap, " log

, (46)

foranyt € [0, t.].

Remark 4.21. Thanks to the linearity of the hierarchy, Theorem 4.19 provides uniqueness among
weak solutions /1 = (hy)rer to (43) for some v > 0, such that hp € L*([0, t.], (L' n L*)(R4ITT)
forany T € T and SUP; o, 1, lA(t, )|l < co for some A > 0. Indeed, assume that h° = 0. Then,
|h°]|g1 = O for any 6 € (0, 1) so that (45) trivially implies that ||h(t,-)||g2 = O (i.e., h(t,-) = 0) at
any later time ¢ € (0, t.]. Unfortunately, it does not however provide a bounded or Markov semi-
group for those norms and in fact semi-group like estimates blow-up in finite time as it will be
apparent in the proof.

Proof of Theorem 4.19. We restrict to the special case C; = 1, all the other cases following by
linearity of the hierarchy (43) and homogeneity of the norms (44). First, for a given T € T, notice
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that (43) implies
IT|
d 2
- / |hT| dx1 dX|T| =2 Z/ inl’lT K(xl- - Z) hT+i dxl dX|T| dz
dt Jram im1 JRATI+D
IT|
-2 Z/ |V hrl? dx; ... dxp).
i=1 7 RAITI

To justify the above formal calculation, we note that
athT = VAI’lT —div jT,

where j; = /Rd K(x; — z)hr,; dz. From our assumption on K and hy,;, we immediately have that
jr € L*2([0, t,], L?). Namely, we obtain

Lz 2@ary < UKz llAri(E, ll 2gdariy-

Standard properties of the heat kernel then prove that hy € L2([0, t,], H'(R4/TlY).
By the Cauchy-Schwartz inequality and Young’s inequality we further obtain

Ik Ile -
”hT(t )”LZ(R‘“T‘)_ Z” T+l(t )”LZ(RdUTH‘l))

For this reason, we introduce the family of intermediary norms

At Ol 2= sup lhr(E, Illz2wdim,
|T|=n

for any tree order n € N, which readily satisfies

d 5
— . <
TR IE <n

n+1

By induction this estimate yields

IKIZ N\ Cm=-1)(t - r)m -1
2 L 2
[|At, )l S< > ) = Dim—n=1) A, )ll;, dr

T OIKIZ T (= 11— sy 5
2( ) DG sl

for any m > n. Using the assumption on / one has

IR, Il < 27,
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for any r € [s, t], recall that we have assumed that C; = 1. We then infer

KN
”h(t’ )”2 S< 27)L > (’:_ 11) ([ — S)m—l’l A m

md KIS\ k-1
' Z< 2;) (=) =9 G I

k=n

(47)

Obviously, (47) can only provide smallness for short time intervals (t — s) ~ v, if used directly. As
we advanced in Remark 4.21, we cannot bound a semi-group corresponding to the hierarchy for
the norm [|A(t, -)||; on all times. Instead we fix now the time step

_ 20Av
KNz,

and consider the associated sequence of discrete times t; = § i withi = 1,..., N. Applying (47) to

t = t;y; and s = {;, one obtains

sup ()" [lA(t, I < 6™ ("7 )+2<m)k( 1) e, I

te[tz IH-I]

We now interpolate the last factors

VPR [1h(t, I = (O (s, M) P (A< 1At )™ < At NP i, I
< Il NZE,

where 1/p + 1/p’ = 1 and we have used the assumption ||h(¢;, -)||; < 1. This yields

m—1
sup (@2 lIn(e, 2 <em ("7 1)+ 3 00 (K71 e, 2.
k=n

[e[[l [z+1]

Since Z:lnzl (':__11) = 2m~1 we have that (':__11) < 2™-1, Similarly, summing over k, we obtain

m—
3 orle e, P < Ly
k=n

N|’—‘

sup  (6A)" IIh(t, )II; < 2(29)’”

te [ti tH—l]

- - ht-,- 2/p’
+2(1—2@1/p/) Il (1 )”91

where we have used that 261/7" < 1 by hypothesis to guarantee the summability of the last factor.
Indeed, since 26 < 1 then taking limits m — oo shows that

1/2
! 1/p.
sup Ih(e, S(—) I,
t€lty fi1] “=\2a - 20077 i
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Then, for t € [¢;,t;,1] and C we have

1
P p1-201/P)’

1 1 l 1

(e, llos < C2 NI, - )||”"<c c” (i, I < C; c“’c” e, L

| =

i-1
Zj=o

2

1/p!
; ||h(o NP

<. <C

From this, by employing the fact that Zl P 1_1/1) = p’ we find

1 p'/2 ~
sup 1h(t, e < <—> Ol
LE[t, ti41] 2(1 —261/P") 01

Foranyt € [0, t,) setiwith t € [t;, t;,). Since [|h°]|g; < |h°]l; < 1, the relation

t IKII7,
5 26/17}

allows concluding the proof. O

We emphasize that Theorem 4.19 only requires K € L? instead of K € W1*, butitonly provides
stability on the viscous hierarchy (43). Indeed, we do not know if any similar result could hold on
the non-viscous hierarchy (i.e., v = 0). However Theorem 4.19 does imply a comparable stability
result on the solutions f of the starting graphon equation (36) without diffusion, provided that
some added regularity is available on the f or on K. The strategy is straightforward and consists
in adding some artificial viscosity, which is performed in the next subsection.

4.4 | Stability on the system without artificial diffusion
Our stability result relies on stronger regularity for weak solutions (w, f) to (36). Before stating
it, it is useful to observe that smoothness indeed propagates in time by a similar argument as in

Proposition 4.11.

Lemma 4.22. Consider any K € Wb with divK € L®, any w € L?’Mg nLE"Mg and any

that f° € L§°(L)1C NLL NHL). Assume that (w,f) is a weak solution to (36). Then, f €
L*([o, t.], L?’(L}( NL® NHY)), foranyt, < co, and it satisfies

Ci_q
”f(t’ ) .)“LEO(L)ICHL;OOH)]C) <C e s
forsome C € R, depending only on ||w||Lc§>oM§, [IK |y, || div K| ;0 and ”fO”L?’(L}Can’mH}C)'

Proof. The following estimates can be made rigorous through a regularization process, for exam-
ple, adding viscosity as in the Equation (37), together with a classical iterative delay in time leading
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to a linear system. We first observe that by integration by parts we obtain the a priori bounds

1
SN DI, =~ - 1) / w(E,d¢) | divKCe=y) f6x 6Py, ) dxdy
X 0 R2d

< (P = Dlwllzga, 1div Kl 1. ')IIL?L; e on’

Ly’

fort € [0, t,]and & € [0, 1], where above we have used again Lemma 4.8. Since f(t, -, §) preserves
mass for each £ € [0, 1], one has that || f(t,, ~)||L§0L)1C = ”fOHL?L}C for each t € [0, t,] and this

allows easily propagating any L?’Lﬁ bound of f by Gronwall’s inequality, leading to the following
estimate

Cyt
Hf(t"")“L?’LfZ < Cpe L

Similarly, differentiating (20) with respect to x we now get

1
aerf(t,x,§)+diVx<fo(t,x,§)®/ w(E,dO/ K(x—y)f(t,y,Ody)
0 Rd

1
+div, (f(t,x,@ / W&, d¢) / VK(x—y)Tf(t,y,s“)dy) —o.
0 Rd

Again, by integrating by parts we easily get the following decomposition

d 1

T V. f(t, ',f)”iz =L+ +1;

where each term takes the form

1

1
=1 / w(E,d¢) [ divKGe—y) 1V, f(tx, O f(t.y.¢) dx dy,
2 Jy R2d

1
L =— / w(£,de) | divE(e—y) Vof(tx,£) - Vo £t y.8) f(t.x, £) dx dy,
0 R2d

1
I3 :Z—/ w(f,dg) dvxf(t’xsg)-r'VK(x_y)'fo(t’x’g)f(t9y’§)dxdy‘

0 R2

By the hypothesis on K, we have

1 .
il < S llwllze g, I divKilps re,-, -)IIL?L}C IV ft, - Ol

29
LX

L] < llwllzge a1 div Kl re,-, -)IIL?L;° IV ft,- Ol

29
LX

53] < llwllze s VKTl I, -,-)IIL§°L;;° IV ft - Ol

29
LX
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where we have used again Lemma 4.8. Putting everything together, using the previous L?
estimates and the fact that || f(¢, -, -)||L§0L)1C = ||f0”L§oL)1€ forall t € [0, t,], one obtains

d
a ” fo(t’ y 5)”%2 S C eCt” fo(t’ y g)”iz .
Therefore, we conclude by means of Gronwall’s lemma. |

With this additional regularity, in the context of the preceding subsections, and from
Theorem 4.19 and Proposition 4.17, we may derive the following uniqueness result.

We do note that in the following theorem, we use the (T, w, f) for generic w, W € L?’ M N

L§°°M§. While the operator 7 is trivially well defined if w, w € L;"L; nL;"L;, we rigorously

justify the definition of (T, w, f) for kernels in L?’M; N L§°M§ in the next Section 5 around

Definition 5.5. We refer to the more extensive discussion just after Lemma 4.15.

Theorem 4.23. Consider any couple of weak solution to (36) f, f € L®([0, t.], Lé‘f" (ILinL®n

H.)) with associated w, W € L?M; N L?Mg, for some K € L® n WH! with divK € L®. Then,

we have

C
< 9
1/2

1
/ (F=P-ode| < _
0 12 (loglog [[7(,w, %) — 2( 5, fO) 1)

foranyt € (0, t.], and some constants C, 1 > 0, which only depend on t,, the various norms of K,
the norm of w, W in L® M¢ N L M and the norm of the initial data £, flin L?(L}C NLE NHY).

Remark 4.24. A direct LP estimate would only provide the following trivial estimate

F Ct 0 0 ~
IIf—fIILtooLgoLgc <e <|If —-f IILgoL§+CIIw—wIIL§°M§>-

Note that such estimate would require a very precise strong control on the difference w — w, which
is not available to us. However, as we will see in the next section, we can obtain good estimates
on the weaker objects 7(T, w, f°) — =(T, W, f°).

Remark 4.25. If we assume more regularity on K, for example K € W*, then it is possible to
obtain stability with instead less regularity on f and f (typically f° € L?’L;", for example).

Before turning to the proof of Theorem 4.23, let us emphasize some of its main consequences.
The key point is that it offers a direct way to obtain some form of compactness on our solutions.
More specifically, we can extract strong convergence in L? on each of the 7(T, wy;, f?,) through a
classical diagonal extraction process since each of them is bounded in L' n W1* by Corollary 4.16.
From Theorem 4.23, this implies that /01 fn(t, x, &) dE is strongly compact in L2. However, we are
still not able to identify the corresponding limit in terms of a solution to (36). This will require an
appropriate extension of graphons that is fully developed in the next section.

Proof of Theorem 4.23. For some v > 0, let us consider the solution f” to the system (37) with
artificial diffusion with the same initial data f° and same weights w as f. We define similarly f”
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solution to (37) with the same initial data f* and weights w as f. The existence of both f” and f”
is provided by Proposition 4.11.

The strategy of the proofis classical: First use the regularity of f (resp. f) to compare them with
f” (resp. f). Then use Theorem 4.19 to compare the observables from f” and f”. To compare f
with f7, we first derive H' estimates for f” in the usual way

GNP O, =y [ 9. P

1
[ wd) [ Pex Vs Ka -0 P dyds
0 R2
Integrating by parts in the second term yields

GO, +v [ 9. Cx ok x

1
—_l i _ v 2 £V
=3 [ w&an [ avKG-pIrexor ey Odyds

<5 “w”L""Mgv Il div K|l e [1f7 (2, -, )||L<>°L1 Iroc, - ,E)IILZ,

where we have used Lemma 4.8 in the last step. Again, notice that || f”(t, -, -)|| Ly L= WAl Ly I

forallt € [0, t,]. Using Gronwall’s lemma we obtain

H 0
IIwIILgoMg Il div Kllzeo [If ||L§oL)lc

7 My ¥ / L1976k O dxds 1S

(48)
Now, observe that the difference f” — f satisfies the following equation

1
8" = )t x, &) + div, <(f” —P(tx,8) / W&, d¢) / K= £5.9) dy)
0 R

1
+ div, (f(t, x.6) / W&, d¢) / K& =0 (" = Nt.3.0) dy)
0 Rd

- VAx(fv - f)(t,x, g) = VAxf(tax’g)-

Therefore, similar arguments as above lead to analogous H! estimates

G =Dl v [ 19,07 - e o ds

< Sl VRl 1Pl 107 = £ Dl

Il g DKz 1w Mg 1 = DX Oz 107 = P ez

+ Il AV Kl 15 s 107 = Ol 167 = ez
VIV = D Ol 15l
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Using the additional regularity f, f € L*([0, t,], L?(L}( NL® N HL)) from Lemma 4.22, apply-
ing Young’s inequality in the last term, and recalling that f(0,-,-) = f”(0,-,-) we obtain by
Gronwall’s lemma that

I = )X llerz < CO VY, (49)

for some continuous and non-decreasing function C = C(t) € R, that only depends on the var-

ious norms of K, the norm of w in L?’Mg and the norm of the initial datum f° in L?(L}C N

L® N H.). Note that a similar estimate can be obtained for f” — f. The function C is actually
a triple exponential.

