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ARTICLE INFO ABSTRACT

Keywords: In this paper, we study functional approximations where we choose the so-called radial
Radial basis functions basis function method and more specifically, quasi-interpolation. From the various available
Quasi-interpolation approaches to the latter, we form new quasi-Lagrange functions when the orders of the

Approximation orders

- R o singularities of the radial function’s Fourier transforms at zero do not match the parity of the
Uni- and Multivariable approximations

dimension of the space, and therefore new expansions and coefficients are needed to overcome
this problem. We develop explicit constructions of infinite Fourier expansions that provide these
coefficients and make an extensive comparison of the approximation qualities and — with a
particular focus — polynomial reproduction and uniform approximation order of the various
formulae. One of the interesting observations concerns the link between algebraic conditions of
expansion coefficients and analytic properties of localness and convergence.

1. Introduction

In this paper, we study functional approximations in one or more variables to approximands that are at a minimum continuous.
A variety of approximation methods are available, by splines, multivariable polynomials, trigonometric polynomials etc., but here
we choose the so-called radial basis function method.

Among the approximants that can be formed from the linear spaces spanned by shifts ¢(|| - —x;||), where the norm is usually
Euclidean and ¢ : R, — R is the so-called radial basis function, are mostly interpolants (see [4]) and quasi-interpolants (see [6]).
Those in turn can be formed for finitely many scattered data or gridded data, often finitely many.

We will study quasi-interpolants in this article because they are relatively simple to form and have excellent convergence
properties. Those originate from the spaces spanned by shifts w(- — x;) containing polynomials of some low total degree and the
v themselves coming from the span of shifts ¢(|| - —x;||) decaying quickly. Also, collocation is often explicitly not desired. Those
two properties together avail us to establish convergence theorems if the approximands f are smooth enough, the basis ingredients
coming from local Taylor expansions.

All this rests on the “quasi-Lagrange functions” satisfying the famous Strang and Fix conditions, which we cite in an appropriate
form for the convenience of the reader at the end of the introduction. A basic tool is that of Fourier transforms, in one or more
dimensions, of a function f,

f©&= /]R feExdx, &eRn

* Corresponding author.
E-mail address: buhmann@math.uni-giessen.de (M. Buhmann).

https://doi.org/10.1016/j.matcom.2024.03.032

Received 9 October 2023; Received in revised form 28 February 2024; Accepted 26 March 2024

Available online 3 April 2024

0378-4754/© 2024 The Author(s). Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation
(IMACS). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/matcom
https://www.elsevier.com/locate/matcom
mailto:buhmann@math.uni-giessen.de
https://doi.org/10.1016/j.matcom.2024.03.032
http://crossmark.crossref.org/dialog/?doi=10.1016/j.matcom.2024.03.032&domain=pdf
https://doi.org/10.1016/j.matcom.2024.03.032
http://creativecommons.org/licenses/by/4.0/

M. Buhmann et al. Mathematics and Computers in Simulation 223 (2024) 50-64

Since the y are to be linear combinations of the ¢(|| - —x;||) satisfying the Strang and Fix conditions depends on orders of
singularities of the generalised Fourier transforms of the radial basis functions ¢. In order to resolve those singularities at the origin,
the coefficients forming the quasi-Lagrange functions from the ¢s are designed such that there is a high-order contact between the
functions at zero.

This works very well if the parities of the singularities and the orders of the zero of the trigonometric polynomials in Fourier
space that are formed from the aforementioned coefficients match and are even, but if the orders of the singularities are odd, extra
work has to be done. Roughly speaking, it is no longer possible to have trigonometric polynomials coming from the said coefficients
of y as a linear combination of shifts ¢(|| - —x;|), but they end up in infinite series in order to have the required high order contact
absorbing the singularities of different parities.

We aim to undertake an analysis of this phenomenon, our prime examples being multiquadrics, which ought to be used in
odd dimensions so that the order of the singularity at the origin is even, and thin-plate splines, which ought to be used in even
dimensions so that the order of the singularity at the origin is again even. And we intend to employ these radial functions just in the
spaces of “wrong” dimensions, i.e., even and odd respectively and develop and compare different methods to resolve the mentioned
problems (cardinal functions, infinite expansions for quasi-Lagrange functions and others). The specific examples we study are the
thin-plate spline in dimension one in Section 2 and then compare to the generalised multiquadric in one dimension, which is in the
“right” dimension (see Section 3). For the latter we give an explicit expression of the quasi-Lagrange function. We put particular
emphasis not only on comparisons but on the order of decay (localness) of the ys and of course on the polynomial precision of
the generated vector spaces. In Section 4 we introduce a new approach of constructing quasi-interpolants, starting from the Fourier
domain. Throughout, we shall need the following famous result of Strang and Fix (short SF-conditions). (See, among many other
possible references, [6, Theorem 2.2]).

Theorem 1 (Strang and Fix conditions).
Let w : R" - R be a continuous function such that

1. there exists a positive ¢ such that for some nonnegative integer m, when ||x|| — oo, |w(x)| = O(||x||™"™"%), which immediately
implies m-fold differentiability of the Fourier transform,

2. D*y(0)=0, Va €N, 1 < |a| <m, and y(0) = 1, where |a| = a; + -+ + a,,

3. D*y(2xj)=0, Vj € 2"\ {0} and Ya € NI with |a| < m.

Then the quasi-interpolant

Onf()= Y fGhw(x/h-j),  x€R", m
jezn
is well-defined and exact on the linear space P,, of polynomial functions of degree less than or equal to m. The approximation error can be
estimated by

o(h™+?t), When 0 < ¢ < 1,
104f = fllo =4 O(R"*' log(1/h)), when ¢ =1,
O(h™+1), when ¢ > 1,

for h — 0 and a bounded function f € C"*!(R") with bounded derivatives.

