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1. Introduction

Variational problems related to the sub-Riemannian perimeter introduced by
Capogna et al. [0] (see also Garofalo and Nhieu [28] and Franchi et al. [20])
have received great interest recently, specially in the Heisenberg groups H"™. In
particular, Bernstein-type problems, either for stable intrinsic graphs or for sta-
ble surfaces without singular points, have been specially considered. We refer
the reader to the introduction in [26] for an account of recent results, including
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18, 37, 13, 2, 14, [31], 23| (39} 24, 35, 11}, 10, (32} [5]. The monograph [7] provides a

quite complete survey of progress on the subject.

In the last years, a left-invariant sub-Finsler perimeter has been considered on
the Heisenberg groups, see [40} [34] 19, 29, 33]. A quite natural question is whether
Bernstein-type results similar to the sub-Riemannian ones hold for the sub-Finsler
perimeter.

The main result in this paper is Theorem [6.3] where we prove that in the Heisen-
berg group H' with a sub-Finsler structure, a complete, oriented, connected and
stable (X,Y)-Lipschitz surface is a vertical plane. Roughly speaking an (X,Y)-
Lipschitz surface is locally the intrinsic graph of a Euclidean Lipschitz function.
Theorem is a generalization of the corresponding sub-Riemannian result for
graphs obtained by Nicolussi and Serra Cassano in [32]. Recently, Young [44] proved
that a ruled area-minimizing entire intrinsic graph in H' is a vertical plane by intro-
ducing a family of deformations of graphical strips based on variations of a vertical
curve.

A sub-Finsler structure is obtained from a left-invariant asymmetric norm || - ||
in the horizontal distribution of H'. Such a norm can be obtained from a convex set
K contained in the horizontal plane at the origin in H'. The associated K-perimeter
is defined by

|OE|x (V) = sup {/ div(U)dH : U € HE(V), ||U]| k.00 < 1} < +o0,
E

where H}(V) is the space of horizontal vector fields of class C' with compact
support in the open set V', and ||U||k 00 = sup,cy ||Up||x- The integral is computed
with respect to the Riemannian measure dH' of a fixed left-invariant Riemannian
metric g in H', while the divergence is the one associated to this Riemannian metric.
When K = D, the closed unit disk centered at the origin of R?, the K-perimeter
coincides with the classical sub-Riemannian perimeter.

The first variation formula of the sub-Finsler perimeter was computed in [34] §3]
for surfaces of class C2? without singular points under the hypothesis that K is a
convex set of class Ci. This means that 0K is of class C? and has strictly positive
sectional curvature. The following formula was obtained:

| Axtes = [utias, )

where {s}scr is the flow (i.e. the one-parameter group of diffeomorphisms) associ-
ated to a vector field U with compact support in the regular part of S, the function
u is equal to the normal component (U, N} of the variation (/N is a unit normal for
the Riemannian metric ¢), and dS is the Riemannian area element. The function
Hy appearing in () is the K-mean curvature

Hy = (Dz7k(vn), Z),

where Z is a unit horizontal vector field in S, v, is the horizontal unit normal
obtained by rotating Z by 90°, D is the Levi-Civita connection associated to the
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Riemannian metric g and 7wx is the inverse of the normal map of JK. Hence,
formula () has sense whenever the horizontal curves in S are of class C?. However,
the computations in [34] require to take one derivative of the normal to the surface
and so they are not valid for surfaces with less regularity.

In [29], also under the assumption that K € Ci, the authors proved that a
Euclidean Lipschitz and H-regular surface with prescribed continuous mean curva-
ture has horizontal (characteristic) curves of class C?, extending the corresponding
sub-Riemannian result in [25]. Hence, the K-mean curvature can be computed along
the characteristic curves in this type of surfaces. Our main task in Sec.[Blis to com-
pute the first variation for (X,Y)-Lipschitz surfaces and to check that the first
variation formula () also holds for these surfaces with lower regularity. Of course
the proof is different from the one in [34] and makes use of a Jacobian of horizontal
type introduced by Galli in his Ph.D. thesis [22], see also [23]. In particular, for
area-stationary surfaces we get Hx = 0 on S. Following the arguments in [25] [29]
we prove that an area-stationary surface S is foliated by horizontal straight lines
and following [32] we show that S is H-regular.

In Sec. @ we show that for an area-stationary surface S the function y =
(N, T)/|Np| satisfies the differential equation

y' —6yy+4y° =0

along almost every horizontal curve in S. Here, N is a Riemannian unit normal
to S, N}, the orthogonal projection to the horizontal distribution and 7" the Reeb
vector field on H!. The function D = 1/y was proven to satisfy the equivalent
equation

DD" =2(D'+1)(D' +2)

for C*! surfaces by Cheng et al. [9].

Both equations play an important role in the study of the singular set for C'*
surfaces. Moreover, the regularity of (N, T)/|Ny| along the horizontal (characteris-
tic) curves in S is crucial to compute the second variation formula. The function
(N, T)/|Np| appears frequently in the sub-Riemannian theory of hypersurfaces in
the Heisenberg groups H". For instance, it is the curvature of a length-minimizing
geodesic realizing the distance between a hypersurface to a given point [36].

In Sec. Bl we compute the second variation formula of the area for horizontal
vector fields with compact support. The second variation formula, which is formally
similar to the one obtained in the sub-Riemannian case, is given by

d2 - 2 2 &
| Ao = (200 ) R,

s=0
where {ps}ser is the flow associated to a horizontal vector field U with compact
support, u = (U, N) is the normal component and ¢ is the function defined by

q (N,T)\ (N, T)?
ZZ( |Vl ) |NR|?
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The function & is the geodesic curvature of 0K . In the sub-Riemannian case, where
K is the unit disc, we have x = 1. In our case, the vector v}, is constant along hori-
zontal lines in S, so that x(mk (1)) is constant on horizontal lines. The computation
of this second variation follows the lines of [26], where the second variation of the
sub-Riemannian area was computed for stable C'! surfaces to solve the Bernstein
problem. There is a slight difference in the definition of the function ¢ with respect
to [26] that is related to the choice of Z as J(vy) or —J(vp,). We also use some ideas
from Nicolussi and Serra Cassano [32], who proved Bernstein’s theorem in the sub-
Riemannian setting when S is the intrinsic graph of a Euclidean Lipschitz function.

Finally, in Sec.[G we prove in our main result, Theorem[G.3] that a complete, ori-
ented, connected and stable (X, Y')-Lipschitz surface is a vertical plane. We empha-
size that Nicolussi and Serra Cassano showed that this result is optimal in the
sub-Riemannian setting, exhibiting two counterexamples when the Euclidean Lip-
schitz regularity assumption is missing, see [32] Theorems 7.1 and 8.1].

2. Preliminaries
2.1. The Heisenberg group

We denote by H! the first Heisenberg group, defined as the three-dimensional
Euclidean space R? with the product

(z,y,t) x (2, y t") = (x + 2"y + o/, t + 1 + 2"y — xy).

A basis of left-invariant vector fields is given by
0 0 0 0 0
X:%er&, Y:a—yfxa, T:&
For p € H', the left translation by p is the diffeomorphism L,(q) = p * ¢. The
horizontal distribution H is the planar distribution generated by X and Y, which
coincides with the kernel of the contact one-form w = dt — ydx + xdy. The distri-
bution H is completely non-integrable.

We shall consider on H! the auxiliary left-invariant Riemannian metric g = (-, ),
so that {X,Y, T} is an orthonormal basis at every point. Let D be the Levi-Civita
connection associated to the Riemannian metric g. The following relations can be
easily computed:

DxX =0, DyY =0, DyT=0,
DxY =—T, DxT =Y, DyT=-X, (2.1)
DyX =T, DrX=Y, DpY =—X.

Setting J(U) = DyT for any vector field U in H* we get J(X) =Y, J(Y) = -X
and J(T') = 0. Therefore, —J? coincides with the identity when restricted to the
horizontal distribution. The Riemannian volume of a set F is, up to a constant, the
Haar measure of the group and is denoted by | E|. The integral of a function f with
respect to the Riemannian measure is denoted by [ f dH'.
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2.2. The pseudo-Hermaitian connection

The pseudo-Hermitian connection V is the only affine connection satisfying the
following properties:

(1) V is a metric connection and
(2) Tor(U,V) = 2(J(U), V)T for all vector fields U,V € X(H*').

We recall that a metric connection must satisfy
Ug(V,W)) = g(VoV, W) +g(V, VuW)
for vector fields U, V, W € X(H"). The torsion tensor associated to V is defined by
Tor(U, V) =VyV —VyU - [U,V]

for all U,V € X(H!). From this definition and Koszul formula, see [I5, formula (9),
Proof of Theorem 3.6], it follows easily that VX = VY = 0 and VJ = 0. For a
general discussion about the pseudo-Hermitian connection see for instance [16] Sec.
1.2]. Given a curve v : I — H! we denote by V/ds the covariant derivative induced
by the pseudo-Hermitian connection along ~.

