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ON THE CONSTANT OF LIPSCHITZ APPROXIMABILITY

RUBEN MEDINA

ABSTRACT. In this note we find A > 1 and give an explicit construction of a
separable Banach space X such that there is no A-Lipschitz retraction from X
onto any compact convex subset of X whose closed linear span is X. This is
closely related to a well-known open problem raised by Godefroy and Ozawa
in 2014 and represents the first known example of a Banach space with such a
property.
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1. INTRODUCTION

1.1. Motivation and background. This paper is motivated by a natural ques-
tion asked by Godefroy and Ozawa in [GO14], and then subsequently in [God15b],
[Godl15al], [GMZ16], [GLP19] and [God20]. They wonder whether for every sepa-
rable Banach space there is a Lipschitz retraction onto a compact convex subset
whose closed linear span is the whole space. Recall that this question only makes
sense for separable spaces since any space with such a property must be generated
by a compact set. In [HM23a, Theorem 3.3], the latter question is solved in the
positive for Banach spaces with a finite dimensional decomposition. In fact, for
every € > 0 the retraction can be constructed to be (1 + ¢)-Lipschitz whenever the
space has a monotone Schauder basis. However, the general problem is still open
although a Holder version of the problem was solved positively in [Med23| Theorem
2.1].

We prove that there exists a separable Banach space X such that there is no
A-Lipschitz retraction onto any compact convex subset of X whose closed linear
span is the whole space for some A > 1. However, our example does have such a
retraction with larger Lipschitz constant (see Corollary [Z.1T]).

The Godefroy-Ozawa question is closely related to the theory of nonlinear ap-
proximation properties. Indeed, if there is a A-Lipschitz retraction R from a Banach
space X onto a generating compact convex subset K of X then there is a sequence
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of A-Lipschitz retractions R,, : X — X with compact range and pointwise converg-
ing to the identity on X. Specifically, if we fix kg € K, the mapping R,, may be
defined as R, (z) = nR(% +kq) —nko which is a translation of R (so that 0 is in the
image) composed with an expansion. Notice that R,(xz) — z for all x € X since
U,, Rn(X) = U, n(K — ko) = X. Therefore, Godefroy-Ozawa question is strongly
related to Kalton’s Problem 1 in [Kall2l page 1260], namely, whether in every sep-
arable Banach space X there is a sequence of equi-uniformly continuous mappings
with compact range pointwise converging to the indentity on X. It is worth men-
tioning that a counterexample to Kalton’s problem would provide a renorming of
{1 without the metric approximation property, solving a classical open problem in
the theory of approximation properties.

Nonlinear approximation properties are intimately connected to the linear ones
(for instance, see [GK03l, Theorem 5.3], [HM23al, Corollary 4.8] and [HM23bl, Corol-
lary 2.9]). For this exact reason, in our desire of solving Godefroy-Ozawa question,
we have decided to follow the path traced by Enflo to construct a separable Banach
space without a basis ([Enf73b]). He first tackled the problem of finding a Banach
space with basis constant greater than 1 (see [Enf73a]) and so have we done in our
analogous nonlinear setting. Moreover, Enflo himself mentions in [Enf73al, Second
paragraph of page 309] that the approach developed in [Enf73b] is similar to that
of [Enf73al, which we find highly encouraging.

Section Bl is divided into two subsections. In order to prevent the reader from
losing the intuition among the computations developed in our proof, we have added
a short subsection explaining the general ideas behind the construction. In the last
subsection, both the construction and the proof of our main result Theorem 2.1] are
carried out.

1.2. Definitions and notation. Let (M, dys) and (N,dy) be two metric spaces
and let f : M — N be an arbitrary mapping. We will say that f is Lipschitz
if there is A > 0 such that dy(f(z), f(y)) < Mdm(z,y) for every x,y € M. We
may specify that some constant A > 0 satisfy the latter inequality saying that f
is A-Lipschitz. The infimum over all A > 0 such that f is A-Lipschitz is called the
Lipschitz constant of f.

A retraction from a metric space (M, d) onto a subset N C M isamap R: M —
N satisfying that R(xz) = x for every © € N. The image of a retraction is called
a retract. We say that R is a Lipschitz retraction or equivalently that R(M) is a
Lipschitz retract whenever the retraction R is Lipschitz.

If X is a Banach space, we say that a subset S of X is a generating subset
whenever the closed linear span of S is X. We denote the closed linear span of .S
as span(9S).

Given some countable set I', we denote £ (I") the space of bounded functions
x: ' = R endowed with the supremum norm ||z||s = sup |z()|. Whenever we are

y€eT
working with an element z belonging to some ¢ (I") we will denote the supremum
norm of z simply by ||z||. We also denote ¢1(I") the space of summable functions

z : I' = R endowed with the norm ||z||y = Y |z(y)|. For N € N we will refer as
~el’

¢X and ¢ to the space £ (') and ¢4 (T) respectively for I' = {1,..., N}. We say

that a sequence (e, )nen of normalised vectors from a Banach space E is equivalent

to the £1(N) basis if for every sequence (A,)neny C R with finitely many nonzero
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elements it holds that

> Anen|| =D Al

neN neN
It is worth mentioning that the given definition is not the usual concept of basic
sequences being equivalent.

