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Abstract

We take an axiomatic approach to study redistribution

problems when agents report income and needs. We

formalize axioms reflecting ethical and operational

principles such as additivity, impartiality and individ-

ual rationality. Different combinations of those axioms

characterize three focal rules (laissez faire, full

redistribution, and need‐adjusted full redistribution) as

well as compromises among them. We also uncover the

structure of those compromises exploring the Lorenz

dominance criterion as well as majority voting. Our

analysis provides an axiomatic justification for a linear

income tax system. We conclude our analysis resorting

to Eurostat's Household Budget Survey from where we

illustrate the different redistribution patterns account-

ing for needs across European countries.
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1 | INTRODUCTION

The redistributive effect of income taxation has long been established. In this paper, we focus
on the specific problem of redistribution when agents report income and needs. We approach
this problem normatively, endorsing the axiomatic method. To do so, we consider a stylized
model in which an income profile reflects the taxable and observable income of a group of
agents, and a needs profile reflects the amounts those agents objectively need. Our model is
flexible enough to accommodate agents with negative (pretax) incomes or with needs above
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their (positive) incomes. A plausible interpretation for needs is basic consumption (e.g.,
Stone, 1954), which agents need to survive. This justifies to consider need as independent of
income. The issue is to construct rules that transform an income profile into another, without
wasting in the redistribution process. The model is, therefore, a generalization of the income
redistribution model introduced by Ju et al. (2007) in which the problem is addressed without
considering needs.1 It is also reminiscent of the seminal model introduced by O'Neill (1982) to
analyze claims problems, surveyed by Thomson (2019).2 Young (1988, 1990) reinterpreted that
same model to analyze taxation problems, focussing on the principle of equal sacrifice.3 In our
model, the tax revenue to be raised is zero. And income profiles are amended with needs,
which might play a role in the redistribution process.

We start our axiomatic analysis considering three basic and intuitive axioms for this model:
equal treatment of equals, continuity and additivity. The first one is a standard notion of
impartiality, a fundamental requirement in the theory of justice (e.g., Moreno‐Ternero &
Roemer, 2006). It states that if two agents are equal (they have equal income and equal needs),
then they receive the same amounts. The other two axioms are standard notions in axiomatic
work that exclude possible arbitrariness in the allocation process, while conveying a form of
simplicity. They state, respectively, that small changes in the data can only produce small
changes in the solution, and that the process is additive with respect to incomes and needs.4

Our first result (Theorem 1) characterizes all the rules satisfying the three axioms. They are
rules that emerge as certain linear combinations of three fundamental rules: Laissez Faire; Full
Redistribution and Need‐Adjusted Full Redistribution. The first two rules are self‐explanatory.
The third rule is the one that assigns needs first, and then redistributes equally the residual
(overall) income.

We then consider several additional natural axioms. On the one hand, we present axioms
reflecting natural lower bounds, which have a long tradition of use in the literature on fair
allocation (e.g., Thomson, 2011).5 On the other hand, we present axioms reflecting the
principles of monotonicity and individual rationality. We show that combining some of these
axioms with some of the three mentioned above allows us to characterize natural (pairwise)
compromises (in the form of convex combinations) of the three fundamental rules (Theorem 2),
as well as the three rules themselves independently (Theorem 3).

We complement our axiomatic analysis in three ways.
First, we take a decentralized approach to single out a specific rule within the families we

characterize. Following the long tradition of voting for income tax schedules (e.g.,
Calabrese, 2007; Roberts, 1977; Romer, 1975) we study whether the choice of a rule within a
family could be made by means of simple majority voting. Due to the overwhelming existence
of majority cycles (e.g., Greenberg, 1979), one should normally not expect a positive answer to
this question. Somewhat surprisingly, we do obtain the majority voting equilibria for each of

1See also Almås et al. (2011), Casajus (2015), Chambers and Moreno‐Ternero (2021), or Martinez and Moreno‐Ternero
(2022) for recent contributions on that model.
2More precisely, when claims problems are amended via the so‐called baselines (e.g., Hougaard et al., 2012) that could
also be considered as needs. Recently, Billette de Villemeur and Leroux (2023) have also extended the standard cost‐
sharing problems to account for needs.
3See also Ju and Moreno‐Ternero (2011, 2023).
4Additivity can be traced back to Shapley (1953). de Clippel and Rozen (2022) provide strong evidence supporting this
axiom. We discuss its normative underpinnings in our last section.
5This is a long‐standing concern in political philosophy that can be traced back to Rawls (1971) and, more recently, to
Van Parijs and Vanderborght (2017) or Chambers and Moreno‐Ternero (2017).
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the three families providing pairwise compromises among the fundamental rules (Propositions
1–3). Second, we explore the structure of the characterized families resorting to Lorenz
domination, the most fundamental concept of income inequality (e.g., Dasgupta et al., 1973).
We say that a rule Lorenz dominates another rule if, for each problem, the allocation the former
yields is greater than the allocation the latter yields in the Lorenz ordering. As the Lorenz
criterion is a partial ordering, one might not expect to be able to perform many comparisons of
rules. Nevertheless, we do obtain that two of our families of rules can be fully ranked according
to the Lorenz criterion (Proposition 4).

Third, we connect our work with the well‐known literature on optimal income taxation
pioneered by Mirrlees (1971).6 We can naturally define the taxation rule associated to a
redistribution rule in our setting. Consequently, we characterize the taxation rules that satisfy
equal treatment of equals, continuity, and additivity (Theorem 4). They are linear tax systems
that decompose into an income tax rate, a tax deduction, and a lump‐sum subsidy for need.
Resorting to the results on Lorenz domination mentioned above, we deduce the following: as
the marginal income tax rate increases, the degree of inequality in the family of taxation rules
decreases. This confirms the traditional view in public economics stating that, with income
taxation limited to a linear system, the optimal (marginal) income tax rate is greater as social
concern for inequality increases (e.g., Atkinson & Stiglitz, 1980).

We conclude our paper resorting to Eurostat's Household Budget Survey to provide an
illustration of our analysis. This survey yields a picture of living conditions across the European
Union, gathering information on households' expenditure on goods and services at the national
level. Based on it, we obtain the distributions of income and needs of European households and
represent the patterns that different nations exhibit, with respect to the redistribution rules we
characterize in our analysis.

The rest of the paper is organized as follows. Section 2 presents the model and basic
definitions. Section 3 is devoted to our axiomatic analysis, providing our characterization
results. Section 4 explores the decentralized approach in which agents vote for rules. Section 5
uncovers the structure of the families of rules we characterize via the Lorenz criterion.
Section 6 explores the connection with the literature on taxation. Section 7 presents our
empirical illustration. Section 8 concludes. For a smooth passage all proofs are relegated to an
appendix.

2 | THE MODEL

Let N n= {1, …, } be a set of individuals, or agents. For each i N∈ , let yi ∈ and zi +∈ be i's
income and need, respectively.7 We denote by y y( )i i N≡ ∈ and z z( )i i N≡ ∈ the corresponding
profiles of incomes and needs. The aggregate income is Y yi N i≡ ∈ , while the aggregate need
is Z zi N i≡ ∈ . A redistribution problem with needs (in short, a problem) is a pair
y z( , ) ×N N

+∈ . Let N be the domain of all problems. We shall also consider a variable‐
population generalization of the model. Then, there is a set of potential agents, which are
indexed by the natural numbers . Let  be the set of finite subsets of , with generic element
N . Let N

N≡ ∈  be the domain of all problems.

6We thank an anonymous referee for suggesting this connection.
7Note that incomes may be negative.
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Given a problem y z( , ) N∈  , an allocation is a vector of real numbers x x( )i i N
N≡ ∈∈

such that  x Y=i N i∈ . Let X y z( , ) denote the set of all allocations for the problem y z( , ). An
allocation rule, or simply a rule, is a mapping R : N

N⟶ ∈  that selects, for each problem
y z( , ) N∈  , a unique allocation R y z X y z( , ) ( , )∈ .

