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In this paper, we establish a Modica-type estimate on bounded solutions to the overde-
termined elliptic problem

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δu + f(u) = 0 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

∂νu = −κ on ∂Ω,

where Ω ⊂ R
n, n ≥ 2. As we will see, the presence of the boundary changes the

usual form of the Modica estimate for entire solutions. We will also discuss the equal-
ity case. From such estimates, we will deduce information about the curvature of
∂Ω under a certain condition on κ and f . The proof uses the maximum principle
together with scaling arguments and a careful passage to the limit in the arguments by
contradiction.
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1. Introduction and Statement of the Results

Overdetermined elliptic problems in the form⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δu + f(u) = 0 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

∂νu = −κ on ∂Ω,

(1.1)

have received a lot of attention in the last years. Here Ω is a regular domain
(bounded or not) of R

n, n ≥ 2, f is a Lipschitz continuous function, ν stands for
the outward unit vector about ∂Ω and κ is a constant. Since we ask the function
u to be positive, it is clear that κ must be nonnegative. These problems are called
overdetermined due to the presence of two boundary conditions and have various
applications because they appear as the equilibrium condition in many physical
problems, see [19] and the references therein for more details.

The study of these problems started in the 70s, when Serrin [17] proved that if
Ω is bounded, f is C1 and problem (1.1) admits a solution, then Ω must be a ball.
The method used by Serrin is universally known as the moving plane method and
holds also when f is only Lipschitz continuous [10]. The case when Ω is supposed
to be unbounded has been considered in 1997 by Berestycki et al. [1], who stated
the following.

BCN conjecture [1]: If Ω is a smooth domain, R
n\Ω is connected, and there

exists a bounded solution of (1.1), then Ω is either a ball, a half-space, a gener-
alized cylinder Bk × R

n−k where Bk is a ball in R
k, or the complement of one of

them.

It turns out that the BCN conjecture is false, and in the last decade many coun-
terexamples have been built using perturbation theory. For example, for domains
with the topology of a cylinder, we have the existence of periodic and rotation-
ally symmetric perturbations of B1 × R that support a solution to problem (1.1)
when f(u) = λu, λ > 0 or f is such that there exists a nondegenerate solution
of (1.1) in B1, see [15, 16, 18]. For domains with the topology of a half-space, in
R

9 the Bombieri–De Giorgi–Giusti epigraph can be perturbed to obtain nontrivial
domains Ω that support solutions to problem (1.1) when f(u) is of Allen–Cahn
type (i.e. f(u) = u − u3 or other nonlinearities with similar behavior), see [3].
For the topology of the complement of a ball, for any n ≥ 2 there exists a ball
BR of radius R large enough such that R

n\BR can be perturbed in domains that
support solutions to Problem (1.1) when f(u) is the Schrödinger nonlinearity (i.e.
f(u) = up − u, p < n+2

n−2 ). These new solutions in perturbations of the exterior of a
ball produce automatically new solutions in perturbations of the complement of a
straight cylinder just by adding one or more empty variables.

These results show that the geometry of domains where one can solve (1.1)
is in general richer than expected. And this depends on the geometry of Ω, on
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the equation (i.e. the function f) and in a certain way also on the value of the
constant κ. It is therefore natural to investigate rigidity results establishing that
the BCN conjecture is true under suitable assumptions on the geometry of Ω,
the constant κ or the behavior of the function f . Serrin’s theorem is a rigidity
result in this sense, that holds for any f and any constant κ, just assuming the
boundedness of the domain. In 1997 Reichel [11] proved that if f is of Allen–Cahn
type or identically 0 then the existence of a bounded solution to (1.1) in an exterior
domain Ω implies that Ω is the complement of a ball (see [13]). In 2013 Ros and
Sicbaldi [14] gave an affirmative answer to the BCN conjecture in dimension 2 under
one of the following assumptions: the domain Ω is narrow (i.e. there exists R > 0
such that Ω does not contain any ball of radius R), or f(u) ≥ λu for some λ > 0. In
2017 Ros et al. [12] proved the BCN conjecture for n = 2, under the assumptions
κ > 0 and Ω diffeomorphic to a half-plane. In 2018, Wang and Wei [23] proved the
BCN conjecture under the assumptions that Ω is a globally Lipschitz epigraph and
f is of Allen–Cahn type, generalizing previous results in [1, 5].