By Proposition 4.17, the observables 7(T, w, f*) and (T, w, f*) with T & T both solve the same
hierarchy (43) (since w, W do not appear explicitly in that formulation). Therefore, h = (hr)ret,
with hy = (T, w, f*) — (T, W, f V), again solves (43) by linearity. In addition, Corollary 4.16
implies that

”hT(t! “ ')”LZ(Rd|T|) < ”T(T’ w, fv(t9 ) '))“LZ(R‘HT‘) + “T(T9 w, fv(t’ ) '))”LZ(R‘”T')

ITI=1 v 17| SINTI=L A 7|
IIwIILwM (s o + 1D IILmM IF7 -l

= L°°L2 L°°L2
0 70 |T]
) 1 Wegonz + WP ger2 i div Koo 1700 00,
S wmax e § * ’
Wmin 2

where wp, = min{||w||L§°M§, ||U7||L§°M§} and W, = max{”w”L?’M{, ||U~J||L§°M;}- Consequently,

we obtain that SUD, o, 1,] [|(t, )|z <1, for any 1 > 0 such that

—t
i A Ko 1oy

4
w.
\/I<min{ 2 , mm}e

Wmax Wmax (”fO”L?’L)ZC + ”fO”LgOLfC)

We can now apply Theorem 4.19 for this 4, any p > 1 and 6 € (0, 27P"), and obtain

K12,
N2
sup ||A(L, -, -)llex < Cpg exp <P 21 10g||h°||9/1>
telo, t,]

for any T € T and some constant Cj, 3 > 0 depending only on p and 6. In the special case of the
trivial tree T; € T; with only one vertex, we obtain

1
”h”9/1 2 /‘L”thlle = \/Z”T(Tlaw’fv) - T(Tl’l‘l:}"]z:’})||ll)2c = \/EH/ (fv _fv)(["’g)dg
0

L

Therefore, we deduce that

R c I,
/ (F = - 0de | <22 exp <P @ ! IOgIIhOIIsA) (50)
0 12 \/I
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for any t € [0, t.]. By (49) and Minkowski’s integral inequality, we also have that

1
[ =n0dg| <= sz <CO VR
0

L
and similarly for f” — f, where the function C = C(t) is given above. This combined with (50)
immediately yields that

C K12,
< 22 exp <p‘_zefv "log1h°llex ) + C(1) V.
L2 \//_1

Since the above is valid for any v > 0, it only remains to optimize in v appropriately. For example,
considering p = e for simplicity and setting

1
/ (f = )b, &) dE
0

2
K12,

o4

t (log | log [|h°llg2 )3

ends the proof. O

5 | EXTENDING GRAPHONS
5.1 | Our goals

This section is centered on the process of taking limits on the 7(T', wy, f) defined by the operator
(39) for the pairs (wy, fn) given by Definition 4.4, at some fixed time ¢t € R,. Since the time
variable plays no role in this part, we omit it from the calculations. The first aim of this section is
to analyze the following question already raised in the previous section: If limy_, o, 7(T, wy, fn)
exists for any T € T, can we find appropriate w and f such that we recover the representation

(T,w, f) = 1\}1_{%0 (T, wy, fn), VT €T?

As we will see below, this can be rephrased as the question of how to take appropriate limits of
wy and fy so that they allow passing to the limit in 7(T, wy, fn). The following result answers
this question.

Theorem 5.1. The definition of ©(T, w, f) can be uniquely extended for any w € L§°M§ N L?M;
and f € LPLY. Furthermore, consider any sequence {wy inen and {f n3nen such that the following
hypothesis hold true

. 1 1
(D) SUPy ey SUPsepo, 17 Jy 1N(E OIS < o0, supyey SUPypy 11/, [Wn (&, dE < oo,
(i) supyen ||fN||L§°(W};]nW,1;°°) < oo

Then, there exists an extracted subsequence of N (that we still denote as N for simplicity) and w €
LS?"Mg n L?’Mg together with f € LE"(W}C’l N WL*) such that

(T, wy, fy) = ©(T,w, f) in LY RIIT),

asN — oo, foreachT € Tandany1 < p < co.
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We note that Theorem 5.1 only imposes that the sequences {wy}iyen and {fn}nven fulfill the
above uniform estimates (i) and (ii). Those sequences can, hence, be more general than the empir-
However, when restricting to empirical wy and f, note that we have equivalently the following
uniform bounds

, N N
(i')  supyey Maxcicy ijl lw;j| < o0, sUpyey MaXi<jon Xy (W] < o0,
(ii")  supyeymax <oy ||f1||Wi,oo < oo.

Let us remark some critical differences of our generalized graphons with standard graphons:

* As discussed in Section 1, the notion of graphon arises naturally under the scaling condition

(8), that is, w;; < 1/N, since it leads to wy uniformly bounded in Lg"g. Compactness is then

obtained by considering wy as the kernel of an operator from L' to L*. This corresponds to the
natural topology on graphons characterized by the cut metric, which can be reframed in terms
of the homomorphism densities 7(G, w) in Lemma 4.14 for general simple graphs G, see the
pioneer works of Lovasz and Lovasz-Szegedy [62, 63].

* Instead, in this work, we focus on the generalized mean-field scaling given by (3)-(4). This leads
to wy which are not uniformly bounded in ng’ but only in L‘;’M; N L;ﬁ" M. As we mentioned
in Section 1, graphons could still be able to capture graph limits in the absence of the scaling
w;; S 1/N by suitably renormalizing the weights, but these results do not appear to be able to
handle such a general scaling assumption as we have here. Our scaling still allows to consider
wy as the kernel of an operator, for example, from L* to L*® and from L! to L! as it has been
depicted in Lemma 4.7. But the connection with the cut metric and the natural compactness
that derives from it are lost. Instead Theorem 5.1 suggests an alternative natural topology on
pairs (w, f) withw € L?’M; N LE"M; and f € L?’L?.

* One straightforward result that highlights these differences is the following: As we have seen
in the previous section (cf. Lemma 4.15), we have

IT|-1 [T
7w, Pl < Il 115

for any tree T and any w € L§° M, while this estimate is obviously false if we consider 7(G, w)
for general simple graphs G as it is done in the standard theory of graphons.

Of direct impact to our work here is the fact that we cannot easily define (T, w, f) through for-
mula (39) in Definition 4.13 when we only have w € Lg" Men L§°M§ and f € LE"L;". We explain
how this can be done in the next subsection through the construction of an appropriate alge-
bra. The rest of the section is devoted to the proof of Theorem 5.1 which is based on obtaining

simultaneous compactness on all elements of the algebra.

5.2 | Defining 7(T, w, f) for unbounded w

The key to the definition of (T, w, f) (and later of the compactness argument) for only f €
L?(L}C NLY)and w € L?’Mg n L§°M§, is an iterative way to construct it from the leaves of the

tree. This leads us to the following definition.
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Definition 5.2 (A countable algebra). We will denote by 7 the countable algebra of transforms
over spaces of arbitrarily large dimensions which is built as follows: For each transform F € T
there exists n € N (the rank of F) so that F maps each couple (w, f) into a scalar function F(w, f)
on [0, 1] x R9", The full algebra 7 is obtained in a recursive way according to the following
rules:

(i) The elementary 1-rank transform F, : (w, f) — f belongs to the algebra 7.
(ii) LetF; € T and F, € T be n;-rank and n,-rank transforms respectively. Then, the following
(1 + ny)-rank transform also belongs to 7

FI®F, : (W, f)r Fi(w, /)& X1, s X)) Fo(W, )&, X, 115 000 » Xy ny)-

(ili) Let F € T be a n-rank transform. Then, the following n-rank transform also belongs to 7 :

1
F*: (w.f) o / F(w, ) X1, s %) 0(E dO).
0

For a given choice of (w, f), we also denote by M(w, f) the countable algebra consisting of
functions over spaces of arbitrary large dimensions given by F(w, f) for any transform F € 7. Of
course M(w, f) can also be obtained directly by transposing the rules (i), (ii) and (iii) above:

(i) We have f(x;,£&) € M(w, f).
(ii) Ifqb(f,xl,...,xnl), zp(§,x1,...,xn2) € M(w, f), then we have:

¢(§’ X1seees xn1)¢(§’ xn1+1’ ] xn1 +n2) € M(w’ f)

(iii) I P&, xq,...,x,) € M(w, f), then we have:

1
/ B(C X1 s ) WIE, ) € M(w, f).
0

The first point is to observe that M(w, f) (and thus the algebra 7') is well defined with the only

hypotheses f € L?(L}C NLY)and w € LY M NLEMe.

Lemma 5.3. Considerany f € L?(L}C NLY)andanyw € L?M; N L?Mg. Then all functions of

..........

Fwy, fy) = Fw, f) in L'([0, 1] x R™),

an N - oo for any fixed F € T, any sequence {f n}nen uniformly bounded in LE"(L}C NLY) and
converging to some f in L?(L,lc N LY), and any sequence of {wy }nen uniformly bounded in L§° M n
L My and converging to w in L;H{_1 n L;Hgl.

Proof. We of course use an induction argument based on the recursive rules above defining the
countable algebra M(w, f).
o Step 1: Good definition of elements of M(w, f).
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Obviously, for the elementary transform F, in rule (i) we have that Fy(w, f) = f is well defined
and belongs to L®([0, 1] x R%) by hypothesis. The second rule (ii) also poses no issue. Indeed,
let us set F = F; @ F, and assume F;,F, € T are transform with rank n;,n, € N for which we
already now that F;(w, f) and F,(w, f) are well defined and belong to L*([0, 1] x R¢™) and
L*>([0, 1] x R9"2) respectively. Then, F(w, f) is well defined and belongs to L* ([0, 1] x R4(m+72))
as the product of two bounded functions. Finally, it only remains to check the third rule (iii).
Consider any F € T of rank n € N for which we already now that F(w, f) is well defined and
belongs L*([0, 1] x R4"). Then, F*(w, f) is also well defined and belongs to L*([0, 1] x R%") by
the estimate (35), in Lemma 4.8.

Moreover, since L' norms are also stable under tensor products, by the same argument we also

have that if f € L;"(L,lc NLYL)and w € L?’Mg N L{°°M§, then all functions in M(w, f) are well

..........

o Step 2: Convergence of elements of M(wy, fn)-
First note that taking the elementary transform F, € 7 in rule (i) we have that

Fo(wy, fn) = fy = [ =Fow, ) in LY([0, 1] x RY),

by the convergence hypothesis on {fy}yen- Let us set F = F; ® F, as in the rule (ii) for a couple
of transforms F;,F, € T and assume that we already now that F;(wy, fn) and F>(wy, fy) are
both convergent in L' and uniformly bounded in L*°. Therefore, it is clear that

F(wy, fx) = F(w, f) in LY([0, 1] x R(mu+n2)),

and it is uniformly bounded in L* as the product of uniformly bounded sequences in L*, each of
them convergent in L!. Finally, consider a n-rank transform F € 7 and assume that we already
now that F(wy, fx) converges to F(w, f) in L' and is uniformly bounded in L*®. Our last goal is
to show that F*(wy, fn) given by the rule (iii) is also convergent in L! and uniformly bounded
in L*. Note that Lemma 4.7 yields a partial answer in the weak topology of L* though. We shall
improve it here at the expense of the stronger convergence assumed on {wy }yen- For simplicity of
notation, we set ¢y : = F(wy, fn), which by the induction hypothesis converges to ¢ := F(w, f)
in L' and uniformly bounded in L*. Then, we find that

1
F*(wN’fN)(gsxls--wxn):/ N (S, X1, X)W (€, dS),
0

is uniformly bounded in L™ by estimate (35), in Lemma 4.8 thanks to the uniform bound of

{wninen In L?’ M, and of ¢ in L. Regarding convergence, we have

F*(wy, fn) = F*(w, /) = I}, + I},

where each factor reads

1
I X1 ) 1= / @ — BN X1s s ) g (€, D),
0

1
I]2\1(§7 xlf ey xn) = / ¢(§’ xl’ ) xn) (wN(gf dg) - w(&? dg))
0
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for N € N. On the one hand, it is clear by estimate (35); in Lemma 4.8 that we have
Myl < ”wN“L;f"Mg lgn — @Izt

and, therefore, I;, — 0in L' by the convergence of ¢ to ¢ in L' and the uniform estimate of wy in
L;"Mg. On the other hand, consider any sequence {¢,}.~q C CZ°([0, 1] X RI") such that ¢, — ¢

in L' as ¢ — 0 and define

1
Bxieerx) i= [ 861 (. d0) = wlE )
0
for N € N and € > 0. Then, by (35); in Lemma 4.8 we have

2 2
Il < ||wN||Lg°M§||¢ = Eeller + My i

for every N € N and € > 0. Taking lim sup as N — oo we have that
limsup |13 [I;1 < sup lwn e a1 lpe = PllLr.
N—0 NeN ¢

Since ¢ > 0 is arbitrary, taking ¢ — 0 and recalling that wy is uniformly bounded in Lg‘f"Mg and

¢. — ¢ in L! allow concluding. O

The critical reason for the introduction of the algebras M(w, f) and 7 is that they allow eas-
ily recovering all 7(T, w, f), at least for bounded w. Namely, for any tree T € T, there exists a
transform F € T so that 7(T, w, f) can be described in terms of the transform F(w, f) of the pair

(w, f).

Lemma 5.4. Forany tree T € T there exists a transform F € T such that
1
0 kX = [ @G i ),
0

foranyw € LY, and any f € L?’(L}C NLY).

Proof. For any tree T,, € T,,, index the vertices so that the root has index 1. We define the modified
T operator as follows

(T, w, )E, X1, e X)) :=/ w(éx, &) H F(Em xpm) d; ... d§, £t

[0, 11" (k eE(T,) me(Ty,)

Note that since w € L;" and f € LPLY then all the computations above make sense and this

will also apply in the rhanipulations below. We also note that we readily obtain the following
representation

1
T(T’ w, f) = / f(T’ w, f)(g’ ) dg,
0
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for every tree T € T. Then, we prove the more precise result that there must exists F € 7 such
that (T, w, f) = F(w, f). We proceed by induction on the size of the tree T.
Let T, € T, be the only tree with two vertices. Then, we have

1
(T w, F)E X1, %5) = f(Ex,) / W(E, ) F(¢. %) e
0

In other words, #(T,,w, f) = Fy(w, f) with F, := F(’)* ® F,. Of course, Fy, € T by item (i) in
Definition 5.2. Hence F, 0* € T by item (iii), and finally F, so does by item (ii).

Assume by induction that the above holds for any tree in T,. We need to show that it is also
verified for any tree in T, ;. Assume that the root is index by 1 and has degree k. Index the corre-
sponding vertices connected to the root by 2, ..., k + 1. Denote by T2, ..., Tk+1 the subtrees starting
from each vertex 2 to k + 1. Then, we have that

HTperow, f) = f(E.x) /[ e £ AT v, )
0,1 k

= FETE [ w8 e G di
[0, 1]
By our induction hypothesis, we have F; such that #(T%, w, f) = F;(w, f). By rule (iii), for each i,
[ e ot w s = [ wEoRw. HEd = F;
[0, 1] [0, 1]

belongs to 7. Of course, f(§, x;) = F, by rule (i). Hence finally #(T, 41, w, f) = Fo ® F3--- @ F}
by rule (ii). O

The combination of Lemmas 5.3 and 5.4 naturally lead to the following extended definition of

(T, w, f).