Given a Banach space E, two nonempty subsets &1 and S; of F and an element
v € E, we say that v is a midpoint of S; and So whenever for every z € §; U Ss,
o — 2] = d(S1,82)/2

Throughout the entire note, we will consider N the natural numbers starting
from 1 and Ny = NU {0}.

Throughout the entire note we will follow the terminology and notation used in
[FHH"11]. For the background on Lipschitz and uniformly continuous retractions
we refer the reader to the first two chapters of the authoritative monograph [BLO0].

2. MAIN RESULT

2.1. Sketch of the proof. Let us begin with a somehow imprecise but useful
formulation of the approach used in subsection We will try to construct X
such that if R is a (1 + ¢)-Lipschitz retraction with convex image K (where 0 € K)
for some small enough € > 0 almost preserving some fixed vectors Uy, £Us, £V) 1,
£V5,1 € X then there must be a sequence in K without any Cauchy subsequence.
The reasoning is going to follow an iterative argument. More precisely, out of the
eight vectors £U;, Uz, £V; 1,£Va 1 we will be able to find another four vectors
£Vi2,£V2 9 distant from the rest which are also almost preserved by R. Then,
using the fact that Uy, Uy, £V7 2, V5 2 are almost preserved by R we will find
another four vectors £V 3,4V 3 distant from the rest which are again almost
preserved by R and so on. The sought sequence without Cauchy subsequences is
going to be (R(V1n))nen. The unique problem being how to produce the new four
almost preserved vectors Vi 1, £V2 n41 out of the previous almost preserved
vectors U1, £Us, (£V1,m) 0l —1, (£Va,m )1

For technical reasons, the argument depends on whether n is even or odd. As-
sume first that n is odd and +U,,+U,, £V ,, £V5,, are almost preserved by R.
We need to consider two subsets of vectors S;', S, C X such that

SE C co{R(£U,), R(xUs), R(£V1 ), R(£Van)} C K.

More precisely, the sets S contain 8 vectors S = {an, ce Zsjfn} chosen such
VijntVan
U ] 2
that the elements fon,...,Z;’n are close to Hf"‘ and the elements
U +V1,n+V2,n
Zypy- -3 Zg, are close to —————52——. The space X is constructed so that

Vi.nt1 is the unique midpoint of {0} and S, \ {Zjn} and the vector Vs 41 is the
unique midpoint of {0} and S, \ {Z3,,}. Since all the latter sets are in K their
elements are preserved by R and since there are no other midpoints of those sets
and {0} rather than Vi ,,11, V5 n41, these vectors must also be almost preserved by
the (1 4 ¢)-Lipschitz retraction R.

We may define Uy, Uz, V1 1, Vo, satistying U], ||Uz|| = 1, |Vinll, | Venl = 1/3
and

U 4 Wil Vel
d({O},Sf) ~ ” IH . D)

~2/3 fori=2,3.
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Hence, the vectors Vi 41, V2 n+1 must satisfy that
Vil [Vamiall = d{0},87)/2 = 1/3 = [Viull, Vol

This is the key ingredient which prevents the sequence (Vi ,)nen from converging
to 0. Therefore, it is possible to define the vectors distant from each other. If, on
the contrary, n is even, we proceed analogously but using U instead of U;.

Let us now introduce the purpose that our main lemmas below serve. Lemma
shows that £V} 41 is the midpoint of {0} and its respective set S described
above whereas Lemma [2.7] proves that £V} ,, 11 is the unique element with such a
property. Moreover, since the argument must work up to € > 0, we show in Lemma
27 that if a vector B is almost the midpoint (up to €) of {0} and S then B is
almost £V} ,,4+1 (up to a constant C' > 0 times ¢). Finally, Lemmas and 2.7 are
used in the proof of Theorem 2:§] (a more precise formulation of Theorem 21I) to
finish the section.

2.2. Final construction. We will give an explicit definition of a separable Banach
space X and a proof of the fact that there is no A-Lipschitz retraction onto any
generating compact and convex subset of X for some A\ > 1. That is, we will be
proving the following result.

Theorem 2.1. There is X > 1 and a separable Banach space X such that no
retraction onto any generating compact and convex subset of X is A\-Lipschitz.

The space X will arise as the closed linear span of countably many carefully
chosen vectors from £, (N?).

Let us then proceed with the definition of X. The construction will depend on
some constants d, M, A > 0 which will be specified later. We set for every 1 < k < 8
the following quantities,

1 k
14k 1k

2 M
o= 210 (k) =< -
— 2 2 M

Oézl—l'g,ﬁ:l—i-x%.
We now start defining functions f, g : R — R given by
f(x)=a+2z and g(z)=p—-2* (z€R).

We also define three vectors u, v, c € R® given by u(k) = f(zx), v(k) = g(zx) and
ck)y=1for k=1,...,8.

Fact 2.2. The vector (zy)§_, is strictly increasing in k = 1,...,8. Moreover, if

M > 16 and we set §p := 22 — 2% then 6y > x5 — 21 > 0, dpf M2 and

kg}ﬁfslt( ) = u(8) ) kiﬁl}?,s“( ) =u(l) (zs — 21),
_ _ : _ 12 .2
kg{dfgv(k:) =v(l)=1 , k:nlunsv(k) =v(8) =1— (zg — 7).
Proof. M > 16 implies xj > % for every 1 < k < 8. Then, g + 1 > 1 and hence

oy = ((Es + (El)(.’[g — .’El) > T8 — 7.