We consider three basic axioms for rules.
First, we consider a standard notion of impartiality. It states that if two agents are equal

(they have equal income and equal needs), then they receive the same amounts in the
allocation.

Equal treatment of equals. For each y z( , ) N∈  and each pair i j N, ∈ such that y y=i j

and z z R y z R y z= , ( , ) = ( , )i j i j .
The second axiom conveys the standard requirement that small changes in the data of the

problem should not lead to large changes in the allocation.
Continuity. For each sequence y z{( , )}ν ν of problems in N and each y z( , ) N∈  , if

y z{( , )}ν ν converges to y z( , ), then the sequence R y z{ ( , )}ν ν converges to R y z( , ) in N .
The third axiom states that the process is additive with respect to incomes and needs.

Consider the following two alternatives. In one of them we solve two redistribution problems
y z( , ) and y z( ′, ′) in two subsequent periods of time. In another, we simply address the lump
sum situation at the end y y z z( + ′, + ′). Additivity guarantees that the final redistribution does
not depend on the chosen alternative, so that the timing cannot alter the outcome (thus
excluding arbitrariness).

Additivity. For each pair y z y z R y y z z R y z R y z( , ), ( ′, ′) , ( + ′, + ′) = ( , ) + ( ′, ′)N∈  .
We also consider six additional axioms. The first three refer to natural lower bounds. They

all apply under the premise that the income profile dominates the needs profile (and only for
that case). And each of them formalizes a different lower bound; zero, the individual need or
the average net income (after accounting for needs). Formally,

Zero lower bound. For each y z( , ) N∈  with y z≥ , and each i N R y z, ( , ) 0i∈ ≥ .
Needs lower bound. For each y z( , ) N∈  with y z≥ , and each i N R y z z, ( , )i i∈ ≥ .
Net‐average lower bound. For each y z( , ) N∈  such that y z≥ , and each

i N R y z, ( , )i
Y Z

n

−
∈ ≥ .8

Note that both needs lower bound and net‐average lower bound imply zero lower bound. No
other logical relation exists among the three axioms.

We also consider an individual rationality axiom stating that, for uniform needs profiles,
those with larger incomes end up with higher incomes too after redistribution.9

Order preservation for uniform needs. For each y z( , ) N∈  such that z z=k l for all
k l N{ , } ⊆ , and each i j N{ , } ⊆ , if y yi j≥ then R y z R y z( , ) ( , )i j≥ .

Finally, we consider two axioms formalizing the principle of monotonicity, which is also
widely applied in allocation problems. The first one states that, if an agent's need increases then
her allocation cannot decrease. The second one is a stronger version adding that the above
cannot be imposed at the expense of those agents with a smaller net income.

8This axiom can be rationalized via splitting the process in two: aggregate needs on the one hand, and the residual
income on the other hand. The axiom then states that everyone is entitled at least an equal share of the second part.
9Order preservation axioms are widely used in axiomatic work. For instance, in claims problems, it is formalized stating
that an agent with a larger claim than another should receive (and also lose) at least as much as the other (e.g.,
Thomson, 2019). Many instances appear in other related problems (e.g., Bergantiños & Moreno‐Ternero, 2022;
Hougaard et al., 2017; Martinez & Sanchez‐Soriano, 2023).
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Need monotonicity. For each pair y z y z( , ), ( , ′) N∈  and each i N∈ , if z z> ′i i and z z= ′j j

for all j N i\ { }∈ , then R y z R y z( , ) ( , ′)i i≥ .
Strong need monotonicity. For each pair y z y z( , ), ( , ′) N∈  and each i N∈ , if z z> ′i i and

z z= ′j j for all j N i\ { }∈ , then R y z R y z( , ) ( , ′)i i≥ and R y z R y z( , ) ( , ′)j j≥ for each j N i\ { }∈

such that y z y z− −j j i i≤ .
We conclude this section presenting some natural rules that obey most of the previous

axioms.
First, we introduce the rule that leaves incomes untouched.
Laissez Faire (RL). For each y z( , ) N∈  and each i N∈ ,

R y z y( , ) = .i
L

i

Second, we introduce its polar rule, which imposes full redistribution.
Full redistribution (RF). For each y z( , ) N∈  and each i N∈ ,

R y z
Y

n
( , ) = .i

F

Third, we introduce the rule that assigns needs first, and then reallocates equally the
residual.

Need‐adjusted full redistribution (RA). For each y z( , ) N∈  and each i N∈ ,

R y z z
Y Z

n
( , ) = +

−
.i

A
i

As we show in the next section, these three rules essentially generate all the rules that
satisfy the previous axioms.

3 | CHARACTERIZATION RESULTS

Our main result characterizes all the rules that satisfy our three basic axioms (equal treatment
of equals, continuity, and additivity). They are precisely linear combinations of the three rules
introduced above. Note that, as the statement indicates, the parameters for the linear
combinations (λ1 and λ2) can be negative.

Theorem 1. A rule satisfies equal treatment of equals, continuity, and additivity if and
only if there exist λ λ( , )1 2

2∈ such that, for each y z( , ) N∈  ,

R y z λ R y z λ R y z λ λ R y z( , ) = ( , ) + ( , ) + (1 − − ) ( , ).L F A
1 2 1 2

Theorem 1 states that all the impartial, continuous and additive rules can be decomposed in
three parts. One part refers to laissez faire; another to (gross) full redistribution; and yet a third
to net full redistribution, after accounting for needs. We next show that the decomposition can
be more specific after adding some additional axioms. More precisely, we can characterize
subfamilies of the general family characterized in Theorem 1 adding the auxiliary axioms we
introduced above. And it turns out that adding these axioms allows us to dismiss the axiom of
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continuity. These subfamilies are actually made of compromises (via convex combinations)
among each of the resulting pairs made from the three rules mentioned above.

Theorem 2. Let R be a rule satisfying equal treatment of equals and additivity.

(a) R also satisfies zero lower bound, order preservation for uniform needs, and strong need
monotonicity if and only if there exists δ [0, 1]1 ∈ such that, for each y z( , ) N∈  ,

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ).L F
1 1

(b) R also satisfies needs lower bound and order preservation for uniform needs if and only
if there exists δ [0, 1]2 ∈ such that, for each y z( , ) N∈  ,

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ).L A
2 2

(c) R also satisfies net‐average lower bound and need monotonicity if and only if there
exists δ [0, 1]3 ∈ such that, for each y z( , ) N∈  ,

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ).F A
3 3

We conclude our axiomatic analysis providing characterizations of our three focal
rules, by means of various combinations of the axioms introduced above.

Theorem 3. The following statements hold:

(a) R satisfies additivity, needs lower bound and strong needs monotonicity if and only if it
is the laissez‐faire rule.

(b) R satisfies additivity, net‐average lower bound and strong needs monotonicity if and
only if it is the full redistribution rule.

(c) R satisfies additivity, needs lower bound, and net‐average lower bound if and only if it
is the need‐adjusted full redistribution rule.

4 | DECENTRALIZATION

We have provided normative foundations for families of allocation rules. The axiomatic
analysis can be pursued further to single out a specific rule within the families (as exemplified
in Theorem 3). Alternatively, we could explore such a problem differently, taking a
decentralized approach, as we do in this section. More precisely, we study whether the choice
of a rule within a family could be made by means of simple majority voting, letting each
individual vote for a rule within the family. Due to the overwhelming existence of majority
cycles, one should normally not expect a positive answer to this question. Somewhat
surprisingly, we do obtain partially positive answers in our setting.