Definition 5.5 (Extension of the 7 operator). Consider a transform F € 7, for any T € T, as
provided by Lemma 5.4. We then define

1
(T, w, )Xo Xi7)) = / F(w, )& X1 s xi7) A&
0

forany f € L?(L}C NLY)and any w € L M¢ N LE M.

In Lemma 5.4 we built a special transform F € 7 associated to each tree T € T. It relies on a
recursive construction involving the operations (i), (ii) and (iii) in Definition 5.1, starting from the
leafs of T and descending towards the root. As there could a priori be several transforms F that fit
a given tree, the last point to check is that Definition 5.5 is independent of the particular choice of
F.

Lemma 5.6. Consider any F,, F, € T such that

1 1
/ Fy(w, )¢, )d¢ = / Fy(w, ). ) de, (s1)
0 0
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forall f € L?(L}C NLY)andallw € L?{. Then, the equality (51) also holds forall f € L?(L}( NLY)
andallw € L?M; N L;"Mg.

Proof. Define wy = Ky *¢ ¢ w for some smooth convolution kernel Ky with Ky — &, and for
any w € L‘;M; N L?Mg.

Firstofallwy € L, sincew € L® M. Wealso have that wy converges to w in LéH g_l N LéH gl.

Therefore, we first have that for wy

1 1
/ Fi(wn, )G ) d¢ = / Fa(wn, ). ) de.

0 0

But, furthermore, by applying Lemma 5.3, we have that F;(wy, f) and F,(wy,F) converge
strongly in L! to F;(w, f) and F,(w, f), respectively. Hence, we obtain the desired equality.  []

Being able to correctly define 7(T, w, f) is of course only the first and simplest step in the proof
of Theorem 5.1. Passing to the limit in 7(T, wy, f ) is considerably more intricate and in particular
we cannot apply Lemma 5.3 as of course we cannot have the required compactness on f and wy
from the assumptions of Theorem 5.1.

Instead we have to derive compactness through the clever use of measure-preserving
transforms which are the object of the next subsections.

5.3 | An extended multilinear framework

We briefly explain in this subsection how the analysis and estimates presented here can also be
applied to a larger framework of multilinear operators that extends on the transforms introduced
earlier. We define a family of multilinear operators

M : (L2 M ﬂL?’Mg)k X (L?(L}C NLY)) — L§°((L1 N L®(R4))
W1y e s W) X (f15eees f1) 2 MWy, oo, Wiy f15 00 s FOE, X1, e s Xpp)-

This family M is constructed exactly as the algebra of transform before through the following
rules

(i) The map M,, : f +— f belongs to M.

(ii) Let M; e M and M, € M be posed on (L?Mg nL;"M;)kl X (L?’(L}C NLe)1 and
(L?M; nL?’Mg)kZ X (L‘;(L}C NLP))2. Then, the following multilinear operator also
belongs to M:

My @M, : (LM NLE M) e x L (L L) - LE(L nLE(RI))

Wy, e s Wiy s Wiy 415 00> Whey ke, ) X (1o s F15 i1 o5 F141,)

= Ml(wl’ ) wkl’fh ’fll)M2(wk1+1’ ceey wk1+k21fll+1’ 9fll+lz)~
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(iii) Let M € M be posed on (LZjo Mg N L?’ Mg)k X (Lé><> (LL N L®)). Then, the following operator
posed on (L Me N LR M) x (LP(Ly N L))" also belongs to M:

1
(wla (] wk) X (fla ’fl) = / M(wl’ v s Wi fl’ ’fl)(ga X15 e s xn) LUk+1(§, dg)
0

As one can readily see, these exactly mimic our previous construction: the only difference is that
we can actually take different kernels w; and functions f; at every step when building the fam-
ily M. This extended freedom does not seem to play a significant role in this paper but could be
useful in the future.

As one would expect, there is a one-to-one correspondence between the F € T and the M € M
with the straightforward relation

F(w, f)=Mw,...,w, f,..., f).

As we mentioned above, all estimates and properties of 7 could be extended with the exact same
arguments to M.

5.4 | The key compactness lemma

A key tool to prove Theorem 5.1 is the following result that encompasses the inherent regularity
on graphons.

Lemma 5.7. Consider any sequence g, in L*®([0, 1]) with 0 < g,(x) < 27", Then, there exists
® : [0, 1] = [0, 1], a.e. injective, measure-preserving, such that the following uniform regularity
estimate is verified

1 ~ T
Sur)/ 1(gn 0 @)(§) — (g, 0 @) +h)|dE <2 Cvlgw,
0

neN

forany 0 < |h| < 1 and some universal constant C.

Remark 5.8. By a.e. injective, we mean that there exists a full measure subset F’ C [0, 1], [[0, 1]\
F’| =0, such that ® : F/ — [0, 1] injective.

We note that independently on the measure-preserving map @, by hypothesis we get that
g,0® — 0in L! when n — oo. In particular, g, o ® is compact in L!. Therefore, by the Fréchet-
Kolmogorov theorem we infer that the sequence g,, o ® must be uniformly equicontinuous so that
the left hand side in the above inequality always converges to zero when h — 0. The novelty of the
previous result is that we can choose a special measure-preserving map @ so that such an equicon-
tinuity condition is made explicit in terms of a modulus of continuity. As usual, we extend by zero
for evaluations outside [0, 1], namely (g, o ®)(§ + h) = 0,if & + h & [0, 1].

Proof of Lemma 5.7. Our proof is performed in several steps and relies on a hierarchical con-
struction associated to a suitable hierarchical decomposition of the interval [0, 1]. Throughout
the proof we shall assume that g, > 0 and that the g,, do not charge any point, i.e., [{x € [0, 1] :
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FIGURE 3 Wordsin W, W, and W,.

gn(x) = t}| = 0 for every t € R which will make decomposing [0, 1] according to the level sets
of the g, easier. For this, we observe that if g, charges some points (at most in a countable way),
then there exists g, ., for every € > 0, that does not charge any point and with ||g,, — g,llL~ <&,
for all n € N. We may hence obtain the claimed regularity on each g, . independently of ¢ which
implies the desired result on g,,.

o Step 1: The hierarchical decomposition.

We built a sequence of covering of [0, 1] determined through a hierarchical decomposition.
For simplicity of the construction, we use indices ranging over the following special sets of words
with k letters

Wk .={lllzlk . lm E{l,,Zm}, m = 1,,k},

for any k € Z, (see Figure 3). Note that W, = {#}} and for k > 1 we have that W contains all
possible words with k letters, where the letter at position m € {1, ..., k} is allowed to take values
in {1,...,2™}. For any i € W), we shall define j (i) := {il, ..., 251} the subset of W, ; obtained
by juxtaposition of a letter at the end of the word i. If we denote nj, := #Wp, then the following
induction follows

Wi = [ k@, s =20 ny. (52)
iEWk
k k k(k+1)
Hence, we actually obtain that n, =[], _ 2™ = 2Zm=0™ =272 .
For every level k € Z, we shall consider a covering of [0, 1] into n; sub-intervals of identical

0 _
size as follows. At level 0 we set I; = [0, 1] and given a covering [0, 1] = ULEW 1 ;{ at level k, we

define the covering at level k + 1 by decomposing each I ,‘( with i € Wy into 2"+1 identical sub-
intervals and labeling them in lexicographical order with indices in ji(i). For instance, at level 1
we obtain 2 sub-intervals I =10, 1/2], I? = [1/2, 1], and at level 2 we obtain 8 sub-intervals: 4
associated with I

Dt =10, 1/8], 1> =[1/8, 1/4], I,> = [1/4, 3/8], I;* = [3/8, 1/2],
and other 4 associated with I?
' =1(1/2, 5/8], I = [5/8, 3/4], I = [3/4, 7/8], I;* = [7/8, 1].
We proceed in an analogous way at higher levels. Note that Ii 4 €1 ;c forevery j € ji(i)and |I £| =

— since there are exactly ny intervals I, I withi € Wg.
nj

If we had only one function g,, the proof would be straightforward: we would just perform a
decreasing (or increasing) re-arrangement to obtain a BV function. The main idea of the proof is
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to try to mimic this by re-arranging the level sets of g,, to decrease their oscillations. Because there
are a countable number of g,,, this is complicated. We introduce a specific decomposition of the
g, along hierarchical level sets through the O;{ below. At each step, we want to cut the level set
into two pieces that have same mass.

Now, we define new coverings [0, 1] = UieWk O;{ with measurable subsets O;{ C [0, 1] such

that O’

r1 C O;'( for every j € ji (i) and |Of(| = |Il"c| = nik Specifically, they will take the form

={xel0,1]: s;{’m < gm(x) < tlic’m, m=1,..,k}, (53)

for some values 0 < sf{ m < tli{ m < 2~m+l withm = 1,..., k to be determined below by recursion on

k. Again, Og = [0, 1]. We define O} and O? atlevel 1as follows. Since t — [{x € [0, 1] : g;(x) > t}]
is continuous (because [{x € [0, 1] : g;(x) = t}| = 0) then there must exist some { € [0, 1] such
that

e 0,111 g0 > Bl =Hxelo, 1] : g0 <H = %

Therefore, we can set the values s; , = 0,¢; | = for O] and sf =7 t> =1for O2 so that
={xelo,1]: Sil <gi(x) < til} ={xef0,1]:0<g(x)<,
={xel0,1]: s{;, <g) <] }={xel0,1]: F<g(x) <1}

So defined note that [0, 1] = O} U O7 thanks to the hypothesis 0 < g; < 1, and |0}| = |0?| = %

Let us now assume that at level k the values 0 < sl"{ m < tli{ m S 271 have been set so that the Oli{

given in (53) determine a covering [0, 1] = | e, Oi and |Oi | = L Let us now proceed in the
ni
J —m+1 i : :
recursion by defining at level k + 1 the values 0 < sk tim <lgim <2 which will determine
J
the Osr-

For any fixed i € W), we will built the Ok "
into 25! measurable pieces with identical measure. In this construction we will use words W,
containing m letters with only allowed values {1, 2}, that is,

with j € j,(i) by appropriately decomposing O}{

Wy, = {iyiy iy 1 €{1,2} 1=1,...,m},

for any m =0, ..., k + 1. By a new recursion on m, we shall proceed by defining a family of aux-

eye ~ ~ _ o . ~ 1 ~a2 1
iliary subsets O%, for « € W,,, and m = 0, 1, ..., k + 1 verifying O}, = O; +1 V0, and |O°‘ al=
10221 =

—|O | starting at OQ Ol For m = 1 we note thatt — |{x € O’ 1< gl(x) < tkl}l is
continuous. Then, there must exist some t‘zJ e (s

1 b 1) such that

. 1 .
x €0} 1 5, <@ <IH = lx€ 0] : I <gi() <1} }l = 30,1

Then, we set

O :={xe Of{ : slic’1 <g(x) < fg},

0} :={x€0, : Eg <g(x) < t,i(,l}.
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Note that in 5} and 5% we have simply split the interval [s;c,l, t;c,l] for the g; into [s;{’l, fg ] and
[fg , 1, ,] respectively to divide O, into two pieces with exactly half the mass. Assume that O,
have been defined for « € W,,, and m < k and let us define 5;7‘"1“ and 5?n2+1' The argument is sim-

ilar:sincet - |{x € 0%, : t < gpp1(x) < t,l(’m+1}| is continuous, there exists {, € (S;C’m_'_l, t]’{’mﬂ)
with

— . _ ~ ~ . 1~
[ € 0% & 0y < B () SERH = Ifx €05, ¢ By < gn (0 <1l 3 = 510G .

Then, we define
Sal Na .G =
O?n+1 = {x € Of(n . S;c,m+1 < gm+1(x) < t}?}{l}’

~ . ,
Op =1x €0y 1 Iy <gun(X) <t L}

Again note thatin 0%, | anq 0%% | we have simply split ihe interval [s,i{,m, t]i{’m] for the g,,, into two
pieces [s, .. &l and [£5, t, ] respectively to divide Oy, into pieces with exactly half the mass.
Once the auxiliary family has been set up to m = k, note that we can repeat the above argument
once more for each a € W, and find iy € (0, 27K) (by the bound 0 < gi,; < 27¥) such that the
following subsets divide O} into two halves with exact mass

0%l i={x €07 : 0<ge(x) <,
i={xe0f 1 I¥ <ge(x) <27}

By construction the last level {5Z - aE W41} contain exactly 25*1 pieces with same mass so

that O;'{ = O% .. We then define Oi 41 With j € j (i) by labeling them in lexicographical

a€Wiy1 ~k+1° _ _
. J J —m+1 i

order and We set the re.sultmg Val.ues. 0<s, Lm < besim <2 accordingly.

From this construction, we easily infer that fixing any m < k and any i € Wy, then at least half

0; the new intervals [si 1 tljc +1’m] with j € j, (i) must have at most half the length of [sf(,m, t;(,m],
that is,

#{] € ji () : <t{{+1’m - siﬂ’m) > 5 (t;{’m - s}am>} < 2k, (54)

We can even be more precise. Note that going from [s;{ m t]i{ m] to the next level k + 1, we intro-

si i ti +1,m]. They correspond to either of the two pieces [s;'{,m, il

t;{ ol fora € W,,_; in which we split the initial interval. By construction note that each

2k+1

duced new intervals [

or [{7 .,

of the pieces is repeated in exactly 2=+ of the Oi L withj € Jji (D). Therefore, we obtain

L J -/
2k+1 Z (tk+1,m Sk+1,m)
J€jK®

1 _ . N 5 .
= W Zk e Z ((t;c,m - tm—l) + (t;xn—l - Sllc,m)>
A€W 1

1 . . 1, . .
= 2_m Z (tllc,m - S;c,m) = E(tllc,m - Sllc,m)'
aEW,,, 1
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Summing over i € Wy, dividing by n; and recalling (52) yields

. . 1 . .
Z ([i+1,m - Si+1,m) = m Z <t;c,m - SL,m)'

JEWk+1 iEWy

Nt

for any k > m. By induction we then infer that

1 ; ; 1 1 , ,
o 2 (e =S) S 5 ie%: (Emm = Srm)»
m

for any k > m. Notice that by construction and our assumption on the g,, we obtain that the

intervals (sl . t, ] they all reduce to (0, _zml—l ]. Therefore, we obtain
— z th—s )< — (55)
k, k, K’
oEwe "2

forany k € Nand every m < k. Note that the fact that0 < g,,, < 2Lm has crucially used in the above
cancellations, thus leading to a uniform in m bound.

o Step 2: The measure-preserving map .

