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ABSTRACT. The dynamics of a dissipative and area contracting planar home-
omorphism were described in terms of the attractor. This was a subset of
the plane defined as the maximal compact invariant set. We proved that the
coexistence of two fixed points and an N-cycle produced some topological com-
plexity: the attractor cannot be arcwise connected. The proofs were based on
the theory of prime ends.

1. Introduction. In a remarkable paper [13], Levinson introduced the class of
planar homeomorphisms which are dissipative and area-contracting. His main mo-
tivation came from nonconservative mechanics, but this class of maps is also relevant
in other fields, such as population dynamics (see [23, 21] for more details).

A homeomorphism A : R? — R? is called dissipative if the point of infinity is
a repeller. The associated attractor A C R? is an invariant continuum composed
of all the bounded orbits. The set A has zero measure if h is area-contracting.
Understanding the topology of A is a crucial step in the study of the dynamics of
h but this is not an easy task. Many examples have been constructed to show that
the set A, as well as the dynamics on it, can be very intricate (see [2, 27, 4, 9]).

In a recent paper [18] Nakajima used some clever and elementary arguments to
prove that the attractor is not arcwise connected when h has at least two fixed
points and one of them is an inverse saddle'. This result seems to be of a new
type, showing that some dynamical assumptions (existence of certain fixed points)
imply a certain complexity of the attractor (not arcwise connected). This line of
research has been continued in [7], where the result in [18] is translated from the
plane to the punctured sphere. In the present paper, we work in the plane and the
goal will be to reach Nakajima’s conclusion (A is not arcwise connected) without
assuming the existence of an inverse saddle. Instead, we will assume that there
exist at least two fixed points and one periodic point. The proofs are very different
from those in [18, 7]. Our arguments are based on the theory of prime ends. The
use of this theory in planar dynamics has a long tradition, starting with the work
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of Cartwright and Littlewood in [5]. Incidentally we notice that these authors were
motivated by the study of the attractor of the periodically forced Van der Pol
oscillator. Later, Alligood and Yorke analyzed in [1] the connections between the
rotation number of a local attractor and the existence of accessible periodic points
(see also [20, 22, 11]). All these papers consider the complement of the attractor
in the Riemann sphere S? = R? U {oc}, denoted as 2 = S?\\A. This set is open,
simply connected and invariant. The circle of prime ends is a fictitious boundary
attached to 2 and the map h induces a homeomorphism h* on this circle. We will
follow along this line and show that there are obstructions for the dynamics of h*
when certain periodic points exist and A is arcwise connected. In consequence, A
will not enjoy this topological property. The possible novelty of our paper is in the
connection between Nakajima’s ideas and prime ends. At this point it may be worth
mentioning that this paper is an improvement on an unpublished manuscript. In our
previous version the conclusions were weaker and an anonymous referee suggested
applying Corollary 2 of [5]. The proof we present now is based on more elementary
ideas but those comments certainly encouraged us to improve the paper.

An important aspect of the main result is the simplicity of the assumptions (two
fixed points 4+ one periodic orbit). This fact will allow us to obtain applications in
the theory of periodic differential equations. This was the original motivation for
the study of the attractors in [13].

The rest of the paper is organized in five sections. The class of maps under
study and the main result are presented in Section 2. The next section provides
a short introduction to the theory of prime ends. It follows Mather’s approach
and it is the main tool for the proof of the main result in Section 4. The last two
sections are devoted to illustrate the applicability of our theorem. We show that
some well-known results on bifurcation on subharmonic solutions can be combined
with our result to produce new information on attractors. Two concrete situations
are considered: a forced Duffing oscillator and the classical SIR model with periodic
contact rate (see [6, 25]).

2. A class of planar homeomorphisms and main result. A homeomorphism
of the plane is a continuous and bijective map h : R2 — R2. The class of all
homeomorphisms will be denoted by H(R?). A map h € H(R?) is called dissipative
if there exists a closed ball B C R? attracting all compact sets in a uniform sense.
In other words, for each p € R2,
. . on .
nll)a[_loo dist(h™(p),B) =0 (2.1)

and this limit is uniform in p € K with K any compact subset of R2.

The attractor A C R? is defined as the maximal invariant and compact set. It
satisfies the properties below,

e A is compact and h(A) = A,

e A contains any compact set K C R? satisfying that h(K) = K.

With some work, it can be proved that A always exists and it is indeed a nonempty
continuum (compact and connected set). Sometimes, it is useful to interpret A as
the set of bounded orbits. More precisely,

A= {pecR?: limsup |h"(p)| < oo}.

|n|—+o00
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Notice that all orbits are bounded in the future (n — 400) and, therefore, A can
be also described as the set of orbits bounded in the past (n — —o0). The reader
is referred to [13, 23, 8] for a detailed discussion on attractors and dissipative maps.