One of the results of this paper is exactly a rigidity result for overdetermined
elliptic problems, that roughly speaking is the following: if f and κ satisfies a certain
condition then either the mean curvature of ∂Ω is negative, or Ω is a half-space.
More precisely, if H(p) is the mean curvature of ∂Ω at p, we will prove the following
rigidity result.

Theorem 1.1. Let u ∈ C3(Ω) be a bounded solution to the problem (1.1), with
f ∈ C1. If there exists a nonpositive primitive F of f such that

κ2 + 2F (0) ≥ 0, (1.2)

then either H(p) < 0 for any p ∈ ∂Ω, or Ω is a half-space and u is 1-dimensional,
i.e. there exists x0 ∈ R

n, a function g : [0, +∞) → R and �a ∈ R
n, such that

Ω = {x ∈ R
n : �a · (x − x0) > 0}, and u(x) = g(�a · (x − x0)), x ∈ Ω.

Notice that we are considering bounded solutions of (1.1), so f is defined in a
closed interval and it is always possible to choose a nonpositive primitive of f , by
changing f appropriately outside the image of u. In particular, if (1.2) is satisfied,
one cannot solve problem (1.1) in a ball, nor in a cylinder, nor in the perturbation
of a cylinder. A particular case of Theorem 1.1 is [14, Theorem 2.13] for double-
periodic domains in the plane.

We will obtain Theorem 1.1 as a corollary of more general results, that represent
Modica-type estimates for overdetermined problems. Given a primitive F of f , we
define the P -function:

P (x) = |∇u(x)|2 + 2F (u(x)). (1.3)

In [9] Modica proved that if F is a nonpositive function and u : R
n → R is a

bounded C3 solution of

Δu + f(u) = 0,

2450050-3

C
om

m
un

. C
on

te
m

p.
 M

at
h.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

D
A

D
 D

E
 G

R
A

N
A

D
A

 o
n 

10
/0

4/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

September 23, 2024 19:24 WSPC/S0219-1997 152-CCM 2450050

D. Ruiz, P. Sicbaldi & J. Wu

then P ≤ 0. The proof of this result is based on the fact that P satisfies L(P ) ≥ 0
for a certain elliptic operator L, see Lemma 2.1, and hence the conclusion follows
(not immediately) from the maximum principle. This result has been extended to
more general operators in [2], where Caffarelli et al. proved the following

P (x0) = 0 for some x0 ∈ R
n ⇔ P (x) = 0 for all x ∈ R

n ⇔ u is 1-dimensional.

Modica-type estimates have been studied and extended to many other situations,
and it is not possible to give here a complete account of all of them. Let us just
mention that such estimates have been extended to domains Ω which are epigraphs
with boundary of nonnegative mean curvature in [5], and to compact manifolds
with nonnegative Ricci tensor, see [6].

Modica-type estimates for overdetermined problems have been studied in [22]
under some conditions on the nonlinearity f and the constant κ. It is our aim in
this paper to study the validity of such estimates in full generality. Our main result
is the following.

Theorem 1.2. Let Ω ⊂ R
n, n ≥ 2, be a regular domain, F ∈ C2(R) be a nonposi-

tive function, F ′ = f, u ∈ C3(Ω) be a bounded solution to the problem (1.1) and P

be given by (1.3). Then

P (x) ≤ max{0, κ2 + 2F (0)} for all x ∈ Ω,

where P is defined in (1.3). Moreover, if there exists a point x0 ∈ Ω such that

P (x0) = max{0, κ2 + 2F (0)},

then P is constant, u is 1-dimensional and Ω is a half-space.

The second part of Theorem 1.2 is related to [5] (see also [4] for generalization
to Riemannian manifolds). In the case where P is bounded above by κ2 + 2F (0) we
can give information on the mean curvature of ∂Ω, as in the following statement.