We begin by defining & : [0, 1] — [0, 1], which will correspond to the inverse of ® : [0, 1] —»
[0, 1]. Set any point x € [0, 1] and use the previous covering by the disjoint {O;{}iewk to find a

unique nested sequence i1 (x) € ji(ix(x))suchthatx € (), N O;{k(x). Since {I li{"(x)}keN isanested

sequence of compact sets, by Cantor’s intersection theorem it is evident that their intersection is
i (x)

K must

a non-empty compact interval again. In fact, since |I;("(x)| — 0 as k = oo then ﬂkeNI
consist in a singleton {y}, which we use to define ¥(x) : = y.

Now we prove that ¥ is a measure-preserving map. Specifically, we shall prove that for every
Borel B C [0, 1] we have that ¥~!(B) is measurable and |¥~!(B)| = |B|. First, we argue for B = I Il{
for any fixed k € N and i € Wy. Note that the inclusion W~'(I} ) D O} is clear by definition, but

the converse does not necessarily hold. Indeed, we have that ¥~1(I Ii{) = O;{ UN ;{ where

Ne=(om U or.
meN meN

Here, 1,11 € ju(,) and 7,41 € j,(r,,) describe the only two nested sequences of intervals
{I i;l" bmen and {I,7"},,cn Which stay always adjacent to (and respectively at the left or the right of)
I ;{ for m > k. Obviously, if Ilic is the first or last interval at level k in lexicographical order, then
there is only one such sequence. In particular, ¥~1(I ,‘;) is measurable because so are Oli( and N Il{
(as countable union and intersection of measurable sets). In fact, N ,’c C [0, 1] is negligible (as the
union of two negligible subsets), then |‘P‘1(Ili()| = |O§(| =|I lil. To extend the above property to
general Borel sets B, we note that it is enough to verify the property for any semialgebra generat-
ing the Borel o-algebra (cf. [90, Theorem 1.1]), for example, the algebra of intervals with endpoints
in the dyadic rationals J:

A:={la,b): abel,0<a<b<1luU{a, 1]:a€t,0<a<1}

Set any such B € A, for instance B = [a, b) fora,b € J and 0 < a < b < 1 (the other case follows
similarly). Then, there exists some (countable) subset 7 of indices (k, I) so that [a, b) = | (el I ]l{

because the I ;{ are a basis of neighborhoods of [0, 1]. By appropriately removing eventual nested
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elements in 7 to avoid redundant information, we may assume that all the involved I ;{ are not
contained in each other so that they can only intersect at points J of their boundaries. Therefore,
we obtain

vi@ = ) vla)= (J ©, uN)).

(k,)e1 (k,)el

so that ¥~!(B) is measurable. Since N Il{ are negligible and all the involved O;{ are disjoint then

'@ = ) |oil= ), IL|=IBl,

(k,)e1 (k,)e1

where in the last equality we have used again that the I ,l( only intersect at most at points J of their
boundaries and this has a null contribution to the sum.
Let us now study the injectivity and surjectivity a.e. of ¥. Consider any point y € [0, 1]\ J
Ii,i(y)
k

and set unique nested sequence il’c H(y) € jk(il’{(y)) so that {y} =N N . We can then con-

-1
sider the associated negligible measurable set [, _, O;f(y). Notice that the a.e. surjectivity of ¥
amounts to proving that the latter intersection is non-empty for a.e. y, whilst the a.e. injectivity of
¥ amounts to proving that the intersection contains at most one point for a.e. y. For the injectivity,
let us assume that g; is strictly decreasing and continuous (by adding it to the sequence {g, },en

if needed). Then note that

5 B 50\ L) o)
ﬂok < ﬂgl <[Sk,1 ey 1) =81 ﬂ[sk,l ey 1)

keN keN keN

for each y € [0, 1] \ J. Since the right hand side consists in an intersection of a nested sequence

of compact intervals, then it reduces to a compact interval again. The condition for it to actually
) )

contain a single point is that t;{kiy) — s;k(ly) — 0 when k — oo0. Although it does not necessarily

happen for each y € [0, 1] \ J, we shall prove that it does happen for a.e. y. Our argument relies

heavily on (54) or, its more quantitative version (55) above. Namely, for any m € N let us define

the sets
) . ok
R T . |
Jk,m = {l e Wk : tk,m Sk,m > v } (56)

for any level k > m. As it will be observed below, the choice of § in Jy ,, is rather arbitrary and

could be replaced by any fixed rate r € (%, 1). Therefore,

k
1 < ) ) 1 ) ) 2° T eml
— tt —st )2— (tl — st >2—’.
1y, ieZWk k.m k.m My, ie]Zk,m k.m k.m 3k ny
Hence, using (55) implies
3k
|Jk,m| < 47 ng, (57)
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for any k > m > 1. In particular, if one defines the poor sets

GO I ACY!
={yelo, 1]\ J : tk’im _skk,m -0 when k — oo}, (58)

for any m € N, then one has that

r,cU U 1. (59)

koEN kaO je]k’m

Since |I]| = —, using (57) and (59) we find that |P,,| = 0 since
ny

3k
Pl < X o

k>ko

for any ky € N. Define the associated global poor set

= P (60)

meN

which is again negligible, and consider pair of full measure sets
=[0, 1]\(JUP), F :=9¥"'(F).

Then, it is clear that ¥ : F — [0, 1] becomes an injective (measurable) measure-preserving map.
Since we are dealing with the (completed) Lebesgue o-algebra, which determines a standard prob-
ability space, then W(F) is measurable (¢f. [28, Theorem 3-2]). Unfortunately, we only have the
inclusion W(F) C F, (’). Hence, we define the (eventually) smaller full measure set

F' = ¥(F).

Therefore, ¥ : F — F’ becomes indeed a bijective (measurable) measure-preserving map. There-
fore, ! : F/ — F is also a measure-preserving map. Extending ¥~ to all [0, 1] we obtain our
measure-preserving map @. In particular, note that by construction ® and ¥ are characterized by
the fact that

oI, NF)=0, nF, WO, nF)=I,nF, (61)

foreachk € Nand i € W,.
o Step 3: L' modulus of continuity of {g,, o ®},en-

For simplicity of notation, we define h, := g, o® for any n € N. First, we notice that for

f k(y) k(y)

anyy e F' C Fé the value h,,,(y) is determined by the sequence (or Sk ) where i +1(y) S

jk(il’{(y)) is defined as before as the unique nested sequence with {y} =N rent kk( . Specifically,
we shall prove

M
hn(y) = lim tk(y) lim 5, (62)

k—oo
foreachy € F/ C F(’). Indeed, by (61) and (53) note that

AG))
k.m

i)
<hn() <t
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for any k > m and any y € F' C Fy. '. By the definitions (58) and (60) of P,, and P the nested

intervals [s, k(y) ,t "(y)] erify ¢, k(y) k"g) 0 when k — oo so that we conclude (62).

To f1n1sh the proof we need to show that

' = logL
/ [y, (¥) —hy,(y +7)|dy <2 VR
0

for any 0 < |7| < 1 and some universal constant C. Let us fix any 0 < 7 < 1 (a similar argument

yields —1 < 7 < 0) and any level k € Nso that7 < ni That is, the size 7 of the shift is smaller than
. k .
the length of the dyadic intervals I, at the level k. Then, we can split each interval I, as follows

i I — i i
ILNF = Gk,f UB,

for every i € Wy, where G, _ consist of the points in I, which stay in I, up to a shift of size 7 and
B! _are all the other points in I} . Specifically,

Gi

I i={yellnF :y+rel nF}

B i={y€LNF :y+t gl nF'}.
Note that a pointy € BI"{ must stay within 7 of the right boundary of I Il{ Therefore, we infer
. 1 1 .
1 — 1 —
|Gk’1_| = }"l,_k —-7< n—k, |Bk,‘L'| =T. (63)

Using such a decomposition, we can split the above integrals as follows

1
[ )= 01dy = 3 [ )=y + Ol dy
0 iew, 7 G,

(64)
/ |h(¥) = hy(y +7T) dy.
lEWk

For points y € G! psincey,y+7€ I]i{ NF' then ®(y), ®(y + 1) € O;{ so that
i

() = By + DV S 4y = S e

For all other points y € Bf{ . we only have that

2
1) = iy + DI < Thn D)+ TR + )] < 2 < 2.

Using the above bounds along with (63) in (64), which exploit the decay of g,,, we obtain

1
i 1
/0 |, (¥) — hy,(y + 1) dy < —k Z (t s;{’m) + Z 2t < > + 27ny. (65)

iEW IEW)
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Here, k € N has only been set under the restriction = <— but we could optimize our choice of

k. Specifically, let us set k = k; more precisely so that — < 7 < —. Then, we obtain that
M1 nk

1 3 —Cy/log *

Y3 +2tn; < > <2 T,

for universal C, which by (65) yields our result. For the last inequality, note that by our choice of

k in terms of T we get -~ < np,, = 20FDk+2) < 26K* 50 that 4 /log - < v/6log2k. O
T T

We note that the dyadic character of the hierarchical construction in the proof of Lemma 5.7
required a specific geometric uniform decay 0 < g, < 27"*! in order for the L' modulus of
continuity of g,, o ® to be independent of k. However, applying the above to the rescaled sequence

_ 8t lgllis
T gyl

allows considering a generic sequence g, in L*([0, 1]), and obtaining a n-dependent L' modulus
of continuity (eventually growing with n) as follows.

Corollary 5.9. Consider any sequence g, in L*([0, 1]). Then, there exists ® : [0, 1] — [0, 1], a.e
injective, measure-preserving, such that the following estimate is verified

1 I
/ 1(gn 0 ®)(&) — (g 0 @) + M) dE < 2" ||gyllre 2 cyt i
0

forany 0 < |h| < 1, each n € N and some universal constant C.

As a further remark, let us highlight the relationship of this lemma with the classical results
of regularity on graphons. If w is a graphon, then the Lemma 5.7 implies the classical regularity
lemma by Lovasz-Szegedy [63], and in turn the famous regularity lemma on graphs by Szemerédi.

Lemma 5.10 Regularity lemma on graphons [63]. Ifw € L®([0, 1]?) is symmetricwith0 < w < 1,
then there exists @ : [0, 1] — [0, 1], measure-preserving, such that in the cut-distance
c
Sow(P(-), (), w(P(- + h), P(-))) < =
log -

where the cut-distance is given by

O(w, W) = sup sup
@& ST

/ (w(@(§), 2($)) — w(D(§), D)) d§ d¢ ’
SXT

where the supremum is taken over any pair ®, ® : [0, 1] = [0, 1] of measure-preserving maps, and
any pair S, T C [0, 1] of measurable subsets.

We once again emphasize that in our case w is not necessarily symmetric nor a bounded func-
tion.

85U80| 7 SUOWIWOD aAITE8.1D) 3|qeal|dde ay) Aq peusenob e S9o1e YO ‘8sN JO S3|n. 10 ARig1T 8UIUO /8|1 UO (SUONIPUOD-PUR-SWS)W0D" A3 | IM"AReIq 1 |BU1|UO//SANY) SUONIPUOD pUe SWie 1 8u1 89S *[#Z0zZ/TT/S52] Uo Akiqiauljuo A|Im epeues aq pepsieAIuN Aq SEZz2edd/z00T 0T/10p/woo 8| 1M Aeig 1 ul|uo//:sdny wo.j pspeojumod ‘0 ‘ZTE0L60T



MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS 65

5.5 | Proofof Theorem 5.1

We are now ready to prove the main theorem of this section. By hypothesis (i) and (ii) in
Theorem 5.1 we have that there exist C;,C, € R, so that

”wN”L?’MgﬂLEOMg < Cl» ”fNIngO(W)lclnw)lcw) < CZ’
for any N € N. For each fixed T € T, by Lemma 4.15, we have that (T, wy, fy) is uniformly
bounded in W n W% and is hence locally compact in LY for all p < co. By a standard diag-
onal extraction procedure, we may hence assume that for some subsequence of N (still denoted
as N for simplicity)

. . . p
I\}gréo (T, wy, fy) existsin L., Vp<o, VTET.

Our goal is to identify the above limits for each T € T.

We also recall the above countable algebras M(wy, fn) in Definition 5.2 endowed with the fam-
ily of transforms 7~ according to the rules (i), (ii) and (iii). From Lemma 5.4, we already know that
this algebra represents the hierarchy accurately. The rest of the proof is handled in several steps.

o Step 1: Stability by re-arrangements.

In order to apply our compactness Lemma 5.7 note that we have to perform appropriate re-
arrangements in the £ variable by measure-preserving maps. The following result show that the
representation through the algebra M(wy, fy) is stable under re-arrangements.

Lemma 5.11. Consider any w € L?Mg nLS‘S"Mg, fe LE"(L}C NLY) and any a.e. injective
measure-preserving map ® : [0, 1] — [0, 1]. Define the re-arranged objects

w(§,d¢) := @ w(@(©), )dD),  f(x.§) 1= flx, D(E)). (66)

Then we have that

F(lD, f)(g’ X150 xm) = F(w’ f)(q)(g)’ X15 e xm),

for any transform F € T, and for a.e. £ € [0, 1] and each x4, ..., x,, € RY, where @' is any a.e.
defined left inverse of ®. Moreover, 7(T, W, f) = (T, w, f) for any tree T.

