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ARTICLE INFO ABSTRACT
Keywords: In this paper, we propose a family of C' non-uniform cubic quasi-interpolation schemes.
Bernstein-Bézier representation The construction used here is mainly based on directly establishing the BB-coefficients by a

Quasi-interpolation

WENO suitable combination of the data values. These combinations generate masks for each of the

BB-coefficients. These masks can contain free parameters, which allow us to write a quasi-
interpolation schemes defined from a large stencil as a non-negative convex combination of
others defined from sub-stencils of small sizes, which coincide with the concept of WENO, which
we will use the deal with non-smooth data, or data with jumps. We consider an application of
the proposed technique for real measured data related to memristors fabricated with hafnium
oxide as a dielectric.

1. Introduction

Approximating data using splines is a common technique in numerical analysis and data interpolation. A spline is a piecewise-
defined function that consists of polynomial segments joined together smoothly at specific points called knots.

Interpolation seeks a function that precisely aligns with specified data values, achieving an exact match that involves solving
a linear system with as many unknowns as the spline space’s dimension, but this approach is not suitable for efficient real-time
processing of extensive data streams. Moreover, exact data point matching may be problematic, particularly when dealing with
noisy data. From this point of view, local methods, such as spline quasi-interpolation, which do not need to solve any linear
system, are advantageous. In fact, spline quasi-interpolation is a technique that involves fitting a spline to the data values without
the requirement that the spline matches all the data values exactly, which makes it a useful technique for various types of data
approximation problems. This technique was first introduced in a seminal works of Schoenberg [39,40] and referred to as smoothing
interpolation.

A linear quasi-interpolation operator Q maps a function f to an element

Of = Y\ ¢(f, DN,
i=1

of a suitable spline space, where n and N, represent, the spline space dimension and function basis respectively, while ¢(s, i) are linear
functionals. They can be defined in different ways, according to the provided information about the function f to be approximated.
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Namely, they are point [15,38], derivative [13] or integral linear functionals [14,37]. In this work, we consider the first case, in
which ¢(f,i) is a finite linear combination of values of f. These functionals are defined in a such way that the spline Qf should
reproduce polynomials and preferably functions in the given spline space, which guaranties a best approximation properties.

Moreover, the basis functions N;, should meet some useful properties, such as, local support and non-negative partition of unity.
Examples are Bernstein basis and any polynomial B-spline basis [31].

In this paper, we propose a family of quasi-interpolating splines in Bernstein-Bézier (BB-) form. The schemes are directly
determined by fitting their Bernstein-Bézier (BB-) coefficients to an appropriate combination of the given data values. In particular,
the BB-coefficients are calculated taking into account the required smoothness and polynomial accuracy. To each BB-coefficient, we
will associate a mask of real values, this technique makes the construction fast and also gives more freedom in the construction.
In general, we get masks with free parameters, which allows us to achieve more properties such as superconvergence and in many
times to match the data values. This construction was first used to derive bivariate quasi-interpolation schemes defined on uniform
three-direction triangulations (see [5,43]), Powell-Sabin triangulation [7], and a tensor product approximant [4]. A univariate study
has been also developed in [6] for low degree splines.

Applying quasi-interpolation splines to non-smooth data, may lead to the Gibbs phenomenon, which is a phenomenon of
oscillations or over- and under-shoots that occurs near discontinuities or sharp features in the data [12]. To avoid this limitation,
one can adapt Essentially Non-Oscillatory (ENO) and Weighted-ENO (WENO) principles to spline quasi-interpolation for non-smooth
data [2,18].

ENO and WENO are numerical methods that are primarily used in the context of solving hyperbolic partial differential equations
and capturing shock waves accurately. The idea behind these approaches is to decompose the set of data values (stencil) used
to define a functional ¢(f,¢) into a number of subsets (sub-stencils), and then define ¢(f,#) only from the smooth subsets. The
smoothness of a set of data values is measured by a smoothness indicator defined according to the type of data values [45].

The ENO technique uses only one sub-stencil from all available sub-stencils. In contrast, the WENO technique associates a real
weight value to each sub-stencil and then uses all the sub-stencils to define the corresponding functional. The weights must be
non-negative partition of unity [3,41].

We apply the WENO technique to the proposed quasi-interpolating spline schemes. And with the help of the free parameters in
the masks defining the BB-coefficients, we can freely define the WENO weights. This allows us to obtain the appropriate weights
or, more generally, to define the weights freely by imposing conditions on the free parameters.