Theorem 1.3. Let Ω ⊂ R
n, n ≥ 2, be a regular domain that supports a bounded

solution u ∈ C3(Ω) to the problem (1.1) with κ 
= 0. Assume that

P (x) ≤ κ2 + 2F (0) for all x ∈ Ω. (1.4)

Then H(p) ≤ 0 for any p ∈ ∂Ω. Moreover, if there exists p ∈ ∂Ω such that H(p) = 0,

then P is constant, u is 1-dimensional and Ω is either a half-space or a slab, that
is, the domain between two parallel hyperplanes.

Let us point out that Theorem 1.3 does not require that F is nonpositive since
the condition (1.4) is invariant under addition of constants to F . On the contrary,
it requires that the normal derivative on ∂Ω does not vanish in order to exclude
the presence of critical points on ∂Ω. It is well known that there exist solutions of
problem (1.1) in balls, cylinders, or generalized onduloids (see for instance [18]).
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Theorem 1.3 implies that in all such cases,

sup
x∈Ω

P (x) > κ2 + 2F (0).

The proof of the results is organized as follows. As a first ingredient for The-
orem 1.2, we prove a uniform gradient bound on u. This is based on a rescaling
argument and a Harnack inequality, together with regularity estimates. Once this is
obtained, we make use of the fact that the function P is a subsolution for a certain
elliptic operator outside the critical points of u. For the study of the supremum
of P , we need to study several cases, depending on the behavior of the maximiz-
ing sequences. The proof of Theorem 1.2 concludes again by a scaling argument
and passing to a limit, in the spirit of [8]. Theorems 1.3 and 1.1 will be proved
afterwards.

2. Preliminaries

Let u be a C3 solution of (1.1), f ∈ C1, and P as in (1.3) where F is a primitive
of f (no assumption on its sign at the moment). We begin this section by showing
that the function P is a subsolution of an elliptic PDE. This is a very well-known
result (see for instance [20]), which we present here for the sake of completeness.

Lemma 2.1. The function P satisfies

L(P ) := ΔP + 2f(u)
∇u

|∇u|2 · ∇P ≥ 0 (2.1)

for any x ∈ Ω such that ∇u(x) 
= 0.

Proof. We have that P ∈ C2(Ω) and following [20] we find that

DiP = 2
n∑

j=1

DjuDiju + 2f(u) · Diu

for every i = 1, . . . , n. Therefore,

DiP − 2f(u) · Diu = 2
n∑

j=1

DjuDiju ≤ 2|∇u|

⎡
⎣ n∑

j=1

(Diju)2

⎤
⎦

1/2

.

Using −Δu = f(u), the Laplacian of P can be given by

ΔP = 2
n∑

i,j=1

(Diju)2 + 2
n∑

j=1

DjuDj(Δu) + 2f ′(u)|∇u|2 − 2f2(u)

= 2
n∑

i,j=1

(Diju)2 − 2f2(u)

so that

|∇u|2ΔP ≥ 1
2
|∇P |2 − 2f(u)∇u · ∇P

2450050-5
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and then

L(P ) := ΔP + 2f(u)
∇u

|∇u|2 · ∇P ≥ |∇P |2
2|∇u|2 ≥ 0.

This concludes the proof of the lemma.

We finish this section with a uniform estimate of the gradient of u. This will be
essential in the proof of Theorem 1.2.

Lemma 2.2. If u is a bounded solution of problem (1.1), then there exists a con-
stant M > 0 such that |∇u| ≤ M in Ω. Moreover, M depends only on n, ‖u‖L∞,

‖f(u)‖L∞ and κ.

Proof. Let us observe that the above gradient estimate is an immediate conse-
quence of interior regularity estimates for elliptic equations in

{x ∈ Ω : dist(x, ∂Ω) > δ}

for any δ > 0 fixed. We now prove that this estimate holds also up to the boundary.
Given any x0 ∈ Ω, denote by h := dist(x0, ∂Ω) and assume that this distance

is attained at y0 ∈ ∂Ω. By the previous comment, we can focus on the case h ≤ 1.
We define

ũ(x) :=
1
h

u(x0 + hx),

then in B1(0),

−Δũ = hf(hũ), ũ > 0.