2. The thin-plate spline in one-dimension using infinitely many coefficients

Along this section and as outlined in the introduction, we consider the radial basis function: @(r) = r?log(r). Therefore the
relevant generalised Fourier transform is (see [9, Chapter 4.6]):

@(r) = =2n ((1 + % - y) §"(r) - r—a) ’

where, as usual, § denotes the Delta-distribution and y is Euler’s constant (y = 0.577216...).

At this step, we define y as the real number (if it exists) satisfying ¢(r) = r™# + O(r~#*1), r - 0*. Here, the = means equality up
to a nonzero constant multiple.

We have u = 3 in this particular case. The quasi-Lagrange functions will take the form

v =) yelx—jl.  xeR. @)
jez

We study the resulting schemes for different choices of the 4 coefficients in this “wrong” (odd) dimension, where we cannot achieve
the SF-conditions using only finitely many coefficients. This is because the trigonometric expansions with odd-order zeros at the

origin, resolving odd order singularities, will always be infinite unlike the even power singularities. We present several approaches
to compute the A coefficients.
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2.1. Cardinal interpolation, infinite expansions from shifts of the radial function

An Ansatz that always works in forming of Lagrange functions, no longer quasi-Lagrange functions, from equally spaced shifts,
is
¥@=w =Y Ae(x-jl), x€R,
JEZ
which satisfy y(k) = w(k) = &, for all integers k, where we use the standard notation y for the cardinal functions.
The coefficients A; come from the Fourier expansion within the Wiener algebra of the reciprocal of the so-called symbol,
6(9) =Y ez @ +2n0), so that

L [" Y 4 Z
A= — , i .
1= / o) /€
The localness or asymptotic decay of y(x) is identified as |y (x)| = O((1 + |x|)™*) for all (in particular large in modulus) x. For a
suitable result see [4, Theorem 4.3], and here u = 3.
As mentioned previously, the polynomial reproduction of the quasi-interpolant Q,, that is Q,p = p for certain low-degree
polynomials p, is crucial. In this case we get the polynomial reproduction: P,-reproduction because u = 3, (see [4, Theorem 4.4]).
A by now standard theorem then delivers a uniform approximation error for suitably smooth approximands f € C*(R) with
bounded derivatives

Ir = X rtkmw - o) _ = 0w 10g h)
kEZ

for h — 0 (see [4, Theorem 4.6] or the convergence results in [5]). We have to apply the remark in the proof, and not Theorem 4.6
itself, because y is an integer or we can apply Theorem 1 with m =2,/ =1,n=1.

Cardinal interpolation always works without demands for certain parities of dimensions and orders of singularities; this is because
no polynomials of trigonometric type but infinite expansions are used. We now turn to “genuine” quasi-interpolations where no
cardinal conditions are demanded.

2.2. Quasi-interpolation without cardinality conditions

We now wish to go away from the well-known cardinal function approach and use straight quasi-interpolation instead. That
brings us to the problem, when the parity of the radial function’s generalised Fourier transform’s singularity at zero is odd, we can
no longer form a trigonometric polynomial g, say, that matches the degree of the said singularity. This comes from the fact that only
even powers of trigonometric expansions have finitely many coefficients when written as Fourier series expansions. So we need to
use expansions of periodic series with infinitely many coefficients 4; coming from the Fourier coefficients of (2 — 2 cos x)3/2 or for
instance |sin x|>. These are of course by no means unique, but mere examples. Therefore we end up in expressions like (2).

We are interested in applying the SF-conditions to check the degree of polynomial reproduction of the quasi-interpolation with
thin-plate splines in one dimension. They depend on the properties of the (classical) Fourier transforms of y. By straightforward
computations and dividing by 2z in order to normalise it can be shown that

o ay by o _ d2 (&)
P(0) =1, d§<0)_0, d6k<2m)_o,vjeZ\{0},k_0,1, e

As the SF-condition for first degree derivative is satisfied but the second derivative is not satisfied at &£ = 0, we have PP, -reproduction
at a maximum (but not any higher). We arrive at

0 #0.

Theorem 2. Let ¢ be the thin-plate spline radial basis function. With n = 1 and the Fourier coefficients of (2 — 2 cos x)*/2 being the A j» the
quasi-interpolation

of =Y fow(-—k ®)

keZ
is exact for linear polynomials p.

The next question is the decay of the quasi-Lagrange functions w: We expect |w(x)| = O(( + |x|)~*) (see Theorem 11 for
M = 3). This is one order better than the routinely required third order decay which would suffice for absolute convergence of
the quasi-interpolant when at most linearly growing approximands (in particular linear polynomials) are inserted.

This leads us to the question of approximation error; a routine result gives us from the identified polynomial reproduction and
the order of decay of the quasi-Lagrange functions O(h?) for h — 0. (See Theorem 1 with m = 1,£ = 2,n = 1.) Notice the absence of
the logarithmic term due to the one order faster decay of the quasi-Lagrange function.