Levinson considered in Section 7 of [13] the class of dissipative homeomorphisms
contracting Lebesgue’s measure. In that case, the attractor has zero measure and, in
particular, the interior is empty. We will consider the larger class LH(R?) composed
of all dissipative homeomorphisms whose attractor has an empty interior in R2.
The class of Levinson appears very often in the theory of nonlinear oscillations, but
LH(R?) is more natural from a topological point of view. Notice that LH(R?) is
invariant under conjugacy.

The next result is an almost direct consequence of the definition of LH(R?) and
will be repeatedly applied throughout the paper.

Proposition 2.1. If h € LH(R?), then A does not contain Jordan curves.

Proof. By contradiction, assume that I' C R? is a Jordan curve inside the attractor.
Let R;(T") be the bounded component of R*\I'. We will prove that R;(T) is also
contained in A, but this is impossible if A has an empty interior.

Since A is invariant, every iterate of the curve is also contained in A, that is,

U r(r) caA

neZ

Let B be a large ball containing A. Then,
U »(r:(m) = | Ri(h™(™)) c B

nez neZ
and all the orbits starting at R;(I") remain bounded. This implies that R;(I") C
A. O

It is well-known that many continua in the plane have an intricate topology and they
can be realized as attractors. A very interesting discussion on possible attractors for
maps in LH(R?) can be found in Section 7 of [13]. The simplest possible attractor
is a singleton, corresponding to a globally asymptotically stable fixed point. After
this case, Levinson presented three figures of increasing complexity. In Figure 1 of
[13], the attractor is an arc and two dynamics are considered: three fixed points or
one fixed point and a 2-cycle. In Figure 2, the attractor is a triode with one fixed
point and two 3-cycles. Finally, in Figure 3, the three branches of the triode wrap
themselves infinitely many times around three arcs. The corresponding continuum
is not arc-wise connected. The dynamics is also more involved and a 6-cycle ap-
pears. Another possibility, also mentioned by Levinson, is the Cantorian Sun. This
continuum is obtained by drawing all the rays connecting the origin to the points
of a Cantor set lying in S'. See Figure 1 of this paper. It was proved in [9] (see also
[27]) that this set is the attractor of a map h in LH(R?). Moreover, the dynamics on
the Cantor set is recurrent (non-periodic) and the only periodic point is the origin,
Fix(h) = Fixz(h™) = {(0,0)}, for each n > 1. In this case, A is arc-wise connected
but it is not locally connected.
After these examples, we are ready to present the main result.

Theorem 2.2. Assume that h € LH(R?) is orientation preserving and there are
at least two fized points and an M-cycle with M > 2. Then, A is not arc-wise
connected.
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FIGURE 1. The third step in the construction of the Cantorian sun.

AN

FIGURE 2. Phase portrait of the flow {¢;}ier

The proof of this result is postponed to Section 4.

Now we include some comments and examples:

Remarks:

1.- The theorem cannot be extended to orientation-reversing homeomorphisms
when M = 2. We will construct an orientation-reversing map h € LH(R?) having
two fixed points, one 2-cycle, and the Y-set as attractor. We first construct a flow
{¢t}1er with four equilibria at the points A = (-1,0), B = (0,0), C = (1,1),
D = (1,—1) and the phase portrait illustrated in Figure 2. Also, we assume that
the flow is symmetric with respect to the horizontal axis,

(thS:So(btv tERa

where S(z,y) = (z, —y).

If we fix a time T > 0, the map h; = ¢ belongs to LH(R?) and the attractor is
composed of the four equilibria and the heteroclinic orbits connecting them. This
map is orientation-preserving, but h = S o h; is orientation reversing and has the
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fixed points A, B and the 2-cycle {C, D}. The attractor of hy and h coincide because
h1 and S commute.

2.- The theorem does not extend to higher dimensions. The class LH(R?) can be
defined in the obvious way. We consider h € LH(R3) with

h(l‘, Y, Z) = (hl(x7 y)’ h2<z))
In addition, we assume that hy; € LH(R?) is orientation reversing and it has the
attractor A; = [—1,1] x {0} and the three fixed points (—1,0), (0,0), and (1,0).
The function hy : R — R is a decreasing homeomorphism having the attractor
Ay = [—1,1], one fixed point at z = 0, and a 2-cycle at z = £1. The product map
h has three fixed points, a 2-cycle, it is orientation preserving, and the attractor

A= (A1 x{0}) U ({(0,0)} x Ay)

is arc-wise connected.

3.- It would be nice to connect the theorem with Nakajima’s result, but this is
unclear. We do not know if there are maps h € LH(R?) having an inverse saddle
and no periodic orbits.

Given a map h € LH(R?), the iterate A" with n > 2 will also belong to LH(R?).
Moreover, the attractor is the same. This observation allows us to apply the previous
theorem to any positive power of h. As a consequence, we obtain:

Corollary 2.3. The conclusion of Theorem 2.2 also holds under one of the as-
sumptions below,

i): h € LH(R?) is orientation reversing and it has at least two fived points and
one M-cycle with M > 3.

ii): h € LH(R?) is orientation preserving and it has at least two cycles with
minimal periods M > N > 2.

In the first case, we apply the Theorem to h? and in the second to hV. The third
example in [13] is in the conditions of ii) with M =6 and N = 3.

