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ABSTRACT

This paper presents a maintenance policy for a modular system formed by K independent modules (n-
subsystems) subjected to environmental conditions (shocks). For the modeling of this complex system, the use
of the Matrix-Analytical Method (MAM) is proposed under a layered approach according to its hierarchical
structure. Thus, the operational state of the system (top layer) depends on the states of the modules (middle
layer), which in turn depend on the states of their components (bottom layer). This allows a detailed description
of the system operation to plan maintenance actions appropriately and optimally. We propose a hierarchical
decision-based maintenance strategy with periodic inspections as follows: at the time of the inspection, the
condition of the system is first evaluated. If intervention is necessary, the modules are then checked to make
individual decisions based on their states, and so on. Replacement or repair will be carried out as appropriate.
An optimization problem is formulated as a function of the length of the inspection period and the intervention
cost incurred over the useful life of the system. Our method shows the advantages, providing compact and

implementable expressions. The model is illustrated on a submarine Electrical Control Unit (ECU).

1. Introduction
1.1. Motivation

Modularity is a concept widely applied in many fields, such as
manufacturing industry, power and energy systems, computer science,
smart grid, biology. In fact, many modern systems consist of mod-
ules e.g. aircrafts, rockets, submarines, automobiles, high-tech medical
equipment and others. The advantages of using modular product design
are discussed widely in the existing literature, which also shows a vari-
ety of recent applications to engineering systems [1-10]. When defining
the modules, diverse strategies are found based on different motiva-
tions or design goals [11,12]. Thus, a modular system can be defined
according to either its functioning requirements [13], manufactur-
ing considerations [2], reliability optimization [14] or maintainability
targets [15] among others.

In practice, most engineering systems have to fulfill missions that re-
quire high reliability, so they need to be maintained regularly to avoid
catastrophic failures and costly disruptions. In this respect, continuous
system monitoring or inspections over time are key to decide whether
a maintenance action should be performed, which could be preventive
or corrective. Preventive maintenance (PM) actions attempt to maintain
the system in an acceptable condition of operation by avoiding a system
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failure. Corrective maintenance (CM) refers to all actions that occur
when the system has already failed. For some systems, continuous
monitoring is not feasible and inspections turn out to be the only
alternative tool. Thus, determining the optimal frequency of inspections
to minimize its cost while keeping the system performance is essential.
An extensive amount of literature deals with multi-component models
under different approaches that involve periodic inspections, age-based
maintenance or condition-based maintenance; where reliability and
cost optimization problems are often formulated [16-22].

The present work focuses on multi-component systems designed
with a modular structure. Units (components) within each module
are assumed to be similar in some aspects, e.g. units that perform a
certain mission or function in the system [13,23], units that compose a
redundant structure [24], units making up voting circuits in electrical
or computer systems [25] and so on. In all cases, a module can be rep-
resented by a subsystem of components. Here, a system designed with
K-independent modules (KMS) is studied, where each module is an n;-
subsystem, and the system performs its function through its modules.
These modules are assumed to operate under environmental conditions
causing shocks that could affect each module in a different way. The
modeling of the shocks is done by Markovian Arrival Processes (MAPs).
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The lifetimes of the units within the modules are assumed to be Phase-
type distributed (PH-distributed). This system was already considered
by the authors in [26], where primarily a reliability analysis was
performed, and, maintenance was only treated briefly. Specifically, the
optimal length of the operating time of the system until it is inspected
for the first time was determined based on the probability (g) that the
system reaches a critical operating state. In [26], certain cost-based
arguments were used to plan the optimal inspection schedule, but no
detailed analysis based on maintenance actions and cost specifications
as it is done here was carried out.

It is clear that modeling complex systems is a challenging task due to
the large number of units, structures and factors concerned, which lead
to an arduous and large dimensional framework. For this reason, many
multi-component systems are studied in the literature using numerical
or simulation techniques [27]. As an alternative, Markovian processes
and the use of the Matrix-Analytical Method (MAM) has proven to be
a useful tool for the study of complex systems [28-31]. Nevertheless,
to the authors’ knowledge, reliability literature on modular systems is
very limited and even more so using the above methodology. Thus, for
modeling this type of system, we propose the use of the MAM under a
layered/leveled approach according to its hierarchical structure where
the whole system is located at the top, the modules are in the middle
and the components are set at the bottom. As a first goal, in [26] the au-
thors designed the so-called MoMA (Modular Matrix-Analytic Method)
Algorithm to build (bottom-up) the generator of this system and from
it the assessment of the system was carried out. However, the present
work focuses on the design of a maintenance strategy for the system.
To this end, our approach is most appropriate by allowing a state-
based hierarchical description of the system operational conditions,
i.e. states at each level capture the operational health (states) of every
element at the level/s below. This provides detailed information that
makes possible to plan maintenance actions in a precise and optimal
way. Regarding the layered description of systems, other works can
be found in the literature under different targets and methodologies.
For instance, the work in [32] deals with a multi-level redundancy
assignment problem in a modular system, where the effect of redun-
dancies (at different levels) on the reliability of the system is evaluated.
For maintenance purposes for a multi-component system, the authors
in [27] propose a preventive and opportunistic method with a two-
phased inspection: the system is first inspected and, depending on its
condition, in the second phase, the units are inspected or not.