The non-linear ENO and WENO techniques can directly interpolate data, offering a non-linear enhancement to traditional
interpolation methods. For example, in [24], the authors introduced and evaluated fourth-order ENO and WENO schemes based
on Lagrange interpolating operators, which have found useful application in radiative transfer problems [42].

Despite the widespread use of interpolation techniques, they often suffer from drawbacks, prompting the exploration of quasi-
interpolating schemes, which offer certain advantages. The construction technique presented in this paper for quasi-interpolating
schemes is explicit and does not require the construction of basis functions, making the schemes faster and more memory-efficient.
Applying WENO and ENO techniques to these new schemes could prove more beneficial than applying them directly to Lagrange
interpolation, offering enhanced performance and versatility in handling large data sets.

The non-linear improvement of the proposed quasi-interpolating spline schemes will be used in order to fit pulsed measurements
performed in memristors based on a hafnium oxide dielectric. Memristors are electron devices that are intensively under scrutiny
by the academia and industry [10,26,27]. These new and outstanding devices are promising in the electronic industry due to
applications linked to non-volatile memories [23,27,28,32,44]. They have already been included in current industrial integrated
circuits [26] and their market share with respect to the overall memory chip sales is expected to grow in the coming years. Among
the memristors, resistive memories are the most important type. Because of the potential of these latter devices, they have been
modelled and simulated from different perspectives. Modelling is important since the models (algebraic expressions that, in general,
allow the calculation of charge and current as a function of the applied voltage) are incorporated in circuit simulators, so that
designers can employ resistive memories to build new circuits that, among other components, include resistive memories, also known
as RRAMs (Resistive Random Access Memories). There are different aspects of this discipline that have been tackled by our group,
such as advanced statistical modelling [1,35] and compact modelling (for circuit simulation and design) [9,11,16,17,19,20,25,36].
In addition, in the parameter extraction facet, where a massive amount of experimental data is numerically analysed to extract
physical constants that help in the modelling process, we have develop an important activity were advanced mathematical techniques
were key to overcome the hurdles posed by noise and variability [8,21,22,30]. These numerical techniques lie upon state-of-the-art
developments in the approximation theory that lead to smooth numerical derivatives through different methodologies, detection of
straight lines and other issues making use of measurements that presents different types of noise. In what is related to parameter
extraction, we have dealt so far with steady state measurements under ramped voltage stress, which is a usual operation regime in
RRAMs. Nevertheless, operation in RRAMs is connected to input signals made of voltage pulses, as it is the case in memory devices,
an essential application for the industry. Because of this, we focus the analysis of this manuscript in this operation regime and, as a
consequence, we enter a new landscape from the mathematical viewpoint, since we are faced to the analysis and reconstruction of
signals that present discontinuities and have non-uniform X-axis partitions. This latter issue is due to the measurement conditions,
since the limitations of the measurement equipment produce unequal voltage steps, even if it is programmed to do so. Mathematically
this measurement context leads us to a new paradigm from the numerical reconstruction perspective. In fact, the measured data
features led us to use quasi-interpolating spline schemes in BB-form, as highlighted above, to accurately fit the measurements for
modelling purposes.

159



F. Arandiga et al. Mathematics and Computers in Simulation 223 (2024) 158-170

szl D’L D’L+1
L Wil1 Vil Wi—1, LW Vi Ug Wit1 Vit Uiyl
_ ! py | ‘ AR A .
Lo Tisl - ___ | R 2 S N 7% S .

Fig. 1. Domain points.

The rest of paper is organized as follows: In Section 2, we introduce the notation used throughout the paper, as well as we
construct a family of spline quasi-interpolation schemes on non-uniform partition. Section 3, is devoted to a WENO-based non-linear
improvement of the presented schemes. In Section 4, we propose the use of WENO-based quasi-interpolation schemes in modelling
experimental data obtained from resistive memories under a pulsed input voltage signals.

2. Non-uniform C!-cubic quasi-interpolating splines

Throughout this paper, we consider a partition X, := {a=x( < x| < <x, = b} of a bounded interval I :=[a,b]. X, divides I
into n € N sub-intervals I; := [x;,x;,1], i =0,...,n — 1. The length of I, is denoted by h; := x;,; — x;. In the following, we consider
the space of C! continuous cubic splines on X,, defined by

s! (Xn):{secl(l): s|,,€IF’3,i:O,”.,n—1}.