Ifwe Lg"Lé N L?L;, then the re-arranged object t in (66) clearly belongs to L?Lé N Lg‘f"L; and

we have the straightforward formula

w(€,$) = w(®(§), B()).

For general w € L?’M; N LS‘E"Mg, we have that & is defined as the pull-back of w through ®.

Since @ is injective, the pull-back though @ agrees with the push-forward trough ®~!. We also
emphasize that the definition is not sensitive to modifications of ®~! over the atoms of w(®(£), d¢)
within a Lebesgue-negligible set, as we show in the following straightforward argument based on
Lemma 4.7. Assume that CI>1_1 and sz_l are two different choices of the a.e. left inverse of @ (i.e.,
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®lod =Id = ®,' o ® a.e.) and define

w1(§,d¢) 1= @Tw(@(8), )dS), Wy(§,dS) 1= @5, w(P(E), -)(d),
$1() 1= (@), $2(0) 1= (@7 )),

for any ¢ € L*([0, 1]). Then, by estimate (33), we have

1 1
/ $(§) (@1 (€, dD)—w,(§, dS)) / (@@ () w(@1(8), d)~P(@51 (D)) w(P,(£), dF))
0 0

[so] [}
L L

< ||w||Lg°M§||¢1 —¢2llzo =0,

where we have used that ¢; = ¢, a.e. by definition. Since ¢ € L*°([0, 1]) is arbitrary, we can
restrictto ¢ € C([0, 1]) and by a straightforward separability argument we conclude that w; = W,.

Proof of Lemma 5.11. The proof is done by induction on the number of operations performed by
F. Of course, for the basic transformation F, in item (i) of Definition 5.2, the property is obvious
since

Fo, )&, x) = f(§,%) = f(@(&),x) = Fo(w, /@), %),

by definition (66) of the re-arrangements. Now consider any F € 7 with at least one operation,
either of the type (ii) or (iii) in Definition 5.2. On the one hand, let us firstassume that F = F; ® F,
is obtained through operations of type (ii) by taking the tensor product of some F; and F,. Since
both the transforms F; and F, must contain at least one less operation each, by the induction
hypothesis we have

Fi(w’ f)(g’ X1seees xmi) = Fi(w’ f)(q)(g)r X1seees xmi)a

fori = 1,2. Then, we obviously have

F(f, )&, X15 ey Xy my)
= F1(@, /)&, %1, s X)) Fa(@, )E, X 115 0 Xy my)
= Fy(w, fUP(E), x1, e, X, ) Fa(w, fUPE), X, 115 o0 s Xy 4my)
= F(w, f)®(E), X1, - s Xpy 41m,)-

On the other hand, assume now that the identity holds for some F € 7 and let us consider F* via
an operation of (iii), that is,

1
F*(w’ f)(ga X150 xm) = / F(w’ f)(g’ X150 xm) w(g’ dg)

0
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Then, we have again that

1
F*(wr f)(§5 X1seees xm) = / F(w’ f:)(g’ X1seees xm) w(g’ dg)

0

1
- / F(w, £)@(), X1 %) 0E, )
0

1
- / FQw, )0 X1 s ) W(®(E), dO),
0

where in the second line we have used that F(u, f)(£, X1, ..., X,,) = F(f, w)(®(£), x4, ..., X,,,) and
in the third line we have used the definition of ¥ as a push-forward measure. Hence, we find

FXW, /)&, X1, ey Xp) = F*(w, fUPE), X1, ves Xpa)-

Finally, by Lemma 5.4, for any T € T there exists F € 7 such that

1
T(T’ w, f)(xlﬂ ey x|T|) = / F(w’ f)(gaxla ,X|T|)d§,
0

1
(T, W, )(xq, ..., x|7)) = / F(w, f)(&, X, ..., %) dE.
0

Since ® is measure-preserving, by the theorem of change of variables we obtain

_ 1 _ 1
T(T, w’ f) = / F(wyf)(§7 X1 e ax|T|)d§ = / F(wi f)(¢(§)7 X15 e ,X|T|)d§
0 0

1
- / F(w, f)(E X1som s xy7) dE = (T, w, ),
0

which concludes the proof. O

o Step 2: Obtaining compactness.

Since 7 is countable, we may label its elements with countable indices as follows 7 = {F} : k €
N}, where we choose as the first element F, the elementary transform in rule (i) of Definition 5.2.
Assume that Fy involves my variables xi, ..., X, and denote n; € N the amount of operations
of type (iii) involved in the transform F). Then, by Definition 5.2 of the algebra M(wy, fn) and
arguing like in Lemma 4.15 by induction on the number of operations in F, implies

”Fk(wN’fN)”L?’(WlxlrwWLm) < ”wN”ng,L; ”fN”Z;(Wi’lﬂWi‘m) <clrcy, (67)
for any N € N and each k € N. We remark that by our hypothesis, the above estimate is inde-
pendent on N. Our goal in this part is to use Lemma 5.7 (more specifically its Corollary 5.9) to
obtain compactness with respect to N after suitable re-arrangements of the sequence Fy(wy, fn)
for any k € N. Unfortunately, F(wy, fn) does not only depend on £ but also on the extra vari-
ables xy, ..., X, , so thatit is not totally clear how compactness in the joint variables (§, x1, ... , X, )
arises from Corollary 5.9. Note thought that dependency on x;, ..., x,,, is actually smooth.
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Lemma 5.12. Under the assumptions in Theorem 5.1, there exist @y : [0, 1] — [0, 1] measure-
preserving maps for each N € N and ¢y (§, X1, ..., X, ) € L;?"’(W)lc’1 N W)lc’°°)for each k € N so that
we have

Fre(wy, fFN@NE), X1, e X ) = $c(€o X150, X)) in Ly ([0, 1] x RE™),

when N — oo (up to a subsequence on N) foreach k € N, and any1 < p < oo.

Proof. For every k € N, let D), = {(xi, ...,xﬁnk : 1 € N} € R4 be any countable dense sub-
set (e.g., D = Q4™), and define the functions gkNl(§) 1= Fk(wN,fN)(g“,xll,... ,xﬁnk) for each
£ €0, 1] and any k, I, N € N. Let us fix N and apply Corollary 5.9 to the countable family
{ggl}k,leN C L*®([0, 1]): that is the role of n in Corollary 5.9 is played by (k,l). We obtain that
for each N € N there exists and a measure-preserving map @y : [0, 1] — [0, 1] so that the
re-arrangements gkN = gkN ; © @y fulfill the following estimate

1
1 —_
8 Tl

1
—c
sup / €Y (6 + 1) — g ()] dE < Ci12
NeNJo ’ ’

forany0 < |h| < 1,an universal constantC € R, and some constants Cy; € R, . We remark that
the constants Cj; are indeed independent of N thanks to the above uniform bound (67). By the
Fréchet-Kolmogorov theorem and using a diagonal extraction there exists some subsequence of
N’s (which we still denote N for simplicity) and there exists g ; € L'([0, 1]) so that gk’\f ;= &, in
LY([0, 1]) as N — oo for any k, [ € N. Our final step will be to lift the above convergence on Dy, to
all R4« To such an end, we define the functions g, : [0, 1] x D, — R by g(¢, xi, s xink 1=
8).1(&). Since L' convergence implies convergence a.e. of an appropriate subsequence, then the
uniform Lipschitz bounds on (67) imply

- 1 1 My ~N
|gk(§’x17 ’xmk)| < C1 . Czka

- I hy_ s L Loy ¢ oM @i oh by _ (b L

18 (&, %) s s X0, ) = &ic(§, X7, s X D S T (x5 ey X ) = (75 s X0 )

foranyk, [, I}, l, € Nand a.e. £ € [0, 1]. Then, g, : [0, 1] X D, — R can be extended by con-

. . . . . . 1,00 . myp ~nj
tinuity in a unique way into a function ¢, € L;"le _____ X with ||y || L?W)lc,ﬁ’xm’( < (" C,". From

the uniform Lipschitz bounds on the grfj ; and ¢, we obtain that

Fk(wN’ fN)(q)N(g)’ X1s e xmk) - ¢k(§’ X150 s xmk)’

asN — oo, foreachk € N, a.e. £ € [0, 1], and any Xis ey Xy € R4,

Note we also know that Fy(wy, fn)(:, Pn(), -, ..., -) and @i (-, -, ..., ) are bounded in L*® uni-
formly with respect to N thanks to the uniform bounds (67). Therefore, the above pointwise
convergence can indeed be improved into Lll; . convergence for any 1 < p < oo, on any com-

pact set, through the dominated convergence theorem. Indeed, since Fj.(wy, fn)(-, PN (), 5 eees )
are also uniformly bounded in L?W)lc’ll,.“,xmk C L§°BVX1 ..... Yo with respect to N by (67), then we
can also take the subsequence of N’s so that it converges locally weakly-star in LE"BVx] ,,,,, X
thus guaranteeing that ¢, € LOOW}c’ll,-..,xmk' Note we also know that Fy(wy, fn)(:, Pn(), -5 ees )
and ¢(-, -, ...,-) are bounded in L* uniformly with respect to N thanks to the uniform bounds

(67). Therefore, the above pointwise convergence can indeed be improved into Llpo . convergence
for any 1 < p < o0, on any compact set, through the dominated convergence theorem. Indeed,
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since Fr(wy, fn)(Gs®Pn(),+,...,+) are also uniformly bounded in L§°W ,,,,, v, C L?BV ,,,,,

with respect to N by (67), then we can also take the subsequence of N’s so that 1t converges locally
weakly-star in L‘§’°BVX1 ,,,,,,, , thus guaranteeing that ¢, € L§°W1 lx - [

Remark 5.13. Lemma 5.12 could also be extended to time-dependent objects, but we had omit-
ted this full generality of the proof in a first approach to avoid complicating the notation.
More specifically, assume that {wy}yen and {fy}nen (now time-dependent) verify the following
hypothesis

. 1 1
(1) SupNeN Sup%’e[()’ 1] /(‘) |wN(§’§)| dg < o0, SupNeN Sup{e[(), 1] /;) |wN(§5 g)l df < o0,
(i)  supyen ”fN“Lg"(W[l;nth;") < oo.

Then, there exist ®y : [0, 1] — [0, 1] measure—preserving maps for each N € N, the same @y for
all t, and there exist ¢y (¢, £, x1, ..., X, ) € L;"’(W N W1 >°) for each k € N so that we have

Fk(wN’ fN)(t7(I)N(§)’ X15 e ’xmk) - ¢k(t’ gﬁxl’ ’xmk) in LII;C([O’ t*] X [07 1] X Rd mk)’

when N — oo (up to a subsequence on N) for each k € N, any ¢t* > 0and any 1 < p < .
Indeed, the proof of the time-dependent version is identical to the one of Lemma 5.12 and simply
considers the time variable ¢ along with the space variables x,, ..., x,,, that are already included.
In the proof, instead of discretizing in space we can also discretize in time by setting for every k €
N a countable dense set Dy = {(t!, x},...,x}, ) 1 1€N} C [0, £,] x Rk and defining glk\’,l(f) ‘=
Fr(wy, fn)(EE, xll, s xink) foreach £ € [0, 1] and any k,[, N € N. Applying Corollary 5.9 to the
countable family {gkN’ Brten € L([0, 1]) we obtain time-independent measure-preserving maps
~ - [0, 1] — [0, 1] such that for all k,I € N the rearranged gkN, )= gkN’ ; © @y converge when
N — oo (up-to subsequence of N) toward some limiting g ; in L'([0, 1]). The rest of the proof
follows the same train of thoughts in order to build the extension by continuity of this discrete (in

time and space) limit to ¢, € L°°(Wt Sy, 0 th ’;1 ) so that the above convergence of the
)))) mk » 9eeey Mk

observables takes place in L” ([0, t,] x [0, 1] x R%"%),

loc

Before entering into the last step in the proof of Theorem 5.1 (namely, the identification of
the limits ¢, in Lemma 5.12), let us first note that at this point we already have the necessary
information to prove the following result.

Theorem 5.14. Let (X4, ..., Xy) be solution to () withK € W1 n WL® and consider the associated
laws fi(t,-) := Law(X;(t)). Assume that X} are independent with E[|X?|?] < co and

sup \/EIX?12<M, sup |If)llwriawie <L, sup Z|w,]| <cC, sup leu| <cC,

1<i<N 1<i<N 1<1<N 1<j<N

for every N € N and appropriate M, L, C € R,. Then, there exists Wy € L?’L; LE"L% and fy €

L§°(W)1C’1 N W)lc’°°) forevery N € N satisfying the graphon-type Vlasov PDE (36), that is,

1
ath(t’x9 §)+diVx (fN(t’x’ §) / / K(x_y)wN(g’g)fN(t9y9§)dydg> :O’ (68)
0 Rd
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in the distributional sense. Moreover, for any finite time interval [0, t, | and each compact set Q C R4
we have that Wy and fy verify

[

1
sup W1<IEMN(t7 )’/ fN(ta’g)d§> < é Sup |wij|1/21
0

1
/ (wN(g’g) - uFJN(g + h’ g))fN(t’x’g) dg’ dg dxdt < E(“’ll),
0

(69)

t€lo, t.] 1<i,j<N

forany h € R, each N € N, some constant C € R and some continuous function £(|h|) with £(0) =
0. Both C and (h) are independent on N: C only depends on C, ||K||ly1. and t,, and (|h|) only
depends on C, L, t, and Q. Here, uy is the empirical measure puy(t,x) := 11\1 Zfil Ox, (1) (%)

Remark 5.15. By interpolation with Lemma 5.7, the function ¢(h) can be calculated explicitly by
considering an explicit choice of a dense sequence of points xi, xﬁnk in the argument above

(by constructing a dyadic grid for example), as we briefly explain in the proof.