For our system, the states (at each level) can be categorized into
groups according to operational health under progressive deteriora-
tion or risk, i.e. optimal, critical and failure. Thus, we propose the
following inspection-maintenance policy: at the time of the inspection,
the operational state of the system is assessed first (optimal, critical
or failure), which determines whether or not a maintenance action is
required. If so, then it becomes necessary to look at the operational
state of each module to make individual decisions for each. Those
modules which are in a critical or failure state are ascertained. For
the rest, no intervention will take place. Thus, maintenance tasks will
be performed accordingly. As can be noted, this maintenance strategy
aligns with system design: system, module and component levels can
be distinguished. It is well justified for those multi-component systems
where it is not feasible or costly to inspect every single component. For
example, in a battery pack system in electric vehicles, voltage checking
for the bank of cells is cheaper than for individual cells, taking into
account the assembling and disassembling costs [27]. In connection
with this, existing literature establishes that in models with positive
economic dependencies maintaining similar units together is cheaper
than maintaining them separately since the set-up costs can be shared
as well as a specialized technicians team when similar maintenance
tasks are required [33,34]. In addition, replacing an entire module
when it fails is sometimes a more economical option than replacing
each of its components [35,36].
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In short, we plan for the system a hierarchical and decision-based
maintenance with periodic inspections, where preventive and correc-
tive actions are included. These actions are implemented in blocks,
i.e. several units could be repaired at the same time or jointly replaced.
The maintenance effect on the modules is mathematically represented
by matrices, which describe the transitions rules from the occupied
state just before the inspection to the state (to be occupied) just after
the inspection. These matrices play an important role when determin-
ing the Markovian process that governs the evolution of the system over
time. As will be shown later, a recursive procedure allows to describe
the Markovian process along each inspection period starting from the
first one, where the system has not yet been inspected (addressed
in [26]). A cost analysis on each inspection period is performed, based
on maintenance costs, e.g. per inspection, per replacement of each unit,
per down-time, and others. Finally, an optimization problem is formu-
lated as a function of the time between inspections and the incurred
costs along the useful life of the system, where a maximum number
of inspections is allowed. The expressions and calculus are illustrated
on a real system, consisting of the electrical control equipment of a
submarine, formed by four modules. A discussion of the main results
and conclusions are reported.

1.2. Contributions

The main contributions of this paper are listed below.

1. Modules are key to system reliability and maintainability: with
K independent modules, a failure in one module generally does
not compromise the entire system operation, although its per-
formance might degrade. Thus, system malfunctions or failures
can be identified and located more easily than in non-modular
logical structures. As a result, the system maintenance process
is simplified, potentially reducing time and costs. Our approach
takes these aspects of modular design theory into account..

2. The method we propose proves to be suitable for modeling this
kind of complex modular systems. Specifically, it allows:

« To give a state-based hierarchical description of the system
operational health, which provides detailed information.
Thus, the state of the system collects information about
the state of each of its elements, as each level captures the
state of the elements at the level below. This allows for
accurate assessments of the operational conditions at the
time of inspection, which enables maintenance needs to
be precisely established. This is an important contribution,
when compared with those systems that behave like black
boxes at the time of inspection-maintenance.

To plan a hierarchical condition-based policy accordingly.
To perform a stepwise analytical study, by levels, where
mathematical tools such as MAPs, PH-distributions and
Kronecker operators are essential and lead to compact
and algorithmic expressions that make the model imple-
mentable. Specifically, matrices that are relevant in this
maintenance analysis are novel and easily constructed un-
der this approach.

3. For the KMS described, already considered in [26], a mainte-
nance policy based on regular inspections along its useful life is
provided. A cost minimization problem is formulated in terms of
the frequency of inspection.

4. PH-distributions and MAPs extend the Exponential distribution
and Poisson arrival process, respectively, among others, often
assumed in engineering studies. For example, the submarine ECU
studied in [25] assumes all lifetimes and repair times exponen-
tially distributed; such study also reveals a complex framework
due to the large number of states given for the system, which
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Table 1
Acronyms.

KMS K-Modular System

PH-distribution Phase-Type distribution

MAP Markovian Arrival Process

MAM Matrix-Analytical Method

MoMA Modular Matrix-Analytic Algorithm
ECU Electrical Control Unit

SEM Subsea Electrical Module

BOP Blowout Preventer

could be improved using the MAM, as we propose in this paper.
Additionally, each module in the system is assumed to fail
independently of the others based on two sources of failure:
units wear-out and external shocks. This situation fits many
modular systems in practice, where each module can be exposed
to certain environmental or working conditions depending on
the assigned function to perform in the system or depending on
its physical location, e.g. modules underwater as considered in
the paper referenced before.

5. A case example concerning the Electrical Control Unit (ECU) of
a submarine illustrates numerically, for different cost scenarios,
the optimal length of the inspection period and, from this, the
total number of inspections to be performed over the useful life
of the system.

Further contributions can be made by applying our method to the
study of other complex models, such as the following ones: (1) systems
that are decomposed into independent subsystems (modules) for simpli-
fication aims (see [37]); (2) modular systems where module is derived
in another way, depending on the purpose or context of application. For
example, a module can be interpreted as a group of components to be
maintained in the same way (see [10]). In summary, our methodology
is a powerful and flexible tool for the analysis of complex systems.
Therefore, it is suitable for addressing a wide variety of reliability and
maintainability problems taking advantage of the modular design. For
example, by adding or updating functions, or adding redundancy in the
system by means of modules, the modeling of the system (after these
changes) could be easily adapted.

The remainder of this paper is organized as follows. Section 2
provides the relevant definitions for application of the MAM. Section 3
establishes the assumptions of the system. Sections 4 and 5 are devoted
to the proposed maintenance policy for the system and the associated
cost model. In these sections, the key mathematical elements for mod-
eling the system maintenance and to formulate a cost optimization
problem are defined. Section 6 illustrates the model on a real system,
a submarine ECU comprising four modules. A discussion of the main
results and some conclusions are presented in Section 7.

2. Preliminaries

In this section we present the nomenclature used and define some
basic concept that will be needed for the rest of the paper.

2.1. Acronyms & notation

In Table 1 we provide some acronyms and in Table 2 we detail the
notation used in the paper.