In general, P; will denote the linear space of polynomials of total degree less than or equal to d. Being the restriction s; := s, of a
spline s € S3l (X,) to the sub-interval I; a polynomial in P, it can be represented in BB-form on I;. Therefore, there are coefficients
cy,; such that

3

50 =Y ¢ By(x), @

k=0

where Bi(x) := By (x;X" ), with

3! 3k k
B (x) i= —— (1 —x)"""x", xe€]0,1],
(%) k!(3—k)!( ) [0,1]
The Bernstein polynomials B,, k = 0, 1,2,3, give a basis for P; and form a partition of unity. The expression in (1) is said to be
the BB-form of s;, and the real coefficients c, ; are called the Bézier (B-) ordinates or BB-coefficients of s;, which are linked to the
domain points p; ;, = %xi + ’g‘xm.
We consider the union without repetitions of the domain points associated with all sub-intervals I;, which yields the set
D = U;ez D> where D; := {p,_15.pi0Pi }-
In order to simplify the notation, we use v;, u; and w;,; to denote p;, p; |, and p,,, respectively, then D; = {w,, v, u;}. Fig. 1
shows schematic representation of the domain point sets D,_;, D;, and D, ;.
Once the needed notations are introduced, we define a quasi-interpolating spline Qf that maps a function f € C (1) into an
element of S; (X, ). Let values f (x;) =: f;, i =0,...,n, of a function f be given. Then Qf is defined by setting its B-ordinates on
each sub-interval I; induced by the partition X,. More precisely, on the sub-interval I;, the Qf is expressed as

Ofi1,(x) = V;B{(x) + U; B{(x) + W, By + Vi, B{(%), (2)

where V;, U; and W; stand for the B-ordinates relative to the domain points v;, u; and w;, respectively.

For each set of domain points D; we associate a stencil, i.e, a set of discrete values of f. Namely, for the B-ordinates W}, V;, and
U, related to the domain points in D; are computed from the values of f at the points in the stencil S; = {x;_5,%;_1, X;, X;41. X142}
i.e., as linear combinations of the values in f (S;) = {fi_y. fi_1. fis fis1: fira }-

These B-ordinates determine the so-called masks,
W=y f(S), Vi:=8-f(S) and U, :=a;-f(S)), 3

where y; = (yi,—Z’yi,—l’yi,()?yi,l’yi,Z)’ B = (ﬂi.—2’ﬂi,—lﬁﬁi,()’ﬁi,l’ﬂil)’ Q= (ai,—Z’ai,—I’ai,O’ai,lﬁai,Z) are real vectors in R’, and
A-B:=YY A, B, for A=(A,,..,Ay) and B = (By,..., By).
The construction of Qf is then reduced to find the masks «;, §; and y,.

Problem 1. Find masks a;, §; and y; such that the quasi-interpolating spline Q f defined by (2) is C!-continuous and Qp = p for
all p e P5.
Before dealing with a solution of Problem 1, we need the following results concerning the relationship between C' smoothness

at a knot x; and the B-ordinates around x;.

Proposition 1. The quasi-interpolant defined by (2) is C'-continuous at x; if and only if

Bix = hitig+hioeg) . k=-2,-1,0,1,2. “

1
By +h; (
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Fig. 2. C!'-smoothness condition at v;.

Proof. Qf is C'-continuous at x; if and only if Q f"l;l (x;) =0 1, (x;), which is equivalent to control points W, := (w;, W;),
V; := (v, V;) and U; := (;,U;) being collinear. This holds if and only if
1
V= ———— (W, +h,_,U,).
i hi—l+hi(l 1+171 1)
and the claim follows. []

Fig. 2 illustrates an example of C'-smoothness condition at v; for a C'-continuous spline.
Once the C!-continuity has been characterized in terms of the masks, we must establish the conditions that ensures the exactness
on P; of the quasi-interpolation operator Q : C' (I) — C (I) defined as Q[f] = Qf. To this end, the B-ordinates of the monomials

k
my (x) = (X;”") , k=0,1,2,3, are needed.

Lemma 2. The B-ordinates of the restrictions to I; of the monomials m; are (1,1,1,1), (O, s % 1 ), (0, 0, 1 1) and (0, 0,0, 1), respectively.