3. Background on Prime Ends. Let (2 be an open and simply connected subset
of S? such that oo € Q, Q # S?, and S?\( is not a singleton. It is well-known that
Q) is always homeomorphic to the open unit disk int(D), where

D={zeC:|z] <1}.

However, the boundary of Q in S2, denoted by 952(, is not necessarily homeomor-
phic to D = S'. Caratheodory’s theory of prime ends allows us to construct an
abstract topological space * containing €2, and such that the pairs (2*,9Q) and
(D, int(D)) are homeomorphic.

The space of prime ends is defined as

P = Q*\Q.

The space Q* is not inside S? but somehow describes the way in which 2 is embedded
in S?. The following property reflects this fact.

Let g : S2 — S? be a homeomorphism with g(cc) = oo and such that € is
invariant under g, g(2) = Q. Then, there exists another homeomorphism g* :
Q* — Q* such that g = g* on Q. After conjugation, the restriction of g* to the
space of prime ends, ¢g* : P — P, can be seen as a homeomorphism of S'.

An end-path is a continuous map v : [0,1] — S? such that v(¢) € Q if t € [0,1]
and v(1) ¢ Q. End-paths can also be interpreted as paths in *. More precisely,
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it is possible to construct a continuous map ~* : [0, 1] — Q* such that v* = v on
[0,1) and v*(1) € P (see Theorem 16 in [14]).

A prime end P is called to be accessible if P = v*(1) for some v* and £ = (1) €
05282 is the principal point of P. It can be proved that every accessible end has
a unique principal point (Theorem 17.1 in [14]).

Given two end-paths 79,7 : [0,1] — S?, we say that they are homotopic if
there is a continuous mapping I' : [0,1] x [0,1] — S? such that T'(t,0) = o (t),
I't,1) =7(), I'Q,s) =v%1) =n(1), I'(t,s) € Qif t < 1. This notion is relevant
because two end-paths are homotopic if, and only if the corresponding accessible
prime ends coincide, 3 (1) = 77 (1) (Theorem 18 in [14]).

For a general domain €2, not all prime ends are accessible. However, if the
boundary of € is locally connected, then all prime ends are accessible (Theorem
20 in [14]). From now on we assume that 952 is locally connected. Under this
assumption, the previous discussions are sufficient to construct the space P and
the map ¢* in concrete cases. Prime ends with the same principal point £ € 0522
correspond to different ways of approaching £ from 2. Given P € P, we can have
an end-path v such that (1) = ¢ for a suitable point ¢ € 052€Q. To construct the
topology of Q* it is enough to define a sub-basis of neighborhoods for each P € P.
Given an end-path v defining P, we take an open ball B centered at the principal
point ( = 7(1). Let B, be the connected component of B N such that v(t) € B,
if t <1 and 1 — t sufficiently small. We define the neighborhood

Up =B, U{\(1): A€ A}

where A is the family of end-paths A : [0,1] — S? satisfying that A(t) € B, if
t € [0,1). After this definition, the following result is easily proved.

Lemma 3.1. In the previous notations, assume that the boundary Os2€) is locally
connected and consider the map

II:P— 0529, Pr—¢,

assigning the corresponding principal point ¢ to each prime end P. Then, II is
cOntinuous.

Finally, we discuss how to induce homeomorphisms on P. Let h : R2 — R? be
a homeomorphism such that €2 is invariant. Then, also dg2(2 is invariant. Given an
end-path v defining P, the composition h o« is another end-path inducing a prime
end. The homeomorphism A* : P — P satisfies

h*(P) = (hox)"(1).
The useful property (h*)™ = (h™)* holds for each n € Z.

As an example, we consider the domain 2 = S?\ A where A = ([-1,1] x {0}) U
({0} x [-1,1]). In this set, we distinguish the four end points a, b, ¢,d and the origin
0. For each point £ € A\{a,b,c,d,0}, there are two prime ends whose principal
point is €. Four prime ends have the origin as principal point. Finally, there is only
one prime end for a,b, ¢, and d. Figure 3 illustrates this description.

Consider now the symmetry h : S2 — S? h(z) = z. Then, h(Q) = Q and
h* : P — P satisfies Fiz(h*) = {a,c}, Fix((h?)*) = P. In particular, h(b) = d,
h*(O1) = Og,...

4. Proof of Theorem 2.2. We start with three preliminary results which will be
used in the proof.
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FIGURE 3. Description of the prime ends in A = ([-1,1] x {0})U

({0} x [-1,1])

Lemma 4.1. Assume that K is a nonempty continuum in the plane and h €
LH(R?) is such that

KcA and h(K)=K.
Then, Q = S?\K s a simply connected domain with 052:Q = K.