We first provide some formal definitions. Given a problem y z( , ) N∈  , we say that R y z( , )

is a majority winner (within the set of rules, considered as the domain for voting) for y z( , ) if
there is no other rule R′ ∈  such that R y z R y z′( , ) > ( , )i i for a majority of agents. We say that

6 of 26 | MARTÍNEZ and MORENO‐TERNERO
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the family of rules  has a majority voting equilibrium if there is at least one majority winner
(within , considered as the domain for voting) for each problem y z( , ) N∈  .

Let R R{ } , { }δ
δ

δ
δ[0,1] [0,1]1

1
2

2∈ ∈ , and R{ }δ δ [0,1]3
3∈ , be the three families introduced above. Formally,

for each y z( , ) N∈  ,

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ),δ L F
1 11

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ),δ L A
2 22

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ).δ F A
3 33

For each y z( , ) N∈  , we consider the following partition of N , with respect to the

average income (Y
n
): N y z i N y N y z i N y( , ) = { : < }, ( , ) = { : > }l

y
i

Y

n u
y

i
Y

n
∈ ∈ , and N y z( , ) =e

y

i N y{ : = }i
Y

n
∈ . That is, taking the average (pretax) income as the benchmark threshold, we

consider three groups referring to agents with incomes below, above, or exactly at, the
threshold. For ease of notation, we simply write N N,l

y
u
y, and Ne

y. Note that
     n N N N= + +l

y
u
y

e
y .

Proposition 1. Let R{ }δ δ [0,1]1
1∈ be the domain of rules among which agents can vote. For

each y z( , ) N∈  , the following statements hold:

(i) If  N n2 >l
y , then R y z( , )F is the unique majority winner.

(ii) If  N n2 >u
y , then R y z( , )L is the unique majority winner.

(iii) Otherwise, each R y z( , )δ1 is a majority winner.

For each y z( , ) N∈  , we can also consider the following partition of N , with

respect to the average net income (Y Z

n

− ): N y z i N y z N y z( , ) = { : − < }, ( , ) =l i i
Y Z

n u
−

∈

i N y z{ : − > }i i
Y Z

n

−
∈ , and N y z i N y z( , ) = { : − = }e i i

Y Z

n

−
∈ . That is, taking the average

net income as the benchmark threshold for net incomes, we consider three groups referring to
agents below, above, or exactly at, the threshold. For ease of exposition, we simply write N N, ,l u

and Ne. We then have the following result.

Proposition 2. Let R{ }δ δ [0,1]2
2∈ be the be the domain of rules among which agents can

vote. For each y z( , ) N∈  , the following statements hold:

i( ) If  N n2 >l , then R y z( , )A is the unique majority winner.
ii( ) If  N n2 >u , then R y z( , )L is the unique majority winner.
iii( ) Otherwise, each R y z( , )δ2 is a majority winner.

Finally, for each y z( , ) N∈  , we can also consider the following partition of N , with respect

to the average need (Z
n
): N y z i N z N y z i N z( , ) = { : < }, ( , ) = { : > }l

z
i

Z

n u
z

i
Z

n
∈ ∈ , and

N y z i N z( , ) = { : = }e
z

i
Z

n
∈ . That is, taking the average need as the benchmark threshold (for

needs), we consider three groups referring to agents with needs below, above, or exactly at, the
threshold. For ease of exposition, we simply write N N, ,l

z
u
z and Ne

z. We then have the following
result.
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Proposition 3. Let R{ }δ δ [0,1]3
3∈ be the domain of rules among which agents can vote. For

each y z( , ) N∈  , the following statements hold:
i( ) If  N n2 >l

z , then R y z( , )F is the unique majority winner.
ii( ) If  N n2 >u

z , then R y z( , )A is the unique majority winner.
iii( ) Otherwise, each R y z( , )δ3 is a majority winner.

5 | LORENZ DOMINANCE

In this section, we uncover the structure of the families of rules considered above. To do so, we
introduce some notation first. For each x N∈ , we define the partial sum of order k n{1, …, }∈ as

S x x( ) =k
i
k

i=1 ( ), where x i( ) is the i‐th lowest coordinate of x , i.e., x x x n(1) (2) ( )≤ ≤ ⋯≤ . For each
pair x x, N∈ , such that S x S x( ) = ( )n n , we say that x dominates x in the sense of Lorenz, which
we write as x xL≽ , if and only if S x S x k n( ) ( ) {1, …, − 1}k k≥ ∀ ∈ . When x dominates x in the
sense of Lorenz, one can state that x is unambiguously “more egalitarian” than x .

In our setting, we say that a rule R Lorenz dominates another rule R if, for each
y z R y z( , ) , ( , )N∈  dominates R y z( , ) in the sense of Lorenz, which we write as R RL≽ .10 As
the Lorenz criterion is a partial ordering, one might not expect to be able to perform many
comparisons of vectors. It turns out, however, that two of our families of rules can be fully
ranked according to this criterion (as stated in the next result).

Proposition 4. For each δ [0, 1]∈ ,

(a) Let R δR δ R= + (1 − )δ L F . If δ δ0 1≤ ≤ ≤ then R Rδ
L

δ≽ .
(b) Let R δR δ R= + (1 − )δ F A. If δ δ0 1≤ ≤ ≤ then R Rδ

L
δ≽ .

The previous result indicates that the compromises between the laissez faire and the full
redistribution rules, as well as the compromises between the full redistribution and need‐
adjusted full redistribution rules are fully ranked according to the Lorenz criterion. The
parameter defining each family of compromises can actually be interpreted as an index of
the egalitarianism rules within each family convey. On the other hand, as the next result states,
the compromises between the laissez faire and the need‐adjusted full redistribution rules are
not ordered according to the Lorenz domination.

Proposition 5. The family of rules described by

R δR δ R= + (1 − ) ,δ L A

where δ [0, 1]∈ , cannot be fully ranked according to the Lorenz criterion.

Propositions 4 and 5 imply that some (but not all) pairs of rules within the family
characterized in Theorem 1 can be ranked according to the Lorenz criterion.

10Our analysis thus refers to the resulting (one dimensional) post‐income distributions. A possible analysis of Lorenz
dominance extended to needs could be carried out following the proposals in Atkinson and Bourguignon (1987),
Bourguignon (1989) or, more recently, Faure and Gravel (2021).
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6 | OPTIMAL TAXATION

In this section, we connect our work with the literature on optimal income taxation. In
practice, income redistribution takes place through income taxes and subsidies chosen by the
government. We can naturally define the taxation rule associated to a redistribution rule in our
setting as follows. For each y z( , ) N∈  , each i N∈ , and each allocation rule R, let

T y z y R y z( , ) = − ( , ).i i i

We can also naturally translate the axioms in Theorem 1 for the redistribution rule R into
axioms for the taxation ruleT , not only technically but also conceptually. To wit, equal treatment of
equals requires that equal agents pay equal taxes, continuity guarantees that minor variations in the
input variables do not significantly affect taxes, and additivity states that each agent must pay the
same amount of tax as in the lump sum situation y y z z( + ′, + ′), even if the timing of tax
payment is divided into the earlier situation y z( , ) and the later situation y z( ′, ′).

Theorem 1 can then be written as follows:

Theorem 4. A (taxation) rule T satisfies equal treatment of equals, continuity, and
additivity if and only if there exist λ λ( , )1 2

2∈ such that, for each y z( , ) N∈  ,



 


 


 


T y z λ y

Y

n
λ λ z

Z

n
( , ) = (1 − ) − − (1 − − ) − .i i i1 1 2

Theorem 4 provides an axiomatic justification for a linear income tax system. All the
elements in which this system decomposes have a clear and meaningful interpretation.
Namely, λ(1 − )1 is a marginal income tax rate, Y

n
is a tax deduction, λ λ(1 − − )1 2 is a marginal

subsidy rate for need, and ( )λ λ z(1 − − ) −i
Z

n1 2 means lump‐sum subsidy for need.