1 1

We are now in a position to provide a solution of Problem 1.
Proposition 3. Problem 1 has infinitely many solutions depending for each i = 0, ..., n on the two free parameters k; = o; _, and A; = f; _,.
Proof. The B-ordinates V;, U;, W,,; and V,,; of Qf corresponding to the sub-interval I; are given by (3). They should computed

in such a way that they meet the C! smoothness conditions (4), as well as the exactness on P;. More precisely, the B-ordinates of
Om restricted to I; must be equal to those of m;. They are given in Lemma 2 and those of Om,, k=0, ...,3, are

2 2 2 2
<Z Bi k> Z X k> Z Viko Z ﬂi,k>s

k=—2 k=—2 k=—2 k=—2
(2 (ﬂi,z - ﬂi,—z) + B —Bi_1,2 (ai,2 - ai,—Z) =1~V +Vio+2vi1 + 3V —Bi—a+ Bio + 264
+3ﬂi,2) >

(4(Bio+Bi2) + Bimy + B4 (@i + @ o) + @y + 15 ¥i 0+ Vig + 4700 + 950, Bia + Bio + 411 +96;2) »

(8 (ﬁi,z - ﬂi,—z) +Bi1—bi-1:8 (ai,Z - “i,—z) +a =1, =Y+ 7Vi0+8ri1 270, —Bi 2+ Bio + 8B,

+278,5) .
respectively. By equating the B-ordinates of m; and Om, relative to I;, we establish a linear system comprising 21 equations. Among
these, five equations ensure C' smoothness, while the remainder pertain to the exactness on P;. With a rank of 13, this system falls

short of the 15 unknowns, indicating the presence of infinitely many solutions. The general solution in the statement is determined
using a Computer Algebra System. []

The choice «; = x and 4; = 4 for all i leads to a 2-parametric family of quasi-interpolation operators Q, ,. The explicit expressions
of masks y;, §;, and o; are given next:
AH;_ | —xh;

Yi—2 = hi—l B
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hi (3cH, 51 H; 5, H; 53) = hi_yhiH;y —3AH, 5 H;_y 1 Hi_5,H; 55

it 3h2 Hi i Hi_y,

h (3khiyHiy Hiaz+ Hyyh? ) =34 o Hi_p  Hi_y (Hi o3
1= 3h_thihi Hioy ’
.. hi (=3khi o H_y Hipp = h2 ;) + 34 o Hio (Hi_y  Hios

2= .

3hi_thig Hi Hi 15
Yio=l=Yica=Yi-1— Y1~ Vi2
H; »H; 5,H; 53

hi Hio Hizyp

hioH; 55H, 53

Bi_1=—4

B

i
Pro=1+4 hiyhiH
b1 =i hiyH; 51H; 53
' hiH;_y5hiy
P hioH; 51H; 5, ,
’ hiy HiyHiy o
0 = hi_yhiH; _3KHi—2,1Hi—2,2Hi—2,3’
’ 3hi_\Hi_ Hi_y
. 3khi_yH; yoH, 53+h_ (2hH;  +h_y (h;+ H;))
0 3hi_1hiH; '
kb H o Hi g5+ H; h* |
Sl = 3hiH;_y1hi ’
3k Hi g Higp + h;h? |
Ha2 = 3hi Hi Hi_y ’
where H; | :=h;+h; ., Hi, :=hj+hj, +hj, Hizi=h;j+h +ho+h,s

Remark 1. For a uniform partition, i.e. h; = h, i =0, ...,n — 1, the masks are

1 51 1
a= (K,—4K’—§,6K+ 6,3—4K,K—E>,
B ={A—-44,6A+1,—4A 41},
1 7 1 1
y= (2,1—;<,—8/1+4K+§,12/1—61<+ E,—81+4K—§,21—K+§>.
The following result holds.

Theorem 4. We have

1. Q. ,fisC.
2. Q,f =fforal f €Ps.
3. 11 Quif = f I= Oh*) for dll f smooth, with h := maxog;<,_; {h}-

Proof. The result follows as a consequence of Eq. (4), Lemma 2 and Proposition 3. []

The exactness on P; makes Q, ; able to yield optimal approximation order for smooth functions. Fig. 3 shows examples of
approximating discrete data by Q, ; for smooth data (left) and data with a jump (right). We observe that O, , generates over- and
under-shots near the singularity point, i.e., Gibbs phenomena. In the next section, we propose a nonlinear modification of O, , based
on WENO to handle non-smooth functions and avoid Gibbs phenomena.

3. Non-linear improvement of Q, ; based on WENO technique

This section is divided into three subsections. We will start by writing O, , f as a function of three quasi-interpolating splines of
order 3, then of order 2, in the first two subsections, respectively. In the last subsection, we will provide a nonlinear improvement
based on WENO technique.