2.3. Sub-Finsler norms

Given a convex set K C R? with 0 € int(K) and associated asymmetric norm || - ||
in R?, we define a left-invariant norm || -||x on the horizontal distribution of H' by
means of the equality

(FX +gYllx) (@) = [I(F () 9D,

for any p € H'. The dual norm is denoted by || - ||k «-

If the boundary of K is of class C*, £ > 2, and the geodesic curvature of 9K is
strictly positive, we say that K is of class C’ﬁ. When K is of class Cf_, the outer
Gauss map Nx is a diffeomorphism from K to S' and the map

- (f.9)
T (fX +gY) = Ng' | == |,
K /f2 1 g2
defined for nowhere vanishing horizontal vector fields U = fX + gY, satisfies
Uk, = (U, 7k (U)).

See [34], Sec. 2.3].

2.4. Sub-Finsler perimeter

Here, we summarize some of the results contained in [34] Sec. 2.4].
Given a compact convex set K C R? with 0 € int(K), the norm || ||k defines a
perimeter functional: given a measurable set £ C H' and an open subset Q C H!,
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we say that E has locally finite K-perimeter in € if for any relatively compact open
set V' C Q we have

|OE|k (V) = sup {/ div(U)dH : U € HE(V), ||U]| k.00 < 1} < +o0,
E

where H} (V) is the space of horizontal vector fields of class C with compact sup-
port in V, and ||U||k,0c = sup,ev ||Up||x- The integral is computed with respect
to the Riemannian measure dH' of the left-invariant Riemannian metric g, and
the divergence is the one associated to g. When K = D, the closed unit disk cen-
tered at the origin of R?, the K-perimeter coincides with classical sub-Riemannian
perimeter.

If K,K' are bounded convex bodies containing 0 in its interior then there
exist constants a, 3 > 0 such that

ollzl|lx < ||zl|lx < Bllz||k:, for all z € R?,
and it is not difficult to prove that
BTHOE|k/ (V) < [0E|x(V) < a OBk (V).

Then E has locally finite K-perimeter if and only if it has locally finite K'-
perimeter. In particular, any set with locally finite K-perimeter has locally finite
sub-Riemannian perimeter.

Riesz Representation Theorem implies the existence of a |0 F|x-measurable vec-
tor field vk so that for any horizontal vector field U with compact support of class
C' we have

/div(U)dHl :/<U,VK)d|8E|K.
Q Q

In addition, vx satisfies |0E|g-a.e. the equality ||[vi ||k« = 1, where || - ||k « is the
dual norm of || - || -

Given two convex sets K, K’ C R? containing 0 in their interiors, we have the
following representation formula for the sub-Finsler perimeter measure |0E|x and
the vector field vg

0B = llvic s+ 0Blxr, vie = .
v ||

Indeed, for the closed unit disk D C R? centered at 0 we know that in the Euclidean

Lipschitz case vp = vp, and |Ny| = ||Np||p,« where N is the outer unit normal with

respect to the Riemannian metric g = (-, ) and N, = N — (N, T)T is the orthogonal

projection of N onto the horizontal distribution H. Hence, we have

1%
|OF|k = ||vnl|k «d|OE|p, vk = _h
vn |«

Here, |OFE|p is the standard sub-Riemannian measure. Moreover, v, = Nj/|Ny|
and |Np,|7'd|0E|p = dS, where dS is the standard Riemannian measure on S.
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Note that, if K is not a disk, v is not the standard horizontal unit normal. Hence
we get, for a set £ with Euclidean Lipschitz boundary S

OEL(®) = [ [INillx.. 45 2:2)
SN

where dS is the Riemannian measure on S, obtained from the area formula using a
local Lipschitz parametrization of S, see [20, Proposition 2.14]. It coincides with the
two-dimensional Hausdorff measure associated to the Riemannian distance induced
by g. We stress that here N is the outer unit normal. This choice is important
because of the lack of symmetry of || - ||k and || - ||k, +. Moreover when S = dENQ
is a Euclidean Lipschitz surface the K-perimeter coincides with the area functional

Ax(S) = [ Vil ds.
S

2.5. Surfaces in H!
Following [II 20], we provide the following definition.

Definition 2.1 (H-regular surface). A real continuous function f defined on an
open set Q C H! is of class Cf;(Q) if the distributional derivative Vi f = (X f,Y f)
is represented by a continuous vector field on 2.

We say that S C H' is an H-regular surface if for each p € H' there exist an
open set U containing p and a function f € Cf(U) such that Vg f # 0 on U and
SNU = {f = 0}. Under such conditions, the horizontal unit normal v, on SNU
is defined as the restriction of the non-vanishing continuous vector field

Vuf
IVafl’
defined on all of U.

Given a vertical plane P C H', and a function « defined on a domain D C P,
we denote by Gr(u) the intrinsic graph of w, defined as the Riemannian normal
graph of the function w. Since the Riemannian unit normal to P is the restriction
of a unitary left-invariant vector field Xp, the intrinsic graph of u is given by

Gr(u) = {exp,(u(p) Xp(p)) : p € D},

where exp is the exponential map on the Riemannian manifold (H',g). Using
Euclidean rotations about the vertical axis x = y = 0, that are isometries of the
Riemannian metric g, we may assume that P is the plane {y = 0}. Since in this
case Xp =Y, the intrinsic graph Gr(u) can be parametrized by the map

QU (x,t) = (z,u(x,t),t — zu(x,t)),

for (x,0,t) € D. Note that ®¥(x,t) = (2,0,t) * (0, u(x,t),0), where  is the Heisen-
berg product defined in Sec. 71l For further details, we refer the reader to [21].
Note also that u measures the signed distance of ®*(x,t) to the plane P, see [36].
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Given the intrinsic graph Gr(u) of a Euclidean Lipschitz function defined on
some domain D of the vertical plane P, we know by Rademacher’s Theorem that u
is H2-a.e. differentiable on D, where H? is the two-dimensional Euclidean Hausdorff
measure on D. Assuming P = {y = 0}, and given a differentiability point (x, 0, %)
of u, the tangent plane of Gr(u) is well defined at ®*(xg, to) and so it is the normal
vector field N. Hence, N is defined H?-a.e. on Gr(u). Moreover,

(g +2uuy) X =Y +u T
\/1 +u? + (ug + 2uuy)? '

see the computations in [27, Sec. 4]. Hence, N is never vertical. At differentiability
points of Gr(u) we define

(2.3)

_ Nn (ug +2uu) X =Y
[Nl /T (ug + 2uwg)?

Vn

and the vector field Z by
7 = —J(Uh),

which is tangent to S and horizontal. An orthonormal basis at the tangent space
of Gr(u) at the differentiable point is obtained by adding to Z the vector

E = (N, T)vy — | Nu|T. (2.4)
Following [43], we provide the following definition.

Definition 2.2. A set S C H! is a (X, Y)-Lipschitz surface if for each p € S there
exist an open neighborhood U, C H! of p, and a Lipschitz function f : U — R such
that

SNU={f=0}
and
Xf>1l aeonU or Yf>1 ae.onU
for a suitable [ > 0.

We stress that the following result was previously obtained by [43, Theorem
3.2], using the notion of homogeneous cone. Here, we provide a different proof.

Theorem 2.3. A set S C H! is a (X,Y)-Lipschitz surface if and only if S is locally
the intrinsic graph of a FEuclidean Lipschitz function.

Proof. Assume that S is an (X, Y)-Lipschitz surface. Given p € S there exist an
open ball B,.(p) C H! and a Euclidean Lipschitz function f defined on B, (p) such
that

SN Br(p) ={(2,y,t) € Br(p) : f(z,y,t) =0}

Since S is (X, Y)-Lipschitz, after a rotation about the vertical axis we may assume
the existence of [ > 0 such that Y f(¢q) > [ > 0 for every point of differentiability of

2350048-8
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f close enough to p. In particular, the convex hull of
{_lim Y f(q:) : lim ¢; = p, ¢; differentiability point of f }

does not contain 0. Let us consider the C*° diffeomorphism H (z,y,t) = (z,y, t—xy)
on H'. Then the function f o H is Lipschitz and
[}
a(fain)(q) = (g—z - wg—{) (@) =Y [f(q)

for each point ¢ of differentiability of f. Therefore by the Implicit Function Theorem
for Lipschitz functions [I2, p. 255] there exists an open neighborhood D C {y = 0}
of the projection of p on {y = 0} and a Euclidean Lipschitz function v : D — R
such that f(z,u(z,t),t — zu(x,t)) = 0. In other words, the surface S is locally an
intrinsic graph of a Lipschitz function over the vertical plane {y = 0}.