Proof. Let {Q;}icsr be the family of connected components of . Since h is a
homeomorphism and €2 is invariant, components must be mapped onto components.
This means that h(€2;) = Q,(;), where o is a permutation of I. Let Q. denote the
component containing co. From h(oo) = oo, we deduce that h(Qs) = Qoo. Also,
the complement S?\{2,, must be invariant under h. Then, all orbits lying in S*\Q
are bounded and this set is contained in the attractor. From S*\Q., C A, we
deduce that intg> (S*\Qs) = (. This implies that 2 = Q.. Once we know that
Q) is connected, it is easy to prove that it is also simply connected. Indeed, it is
sufficient to observe that the complement S?\Q2 = K is connected. Finally, we
observe that €2 is dense in S?, and, in consequence, ds2) = S\ = K. O

The previous result can be applied to the case K = A. In particular, we recover
Proposition 2.1, and A cannot contain Jordan curves. From this fact we deduce a
useful result.

Lemma 4.2. Assume that h € LH(R?) and v = Ty is an arc contained in A such
that the end points are fixed, that is, x,y € Fix(h). Then, h(y) = .

Proof. The set yUh(y) is a closed loop contained in A. This loop should contain a
Jordan curve unless both arcs v and h() coincide. To justify the previous reasoning,
the reader can find it convenient to invoke Lemma 2.6 in [7]. O

Oriented arcs have a natural ordering, and this fact will be crucial for the fol-
lowing result.
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Lemma 4.3. Assume that h€ LH(R?), A is arc-wise connected, and p € A\Fiz(h).
Then, there exist a fized point x and an arc I' = pT contained in A so that

I'n Fiz(h) = {z}.

Proc/)f\'. Since h is dissipative, we know that it has at least one fixed point (. Let
I' = p¢ be an arc contained in A. The arc I' can contain many fixed points besides
¢, but we select the smallest fixed point x; that is, h(z) # z if z € pT, z # =z, and
h(z) = z. Then, I' = pz is the required arc. O

After these preliminary results, we are ready for the proof of the main result.

Proof of Theorem 2.2. By a contradiction argument we assume that h € LH(R?)
is orientation preserving, A is arc-wise connected, {zo, ..., 2xv—1} is an N-cycle, and
Fiz(h) contains at least two points.

Lemma 4.3 can be applied to find an arc I'g = Zpx contained in A and such that
Ty N Fixz(h) = {x}. Also, we select a second fixed point y # x and find an arc
v C A, v=zy. We can apply Lemma 4.2 to deduce that h(y) = . Define the set

K =~vUToUh(T)U...u kN =1(Ty).

Then, K is invariant under h. Let us now recall that a Peano continuum is a locally
connected continuum. A finite union of Peano continua with a common point is also
a Peano continuum (see [19], page 88). In consequence, K is a Peano continuum.

In view of Lemma 4.1, the space of prime ends associated to 2 = S?\ K can be
considered. The boundary is locally connected and we know that each point of K is
the principal point of some prime end. Let us take Py € P with II(Py) = 2. The se-
quence {ITo(h*)™(Py )} nez is periodic, namely, {..., 20, 21, -, ZN—15 205 215 «+ey EN—1--- -
From the continuity of II, we deduce that {(h*)™(Po)}n>0 cannot be a convergent
sequence.

Let us now analyze the prime end P, € P with II(P,) = y. Indeed, this prime
end is unique. To justify this assertion, observe that it is not restrictive to assume
that the arc v is a segment. This is possible because all arcs in the plane are tame
(see [15]). Since z is the only fixed point lying in Iy, we deduce that y & I'g. In
consequence,

y="h"(y) g To), 0<k<N -1
This property allows us to find a disk D centered at y and having a small radius
such that D N K = D N~. The uniqueness of P, together with the identity

(A" (Py)) = R(IL(Py)) = h(y) = y

implies that P, is fixed under h*.

At this point we have found the required contradiction on the dynamics of h*. This
map can be seen as an orientation preserving homeomorphism of S! having the fixed
point P, and the non-convergent orbit {(h*)"(Po)}n>0. It is well-known that such
a map cannot exist. O

Remark 4.4. The above proof is a refined version of the proof we originally found.
In the preprint version of our paper, we included the property

YAR*To) ={z}, 0<k<N -1

as an intermediate step. Referee X has now observed that it is not necessary to
check this property in order to complete the proof.
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This referee has proposed other changes to make the proof more pictorial. We
know that two arcs in A4 that are not disjoint will intersect in a point or in a subarc.
This implies that K is a finite 1-D simplicial complex (a graph). In particular,
K is locally connected. Graphs in the plane are tame and so any terminal vertex
corresponds to a single prime end in S*\ K. This implies that P, is unique.

We are in debt with Referee X for the clever remarks and the deep understanding
of our work.

5. The attractor of a forced oscillator. We consider the equation

&4 g+ 23 = ppF(t) (5.1)
where ;17 > 0 and po € R are real parameters and ' : R — R is a continuous and
periodic function with period T' = 1.

Given (xg,v9) € R?, the solution satisfying x(0) = x¢, #(0) = vg is denoted by
x(t; 2o, vg). The dynamics of the equation (5.1) can be analyzed through the planar
map

P (w0, v0) = (2(T; w0, v0), (T’ 20, v0)),
sometimes called the Poincaré map.