The rest of the proof is straightforward. O
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From now on, we will consider a sequence (e,) C Sy_ () equivalent to the ¢1(N)
basis in £ (N). This is possible since £, (N) is isometrically universal for separable
spaces. Also, let us consider §; € R® for i = 1,...,8 given by &;(k) = 0 if i # k and
0; (i) = A.

We are finally ready to present the vectors from £, (N?) that will span our space.
All the vectors will be defined following the same approach, namely, each vector
will be defined in {m} x N in a specific way for each m € N. In the case m = 1, the
definition will be splitted into blocks of 8 elements in a row, that is, the first block
will be formed by (1,1), ..., (1,8), the second will be formed by (1,8+41),...,(1,2-8)
and the n*® block will be formed by (1, (n—1)8+1),...,(1,n8) (see Figure[l). We
denote as BLOCK m the elements (1,m8+1),..., (1, (m + 1)8) for every m € Ny.

Consider now the elements Uy, Us € £ (N?) given by

u(k) ifx=(1,82m+j—1)+k)formeNy, k=1,...,8,
Ui(z) = < 65(k) ifz=(1,82m—j)+k)formeN, k=1,...,8,

%el(k) if = (p,k) for p,k €N, p> 2.

Then, we define for every n € N the elements Vi ,,, V2, € (oo (N?) as
TR = bia(k) o=

(k) ifz=
22 (k) ifx=

1,n8+k), k=1,...,8
1,(n+1)8+k), k=1,...,8
1,m8+k), k=1,...,8 me2Ny+ =" \(n},

—~ ~ —~

=93(-1 i*“%el(k) ife=(2n+i—1,k), k € N,
1 e m,k € N,m>2,
16¢2n+i-1() if2=0mk), |y 2 on4i — 1,2(n41), 2(n+1) 41,
0 elsewhere.
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Our sought space is
X = span({Vi,n}i:Lz U{li, U2}>~
neN

See Figure 2] and Figure [3] to have a conceptual idea of what the vectors U;, V; »,
look like when restricted to {1} x N (we present the picture by giving the graph of
the blocks arranged like in the last step of Figure[l). Notice that, when restricted
to {m} x N for m # 1, the previous vectors are nothing but multiples of some vector

Vin+Van

e; from the ¢; basis. We have included in Figure [3l a description of 5

{1} xN
because it is also going to be central in further discussions.

Now, we turn our attention to the proof of Theorem 21l For that purpose, we
first need to state and prove some technical auxiliary results. We start with the
following simple but handy lemma.

Lemma 2.3. Let Nyn € Nwith N > n, {vy,...,v,} € (¥\{0} andc=(1,...,1) €
N Ifv,...,vn,c are linearly independent then there exists K > 0 such that for

n
every a € span{vy, ..., vn,c} with a = Ac+ > \wv; it follows that
i=1

AN=1L N < Klla—¢||, i=1,...,n
Proof. Tt follows immediately from the fact that the sequence {v1,...,v,,c} is a

block basis but, for the convienence of the reader, we include here a complete proof.
Since vy, . . ., vy, c are linearly independent, we know that there exist fo, f1,..., fa

€ (IN)* = £V such that z = fo(2)c + . fi(2)v; for every z € (5. More-

i=1
over, we know that fo(c) = 1 and fi(c) = 0 for ¢ = 1,...,n. Let us consider
K =max{||foll, | f1ll,-- -, Ifull} < oo. It is clear that for every 1 < i <n,

(il = [fila)] = |fila = < | fill - lla — ¢l < Klla —¢].
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Finally, it is immediate that
IA=1] = [lfola =) < [[folllla = cl| < Klla — .
O

We will make use of the following quantity which depends exclusively on M > 0,

(2.1)

fine =

mi
k=1

) PRREE

J#k

M—o0

b (1= #(R) (k) — u(d)) + HR) (o(k) — ()}

Fact 2.4. For every M > 16 it holds that ups > 0 and upy — 0.
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Proof. Let us consider for 1 < k < 8 the function hy : R — R given by
hi(z) = (1= t(k)) f(z) + t(k)g(z) (z €R).

It is immediate that

par = min {hg(zk) — hi(z;)}-
J,k=1,....8
J#k
For every choice of M > 16, the function hj is a quadratic polynomial attaining a

unique maximum at x. Therefore, if j # k then hy(x) > hi(z;) and thus par > 0.

. . . M — o0
Now, since hy, is contiuous and x,z; ——— 1/2, we clearly have

o 1 1
hk(Ik) — hk(.ftj) M;> hk(i) — hk(i) =0
and we are done. O

Let us finally pick appropriate §, M, A > 0 for which X will satisfy the statement
of Theorem [Z1] for some A\ > 1.

Choice of 0, M and A:

We take some § > 0 satisfying

1
2.2 0 < —
(2.2) <1
and find M large enough so that the following inequalities hold,
8 1-86 1)
(2.3) M+5M+MM < 6 (2.4) o < g
Finally, we pick A > 0 so that
12373 5 1-— 25 1-— 5M
2. A< —7, - — — —_—
(2.5) <95 3 Ons On s 5
We denote now for n € N and 1 < k < 8 the element Sy ,, € X given by
Vip + Vo
Sk = (1= t(k))Ussar +t(k)%.