2.2. Basic concepts

PH-distributions, MAPs, and Kronecker operations play an impor-
tant role in this paper. They are the basic elements in the application
of MAMs, and are formally defined below to provide a better under-
standing of this work. For further details, readers are referred to [38—
40].
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Definition 1 (PH-distribution). Consider a finite Markov chain with m
transient states and one absorbing state with the infinitesimal generator
Q partitioned as

(T T°
0= ( 0 0 ) '
where T is a matrix of order m and T? is a column vector such that Te+
TO = 0. The vector e is a column vector of ones. For eventual absorption
into the absorbing state, starting from the initial state it is necessary and
sufficient that T be nonsingular. Suppose that the initial state of the
Markov chain is chosen according to the probability vector (,a,,,).
Let X denote the time until absorption; then, X is a random variable
taking non-negative values, with probability distribution function given
by F(x) = 1 — ae™e, for x > 0.

We then denote X as following a P H (a, T)-distribution of order m.

Definition 2 (Markovian Arrival Process). Suppose that D = (d;;) is the
generator of an irreducible Markov chain with m states. At the end of a
sojourn time in state i that is exponentially distributed with parameter
A;, one of the following two events could occur: with probability pgjl.),
the transition corresponds to an arrival and the underlying Markov
chain is in state j with 1 < i,j < m, while with probability p,(.;.)) the
transition corresponds to no arrival and the state of the Markov chain
is j,j # i. We can define matrices D, = (d,(lo)) and D|, = (dfjl))
such that dl,(l.o) = -, df;)) = Aipf.?), for j # i and d;;) = Aipf.;), 1<
i,j < m. By assuming D, to be a nonsingular matrix, the inter-arrival
times are finite with a probability of one, and the arrival process does
not terminate. Hence, it can be seen that D is a stable matrix. The
generator D is then provided by D = D, + D,. Let « be the initial
probability vector of the underlying Markov chain.

Then, D, governs the transitions corresponding to no arrival and
D, governs those corresponding to an arrival. It can be shown that
MAP is equivalent to Neuts’ versatile Markovian point process. The
point process described by the MAP is a special class of semi-Markov
processes with their transition probability matrix provided by

X
/ eP'atD) = [1 - 2% (-Dy)™'Dy, x>0
0

This MAP is represented by the MAP (D, D,) of order m.

Definition 3 (Kronecker Product of Matrices). If A and B are rectangular
matrices with dimensions m; x m, and n; X n,, respectively, their
Kronecker product A ® B is a matrix with the dimensions m;n; X myn,,
which can be written in compact form as (a;; B).

Definition 4 (Kronecker Sum of Matrices). If A and B are square
matrices with dimensions m, and n,, respectively, their Kronecker sum,
denoted by A @ B, is a matrix defined by A® I, +1I,,, ® B, where [,, ,
I,,, are identity matrices with dimensions m; and n,, respectively.

3. System description

A system formed by N units grouped in K modules is considered.
The failure of each module can be due to the wear-out of its units or
to a shock that affects the module. The lifetime of each unit follows a
PH-distribution. Shocks arrive at the module (system) following a MAP.
The generator of such system was built in [26]. All the expressions
appearing in this section were derived in [26]. Here we summarize the
assumptions and the results needed for the paper.

3.1. Model assumptions

1. The ith module is formed by #; units. The lifetime of unit j in the
module follows a PH-distribution PH(a;;,T; ), with m;; phases
where i = 1,2,...,K, j =1,2,....,n; and N = Z,-K=1 n;. The units
within a module are considered independent.
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Table 2
Notation.
K Number of modules in the system
n; Number of units in module i =1, ..., K
Qs Infinitesimal generator of the system
U Set of operational states of the system
U, Set of optimal states of the system
U, Set of critical states of the system
D Set of down states of the system
8ji State of unit j of module i
5 State of module i
5 State of the system
M Matrix of maintenance-effect on unit j in module i
B Vector of state-probability for unit j in module i after maintenance action
M, Matrix of maintenance-effect on module i
B; Initial probability vector for module i after replacement of the module
7, ath inspection time
A Maximum number of inspections
X(@) State of the system at time 7, 0 < ¢ < r (without maintenance)
(ar,(a+ 1)7] ath operational cycle of the system, a=0,...,A—1
a(a) System state probability vector after ath inspection
X(a, 0 State of the system at time ar +1, 0<t<7z,a=1,...,A
a;(a) Vector of state probabilities for module i after ath inspection.
X, J(a,7) State of module i at the end of the ath operational cycle
B Initial probability vector of the system after full replacement
C, Matrix of maintenance cost of module i
[, 1) Lifetime density of the system after ath inspection
Cost(a, 1,i) Total cost of maintenance on module i at the ath inspection

EC, (a, 1)

sys

Total expected cost of maintenance of the system in the interval (ar,(a+ 1)7]

2. Shocks arrive to module i following a M AP(D,;, D, ;), of order
b; where D; = D,; + D,; is the infinitesimal generator. Matrix
Dy; governs the inter-arrival times between shocks that affect
the module and matrix D;; contains the transition rates between
the phases of the MAP when a shock arrives.

3. The MAP process affecting module i is independent of the other
MAP processes affecting the rest of the modules.

4. Following the bottom-up strategy explained in [26], the state of
the system is ultimately determined by the states of the units that
are part of each module. We consider the following notation. Let
E be the set of states of the system. We denote s one particular
element of E, which we describe as follows
§=(51:55...35%),
where 5; = (s;, 5812, 5;,) denotes the state of module i and
is given by a particular combination of the states of the units
within the module. That is s;; is the state of the jth unit of the
module i, with j =1,...,n;; and i = 1, ..., K. Notice that we use
“” to discriminate states of the units within a module and “;”
to distinguish the states of two different modules. Finally, let n
denote the total number of states of the system.

5. A shock may or may not cause the failure of a module. Let
p1;.i=1,...,K be the probability that a shock causes the failure
of module i, and p,; the probability that the module does not
fail due to the shock. Additionally, py; + p;; = 1.

6. The system might fail even if some modules are still operational.

Below we provide the expression of the system generator (Q,,).
This generator is given in terms of the number of modules that have
not failed, i.e. the macro-states in the generator refer to the number of
modules that remain operational.