Let z0 := y0−x0
h ,

|∇ũ(z0)| = |∇u(y0)| = κ

since the ball Bh(x0) is tangent to ∂Ω at y0. We now decompose ũ = v + w, where
the functions v, w solve the following two problems, respectively:⎧⎨

⎩
Δv = 0 in B1(0),

v = ũ on ∂B1(0),
and

⎧⎨
⎩
−Δw = hf(hũ) in B1(0),

w = 0 on ∂B1(0).

For the function w, we can use regularity estimates (see for instance [7, Theo-
rem 8.33]) to conclude that

‖w‖C1,α(B̄1) ≤ Ch‖f(u)‖L∞.

Here C is a constant depending only on n. We now turn our attention to v. By
applying an explicit version of the Harnack inequality for harmonic functions (see
for instance [7, Chap. 2, Exercise 2.6]), one can get that

1 − r

(1 + r)n−1
v(0) ≤ v(x) ≤ 1 + r

(1 − r)n−1
v(0), (2.2)

2450050-6
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where r = |x| < 1. Using the first inequality and computing boundary derivatives
on z0, we have

21−nv(0) ≤ |∂νv(z0)| ≤ |∇ũ(z0)| + |∂νw(z0)| ≤ κ + Ch‖f(u)‖L∞ .

If h is sufficiently small, we have that

v(0) ≤ M,

where M = 2n−1(κ + C‖f(u)‖L∞). We now use the second inequality in (2.2) to
conclude that

v(x) ≤ M
1 + r

(1 − r)n−1
.

Based on these results, we get that

ũ(x) = v(x) + w(x) ≤ M
1 + r

(1 − r)n−1
+ Ch‖f(u)‖L∞ .

Therefore,

sup
B1/2(0)

ũ(x) ≤ M,

taking a bigger M if necessary. By standard interior gradient estimates,

|∇u(x0)| = |∇ũ(0)| ≤ CM,

where, again, this constant C depends only on n and ‖f(u)‖L∞.

3. Proof of Theorems

In this section, we shall present the proof of our main result, Theorem 1.2, from
which we will deduce Theorem 1.3 and then Theorem 1.1. Define

α := max{0, κ2 + 2F (0)}. (3.1)

Proposition 3.1. Under the assumptions of Theorem 1.2, we have that P (x) ≤ α

for all x ∈ Ω.

Proof. By Lemma 2.2 we know that P is bounded. Reasoning by contradiction,
assume that

β := sup
Ω

P (x) > α.

There exists a sequence (xk)k∈N ⊂ Ω such that

P (xk) → β as k → ∞.

If xk is bounded, up to a subsequence we can assume that xk → x0, with P (x0) = β.
Since β > 0, we conclude that x0 is not a critical point of u. Moreover, since
β > κ2 + 2F (0), then x0 ∈ Ω. As a consequence, P attains a local maximum at x0,
and ∇u(x0) 
= 0; the maximum principle applied to P implies that P is constant
on a neighborhood of x0. This argument implies that the set

{x ∈ Ω : P (x) = β}

2450050-7
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is a non-empty open subset of Ω. Since it is obviously closed, then P (x) = β for all
x ∈ Ω. But P (x) = κ2 + 2F (0) < β if x ∈ ∂Ω, and this is a contradiction with the
continuity of P .

We now assume that xk is unbounded, and discuss the following two cases.

Case 1. lim supk→+∞ dist(xk, ∂Ω) > δ.

Let us consider uk extended by 0 outside Ω so that uk : R
n → R is a globally

Lipschitz function. We consider uk(x) = u(x + xk) and Pk(x) = P (x + xk) so
that

Pk(0) = P (xk) → β. (3.2)

By a Cantor diagonal argument we can take a subsequence, still denoted by uk,
so that on compact sets of R

n the sequence uk converges uniformly to a certain
Lipschitz function u∞ ≥ 0. Moreover ∇uk

∗
⇀ ∇u∞, where ∗

⇀ denotes convergence
with the weak star topology in L∞.