2.3. An intermediate formulation of yw and its Fourier transform
Another scheme is the separation of the Fourier transform’s singularity into two factors: one that resolves the odd singularities
degree separately, and leaving an even and negative power, and then using the classical approach for the high even order contact

at the origin.
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So we begin in trying to improve the polynomial reproduction using the above scheme and the situation at zero. We set therefore

() = POIsin®|oE),  E€R,

P being P(¢) = Zsz_ ~ Mpe'™ a suitable trigonometric polynomial. In summary, we set this new scheme in this way:
We have to fix the coefficients of the quasi-Lagrange functions. This always begins with setting the coefficients 4, to be the
(infinitely many) Fourier coefficients of the expansion of

P(&)] sin()], —-m<é<m,
- this is by no means unique, we could use for instance
P —cos@)'?,  —z<és<am

Many other choices of (roots of) trigonometric functions are possible. Depending on those coefficients, especially which trigono-
metric expansions they form and which orders their zeros have, we will arrive at a reproduction of polynomials, for example
IP,-reproduction.

In order to compute the terms and derivatives that will serve to verify up to which order the SF-conditions hold at zero, we will
use

P)|sin@)| _, P(&)sin(§)
y4 3 =2 3
<1 ¢
as £ goes to 0 because the singular term in @(r) is a constant multiple of »~— at the origin. In order to satisfy the conditions at the
zero for P,-reproduction we demand according to the Strang and Fix approach

p =2

(&) =1+0&). Q)

Therefore, close to the origin, we can expand

i N 3 g5 g7
ZHM =2 Z ﬂkeik§ <§_ é:_ + é_ — é_ +> X§_3

£ P ™ 3! 5! 7
which is
(lkéf)f §3 & g -
2 2 Z M ( ' + ; - ? + > Xf
k=—N j=0

Now, by imposing the condition (4) we have

k. 2 4
1+0(¢)—2n22k('5) (5—2 i %1)

k=—N j=0

The above equation will give conditions on the u,s which are not unique. Specifically, for N = 2 we obtain

Zyk—O Zkyk—o,—ﬂi<k2 )k—l

k==2 k==2

and further

2
_l 3 Loy, -
kzz (k+K) =0, — o 22<10+k + 2);4,{_0

This can be formulated equivalently as

2 2 2 2
Zﬂk=zkﬂk=0’ Zkz:“k:_%’ ZkSﬂk:O’ Zk4”k__ ®)

k==2 k=-2 k==-2 k==2 k=-2

We will then choose

P AR N
H_2 S”a#_l ”,Mo 4”sl41 ”,;42 o
or
P = Lot Loe T L, 1 i
T dr 8
ie.
P =1 -= 005(5) + cos(2§)

We can easily verlfy that the upper bound on the right-hand side of (4) holds for (&) = P(€)| sin(€)|(|€]).
Now, let us study the behaviour of the derivatives y“)(2z/), j € Z \ {0}. The purpose of this is checking the SF-conditions:
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1. For # = 0 we have
y(2xj)=0, jeZ\{0},

because of the |sin(£)|-term and the continuity of ¢(£) away from the origin.
2. For/ =1

sin(§) cos(§)

di
&) = PO sin(@)9p©) + P©) @) + P©)]sin(@)1§" (&) ©)

dé I sin(&)|
which vanishes for all 2z, j € Z \ {0}: the first and the third term clearly vanish; the second term of the right-hand part of
(6) vanishes due to Zi:—z i =0.
3. And for # = 2 the derivatives of the first and third terms of (6) vanish at 2zj with j € Z \ {0} (we now have to use that

Zi=_2 kuy = 0). In fact, problems could come from the derivative of the second term of (6) which we will therefore have to
compute explicitly. It is
: 2
P3O o) 4 b)) ey - Pe)] sin@)lp(&)
| sin(§)| | sin(§)]
sin(&) cos(é) cos’(§) ,
P(¢)——— - P
+ P&) _| S| @' (&) () [Sin(e)] (4¢3 |
= P’(:)%@@ — PO sin(®)19(&) + P@)%@’(s).

In summary, the second order derivatives of { vanish at the points 2z, j € Z \ {0} and we have all the requirements for
getting PP, —reproduction.

We sum our findings up in the following result.

Theorem 3. Let ¢ be the thin-plate spline radial basis function, n = 1 and the Fourier coefficients of P(-) X |sin(-)|, P as above, being the
quasi-Lagrange function’s coefficients A; in (2). Then the quasi-interpolation (3) satisfies

Op=p

for quadratic polynomials p.

Remark 4. At the points x = 2z, j € Z \ {0} the third derivative of { has a jump discontinuity, so we will not be able to satisfy
high enough degree SF-conditions that we could successfully impose in order to arrive at P;-reproduction.

We note that a convenient way to show that the second order SF-conditions, and only those degrees, are satisfied at the
& = 2xj,j € Z\ {0} (while they would hold at zero up to order three, although that does not help) is to notice the following:
if we define g(¢) = % sin |&] + % sin |€ — x|, then

Ising|= ) g¢—kn), E€R

k=—o00
Therefore, using P as above and expanding about the origin we get near zero
2 4 7e6
¢ ¢ ¢ i )

+ —_— = ——

PO|sinélp(1) = 20 PO siné] x [£7 = (sing2me ™ (£ + - - 25—
_ g 1 ¢ 78
= (¢- 6 +"')X(§+6_ 180+"')
which is
T .4 6
- —
120§ +0(”)
near zero, so third order SF-conditions are possible, but since

PE)|sinélp(E]) = 1€7° (1€ - 27j1* + 0(1& - 27j]7))

near ¢ =2rxj,j € Z )\ {0}, only second order SF-conditions are satisfied. The mentioned third degree derivative discontinuity can be
seen as well.