3.1. Order 3

The B-ordinates corresponding to a set of domain points D; are calculated from the values in a stencil .S;. One of these stencils may
contain a jump value. Therefore, the WENO technique consists in dividing a stencil into a number of small sub-stencils. In our case,
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Fig. 3. Approximation by Q,,, smooth data (left), and non-smooth data (right).

the stencil S is divided into three small stencils, namely S, := {/,_5. fi_1. fi}» Sia 1= {fis1. fi fis1 }> and S;3 1= {fi. fiy1s firn }-
Then we try to use data values only in the smooth sub-stencils.
For each stencil S, ;, j = 1,2,3, we associate a smoothness indicator, marked by I.S; ; and defined according to the characteristics
of the data to be approximated.
From each sub-stencil S, ;, j = 1,2,3, we define a quasi-interpolating spline Q; f.
; 2 (2 2 2 2 . (2 2 g2 2 _ (.2 2 2 .
Problem 2. Determine masks o = (ai,jA,—l’ai,j,()’ai,j,l)’ ﬁ;,; = ( i,j,-pﬁ,:,j,o’ i,j,l) and Y= (y‘.‘j’_l,y‘.l’o,yi'j’l), j =1,2,3, such
that the quasi-interpolating splines sz. f»Jj=1,2,3, defined on each sub-interval I, as
20 _y2pi 2 pi 2 i 2 pi
ij”i - Vi,jB(I) + u/i,jB; + Ui+l,j Blz + Vi+1,j Bg
with
2 _ 2 2 _ 2 2 _ .2
Ui=a;-f (Si,/) > V=0 f (Si,/) s Wii=vif (Si,/) >
are C! continuous and le.p =pforall p e P,.
The following result shows that this problem has a unique solution.

Proposition 5. For j = 1, Problem 2 has a unique solution, with masks al_21, ﬂi21 and yizl given by

2 _
%=

2
_ hy Hiz1 hig+Hiy,
3hipHi oy 3hi, 3Hi 5, '

By =(0,0,1),
/2 = hihi  Higah hi (hiy + Hip,)
ol 3hioHipy" 3highi 3hi 1 Hy,

Proof. The quasi-interpolating spline Qf f is C!'-continuous at x; if and only if

1
Bire= 7} (ripehio e ehi), €=-1,0,1.
i~1,1
The exactness of Q% f on quadratic polynomials is equivalent to the following conditions:
G+ o0+ —1=0.6_1+B 0+l —1=0r11+710+711-1=0,
1
<_ai,],—l —q0+ 5) hioy = a1 1hig = 0,1 1 (=hicy) = (Bia—1 + Biro) hicy =0,

h,
— Yitthico = (Yin-1 +7ino) Bict — gz =0, ai,l,()h,'z_l +ay g (B +hiy) ’=0,

2 2 2 2
Biioh_y +Bi1-1 (hi—Z + hi—l) =070 +7i1-1 (hi—Z + hi—l) =0.
This yields a linear system of twelve equations with nine unknowns. The system rank, equal to nine, indicates that there are only

O

nine independent equations, thereby resulting in a unique solution.
Now, we provide the values of the masks corresponding to the quasi-interpolating splines Q% f and Q§ f.

Proposition 6. The masks

2
o = h; H,_,+h ~ he,
i 3Hi .y~ 3h 7 3mHi_y, )’
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p7, = (0.1,0),

(- h? hiy+H_; h_
12 3y Hiyy' o 3hy T3Hiy )7

=14 (hi+ H;y) hiy _hiHiy by
3Hi,1hi 3hihi+1 ' 3hi+lHi.1 ’

and

B

i3

Bry = (1,0,0),

o _( Hiathy Hy h;
Ch 3H;, ,3hi+1’ 3hi H;y |

produce respectively the unique quasi-interpolating splines O, f and Qs f, such that

Qlp=p forall peP, and Q}fe€C'(I), j=2.3.

Proof. The proof runs as in Proposition 5. []

As a consequence of Propositions 5 and 6, the following result holds.

Theorem 7. For j =1,2,3,

1) OifisC (D).
) le.p =p forall peP,
(3 11 Qif - 1 ll= Oh*) for a smooth function f.

In order to apply WENO technique, we need to write Q, , f as non-negative convex combination of Q}Z. f, j=1,2,3. Namely,

O\, = Ti,]Q%fU,- + Ti,2Q§f|l,- +(1-7-7p) Q§f|1,.s 71 Tip 2 0. (5)

This will not always be possible.