The element Sk, € X will be very relevant for the proof of Theorem 2l See
Figure M to have a rough idea of what it looks like when restricted to {1} x N.
For the latter choices of §, M and A, we have Proposition

Proposition 2.5. The following properties are satisfied for every n € N,

(1) [|Vinll = 152 and U] =1 fori=1,2.
(2) |(Vin+Van)(1,m)| <A for everym € N\{(n+1)8+1,...,(n+1)8+38}.
(3) For everyk=1,...,8,

2—-96 A
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(4) For every x € N2\ {(1,(n + 1)8 + k)},
Sk ()] < Skn(L, (n+1)8+ k) — puns.

Proof. (@) It is clear that ||U;|| = u(8) = 1. Now, taking into account the constraints
of 0, M and A, a straightforward case by case check yields that ||V, 1=

7o
@) The proof is straightforward from the definition.
@) By Fact 222
(2.6) u(l)+v(l) =2 — (xzg —x1) > 2 — .
We also deduce that
F: ZD 1-29 2426
@7 u)=1-(e—a) > 1=y > = = () - =t

3
This, in addition to the fact that t(k) < 1/2, yields

0 @(% — t(k)) (1) — (w(1) - 2 22‘5))

u v(l) — 22
:(1—t(k:))u(1)+t(k)(v(1)—2226)_ e (21) —

Equivalently,

u(l) + (1) — 22
. (1—t(k))u(1)+t(/€)<ﬂ(1)—2—;25>> (1) + (21) 3

Finally, since pp > 0 we know that (1 — ¢(k))u(k) + t(k)(v(k)) > (1 — t(k))u(l) +
t(k)v(1) and therefore

Sk (1, -+ D8+ 8) = (1 =tk uh) + ¢(8)(o10) — 2522)
> (1= t(k))u(1) + t(k) (v(l) _ 24;)_25)

2B u(l) +v(1) - 2

2
2425
D 2 5y — H2
2
2—9 (5M51\4>A2_(5 A
=— - — ) —
3 2~ 3 Mt

@) We distinguish here between different cases depending on the element z €
N2\ {(1, (n + 1)8 + k) }:

Case 1 (x=(1,(n+1)8+j) for j=1,...,8 and j # k). In this case we have

|Skn ()] =(1 = t(k))u(j) + t(k) (v(J) 2 225)
=(1 — t(k))u(k) + t(k) (v(k) 2 225)

= (X = t(k)) (u(k) — u(j)) + t(k) (v(k) — v(5)))

@D
< Skl (n+1)8+ k) — puns-
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Case 2 (x = (1,q) with ¢ # (n+ 1)8+ j for j = 1,...,8). From property (2)) we
know that |m(9&)’ < A/2 and thus

Stn(@)] <(1 1| Ussicn (@)] + A/2

23 2 -
<1—-tk)+A/2 < Té—éM—uM—i-A/Z

B

@
<Skn(l,(n+1)8+k) — pn-

Case 3 (x = (p, q) for some p,q € N with p > 2). In this case

1 183 2-4 @
‘U3+(;1)" (1’)‘ S 1—0 and g § T _5M_/~LM < Sk,n(l,(n+1)8+k) — UM,
so then
Vin(@)|+ [Von(x
St @) (1 1)) Ui ()] + 1) Vel Von )
@ 1 1-6 1
<A —=tk)—=+tk)—— < 2 < Skal,(n+1)8+ k) — pn.

10 3 3
(]

Lemma is crucial for our later purposes. Despite being large and seemingly
involved, its proof is elementary and the computations needed are not so hard. How-
ever, we are forced to work distinguishing cases due to the nature of the definition
of the vectors U;, Vi ,, € X.

Lemma 2.6. There exists g > 0 such that if Ey, Eo, W1, Wy € X satisfy |W; —
Vinll, |1 B: — Usl] < eg fori = 1,2 and some n € N then for k = 1,...,8 we have
that | Zin| > 252 and

2—25
o Zkn
3 Zk.mll

where Zin = (1= (k) Baecun + (k) 2.

1—
=5 kit

>

(29)  IWVintall, || (=1)F Vi1 —

Proof. We first choose g satisfying some inequalities which will be used throughout
the proof. Let us take g9 > 0 such that
uy —2A 1 46 ) 1-8 8 1-106

2 a3 Mg T T e
Notice that thanks to the appropriate choice of §, M and A, the quantities in the
right-hand side are strictly positive and hence such an ¢ exists. Let us show
that this ey satisfies the statement of Lemma From Properties [B) and ) of
Proposition we get that for k=1,...,8,

(2.10) g0 <

2—90
(2.11) 1kl = Sk (1, (0 + 18 + k) > == = b,
Hence, for every k£ =1,...,8 we have that
@ID 2-9
1Zknll 2Sknll —€0 > —5—= =0 — o
(2.12)
2—20 @I 2 — 26
:T+(5/3—5M—€0) > 3
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We turn our attention to the proof of ([2.9]). We already know from Proposition

that ||Viniill = % so that we only need to prove the second equality of ([2.9). It

is immediate that
. 2—29
H(_l)ZHVimH -

31 Z.al ="
Therefore, it is enough to show that for every z € N and k # i + 1,
(2.13) (1) Wi - ;I;—;jflz’“’”) (z) < %
We proceed by splitting the proof of inequality (2I3)) into different cases.
Case 1 (z = (1,(n+1)8 + k)). In this case

1—-9¢ 1-9§

Vi,n-‘rl(fp) = (—l)ifl <T _ §z+1(k)) k#i+l (_1)1'—1T7

and since by ([ZI0) we know that 2g¢g < s then for every z € N2\ {z},

ml—o
—|Vinsall = —5

2—2)
> 222 g,
3[| Zk.nl

@

| Zkn(2)] < |Skm(2)| +e0 < Skn(x) — par + €0
S Zkvn(x) — UM + 250
< Zk;’n(:E).