From now on, X will denote the Banach space of 1-periodic and continuous
functions F' : R — R endowed with the uniform norm

|| = max | F(t)].

As a first step, we are going to prove that the map P belongs to the class of maps
considered in the previous section.

Lemma 5.1. For each i1 > 0, uo € R, and F € X, the map P belongs to LH(R?)
and it is orientation preserving.

Proof. To start, we show that P is a homeomorphism of R2. For this it is sufficient
to show that all the solutions of (5.1) are globally defined (see [21] for more details).
Assume that z(t) = z(t; 29, vo) is a maximal solution with energy

1 1
E(t) = §a'c(t)2 + Zx(t)4.
After differentiation,
Bl = | = d® + pa Fi| < i + @(ﬁ +F?)
2|
< 2m+ |l B+ S IIF)

We have found a linear differential inequality in £ which can be solved. Then, it is
easy to show that the pair (z(t), £(¢)) cannot blow up in finite time. Therefore, the
maximal interval of this solution is (—o0, +00).

Once we know that P € H(R?), we are going to prove that it is dissipative. This
is equivalent to proving that there exists C' > 0 such that for each solution x(t) of
(5.1), there exists a time 7 > 0 such that

[z +|2()] < C
if t > 7. This is a consequence of general results on dissipative systems (see [23]),

but it is also possible to obtain a direct proof with the help of the modified energy

V(t) = %i(t)Q +ex(t)i(t) + %x(t)‘l,
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where € > 0 is small enough.

To complete the proof of the lemma, it is sufficient to observe that P is area-
contracting and orientation preserving. In fact, a well-known computation based
on Liouville’s formula shows that

0 < det P'(xg,v9) = e M7 < 1 (5.2)
for each (xg,vq) € R2. O

Throughout this section, Ap will denote the attractor of the map P. Indeed,
Ap will also depend upon the parameters p; and po, but we want to stress the
functional dependence.

A possible criticism to this definition of attractor is that the map P is linked to
the initial value problem at time t; = 0, and this is a rather arbitrary choice. We
could instead select any other initial time tg € R. This leads to the family of maps

P, : R? — R?
(w(to), i}(to)) — (.’E(to + T), i(to + T))
Since they are conjugate, all of them belong to £LH(R?) and the corresponing at-
tractors Ap(to) are homeomorphic subsets of the plane.
Another alternative to define the attractor is to interpret equation (5.1) as an au-

tonomous system on the 3-dimensional manifold M = (R/Z) x R? with coordinates
(t,z,v) and t =t + Z. The system

t=1, d=v, 0= —pv—x>+ p F(t)

is dissipative and the attractor A* C M is precisely the union of all discrete attrac-
tors. Specifically,

A* = {(%, .130,1)0) 08t <1, (xo,vo) S AF(to)}.

The forward orbits {(¢,z(t),#(t)) : ¢ > 0} are attracted as ¢ — +oo by A*. We
thank referee Y for a remark that has motivated this discussion.

We are going to present a result on the topology of Ap that is valid for typical
forcings F'. This will be understood in the sense of category. We will say that a
property holds for a generic F' in X if it holds for every F' € G, where G is an open
and dense subset of X.

Theorem 5.2. For a generic F' in X, there are numbers € > 0 and n > 0 such that
the attractor A is not arc-wise connected if

0 <pr <nlpal, [p2| <e.

The attractor in the red region is not arc-wise connected whereas it is a singleton
on the green line (see Figure 4). Indeed, when uy = 0, the equation is autonomous
and z = 0 is a globally asymptotically stable solution. When F' is a constant
function, the equation is again autonomous and the unique equilibrium x = (us F)%
attracts all solutions. Again, the attractor is a singleton. This shows that the
conclusion of the theorem cannot be valid for all F € X. Later we will be more
precise on the nature of the set G where the conclusion of the theorem is valid.

To prove the theorem we will apply some well-known results on the existence of
subharmonic solutions of a forced oscillator. We will work with the framework of
page 372 in [6], which can be adapted to equation (5.1). It must be noticed that
in [6] it is assumed that the equation is smooth in all variables and (5.1) is only
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FIGURE 4.

continuous in ¢. This does not create essential differences because the Poincaré map
is real analytic as a function of (xq,vo, 1, t2).

The first step will be to find a periodic solution of the autonomous equation
(11 = p2 = 0) with minimal period kT for each k = 2,3, .... Let C(t) be the unique
solution of

i+ad=0 (5.3)

with minimal period 7' = 1 and C(0) > 0,C(0) = 0. This solution exists because
x = 0 is a center and the minimal period of the closed orbits has the formula

where k > 0 is a fixed constant and A > 0 is the amplitude of the oscillation. Actu-
ally, the nontrivial solutions of (5.3) are described by the family of two parameters

z(t) = AC (Mt + o) (5.4)

with A > 0 and 0 € R. We refer to [16] for an expression of C(¢) in terms of
special functions. Let us define S(t) = C(¢) so that ¢t — (C(t), S(t)) is a clockwise
parameterization of a closed orbit of (5.3). For each k = 2,3, ..., the solution

1 t
t = — —
ox(t) kC <k)
has minimal period T = k.