Proposition 8. Egq. (5) has a solution if and only if A =0, and then

= 3k Hiy)
[ B
h
h?,lhiHi.l = 3k;hi o H; 5 (hi—lHi—2,1 - hiHi,l)
T[,Z = .

R: hH_i,

The value of x should be chosen so that 0 < 7, ,, 7;, < 1. For instance, for uniform partition and x = —%, it yields

O_1/360f = é (01f +403f +03f).

In order to get more freedom in the choice of convex weights to write Q, ; as a function of low-order quasi-interpolating splines,
we reduce the order of convergence from three to two, imposing accuracy only on P,.

3.2. Order 2

In this subsection, we follow the same strategy used above. That is, we consider the same partition of S; into the three sub-stencils
S;j» J = 1,2,3, and then define local quasi-interpolating splines corresponding to each stencil. Accuracy will be imposed only on
linear polynomials, which will generate masks with free parameters.

ij,1 i.j,1

; 1o (1 1 1 1 ._(pt 1 1 1 (1 1 1 P
Problem 3. Determine masks o, = (“i,j,—l’“i,/,()’a ), ﬁw. = (ﬂi,j,—l’ﬂi,j,()’ﬁ ) and v = (yi,j,—l’yi,j,r)’yi,j,l)’ j =1,2,3, such
that the quasi-interpolating splines le. f> j=1,2,3, defined on each sub-interval I, as

1y _ 1yl pi 1 pi 1 i 1 i
ij“i - Vi,j36 + VVi.jB; + Ui+1,jBIZ + Vi+1,jB§
with
1 _ 1 1 _ pl 1_ .2
U,;=a; f (Si.j) s V= ﬂi,j f (Si,j) s W= f (Si,j) g
are C! continuous and le. p=pforall peP,.
Problem 3 has infinitely many solutions. Keep in mind that the main target is to write

O, = ?ileifIl, + ?;,zQéfu,. +(1-7,-7,) Qéfu,-’ 71, T2 2 0. (6)
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Proposition 9. For j = 1, Problem 3 has an infinite number of solutions depending on two parameters ail
masks are given by

al =k .k _hi*Z_l +l K[,lhi—2+2
i1 i1 %l hi_l 3 hl._l 3)

oy =k and B!\ | =2, The

H; 54,1 hi_54;
1 i-2,1%0,1 i—2%,1
[ - R - A
& ( o hiy hiy >
v (g =) —3H;_p bk +3H, o  Hiy 1Ay + iy ly
T =\ — — thn- ) ,
i—1 3hi—l
hy (hizy = 3h_ok; 1) + 3Ry Hi_y (A +1
i |

Proof. The proof runs as in Proposition 5. The C!-smoothness conditions reduced to the following three equations:

Biie= (rirehioi + a1 0h;) . € ==1,0,1.

Hi
Q} [ is exact on linear polynomials if and only if
a1t aot o —1=0,8 1 +Bio+hia—1=0y11+710+711—-1=0,
1
(‘%’,1,—1 — a0t 5) Rioy =g _1hiy =0,81 _1 (hisa) = (Bii—1 + Biro) hioy =0,
hi
— Vitmthico = (Yin-1 +7in0) Rict — 3 =0

This leads to a linear system of nine equations with nine unknowns. The rank of this system equals seven, indicating an infinite
number of solutions. This confirms the claim. []

By the same, we can compute the masks associated with the operators Q; and Q;.

Proposition 10. The masks producing the quasi-interpolating splines Q) f and Q1 f are as follows: for j =2

) _(K =3k H,_y ) + hi_y + 3 (3a,._1—1)h,._1>
= 20 s

3h, ’ 3h,

> (1. AigH;_y 1 Aiphi_y
Py =4z T T )
hi (Ain —Ki2) h; AipHY 2 h; 1
2 i i,2 i,2 i > i-1,1 i—1
2o A+ — T k[l ) - —— Sk A [ — +1 )+ 2 ],
i (192 hi_y K"2<hi—1 > hi_yh; 3N I’2< h; > 3
and, for j =3,
(13 =

3k;3h; + hi_y +3h; 3x3H; ) +hyy
il < 3h, T 3, ’K"’3> :
< Aizh; _Aizh >
H,’ o H, )’

1

3 h (kisHiy+Ai3Hi_1 ) +2 ki3 Hiy +343H g +hiy hy (ki3 — Hiy = Ai3Hi_y )
hi_1H; 3 3h;_, | hi_1H; '

where k; , and 4; », ¢ = 2,3, are free parameters.