In fact, using the above form of |sin| we can compute its generalised Fourier transform which could then be used to compute
some y explicitly.

The details of the computation are given in Appendix A.1 Lemma 14, where we show that the generalised inverse Fourier
transform 7! of |sin| is

1 .
1>< + exp(ixr)

F~sin|(x) = = —— X Dy(x).
T 1—x

54



M. Buhmann et al. Mathematics and Computers in Simulation 223 (2024) 50-64

Here D, is the Dirac comb

o)
Dy= Y &(-—2k).
k=—o00
We always have to study the decay of y, because the resolution of the singularities at the origin will not deliver the desired
polynomial precision of

> pow(--k)=p @
keZ
unless the series above converge absolutely. For this we will need at least an asymptotic decay of O((1 + |x|)~3~¢) for the quasi-
Lagrange function in order to get the summability of the series for the aforementioned quadratic polynomial reproduction. The
asymptotic decay is fairly easily established (see, for instance, [4] or [6]) by exploiting the differentiability properties of the quasi-
Lagrange function’s Fourier transform. At even order multiples of 7 this § is infinitely smooth, but at odd multiples of =, we observe
the following behaviours. We get about & = (2 + 1)z (but not about & =2jr)

. 8 s g 8
gily}fw(ﬁ)——;, 5ilf}[+u/(§)—;-

As (&) ¢ C'(R), then the maximum decay we can obtain for y(x) will be O((1 + |x|)~2) according to our previous remark.
Finally we note that the approximation order (with the established decay and [6, Theorem 2.2] with m = 0) will be O(h | log A|).

Remark 5. So far, we have only considered pointwise function evaluation as a mean to put the approximand’s information into
the quasi-interpolant. It is entirely possible to formulate the latter with different linear functionals applied to the approximation:

0f() = Y A=)

JEL

where 4;(f) are suitable functionals. For example, they could be related to the polynomial P(x), i.e.

N N
L= Y mfG=k or () =Y mfOu)
k=—N k=0

being 4, the coefficients of P(x) in order to get polynomial reproduction; we may also take local integrals.

That Ansatz would amount to a preconditioning of the approximand before it is fed into the quasi-interpolation procedure.

As soon as the decay of y in absolute terms is not sufficient for the absolute convergence (summability) of the series in (7) the
functionals must help in order to improve the decay of the function y because we need the summability of the series so that the
polynomial precision is formed in a well-defined way. However, we do not provide any further detailed analysis of this aspect in
this work (but see [6]).

3. Finitely many coefficients for the quasi-Lagrange functions

In odd dimension the “natural degree” i.e., even order singularity at the origin, radial basis function using multiquadrics and
their ilk will be (r) = (2 +¢*)*/? instead of @(r) = r? log(r). In this case using only finitely many coefficients is possible. We present
two schemes for the use of generalised multiquadrics, a classical one to resolve the singularity and another which improves the
polynomial reproduction order. We finish this section with a short subsection on the possible use of B-splines.

3.1. The classical scheme with the “natural degree” radial basis function in R

The radial basis function is in the first place () = (> + ¢2)*>/2 which we shall call the generalised multiquadric function. Its
Fourier transform has the property that near zero we have that @(r) = r*, as required (even order), and therefore in our notation
above y =4.

The quasi-Lagrange function’s now available finite number of coefficients A; are the Fourier coefficients of (1 —cos(¢))?. The latter
is a trigonometric polynomial with an even order zero at the origin. Thus, the A; will have finite support with respect to their
indices. One way of choosing the Fourier transform is, as a consequence, (£) = (1 — cos(€))?®(|£]).

It is interesting to verify the polynomial precision results for the cases in the classical way of analysis. Taking into account that
the (distributional) Fourier transform, &(¢&), of the generalised multiquadric @(x) = (¢2 + [|x[|>)’, x e R", ¢ > 0, f € R\ N, is

C

R 144 p+5
¢(§)=(27r)”/22—< ) T X Kypn(elil), €0,

rp \ &l
according to [9] we have, in our case (n = 1,8 =3/2),
e = o222
P& =(@2nm) T(<3/2 & Ky (cléD).
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Furthermore, from [11] we read

(s —
—K - 2: 1 2k
e Ko Cllélh = ”5”22 T eliely
(=< (clign™
(%) ‘°g“f"2m

o (clle*

_< >1°g ;4kk'F(s+k+1)+

(—c )S ( log2 +1‘l’(k+1)+‘l’(s+k+1)>
SN\dkKT(s+k+1) 2 4k (s + k) k!

x (cllEl™,

')

where ¥(z) =

Theorem 6. The quasi-Lagrange function satisfies the bound |y (x)| = O((1 + |x|)™>).