Differentiating the formula (5.4) with respect to ¢t and A, we observe that the
variational equation

i+ 30x()’y =0 (5.5)
has a fundamental system composed of the functions
y1(t) = Bk(t), ya2(t) = @r(t) + ton(t).

In consequence, the only periodic solutions of (5.5) are of the type cgg(t) with
¢ € R. This is the starting assumption in [6]. The other assumption is connected
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with the function

k k
Grla) = %/0 GO F(t — a)dt = %/0 Gr(t+ o) F(t)dt.

This function is real analytic and we will impose the condition
Gr(a)? + Gil(a)? >0 (5.6)
for each a € R. This means that G is a Morse function because all critical points
(Gi.(a) = 0) are nondegenerate (G} () # 0). Under the assumption (5.6), the
results in [6] imply the existence of €, > 0 and 1, > 0 such that the equation (5.1)
has a solution with period kT if 0 < 1 < g |pal, |u2| < €. This solution is C*-close
to ¢ (t), and so it has no period of the type T with 1 < r < k if g, is small enough.
Let us define G, C X as the set of functions F' in X such that the corresponding
function Gy, satisfies the condition (5.6). We claim that the conclusion of the theo-
rem holds if F' € Gy, NGk, with k1 < k. To prove this, we will apply Corollary 2.3
ii).

Let us expand the function C(t) as a Fourier series

C(t) _ Z Cne27rnit

nez
with C,, = C_,,. We claim that the following result holds:

Lemma 5.3. Assume that k > 2 is such that Cy, # 0. Then, Gy, is open and dense
mn X.

Assuming by now that this result holds, we can easily complete the proof of the
theorem. By direct substitution in (5.3), we observe that this equation does not
admit solutions of the type z(t) = >, <x Cne*™it (trigonometric polynomials).
In consequence, there exist infinitely many Fourier coefficients C,, # 0. Let us take
1 < k1 < kg such that Cy, # 0 and Cj, # 0. Then, according to Lemma 5.3,
Gk, N Gk, is open and dense. We can take G = Gy, N Gk, to complete the proof of
Theorem 5.2. 0

Proof of Lemma 5.3. Let X7 be the class of functions G : R — R of class
C? and period k. It becomes a Banach space when it is endowed with the norm

IGll2 = max(|G(a) | + |G (@)] +|G" (@)

The linear operator
L:X— X}
F— Gk
is continuous. The class of Morse functions is open in f{% In consequence, G is
open in X.
Next, we are going to compute LP for the choice P(t) = esin[2n (¢t — 7)]. From
the definition,

k
LP(a) = % / on(t)sin[27(t — 7 — a)]dt
0
€ iy t 2mi(t—T—a) —27i(t—T—a) (5 7)
=g ], (§) € e )dt |
2me

= _TRG(CkGQﬂi(TJ’_a)).
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If Ck = ‘C}C|6iw,
2me
LP(a) = 77|C’k| cos(2m(T + a + w)).

Note that for simplicity in the notation, we do not include the dependence of w
with respect to k.

To prove that Gy, is dense in X, we take an arbitrary function F' € X with G = LF'.
We will distinguish three cases which will cover all possibilities because G is a real
analytic periodic function.
Case 1: (G')? + £5(G")? is not a constant function.
We consider the perturbation F(t) = F(t) + esin[27(t — 7)]. We are going to prove
that if C # 0 and € # 0, then for all 7 excepting a finite number, the function LF
is a Morse function. N

The equations for a degenerate critical point of LF' are

o)+ ¥ s _
G'(a) + k e|C|sin27 (T + a + w)] =0

) (5.8)
1, 4dm
—G"(a) + —¢|Ck| cos2m(T + a + w)] = 0.
2m k
Equivalently,
G' (@) ) ( 0 )
R2n(a+ 7174+ w = 42 , 5.9
ot 4wl (H . 59)
where

_( cos(f) —sin(6)
Rlo] = < sin(f)  cos(6) > '

The previous system implies that

1 1674e?

G'(a)* + RGH(Q)Q =0

From the analyticity of G and the assumption of case 1, we deduce that « € [0,1)
must belong to a finite set {aq,...,a,}. For each i = 1,...,r and a = «, it is clear
that (5.9) has a unique solution in 7 € [0, 1), say, ;. After selecting some 7 # 7,
i=1,...,7,and 0 < 7 < 1, we observe that F converges to F' as ¢ — 0 and LF is
a Morse function.
Case 2: G is constant. _
Taking F' as in the previous case, we observe that LF is a Morse function if € # 0.
Case 3: G'(a) = c; cos(2ma) + cosin(27a), ¢ + 3 > 0.
In this case, G is a Morse function. O