Again, and as a consequence of the previous results, it holds

Theorem 11. For j =1,2,3,
(D QjfisC' (D).
@ le-p =p forall peP,.
(3 11 Q}f = 1 ll= Oh?) for a smooth function f.

The free parameters should chosen carefully. In our case they should chosen such that the weights %}/, ¢ = 1,2, involved in (6)
are non-negative and meet 7;, +7;, < 1.

For instance, we have
* 7,1 =7, = 1/3, if and only if

3hi_oHi gy (hioy +2H, 1 + 1) 4
hi o Hi 11 Hi_yp '

/11',1 =4 Ki1 = 3K, Aip=—

165



F. Arandiga et al. Mathematics and Computers in Simulation 223 (2024) 158-170

Ohi o Hy 5y (hig +2H; 1y +hiyy) &+ hyy (R + (2hy + by ) by = 20 H, )

Kip=— s
' 3hi_Hi_1 1 Hi_y

B 3hioH; 5 Hi_554 3hi72Hi—2,lHi—252K+hih,-z_l
i3 == , Kig =
! hihi 1 Hi_, ' hi Hi Hi

* 7,1 =1/4,7,, =1/2, if and only if
2hi o Hipy (hip +2H,_15) 4
hiyH_y 1 Hi_y
12k oy Hi_py (hiop +2H_15) K + By (h,-z,l (2h; + hipy) iy = 3RH,_y )

Aig =44 K =4k, Aip=—

B

Kin = ,
' 6h;_ 1 H_y 1 Hi_1
P _4hioHi g Higpk . 120y Hip  Hip oK +4hih7
i3 hihi 1 Hi_y o P i 3hi Hi Hi_y
* 7,1 =1/6, 7%, =2/3, if and only if

3hioHi gy (Rig +2H; iy +hipy) A
2hi_ H_ 11 Hi 1
18h; oy H; 5y (hig +2H;_yy + hipy) K+ hiy (h[z_l + (2R + hiyy) hioy = ShiH, )

'11',1 =64, Ki] = 6k, /1,-,2 =—

>

2= 12h;_H; 1 H; 5 '
; 6h; 2 H; 5 H; 554 6h, o Hi_p  Hiyok + 20k

3= , Kig =

' hihip Hioy l hi Hi Hi o

In summary, Q, , can be written as a non-negative convex combination of three quasi-interpolation operators reproducing
quadratic polynomials for 4 = 0, and as a non-negative convex combination of three quasi-interpolation operators exact on linear
polynomials for any real coefficient 4 and x. These two results will be used below to derive non-negative weights for the WENO
technique.

3.3. WENO technique

A WENO-based quasi-interpolating spline Qi”j f is defined as

ijjf‘, ) =V"" B (x)+ W' B! (x)+Uwa’ (x) + V””B' ),

with
4 14 14
U —w,U +co2U12+w U”,
V"f = V) + Vi +al V0,
il 3743
W= W+ ol , W+ ol W

For ¢ =2, the parameter A must be zero, as well as the weights co?j, j =1,2,3, must be chosen so that if f is smooth, then “’,‘21 ~ é,
W)~ g ol ~ g and QYT Sy~ onfu

Smnlarly, we should have o] I 7,; and QZ’; fi, ® Oy, ,1 f‘ ;, for a smooth function f. On the other hand, if f has a jump at a
point in (x;,x;,,] (e.g. in the stenc1ls S;, and S;3), then w ~ 1 and a) ~ w ~ 0, so Q:ffu ~ Q fi1, keeping the properties of

Qlf. To this end, we define,

gm0 fhm e, = ————,
6(e+1S8;,) 6(e+1S;,) 6(e+1S;3)

fl - ?11 1. Ti2 1 ?1',3

U eras)t T (e+1S,)7 T (e+18y)

where the smoothness indicators I.S; , are properly chosen according to the problem to be addressed, and the weights wf’ ; are defined
as

¢
o = Si
LJ T el L gl L gl
Satdatéis
The parameter ¢ is a non-negative real value used to avoid zero in the denominator.
This construction leads to the following result.

Theorem 12. For ¢ = 1,2, we have, if f is smooth
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Fig. 4. Reconstruction with O

version of this article.)