This localness, i.e., decay of v, is identified by differentiating its Fourier transform and because y(¢) can be expanded, about
=0, as

a+af + bt log|é| + -+, d,a,beR,

where the dots mean hlgher order terms (higher powers of ¢ and/or logarlthms) in the expansion. Indeed, this comes from the
previous expansion of — iz |2 K,(c||€]l) and the expansion of (1 — cos(£))? given by , around ¢ = 0. Therefore, by applying the inverse
Fourier transform we would obtain the above-mentioned decay (see [9], for 1nstance)

In order to prove that the polynomial reproduction is ’;, we make some explicit computations. First we derive the suitable
normalisation constant, by noting that

2
o(ED) = @2 = = Ky (clé])

r ( 3/2) 52
- g - 35% +6 ( 116 4 (% - 2}/) éc“ log(2) — —c 4log(c) — —c 1og(|¢|))
Since we multiply by (1 —cos(¢))? = §+ -, &€ > 0, we would have y(0) = 3. Therefore, in this case, we should divide by 3. It results,
N dhy .
(0) =1, d—§< ) =0 d—§k<2m)=0, vjeZ\ {0}, k=0,1.
As ;22(6) (0) # 0 the SF-condition for the second derivative is not satisfied at £ = 0. Therefore we will have P, reproduction at
most.

Theorem 7. Let ¢ be the generalised multiquadric radial basis function, with n = 1 and the Fourier coefficients of — (2 2cos x)? being
the A in (2). The quasi-interpolation (3) satisfies

Op=p
for linear polynomials p.
The approximation error, determined by Theorem 1 with m = 1,7 = 3, and n = 1, exhibits an asymptotic order of O(h?).
Remark 8. As
L3 . 1,
1— 2 o2 _ omit L 2 ik 202 —r<E<
(1—=cosé)” = 4 +2 e +4e s n<éLm,
the kernel y is given by the finite sum
1 3 1
w(x) = Zco(lx +2)—(x+ 1D+ Efﬂ(lxl) —e(x—1D+ Z(ﬂ(lx -2)), xeR.
We can also use Wolfram Mathematica software to check that this finite sum satisfies
lw)| =01+ [x)77), x| > co.

3.2. Improving the reproduction

Starting with the above explicit construction, we can improve the above scheme to P;-reproduction changing (1 — cos(¢))? by a
suitable trigonometric polynomial P(£). We consider
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- as the radial basis function we take the generalised multiquadric function defined by ¢(r) = (2 + ¢2)*/2,
« as the finite sum of exponentials in order to resolve the generalised multiquadrics’ singularity P(¢) = ZkN: _n He'®é,
» and therefore, finally, as Fourier transform (&) = P(&))(|&]).

We adjust the coefficients u;, of P(¢) in such a way that the expansion of (&) around ¢ =0is 1 + O (54 log |& |). To do that, we
impose that, in that expansion, the coefficient of & is 1 and the coefficients of &=*,£73,&72,£71,£,£2,£3 vanish (even the vanishing
of the coefficient of £&* may be added, but not the one of &*log(|£|), which is not compatible with the previous conditions due to the
log-term). The system to be solved collecting all of these requirements is

N N N N N N
Z He = 2 kpy, = 2 K2uy = z K =0, Z k*u, =2, Z K =0,
k=—N k=—N k=—N k=—N k=—N k=—N
N N N

Z Kop, = —15¢2, 2 Ky =0, Z ksyk=%c4(1+4y—410g2+410g6).
k=—N k=—N k=—N

Its solution for N =4 is:

Uy = ﬁ(zs +60c? + 15¢* + 60c*y — 60c* log 2 + 60c* log ),

Uy = ﬁ(—m —30¢? = 5¢* — 20c¢*y +20c* log 2 — 20¢* log ¢),

1 2 4 4 4 4
= —— (676 + 780c? + 105¢* + 420c*y — 420¢* log 2 + 420¢* log ),
H_o 2880( c 4 Ty c” log c” logc) ®
Hoy = ﬁ(—976 — 870¢% — 105¢* — 420c*y 4 420¢* log 2 — 420¢* log ¢),
sy = 3%(364 +300¢2 + 35¢* + 140c*y — 140¢* log 2 + 140c¢* log ¢),

with y; = p_; for i =1,2,3,4.

By inserting these coefficients into P(¢) we obtain that the expansion of (¢) around & =0 is

1= St loglgl+ -

16° % '

Therefore, by applying the inverse Fourier transform (see, e.g., [9]), we obtain a decay of order —5 for y:

lw)| =01+ [x)77), x| > co.
On the other hand, for this choice of P(¢), the (distributional) Fourier transform of vy,

252 2

~ _ 1/2 c
9O =0 LS SKaCeDP@, EER

satisfies the conditions

7 (0) =1 dkli'z N=0,VjeZ k=123
p0)=1, d—ék(”J)—,JE , k=1,2,3.

4~
Therefore, according to the SF-conditions, P;-reproduction is reached by the quasi-interpolant. As %’_{(0) = oo it is not possible to
achieve P,-reproduction in this case. )

Theorem 9. Let ¢ be the generalised multiquadric function, with n = 1 and the explicit A; as above for general parameters c in (2). Then
the quasi-interpolation (3) is exact for cubic polynomials p.

Putting all together, the approximation order of the quasi-interpolant is h*|log h| (Theorem 1 with m =3, = 1,n = 1).

Remark 10. The kernel y is given by the finite sum

4
v = Y mellx—k).  xeR,
k=—4

where y;, k = —4,...,4 are defined in (8). Using Wolfram Mathematica software we are also able to check that this finite sum
satisfies

[yl = O+ [xD7),  |x] = oo
3.3. Scheme with the cubic B-spline

The basic ideas of forming quasi-interpolants, quasi-Lagrange functions and providing polynomial precision stem from B-spline
quasi-interpolation. This one has the same behaviour than the function of the previous section at r = 0, i.e., we set
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+ as a radial basis function ¢(r) = r* and therefore we have the Fourier transform ¢(r) to be a constant multiple of r—*,
+ the quasi-Lagrange functions y are in this case the cornpactly supported normalised B-splines that have well-known analytic
_ —ié
Fourier transforms N (&) = (No(f)) bemg Ny(§) = ! ; R
1

» and our well-known coefficients 4 ; are the (finitely supported) Fourier coefficients of (1 — cos(£))>.