(e

6. The attractor of the SIR model with periodic contact rate. The classical
SIR model with periodic contact rate [24, 25, 12] is given by the system of differential
equations
S=\—puS—pt)SI
I=pB(t)SI = (v+p)l (6.1)
R=~I — uR
with all parameters strictly positive and 8 : R — [0, +00) a continuous and 7T-
periodic function. Since S+ I+ R = A — u(S + I + R), the planar system

S=X\—puS—pt)SI
{f=6®ﬂ—w+m1 (62)
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completely determines the dynamical behavior of (6.1). We emphasize that this
system is meaningful only in R? = {(S,I) : S > 0,1 > 0}. Since the system
(6.2) is defined on a proper subset of the plane, the dissipative structure has some
subtleties. To describe them, we first observe that every solution of (6.2) is defined
on a maximal interval of the type [, +00) with —oco < o < +00. In fact, the vector
field defined on (6.2) points inward or is tangent to the boundary of R3. More
precisely,

X1(t,0,1) >0 and X»(t,5,0) =0

if X(¢,9,I) = (A—puS—p)SI,B(1t)ST — (v + p)I). In addition, as long as the
solutions stay in R, they satisfy
d
A= (p+)(SE) + 1) < Z(S@) + 1) <A—p(SH) +1().  (6.3)
This differential inequality implies that the solutions cannot blow up in finite time.

Once we have analyzed the initial value problem, we can use (6.3) again to prove
that

) A
limsup[S(t) + I(¢t)] < m

t—+o00
for each solution.
Let B be the family of the bounded solutions. This means that a« = —oo and

sup[S(t) + I(t)] < oo.
teR

The corresponding section at time ¢ is denoted by
Ae ={(S(1),1(t)) : (S, 1) € B}

Standard arguments in the theory of dissipative systems can be employed to prove
that A; is a continuum contained in Ri with the properties

Atl = AtQ, .At+T = At,At n 6R2 - {E},
#7
The periodic family {A;}:cr has the attracting property:
dist[(S(t),I(t)), A] — 0 as t — 400

for every solution (S(¢),I(t)) of (6.2).
In view of these facts, we can say that Ag is the attractor of the embedding

P, :R3 — R4, (5(0),1(0)) — (S(T),I(T)).

where E = (A 0) is the semi-trivial equilibrium.

The main result of the section is concerned with the topology of Ajg.

Theorem 6.1. Assume that

Y T
Ro = oot /0 B(t)dt > 1. (6.4)

If (6.2) admits a kT -periodic solution that is not T-periodic with k € N, then Aq is
not arc-wise-connected.

Remark 6.2. The reader can consult [25, 12, 24] for sufficient conditions on the

existence of subharmonics in (6.2). We emphasize that if (6.4) is not satisfied, then
(%,O) is globally asymptotically stable in (6.2); see Proposition 1 in [3].
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The map P, is not defined in the whole plane and so the results of Section 2 are
not directly applicable. Our strategy will be to construct a map P : R? — R2
with the properties

P=P, on Rﬁ_, P e LH(R?), A=A,

where A is the attractor of P as defined in Section 2.

To this end we consider the auxiliary system

{ S=X\—puS—pB)STIt

[=p)STIT —(v+ I

defined on the whole plane R?. We employ the notion S* = sup{9,0} and I =
sup{7,0}.

This system is linear outside the first quadrant and all solutions are defined on
the whole line. The associated Poincaré map is an orientation preserving homeo-
morphism of R? extending P,. The region {I < 0} is invariant and all solutions lying
there converge to the equilibrium E. The solutions starting at the second quadrant
are unbounded in the past and eventually enter into the first quadrant. Therefore,
the map P is dissipative and all bounded orbits lie in R2, and, in consequence,
A = .Ao.

At this moment it is not obvious that P belongs to LH(R?) because we do not
know if A has an empty interior. It could seem reasonable to transform the system
under the change of variable L = InI. In the variables (S, L), the system has
negative divergence on [0,4+00) x R and the corresponding Poincaré map is area
contracting. However, since A is a set touching the equilibrium F, the measure of
A\{E} could be infinite in the new coordinates.

Since the previous attempt does not work, we will need several preliminary results
before concluding that A C Ri has zero measure.

(6.5)

Lemma 6.3. Assume that (6.4) holds. Then, there exists a compact set B C
[0,4+00) X (0,400) so that P(B) C B, and for each p € [0,400) X (0,400) there
exist an integer n, > 1 and a neighborhood U, of p with

P*(U,) C B
if n > mny.
Proof. All topological notions will be understood with respect to the relative
topology of R%. Using (6.3), the set

C:{(S,I)6R1:5+I§%+1}

is positively invariant under P. In fact,
P(C) C intgs @) (6.6)
where intRi(C) ={(S,I)eR% : S+1I< % + 1} is the interior of C relative to R2.

Moreover, for each p € Ri, there exists n1 € N so that
P™(p) € intzz (C)

for all n > ny.

On the other hand, condition (6.4) guarantees that the disease persists uniformly
strongly (see Theorem 3.1 in [26]). Hence, there is a constant € > 0 so that, for all
p=(9,I) € R% with I > 0,

liminf I,, > ¢ (6.7)
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with {(Sp,In)} = {P™(p)}. Define the set
G=Cn{(S,I)eR::I>ec}.