Denoting P∞ = |∇u∞|2 + 2F (u∞) ∈ L∞(Rn), we have that P∞ ≤ β. Recall
that by Lemma 2.2, f(uk) is a globally Lipschitz function in R

n. By interior regu-
larity estimates we have that uk is bounded in C2,α norm on any compact subset
of Bδ(0). Then uk converges to u∞ in C2,α sense in compact subsets of Bδ(0). In
particular,

0 < β ← Pk(0) → P∞(0). (3.3)

Since β > 0, then 0 is not a critical point of u∞. This, in particular, excludes the
possibility u∞(0) = 0. Define the open set Ω∞ = {x ∈ R

n : u∞(x) > 0}. Clearly
Ω∞ is not empty since 0 ∈ Ω∞. We first claim that inside Ω∞ the convergence is
C2,α

loc , and −Δu∞ = f(u∞). Indeed, given p ∈ Ω∞, by uniform convergence there
exists r > 0 such that uk(x) > 0 for any x ∈ Br(p). Reasoning as above, interior
regularity estimates allow us to conclude the claim.

By applying the maximum principle to P∞, we conclude that P∞ is constant
on a neighborhood of 0. Indeed, we have that the set {x ∈ Ω : P∞(x) = β} is an
open subset of Ω∞. By continuity of P∞ in Ω∞, it is also closed. As a consequence,

P∞(x) = β for all x ∈ Ω̃∞, (3.4)

where Ω̃∞ is the connected component of Ω∞ containing 0.
Take now yk ∈ Ω̃∞ such that u∞(yk) → ξ, where

ξ = sup{u∞(x) : x ∈ Ω̃∞} > 0.

By the Lipschitz regularity of u∞, there exists r > 0 such that Br(yk) ⊂ Ω̃∞.
Thanks to the Ekeland Variational Principle (see for instance [21, Chap. 5]) there
exists zk ∈ Ω̃∞ such that

(i) u∞(zk) → ξ;
(ii) |yk − zk| → 0;
(iii) ∇u∞(zk) → 0.
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Observe that (iii) can be derived only because Br(yk) ⊂ Ω̃∞. In particular,
P∞(zk) → 2F (ξ) ≤ 0, which is a contradiction with (3.4).

Case 2. limk→+∞ dist(xk, ∂Ω) = 0.

As in Case 1, we consider uk extended by 0 outside Ω, so that uk : R
n → R is

a globally Lipschitz function. Observe that u(xk) → 0 since |∇u| is bounded by
Lemma 2.2. Then

|∇u(xk)|2 = P (xk) − 2F (u(xk)) → β − 2F (0) > κ2. (3.5)

Denote hk := dist(xk, ∂Ω) → 0 and assume that this distance is attained at yk ∈ ∂Ω.

Let

uk(x) :=
1
hk

u(yk + hkx).

Observe that uk(0) = 0 and ∇uk is uniformly bounded by Lemma 2.2. Therefore,
we can take a subsequence such that uk converges uniformly in compact sets to
a limit function u∞ ≥ 0, which is Lipschitz continuous (but possibly unbounded).
Moreover, ∇uk

∗
⇀ ∇u∞ in L∞.

Let us denote Ω∞ = {x ∈ R
n : u∞(x) > 0}. First, we show that in compact sets

of Ω∞, uk converges to u∞ in C2,α sense and

Δu∞ = 0, x ∈ Ω∞.

Indeed, take p ∈ Ω∞. By uniform convergence, there is r > 0 such that uk > 0
in Br(p). Recall that f(uk) is uniformly Lipschitz continuous in R: by interior
regularity estimates, we conclude that uk → u∞ in C2,α sense in compact sets of
Br(p). Passing to the limit, u∞ is harmonic in Ω∞.

Now, let zk := xk−yk

hk
, then we can assume that zk converges to z∞ since |zk| = 1.