+ the decay of y(x) is clear, we notice that it is faster than O((1 + |x|)~¥) for any k € N.
Studying this setup using Theorem 1 with # > 1,n =1 gives

« as far as polynomial precision is concerned, P, -reproduction. The same case as in the first part of Section 3.1. By the way, we
could improve the polynomial exactness to ’; by adding a suitable polynomial P(x).

+ Finally, the approximation error is O(h"*!), the exponent being m = 1 or m = 3 depending on polynomial reproduction order
in our particular cases.

4. A further construction in the Fourier domain

Looking closely again at the SF-conditions we notice that the second and third set of conditions can be easily satisfied starting
the construction in the Fourier domain. When we start in the Fourier domain the more important part is to ensure that the first
condition is satisfied. In order to deduce the decay conditions of the function from the Fourier transform we establish the following
result.

Theorem 11. Let f be a symmetric real valued function satisfying

1. f € CM-1(R) with dll derivatives absolutely integrable
2. f™ is q locally absolutely continuous function and it has bounded variation on R,

then | f(®)| = o(|o| ™M), @ - +o0.

Proof. It follows immediately from the Riemann-Lebesgue Lemma and by integration by parts that | f(w)| = o(w™™), @ — +oo.

Also, f™) has a well-defined Fourier transform with bounded L'-norm (see the first display in [10, Theorem 1]) and it even
has an integrable derivative, so we have once more by the Riemann-Lebesgue Lemma that even |f(w)| = o(Jo~™~'|). Notice for
the argument of partial differentiation where we integrate the exponential and differentiate the other factor in the integrand,
integrability is sufficient. This concludes the proof. []

4.1. Foundation of the construction

[4S)
e’

By Theorem 11, it will be useful to have a function y with Fourier transform of type (&) = , with Q(¢) such that (&)

satisfies the following conditions:

1. It belongs to C?(R) and (&) is a piecewise continuous function, and it has bounded variation in R. Moreover (¢) and its
derivatives up to the third order have to be integrable.

2. The SF-conditions must be satisfied in order to get P,—reproduction which requires that Q(¢) must have a zero of order 3 at
the origin.

We think that the point is that we must avoid jumps in the Fourier transform. More in detail, if /*)(w) has a jump then it will
have a behaviour like a multiple and shift of the Heaviside function. So, we will obtain for f(x) an asymptotic decay of O(|x|~™~1)
at maximum, although we also need some other conditions as absolute integrability and bounded variation of the function and its
derivatives. The reason is that the derivative picks up a Dirac delta, which has a Fourier transform of constant modulus.

With the above conditions, we have found the example

sm.f;'
T
The function in the Fourier domain is plotted in Fig. 1. This function satisfies all the requirements. Moreover, as the third derivative
of (&) has a jump at & = x, visualised in Fig. 2, we would obtain an asymptotic decay of (1 + |x|)~*. In fact, computations with
Wolfram Mathematica software indicate that this is so. We have the following properties:

P = e s ., a>0.

1. Decay of y(x) turns out to be w(x) = o((1 + |x|)™*): to find that, we apply Theorem 11 with M = 3.
2. Polynomial precision: P,—reproduction.
3. Approximation error: O(h3|log h|), (use Theorem 1 with m=2,7 = l,n = 1).
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-6 -4 2 4 6

Fig. 1. Graphs of i (left) and y’ (right).

20

-3 -20

Fig. 2. Graphs of " (left), ¥® (centre), and ¥ around z (right).

4.2. Generalisation of the construction

We now give a general description of a method to derive similar quasi-Lagrange functions with higher order polynomial
reproduction. We look for a y with Fourier transform of type
eP@ | sin(&)|"mH
[ sin(d)| . )
| §|m+l

for a polynomial p. Further (&) should satisfy the following conditions:

()=

1. It belongs to C™(R). Moreover, §"*!(&) is a piecewise continuous function and has bounded variation on R. Furthermore,
(&) and its derivatives up to order m have to be integrable.
2. The SF-conditions cited in Theorem 1 must be satisfied in order to get P, -reproduction.

The properties can be translated into conditions on p(¢), in (9). Since for m even
(@) = Isin(®)|™*" = sin™*!(£) sign(sin(¢)

is in C®(R \ #Z), it is further in C"(R) since g’ (kx) = 0 for all k € Z and j < m.
Combining this with the higher order product rules and continuity of |£]™"~' outside zero, (&) satisfies the third condition of

Theorem 1 since e”® is C®(R).
Part 2 of the second condition is satisfied if ¢”® = 1, which is equivalent to assuming p(0) = 0. For the first part of the second

condition of Theorem 1, we need to compute the derivative of §(¢) near zero. We find that using for [£| < z:

& P @ISN@OI™! ) (m+ 1) sin"(€) cos(&) sign(sin(&))

W=
|§|m+1 |é:|m+1
1 m+l, .
4 eP® | sin(§)| ém:r; 1) sign(¢)
= P® P& sin™ (EE + (m + 1) sin™ (&) cos(E)E + sin™ (&)(—m — 1)
§m+2 N

where we used that m is even, and that for |&| < x, sign(sin(£)) = sign(¢). The condition ¥’ (0) = 0 is therefore satisfied if
P sin™ (@& + (m + 1) sin™ (&) (cos(E)E — sin(&)) = OE™H),
sin(x)

taking into account that lim == =1 for x — 0. It remains to show that

P (&) sin(€)E + (m + 1) (cos(§)E — sin(€)) = O(&>).