This shows that
(2.14) | Zknll = Zkn(1, (n+1)8+ k).
Therefore,
, 2926 @Em(l-6 2-25) 1-4
—1 i+1 in B — n ‘ = ‘ — ‘ = .
’(( )" Vinia 3 Zpal 7* )(x) 3 3 3
Case 2 (x=(1,(n+1)8+j) for j € {1,...,8}\ {k}). In this case,
1-9¢

(2.15) Vi (@) = (-1 (557 = 81 (9)).

_ﬂ)

(2.16) Skunl2) = (1= tk))u(d) + (k) (v(5) = =

@2
Now, since dy; < % < % it holds that

2426 Fact> 2426

(2.17) v(5) L= 8y — =5 > 0.

Therefore, taking into account that 1 — ¢(k) > 1/2 we get that

Zin(w) > Sn(w) — 20 "= (1= t(k))u(j) + t(k) (v(j) -

(2.18) EID u(j)  Fel1- oy
> € > 5

9 0 =

—¢e9 > 0.

The last inequality holds since dp; <
inequalities we get

and g < Combining previous

L L
30 40°
: 2—-20 EHHEI™ 1 -4
2.1 K 7/ —— —_—
(2.19) (G0 Vinn = gz a0 <
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Since
V n + VZ n m

(2.20) 1Skl < (1 = t(E)[|Usnn > ;

+ (k)

(PR
and gg < % we have that

=) 1-46 4-—46
(2.21) 12 nll < WSnll +80 < 14 === —5—.

Also,

@
(2.22) | Zkn(2)] < [Skn(2)+20 < [[Skn

| — v +eo0 < | Zinll — pr + 2¢0.

Using the above inequalities we deduce that

(3”Zk,nH ke — (—1) ,+1)(x) < 3HZk,n||‘ ko (@) = [Vimgr ()]
222 2 — 2§ 2—26 1-¢
(2.23) = - (1=,
<3 B Zen] M “0)) = (3 )
@zm1-6 1 @I 1 —
< 5 gl =260 -24) < ——.

This case is hence done by combining (Z19) and (Z23).
Case 3 (x = (1,(n+2)8 + j) with 1 < 5 < 8). In this case we have

N 2426 ie .
Vinea () = 0(3) = 2520 4 (<1)'52(j),
Fact
which taking into account that v(j) < 1 implies that
1-29
(2.24) Vinn@) < 222 4 A

@
We now compute | Sk ,(x)|. Since we have that |(V1 ,+Va.,)(2)| <A and Ustcnn ()
2
= dg(7), it clearly follows that

(2.25) [Sin (@)] < (1= t(R)[8s(G)| + 1WA < A,
Therefore,
. 2—-26 z12)
_1) 1y _ s = < g
(0 Vi = 572 ) @)] S Winea )]+ 2 (0)
< [Virr (@] + |Sen(a)] + o
EAE2) 1 -2
< 0 + 2A +¢g
1-6 0 EIm 1-9
e T

Case 4 (x = (1,m8 4+ j) where m € 2Nj + %\{H—FQ} and 1 < j <8). In
this case by definition we get that

@
Vins1(@) =0 (Vi + Vo) (@)] < A, s (1) = b(j).
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Hence, |Sk.n(2)] < (1 —t(k))A +t(k)A = A and we conclude

226 fome)
2-20 1 B
3| Zimll k’”)(x)‘ < | Zkn(2)] < Sk ()] + €0

1-96
SA—FSOST'

(0™ Wi =

The very last inequality follows from the constraints established for A and ¢y in
(@5) and (2I0).

Case 5 (z = (1,m8 + j) with m distinct from the previous cases and 1 < j < 8,
that is, m is any number with the opposite parity to n except n + 1:).

1—(=1 n+1
’ITLG2N0+%\{TL+1}

In this case,
(220)  Vian(@) = (D757 = 66(0) o Usecan (@) = u(j).

D (os1) 2
Then, since 0y < §/3<1/30and A < §/6 < 1/60 we have that

Sn(2) "E (1= t(k))u() + t(k)w
@
(2.27) > (1 =t(k)u(j) — A
sz (I—t(k)(1—dm) — A
2 ! _;M —A>0.
Then,
i 2—26 @z .
((—1) +1Vi,n+1 - 3||Z—k:,n||Sk7n) (x) < (_1) +1Vi,n+1($)
(22 = 1-2 _325 —d6(4)
c0<8/3 1 =4
< T3

Also, we have that

(Vin + Vo) () @

(2:29) Sanle) 2 (1= t(R)u()) + ¢(k) 1

and so,

(1 —t(k)u(d) + A,

2—26 , (PR .
(58 = (C1) Vi1 ) @) < k(@) = (1) Wi (2)
31Zeal

mﬁm (1 —t(k)u(j) + A — -2 + 06(4)
(2.30) k
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Notice that u(j) < 1 follows from Fact and A < ¢/6 is one of the inequalities
in (23).
Inequalities (Z28) and (Z30) yield
; 2—-26 1-96
2.31 ‘(—1“_1‘/;-71 T n) ‘<—_ )
( ) ( ) n+l 3||Zk,nH k, (LL') 3 €0

and therefore we finish this case using the triangle inequality

y((—ni“m,nﬂ—ﬂzm)(x)\s\((—1)”1%%1 22 ) @)