The above connects to the linear income tax system that appears in theoretical models of
optimal income taxation in public economics (e.g., Dixit & Sandmo, 1977; Ihori, 1987). One of
the fundamental questions concerning income redistribution that has been discussed in public
economics is whether the optimal (marginal) income tax rate, with income taxation limited to a
linear system, is greater as social concern for inequality increases. According to the literature,
the answer to this question is positive (e.g., Atkinson & Stiglitz, 1980). This is confirmed by our
analysis. More precisely, the translation of our Proposition 4 above to this setting implies that as
the marginal income tax rate increases, the degree of inequality (in the sense of the Lorenz
criterion) in the family of rules decreases.

7 | EMPIRICAL ILLUSTRATION

In this section, we illustrate our previous normative analysis. To do so, we resort to Eurostat's
Household Budget Survey (HBS), which provides information on households' expenditure on goods
and services at the national level across the European Union. We use the microdata from the last
available wave (2015). This survey consists of 271,748 households and more than 400 variables
concerning their social and demographic structure, income, and expenditure. As for the latter, we
have information on how much each household expends on consuming different items: food
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(at, or away from home), housing (including shelter, utilities, fuels, furnishing, or housekeeping
supplies), apparel and services, transportation (vehicle purchases, gasoline, maintenance, or public
transportation), health care, personal care, and education, among others.

In our theoretical model we have two variables: income (y) and need (z). We identify y with
the net income variable in the HBS. We construct z as the total consumption expenditure
minus the expenditure in those items we do not classify as “need.” Although we acknowledge
that categorizing some consumption items as needs may be a subjective decision, the
illustrations we present in this section would not differ significantly altering this decision to
some extent.11

In Figure 1, we plot the distributions of income and needs of the European households. The
average income and need are 25053.8 and 13830.5 EUR/year, respectively. 79.8% of households
have incomes below 40,000 EUR, and 96.2% of households have needs below that threshold.
Besides, 10.7% of the European households do not have enough income to afford their own
needs. As for the rules, we have represented the distributions corresponding to our three
fundamental rules; namely, laissez faire (RL), full redistribution (RF), and need‐adjusted full
redistribution (RA). Obviously, laissez faire mimics the income distribution. With full
redistribution, all households would obtain the same amount (the mean income). More
interestingly, the need‐adjusted full redistribution shifts the distribution of needs by an amount
that depends on the average net income. More precisely, the rule guarantees that any

FIGURE 1 Distributions of incomes, needs, and the reallocations resulting from the rules.

11The complete list of items in the HBS is available at the Eurostat's webpage (https://ec.europa.eu/eurostat/web/
microdata/household-budget-survey). From all those, we consider the following as need: food, nonalcoholic beverages,
clothing and footwear, housing (water, electricity, gas and other fuels), furniture and furnishings, household textiles,
household appliances, glassware, tableware and household utensils, health, purchase of second‐hand motor‐cars,
operation of personal transport equipment, transport services, communication, and education.
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household gets, at least, 11,232.5 EUR (the average net income), which can be interpreted as a
basic (household) income. Finally, we also plot a member of the family of rules characterized in
Theorem 1, compromising among the three fundamental rules, for the parameter values
λ =1

3

10
and λ =2

4

10
.

In Figure 2 we represent the incomes, needs, and redistributions at the national level. Not
surprisingly, different countries exhibit different patterns.12 For some nations (e.g., Bulgaria or
Romania) the four proposals result in rather similar redistributions. For some other countries
(e.g., Malta, Portugal, or Greece) the differences are more significant. As we can observe, in the
case of the United Kingdom the compromise rule we selected almost replicates the distribution
obtained from the need‐adjusted full redistribution rule. Typically, the differences between
these two rules are more evident. For instance, for Lithuania or Hungary, the means of both
rules are very close, but the distributions are more concentrated around the corresponding
mean in the case of the compromise rule. In the cases of Cyprus or Germany, the compromise
rule appears to be a right shift of the need‐adjusted full redistribution rule.

We conclude this section mentioning that our empirical illustration might suggest to
examine econometrically whether the redistribution of income by each country's progressive
income tax system corresponds to the consequences of the rule satisfying social fairness as
described in each theorem. In other words, to estimate λ such that the consequence of the rule
R y z( , )λ corresponds to the real income redistribution through taxation and subsidies.
Unfortunately, the Household Budget Survey does not provide all the necessary data for this
exercise; namely, both the gross and net income of each household (or, equivalently, one of
them and the corresponding taxes they pay from which we could infer the other).

8 | DISCUSSION

We have presented in this paper an axiomatic approach to the problem of (income) redistribution
with needs. We have provided normative foundations for (redistribution) rules that arise from
(linear) combinations of three fundamental pillars: laissez faire and full redistribution, with or
without adjusting first for the assessment of needs. Specific compromises among each of those two
pillars (via convex combinations) have also been scrutinized in our analysis. First, via further
characterizations. Second, via majority voting. Third, via the Lorenz criterion.

Our results on majority voting provide us with the specific equilibrium within each family of
rules we highlight. These equilibria happen to be one of the extreme members within each family,
depending on the skewness of the income or need distributions in each case. These results are
reminiscent to existing results in the literature. For instance, Corchón and Puy (1998) study the
problem in which a group of individuals owns collectively a technology which produces a
consumption good from an input. They characterize the family of sharing rules (associating input
contributions with a vector of consumption) that satisfy Pareto efficiency and individual rationality,
which happen to be a convex combination of two basic rules. As in our case, the outcome of
majority voting on this family of sharing rules is one of those basic rules depending on the
skewness of the distribution of labor contributions. Similarly, Bergantiños and Moreno‐Ternero

12The countries in Figure 2 (in the alphabetical order of their abbreviations therein) are the following: Belgium (BE),
Bulgaria (BG), Cyprus (CY), Czech Republic (CZ), Germany (DE), Denmark (DK), Estonia (EE), Greece (EL), Spain
(ES), Finland (FI), France (FR), Croatia (HR), Hungary (HU), Ireland (IE), Lithuania (LT), Latvia (LV), Malta (MT),
Poland (PL), Portugal (PT), Romania (RE), Sweden (SE), Slovenia (SI), Slovakia (SK), and United Kingdom (UK).
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FIGURE 2 Distributions by countries.
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(2020, 2021, 2023) study the so‐called broadcasting problems that arise when revenues raised
(collectively) from broadcasting sports leagues have to be shared among participating clubs. They
show that the family of rules compromising between two basic rules are characterized by the
axioms of equal treatment of equals, additivity and a reasonable upper bound. If clubs are allowed
to vote among members of that family, the outcome of majority voting is one of those basic rules
depending on the skewness of the distribution of overall broadcasting audiences.

The existence of majority voting equilibria (although not their specific description) could also be
obtained as a consequence of the so‐called single‐crossing property these families exhibit. More
precisely, in each of the families, one can separate those agents that benefit from the application of
one rule or another (within the family), depending on the rank of their incomes, needs, or adjusted
incomes. It is well known that this property guarantees that the social preference relationship
obtained under majority voting is transitive, and corresponds to the median voter's (e.g., Gans &
Smart, 1996). Another consequence of the single‐crossing property is that it guarantees
progressivity comparisons of schedules (e.g., Hemming & Keen, 1983; Jakobsson, 1976). Thus,
the property could also help partially to obtain some of our results on Lorenz rankings.

Our analysis of the decentralized process assumes that voters select separately from each of the
three combination‐of‐two‐focal‐rules subfamilies. One might find more interesting to offer voters to
choose among all the rules in the whole family compromising among the three focal rules (which
we characterize in our main result). But such a family is too large to allow for the existence of
majority winners. That is, for each problem within a large class, and each solution for it (obtained
from one of the rules in the large family), there exists another solution (obtained from another rule
within the family) that is strictly preferred by a majority of agents. Such a negative result is another
instance of Condorcet's paradox of voting, which is perhaps best exemplified by the problem of
determining the division of a cake by majority rule (Hamada, 1973).