Assume now that S is locally the intrinsic graph of a Euclidean Lipschitz
function u. Let p in S and assume that S N B.(p) = ®%“(D) where ®“(z,t) =
(x,u(z,t),t — zu(x,t)) and u: D — R is a Euclidean Lipschitz function. Setting

f(iE,y,t) =Y *U(I,tﬁ*yiﬂ),

we clearly have that f is a Euclidean Lipschitz function defined in an open neigh-
borhood of p. Eventually reducing the radius r > 0 we get that SNB,.(p) = {f =0}
and Y(f) =1 > 0 a.e. on B,(p). Therefore, S is a (X, Y)-Lipschitz surface. |

Remark 2.4. Note that

(1) An (X,Y)-Lipschitz surface is an embedded surface by Theorem 23]

(2) If a Euclidean Lipschitz function f defined on an open domain of H' is Cj
then their level sets are (X, Y')-Lipschitz. Indeed, since the horizontal gradient
Vuf = (Xf,Y[) is a never vanishing continuous vector field, we obtain that
locally X f >1>0or Y(f) > 1> 0 eventually replacing f by —f.

Definition 2.5. Let S C H' be a C' surface. We say that p € S belongs to
the singular set Sp of S if the tangent space 71,5 coincides with the horizontal
distribution H,,.

The following result, whose proof can be found in [23], will be used to compute
the first and second variation of a surface.

Proposition 2.6. Let S be an oriented immersed C? surface in H' with singular
set So =0 and let f € C1(S). Then

divs(fZ) = Z(f) = (N, T)0(E) + 2(N, T)|Np|) f
and
divs(fE) = E(f) + (N, T)0(2) f,
where we have set (W) = (Vwuy, Z) for each vector field W.
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3. The First Variation Formula

We start this section computing the first variation formula for (X, Y')-Lipschitz
surfaces which are twice differentiable in the horizontal directions. We start by
proving some technical lemmas. The Riemannian version of the following one can
be found in [3§].

Lemma 3.1. Let U be a smooth vector field on H' and {ps}ser be the flow asso-
ciated to U. Let p € H' and e € T,H'. Define the smooth curve 3(s) = ¢s(p) and
the smooth vector field E(s) = (dgs)p(e) along 8. Then we have

\Y

o E(s) =V.U +2(J(Up), e) Tp. (3.1)
s s=0

Proof. Let us rename the standard coordinates (z,y,t) as (z1,z2,23). Let @5 =
(¢1,p2,93), and e = (e1,e9,€e3), and U = Z§:1 flain Then

91 Op1 Opr

8$1 6I2 6I3
Opa  Opa Opo
dog)y = | — — —/—=
(SD )p 8$1 6I2 6I3
Ops  Ops  Ops
8$1 6I2 6I3

and

where g;(s) = Z?Zl e; gf;. Therefore,

\Y

ds

3 ) ) 3 - i
LE9=300 (5] #3000 g

Since ¢;(0) = e; and g}(0) = e(f;) we have

S

v
ds

s=0 i=1

On the other hand,

2 B
V.U = e(fi) ( ) + fiVe—.
; Oz p Oz

2350048-10
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Since
V%%V%%JrTor(a—,a—y) —V%%+2<J(%>,%>T
=V%%+2<J(X) yJ(T), V)T +22(J(X),T)T
:V%%+2T
and
Vit aij =V ai’

for {i,j} # {1,2} there follows, evaluating at p,
3

0 0 0
Z&VU = Z eifiV o -5 =efaVa a_+€2flviay

ij=1

> o
+ N Z € .fj 6:51
i,5=1,{i,j}#{1,2}

0 0
=e1fo (Vaawa—y—2T)+e2f1 (V(%%+2T>
> 0

o2 ahVeg,
L o i 7
i,j=1,{1,5}#{1,2}

3
=2(e2f1 — €1f2)T+; fiv 6i
> )
=2(e2fi —e1fo) T+ ; iV e
Hence, we obtain (31]). O

Let S C H! be an (X, Y)-Lipschitz surface and p € S a point of differentiability
of S. Consider a C*! vector field U with compact support on H! and let {¢s}scr
be the associated flow. A basis of the tangent space to ps(S) at ¢s(p) is given by
Ev(s) = (dys)p(Zp) and Es(s) = (dps)p(Ep), where E is defined in (2.4]). Let N,
be the unit normal to ¢4(S). Then
[Er(s) X Ea(s)]n

(N)nleow) = TH T % Bas)]
where x denotes the cross product in (H!, g). Observe that Jac(ps)(p) = |E1(s) x
Es(s)|. Setting V (s,p) = [E1(s) x Ea(s)]n we have

V(S,p) = <E1,T> T x E2 + <E2,T> E1 x T. (32)
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Since {Z, vy, T'} is positively oriented, we have V (0, -) = |Np| v, The area functional
Ak of 4(S) is then given by

A(eu(8)) = [ (rac1B1() x Ba(o)) Er(s) X Balellny o (o) s my(s)) ds

S " EL(s) X Ea(s)|

:/S<77K(V(s,p)),V(5,p)>dS(p)

- [5 V(5,91 dS(p). (3.3)

Lemma 3.2. Let S be an (X,Y)-Lipschitz surface, and {¢s}ser the flow associated
to a compactly supported C* wector field U in H'. Let L = supp(U) N S. Then
there exist positive constants 1, so such that |V (s,p)| > % for a.e. p € L and any
s € (—$0,50)-

Proof. Theorem implies that, after a rotation about the vertical axis, there
exists r > 0 and a Euclidean Lipschitz function u : D — R, defined on an open set
D of the vertical plane y = 0, such that SN B, (p) = ®*(D). Let B C D be the set
of points of differentiability of u. Since u is Euclidean Lipschitz, Eq. (23] implies

1
|Np| >
V14 (ue)? + (ug + 2uuy)

for some constant I, () depending on a Lipschitz constant of u on B, (p). Therefore
by the compactness of supp(U), there exists [ > 0 such that |N,| > 1 > 0 for a.e.
qge L.

Assume by contradiction the existence of a measurable set A C L such that
H?(A) > 0 and of a sequence {s;};en converging to 0 such that |V (s;,q)| < & for
each ¢ € A. Then

im [ [V(s;,0)]dS(q) < § H2(4). (3.4)
A

J—00

On the other hand, since |E1(s;)| = |dps, (Z2)] < C', |Ea(s;)| = |des,; (E)| < C' for
some C’ > 0, we obtain from ([B.2)) the existence of C' > 0 such that |V (s;)] < C
on A. By the continuity of V(s,¢) in s we have lim;_.o. |V (s;)| = |Np| a.e. in A.
By dominated convergence

tin [ V(s 0)laS(a) = [ 1Na]dS = 12 ().
A

Therefore, since H?(A) > 0 we get a contradiction to (B4). |
Now, we compute the first variation of the sub-Finsler area.

Proposition 3.3. Let K € C% be a convex body with 0 € int(K), and S C H' an
oriented (X,Y)-Lipschitz surface. Then the first variation of the sub-Finsler area
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induced by a C vector field U with compact support in H', with 0S N supp(U) = 0,
s giwen by
d

T Axteus) = [ W) ZQU TRz - B D),
5=0 S

— 2N TYIW), 7(n)) — INW|(T (x(n)), V 2U)] dS, (3.5)

where {@s}ser is the flow associated to U.
Moreover, if we assume that the derivative in the Z-direction of vy, and Z exists
and is continuous, then we have

d

% AK(Sﬁs(S)):/SU<VZ7TK(Vh),Z>dS7 (36)

s=0

where u = (N,U).

Proof. We denote V(s,-) by V(s) for simplicity. Let us prove first that

d
ds

AxledS) = [ £ IVl as. (37)

s=0

s=0

This means we can differentiate under the integral sign.
By Lemma B2 the norm of V(s) is strictly positive a.e. in supp(U) N S. So, we
have

VO = (meV 6 3V < eV Dl | V) N
— H%V(S) * <8 ‘%V(s) : (3.8)

for a.e. in suppU N S, where § is the positive constant defined in Sec. 2.4] taking
K’ equal to the Euclidean ball centered at zero. By Lemma [B.1] there holds

%V(s) — (Vi U.T)T x Ea(s) + 20J(U), Ex()) T x Es(s)

+(E1(8), T)T x VU +2(J(U), Ea(s)) E1(s) x T
+ <VE2(S)U, T>E1(5) x T+ <E2($),T>VE1(S)U x T.

Since |E1(s)| = |des(Z)] < C and |Ea(s)] = |dps(E)| < C for s € (—sg,S0)
where C' > 0 is independent of s. Then, writing the covariant derivative Vg, U in
standard coordinates, we obtain

\VA _
5V < Cl0len

a.e. in supp U N S for a suitable constant C' > 0. Here, ||U||c1 denotes the standard
C' norm of U. Since supp U N S is compact, dominated convergence implies ([B1).