%_, is a matrix describing the transitions when / modules out of

K modules have failed and the rest remain operational. Transi-
tions in this matrix have to consider all possible combinations of
I modules failing out of K, therefore this matrix is composed of
(’,( ) % (1[< ) blocks of matrices. The blocks in the diagonal contain
the transitions within the same state i.e. from the state where /
specific modules have failed to the state where exactly the same
modules have failed. The off-diagonal blocks in this matrix are
given by matrices of zeros of appropriate dimensions, as these
transitions mean that a different set of modules have failed and
that is not possible. The diagonal blocks are akin to the following
one:

Qo-Q,  6Q,, 6 0Q,_ 0Q, 0-0Q. @

with 4, in {1,2,...,K}, r=1,...,/ and @ is the Kronecker sum.
In (2) matrix Q; provides the transitions between the operational
states in module i. These transitions could be due to the change
of phase of its units (wear-out of the units) or to the arrival of a
shock that does not affect the module. This matrix is given by,

Q! =Q; ® (Dy,; + py; Dy )s

where matrix Q; is the matrix that represents the internal changes
in module i, i.e. changes between the operational phases of the
units, that do not lead to the module failure.

Matrix Q) _, is formed by (’f) X (Ifl) blocks of matrices that
describe the transitions when a module fails, e.g. module p, out of
the remaining operational ones, i.e. from K-/ specific operational
modules to K — (/ + 1), where / of the modules have previously
failed. These transitions can be described by matrices like the
following one:

+l®-~-®Iznl< - 3

n
'+l m
ijl Mj.p j=1",

with e a column vector of 1s of the appropriate dimension. The
rest of the transitions in matrix Q}._, are given by matrices of

Q. Q, 0 0 0 _
o Ign @@,  ®QSI
0 ko1 k1 O 0 L m e Q)
0 0 0
@:ys = . . . . . . (€8}
’ o/
0 0 0 0 K=(K-1)  =K-(K-1) zeros of appropriate dimension.
0 0 0 0 0 0

In this generator, the transitions between the macro-states are given
by:

Note that in this case module p fails out of the remaining oper-
ational modules, being module p not necessarily consecutive to
any of the previously failed ones.
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In (3) matrix af represents the transitions when the module fails
due to the failure of one of its units or due to a shock. Matrix Q;
is given by:

6f=< 6;®I ‘ 1 ®p;Dy; )

where matrix 6,- is the matrix that represents the transitions to a
failure state due to an internal failure, i.e., the failure of its units
as a consequence of the wear-out process.

Finally, for any i in {1,...,K}, matrix Q;* is the generator of
module i considering that it might fail due to the wear-out process
or due to the arrival of a shock. This generator is given by the
following expression:

w_ (@ Q
Q ‘(T‘T)

Example. A k-out-of-K system

The macro-states of the system can be grouped into operational and
failure states depending on its arrangement, for the particular case of
a k-out-of-K system, K — k + 1 modules must fail for the system to
fail. Let Q’m be the matrix that describes the transitions between the
operational states, and @; Vs the matrix that describes the transitions
between the operational and failure states. These matrices are given
by,

Q, Q'K 0 0
o e @ - o
Q,=| o 0 e ,

. . /

: et

0 0 0 0

k
and,

0

0
Q;ysz

0

Q%

Therefore, the generator of the system can be described in a compact
form as follows:

@, | @,
Qm=< 0 0 )

As it can be seen, this generator is given in terms of 2 macro-states, the
operational state (up state) that will be denoted by U and the failure
state (down state) that will be denoted by D.

As for the system, we can also group the states of each module
into operational and failure states. In [26] O; is the generator that
describes how the module might fail solely due to the wear-out of its
units, and is given in terms of the operational units, in a similar way to
the description of the failure of the system in terms of the operational
modules see (1). More specifically,

0, éni 0 0 - 0

0 Q"H Q"H 0o - 0

) 0 0 e 0
Qf = : : - 3 : ’

0 0 0 0 0, 0

0 0 0 0 0 0

The macro-states of this generator can be in turn grouped into
operational and failure macro-states depending on the configuration of
the units within the module, e.g. if the units in the module are set in
series then

Qi = Qn,- and Gi = én,
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where the rest of the blocks in matrix Q; are given by matrices of Os
of appropriate dimensions.

Remark 1. Matrix Q,, is the generator that governs the evolution of
the system until it fails. In the described system we have considered that
independent MAPs can affect individual modules. Alternatively, in [26]
the case where a shock that arrives following a MAP and affects the
system as a whole is also considered. We do not describe this particular
case in the present paper but in the next sections, matrix Q,,, might
represent the evolution of the system standing shocks that affect the
system as a whole as well.

3.2. The MoMA algorithm

The MoMA algorithm was developed in [26] to built the system
generator using a bottom up approach, i.e. starting from the units
generators. In this algorithm first the generator of module i is built
considering the units generators, then the system generator is built
combining the module generators as well as the generators correspond-
ing to the shocks arrival. Three scenarios are considered: 1. There are
no shocks affecting the system, 2. A shock could affect the system as a
whole causing its failure and 3. K independent shock processes might
affect the modules causing their failure.

4. Maintenance policy

For the above described system we propose the following mainte-
nance policy: the system is inspected at times z, = ar, where 7 is fixed
and determined considering maintenance costs as it will be shown later
on. Additionally, maintenance actions depend on the state of the system
at inspection time 7,. For this system we distinguish between optimal
operational states, critical states (the performance of the system has
degraded, it could mean that although it has not failed it might be
approaching the end of its life) and down states (the system has failed).
The set of states that are optimal are labeled by U, the set of critical
states are labeled by U, and the set of down states are labeled by D,
although we are only considering one down state and do not distinguish
failure modes.

As mentioned above, the maintenance policy looks at the state of
the system at the inspection time and proceeds as follows:

If the system is in an optimal state (U,), no intervention takes
place, leaving the system in the same state.