We have also explored the implications of our results in the context of taxation. In
particular, we have provided an axiomatic justification for a linear income tax system, via a
family of admissible options. We have also seen that, as the marginal income tax rate increases
within this family, the degree of inequality decreases, which confirms the conventional wisdom
within the public economics literature.

We acknowledge that a somewhat controversial aspect of our analysis is the modeling of needs.
There are compelling reasons to defend that needs might be multidimensional, subjective or
qualitative concepts. Thus, they might not easily be reduced to a number. Nevertheless, a rationale
for doing so may come from the well‐known capabilities approach (e.g., Nussbaum & Sen, 1993;
Sen, 1999), where needs could be interpreted as monetized requirements to satisfy the functioning
of agents. Likewise, the so‐called Quality‐Adjusted‐Life Years, Healthy Years Equivalent, or
Disability‐Adjusted‐Life Years are standard options in the economic evaluation of health care
programs to reduce individual health statuses into a number (e.g., Hougaard et al., 2013; Moreno‐
Ternero & Østerdal, 2017; Moreno‐Ternero et al., 2023).

Another aspect of our analysis that deserves further scrutiny is the axiom of additivity. As
mentioned above it has a long tradition of use, that can be traced back to Shapley (1953).13 Its
normative content is framed within the broad category of axioms that formalize robustness to
the choice of perspective in evaluating a change, from which a variety of invariance

13The notion is also used in the context of bankruptcy problems by many authors. For instance, additivity with respect
to one variable is used in Chun (1988) and Moulin (1987), and with respect to two variables by Bergantiños and
Vidal‐Puga (2004).
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requirements can be derived.14 A natural application of additivity occurs when we face
allocations in different periods of time. In our setting, a problem might be faced, say, at the end
of the year or at the end of its two semesters. What the axiom then indicates is that the solution
to the former should coincide with the aggregation of the solutions to the other two. Finally, the
appeal of the axiom can also be perfectly illustrated in the following example, borrowed from
Thomson (2023). Suppose a building contractor wins two contracts for renovation projects. The
contractor hires the usual team to work on both projects and could therefore calculate what to
pay the team workers project by project and award to each their compensation for each project
separately. Another perspective is to think of the two projects as one big project and calculate
their compensations only once. The axiom of additivity requires that team workers should get
the same total compensation either way. Otherwise, people would be affected differently
depending upon the perspective the contractor would take, which would bring arbitrariness to
the process. In that sense, additivity can be seen as fairness axiom, as it excludes arbitrariness.15

To conclude, we mention that we have also provided an illustration of our analysis resorting
to the EU Household Budget Survey. Based on it, we obtain the distributions of income and
needs of European households and represent the patterns that different nations exhibit with
respect to the redistribution rules we characterize in our analysis. We have shown that different
countries exhibit different redistribution patterns. For some nations, the three pillars (and,
thus, compromises among them) result in rather similar redistributions. For some other
countries, differences are more significant.
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APPENDIX A

Proof of Theorem 1. It is not difficult to show that all rules within the family satisfy the
axioms in the statement. Conversely, let R be a rule satisfying equal treatment of equals,
continuity, and additivity. Let y z( , ) N∈  . By additivity,

R y z R y z R z z( , ) = ( − , 0) + ( , ).

Let i N∈ . By additivity and continuity (e.g., Aczél, 2006; Eichorn, 1978),

 R y z R y z y z R( − , 0) = (( − , 0 ), 0) = ( − ) ((1 , 0 ), 0),i

k

n

i k k k

k

n

k k i k k

=1

−

=1

−

where for each k N , 0 k−∈ denotes zero entries for all coordinates in N k{ }⧹ , and 1k
denotes a 1 entry in the kth coordinate.

Now, by equal treatment of equals, there exists α α( , … )n
n

1 ∈ such that





R
α i k

i k
((1 , 0 ), 0) =

if = ,

if .
i k k

k

α

n

− 1−

− 1
k ≠

We show now that α α α= = =n1 ⋯ . To do that, let k N\ {1}∈ . Then,
R α R R((1 , 0 ), 0) = , ((1 , 0 ), 0) = , ((1 , 0 ), 0) =k

α

n k k
α

n1 1 −1 1 1 −1
1−

− 1 1 −
1−

− 1
k1 , and R ((1 , 0 ),k k k−

α0) = k. By additivity,

R R R α
α

n
((1 , 0 ), 0) = ((1 , 0 ), 0) + ((1 , 0 ), 0) = +

1 −

− 1
,k k k k

k
1 {1, } −{1, } 1 1 −1 1 − 1

and

R R R
α

n
α((1 , 0 ), 0) = ((1 , 0 ), 0) + ((1 , 0 ), 0) =

1 −

− 1
+ ,k k k k k k k k{1, } −{1, } 1 −1 −

1

where, for each k N , 0 k−{1, }∈ denotes zero entries for all coordinates in N k{1, }⧹ , and
1 k{1, } denotes a 1 entry in the first and k‐th coordinates. As agents 1 and k have equal
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incomes and equal needs in the problem ((1 , 0 ), 0)k k{1, } −{1, } , it follows from equal
treatment of equals that

α
α

n

α

n
α+

1 −

− 1
=
1 −

− 1
+ .k

k1
1

Thus, α α α= = =n1 ⋯ . Therefore,

R y z α y z
α

n
y z α y z

α

n
Y Z y z

( − , 0) = ( − ) +
1 −

− 1
( − ) = ( − )

+
1 −

− 1
( − − ( − )).

i i i
k i

k k i i

i i

≠

Similarly, by additivity, we know that

R z z z R( , ) = ((1 , 0 ), (1 , 0 )).i

k

n

k i k k k k

=1

− −

By equal treatment of equals, there exists β β( , … )n
n

1 ∈ such that







R

β i k

β

n
i k

((1 , 0 ), (1 , 0 )) =

if =

1 −

− 1

.i k k k k

k

k− −
≠

As before, we obtain that β β β= … = =k1 . To wit, let k N\ {1}∈ .

Then, R β R R((1 , 0 ), (1 , 0 )) = , ((1 , 0 ), (1 , 0 )) = , ((1 , 0 ), (1 , 0 )) =k
β

n k k k k1 1 −1 1 −1 1 1 −1 1 −1
1−

− 1 1 − −
1

β

n

1−

− 1
k , and R β((1 , 0 ), (1 , 0 )) =k k k k k k− − . By additivity,

R R R

β
β

n

((1 , 0 ), (1 , 0 )) = ((1 , 0 ), (1 , 0 )) + ((1 , 0 ), (1 , 0 ))

= +
1 −

− 1
,

k k k k k k k k

k

1 {1, } −{1, } {1, } −{1, } 1 1 −1 1 −1 1 − −

1

and

R R R

β

n
β

((1 , 0 ), (1 , 0 )) = ((1 , 0 ), (1 , 0 )) + ((1 , 0 ), (1 , 0 ))

=
1 −

− 1
+ .

k k k k k k k k k k k

k

{1, } −{1, } {1, } −{1, } 1 −1 1 −1 − −

1

As agents 1 and k have equal incomes and equal needs in the problem
((1 , 0 ), (1 , 0 ))k k k k{1, } −{1, } {1, } −{1, } , it follows from equal treatment of equals that

β
β

n

β

n
y+

1 −

− 1
=
1 −

− 1
+ .k

k1
1
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That is, β β β= = =n1 ⋯ . Therefore,

R z z βz
β

n
z βz

β

n
Z z( , ) = +

1 −

− 1
= +

1 −

− 1
( − ).i i

k i

k i i

≠

Altogether,

R y z α y z
α

n
Y Z y z βz

β

n
Z z( , ) = ( − ) +

1 −

− 1
( − − ( − )) + +

1 −

− 1
( − ),i i i i i i i

which can be rewritten as







R y z

nα

n
y

n β

n

Y

n

n β α

n
z

Y Z

n
( , ) =

− 1

− 1
+

(1 − )

− 1
+

( − )

− 1
+

−
.i i i

If we define λ λ= , =
nα

n

n β

n1
− 1

− 1 2
(1− )

− 1
, and λ λ λ= = 1 − −

n β α

n3
( − )

− 1 1 2, we obtain that

R y z λ R y z λ R y z λ λ R y z( , ) = ( , ) + ( , ) + (1 − − ) ( , ),L F A
1 2 1 2

As y ∈ and β ∈ , it follows that λ1 ∈ and λ2 ∈ , which concludes the
proof. □

Proof of Theorem 2. We prove first the straightforward implications of each statement.
Theorem 1 guarantees that all rules in the statements satisfy equal treatment of equals
and additivity. We then shift towards the remaining axioms.