Using the Taylor series of the trigonometric functions we can show
4
/ 2 ¢ Ly, 1, 3
_ (== — =
p(f)(é‘ 6>+<m+ )(—38+5587) + = 0@,
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which is true if
P& =0).

This condition can be satisfied for # = 1 if p(¢) = i:z a, ¥ for any choice of coefficients a;, with a ; < 0, which ensures integrability.

For higher order derivatives one needs to ensure that the Taylor expansion near zero of

ep(f) Sinm+1 © = §m+l + O(§2m+2). (10)

Theorem 12. Let  be of the form (9) and p(¢) satisfies (10) for an even m. Then the quasi-interpolation (3) is exact for polynomials of
degree m.

Remark 13.

1. For the case of m = 2 this gives

3
0@sin™1(6) = 9 (£~ £, -)

2 3 3
= (1 +0' (0% + (p(0) +p'(0%) % + ) (‘15 - % + >

2 S
- (1 +p”(0>%> (:3 -S4 )

which is equal to & + O(£°) if we choose p(&) = —&* + %
2. In order to compute the function y it is helpful to note that the inverse Fourier transform of ¢=*" has been computed in [2] and

a series representation of the Fourier transform of el g given in Appendix A.2 to also compute higher order polynomial
reproduction properties.

5. Summary of the results

In Section 2 we compared two options of constructing quasi-interpolants using thin-plate splines and an infinite number of linear
combinations to cardinal interpolation. The results are summarised in Table 1.

In Section 3 we studied multiquadric and polyharmonic-spline based quasi-interpolants. The result for the use of these basis
functions with and without forming adequate finite linear combinations are displayed in Table 2. Two alternative constructions can
be found in Section 4 - where a new radial basis function characterised in the Fourier domain which gives good approximation
properties is introduced - (see Table 3). For the general construction described in Section 4.2 the approximation order can even be
increased to order A"*!|logh|.

Table 1
o(r) =r? logr.
Method s Reproduction Decay Approximation order
Cardinal Infinite P, o((1 +|xP™) O(h*|log h|)
Section 2.2 Infinite P, Oo((1 + |x|)™*) o(h?)
Section 2.3 Infinite P, o1+ |xD™2) O(h|loghl)
Table 2
The asterisk means that we included a suitable polynomial.
RBF o(r) A’s Reproduction Decay Approximation order
(2 + 22 Finite P, o1+ [x)™) O(h?)
( + 22 Finite* P, o((1 + |x)™5) O(h*|log h|)
Cubic B-spline Finite P, o1+ |x)7%), Vk e N o(h?)
Cubic B-spline Finite* P, o1+ |x)7%), Vk e N o(h*)
Table 3 s
2 | si N
The function (&) = et T sing a>0.
Function As Reproduction Decay Approximation order
W) Infinite P, o((1+ [xD™) O(h*|log h))
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Appendix

A.1. Computation of the inverse Fourier transform of | sin(¢)|

Lemma 14. The inverse Fourier transform of | sin(x)| is

1+ i
1 » exp(ixr)

F~!sin|(x) = - — 5 XDy,

Here D, is the Dirac comb

D, = i 8(- - 2k).

k=—co

Proof. In Section 2 we used that if g(¢) = - sm |&] + = sin |€ — x|, then

siné| = Z g¢—kn), EeR

k=—00

In order to give the inverse Fourier transform of |sin£| we note first that the generalised inverse Fourier transform F~! of sin |£] is

Flsin| - |(x) = i /oo sin [€] exp(iéx) d& = 1 /oo sin & cos(€) dé
T Jo

= - hm exp(—eé)sin&cosEx dé
0

T e—0

= \/7 lim \/2/00 exp(—eé)sinécosEx dé
2 =0, T Jo
= \/> lim F. (exp(—€&)siné) (x)
z\ 2

< 1+x 1—x )

=L = +

Vor % \or \eE2+(1+x)?  e2+(1-x)?
1 2 1 1

2r1-x2 rl-x2

s> given in [7], (17.34.227). This gives

where we used the cosine transform, F,

1

F_]sin~x=— .
10 =

Therefore, the generalised inverse Fourier transform of g is
1 exp(ixr)
1—x2 1-x2 )

This gives according to [12]

1 _ 1
F g(x)—2”<

1+
P sin | () = + x —eXp(’x”) x Dy (x).
b3 1 —x2

First, we have

IsinGl = g(x—kn>=< 2 6(~—kn>*g> @)

k=—o0 k=—c0

Now, from F~!f(x) = (Ff)(=x) and F71(f * g)(x) = @Qn)" F~L f(x) - P~1g(x) it follows:

(21!)”

k=—00

(1 £ o)) (3 (e 522)

Do) % 1 ( 1 + exp(ixx) ) O

1—x2

P~ sin()|(x) = 27rT’_1< > 6(~—k7r)> (x)x P g(x)

A.2. Inverse Fourier transform of exp(—||x||#)

We now want to investigate the class of inverse n-dimensional Fourier transforms of the functions

E@©) = e*||§||ﬂ’
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which are integrable for g > 0. The presented results are based on the results given in the thesis of one of the authors [8, Chapter
3.3]. We start by gathering informations about the special choices of g which have already been considered.