If the system is in a critical state (U,), we look at the modules.
The failed modules are replaced and for the rest we distinguish
between modules in a critical state (approaching their failure) and
those in an optimal state, for the former ones the failed units are
maintained, for the latter ones no intervention takes place, i.e. the
wear-out state of the module remains the same.

Finally, if the system has failed we replace it.

As it can be seen, we only inspect the modules if the system is in
a critical state at inspection times. Otherwise, if the system is in an
optimal state we do nothing, and if the system has failed we replace it
following initial probability vector f. Additionally, when the system
is in a critical state, maintenance actions restore the modules to an
optimal state.

Fig. 1 describes the transitions between the set of states U, U,
and D considering wear-out, shocks and the maintenance policy. The
described transitions replicate at module level.
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System transitions

)

UZ
At least s failed
modules. Less thanr
failed modules (s<r).

Less than s failed
modules

D
At least r failed
modules.

Fig. 1. Modular system transitions. (1) Units wear-out. Shock processes. Modules
might fail. (2) Failure of sth module. (3) Failure of rth module. System failure. (4)
System failure due to a shock. (5) Maintenance. Restore failed units and modules. (6)
Maintenance. Replace system.

4.1. Construction of maintenance matrices M,

Let us define matrix M; to describe how the maintenance policy
affects module i when the system is in a critical state. We describe
this matrix by blocks. In general, let us denote M, 4, the sub-matrix
describing the transitions from states in subset A, to states in subset
A,, for any A, A, C E; where E; = U;; UU, U D; is the state space for
module i, for i = 1,..., K. At inspection time z,:

« If the module is in an optimal state, then no intervention takes
place. Therefore My, . =1.

« If the module is in a critical state, Uj,, all the failed units are
maintained, the rest remain unchanged. Within U;, we have
different combinations of units in operational and failed state. For
example, let us consider a 2-out-of-4 module, this module will
be in a critical state when 2 of its units have failed, we have
(;) combinations of failed and operational units that should be
taken into account to determine the states within Uj,. In 4.2 some
detailed examples are given.

In general, for a specific combination of failed units in module i
and after a maintenance action, module i re-initiates its operation
considering the following expression:

M'@M!® - @M.

where Ml’ = I if unit j is in an operational state. If the unit is in
a failed state it re-initiates its operation following a maintenance
action vector f;;, where f;; contains the probabilities of the
maintenance action restoring the unit to any of its operational
phases.

As an example, if unit j,j = 1,...,n; has failed then the cor-
responding block of probabilities in sub-matrix My, y,, is given
by:

Ly, ® = ®1I, | ®F;®I

Mjt+1.i

R ® [mm_

If the module has failed, then the module is replaced and it re-
initiates its operation following maintenance action vector ;.
Therefore, My, ;. = p;. Eventually one can take ; = a; (the initial
probability distribution), however, to be general, we consider
here that the probability of restoring module i to any operational
state might be different from the provided by initial probability
distribution.

The rest of the blocks within this matrix are given by matrices of
Zeros.

In summary, each row in matrix M; is a vector describing the proba-
bilities to restore the module from an specific state to any operational
state after a maintenance action takes place.
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4.2. Examples

Let us illustrate matrix M; with a couple of examples.

1. First, we consider that module i is formed by 2 units set in paral-
lel, both units are Phase-type distributed with two phases each,
phases 0 and 1 are the operational phases and phase 2 is the
absorption one, i.e. the unit has failed. We denote the absorption
phase by F from now on. We define the operational, critical and
failed states of the module in terms of the units phases as follows:
Ui = {(0,0),(0, D, (1,0),(1, D}, Uy = {0, F), (1, F),(F,0),(F, D},
and D; = {(F, F)}. In this particular example the module is in a
critical state when one of its units has failed. Then, matrix M’
is given by,

Ui Un D;
Uy I 0 0
I®p;
M, = Uy 5. ®2v1' 0 0
N
D; \Bi=5,;®Pb, 0 0

2. Another example is given by a module composed by 3 units,
each of them Phase-type distributed with 1 phase, being 0 the
operational phase and F the absorption phase, i.e. they are
exponentially distributed.

Module i is a 2-out-of-3 module. Therefore the optimal states
of the module are given by U;; = {(0,0,0)} and the critical
states are given by U, = {(0,0, F), (0, F,0), (F,0,0)}. The down
state encompasses states {(0, F, F), (F,0, F),(F, F,0),(F,F, F)},
although we do not distinguish failure modes and consider it as
a unique state, as mentioned above.

The expression of matrix M’ is given by,

Ui Ui Di
U, 1 0 0
M, = U, e 0 0

i

D. pi=1 0 0

i

where e is a all-ones 3 x 1 vector.
4.3. Consequences of the maintenance actions

Let X(¢) be the state of the system before the first inspection takes
place. Let us recall that the system generator is given by Q,,, and let
us say that aj,, is the system initial probability distribution.

Let us consider {)7(a,t),0 <t<rta=012..,A}, where f(a,r)
is the state of the system at time 7 € [0, 7] after the ath inspection. In
other words, X (a,t) represents the state of the system at time ar + ¢.
Additionally, A is the maximum number of inspections, i.e at the Ath
inspection the system is replaced, and X0,n0=X1,0<t<1.

Let £ = U;UU,UD. In general, the order of the states in matrix Qj,,
allows us to directly assign the states to U;, U, and D without having
to reorganize these states. However, this might not be always the case,
when this happens we can in practice re-label the states to work with
them. In what follows we assume that we do not need to reorganize
nor re-label these states.

After the ath inspection the system is in one of the states in set U,
ie X(a,0) €U - The new state depends on the state of the system
prior to the inspection and the performed maintenance action, as shown
in Fig. 2, then X(a,0) is a function of X(a — 1,7) and the performed
maintenance action, which is determined by matrices M;,M,, ..., M.
Therefore, at the beginning of the ath period we have an initial proba-
bility distribution over the system states, let us denote this distribution
a(a); if a = 0 then @(a) = « To determine @(a) we can distinguish
three situations (see Fig. 2).