2350048-13



Commun. Contemp. Math. Downloaded from www.worldscientific.com
by UNIVERSIDAD DE GRANADA on 04/26/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

G. Giovannardi & M. Ritoré

Let us compute now

d d
T VOl = g| ). ve)
at a point p of differentiability of S. By [34] Remark 3.3],
L V) V) = (V) 2| V() = {raelwy)s | Vs
s=0 s=0 s=0

Since T is parallel with respect to the pseudo-Hermitian connection V and (Z,T) =
0, we have

AV Vv A\
ha =( 2| EBE@G),TYT T Ey(s),TY ZxT
F v (3 mer)rxse(F mer)zx
Vv
ET) ~| FE T.
+< ) >dS o 1($)X
Lemma B.J] implies
VI Bi(s) = VU 4+ 2(0(U), 2)T
ds s=0
and
\Y
| Bas)=VeU+20U), BT,
s=0

Therefore, evaluating at p but omitting it for clarity,

v
dS s=0

V(s) = ((V2U,T)+2(J(U), Z)T x E
+((VpU,T) +2(J(U),ENZx T+ (E,T)VzU x T
= (N, TYWZ((U,T)) + 2(J(U), Z)) T x v,
+(E(U,T)) +2(J(U),E)) Z x T — |N4| VzU x T.  (3.9)

We set g (vy) = 7272 + myvp, where mz = (7(vp), Z) and 7, = (w(vy),vn). Note
that T x v, = —Z, Z x T = —vy, and (n(vp,), VzU x T) = (J(w(vp,)), VzU), then
we obtain

(i), Y| V(s)) = (N, T)E(U,T)) + 25V, Z))z

(
SZO —(BE(U,T)) +2(J(U), E))m, — |Nu|(J (7w (v4)), V 2U)
—(N,T)Z((U,T))rz — E(U, T))my

= 2N, T)(J(U), 7k (vn)) — [Nul(J (mx (1)), V 2U).
(3.10)

This implies (3.5]).
Let us finally prove ([B.6]). We show in LemmaBZ]that ([B.8]) holds for C? surfaces.
The general result follows by approximation. Following [I8, Proposition 1.20] or [23|
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Remark 6.1], we approximate the (X, Y)-Lipschitz surface S = {p € H' : f(p) =0}
by a family of smooth surfaces S; = {p € H' : f;(p) = 0}, where f; = p; * f and
p; are the standard Friedrichs’ mollifiers. Since S is (X, Y')-Lipschitz we gain that
(Sj)o = 0. Hence, S; converges to S on compact subsets in S. Given j > 1, let Z7
be the characteristic vector field of the regular part of S; and V,{ be the horizontal
unit norm to S;. Then we have
Z = jlir{)lo Zl, vy, = Jlingo V}z, jlir{)lo VZﬂTK(V,{) = Vyzrk (V).

Since by assumption all the terms are continuous we have that the convergence is
uniformly on each compact set of S. On the other hand, since £ and N are only
L% (thus in particular L] ), we have that E’/ and N7 converge to E and N a.e.
in S. Applying Lemma B4 to the smooth surface S; and Lebesgue’s dominated
convergence theorem we obtain from (BI0)

o3

. V(s)> as

=APHWTM«MTWW—E«MTWM
— AN, TYI (), 7)) — [N [(T(x(), V2T ]dS

— lim [ [~(N,T)Z7((U. 7))z — BV (U T))m,

Jj—o0 S;
= 2ANY, T)J(U), 7(14))dS; — [NJ|{J (7(17)), V 2:U)]dS;

= lim [ w(Vgn(v)),Z7)dS;

Jj— Jgi
= / w(Vzm(vy), Z)dS,
S
since 7 is C'. This concludes the proof. |

Lemma 3.4. Let S C H' be an oriented C? surface with So = (). Let U be a C!
vector field with compact support and normal component u = (U, N) € C}(S). Then
we have

/ﬁwmmmmw:/PW¢wwwwmfmmnwy
S S

= 2(N, TWJ(U), 7(wn)) = [Np[(J (7(vn)), V2U)]dS,
(3.11)

where 7z = (Tg, Z) and 7, = (T, Vp).

Proof. Since both sides of ([BI1]) depend linearly on U, we consider the horizontal
Un=(U,Z)Z+ (U,vp) vy, and vertical U, = (U, T) T components of U.
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We start considering the horizontal component U and we denote by I the
corresponding right-hand side of (BIT]). Thus, we obtain

In = [S{*2<N7T><J(Uh),ﬂ(Vh)> = [Nul[(J(7(vn)), V2Un) }dS

= [ 2N DI A dS + [ (N Z (), I (00)
S S
+[Nul[(Vzm(vn), J(Un))} dS,

since Vi J(V) = J(VwV) (as VwJ = 0) for each pair of vector fields W, V. By
Proposition 2.6, we have

[5 INWZ (e (), T(U)))dS = — / (m(on), TUW)Z(INA])dS

s
= [N, T ) divs(2)as.
where divs(Z) = (DpZ, E) = —(N, TY0(E) — 2(N, T)|Np|. Moreover, we have
(Vzr(vn), J(Un)) = —(U,vn)(Vzm(vh), Z),
since (Vzm(vy),vp) = 0, by [34, Remark 3.3]. Hence, we have
I = (U 7)) (~2(N, T — Z(Nal) + INa|(N, T)O(E))
FINRU, vh NV 27 (), Z). (3.12)

Now, we consider the vertical component of the variational vector field U, =
(U, T)T. We denote by I, the left-hand side of (BI1l). Thus,

I, = / (N, TVry Z(U,T)) — E(U,T))x, dS. (3.13)
S

By Proposition 2.6, we get
- /S (N, Ty Z((U, TY)dS = /S (ZUN,T))rs + (N, T)Z(r))(U, T)dS

— /S<U,T><N,T)7rz(<N,T)9(E)+2<N,T>|Nh|)dS

_ /S (U, TYZ((N, T))x 7dS
+ [TV 2n(0n).2) — m0(2))d5
S
— [T Ty (N T)OE)) + 2N, TN S
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and

— / m, E(U,T))dS = / E(m,)(U,T)dS + / (U, TY{N,T)r,0(Z)dS
S S S

- / 7 0(E) (U, T)dS + / (U, TY(N, T)m,0(Z)dS.
S S

Adding the previous terms we obtain

I, - / (U, TYZ((N,T))r2dS + / (N, TV, TY(Y g (v), Z))dS
S S

f/2<U,T)7TZ<N,T)2|Nh|dS+/wZ|Nh|26(E)<U,T>dS. (3.14)
S S

Since tangential variations do not change the first variation formula, we consider
a normal variational vector field U = uN with u € C}(S) so that (U,Z) = 0,
(U,vp) = u|Np| and (U, T) = u(N,T). Then adding the integral of the horizontal
term (BI2) and the vertical term ([B.I4]) we obtain

Lo+, = /S —umz | Nal(=2(N, T)* = Z(Nl) + [ Nal(N, TYO(E))dS
+ /S s (N, TYZ(N, T)) = 2N (N, T)® + [Nu (N, T)0(E))dS

+/u((N,T>2+|Nh|2)<VZﬂ'(uh),Z). (3.15)
S
Since |Np|Z(|Nn|) + (N, T)Z((N,T)) = 0 we obtain
Iy +1 /SU<V27T(I/h),Z>
thus proving BIT)). m|

To obtain the first variation formula (3.8 we had to assume that the derivatives
in the Z-direction of the vector fields v, and Z exist and are continuous functions
on S. Let us see that the area-stationary property of S implies this regularity
property. We follow the arguments in [29, [32]. This result was first proven in the
sub-Riemannian case by Nicolussi and Serra Cassano [32].

Definition 3.5. Let S C H! be a (X, Y)-Lipschitz surface with boundary 9S. We
say S is area-stationary if, for any C! vector field U with compact support such
that supp(U) N 9S = ), and associated one-parameter group of diffeomorphisms

{¢s}ser, we have
d

% o AK(SDS(S)) =0.

Remark 3.6. Let D be a domain in the vertical plane {y = 0} and let w : D C
R? — R be a Lipschitz function. Since the vector field Y is a unit normal to the
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plane, the intrinsic graph Gr(u) is parametrized by

(x,t) — (x,u(x,t),t — zu(x,t)).
Let v(s) = (x,t)(s) be a Lipschitz curve in D. Its lifting

I'(s) = (z,u(z, t),t — zu(z,t))(s) C Gr(u)
is also Lipschitz and
I'(s) =2’ X + ('ug + t'u)Y + (' — 2ux’)T

a.e. in s. In particular horizontal curves in Gr(u) satisfy the ordinary differential
equation

t' = 2u(x,t) 2. (3.16)

Theorem 3.7. Let K € C% be a convex body with 0 € int(K). Let S C H' be an
area-stationary (X,Y')-Lipschitz surface. Then S is an H-regular surface foliated by
horizontal straight lines.