» B = 1: In this case the function is
E@¢) = e—llfll’
which is the Poisson kernel. Its inverse Fourier transform is

FLEE) = ir(ﬁ + l) é,
2t \27 2 il
A +1E)3272
which is a special case of the generalised inverse multiquadric, ¢(r) = (1 + r3)%/2, with a = —n — 1,

« p = 2: The function is the Gaussian basis function E() = e I¢I°, which has the inverse Fourier transform F~'E() =
(1/47)"2e=16I/4 \which is also a Gaussian basis function,

« f = 2N: The function is E©) = e ¢I*"; its Fourier transform was considered, for the case n = 1, in [2]. The Fourier
transforms of E(&) = ¢~AlEPY have therein been approximated without giving a representation different from the obvious
integral description. For the special case § = 4 the resulting radial basis function is called the inverse quartic Gaussian (§ = 4).
A series representation has been computed using Matlab by Boyd in [3] and takes the form

© ray/2) <ﬂ)4k
g = L .
FTEQ) = 2372 l§) ra/2+ Nr@a/4+k) k!

[

1 2
- g TGN Y

k=0

( 1l )4k
r5/HrQ3/2) 4
TG/2+TG/4+k) k!

We now give a representation of the inverse Fourier transform of E(¢) = e~ ll¢ I,
We focus on the case # > 1 using the series representation of the Bessel function. However, to be able to compute the Fourier
transform we need to prove this additional lemma first.

Lemma 15. The series

r n+2k >
(5

Z(_l)kaZk—n’
P I(k+DIk+4)

eR,
is absolutely convergent for every f > 1.

Proof. We are going to prove that by applying the root test to the series the resulting limit is 0. First, we have

1

F<n+2k) i F<n+2k) k
0< lim |(=fa*—— L | — i | L
koo T+ DI+ 5| k==l T+ DI+ D)

Applying formula 8.327, 1* of [7] we have that for large k

==

1 n+2k
2k n+2k k 2k nt2k _ (n+2k _ ) 7k ket 5—1
a F<_/} ) . a \/ZE\/—/] 1 = 1 efe c
T+ DI+ 25| = [T
k+ DIk +3) \/2nﬁkk\/2n,/k+g-1(k+'2-’-1) P

a(t=1y ¢ niok 571 e k=D ok 7|
cezﬂ( —1) a*e ”(——1)
_ 5 G
- -1 k(e + & — D
n 2 2 2
\/;\/Zﬂ(k+§—l>
1
(t=1y ( ne2 = 21—y (o 5
et (e )| foab(em )

X
n_1 n_
\/Z\/Z(k+§—l>§_i k(k+35 -1

where ¢ is a constant that comes from the remainder of the series in the numerator. The last expression, for large k involves a (first)

2
. . . ) .
fraction that tends to one and a second fraction that is of order O(k# ~). As > 1, the absolute convergence of the series for any
a € R follows. []
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Lemma 16. The inverse Fourier transform of E(x) = ¢~ x e R", p> 1 is

FEE) =

2k
2" 1 i o () r<n+2k>.

/2 p KTk +3) B

Proof. We use the formula for Fourier transforms of radial functions to compute the inverse Fourier transform; this is applicable
because E € L'(R"), for all § > 1, and n € N. We then use the series representation of the Bessel function ([1] (9.1.10))

_ 1 _n=2y [ _p
FE@ = — el >/ s () di
\V2r 0 2

L) [T ern 3 SO,
\/gn 0 k'F(k+ g)
0 ( l)k

Il
1 2—g+1/°° ot - 12 ( )
Var KIT(k+ )
Lt \ 2
(-1t (1)

1 —rgr,. /" I
272 im [ e M im Y ——————dr.
" 0 wkgo K\ (k+ 3)

Uu—0oo
2z

The sum inside the integrand can be bounded as follows:

2k
(1) ( Lele Ll

Z ( ) <y ( 2 )n <erlEl?® Lo L5,
KIT(k+ %) KIT(k+ %)

k=0 k=0

with m < 1, for (k + n/2) > 2, which gives an integrable majorant on [0, u]. Thereby we get

o k(N "
FLEE) = \/_ *luligz( D (( )) /0 ot 142k g

2z k=0 k!I"
) 2k
o (- ) ( ) uf n+2k
=1 +1llmZ— e’zzT_lldz
/2” U—00 k!'T'(k + ) 0 ﬁ
4]
_7+1l S = 1) ( ) <n+2k ﬂ>
= hmz 4 u' ),
\/27[ pu=e k'F( ) p

where we have used the expression 8.350.1 of [7] in the last equality. Here y(:,-) is the incomplete I'-function. We know that
y (";2" uf ) <r ("*”‘ ) for all # > 1 and applying Lemma 15 we get a convergent majorant. So, we have

Lél
21 S () (z£2)
F E(s)—ﬁn/zﬂ%m<k+g)F ) D

The last series is absolutely convergent for # > 1 and can be further simplified for many values of g by applying the doubling

or tripling formulas for the Gamma function. For the application in Section 4 we are specifically interested in the case n = 1 and
0O(x) = exp(—|x|?). In this case, and if § = 2N, N € N our formula simplifies to:

FEQ) =

aan

1 i(_l)%%)nr(uzk).

ANVE S KT+ 2N
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