(a) As for zero lower bound, both laissez faire and the full redistribution rules obviously
satisfy it. Then, all convex combinations of them do so too. Notice that none of those
rules depends on the vector of needs. Therefore, strong need monotonicity is trivially
satisfied too. Finally, as for order preservation for uniform needs, let y z( , ) N∈  be
such that z z=k l for all k l N{ , } ⊆ , and let i j N{ , } ⊆ such that y yi j≥ . Then, for each

δ [0, 1]1 ∈ ,

R y z δ y δ
Y

n
δ y δ

Y

n
R y z( , ) = + (1 − ) + (1 − ) = ( , ),i i j j1 1 1 1≥

as desired.
(b) As for needs lower bound, let y z( , ) N∈  be such that y z≥ , and let i N∈ . We need

to show that, for each δ [0, 1]2 ∈ ,






δ y δ z

Y Z

n
z+ (1 − ) +

−
.i i i2 2 ≥

Or, equivalently, that






δ y z

Y Z

n

Y Z

n
− −

−
−

−
.i i2 ≥

which follows from the fact that y zj j≥ for each j N∈ .
As for order preservation for uniform needs, let y z( , ) N∈  be such that z z=k l for

all k l N{ , } ⊆ , and let i j N{ , } ⊆ be such that y yi j≥ . Then, for each δ [0, 1]2 ∈ ,
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














R y z δ y δ z
Y Z

n
δ y

δ z
Y Z

n
R y z

( , ) = + (1 − ) +
−

+ (1 − ) +
−

= ( , ),

i i i j

j j

2 2 2

2

≥

as desired.
(c) As for net‐average lower bound, let y z( , ) N∈  be such that y z≥ , and let i N∈ . We

need to show that, for each δ [0, 1]3 ∈ ,






δ

Y

n
δ z

Y Z

n

Y Z

n
+ (1 − ) +

− −
.i3 3 ≥

Or, equivalently, that






δ z

Z

n
z− .i i3 ≤

As δ 03 ≥ and z 0i ≥ , the condition trivially holds when z − 0i
Z

n
≤ . Assume then that

z − 0i
Z

n
≥ . In that case, as







δ δ z z z1, − −i

Z

n i
Z

n i3 3≤ ≤ ≤ , as desired. As for need
monotonicity, let y z y z( , ), ( , ′) N∈  and let i N∈ be such that z z> ′i i. Then,







( )

( )

R y z R y z δ z z
Z Z

n

δ z z
n

n

( , ) − ( , ′) = (1 − ) − ′ −
− ′

= (1 − ) − ′
− 1

.

i i i i

i i

3

3

As δ 13 ≤ and z z> ′i i, we conclude that R y z R y z( , ) − ( , ′) 0i i ≥ , as desired.

We now focus on the converse implications. First, let R be a rule that satisfies equal
treatment of equals, additivity, and either needs lower bound or net‐average lower bound.
Let y z( , ) N∈  . By additivity,

R y z R y z R z z( , ) = ( − , 0) + ( , ).

Let i N∈ . The combination of additivity and one of the boundedness axioms implies
that (e.g. Aczél & Dhombres, 1989, ch. 4)

 R y z R y z y z R( − , 0) = (( − , 0 ), 0) = ( − ) ((1 , 0 ), 0).i

k

n

i k k k

k

n

k k i k k

=1

−

=1

−

and

R z z z R( , ) = ((1 , 0 ), (1 , 0 )).i

k

n

k i k k k k

=1

− −

We can now reproduce the same argument as in the proof of Theorem 1 to obtain that

R y z λ R y z λ R y z λ λ R y z( , ) = ( , ) + ( , ) + (1 − − ) ( , ),L F A
1 2 1 2

where λ λ= , =
nα

n

n β

n1
− 1

− 1 2
(1− )

− 1
, and, therefore, λ λ1 − − =

n β α

n1 2
( − )

− 1
. In addition, α =

R ((1 , 0 ), 0)k k k− and β R= ((1 , 0 ), (1 , 0 ))k k k k k− − for each k N∈ . We now distinguish three
cases.

20 of 26 | MARTÍNEZ and MORENO‐TERNERO

 14679779, 2024, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/jpet.12683 by U

niversidad D
e G

ranada, W
iley O

nline L
ibrary on [29/04/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



(a) Suppose that R also satisfies zero lower bound, order preservation for uniform needs,
and strong need monotonicity.

By strong need monotonicity, R R((1 , 0 ), (1 , 0 )) ((1 , 0 ), 0)k k k k k k k k− − −≥ . Thus, β α≥ .
By strong need monotonicity, for each j N k R\ { }, ((1 , 0 ), (1 , 0 ))j k k k k− −∈ ≥

R ((1 , 0 ), 0)j k k− . By this, together with equal treatment of equals, β

n

α

n

1−

− 1

1−

− 1
≥ , or

equivalently, β α≤ .
Therefore, we conclude that α β= , and then λ λ1 − − = 01 2 .
By zero lower bound, for each j N k R\ { }, ((1 , 0 ), 0) 0j k k−∈ ≥ . As

 R ((1 , 0 ), 0) = 1k
n

k k k=1 − , we conclude that α R= ((1 , 0 ), 0) 1k k k− ≤ .
Finally, by order preservation for uniform needs and equal treatment of equals, for each

j N k R R\ { } ((1 , 0 ), 0) ((1 , 0 ), 0)k k k j k k− −∈ ≥ . Or, equivalently, α α

n

1−

− 1
≥ . That is, α

n

1
≥ .

Thus, if we let δ λ= =
nα

n1 1
− 1

− 1
, it follows that δ [0, 1]1 ∈ , and

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ),L F
1 1

as desired.
(b) Suppose instead that R also satisfies needs lower bound and order preservation for

uniform needs.
By needs lower bound, β R= ((1 , 0 ), (1 , 0 )) 1k k k k k− − ≥ and, for each

j N k R{ }, ((1 , 0 ), (1 , 0 )) 0j k k k k− −∈ ⧹ ≥ . As  R (1 , 0 ), (1 , 0 ) = 1j
n

j k k k k=1 − − , we conclude

that β R= ((1 , 0 ), (1 , 0 )) 1k k k k k− − ≤ . Thus, β = 1 and, therefore, λ = 02 .
By needs lower bound, for each j N k R{ }, ((1 , 0 ), 0) 0j k k−∈ ⧹ ≥ . As

 R ((1 , 0 ), 0) = 1j
n

j k k=1 − , we conclude that α R= ((1 , 0 ), 0) 1k k k− ≤ .

On the other hand, by equal treatment of equals, for each
j N k R{ }, ((1 , 0 ), 0) =j k k

α

n−
1−

− 1
∈ ⧹ . And, by order preservation for uniform needs,

α
α

n

1−

− 1
≥ or, equivalently, α

n

1
≥ .