Proof. Let pin S. Since S is (X, Y')-Lipschitz, by Theorem[23] there exist an open
ball B,(p) and a Lipschitz function u : D — R such that S N B,.(p) = Gr(u) where
Gr(u) = {(z,u(x,y),t —ru(z,t)) € H' : (z,t) € D}. Setting mx = (71, 72) the area
functional is given by

A(Gr(u)) = / (ug + 2uug)m (uy + 2uny, —1) — mo(ugy + 2uuy, —1) dadt.

D
Given v € C§°(D), a straightforward computation shows that
d
o A(Gr(u+ sv)) = / (Vg + 2vus + 2uvy) M dxdt, (3.17)
Sls=0 D
where
M = F(uyz + 2uuy), (3.18)
and F' is the function
871'1 (3'71'2
F(z) = D42 @, 1) - L2, —1). 1
(I) 7T1(I, )+I O (I, ) O (I, ) (3 9)

Let T'(s) be a characteristic curve passing through p in Gr(u). Let v(s) be the
projection of I'(s) onto the xt-plane. By composition with a left-translation we
may assume that (0,0) € D is the projection of p to the xt-plane. We parametrize
v by s — (s,t(s)). By Remark B.6] the curve s — (s,t(s)) satisfies the ordinary
differential equation ¢’ = 2u. For ¢ small enough, Picard-Lindel6f’s theorem implies

the existence of r > 0 and a solution ¢. :] — r,7[— R of the Cauchy problem
t (s) = 2u(s,t(s)),
£(5) = 2u(s.1.(5) 0
t-(0) =e.

We define 7. (s) = (s, t(s)) so that 79 = 7. By Lemma[B] we obtain that G(, ) =
(&,t-(&)) is a bi-Lipschitz homeomorphisms where the determinant of the Jacobian
of G is given by 0t.(s)/0e > C > 0 for each s €] — r,r[ and a.e. in ¢.
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Any function ¢ defined on D can be considered as a function of the variables
(¢, ) by making P(€,€) = p(£,t(£)). Since the function G is C! with respect to &
we have

9%

8_5 = 9095+t/5(pt = @z + 2up;.
Furthermore, by [I7, Theorem 2 in Sec. 3.3.3] or [30, Theorem 3], we may apply
the change of variables formula for Lipschitz maps. Assuming that the support of

v is contained in a sufficiently small neighborhood of (0,0), we can express the

integral (B.I7) as
" (00 N\ - B

where T is a small interval containing 0. In Eq. (82I]), we used the area-stationary
assumption. Instead of ¢ in (B2I)) we consider the function 0h/(t.4p — te), where
h is a small enough parameter. Then we obtain

0 ( oh ) o h oyt — 1L
) = = —_
af teyn —te 8§ tE-‘rh —te (t8+h - t€)2
8§ t£+h - ta (ta—i-h - t5)2 ’

that tends to

O (N
65 65 VUt a.e. 1m &,

when h goes to 0. Putting 0h/(texn — to) in (B2I)) instead of © we get

T h% g 7 i ~
J (/_ o (e (v =) Md§> e

Using Lebesgue’s dominated convergence theorem and letting h — 0 we have

T Ob -
/1 ( M d§) de = 0. (3.22)

Let n: R — R be a positive function compactly supported in I and for p > 0 we
consider the family 7,(z) = p_ln(?), that weakly converge to the Dirac delta
distribution. Putting the test functions 7,(e)¥(§) in [B22) and letting p — 0 we

get

V()M (€, 20) dE =0, (3.23)
for each 1 € C§°((—r,7)) for a.e. g9 in I. Since F is C' and the distributional
derivatives of a Lipschitz function belongs L™ we gain that M defined in [BI8) is
L*(D). In particular, we have that M belongs Li (D), thus by Fubini’s Theorem

loc

also M(-,&0) belongs to LL _((—r,7)) for a.e. g9 in I. By Eq. B23), we gain that

loc

M(-, £0) belongs to W ((—r, 7)) with 9¢ M = 0 a.e. in (—r,7). Then by [3, Theorem
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8.2], we gain that M(-,&0) is absolutely continuous and 9¢M = 0 a.e. in (—r,7)
thus M(-,g0) is constant in & for a.e. g € I. Therefore, M is constant along
Yoo (8) = (8,1, (8)) for a.e. gg in I. By 29, Lemma 3.2], F is a C! invertible function,
therefore also g(s) = (us + 2uus),, (s) = F~' (M) is constant in s for a.c. &g in I.
This shows that horizontal normal given by

(ug 4+ 2uu) X =Y

Vp =
V1 (ug + 2uug)?
is constant along the characteristic curves, thus also Z = —.J(v},) is constant. Hence,
the characteristic curves of S are straight lines. Here, we follow the approach devel-

oped by [32]. Moreover, since 2g(s) = 2(uy + 2u),, (s) = 2 (s) is constant in s we
have that t.(s) is a polynomial of the second order given by

(3.24)

to(s) = e + a(e)s + b(e)s?,

where a(e) = 2u(0, ) that is Lipschitz continuous and b(e) = (u, + 2uuy)(0,e) =
(ug +2uuy)(s, €). Furthermore, choosing s > 0 we can easily prove that b(e) is also a
Lipschitz function in €. Hence in particular the horizontal normal v, given by ([B.24)
is continuous, then the surface is an H-regular surface. O

Remark 3.8. Note that an (X,Y)-Lipschitz area-stationary surface is H-regular
and its horizontal normal v, is C*° in the Z-direction.

Lemma 3.9. With the previous notation, there exists a bi-Lipschitz homeomor-
phism G(&,e) = (& t-(§)). Moreover, there exists a constant C > 0 such that
Ote(s)/0e > C for each s €] —r,r[ and a.e. in ¢.

Proof. Here, we exploit an argument similar to the one developed in [32]. By [42
Theorem 2.8], we gain that ¢ is Lipschitz with respect to & with Lipschitz constant
less than or equal to eX”. Fix s €] — r, +r[, the inverse of the function ¢ — t.(s) is
given by x:(—s) = x:(—s) where y; is the unique solution of the following Cauchy
problem:

{X%(T) = 2u(T, x4(7)), (3.25)

Xi(s) =t.

Again by [42] Theorem 2.8], we have that x: is Lipschitz continuous with respect
to t, thus the function € — ¢, is a locally bi-Lipschitz homeomorphisms.
We consider the following Lipschitz coordinates:

G(&,e) = (& 1(8)) = (s,1) (3.26)

around the characteristic curve passing through (0,0). Note that by the unique-
ness result for [@H), G is injective. Given (s,t) in the image of G and using the
inverse function y; defined in [B25]) we find e such that t.(s) = ¢, therefore G is
surjective. By the Invariance of Domain Theorem [4], G is a homeomorphism. By
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the uniqueness result of the Cauchy problem (3] we get that the map € — t.(s)
is not decreasing in €, then we have

Ot.(s)
Oe
for a.e. in €. The differential of G is defined by

>0 (3.27)

1 0
DG=| o (3.28)
t —
¢ e

almost everywhere in ¢ and the differential of G~! is given by

—1 [0t
Dc—lz(%) 2 ! (3.29)
de —t 1

almost everywhere in €. Since G~ is Lipschitz we gain that there exists a constant
C > 0 such that

—1

ot 1
Jo-1| =|det(DGTY| = |==| <=
e] = laee(DG ) = |2 <
a.e. in €. Thus, by B27) we deduce that 9t./0e > C' > 0 a.e. in ¢. O

4. A Codazzi-like Equation for (X, Y )-Lipschitz Minimal Surfaces

In this section, we shall show that, given an area-stationary surface S, the function
(N, T)/|Np| satisfies a differential equation along almost every characteristic curve
on S.

We first prove a technical result similar to [26] Lemma 4.2]. We include the
proof, with only slight differences, for completeness.