Let a > 0, and, for a particular state of the system S € E, let us
denote

@(a,3) = P(X(a,0) =3).

sys*
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SYSTEM MAINTENANCE EFFECT]

@)

Maintenance action

No intervention

Fig. 2. Maintenance scheme for the system at inspection time.

It is clear that @(a,s) > 0 only for §'€ U,. Then we have:

1. Denote 5{/1 (a), the initial law at the ath interval given that the
state of the system at the end of the previous inspection time is
optimal, i.e. {f (a—1,7) € U,}. In this case, no maintenance
action is performed leaving the system as it was before the
inspection, consequently, for's € U;,

@y, @9 =PX@-1.7)=F| X@a—1,7) € U)).

and 5U1(a,§) =0, fors¢U,.

. Denote ay; (a), the initial law at the ath interval given that the

state of the system at the end of the previous inspection time is
critical, i.e {X(a—1,7) € U, ).
If at the time of inspection the system is in a critical state, we
look at the modules and act upon the modules to restore the
system to U,. In this sense, we can describe the probability dis-
tribution after the maintenance action in terms of the modules,
more specifically, let X ;(a,7) be the state of module i at the ath
inspection, then,

a;(a) = a;(a — Dexp(Q°t)M;,i = 1,..., K. (€)]

being Q;* the generator of module i, with i =1,..., K.
Considering the initial probability distribution for each module
at the ath inspection we obtain the initial probability distribution
of the system as follows

@y, (@) = (dy,, () ® &y, (a) ® - ® &y, (@),0,...,0).

given that vector @;(a) can be partitioned as
(EU” (a) ‘ EUiz(a) ‘ 5Di (a)). Notice that also in this case we have
that @,(a,5) =0, for S ¢ U,.

. Finally, denote @p(a), the initial law at the ath interval given
that the system has failed at the end of the previous inspection
time, i.e. {X(a—1,7) € D}. In this case, the system it is replaced
following maintenance action vector g, then @;(a) = f.

So, the initial probability distribution for the system at inspection
time 7, = ar taking into account these situations is given by

#(a) = &y, @P(X(@a—1,7) € U))
+@y,@P(X(a—1,7) € Uy)

+@,@P(X(a—1,7) € D). )

5. Maintenance cost

Every maintenance action has an associated cost that comprises
the inspection cost, the cost associated to the performed maintenance
action, the set-up cost, etc. Additionally, the maintenance action cost
depends on the performed maintenance action and this in turn depends
on the state of the system at the inspection time z,.

Case 1: The system is in an optimal state

If the system is in an optimal state, no maintenance action takes
place, therefore, we just have an inspection cost given by C;.

Case 2: The system is in a critical state

In this situation we define matrix C; the cost matrix associated to the
maintenance actions performed to each module at the ath inspection.
This matrix is described by blocks in a similar way to matrix M;:

« If the module is in an optimal state, then no intervention takes
place and we just have the inspection cost. Therefore Cy =
C; I, where [ is an identity matrix with the same dimensions as
U,.

If the module is in a critical state, all the failed units are main-

tained, the rest remain unchanged. We have an associated cost for

each of the failed units, that depends on the unit state and also
on the performed maintenance action.

Within block Cy, ;,, we have different combinations of units in

operational and failed state. For a specific combination we have a

cost associated to the maintenance action performed on the failed

units, i.e. the total cost to restore the module to an optimal state
would be given by the sum of the costs associated to each of the
failed units.

In practice, to build this block in matrix C;, we consider a cost

vector that includes the cost associated to restore each unit to

one of the optimal phases plus the inspection cost. Then, for
each specific combination of failed and operational units we
multiply the cost vector for a vector that contains 1 if the unit has

failed and the transition to the optimal phase is possible, and 0

otherwise. For example, let us consider a module with 3 units set

in parallel, the first unit is of Phase-type with 2 phases (0, 1 and F

being the absorption phase), and the second and third units are of
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Phase-type with one phase (0 and F being the absorption phase).
Let us consider the situation where the first and third unit have
failed, we want to calculate the cost of maintaining this module
in a critical state. We have two possibilities:

1. We could go from state (F,0,F) to state (0,0,0), in this case

: 1 3 _
the cost 1 wciuld2 be; tglven bly ko + x o=
(1,0,0, D(Cpgs €pys €ror Cro) where Cpo I8 the cost associated

to restoring unit 1 from failure to phase 0.
2. We could go from state (F,0,F) to state (1,0,0), in this situa-

tion the cost would be given by ¢, + ¢, =
1.0 2 3y 1 ;
0,1,0, 1)(cF0, Crp Cros cFO) where cpy is the cost associated

to restoring unit 1 from failure to phase 1.

If the module has failed then it is replaced with a cost re-
placement vector Cgy, ;. This vector contains the cost of re-
initializing the module to any of its optimal phases after the main-
tenance intervention plus the inspection cost. See the application
in Section 6.