Thus, if we let δ λ= =
nα

n2 1
− 1

− 1
, it follows that δ [0, 1]2 ∈ , and

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ),L A
2 2

as desired.
(c) Finally, suppose instead that R also satisfies net‐average lower bound and need

monotonicity.
By net‐average lower bound, for each j N k R{ }, ((1 , 0 ), 0) 0j k k n−

1
∈ ⧹ ≥ ≥ . As

 R ((1 , 0 ), 0) = 1j
n

j k k=1 − , we conclude that α R= ((1 , 0 ), 0) =k k k n−
1 and, therefore,

λ = 01 .
By net‐average lower bound, we also obtain that, for each

j N k R{ }, ((1 , 0 ), (1 , 0 ))j k k k k n− −
1

∈ ⧹ ≥ . As  R ((1 , 0 ), (1 , 0 )) = 1j
n

j k k k k=1 − − , we con-

clude that β R= ((1 , 0 ), (1 , 0 )) 1k k k k k− − ≤ .
Finally, by need monotonicity, it follows that β

n

1
≥ .

Thus, if we let δ λ= =
n β

n3 2
(1− )

− 1
, it follows that δ [0, 1]3 ∈ , and

R y z δ R y z δ R y z( , ) = ( , ) + (1 − ) ( , ),F A
3 3

as desired. □
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Proof of Theorem 3. We already know from Theorem 2 that each rule satisfies the
axioms in the corresponding statement. We focus on the converse implication.

(a) Suppose that R satisfies additivity, needs lower bound and strong need monotonicity.
Let y z( , ) N∈  . By additivity,

R y z R y z R z z( , ) = ( − , 0) + ( , ).

Let i N∈ . By additivity and needs lower bound (e.g., Aczél & Dhombres, 1989, ch. 4),

 R y z R y z y z R( − , 0) = (( − , 0 ), 0) = ( − ) ((1 , 0 ), 0),i

k

n

i k k k

k

n

k k i k k

=1

−

=1

−

and

R z z z R( , ) = ((1 , 0 ), (1 , 0 )).i

k

n

k i k k k k

=1

− −

By needs lower bound, R ((1 , 0 ), (1 , 0 )) (1 , 0 ) 0k k k k k k− − −≥ ≥ . Thus, by the definition of
rules, R ((1 , 0 ), (1 , 0 )) = (1 , 0 )k k k k k k− − − . Now, by strong need monotonicity, R ((1 , 0 ),k k−

R(1 , 0 )) ((1 , 0 ), 0)k k k k− −≥ , or, equivalently, R(1 , 0 ) ((1 , 0 ), 0)k k k k− −≥ . In addition, by needs
lower bound, R ((1 , 0 ), 0) 0k k− ≥ . As R(1 , 0 ) ((1 , 0 ), 0) (0 , 0 )k k k k k k− − −≥ ≥ , it follows that
R ((1 , 0 ), 0) = (1 , 0 )k k k k− − . Therefore,

 R y z y z R z R

y z z
y

( , ) = ( − ) ((1 , 0 ), 0) + ((1 , 0 ), (1 , 0 ))

= ( − ) +
= .

i

k

n

k k i k k

k

n

k i k k k k

i i i

i

=1

−

=1

− −

(b) Suppose that R satisfies additivity, net‐average lower bound and strong need
monotonicity. Let y z( , ) N∈  . By additivity and net‐average lower bound, replicating
the argument in (a), we have

 R y z y z R z R( , ) = ( − ) ((1 , 0 ), 0) + ((1 , 0 ), (1 , 0 )).i

k

n

k k i k k

k

n

k i k k k k

=1

−

=1

− −

By net‐average lower bound, ( )R ((1 , 0 ), 0) , …,k k n n−
1 1

≥ . Thus, by the definition of

rules, ( )R ((1 , 0 ), 0) = , …,k k n n−
1 1 . Now, by strong need monotonicity, R ((1 , 0 )(1 , 0 ))k k k k− −

( )R ((1 , 0 ), 0) = , …,k k n n−
1 1

≥ . Thus, by the definition of rules, R ((1 , 0 ), (1 , 0 )) =k k k k− −

( ), …,
n n

1 1 . Therefore,

 
 

R y z y z R z R

y z
n

z
n

Y

n

( , ) = ( − ) ((1 , 0 ), 0) + ((1 , 0 ), (1 , 0 ))

= ( − )
1
+

1

= .

i

k

n

k k i k k

k

n

k i k k k k

k

n

k k

k

n

k

=1

−

=1

− −

=1 =1
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(c) Suppose that R satisfies additivity, needs monotonicity and net‐average lower bound.
Let y z( , ) N∈  . By additivity and needs monotonicity (replicating the arguments
above) we have that

 R y z y z R z R( , ) = ( − ) ((1 , 0 ), 0) + ((1 , 0 ), (1 , 0 )).i

k

n

k k i k k

k

n

k i k k k k

=1

−

=1

− −

As in (a), needs monotonicity implies that R ((1 , 0 ), (1 , 0 )) = (1 , 0 )k k k k k k− − − . And, as in (b),

net‐average lower bound implies that ( )R ((1 , 0 ), 0) = , …,k k n n−
1 1 . Therefore,

 


R y z y z R z R

y z
n

z

z
Y Z

n

( , ) = ( − ) ((1 , 0 ), 0) + ((1 , 0 ), (1 , 0 ))

= ( − )
1
+

= +
−

.

i

k

n

k k i k k

k

n

k i k k k k

k

n

k k i

i

=1

−

=1

− −

=1

□

Proof of Proposition 1. Let δ [0, 1]1 ∈ , and y z( , ) N∈  . For each i N∈ ,



 


R y z δ y δ

Y

n
δ y

Y

n

Y

n
( , ) = + (1 − ) = − + .i

δ
i i1 1 1

1

If y >i
Y

n
, then R y z( , )i

δ1 is an increasing function of δ1, thus maximized at δ = 11 . This

implies that, for each i N R y z R y z, ( , ) = ( , )u
y

i
L1∈ is the most preferred outcome.

If y <i
Y

n
, then R y z( , )i

δ1 is a decreasing function of δ1, thus maximized at δ = 01 . This

implies that, for each i N R y z R y z, ( , ) = ( , )l
y

i
F0∈ is the most preferred outcome.

If y = ,i
Y

n
then R y z( , ) =i

δ Y

n
1 for each δ [0, 1]1 ∈ . This implies that, for each i N e

y∈ , all

rules within the family R{ }δ δ [0,1]1
1∈ yield the same outcome.

From the above, statements i( ) and ii( ) follow trivially. Assume, by contradiction,
that statement iii( ) does not hold. Then, there exists y z( , ) N∈  and δ [0, 1]1 ∈ such
that R y z( , )δ1 is not a majority winner. Thus, we can find δ′ [0, 1]1 ∈ such that

R y z R y z( , ) > ( , )i
δ

i
δ′

1 1 holds for the majority of the agents. We then consider two cases:
Case δ δ′ >1 1.

In this case, R y z R y z( , ) > ( , )i
δ

i
δ′

1 1 if and only if i N .u
y∈ Now,

     
   

N i N R y z R y z i N R y z R y z

N N

= { : ( , ) > ( , )} > { : ( , ) ( , )}

= + ,

u
y

i
δ

i
δ

i
δ

i
δ

l
y

e
y

′ ′
1 1 1 1∈ ∈ ≤

which is a contradiction.
Case δ δ′ <1 1.