3[1Zknll 301 Zk nll
2 —
+ o HSkn( ) = Zin ()]
3(1 Z ,n”
ED2DE3D 1-46
< —_—
3
Case 6 (x = (2(n+1) +i—1,5) where 7 € N). In this case,
1= .
Vipr1(z) = (1) gl Via(z) =Van(z) =0,
(2.32) . .
Ussan (@) = gpead) 5 Skale) = (1= t(k)) g5e(d)-
First, we compute
2—-20 1 D 1 @E1-6
2.33 — - — (1 —t(k — —_—
(2:33) 51z 0 TR < g < 3

Now, taking into account that 1 — ¢(k) > 3 we have

(0 Vi = 2= 2 @] B2 | (52~ 222 L k) ea )

3[1Zk.ml 31 Zknll 10
o) (1 -9 2—-20 1 )
=Y (ot (1
2D 1-6 1 m 1-9
< S-S e
3 40 3
Therefore, by the triangle inequality and the last shown equation we get
. 2— 2—26
)L on) @ H( Vi1 = gz S @)+
(0 Vo= 57 v RUOA A
< —_—
3
Case 7 (x = (p,j) € N? different from the previous cases). In this case, p > 2 and
hence we know that V; ,(x) € { = el(j), 110 eanti—1(4)s 0} where it cannot

happen that V; ,,(z) = ng( x) = ( 1)1 1is =2e1(j). Then,
Vin(@) + Van(2) ‘ %‘5 +4  13-100
2 2 60
Also, since z is different from that of Case 6, necessarily p # 2(n+ 1)+ — 1 so
that V; ni1(2) € {0, t5ea(n+1)+i—1(j) }- Hence,

IA

(2.34) ‘

1 .
(2.35) [Vint1] < 0 and U3+<;1>n (x) = 1—061(j).
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22
This together with the fact that 1—10 < % yields
Vl,n(x) + VQ,R(:I:)

S (@)] < (1= H(0) [Usiicare ()] + (k)|

2
(2.36) m<m (1—t(k))i+t(k)13_105 < 13 — 109
- 10 60 60

Therefore, taking into account that by (ZI0), g9 < 1_6%)05 we finally conclude

() Vo~ o2 2,) @) 2 Worra @) + 1Sk + 20
[ Zk.nl
(I235I)<(EBEI) i_’_ 13 — 109 tep < ﬂ

10 60 -

O

Our next objective is to prove that (—1)""'V/’, | is the unique vector (up to
¢) satisfying the thesis of Lemma (up to €). The proof relies on the ¢;-like
behaviour of our previously defined vectors.

Lemma 2.7. There exists C' > 0 such that if Z1 , ..., Zs  are like in Lemma
for some n € N then whenever there is B € X satisfying

2 -2 1—-9
. <% e Wk#ig+1,
3 Zen] 3 # o

or some ig € {1,2} and € > 0 it follows that
f { )
”‘E ( 1)i0 1[io,nJrIH < Ce.

HB||7 B Zk,n

Proof. We may assume without loss of generality that
Be span({Vi,n}i:l,z U{U, UQ}).
neN

Let us consider y;, = (1,(n+1)8+k) for k € {1,...,8} and ' = {yx }x=1,....s. Now,
k?;élo-‘rl
we consider the vectors w, ¢, b, u1, uz, Vi m € loo(l') = €7 for i = 1,2 and m € N

given by
1-25
w(yx) = —5 - d6(k) , clyx) =1, blyr) = Byk),

ur(ye) = Ui(yk) » u2(yr) = U2(yr) » im(yk) = Vim(ye)-
Claim. If i1 € {1,2}\ {io} then the vectors ¢, v, nt1, V1,n; V2,n, U1, Uz, w are linearly
independent vectors from £, ().

Proof of the Claim. Let us first define the vectors p,q € £ () as

plye) = 9(xk)  alyr) = flzx) VR e {L,....8}\ {io + 1}.
Consider also es € £oo(T') for s € N as

() 1 ifk=s
e =
A NS

If one takes into account the immediate fact that p, ¢ and c are respectively the

evaluation in {x}r=1,. s of a polynomial of degree exactly 2, a polynomial of
k;ﬁioJrl
degree exactly 1 and a nonzero constant polynomial, it follows that the vectors

from S = {p,q,c,e;,+1,€6,€7,es} are linearly independent. Hence, 8 is a basis for
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¢+ (T') and we just need to compute the determinant of the matrix M whose rows
are the coordinates of the vectors ¢, Vi, n41, V1,0, V2,n, U1, U2, w for the basis 8. It is
easy to check that

0 0 1 0 0 0 0

00 (-D)n'x2 (—1)"A 0 0 0

10 2 0 0 -A 0

M=|10 %2 0 0 A 0

0 1 0 0 0 0 O

0 0 0 0 0 0 A

00 1-20 0 -A 0 0
To show that det(M) # 0 it suffices to repeatedly use the Laplace expansion of the
determinant. ]