Example. 2-units parallel module

To illustrate matrix C; we consider a previous example of a mod-
ule formed by 2 units set in parallel, being both units Phase-type
distributed with two phases. For this particular example, the cost
associated to maintaining the units is given by the cost vector ¢; =

(Chgs > €hpr €F,)'- We have that matrix C; is given by C; =

U, Up D;
Uy c I 0] 0
(0.0.1,0)¢; (0,0,0, 1)c; 0 0
0 0 0,0,1,0)c; 0,0,0,1
U, ( e, ( )¢; 0 0
(1,0,0,0)c; 0 (0,1,0,0)c; 0
0 (1,0,0,0)c; 0 (0.1,0,0)c,
D, Crum i 0 0
equivalently,
Ui Up D;
U, C; I 0 0
2 7
CFo  CF1 ; (2)
0 0
U12 1 0 1170 651 0 0
€Fo X CF1 X
0 Cro 0 Cpy
D; Cra.i 0 0

Case 3: The system has failed

Finally, if the system is in a failed state and needs to be replaced,
the cost associated is given by the inspection cost C;, the replacement
cost Cyy and the loss of production cost due to the system being down
during certain interval of time. For the latter we calculate the expected
loss of production cost, or down cost. Let us define c,,,,,(a, 1) a function
that provides the cost due to the system downtime at the ath interval
(ar, (a + 1)z]. If the system has failed at time ar + ¢, where 0 < ¢ < 7,
then the expected down cost in the interval (0, z] is given by:

ECypun(a,7) = / ' (@ D¢ gpn(@, 1. 6
0

where f((a,1) = ?i(a)exp(QA,yst)(—stse) is the density function of the
lifetime of the system.

As a particular case we can consider cy,,,,(a,?) a linear function of
the non-operational time since the failure of the system until z, then
Chouwn(@ 1) = (t — Cypn> Where Cy,,,, is a constant.

Considering all the possibilities, we obtain the expected mainte-
nance cost at the ath inspection time. Firstly, the cost incurred due to
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the maintenance of module i, if the system is in a critical state at the
ath time, is determined as follows

Cost(a,7,i) = a;(a — l)exp(Q;”r)Di_Uz(M,- 0C)ei=1,..,K. @)

where © represents the Hadamard product or element wise product.
Besides, for the system to be in a critical state, only certain states of
the module i are allowed for the expression (7). More specifically, for
i = 1,....K, let (3;5;) denote a state of the system in which the ith
module is in state 5;, regardless the rest of the modules of the system.
We denote D;y, a diagonal matrix of appropriate dimension, which
has 1 in the diagonal only in those positions corresponding to states ;
for which there exists a combination of states of the rest of modules
such that (5;5;) € U,. That is, to calculate the cost incurred by the
maintenance action of module i in this case, we only consider when
module i is in one of those states that lead to a critical state of the
system. Therefore, we need to consider the combination of the modules
states to determine the system state.

Then, the expected maintenance cost for the system is given, at
inspection ath, by

EC,,(a,7) = C;P(X(a—1,7) € U))

K
+ (Z Cost(a, T, i)) PX(a—-1,7) € Uy)

i=1

+ (Cp + ECgppn(a—1,7) + Csg) P(X(a— 1,7) € D).

Finally, assuming a maximum number of A inspections to perform
along the useful life of the system, the total maintenance cost for that
period is given by

A
EC,, (1) = ) EC,,(a,7).

a=1
Thus, an optimization problem can be formulated as a function of the
incurred cost and the frequency of inspection . We will address this
problem numerically in the next section when the model is illustrated
by means of a real case study.

6. Numerical application

Our numerical example is inspired by the case study presented in
Liu and Cai (2014) [25]. The authors carry out a reliability analysis
of the electrical control system of a subsea Blowout Preventer (BOP)
stack based on Markov methodology. Specifically, two voting schemes
on system performance are evaluated based on Markov modeling.
The electrical control system of subsea BOP system is a redundant
system. As it is described in [25], two control pods are above the
BOP stack, affording redundant control of subsea functions. Each pod
contains a Subsea Electrical Module (SEM), which is contained in
domed containers made of thick steel under external water pressure.

The SEMs contain processor modules, input modules, and output
modules. Other secondary components of the system are considered
completely reliable. Three processors are used to form a processor sub-
system (module). Each processor runs the same application programs,
processing data and sending command signals. The processor subsystem
performs 2-out-of-3 voting, which means the system can hence detect
and correct a single failure. For the sake of simplicity, in this paper we
assume that the input and output modules also performs 2-out-of-3 vot-
ing. In the surface, 2 control panels are installed working in parallel. If
control panels fail, they will be repaired immediately without removing
the BOP system from the water. The subsea components namely input
modules, output modules and processors will be pulled to the surface
and repaired when the control system cannot work due to their failure.

We consider the same values of transition rates of [25] for proces-
sors, input and output modules. That is, the lifetime of each of the 3
processors in the corresponding module has Exponential distribution
with rate 4, as specified in Table 3. We treat the input and output
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Table 3
Lifetime distribution of the units per module. Time is scaled by 1le-5 time units.

Module Distribution Parameters
Processor Exponential A, =1.820
Input Exponential Ay = 9798
Output Exponential Ao = 9780
-6.304  6.304
Control Panel Ph = H =(1,0
ontrol Pane ase type Q. ( 0 —6.304 ) a, =(1,0)

Fig. 3. Reliability Block Diagram of the SEM system.

modules similarly. However, for the control panels, we consider a more
general case. Specifically we assume that each follows a Phase-type
distribution with the parametrization given in Table 3. In this case
we have chosen the parameters of the Phase-type distribution with the
same mean time as the Exponential distribution considered in [25] for
the control panels.

6.1. Description of the modules

Following [25] the SEM system consists of the 4 modules described
above (control panel, processors, input and output) arranged in series.
Fig. 3 shows the corresponding reliability block diagram.

Let X (¢) denote the state of the system (SEM) at time . We then have
that {X(r),t > 0} is a continuous-time Markov chain and we can use
the algorithm MoMA described in [17] to derive the system generating
matrix. We first analyze each module separately.

In this system we have two types of modules, for each module we
obtain its generator. In generator Q; we only provide the transitions
between optimal and critical states, given that the transitions to the
down state can be deduced from them.