Lemma 4.1. Given a,b € R, the only solution of equation
Y —6y'y+4y° =0 (4.1)

about the origin with initial conditions y(0) = a, y'(0) = b, is

a— (2a% —b)s
a = . 4.2
Yao(5) 1 —2as+ (24 — b)s? (42)
Moreover, we have
a’>—b
Yau(8) = yap(s) = ( (4.3)

1 —2as + (2a%2 — b)s2)2’
If yap is defined for every s € R then either a®> —b > 0 or y,p = 0.
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Proof. By the uniqueness of solutions for ordinary differential equations we know
that there exists a unique solution ([.I). Since we have

, b—2as(2a® — b) + (2a® — b)?s?
Yap = (1 —2as+ (2a® — b)s?)?

and

2(a — (2a% — b)s)(3b — 2as(2a® — b) + (2a% — b)?s% — 2a?)
(1 —2as + (2a% — b)s2)3 ’

"o
ya,b -

a straightforward computation shows that y, 5(s) solves (@) and satisfies ([@3]).
Let us write y,, = p(s)/r(s) where p(s) = a — (2a* — b)s and r(s) = 1 — 2as +
(2a%—b)s?. If y, p is defined for every s € R, then there are two possibilities: 7(s) has
no real zeroes or r(s) has at least a zero at sg € R. In the first case the discriminant
is 4(b — a?) is negative. In the second case r(sp) = 0 we must also have p(sg) = 0
in order to have y, (s) well defined at so. Hence, y,(s) can be expressed as the
quotient of a constant over a degree one polynomial. Then by ([2) we get that
Ya,b = a(l — 2as)~! which has a pole unless a = 0, hence y, (s) = 0. |

Remark 4.2. If f(s) is a solution of (Il), then for each positive constant A the
function fx(s) = A7 f(%) is still a solution of (@.I).

Remark 4.3. Let f be a solution of (), then f belongs to C* class. Indeed
setting y; = f and y2 = y; we have that [@I]) is equivalent to

?Ji Y2
=F(y1,y2) = .
(yé) —6y1y2 — 4y}

Since F'is C'°° we obtain that y; = f is smooth.

Proposition 4.4. Let S be a complete oriented area-stationary (X,Y)-Lipschitz
surface. Then along any arc-length parametrized geodesic 7.(s) in S, the func-
tion (N, T)/|Nn|(3:(8)) satisfies the ordinary differential equation [II) for a.e.
. Furthermore, (N, T)/|Np|(7(s)) is smooth in s for a.e. €.

Proof. Let p in S. Since S is (X, Y)-Lipschitz, Theorem 23] implies the existence
of an open ball B,(p) and of a Lipschitz function v : D — R such that SN B,(p) =
Gr(u). Let T'(s) be a characteristic curve passing through p in Gr(u). Let v(s) be
the projection of I'(s) onto the zt-plane, and (0,0) € D the projection of p to the
xt-plane. We parametrize v by s — (s,t(s)). By Remark B (see also [29] Remark
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2.5]) the curve s — (s,t(s)) satisfies the ordinary differential equation ¢’ = 2u and
I(s) = X + (ug + 2uuy)Y.

As computed in [29] Sec. 2.6], at smooth points of the graph of u, the unit normal
can be computed as N = N/|N|, where

N = (ugy + 2uug) = Y 4 uT.

The quantity |J\7 | is the Riemannian Jacobian of the parametrization of the intrinsic
graph of u by coordinates (x,t). So, we have

INL|dS = /1 + (ug + 2uuy)? da dt. (4.4)

Since we have

(ugy + 2uu) X =Y
Vp =
V14 (ug + 2uug)?

and Z = —J(v)

we get Z = —I"(s)/|'(s)|. For ¢ small enough, Picard-Lindel6f’s theorem implies
the existence of r > 0 and a solution t. : | — r,r[— R of the Cauchy problem

{t’s(s) = 2u(s,t-(s)), (4.5)

t-(0) =e.

We define 7. (s) = (s,t-(s)) so that 9 = . Since S is area-stationary we have that
(uy + 2uwuy) is constant along v (s). Moreover,

t7(s) = 2(ug + 2uu) (Ve (s)) = 2b(g) = 2(uy + 2uut)(0,€)
is constant as a function of s. Thus, we have
t-(s) = e+ a(e)s + b(e)s?, (4.6)

where a(e) = 2u(0,¢). Choosing s > 0 in (L) we can easily prove that b(e), that
a priori is only continuous, is also a Lipschitz function. By [32, Eq. (7), Theorem
3.7], we have

0 0 0 0

9 Ds -(s) = Egtg(s) (4.7)

a.e. in ¢, where the equality has to be interpreted in the sense of distributions.
Putting (LX) in the left-hand side of (@) and applying the chain rule for Lipschitz
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functions (see [32] Remark 3.6]) we get

2us(s,te(s))(1 4 d'(e)s + V' (e)s®) = (d'(g) + 2b'(¢)s)
a.e. in €. Therefore, we get

a’(e)

== +b(e)s
(14 a'(e)s +V/(e)s?)’

ui(s,te(s)) =

a.e. in €, since by Lemma we have 0t./0e > 0 a.e. in £. Since we have Z =
—T"(s)/|'(s)| we consider 4. (s) = v:(—s). Then we have that

i B @ —b(e)s
u(Ye(s)) = (1 —a(e)s+b(e)s?)

solves Eq. [@J) with initial condition y(0) = a’(¢)/2 and y'(0) = # —b/(e) for
a.e. €. Moreover, we have

t.(—s) = —a(e)s + b(e)s>.

For each ¢ fixed we have b(e) = (uy, + 2uuy)(J:) is constant, let

Ye(s) = e (m)

be an arc-length parametrization of 4.. Then Remark shows that also

— Ut
V14 (ug + 2uuy)?

(%e)

(N, T)/INu|(72)

is a solution of ) a.e. in e. O

5. Second Variation Formula

In this section, we compute the second variation formula. First of all we need the
following lemma.

Lemma 5.1. Let U be a C? horizontal vector field in H' with associated flow
{ps}tser. Let p € H! and e € T,H'. Define the smooth curve 3(s) = ps(p) and the
smooth vector field E(s) = (dgs)p(e) along 8. Then we have

v2

5| B =VeVoU +2(J(Vo,U),0) T, +2 (J(U,), VeU) Ty,

s=0
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Proof. From (BI]), we get
v2

(Ve Us +2(J(Us), E(s)) T)-

s=0

On the one hand, we have

\Y%
% =0 VE(S)US - % Ozgl v(dm )ﬁ(s US
s= s=Ui=1
3
_ / ;
= ZgZ(O)V( 3 )pU+g7,(0) d OV(%)I)U
i=1 -

Note that

3
Ve(VoU) =VVss 1 o U:Ze(fi)v(a%)pUJrfi(p) VeV U

3
= eIV, U+ eiVuVia,U,

i=1 =1

where we use that the Riemann tensor of V vanishes

o 9
OR( ) U=Vz)Ve)U = Vi) VgV

dz;’ Oy
Therefore,
\ /
Ts VieeUs = Ve (VuU) + VU (5.1)
s=0
On the other hand, since VJ = 0 we have
Y 20 Bs) T = 20(VoU),e) T+ 2I(U), | B(s) T
dS s=0 dS s=0
=2(J(VyU),e) T +2(J(U),V.U)T, (5.2)

where we have used once again Lemma B.] and the fact that J(U) is horizontal.
Finally, adding (5)) and (52) we get the result. |

Now, we compute the second variation formula.
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Theorem 5.2. Let K € C% be a conver body with 0 € int(K). Let S C H' be
an area-stationary (X,Y)-Lipschitz surface. Let U be an horizontal C? vector field
compactly supported in H', with S N supp(U) = 0, and associated flow {ps}scr-
Then the second variation of the sub-Finsler area induced by U is given by
d2
ds?

| V|
K(mr (vn))

(e (55

K is the positive curvature of the boundary OK and f = (U,vp).

ds, (5.3)

Ak (pa(8)) = /S (Z(f)? + af?)

s=0

where

Remark 5.3. As noticed in Sec. [l there is a slight difference in this second varia-
tion formula with respect to the sub-Riemannian one computed in [26], due to the
definition of Z as —J (1) in this paper, instead of J(v,) as in [26]. This change was
introduced in [34] as the most convenient way of dealing with the lack of symmetry
of the sub-Finsler norm.

Proof of Theorem[5.2l First of all we notice that (N, T)/|Ny| is smooth in the Z-
direction by Proposition 4] and so g is well defined. Moreover, by Theorem 3.7 an
area-stationary (X, Y')-Lipschitz surface is H-regular. The area functional is given
by

Axc(po(S)) = / (n(V(5)), V(s)) dS.

S

where
V(s)=(E1(s), T)T x Ea(s) + (E2(s),T) Er(s) x T,

and dS is the Riemannian area element. At a regular point p € S, a basis of tangent
vectors to ¢, (S) at @s(p) is given by Ei(s) = (dps)p(Zp) and Ea(s) = (des)p(Ep).

Since by Lemma the norm of V (s) is strictly positive a.e. in supp(U) NS,
we have

d? d \Y%
LVl = <m(<v< D V)

- < V(s), %V(s)> + <7TK(V(5))7 %V(S)>
!