(blue) and Q,, (red). (For interpretation of the references to colour in this figure legend, the reader is referred to the web

noisisch

. Q:‘(’:ff = f for all f € P,.

<10V f - £ li= 0.

and if f has a discontinuity jump at (x;_, x;) then
corlric

1OV f = £ Nl o= OCAT*D).

Proof. In both cases, Q‘:j f is C'-continuous, since is just a combination of three C'-smooth operators. Moreover,
Q% F=f =105 f =0uif +Osf =1l
<™ f = Quif I +11Quif =1 1.
By construction, if f is smooth, then || Qi”f f=0.f lI= O(h*), and by Theorem 4, we have || O f-fl= O(h*), which proves
that || Q7 f - £ ll= Oh*).
However, this not guaranties that Qi"jp = p, p € P,. Although, the operator O
exact on P,, which proves the statements in the case that f is smooth.

If f has a jump at % € [x,_;, x;], then the BB-coefficients related to the intervals I, 5 J=-2,-1,0,1, will be affected. Namely, at
maximum two weights should be ~ 0, and then

I ij =0 l=max {1 Q7 =0, 1.1 Q5 = O, 111 Q5 = O, 1 II} -
Moreover, || Qj.’ -0, |l= Ok, j =1,2,3, which concludes the proof. []

.t

" is a combination of three operator that are

In Fig. 4 we illustrate the result obtained by applying the operator QS’OI and Q) to non-smooth data values. It is clear that with
WENO technique, we obviously avoid the Gibbs phenomena, as well as we reach the optimal order in the smooth region.

4. Fitting pulsed measurements performed in memristors based on a hafnium oxide dielectric

The devices measured are based on the TiN/Ti/HfO,/W stack. A (200 nm TiN/10 nm Ti) bi-layer is used as top electrode, and
for the bottom electrode, a layer 50 nm-thick of W was employed [29,30]. The oxide was a 10 nm-thick HfO, layer grown by atomic
layer deposition [34]. For the measurements, we used the Keysight BI5S00A semiconductor parameter analyser connected to a probe
station (Karl Suss PSM6). The measuring unit was the B1530 module. It consists of a waveform generator and fast measurement
unit (WGFMU) that works fine for pulsed signals. The bottom electrode was grounded and the input voltage was applied to the
top electrode. Different pulsed signals were employed with pulse widths variating from milliseconds to hundreds of nanoseconds.
The device current was measured; due to the pulsed and, obviously, non-continuous nature of the input, this current was also
discontinuous.

The usual representation for modelling in these devices is based on current versus voltage curves. Nevertheless, it is also used
the charge versus flux approach [8,33]. Given the current i (¢), the charge can be calculated as

Q(t)=/ i(r)dr,
0
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Fig. 5. Current data (black) and WENO quasi-interpolant.
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while, from the voltage v (¢), the flux is obtained with

b)) = / v(r)dr.
0

For the charge calculation the current accurate approximation as a function of time is needed. The measurement features makes
the X axis knot set a non-uniform distribution. The approximation methodology described in the previous sections allows a feasible
approximation of the current versus time data. Therefore, the charge calculation can be easily done.

Fig. 5 shows the current data for which the charge will be computed, as well as the corresponding WENO quasi-interpolant. The
voltage data are shown in Fig. 6.

The following indicators have been used:

6
IS;, = 10* (fima = 2fic +fi) >
6
ISi,2:lo4(fi—1_2fi+fi+l) >
6
IS5 = 10* (fi =2fin +f1+2) .

The factor “10*” is included to deal with the very small values resulting from the analysed device.
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Fig. 7. Charge versus time, calculated by integrating the current versus time data.

Finally, the computed charge is shown versus time in Fig. 7. It contains a small plot illustrating the smoothness of the charge
versus time in a neighbourhood of a current discontinuity point. As can be observed, the smoothness of the charge data obtained
allows a fair use for modelling purposes.

5. Conclusion

A new approximation technique has been developed to construct spline quasi-interpolants of discontinuous data. This has been
done by applying the WENO technique to quasi-interpolants defined on non-uniform partitions. The application to academic tests
gives excellent results.

Finally, an application of the proposed technique has been presented for real measured data related to memristors fabricated
with hafnium oxide as a dielectric. The devices were measured using pulsed input voltage signals, and the current was obtained. The
representation of the current data with the quasi-interpolating splines introduced here allows the device charge calculation taking
into consideration the non-continuous nature of the experimental data and the non-uniform distribution of the X axis knot set.
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