Proof of Theorem 5.14. First, by Proposition 3.2 we know that the laws f; and the solution f; to
the coupled system (20) with the same initial data f 19 =f ? satisfy the estimate (21), that is,

Wi (fit, ), fit,)) < C sup |w|Y/?,
1<i,j<N

foreach t € [0, t,],any i =1,...,N, and the constant C :=4/2/C (ezc LellKlipeo 1). Let us set

fn and wy according to the graphon-type representation in Definition 4.4 associated with f; and
. 1 «N 1 1 <N 7

w;;. Therefore, noting that E uy(t,-) = 5 Y-, fi(t,-) and /0 fn(t,x,&)dé = N 2o filt,x, 8

we infer

1
sup W1<|E:L‘N(t")’/ fN(t"’g)d§> < é sup |wij|1/2~ (70)
0

telo, t,] 1<i,j<N

Second, as already studied in Section 4, we recall that fy solves the same transport equations as
in (68) in the sense of distribution. Arguing like in the proof of Proposition 4.11 we can propa-
gate the initial L;’°(W}C’1 N W)IC’°°) norms of the solution. This implies that on any bounded time

?W}j N W, > and, in addition, || fy ||L§°w};
uniformly with respect to N in terms of ||K||y1,«, the constants L, C and ¢,..

We note that Lemma 5.12 was initially proved for time-independent objects. However, as men-
tioned in Remark 5.12 since f have appropriate Lipschitz dependence in the joint variable (¢, x)
and the norms are bounded uniformly on N, then a similar result holds true for the time depen-
dent objects. Specifically, there exists a measure-preserving map @y : [0, 1] — [0, 1] for every
N € Nsuch that the sequence {F).(wy, fn)(Pn(-), -, ..., - )}nen 1S compact in Llloc([O, t.] x[0, 1] x
R<™) for each k € N. For simplicity of notation, we denote again the re-arranged objects

interval [0, t.], we have that fy € L is bounded

1,00
nw,

lDN(gi {) = wN((DN(‘f)» q)N(g))’ fN(t’ X, g) = fN(t’ X, (DN(‘g))’

as given in (66). In the sequel, we shall restrict to the special transform F(;‘ € T consisting of
only one operation of the type (iii) on the elementary transform F, of rule (i) in Definition 5.2.
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Specifically, we choose F(’)*(wN, & x) = fol wy (€, O)fn(t, x,¢)d. Indeed, by Lemma 5.11 we
can reformulate it as

1
Fg(wN,fN)(t,‘DN(g),x)=FS(WN,fN)(t,§,X)=/ Wy (€O Fnlt, x, $)d¢,
0

which is compact in Llloc([O, t.] x [0, 1] x RY) in particular. Then, by the Fréchet-Kolmogorov
theorem, for every compact set Q C R¢ there must exist then some N-independent continuous
function g (|h|) with eo(|0]) = 0 such that

[

forevery h € R,eachv € S9! and each N € N.
Using the Lipschitz-continuity of fy (thus fy) on the joint variables (¢, x) implies

I

for every h € R and any N € N. Since fy (thus fy) are bounded in L‘;th”:’ uniformly in N,

1
/ Wy (€O it x,$) —wn( +h,§)fN(t+h,X+hv,§))d§‘d§dxdt < eq(lhD),
0

1
/ (@ (€)= (E + 1,6 fiv(t,x, ) dg | dE dx dt < ea(UAD+C 1, 1011yl B,
; |

then the above estimate implies (69);. Finally, note that (68) and the above estimate (70) for fy
are stable under re-arrangements on f. Hence, we conclude that fy also satisfies (68) and (69),
by a simple change of variables.

‘We observe here that a more intricate interpolation argument can show that ¢ depend only on
the uniform bounds on wy and fy, and on Q and could even be made explicit. As in the proof
of Lemma 5.12, we construct a dense sequence (¢, x;) € [0, t,] X Q, for example, through dyadic
grid such that for some 0 > 0, we have that there exists I < Cq ¢=% with |(t, x) — (t;, x;)| < ¢, for
any (¢, x) and any € > 0. Now Corollary 5.9 implies that

1 -
EUIN)J/ IF3 (. fan)(t, @n(E + h),x) — FF (wy, ), @y (), x| dE < Cq2'2 c
eNJo

for some constant Cq. Thanks to the Lipschitz bound in ¢ and x, we also have

1
Sup/ |Fg (wn, fNE PN+ h), X) — Fy (wy, fu)(E, @n(6), X)| d€
NeN Jo

1
< sup / X (W )t By (& + 1), 30) — F g for )t O (E), )] dE
NeNJo

+CLAON I e 1) = (030,
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for any (¢, x) and any (t;, x;). Recalling the property on the grid (¢, x;), we find that

1
sup / |F (wy, SN ®N(E + h),X) — Fy (wy, ), Py (E), X)| dE
NeNJo

—C logL ~
<inflcg2l2 VUM 4 Ct, 1 NN o0 179,
[ ¢ ix

which yields an explicit e (| h|), indeed depending only on Q, t, and || fiy ||} ey 1. O
e Wix

o Step 3: Identifying limits.

We are finally ready to identify the limits obtained by the compactness result in Lemma 5.12.
We recall that, according to such a result, there exists a measure-preserving map @y : [0, 1] —
[0, 1] for every N € N and ¢y (€, Xy, ..., X, ) € L?(W}C’1 N W}C’m) for every k € N so that for an
appropriate subsequence in N (still denoted by N for simplicity) we obtain

Fk(wN’ fN)(cDN(g)’ X1 e xmk) - ¢k(§’ X1 eees xmk) in LIP:)C([O’ 1] X R ),

asN — oo forall k € Nand each 1 < p < o. For simplicity of notation, we shall denote again the
re-arranged objects by fy and Wy as given in (66). Using the stability under re-arrangements in
Lemma 5.11, the above convergence can then be simply reformulated as follows:

Fi(@y, fy) = ¢ in Ly ([0, 1] x ™), (70

asN — oo forall k € Nand each 1 < p < o0. As mentioned above, our goal here reduces to iden-
tifying ¢ as F(w, f) for some appropriate limiting objects f and w of the re-arranged objects fy
and Wy.

On the one hand, since f is the first element in the algebra M(Wy, fy), the above implies that
there exists f € Lé‘f"(W}C’1 N W}(’m) (which is indeed the first of the above ¢, ) so that we have

fv=F in L] ([0, 1]xRY), (72)

when N — oo for each 1 < p < o0. On the other hand, by the uniform bound of wy in item (i) of
Theorem 5.1, we readily obtain that ||y ||;~;1 < C and ||[Wy]|;~;1 < C forevery N € N. Since we
¢ ¢ €

have (see [47])
L=([o, 1], L'(0, 1)) c L=([0, 1], M([0, 1)) = (L ([0, 1], C([0, 1)),

then the Alaoglu-Bourbaki theorem claims that there exist a subsequence on N (again denoted
by N for simplicity) and some w0 € L?’Mg (which is in fact exchangeable because so are the wy)
so that
sk
Wy =W in LPM;NLPM;, (73)
when N — co. Our last step is to prove that indeed ¢, = Fy (i, f) for every k € N. Again, we
proceed by induction on the number of operations in Fy.
First, let us assume that Fy is built via an operation of type (ii) in Definition 5.2. Specifically,
assume that Fy = F, ® F,. Since each Fy and F;, must contain at least one less operation that
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F}, then the induction hypothesis implies
Fk,-(w’f) = ¢k,- = lim Fki(wN’.fN)’
N—-oo
fori = 1, 2. We recall that the above is a limit in Ll’; . forany 1 < p < . Therefore,
¢k(§a X1s e xmk) = ]\}1_1}30 Fk(wNa f‘N)(g’ X150 s xmk)
= ]\}I_I}go Fkl(wN’ .fN)(§7 XI5 xmkl) 1\}1_120 sz(wa .fN)(g’ xmk1+1’ ) xmk)
= ¢k1 (& x5 e xmkl ) ¢k2(§’ xmk1 LSRRI xmk)
= Fkl (lf), f)(g’ X150y xmk1 )sz(w7 f)(§7 xmk1+17 s xmk)

= Fk(w’ f:)(gf X15 s xmk)'

Second, let us assume that Fj, is obtained through an operation of type (iii) in Definition 5.2.

Specifically, we have there exists some transform Fj, € 7 with m; = ml’c such that Fy = F ,’:,, that
is

1
Fk(wN’.fN)(gixl"“’xmk) = / wN(§!§)Fk/(wN’fN)(§’x1’“"xmk)dg’ (74)
0

holds. Since F}, contains at least one operation less than F, then the induction hypothesis shows
that

Fo(@,f) = o = lim Fo(@y. fx), 75)

again in Lic forany 1 < p < co. Take any ¢ € C,([0, 1] X R4"*) and define

&= [

P&, X1, ey X ) Fro @y, fN)Eo X1, s Xy ) dXq oo Xy
R ™Mk

P = /Rdmk P&, X1, wee s X ) Frr (0, )&, X0, ey Xy ) AXq oo Xy

Then, by (75) it is clear that P (£,¢) — P(&,¢) in Lé C:. Multiplying (74) by ¢ and integrating note
that we can write

1
/ /d ¢(§,X1,...,xmk)Fk(wN,f:N)(g,X1,...,xmk)dx1 dxmk d§
0 R ™Mk

1 1
_ / / Dy (6, Opy(E.0) dE d2.
0 0

Using that ¥ (£,¢) - 9(€,¢) in LéCg and the weak-* convergence of Wy in L§°M§ as given in
(73) imply that

1
lim /d g’(g’ xl’axmk)Fk(fN9 wN)(gy xly---’xmk)dxl dxmk df
0 R4 Mk

N—-oo

_ /0 1 /0 0 d0) BE ) k.
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where in the last step we have used Remark 3.3. Undoing the definition of 1) we have proven (by
arbitrariness of ¢ € C,([0, 1] x R4™&)) that

Fi(y, f) = Fi(@, f) in  M([0, 1] x RA™),

as N — co. Since F(Wy, fn) — ¢ in L{;C by (71), then we conclude that ¢ = F} (i, f).
Finally, we conclude the identifications of the limits of (T, wy, f ) by using Lemmas 5.4, 5.11.
Specifically, for any T € T, there exists some F € 7 such that

1
(T, wy, FN)X1, s Xi7)) = T(T, Wy, fy) (X5 s X 7)) = / F(Wy, fn)E X1, .05 xi7)) dE.
0

We recall the above convergence of the F(fy, Wy) to F(f, 0) in Lf:) . 8N — oo. Then, we can pass
to the limit in the right hand side of the above relation to achieve

1
T(T! W, fN)(xla ,X|T|) - / F(.f’ w)(§5 X1 e ax|T|)d§ = T(Ta w1 f),
0

asN — ocoin L, (R?I™), forany1 < p < co and each T € T, where in the last step we have used
Definition 5.5 for the extension of the operator 7.

5.6 | An alternative formulation of the proof

We mention here a possible variant of the proof above, which consists in re-arranging the argu-
ments in our proof along the following 3 lemmas (separated to make the discussion easier
here).

§

uniformly bounded in Lg" th, >, there exists a measure-preserving map ®y such that fn(t,x, &) =

Fn(t, x, @5 (E)) converges strongly in Ltlx & Wy (&, ¢) = wy(Pn(E), Dy () converges weakly to w €

L?’M; N L?Mg, and

Lemma 5.16. For any sequence wy uniformly bounded in L° M N LE" M and any sequence fy

1
/ @y (. dE) = w(E, dO) h(Z) — 0
0

strongly in Lé{ forall h in a countable dense family of C([0, 1]).

The proof of Lemma 5.16 is a straightforward consequence of Lemma 5.7 and Corollary 5.9 for
Wy . For fy, it follows from a time-dependent version o Lemma 5.12 as mentioned in Remark 5.13.
We remark here that the proof of Lemma 5.12 could equivalently be performed by using a basis of
the function space.

The next step is as follows:
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Lemma 5.17. Consider a sequence Wy uniformly bounded in L M, nL‘{"’Mg. Assume that

£
wy (€, ) converges weakly to L§° M 0 L?’ Me, and

1
/ (W (E.dE) — w(E, dOYE) — 0
0

strongly in L; for all h in a countable dense family of C([0, 1]). Then for any function

an(t, X1, oy X, €) uniformly bounded in L™ and converging to g strongly in L', we have
that

1
/ (@ (€, dE) — (E, dENgn (L X1 X1 E) = O
0

ol
strongly in Lt’x1 ..... e
Lemma 5.17 follows easily from a density argument, together with the estimate in Lemma 4.8
(notice that this is already implicitly used in step 3 of the proof of Theorem 5.1).
The final step is as follows

Lemma 5.18. Consider any sequence Wy uniformly bounded in LE"M; N L;"Mg and any sequence
fx uniformly bounded in LYW %, such that fy(t,x,&) = fx(t, x, ®x(&)) converges strongly in

13 tx ?

L[1 e Wn(€,8) = wn (DN (E), DN (&) converges weakly tow € L?M; N L;"Mg, and assume that for

any function gy (t, Xy, ..., Xg, &) uniformly bounded in L™ and converging to g strongly in L', we have
that

1
/ (@ (8. dE) = W(E AN (L Xs o X E) = O
0

strongly in L} . Then for all transform F (or equivalently all multilinear operators), we have

X150 X g6
that F(Wy, f ) converges strongly in L' to F(w, f).

The proof of Lemma 5.18 is exactly the induction argument in step 3 of the proof of Theorem 5.1.

This approach skips Theorem 5.14, which is however interesting on itself. But it does have some
advantage and in particular, it allows to disentangle more the limits of fy and of wy through
Lemma 5.16.

6 | PROOF OF THE MAIN RESULT: THEOREM 1.1

We are now ready to perform the full proof of Theorem 1.1.
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First of all, denote by f? the density of each X7 Then, we define wy(,¢) and [, (x, ) according
to equation (30) in Definition 4.4, which we recall

wN(g g)— z Nwl] izl

i
i,j=1 NN

)(g) l][ j—1 )(g)’ g’g € [0’ 1]a

1=
N

Z -

CRIE Zf“(x)ﬂ X9} xeR%LE €0, 1],

- i
~ 58

From the uniform bounds on f ? and wjj, it is immediate to check that wy and f]?, satisfy the
assumptions (i) — (ii) of Theorem 5.1. We note as well that 7(T, wy;, f) is uniformly bounded in
W for any fixed T. Since trees are countable, by the usual diagonal extraction technique, we
can obtain a subsequence (still denoted by N) such that 7(T, wy, fn) converges strongly in L*,
for every T. Hence, this subsequence also satisfies assumption (iii) of Theorem 5.1.