V
—V(s)

—V (5.4)

+6’

a.e. in supp(U) N S, where & = miny,|,.—1 £(v) and (3 is the positive constant
defined in Sec. 24 with K’ equal to the Euclidean ball centered at the origin.
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Setting N(s) = Ej(s) x Ea(s) we get

AVER. \v& \Y \Y A&
@N(S) = d_ZEl( ) X E2(S) + 2£E1(S) X £E2(S) + El(S) X @EQ(S)
Then Lemmas B.1] and Bl imply
v
Y By (s) = ViU +20(Uy). Bi(s) T
v2
@El(s) = in(s)vUU +2 <J(VuU), E1(5)>T +2 <J(Up), in(s)U> T

and |Ey(s)] = |dps(Z2)] < C" and |E1(s)| = |des(E)| < C’ for s € (—so,S0), where
the constant C” is independent of s. Then, writing the covariant derivative Vg, s U
and Vg, (5 VyU in standard coordinates, we obtain

VN (s)

ds?

2 ~
‘ < C|U]ex

a.e. in supp(U) N S for a suitable constant C' > 0 and where ||U]¢» denotes the
standard C2 norm of U. Then, since V (s) = N(s)— (N (s), T) T and thus < 1= V( ) =

dVSQN( ) — (CIV?N(S),T> T, we have

a.e. in supp(U) N S. Then, since supp(U) NS is compact, Lebesgue’s dominated
convergence theorem yields
d2
ds?

d32 <2C||U||C2

d2
A s(S :/ —
_Axlpu(s) = [ gol

By [34, Remark 3.3], we get

% <7T(V(s)), %V(s)> = <EW(V(S)), EV(S)> + <7r(V(s)), E%V(s)>-

(m(V(s)),V(s)) dS.

Again by [34] Remark 3.3], we have

_ % <%7T(V(s)), V(s)> <dvsdvs (V(s), V(s)> + <%w(v(s)), %V(s)>-

Then we gain

(Fr ). V) = = (52 VELVE). (5:6)
Therefore, substituting (5.8) in (&3] we obtain

(VO V) = (rV ) L3V~ (T La Ve V)
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Evaluating the previous equality at s = 0 we get

& v? v?
| W) = (s 35| ve) - (35 v
— 1410 (5.7)
since V(0) = |Np|vp.
As
zV(s) = <ZE1(5) T> T x Es(s) + (Ey(s), T)T x zEg(s)
ds ds ’ ’ ds
+ <%E2(s),T> Er(s) x T+ {Ey(s), T) ~-Fa(s) < T
we obtain
v? v?
EIRCE <@ _ El(s),T> T x E»(0)
v v
+2 < % o El(S),T> T x % o EQ(S)
2 2
(B4 (0), T)T x d'; B (s) <d% Eg(s),T> B1(0) x T
s=0 s=0
v v v?
42 < T EOT) G| Be T mOT) )
X F1(s) x T.
By Lemma [B1]
Y Bi(s) = VeoU +2000), EO)T,
s=0

for i = 1,2. By Lemma [5.], we gain
v2

@ El(s) = VE,-(O) (VUU) + 2<J(VUU), EZ-(O)>T + 2<J(U), VE,-(O)U>T~

s=0

Noting that VU is horizontal we get

v V(s) = (V2(VoU),T) + 2(J(VoU), Z) + 2(J(U),V,U)T x E

=0 FAJ(U), 2)T x VU + (Ve(VoU), T) + 2(J(VyU), E)

+2(J(U),VEUNZ x T + 2((VgU,T) + 2(J(U), E\)V zU x T
- |Nh|VZ(VUU) x T.

We set wx (vp) = 722 + movp, where 1z = (n(vy,), Z) and 7, = (w(vp), ). Note
that T x vy, = —=Z, Z x T = —uvp, and (n(vp), W x T) = (J(m(vp)), W) for each
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vector field W, then a straightforward computation shows that

2
T= () o5 V() =A+B, (5.8)
s=0
where
A = =2(N,T)(J(U),VzU)rz = 4J(U), Z)(J (7 (1)), VEU)
=21, (J(U),VEU) + 4(J(7(vp)), V2UYJ(U), E) (5.9)
and

B = —(N,T)Z((VyU,T))rz — E((VyU,T))m,
— 2N, TYJ(VoU), 7(w)) — [NW|(J(x(wn)), V2VeU).  (5.10)

Since S is area-stationary, by Eq. ([B.3]) in Proposition B3] we have that

0= 2| Ax(eu() = [ [FV.DVZ(U Tz ~ BQU T,
s=0 S
= 2N, T)IO), mln)) — NI (), V2011, (5.11)

for every U compactly supported C' vector field. Taking into account the first
variation formula (5.I1)) induced by the C* horizontal vector field ViU we get

/SB:O.
/SI:/SA. (5.12)

On the other hand, by Lemma [54] and by Eq. (&I7) in Remark [(:5] we obtain

o < v S_O”(V(S”’””> - <dz _ (;E;) »<dﬂ>?5hz> <dz

Then [29], Lemma 4.3] yields
2
V(s), Z> ,

K|Np| \ ds

where k = k(7 (1)) is the positive constant curvature of 0K evaluated at g (v4,),
that is constant along the characteristic curves by Theorem B7l Thanks to (39)

Thus, we obtain

V(s), z>.

s=0

s=0
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v
ds

Setting f = (U,vp) and g = (U, Z) we get that A 4 II is equal to

2N, T)mz(9Z(f) + f2(9)) + 4fm2(E(f) — g0(E)) — 2fm,(E(g) + fO(E))

=297, (E(f) — 90(E)) — 49(N, T)m, Z(g)
1

we have

v<s>,Z> = ANTYIU), Z) — NV U )
s=0

= 2<N, T><U, Vh> — |Nh|<VZU, Vh>.

+ m(%N» T)f = INul|Z(£))"
Note that
1 2
I = W(QW’ T)f = INulZ(f))
- ﬁ@m, T)?f2 — AN, T)|NulfZ(f) + INa[PZ(£)?).  (5.13)

The second term of (5I3) can be written as

(N, T)|Np|
K | Nl

(N, T)

<N7T> 2) <<N7T>) 2)
=2|Np| | Z -7 .
i <n|Nh|f wal )
Then, setting h = <IZ|J€>‘ in Lemma [5.6] we obtain that the integrals of the first
and second term in (BI3)) are equal to

L)oo (3 s

The integral of the third summand in (&I3) is equal to

JEGRYE
S

R

4 FZ(f) = 2|Nn| =

Hence, we obtain

/IIdS / |Nh|dS+2/Z(%) F2INGdS. (5.14)

Finally, we deal with
A =2(N,T)mz(gZ(f) + fZ(9)) + 4fmz(E(f) — g0(E)) — 2fm,(E(g) + fO(E))
—2gm,(E(f) — g0(E)) — 49(N, T)m, Z(g).
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By Eq. (519)) in Lemma [5.6, we have that

27, (9*0(E) — 2(N,T)gZ(g))
P <g2 (2 WP, (<N’ T>)) - T>Z<92>)

| Na? | N3] | N3]
N, T)? <<NT> ))
— o (22 L g (1D
A (g T AR

a.e. in S. Then, by Lemma [5.7 the integral over S of the previous term is equal to
zero. Therefore, we have

A = 2N, T)rzZ(gf) + 4frz(B(f) — g8(E)) = 2f*m,0(E) — 2m, E(gf).
On the one hand, we have
[ mBah) +m20(E)af =0,

by Eq. (B2ZI) in Lemma 57 On the other hand using Eq. (520) in Lemma 5] and
Eq. (519) in Lemma [5.0 we have

2 [3 T2 (N, TVZ(gf) — gf0(E))

_ (N, T) (N,T)? _
_2/5 <Z< A 7rzgf> -2 EAE ﬂ'ng) |NL|dS = 0.