The same argument as above works in Br(z∞) for any r ∈ (0, 1), and then uk → u∞
in C2,α sense in compact sets of B1(z∞). Hence u∞ ≥ 0 is harmonic in B1(z∞). It
is clear that, by (3.5),

κ < |∇u(xk)| = |∇uk(zk)| → |∇u∞(z∞)| := a (3.6)

as k is large.
By the maximum principle, we conclude that u∞ > 0 in B1(z∞), that is,

B1(z∞) ⊂ Ω∞.
Observe now that, for all x ∈ B1(z∞),

β = |∇uk(zk)|2 + 2F (uk(zk)) + ok(1)

= |∇u(xk)|2 + 2F (u(xk)) + ok(1)

≥ |∇u(yk + xhk)|2 + 2F (u(yk + xhk))

= |∇uk(x)|2 + 2F (u(yk + xhk)),

where F (u(xk)) → F (0) and F (u(yk + xhk)) → F (0) since hk → 0, u(yk) = 0. As
a consequence, |∇u∞(z∞)| ≥ |∇u∞(x)| for all x ∈ B1(z∞). Since u∞ is harmonic,
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|∇u∞| is sub-harmonic; indeed,

Δ|∇u∞|2 = 2|D2u∞|2.

By the maximum principle, |∇u∞| is constant and D2u∞ = 0. Recall moreover
that u∞ is Lipschitz continuous in R

n and u∞(0) = 0. Therefore, up to a rotation
and a translation, z∞ = 0 and

u∞(x) = ax+
n ,

where a is given in (3.6). In particular, Ω∞ is the upper half-space.
For any ε ∈ (0, 1), by the uniform convergence of uk to u∞,

|uk − ax+
n | <

aε

2

in B1(0) for all large enough k. Following [8, Lemma 4.4], let us consider the domain
Dt, the perturbation of B1(0) ∩ {xn > ε}, given by

Dt = {x ∈ B1(0) : xn > ε − tη(x′)},

where x′ = (x1, . . . , xn−1), 0 ≤ η(x′) ≤ 1 is a smooth bump function supported in
|x′| ≤ 1

2 with η(x′) = 1 for |x′| ≤ 1
4 (see Fig. 1). It is clear that uk > 0 in D0 for

sufficiently large k.
Now, we denote a function w which solves the following problem:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

−Δw(x) = −ε in Dt0 ,

w(x) = axn − aε on ∂B1(0) ∩ {xn > ε},

w(x) = 0 on B1(0) ∩ {xn = ε − t0η(x′)}

for some 0 < t0 < 2ε, where Dt0 ⊆ B2(0) ∩ {uk > 0} will touch

J(uk) := B2(0) ∩ ∂{uk > 0}

at some point p ∈ J(uk) ∩ {|x′| < 1
2}. Thus, w(x) ≤ uk(x) in Dt0 by the maximum

principle,

|wν(p)| ≤ |(uk)ν(p)| = κ,

where ν is the outer normal to ∂Dt0 at p.

Observe now that the boundary of Dt0 is a small deformation in Ck sense (of
order ε) of the boundary of the half ball. By flattening the boundary we can pass to
an elliptic operator posed on the half ball, where the coefficients converge to those
of the Laplacian in Ck sense. By using C1 convergence of the solutions up to the
boundary, we obtain that

|wν(p)| = a + oε(1).

We therefore conclude a ≤ κ since ε is arbitrary. This is a contradiction with (3.6).
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Fig. 1. The domains Dt and J , and the point p.

In order to conclude the proof of Theorem 1.2 we only need to show the following
result.

Proposition 3.2. If, under the assumptions of Theorem 1.2, P (x) = α at a point
x ∈ Ω, then P is constant, u is 1-dimensional and Ω is a half-space.

Proof. The proof of this proposition follows the ideas of [2], and is divided in two
steps.

Step 1. If P (x0) = α, then ∇u(x0) 
= 0.

Reasoning by contradiction, if ∇u(x0) = 0, then 0 ≤ α = 2F (u(x0)) ≤ 0, so that
α = 0 = F (u0), where u0 = u(x0). We consider the set

U = {x ∈ Ω : u(x) = u0},

where u0 = u(x0). Clearly, U is closed and U 
= ∅. Then we take x1 ∈ U and
consider the function ϕ(t) = u(x1 + tw) − u0, where w ∈ S

n−1 is arbitrarily fixed.
We have

ϕ′(t) = ∇u(x1 + tw)w.