In this case, R y z R y z( , ) > ( , )i
δ

i
δ′

1 1 if and only if i N .l
y∈ Now,
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     
   

N i N R y z R y z i N R y z R y z

N N

= { : ( , ) > ( , )} > { : ( , ) ( , )}

= + ,

l
y

i
δ

i
δ

i
δ

i
δ

u
y

e
y

′ ′
1 1 1 1∈ ∈ ≤

which is a contradiction. □

Proof of Proposition 2. Let δ [0, 1]2 ∈ , and y z( , ) N∈  . For each i N∈ ,























R y z δ y δ z

Y Z

n
δ y z

Y Z

n
z

Y Z

n
( , ) = + (1 − ) +

−
= − −

−
+ +

−
.i

δ
i i i i i2 2 2

2

If y z− >i i
Y Z

n

− , then R y z( , )i
δ2 is an increasing function of δ2, thus maximized at

δ = 12 . This implies that, for each i N R y z R y z, ( , ) = ( , )u i
L1∈ is the most preferred

outcome.

If y z− <i i
Y Z

n

− , then R y z( , )i
δ2 is a decreasing function of δ2, thus maximized at

δ = 02 . This implies that, for each i N R y z R y z, ( , ) = ( , )l i
A0∈ is the most preferred

outcome.

If y z− = ,i i
Y Z

n

− then R y z z( , ) = +i
δ

i
Y Z

n

−2 for each δ [0, 1]2 ∈ . This implies that, for

each i Ne∈ , all rules within the family R{ }δ δ [0,1]2
2∈ yield the same outcome.

From the above, statements i( ) and ii( ) follow trivially. Assume, by contradiction,
that statement iii( ) does not hold. Then, there exists y z( , ) N∈  and δ [0, 1]2 ∈ such
that R y z( , )δ2 is not a majority winner. Thus, we can find δ′ [0, 1]2 ∈ such that

R y z R y z( , ) > ( , )i
δ

i
δ′

2 2 holds for the majority of the agents. We then consider two cases:
Case δ δ′ >2 2.

In this case, R y z R y z( , ) > ( , )i
δ

i
δ′

2 2 if and only if i N .u∈ Now,

     
   

N i N R y z R y z i N R y z R y z

N N

= { : ( , ) > ( , )} > { : ( , ) ( , )}

= + ,

u i
δ

i
δ

i
δ

i
δ

l e

′ ′
2 2 2 2∈ ∈ ≤

which is a contradiction.
Case δ δ′ <2 2.

In this case, R y z R y z( , ) > ( , )i
δ

i
δ′

2 2 if and only if i N .l∈ Now,

     
   

N i N R y z R y z i N R y z R y z

N N

= { : ( , ) > ( , )} > { : ( , ) ( , )}

= + ,

l i
δ

i
δ

i
δ

i
δ

u e

′ ′
2 2 2 2∈ ∈ ≤

which is a contradiction. □

Proof of Proposition 3. Let δ [0, 1]3 ∈ , and y z( , ) N∈  . For each i N∈ ,














R y z δ

Y

n
δ z

Y Z

n
z

Y Z

n
δ z

Z

n
( , ) = + (1 − ) +

−
= +

−
− − .i

δ
i i i3 3 3

3
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If z <i
Z

n
, then R y z( , )i

δ3 is an increasing function of δ3, thus maximized at δ = 13 . This

implies that, for each i N R y z R y z, ( , ) = ( , )l
z

i
F1∈ is the most preferred outcome.

If z >i
Z

n
, then R y z( , )i

δ3 is a decreasing function of δ3, thus maximized at δ = 03 . This

implies that, for each i N R y z R y z, ( , ) = ( , )u
z

i
A0∈ is the most preferred outcome.

If z = ,i
Z

n
then R y z z( , ) = +i

δ
i

Y Z

n

−3 for each δ [0, 1]3 ∈ . This implies that, for each

i N e
z∈ , all rules within the family R{ }δ δ [0,1]3

3∈ yield the same outcome.
From the above, statements i( ) and ii( ) follow trivially. Assume, by contradiction, that

statement iii( ) does not hold. Then, there exists y z( , ) N∈  and δ [0, 1]3 ∈ such that
R y z( , )δ3 is not a majority winner. Thus, we can find δ′ [0, 1]3 ∈ such that

R y z R y z( , ) > ( , )i
δ

i
δ′

3 3 holds for the majority of the agents. We then consider two cases:
Case δ δ′ >3 3.

In this case, R y z R y z( , ) > ( , )i
δ

i
δ′

3 3 if and only if i N .l
z∈ Now,

     
   

N i N R y z R y z i N R y z R y z

N N

= { : ( , ) > ( , )} > { : ( , ) ( , )}

= + ,

l
z

i
δ

i
δ

i
δ

i
δ

u
z

e
z

′ ′
3 3 3 2∈ ∈ ≤

which is a contradiction.
Case δ δ′ <3 3.

In this case, R y z R y z( , ) > ( , )i
δ

i
δ′

3 3 if and only if i N .u
z∈ Now,

      
  

N i N R y z R y z i N R y z R y z N

N

= { : ( , ) > ( , )} > { : ( , ) ( , )} =

+ ,

u
z

i
δ

i
δ

i
δ

i
δ

l
z

e
z

′ ′
3 3 3 3∈ ∈ ≤

which is a contradiction. □

Proof of Proposition 4.

(a) Let y z( , ) N∈  . Let us assume, without loss of generality, that y y… n1 ≤ ≤ . Then,
R y z R y z( , ) … ( , )δ

n
δ

1 ≤ ≤ , for each δ [0, 1]∈ . Let δ δ, [0, 1]∈ be such that δ δ≤ .
Then, for each k n{1, …, }∈ ,



 




























































S R y z S R y z δ y
Y

n

Y

n

δ y
Y

n

Y

n

δ y k
Y

n
δ y k

Y

n

δ δ y k
Y

n

( ( , )) ( ( , )) − +

− +

− −

( − ) − 0

k δ k δ

i

k

i

i

k

i

i

k

i
i

k

i

i

k

i

=1

=1

=1 =1

=1

≥ ⇔

≥

⇔ ≥

⇔ ≥

As δ δ≤ and kY n yi
k

i=1≥ , the previous condition holds. Thus, R y z R y z( , ) ( , )δ
L

δ≽ , as
desired.
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(b) Let y z( , ) N∈  . Let us assume, without loss of generality, that z z… n1 ≤ ≤ . Then,
R y z R y z( , ) … ( , )δ

n
δ

1 ≤ ≤ . Let δ δ, [0, 1]∈ be such that δ δ≤ . Then, for
each k n{1, …, }∈ ,




 



























































S R y z S

R y z

δ
Z

n
z z

Y Z

n

δ
Z

n
z z

Y Z

n

δ k
Z

n
z δ k

Z

n
z

δ δ k
Z

n
z

( ( , ))

( ( , ))

− + +
−

− +

+
−

− −

( − ) − 0.

k δ k

δ i

k

i i

i

k

i i

i

k

i

i

k

i

i

k

i

=1

=1

=1 =1

=1

≥ ⇔

≥

⇔ ≥

⇔ ≥

As δ δ≤ and kZ n zi
k

i=1≥ , the previous condition holds. Thus, R y z R y z( , ) ( , )δ
L

δ≽ , as
desired. □

Proof of Proposition 5. Consider the problem y z( , ) N∈  , where y = (2, 2, 10) and
z = (1, 4, 0). Then, by definition,



 


R y z( , ) =

1

3
(2, 2, 10) +

2

3
(4, 7, 3) =

10

3
,
16

3
,
16

3
,

1
3

and



 


R y z( , ) =

1

10
(2, 2, 10) +

9

10
(4, 7, 3) =

38

10
,
65

10
,
37

10
.

1
10

Notice that S R y z S R y z( ( , )) = < = ( ( , ))1 10

3

37

10
11

3
1
10 and S R y z( ( , )) = > =2 26

3

75

10

1
3

S R y z( ( , ))2 1
10 . Therefore, neither R y z R y z( , ) ( , )L

1
3

1
10≽ nor R y z R y z( , ) ( , )L

1
10

1
3≽ . □
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