Applying now Theorem 5.1, we find w € L?Mg n L?’Mg and f° € L?(W}C’1 N WL*)such that

(T, w, f%) = lim (T, wy, fY), VT,
N—-oo

in any LlOC with p < co. Furthermore, we note that, for each T, (T, w, f°) is uniformly bounded
in L1 N LY. Fixing now any R > 0, a straightforward extension of Lemma 4.15 leads to

T|-1 T|-1
I w. FOln @i < ITHIR g s ey N ipes@ason)

On the other hand, from the assumptions the main theorem, we have that
/ x| fO(x) dx < C,
Rd

for some constant C independent of N and i. By the definition of fg], this implies as well that

/ x| f(x)dx < C.
Rd
This shows that
T|-1 T|-1
17T, w, Sl e a0y < 25 € 1w ||'LOLM ||fN||'LJ,L1(Rd)

Combined with the local convergence in L?, it implies that 7(T, wy, fg]) converges strongly to
(T, wy, f°) in every LP(R?!T1) and in particular in L2(R%I71),
We further note that also by Corollary 4.16, we have that

T|-1 T
(T, w, f) 2 < ||w||'LDJ,M IIf°I|'LJ,L2

Consequently, there exists some 4 > 0 small enough such that

”T("w’fo)_T('awN’f](z])”/l —0, asN — oo. (76)
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By Proposition 4.11, we have existence of weak solution f € L (W1 Th W1 ) to (36) associated
with w in the sense of Definition 4.10, namely

1

0, f(t,x,§) + divy (f(f,x,§)/ w(f,d§)/[R K(x—y)f(t,y,§)dy>=
0 d

f(os'a')=f0'

Of course, f is the function that we will use to compare to the empirical measure, meaning that
we have to prove that

1 1 N
W1</0 f(t,',g)dg, ﬁ ;5Xi<0> — O, as N — oo. (77)

First of all, we apply Proposition 3.2: Since sup, _; <N |w;j| = 0 as N — oo, then this shows that
the solutions f; to (20) satisfy that

N

N
1 = 1
W1<N ;fi(t,-), N D 5X,~(t)> -0, asN — co. (78)

i=1

Then, we define f as per (30), namely

fntx,8) = Zfl(r D10, teRy, xeRY E€(o, 1].

-1 i

=1 T ~)

We recall that (wy, f) is also a weak solution to (36), with fy € L°°§(W1 N W1 ). Therefore,
both f and f satisfy the assumptions of Theorem 4.23. Consequently, using (76), we find

C(t
< ) -0, asN — oo.

2 (log|log Iz, wy, £%) — (-, w, fO)II; DY

1
/ (F = Fa)t, - £) dE
0

Since the L? norm locally dominates the Wasserstein distance and we have propagation of any
moments, this implies that

1 1
Wl(/o fN(ts'!g)d§9/0 f(t9a§)d§>—>0, as N - oo.

Recalling that /01 it x,&)dé = L Zil fi(t,x), and combining this convergence with (78),
finally we obtain (77), which therefore concludes the proof of Theorem 1.1.
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APPENDIX A: MODELS OF BIOLOGICAL NEURONS

A.1 | Smooth neuron dynamics of the Fitzhugh-Nagumo or Hodgkin-Huxley type
Models of biological neurons offer a natural example which requires the more complex structure
of the connectivities that we handle in this article. The purpose of this appendix is to give a very
brief overview of some of the models, how they motivate our current study and what are the
remaining open questions. There exists an extensive literature on the subject that we cannot do
full justice to in this appendix. We first briefly refer to [40, 86], for a comprehensive point of view
and to [23, 24] for the cortical network.

Typical models of neuron dynamics include the now famous Fitzhugh-Nagumo [36, 68], or
Hodgkin-Huxley [45], which naturally fit in the framework of (1). In the case of Hodgkin-Huxley
for example, one would take X;(t) = (V;(t), n;(t), m;(t), h;(t)) where V; is the membrane potential,
(n;, m;) are connected to the activation for the potassium and sodium channels and 4; is connected
to the inactivation for the Sodium channel. (n;(t), m;(t), h;(t)) solve uncoupled ODE’s that can be
represented by adding some self-interaction in our model, for example

L1 = @ (V) (1 = n(0) = B Vi) o),

A

%mi(t) = o, (Vi(1)) 1 — m;() — B (Vi(£)) my (1), (A1)

%hi(t) = a,(Vi(0) (A — h; () — Bp(Vi()) by (1),
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for some given functions «,, ,,, , and By, y, -
The neurons are coupled through their membrane potentials solving

av;
Cn d_tl +8x ! (Vi = Vi) +gvam (Vi — Vo) + & (Vi = V) + Z w;;(Vi=V;)=0, (A2)
j#i

for given constants C,,, gk, &€na> &> Vi Ve Vi

The coupled system composed of (A1)-(A2) obviously fits within the general framework of sys-
tems like (1). Provided all coefficients are smooth, it also satisfies the assumptions of Theorem 1.1
so that all our results are immediately applicable.

The simulation of such large systems is challenging, and mean-field limits are again an attrac-
tive alternative; see [65, 72, 75, 84]. For identical weights w;; = 1/N, the mean-field limit can be
rigorously derived by classical methods and has proved useful in understanding some of the large
scale behavior of such systems, see for example, [29, 30, 32, 37, 39] on the stochastic side or [16-19,
37,73, 76] on the deterministic side.

Those studies do not account for the structure of connectivity in the neural network, whose
effect has been shown to be critical, as in [78-80, 91-93]. Of course, a first practical modeling
issue, when considering more complex networks, simply is that the connectivity map w;; has
long remain mysterious. Random weights w;; are popular for this reason and naturally lead to
random networks, see [4]. The corresponding graph of interactions is typically dense and some
notion of mean-field limit, based on graphons, has been derived for example in [20-22] for smooth
interaction kernels K, and actually for the so-called Kuramoto [56, 57] model without learning
(see (A7) below with 5 = 0).

Those follow an interesting approach to the problem when the interacting network is described
as a random graph, usually based on symmetric Erd6s-Rényi type graphs. The family of Erd6s-
Réenyi graphs is one example of a convergent family of random graphs. The limiting behavior of
such families is determined by a symmetric measurable function on the unit square: a classical
graphon. In the case of the Erdds—Réenyi graphs, the limiting graphon is even a constant function.
This also leads to investigating bifurcations in the Kuramoto models on a variety of graphs ranging
from symmetric and random small-world and power law graphs. The graph structure plays a key
role in the transition to synchronization in the model. In [22], Kuramoto models on Erd6s—-Rényi
and Paley graphs have been proven to have the same critical value that defines synchronization,
an the authors explain the onset of synchronization in the Kuramoto model on a broad class of
dense and sparse random graphs by establishing an explicit link between the network structure
and the onset of synchronization. Furthermore, the mean-field limits of the Kuramoto models on
these graphs can be proved to coincide with that for the Kuramoto models on weighted complete
graphs [20, 21].

However, from a scaling point of view, it is expected that the graph of connection maps w;;
should be sparse for applications in neurosciences. Mammalian brains contain between 10% — 10!!
neurons (86 - 10° actually in humans). Although, of course, the models generally apply only to
subdomains or certain neural clusters in charge of some specific mission, the dimensions of these
clusters is very large N > 1 and even these clusters tend to be correlated with others, which also
implies very large dimensions. For example, in the human brain each neuron has on average
7000 synaptic connections to other neurons. This implies that synaptic weights must have a scale
according to this number of the order of sup, ; w;; ~ 1073 -10* « 1.

We also emphasize the importance of not imposing symmetry conditions to keep w;; # w;; in
general. In the neuronal framework, the breakdown in symmetry of network connectivity can be
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correlated with a time scale hierarchy in some special situations. Small deviations from symmet-
ric connectivity will cause small deviations from the invariant dynamics and introduce a temporal
hierarchy, ensuring the consequence of an emergent separation on the time scale. Exploring net-
work mechanisms due to asymmetric couplings to create more complex processes suggests that
asymmetric coupling is not always a variation that needs to be averaged, since complex dynamics
can be formed by simpler dynamics through a combination of asymmetric couplings. For exam-
ple, stimulating a local part of neural tissue can trigger temporarily extended paths of motion by
inciting the spread and sustained activation of motor networks. Asymmetries in connectivity can
reshape the emerging dynamics of a neural network, see [79, 93].

The derivation of mean-field limits for neuron models with sparse, non-symmetric connec-
tion maps had remained fully open and is critical for biological applications. The question was
made even more pressing by recent progress that have lead to the first fully detailed representa-
tion of the connections between neurons, for some simple animals such as the Drosophila, see
for example [46]. The present article is the first to allow handling of arbitrary connection maps.
However our investigations still leave a certain number of open questions which we briefly discuss
below.

A2 | Integrate and fire models

Many variants of models (A1)-(A2) have been studied to make the individual dynamics of a neu-
ron more accurate. Those include adding noise to the system in various forms that often still fully
compatible with our results.

However, so-called integrate and fire models are considered to better capture the dynamics of
large networks; see for example [14, 15] or [1] for a historical perspective. Among many elabo-
rate variants, a basic model is described here for simplicity. The state of each neuron is again
represented by its membrane potential V;(t) which follows a simple SDE at almost all time,

dvi(t) = b(V;(t))dt + oy dW, (A3)

but with a probability to spike
P(spike between t and ¢t + dt) ~ f(V(t)) dt. (A4)
In the case of a spike at time ¢, V; is reset at 0 while all connected neurons are activated or inhibited
Vit) =0, Vit =Vt )+aw; Vj#i (A5)

There exist many variations around those models, for example to include more complex equa-
tions instead of (A3), or deterministic spiking when V; reaches a given threshold. While (A3)-(A5)
would formally fit in a modified version of (1), it includes singular interactions that prevent our
results to apply. The nature of this singularity is however different from many of the other applica-
tions in this proposal, as it comes from the jumps in the V; at spiking times, instead of unbounded
interactions at X; = X ;.

Still a full result on the derivation of integrate and fire models for general connectivities has
been performed in [52], by building on the approach introduced here.
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A3 | Open problem: Learning mechanisms in neuron dynamics

Long-term perspectives also include understanding how to incorporate learning mechanisms into
system (1). This is a key question for biological and artificial neuron dynamics as learning is of
course a critical function of the network.

Learning can simply translate in having time dependent connection weights w;;(¢) that evolve
according to the dynamics of the agents themselves, see [2] for instance; this corresponds for
example to the well-known Hebb rule that neurons wire together if they fire together. Considering
again N neurons with activation X; and time-dependent connectivity or synaptic weights w;;(¢)
between neuron i and j, a straightforward extension of (1) simply reads

-

X;
dd Z w;; () K(X;,X;)  (+noise),
Yaw, . (A6)
ar n(0(X;, X;) —w;;)  (+noise),
X(0)=X?, w;(0)=w

\

for some plasticity function I', where 7 is regarded as the learning rate parameter.

How the mechanisms of learning can be reinforced or relaxed was specified in the neuronal
context by Hebb [44]. Hebb proposed a theory of the adaptation of neurons in the brain during
the learning process. The basic idea of his rule is based on the fact that neurons wire together if
they fire together. Such a mechanism is based on the hypothesis that synchronous activation of
cells (firing of neurons) leads to selectively pronounced increases in synaptic strength between
these cells. From this process emerges the self-organized patterns. These postulates provide the
neural basis for unsupervised complex learning of cognitive function in neural networks and may
explain some processes that occur in the development of the nervous system.

The modeling is however made especially difficult in the present setting: changes in the w;;(t)
need to be able to altering the structure of sparse networks while preserving bounds such as (3). If
all w;; are of the same order, which is typical of dense graphs, then system (A6) likely has a similar
behavior to (1). However for sparse graphs, we expect the values of the w;; to vary wildly and a
straightforward system like (A6) just cannot correctly capture very different orders of magnitude
in connectivities.

On the analytical side, weights w;; that adapt in time can lead to stronger synchronization
between agents, strengthening correlations between them and putting in doubt the propagation
of independence. Useful hints can be derived from studies on the Kuramoto model [56, 57] of
coupled oscillators that was briefly mentioned above. The system is posed on the frequencies 6;
and can read, with learning,

( N
de z jsin(6; — 6;),

) d - . (A7)
T =1 (I'(6;,6;) — w;;) (+noise),
ei(O) = ei s wij(o) = wo

where the Q; are the natural frequencies of oscillators.
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For large 7, the other variable in the model that is the choice of I" takes on great relevance
since, at the limit 7 — oo, we have that w;;(t) = I'(6;, 6;). If for example I is assumed to be
['(6;,6;) = cos(6; — 0;), the attraction between near oscillators is reinforced whereas repulsive
interaction arises between apart phases. On the other hand if one takes I'(6;, 6;) = C| sin(6; — 6;)],
synchronization only slowly emerges due to the reduction in connectivities for nearby oscillators.

Hebbian-type dynamics can be considered for the Kuramoto model. This learning law ensures
that the weight of the adaptive coupling increases if the phases of the oscillators are close. One
possibility discussed in [74] is to assume that the Hebbian-like plasticity function I is given by

1
re,6’) = —, A8
OO = o (A8)

where |6 — 6|, is the orthodromic distance (to zero) over the unit circle and the parameter Cag 1=
1—¢~1/=, ¢ €(0,1], has been chosen so that whenever two phases 6; and 8 ; stay at orthodromic
distance o or larger, then the adaptive function I predicts a maximum degree of connectedness
not larger than ¢ between such oscillators. This is another way to create and amplify correlations
between neurons.

However, at this stage, time-evolving connectivities do not fit within our framework. At least
formally, note that when ¢ > 1, weights behave as w;; ~ T'(6;,0;). If I were bounded, it appears

that our extended mean-field scaling should be satisfied (note that (A7) contains weights %
instead of w;;); but that does not apply anymore when using unbounded T as the Hebbian-like
plasticity mentioned above.

APPENDIX B: TECHNICAL PROOFS FROM SUBSECTION 4.2
For the sake of completeness, we collect here the more technical proofs from subsection 4.2,
starting with the proof of Lemma 4.7.