Let us continue now the proof of Lemma 271 We consider iy € {1,2} distinct

from iy. There must exist unique A\, A1,...,A5,pim € R for i = 1,2 and m €
N\ {n,n + 1} such that just finitely many of them are nonzero and satisfy that
(2.37) B=A=1)"""V; it + MVip g1 + A Vi + AsVon + MUy
+ AsUs + Z Pi,mVim
i=1,2

meN\{n,n+1}

If meN\{n,n+1} and i = 1,2 then

Vi (yg) = {(_1)i_1(1_—3,2($ —86(k)) = (-1)"tw(yy) if m#n mod 2,

0 if m =n mod 2.
Therefore, since %c = (=1)%~ 1y, 11 we have that

1-96
(238) b=\ c+ )\17)2‘1’”+1 + )\27)1’»,1 + )\3’02’71 4+ Aqu1 + Asusg + Agw,
where \g = > P1.m — P2,m- Also, for i =1,2,

meN\{n,n+1}
m#n mod 2

2426 . /1 —90

Vi) = v(k) = ==+ (<18 (R) v () = (D)7 (5= = G (B)),

waecon (Yr) = u(k) - wa=con (yr) = ds(k).

From the previous Claim we know that the vectors c, v, p+y1,v1n,V2,n, U1, U2, W
are linearly independent vectors from £, (I"). Hence, we may use Lemma 23] with
a = %b which provides us with some K > 0 independent of £ and n such that

IA=1],[As25| < Klla—¢| for s =1,...,6. Thus,
1-46
(2.39) A= 1], A §4KHb— . cH for s=1,...,5.
From the hypothesis we deduce that for k # ig + 1, B(yx) < % + ¢ and
2—26 cIm 2-—20 1-96
— —B = ——Zrn - B < — .
3 (k) 31 Zknll (k) (yr) < 3 T¢
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This implies that |B(yx) — 52| < e for k € {1,...,8}\ {io + 1} and hence
1

(2.40) Hb - gécH <e.
Taking into account inequalities (239) and ([2.40) we deduce that
(2.41) IA—1],|As] <4Ke for s=1,...,5.
Finally, we consider
b= Blia(nt1)4io—13xn  and d=b— Z Pim Vi,m‘{z(nﬂ)ﬂoq}xN'
mENi\:{}zfn-ﬁ-l}
Notice that for every 1<i<2 and meN\{n, n+1} it holds that V;

= 15€2mti—1. Also, by [237) and (Z4I) we have that
1

m|{2(n+1)+i(,—1}><N

s -0 T ig—1
Hd_ 3 61H:Hd_(_1)0 Vion+1l an41)+ig—1y sy |
5
()
SIA=1+ ) A < 24Ke.
s=1

Hence, by the triangle inequality,

- - 1
Ll d+ i;Q Pi.m g €2m+i-1

meN\{n,n+1}

= (67— ! ; 661) + (1;—661 + % . Z pi,m€2m+i1>

i=1,2
meN\{n,n+1}

1-6 1
=0, 1) = 24K,
( 5 10 igz & |> )

meN\{n,n+1}

On the other hand [[b]| < || B < 1;—5 + ¢. Therefore,

IV

1
0 Z pim| < (24K + 1)e.
i=1,2

meN\{n,n+1}

This finishes the proof since
1B = (1) Vg gl

@z

A= D=1V g1 + M Vi g1 + A2V,

+ Vo + MUL+ X502+ D> pimVim
i=1,2
meN\{n,n+1}

5 2D
< |A—1|+§ IAs| + § lpim| < (264K + 10)e.
s=1 i=1,2
meN\{n,n+1}
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We are finally ready to prove Theorem 2] which we state here in a more precise
way.

Theorem 2.8. There are 9,C > 0 such that if D is a convex subset of X with
0eDand R: X — X is a (14 e9/C)-Lipschitz retraction onto D satisfying for
i) =12,

IR((=1)"Via) = (1) Vil 1R((=1)Us) = (1)’ Uil < eo,
then for everyi,j =1,2 andn € N,
HR((_l)jVi,n) - (_1)j‘/;,n|| < €o-

Proof. We will consider €y, C’ > 0 given respectively by Lemma and Lemma
27 Let us proceed by induction, showing that for every n € N we have that
|R((—1)7V; ) — (—1)7V; || < 0. The case n = 1 follows directly from the assump-
tions above. Now, if we assume that [|[R((—1)7V;,) — (=1)7V; | < o for some
n € N, let us prove that

(2.42) [R((=1)Vins1) = (=1)"Vinsall < <o
We first denote for ¢,j =1,2 and k=1,...,8,
Wi = (1Y R(-1)Vin), B! = (~LYR((~1)U;)

) , " , Wi+ Wi
B! = (=1)/R((=1)"""WVint1), 2, =0 —t(k)EL yyn + t(k)———2.
2

2
By property () from Proposition 25

(243) B = IR(-DT Vinin) — RO < (14 0/0) 122

It is immediate that (—=1)7E7, (=1)/W/ € D and hence 3”22_].2‘5 (—1)jZ,g n € D for
7 :

j € {1,2} since 3HQZ_J26 T <1 by ([ZI2). Notice also that by the induction hypothesis
kon

we know that EJ, EJ, W W satisfy the requirements of Lemma Therefore,
by Lemma 2.0 if k # i+ 1,

Al

S 9_95 o 2—26 _—
|87 - 222 2| =| 0 Vi - R(Z 2 iz )|
M 312, ’
) 2—25 _.
(2.44) <(1+e0/O)[(-1) Winir - — -7,
3127,

:(1+50/C)1%5.