Then

|ϕ′(t)|2 ≤ |∇u(x1 + tw)|2 ≤ α − 2F (u(x1 + tw))

= 2F (u0) − 2F (u(x1 + tw)).
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Since F (u0) = 0, then F ′(u0) = 0 and F ′′(u0) ≤ 0 by the C2 regularity of F . Hence
F (u) = O((u − u0)2) as |u − u0| → 0. Therefore, we can get that

|ϕ′(t)| ≤ C|ϕ(t)|

as t small enough. It follows that ϕ ≡ 0 in [−ε, ε], for some ε > 0, since ϕ(0) = 0.

It shows that the set U given above is open. Then U = Ω, which implies that u is
a constant, a contradiction.

Step 2. Conclusion.

Then we have that ∇u(x) 
= 0 for any x ∈ Ω with P (x) = α. By the maximum
principle applied to P , we conclude that the set

{x ∈ Ω : P (x) = α}

is a non-empty open set, which is also closed by continuity. Then P (x) = α for all
x ∈ Ω. In particular, u has no critical points in Ω.

We now set v = G(u), where G ∈ C2(R) is suitably determined. By the straight-
forward computation, one has

Δv = G′′(u)|∇u(x)|2 + G′(u)Δu = G′′(u)(α − 2F (u)) − G′(u)F ′(u). (3.7)

Then we have that

Δv = 0 (3.8)

if we choose

G(u) =
� u

u0

(α − 2F (s))−
1
2 ds

for some fixed u0 ∈ u(Ω). Observe that α > 2F (u0) for any u0 in the range of u, so
that the integral defining G is not singular. With this choice, one has that

|∇v|2 = G′(u)2|∇u|2 = 1. (3.9)

We can infer that v(x) = �a ·x+ b for some �a ∈ R
n with |�a| = 1 and b ∈ R. Then we

can obtain that u(x) = G−1(v(x)) = g(�a ·x+b) with g = G−1, since G is invertible.
Then u is 1-dimensional. A priori, Ω could be the inner space between two parallel
hyperplanes, but this is impossible since u has no critical points by Step 1. This
concludes the proof.

We now prove Theorems 1.3 and 1.1.

Proof of Theorem 1.3. Since κ 
= 0, we have that u has no critical points close
to ∂Ω. By the assumption that P attains its maximum at ∂Ω, then

Pν ≥ 0 on ∂Ω.
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Let H be the mean curvature of ∂Ω at a given point. On the other hand,

∂P

∂ν
=

∂

∂ν
(|∇u|2 + 2F (u))

= 2
∂u

∂ν

∂2u

∂ν2
+ 2f(u)

∂u

∂ν

= 2
∂u

∂ν

(
Δu − (n − 1)H

∂u

∂ν
+ f(u)

)

= −2(n − 1)
∣∣∣∣∂u

∂ν

∣∣∣∣
2

H,

by using the fact that ∂2u
∂ν2 = Δu− (n− 1)H ∂u

∂ν on ∂Ω, see [20, Sec. 5.4]. Therefore,

H ≤ 0.

If H(p) = 0 for some p ∈ ∂Ω, one has that ∂P
∂ν (p) = 0. By Hopf’s lemma, we can get

that P is constant, at least in a neighborhood of p. We can now argue as in Step 2 of
the proof of Proposition 3.2 (see (3.7)–(3.9)) to conclude that u is 1-dimensional in
such neighborhood. By unique continuation, u is 1-dimensional. As a consequence,
Ω is either a half-space or a slab.

Proof of Theorem 1.1. By Theorem 1.2, we have that P (x) ≤ κ2 +2F (0) for all
x ∈ Ω.

Let us consider first the case κ 
= 0. In this case we can apply Theorem 1.3 to
deduce H ≤ 0. Moreover, if H(p) = 0 at some point of ∂Ω, then P is constant and
u is 1-dimensional. Moreover, by Step 1 of Proposition 3.2, u has no critical points,
and then Ω is a half-space.

We now address the case κ = 0. Observe that

0 ≤ κ2 + 2F (0) = 2F (0) ≤ 0.

As a consequence, F (0) = 0. Since F is nonpositive, this implies that f(0) =
F ′(0) = 0. But then we obtain a contradiction with the Hopf lemma, and this
concludes the proof.
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