From the previous properties we deduce that every forward orbit lying in [0, +00)x
(0, +00) will enter the set intrzG. In particular, due to the continuity of P, given
q € G, it is possible to find an open neighborhood W, and an integer n, > 1 such
that

P (Wy) C G.

Since G is compact, we can take a family of points ¢, ..., ¢ € G so that

GclJws.
i=1
Define N = max{ng, :i=1,....,m} +1 and
B=GUP(G)U..UP " YQ).
We claim that B is positively invariant. In view of the definition of B, this will

follow from the inclusion PV (G) C B. To prove it, we pick any point ¢ € G, then
g € W, for some i € {1,...,m}. In consequence,

PN (q) = PN (P () € PN (P (Wy,)) € PN (G),

Once we know that B is positively invariant, we must prove that it also enjoys
the attraction property. For each point p € [0,400) x (0,+00), we know that the
forward orbit will enter into intgz (G). Then, there exist an integer n, > 1 and a
neighborhood U, with

p"(U,) C G C B.
The positive invariance of B implies that P"(U,) C B for each n > n,,. O

Our next step will be to construct a curve emanating from E and contained in
A. We want to construct it as one of the branches of the unstable manifold in E.
There is an apparent obstruction because the system we have defined on the whole
plane is not C' and it is not possible to linearize around E. For this reason we go
back to the original system (6.2) but now we assume that the phase space is the
whole plane. The Poincaré map of this system is denoted by P:DcR?— R?,
where D is an open set containing R3 and P = P on R3. At the equilibrium E,
the periodic linearized system is

(= —uc— %Mt)n, = %ﬂ(t)n (4

with Floquet multipliers 1 = e #T, py = e(Ro=DO+mT  These numbers are the
eigenvalues of the Jacobian matrix P'(E). When (6.4) holds, 0 < p1 < 1 < po and
E is a hyperbolic fixed point of P. The stable manifold is W*(E) = R x {0} and
the unstable manifold can be split as

WHE)=W,UW_

with Wy C R2, W_ C {(S,1) : I <0}, and W, NW_ = {E}. For our purposes, the
branch W_ has no significance, but W, plays an important role in the dynamics of
P. We list some useful properties:

P(Wy) =Wy, Wy C Ay, Wy ={peR}: P "(p) — Easn — +oo}.
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The set W has zero measure. This is a consequence of the stable manifold theorem
because W, can be described as Wi = {p(s) : s € [0,400)} where ¢ : [0, +00) —
R? is a C' map. Next, we consider the invariant splitting

and we are going to prove that also A\W, has zero measure. To prove this, we
first observe that this set is contained in the compact set B given by Lemma 6.3.
To prove A\W, C B, we take a point ¢ € A\W, and select a sequence of integers
7(n) — +o0 such that P~"((q) — p with p # E. This is possible because
g ¢ W4 and {P~"(¢)}n>0 is bounded. The point p belongs to the attractor and
we know that AN {(S,I): I =0} = {E}. Therefore, p € [0,+00) x (0, +00), and
Lemma 6.3 implies the existence of n, and U, with P"(U,) C B if n > n,. Let
us select an integer n large enough so that P~7(")(q) € U, and 7(n) > n,. Then,
P»=7(")(g) € B. Since B is positively invariant and n, — 7(n) < 0, we deduce that
q € B.

Once we know that A\W, C B, we can guarantee the existence of some § > 0
such that I > § for each (S,1) € A\W,. Note that B is compact and BN {(S5,1) :
I=0}=0.

It is time to go back to the change of variable L = In I we mentioned before. In
the variables (S, L) € [0, +00) x R, the system (6.1) becomes

{ S =Yi(t, S, L) = X — pS — B(t)Se"
The divergence of the vector field Y'(¢,-) is given by
; aY; | IY, L
divY (t,S,L) = — + — = —u — f(t)e” < 0.
WY (1,5.0) = 2+ T2 = B(o)e

The Poincaré map in the new variables, denoted by P : [0, +00) xR — [0, +00) xR,
is area contracting. This means that

u(P(A)) < u(A)
if A C[0,+00) x R is a measurable set with 0 < u(A) < 400 and p is the Lebesgue
measure in R?. Define

(6.8)

L={(S,InI):(S,1I) e AW,}.

This set is bounded and measurable, in particular, pu(£) < +o0o. Since JB(E) =L,
we must conclude that £ has zero measure. Going back to the original variables,
we conclude that A\W_, has zero measure.

Once we know that u(A) = 0, we can say that P is in the class LH(R?) and

we are ready for the proof of Theorem 6.1. The disease-free equilibrium (%,0) is

always a fixed point of P. By assumptions, P has a k-cycle in (0, +00)? that is not
a fixed point of P. On the other hand, the condition (6.4) guarantees the existence
of a fixed point in {(S,I) : S > 0,1 > 0}; see Theorem 1 in [10]. The conclusion
now follows from Corollary 2.1 i). O
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