Hence, we gain

A =212E(f%) - 2f°m,0(F) = —2f*(E(nz) + 1,0(E))
= —2f*((Ven(vn), Z) — m0(E) + m,0(E))
0(E)

K(m(va))’

a.e. in S, where the last inequality follows from [29, Lemma 4.3]. Finally, by (&.19)
in Lemma 5.6 and (512)), (514) and (EI5) we obtain

foroms fasns [ (oo (+(G57) - 5F) )

—2f*((dm)u, (VEwn), Z) = —2f* (5.15)

N,
« g (5.16)
r(m(vn))
In the last equation, we use that Z(mw(14,)) = 0, therefore x(m(vp,)) is constant along
the characteristic curves. O
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Lemma 5.4. Following the previous notation we have

= A EVe) ) = (| wVE)LZ) (o~
Y 3 v B o 7

and VJ = 0 we obtain

(FamOLVE) =16 (7 () Vi)
Vo)

Evaluating at s = 0 we gain

vV Vv \Y% \Y%
<££ . m(V(s)), V(s)> =— < o . m(V(s)), Z> <£ - V(s), Z>
since V(0) = |Np|vp.
Remark 5.5. Letting
m(V(s)) = m1(V(8) Xy (s) + m2(V(5)) Yy (s),
and noticing that VX = VY = 0 we gain
\Y d d
s o m(V(s)) = s - 71 (V () X500y + Ts . m2(V ()Y, (0
Setting v, = aX + bY we obtain
\Y% v V(s)
2 — (d -
5] e = () vy
where
87‘(1 87‘1’1
%(a» b) %(av b)
(dﬂ—)(a,b) =
@(a b) @(a b)
Oa ob V7

(5.17)

By [1, Corollary 1.7.3] mx = Vh where h is a C? function, thus by Schwarz’s

theorem the Hessian Hess(, ) (h) = (d7) (4 is symmetric.
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Lemma 5.6. Let S C H' be a (X,Y)-Lipschitz surface. Let h be a compactly
supported function on S, differentiable in the Z-direction. Then we have

/5 (Z(h) i T) h) INAldS = 0 (5.18)

| Nn|
and
O0(E) = —|Nn|Z (%) + 2| Ny <]|\][ng (5.19)

a.e. in S, where 0(E) = (Vgvp, Z).

Proof. Following [18, Proposition 1.20] or [23] Remark 6.1], we approximate the
(X,Y)-Lipschitz surface S = {p € H' : f(p) = 0} by a family of smooth surfaces
S; ={p e H': fj(p) = 0}, where f; = p; * f and p; are the standard Friedrichs’
mollifiers, that converges to S on compact subsets of S. Let Z7, N7 and E7 relative
to S;. Then we have

_Z(INRD)

div(|N{|hZ7) = |N{| 27 (h) — (N?, T)h ( Nt

+ [NIO(EY) + 2|N£;|2>-
Using — N[~ Z3((N9, 7)) = (N9, T) 1 Z3 (), [NJ| 23 (N, 7))~ 2(N9, T2+
|N7|0(E?) = 0 and the divergence theorem we get

/ |N7|Z3(h) — 2(N7, TYhdS; = 0.

J

Then, passing to the limit when j — 400 we obtain (B.I]). Since S; are smooth a
straightforward computation shows that

) S J . J 2
Q(EJ):_|N}JZ|ZJ M +2|N}JZ|M_
NG IN; P2

Passing to the limit when j — 400 we have £ — E a.e. in S, since S is Euclidean
Lipschitz. Therefore, we obtain that (5I9) holds a.e. in S. |

Lemma 5.7. Let S C H! be an area-stationary (X,Y)-Lipschitz surface. Let h be
a compactly supported function in S, differentiable in the Z-direction then we have

LN T) _
/S(Z(h) 2N h) ||N4||+dS = 0. (5.20)

Moreover, there holds

/ 7 E(h) + 720(E)h = 0. (5.21)
S

Proof. Let m, = (m(vp),vn) = ||vnll«, then ||Np||« = |Np|m,. Since S is an area-
stationary surface, Theorem 3.7 implies that v, is constant in the Z-direction, thus
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in particular we have Z(m,) = 0. Therefore, applying the same divergent argument
of the proof of Lemma [£.6] we obtain

[ (200 -25570) 1m0 =

Always following [I8, Proposition 1.20] or [23, Remark 6.1] we approximate the
(X,Y)-Lipschitz surface S = {p € H' : f(p) = 0} by a family of smooth surfaces
S; ={p e H': f;(p) = 0}, where f; = p; = f and p; are the standard Friedrichs’
mollifiers, that converges to S on compact subsets of S. Let Z7, N7 and E7 relative
to S;. Using [34, Remark 3.3] it is easy to prove that E(7,;) = 7z;0(E7). Thus, by
Proposition we gain

J

J

7, B9 (h) 4+ w2, 0(E?)h dS; = 7/ (N7, TV0(Z7)h dS;. (5.22)
S

Since S is area-stationary, we get Hg =0 and [29, Proposition 4.2] implies Hp =

(Vzup, Z) = 0. Then 0(27) = (Vgvi,Z7) — (Vzup, Z) = 0 and, passing to the

limit in (522) when j — 400, we obtain (E2T]). |

6. The Bernstein Problem for (X, Y )-Lipschitz Surfaces

We say that a (X,Y)-Lipschitz surface S is complete if it is complete in (H!, g).
This means that the surface S equipped with the intrinsic distance associated to
the restriction of g = (-,-) to S is a complete metric space.

Definition 6.1. We say that a complete oriented area-stationary (X,Y')-Lipschitz
surface S C H! is stable if inequality

[5 (Z(f)2 +4 (Z (%v,?) - <fjv3|2>2) f2) %ds -

holds for any continuous function f on S with compact support such that Z(f)
exists and is continuous.

The following lemma is proven in [2 p. 45].

Lemma 6.2. Let A, B € R be such that A> < 2B and set h(s) := 1+ As + Bs?/2.
If
1
/ ¢'(5)*h(s)ds > (2B — A2)/ #(s)? —ds
R R h(S)
for each ¢ € C}(R) then 2B = A2.

Theorem 6.3 (The Bernstein Problem). Let K € C% be a convex body with 0 €
int(K). Let S C H' be a complete, connected and stable (X,Y)-Lipschitz surface.
Then S is a vertical plane.

Proof. First of all we have that S is an H-regular surface by Theorem B.7 Let p
in S. Since S is (X,Y)-Lipschitz, by Theorem [Z3] there exist an open ball B, (p)
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and a Lipschitz function u : D — R such that SN B,(p) = Gr(u) where Gr(u) =
{(z,u(z,y),t — zu(z,t)) € H' : (x,t) € D}. Let (0,0) € D be the projection
of p to the zt-plane. On D we consider the coordinates around (0,0) furnished by
G(s,e) defined in Lemma Let I be a small interval containing 0, then € € I
and s €] — r,r[. Since S is complete by the Hopf-Rinow Theorem each geodesic
(in particular the straight lines in the Z-direction) can be indefinitely extended
along any direction, thus the open interval | — r,r[ extend to R. Note that 7.(s)
is the integral curve of Z, thus Z(f) = 9s(f). Hence, taking into account that
(ug 4 2uut)(s) is constant along 7. and equal to b(e), the stability condition (GI])
is equivalent to

/I/R((asf)24(<N’T>2 3S<<N,T>>)f2) O VTHOER |0 62)

|Nn|? |Nn| de  kK(m(vn))

for any continuous function f on S with compact support such that Z(f) exists
and is continuous.

Since (N, T)/|Ny| solves Eq. () with initial condition y(0) = a’(¢)/2 and
y(0) = d'(£)2/2 — b(e), by @) we get
(NT? (N T b -
[N ? INul ) (A —d/(e)s +V/(e)s?)?
Therefore, computing 0t./0e from ([0, we obtain that ([G2]) is equivalent to

—d()s + b (e)s2 2 4b'(e) — d'(e)? 2
J L (=@ rveton - oG8t )

1+ 0(g)?
>< —_—
k(T (vn))
Let 7 : R — R be a positive function compactly supported in R and for p > 0
we consider the family 7,(z) = p~'n(z/p), that weakly converge to the Dirac delta
distribution. Putting the test functions n,(z — €)i(s), where 1 € C}(R), in the
previous equation and letting p — 0 we get

dsde > 0.

/ / 2N ()2 o) — a ()2 P(s)? s
/R(l —a'(e)s+b'(e)s*)(Y'(s))*ds > (4b'(e) (e) )/R 01— d(@)s + b (e)s?) ds,

for a.e. € since k(m(vp,)) is a positive constant along the horizontal straight lines for
each e (since vy, is constant along such horizontal straight lines) and /1 + b(g)? is
a positive constant on ..
Setting A = —a’(g), B = 2b/(¢) and h(s) := 1 + As + Bs?/2, we obtain
2
/h(s)l//(s)2ds > (2B—A2)/ US) g
R r h(s)

for each ¢ € C}(R). Assume that 2B — A? > 0 then by Lemma 6.2 we get that
2B = A?, then 4¥(g) — a/(£)? = 0. Therefore by Lemma LT}, we obtain (N, T) = 0,
a'(e) = b/(e) = 0 a.e. in . On the other hand, if 2B — A? < 0 then directly by
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Lemma [L.1] we obtain (N, T) = 0, a’(¢) = b'(¢) = 0 a.e. in e. Hence, a(e) and b(e)
are constant functions in € and

to(s) = € + as + bs?,

for some constant a,b € R. Since t.(s) = 2u(s,t:(s)) = 2u(s,e) we get u(s,e) =
a/2 + bs, thus @ is an affine function. Hence, S is locally a strip contained in a
vertical plane. A standard connectedness argument implies that each connected
component of S is a vertical plane. O
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