Putting together inequalities (243 and ([2:44)) we have that whenever k # i+ 1,

2—-20 _ 1-46
L | e 0]
31Z; .0

1B, || B

-3

Clearly, from the induction hypothesis we have HW; —Vinll <eoand ||Ef—UZ|| < &g
fori,j € {1,2}. Therefore, we are allowed to use Lemma[Z7]in this situation. Then,
for every 1 <14,5 <2,

1B} = (=) Wil < eo.
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This proves ([2.42]) and hence finishes the induction since for every 1 <i,j < 2,
IR((=1)"™ Wi ng1) = (1) V|
= (=1 R(=1)"™ " WVini1) = (1) Vinia |
= B! = (=1)""Vi i1l < 0.
O

Lemma 2.9 may be considered as part of the folklore of convex geometry but, as
it is related to generating convex subsets, we state and prove it here.

Lemma 2.9. Let Y be any Banach space. For every convex set K CY with 0 € K
there is xg € K such that

span(K) = U k(K — xg).
keN
Proof. We follow an idea developed in [HM23b, Corollary 2.8] but we add the proof
here for the sake of completeness.

Let us denote Z = span(K). If Z is finite dimensional then the result is imme-
diate by taking any xg in the interior of K with respect to the norm topology of Z.
If, on the contrary, Z is a separable infinite dimesional Banach space, we consider
a sequence 8 = (e,) C Z such that span{e,}neny = Z and denote for every n € N
the space E,, = span{ey,...,e,}.

For every n € N there are elements x4, ..., 2, € K such that

E, C span(xi,...,Tk, ).

We consider then

1 kn
Yn = kn 1 izzlxia

which is again in K (since 0 € K). Now, we claim that

(2.45) vneN Je>0 : y,+eBg CK.
To show (243)) it is enough to prove that for every z € span(xy,...,xg, ) there is
k

€ > 0 such that y, + ez € K. Let us take z = i Aix; € span(zy,...,z),) and
i=1

2

e > 0 satisfying that

. kn
o1 Temin, (M) >0 and Smme +5;Ai =1
The claim follows immediately since
i 1
yn“‘é‘z:; (kn—l—l +5>\z’)xi eK.

The statement (2.45) is now proven. Let us consider the element

o = Z 2_kyk.

keN
We finish the proof by showing that

(2.46) VneN Je>0 : zo+eBg, CK.
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Again, it is enough to see that for every z € F,, there is ¢ > 0 such that z¢g+ez € K.

Given n € N we take z € E, and set z, = Y %yk € K so that xp =
k#n

27"y, + (1 —27")z,. By ([2.43) there is € > 0 such that y,, +ez € K. Hence, letting

¢’ = 27 "¢ we are done since

zo+e'z2=2"(y, +ez)+(1—-2"")z, € K.
]

Proof of Theorem 21l We take A = 1 + &/C > 1. Assume that there is a A-
Lipschitz retraction R from X onto a generating compact and convex subset K of
X. Then, for every k € N we may shift R by an element xy € X and dilate it with
ratio k£ to obtain

Ri(z) = kR(% +x0) ~ kao.
Notice that Ry is a A-Lipschitz retraction onto k(K — z¢). Picking zy € K as

in Lemma [20] we get from the fact that K is generating that Rj(x) k“—”> T

— O

Therefore, for large enough k € N, Ry meets the hypothesis of Theorem and
hence
”Rk(Vl,n) - Vl,n” <e VneN.

Clearly, |V1.m — Vil > 1/5 for every n,m € N distinct. Hence, for every m,n € N
distinct, | Ri(Vim)—Re(Vin)| > 1/5—2¢¢ > 0. Therefore we find the contradiction
since the compact set k(K — xo) contains the sequence (Rk(VL"))neN which has
no Cauchy subsequence. ([l

It is worth mentioning that X does enjoy both linear and nonlinear approxima-
tion properties. In fact, we have the following straightforward result.

Proposition 2.10. The space
X =5 {Vin}imz U {01, U}
neN
is isomorphic to {y.

Proof. We know that X = span({Vi 1,V21,U1,Uz}) & span({Vm}i:l,g). There-
n>2

fore, it is enough to show that YV = span({Vim}i:l,g) is isomorphic to ¢;. Clearly

n>2
Vi)n|{2}><N = %621@4’_1‘_1 for every 1 < i < 2, n > 2 and so for every sequence
(Ain)i=1,2 C R with finitely many nonzero elements it holds that
n>2
Ai,n‘/ti,n > )\i,n sz,n| NN || = Ai,nie2n+i71 = i ‘)\'L,n .
= , 2} ‘ 10 10
i=1,2 =1,2 1=1,2 =1,2
n>2 n>2 n>2 n>2

O

Corollary 2.11. There is a Lipschitz retraction from X = span({Vi,n}i:l,g u
neN

{Un, UQ}) onto a generating compact and convex subset of X .

Proof. Since ¢; has a Schauder basis, necessarily X has a basis, too. Then, the
statement follows from Theorem 3.3 in [HM23a]. O
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