Proof of Lemma 4.7. Set any w € L?M; OL?Mg, any ¢ € L*([0, 1]) and any couple of

sequences {w,},en and {¢,}.en as in the statement of the lemma. On the one hand, since
¢ € L'([0, 1]), then

1 1 1 1
/ ¢<§)< | o0 w(&d@) a= [ ¢(§)< | @ w(du)) & < loll i 9L 19l
for any € C([0, 1]). This implies that /01 (O w(-,d¢) € M(J0, 1]) and

< ||w||L§°M§ llpllL (B
M

1
/ ¢<§>w(§,d§>‘
0

Moreover, given any 3 € C([0, 1]) we have that ) ® ¢, — P ® ¢ strongly in LéCg. Since in

addition w,, Sw weakly-star in LE"M,S = (LéCg)*, then we also obtain

1 1 1 1
n 2, d dé - ,d dE.
/0 ¢<5>< /0 $a(O) waE g)) £ /0 ¢(§>< /0 8() (& o) ¢
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Due to the arbitrariness of ¢, the above amounts to

1 " 1
/ () wa(-rdE) / 8() -, do), (B2)
0 0

weakly-star in M([0, 1]). On the other hand, set any ¢ € C([0, 1]) and another sequence {¢,,},.en
as above consisting of continuous functions. It clearly exists by density of C([0, 1]) in L'([0, 1])
and we can indeed assume that {¢, },en € C([0, 1]), ¢, — ¢ strongly in L' and ||, ||z < |||l 10
Then,

1 1
/ ¢(§>< / $n<§>w<§,d§)>d§s||w||L;M§||¢||L1||<EnuLms||w||L§oM;u¢||L1||¢nLoo.
0 0
By the above weak-* convergence, we obtain
1 1
/¢(§) /¢(§)w(§,d§) d§ < lwllze p 1Pl 11l oo
0 0 4

for every ¢ € C([0, 1]). Noting that C([0, 1]) is dense in L([0, 1]), we find that the above Radon
measure /01 $(&) w(-,d¢) actually belongs to L([0, 1])* = L*®([0, 1]) and

1
/ 8 w&,do)
0

< wlize s, 1Plle,
4
Lm

which implies (33),. Using (Bl) we also infer (33); again because the Radon measure
/01 d(&) w(-,d¢) is absolutely continuous with respect to the Lebesgue measure and we already

had an estimate in the total variation norm. To end the proof of (34) note that fol ¢, O w,(-,d)
are uniformly bounded in L! and L® thanks to the already proven estimates (33). Since we already
had that they converge weakly-star in M([0, 1]) to fo1 ¢(&) w(-, d¢) by (B2), we conclude that they
also converge weakly-star in L*. O

We now turn to the proof of Proposition 4.11.

Proof of Proposition 4.11. The argument relies on a direct Picard fixed point. Specifically, let us
define

E :=L>([0, t,] x [0, 1], W' n WL*(RY)), Eg := {f EE: IIfIILOEWunWLoo < R},
t, X

X

for any R > 0 to be determined later. It is straightforward to check that Ej, is a closed subset of
L'([0, t,]x [0, 1] x RY) under the L' norm in all variables ¢, £ and x. Then, endowed with the
L! norm, E; becomes a complete and convex metric space, which we shall use in the fixed point
argument below.

Notice that the nonlinear PDE (36) can be reformulated as a fixed point equation in the usual
way. Specifically, for any f € E let us set Lf € E to be the unique solution of the linear Cauchy
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problem

1
8L (L, x, £) + div, <z:f<t,x, £) / W&, d¢) / KG =) f63.) dy) = VAL, E),
0 R

Lf(,-,-) = f°.
(B3)

Hence, the fixed points of the operator £ amount to weak solutions of (36). The rest of the proof
will focus on proving that the operator £ : E — E is well defined, and we have that £(ER) C Eg
and it is contractive in the L! norm for appropriate R > 0.

o Step 1: Well-posedness of (B3).

We note that (B3) is a linear transport equation in £ f parametrized by & and whose velocity
field Vy is given in Definition 4.9. Notice that integrating by parts we have

1
VoVy(tx, £) = / W&, d¢) / K(x =) ® V, f(t.y.)dy,
0 Rd

which is bounded uniformly in all variables by the regularity of f € E. Therefore, the velocity
field verifies V; € L*([0, t.] x [0, 1], whe(R%,R%)). For v = 0 and for a.e. value £ € [0, 1] we
can associate a unique and well-defined flow solving the characteristic system

i AN ),
W(t,s,x, &) = Vp(t,Xs(t,5,x;6);6), B4)

X5(s,8,x;6) = x,

in the sense of Caratheodory. Hence, the classical results ensure that the unique solution
of (B3) can be obtained for example by the method of characteristics, namely, Lf(t,-, &) =
X;(t,0,-; Eufo(, & fort €0, t,] and a.e. £ € [0, 1]. In other words, we have that

LF(Ex,8) = folX 0,6, )T (0,8, x;€), (B5)

where J f(t, 5, x;€) 1=det(V, X f(t, s, x; £)) denotes the Jacobian associated to the flow.
For v > 0, we may instead use the heat kernel G, (¢, x) and we can again classically obtain a
solution through the mild formulation

Lf(t,x,8) = Gy(t,) *y fO(x,6)

! 1
+ /0 /R ) G,(t —s,x —y) div, <£f(s,y,§) /0 w(£,d¢) /R dK(y—z) f(s,z,g)dz) dsdy.
(B6)

o Step 2: A priori estimates of (B3).
We first recall classical estimates for advection and advection-diffusion equations. Consider any
u(t, x) € L=([0, t*], WL*(R%)), any weak solution uin L' to

loc

(B7)

o,u +div, (uv) = vA,u+ R(t, x),
u(0, x) = u%(x).

85U80| 7 SUOWIWOD aAITE8.1D) 3|qeal|dde ay) Aq peusenob e S9o1e YO ‘8sN JO S3|n. 10 ARig1T 8UIUO /8|1 UO (SUONIPUOD-PUR-SWS)W0D" A3 | IM"AReIq 1 |BU1|UO//SANY) SUONIPUOD pUe SWie 1 8u1 89S *[#Z0zZ/TT/S52] Uo Akiqiauljuo A|Im epeues aq pepsieAIuN Aq SEZz2edd/z00T 0T/10p/woo 8| 1M Aeig 1 ul|uo//:sdny wo.j pspeojumod ‘0 ‘ZTE0L60T



88 | JABIN ET AL.

ThenifR € L!

! ., we have that u € L®L}, with

t
I My < 1l + [ IRG. M s (BS)
0
IfR € L/LY, then u € LS, with
e, Dz < Nl exp (¢l divyvlls )

t
+ [ 1RGN exp (= 9)ldiviolis ) ds (89)
: .

If additional derivatives are available on u°, v and R, Sobolev bounds are also propagated. Provided

that v is C!, u is automatically a classical solution to (B7) so that
0,Vyu +div(v Veu) + div(Vyou) = v A, V,u + ViR,

In particular, we may apply estimates similar to the previous ones as V,u solves (B7) with R =
VR — div(V,v u). We consequently find that, if u® € W}C’l and R = 0 for simplicity, then

IRCE, iz < I1div ot iy [[ule, g+ 1ol Allgre 1V, Dl
i . O . .
< N divo(t, lly e Uil + oG, e [1Vult, iz -

Hence we obtain by Gronwall’s lemma that

IVt Mgy < IVl exp (¢l divie ol )
t
+ 1l / I div u(s, 1o xp (¢ =) 0l epyre ) ds. (B1O)
0

Similarly if u® € Wy and R = 0, then
IR(E, iz < I1div ot e 1ult, g + o e 1Vault, llrg
<11 div ot e 1l exp (£ 11 iV vllzgs ) + 100 oo 1Vt Mz,
and one has that, still by Gronwall’s lemma,

IVt Mz < 1Vl exp (¢l divy vllys )
t
[0l e / v us, llyres exp (6 = ) (0l spyree + 1 divecvllzes) ) ds.
i ,
(B11)

‘We may now propagate estimates to show that the solution £ f lies in E, and indeed L(Eg) C Er
for an appropriate choice of R > 0. We note that Equation (B3) is immediately under the form (B7)
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where £ is only a parameter and

1
0e(tx) = V(6 x, £) = / W&, d¢) / Kx =) (6,38 dy.
0 Rd

From here, since f 0 e L‘g"L}C we obtain that

”Ef(tr K g)“L}C = ”f()(’ g)“L}C’

(B12)
12 Dlng < 1Ol exp (& dive Vyllzs ),
fort €0, t.]and a.e. £ € [0, 1].
From the definition of V', we also directly obtain that
vVl < Kl Bl stz VxS s o
||Vf||L§W)1€,oo < K|l ||w||L§°M§nL§°M§ ”VXfHLf}L}C (B13)

iV Vs e < 1A Kl 0l s nu e 1V s

Putting (B12), and (B13) together into (B10) and (B11) implies that

0
”Lif”Lto%W;van;vw S Cl”f ”LEOW}C’IOWU’O

X exp <C2 L (K Nz + 11V KDl v ||f||L§W;,1nW;,m>,

(B14)

for some universal C;, C, > 1. In particular, the above estimate show that L f € E forevery f € E.
o Step 3: Invariance of Er and contractivity of L.
Set now any R > C, ||/l Leowbiy e and note that the above estimates also show that L£(Eg) C
g X

X

Ejy if the maximal time ¢, is taken sufficiently small, namely,

0<t, <H(R) := L log R
<nh = " .
* Co(IIK I oo + |l leK||L1)||w||LE°M;nL§°M§R C1||f0||L§oWi,an}Cm

Our next goal is to show that £ is contractive under the L' norm. To do so, let us consider f, g € Ey
and note that f — g follows the following linear transport equation with a source term

O (Lf — L£g) +div(Vg (Lf — L)) + divy ((Vy — Vo) Lf) = vAL(Lf — L),
(Lf —£g)O0,-,-)=0.

Taking L' norms with respect to x and £ yields

I(Cf —Lg)t, -, ')”L}cg < |l div ((Vy = V) Ef)IILtlx§
’ h (B15)
< || div, (Vs — vg)”L;"%L}C”[/f”L;";E +11Vy - vg”L;"’gL)lC”Vxﬁf”L["‘_’x;’
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fort € [0, t.]. By the estimate (35); in Lemma 4.8 we have

VYV, —P < |[IK W[ bl - >
1V g”Lt],x,g <Kl ”L§ MenLg mf g”L:,xg

(B16)
Il div, (V; — vg)uL;xf < Hdiv Kl llwllze menre me 1 = gIILg’le.

Then, putting (B15) and (B16) together, and using that L f € Ey by the above step, we have that
I£f - Eg”L}xg <Rt (Kl + I diVK”Ll)”w”L?’MgnL?’Mg If _g”L}X;' (B17)

Take ¢, sufficiently small so that ¢, < t;(R) as above and, in addition

1
0<t, <t(R):=

Rl + 1 div KT )l ayors e,

Hence £ is contractive on Ex under the L! norm by the stability estimate (B17). By the Banach
fixed point theorem there must exist a (unique) fixed point f € Ey of £, leading to a weak solu-
tion of (36) in [0, ¢, ]. Note that ¢, must be taken small enough so that 0 < t,, < min{t;(R), t,(R)}.
However, restarting the argument from ¢, allows extending this weak solution solution to any
finite time interval as usual, since the above a priori estimate (B14) above does not blow up in
time. O

We finish this technical appendix with the proof of Lemma 4.12.

Proof of Lemma 4.12. As usual, one uses an approximation by convolution. Because w is defined
on [0, 1]%, we first extend w as a periodic function on with period 1 in both variables. Similarly
we naturally consider any function on [0, 1] as periodic, allowing to naturally use convolutions.
Then, choose any convolution kernel L,, > 0 with L, € C°(R) for any fixed n and define w,, =

L, ® L, *¢ ¢ w. Since w € M ¢, we immediately note that w, € Lg"g.

Next, for any f € LéCg, we trivially have that ||L, ® L, * f|| L§ L <fll Lé Ly By duality, we

deduce that w,, is uniformly bounded in Lg" Mg N L§°° M and, hence, in Lg"Lé n Lg"L;, sincew,, €
L.
g’{

Consider now any ¢,, converging weakly to ¢ in H'([0, 1]), we have that

1 1
/ $u(0) Ly % w(E, ) d = / Lo %¢ $a(Q)w(,O) 2,
0 0

with L,,(¢§) = L,(=&). By Lemma 4.7, for any 3 € L*([0, 1]), we deduce that

1 1 1
/ (&) (/ P Ly *¢ w(§,$)dS — / $($) w(é’,d{)) d¢§
0 0 0

< Yl ||w||L§°M§nL§°M§ llp — Ly * dullpr.

85U80| 7 SUOWIWOD aAITE8.1D) 3|qeal|dde ay) Aq peusenob e S9o1e YO ‘8sN JO S3|n. 10 ARig1T 8UIUO /8|1 UO (SUONIPUOD-PUR-SWS)W0D" A3 | IM"AReIq 1 |BU1|UO//SANY) SUONIPUOD pUe SWie 1 8u1 89S *[#Z0zZ/TT/S52] Uo Akiqiauljuo A|Im epeues aq pepsieAIuN Aq SEZz2edd/z00T 0T/10p/woo 8| 1M Aeig 1 ul|uo//:sdny wo.j pspeojumod ‘0 ‘ZTE0L60T



MEAN-FIELD LIMIT OF NON-EXCHANGEABLE SYSTEMS 91

Since H' is compactly embedded in L', this shows that

— 0, asn — oo.

1 1
/ $u(0) Ly % W(E ) dE — / () w(t, dS)
0 0

1
L

Still by Lemma 4.7 since H' C L*®, fol #($)w(&,d?) is a fixed function in L™ and consequently its
convolution by L, converges in L' (and in all L?, p < o). Therefore

1 1
/ B wa£, ) dE — / () w(t, dS)
0 0

1
L

1 1
< L, *: < [ e L w0 - [ ¢(§)w<£,dc>>
0 0 Lé
1 1
HLoxe [ a@uend- [ s@uga) —o
0 0 L%
proving the convergence of w,, in LLH;! O

&
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