* M,: Control panel. This module is a two-units parallel structure.
Each unit has Phase-type distribution lifetime with parameters
(2.,Q,) given in Table 3. The state of M, along time is de-
scribed by a Markov process {X;(t), > 0}. At any time ¢t >
0 each unit of the module can be in one of three states: O,
if the unit is in optimal state; 1, if the unit is operative but
critical; and, F, if the unit is in failure. Then after applying
MoMA we get the set of all possible states of the module, that
is, E; = {(0,0),(0,1),(1,0),(1,1),(0, F), (1, F),(F,0),(F,1),(F, F)}.
Given the parallel structure of this module we can split the
state space into a subset of optimal states U, =
{(0,0),(0,1),(1,0),(1,1)}; a subset of critical states U;, =
{(0, F),(1, F),(F,0),(F,1)}, and a unitary subset with the failure
state D; = {(F, F)}. The lifetime of the module has Phase-type
distribution with parameters given as

Q =
—12.608  6.304 6.304 0.000 0.000 0.000 0.000 0.000
0.000 —12.608 0.000 6.304 6.304 0.000 0.000 0.000
0.000 0.000 —12.608 6.304 0.000 0.000 6.304 0.000
0.000 0.000 0.000 —12.608  0.000 6.304 0.000 6.304
0.000 0.000 0.000 0.000 —6.304 6.304 0.000 0.000
0.000 0.000 0.000 0.000 0.000 —6.304 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 —6.304 6.304
0.000 0.000 0.000 0.000 0.000 0.000 0.000 —6.304

and initial vector a; = (1,0,0,0,0,0,0,0).

* M,: Processor. This module is a 2-out-of —3 structure. It is com-
posed of 3 units that are independent and identically distributed
(i.i.d.) with Exponential lifetime with rate 4, = 1.820. In this case
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the state space is simpler than M|, that is, only two states are
considered for each unit: 0, if the unit is operative, and F if the
unit is in failure. Let { X, (¢),¢ > 0} be the Markov chain describing
at any time the module state. The set of states can be partitioned
into E, = Uy, U U, U D,, where U,; = {(0,0,0)} is the optimal
state; Uy, = {(0,0, F),(0, F,0),(F,0,0)} are the critical states;
and, D, = {(0,F,F),(F,0,F),(F, F,0),(F,F,F)} are the failure
states. We remind that we do not consider transitions between
the failure states so we actually treat the subset D, as a unitary
set. Thus, the model considered has only 5 states in total. Using
the MoMA algorithm, we obtain the module lifetime is Phase-type
with parameters given by

-5.46 1.82 1.82 1.82
0.00 -3.64 0.00 0.00
0.00 0.00 -3.64 0.00 |’
0.00 0.00 0.00 -3.64

Q=

and the initial vector is given by a, = (1,0,0,0).

M3;: Input. This module is a 2-out-of —3 structure. The units have
i.i.d. exponential lifetimes with rate 4;, = .9798. Let {X5(r),t > 0}
be the Markov chain describing the state of the module. The set of
states of the module is equal to M, and we can consider a similar
partition. That is, E; = U;, UUs, U D3, with U;; the optimal state;
Us,, the critical states, and D; the failure state of the module. The
lifetime of M5 has Phase-type distribution with parameters

-2.939 0.980 0.980 0.980

_ 0.000 -1.960 0.000 0.000
Q= 0.000 0.000 —1.960 0.000 |

0.000 0.000 0.000 —1.960

and a3 = (1,0,0,0).

M,: Output. This module is a 2-out-of —3 structure. The units have
i.i.d. Exponential lifetimes with rate 4,,, = .9780. Let {X,(1),t > 0}
be the Markov chain describing the state of the module. The set of
states of the module is equal to M, and we can consider a similar
partition. That is, E, = Uy UUy, U Dy, with Uy, the optimal state;
U,,, the critical states, and D, the failure state of the module. The
lifetime of M, has Phase-type distribution with parameters

-2.934 0.978 0.978 0.978

Q. = 0.000 -1.956 0.000 0.000
4 0.000 0.000 —1.956 0.000 |’
0.000 0.000 0.000 -1.956

and the initial vector is given by a, = (1,0,0,0).
6.2. System model without maintenance

Let {X(7);t > 0} be the Markov chain describing the system be-
havior through time. A graphical description of the system is given in
Fig. 3. The MoMA algorithm has been run again to assemble M,, M,,
M; and M, in a series structure to compose the system. We obtain
the state of the system as a function of the states of the modules,
ie. X(1) = @(X (1), X5(1), X53(t), X4(1)), with @ defined in terms of the
series structure of the system.

We denote the state space E = U U D, partitioned in two subsets,
which are up states and down states. After running MoMA, we obtain
512 operative states as the size of set U, and 133 down states. Similar
to the module cases, we do not take into account transitions between
the down states, thus we consider the set of down states D as a unitary
set. The system has Phase-type distribution with parameters (a;,,,, Q)
which we do not specifically write here due to space limitations.
Moreover, we assume that at time 7 = 0 all the units in the system
are in optimal conditions so, all components of vector «,,, are equal to
0 except the first one, which is equal to 1.

Similar to the modules we distinguish optimal states and critical
states in the system. That is U = U, U U,, where in particular U; =

sys
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Fig. 4. Reliability function of SEM system.

{(0.0 : 0.0.0 : 0.0.0 : 0.0.0),(0.1 : 0.0.0 : 0.0.0 : 0.0.0),(1.0 : 0.0.0 :
0.0.0 : 0.0.0),(1.1 : 0.0.0 : 0.0.0 : 0.0.0)} and the rest of operative states
are critical. We denote a generic state 5 of the system as

§'= (511> 5123 5215 225 5235 5315 5325 8333 541> 5425 43)

where s ji denotes the state of the jth unit in module i being i = 1,2,3,4
and j =1,2,3.

The mean lifetime of the system is y =
function is represented in Fig. 4.

24000 h. The reliability

6.3. Maintenance

Maintenance policy is explained in Section 4. The system is assumed
to be inspected regularly at times 7, = ar, witha=0,1,...,Aand 7 > 0.
For a = 0 that is 7, = 0 we assume that the system is operating in
optimal conditions.

To describe the state of the system (with maintenance) we intro-
duced the stochastic process {)? (a,1)} in Section 4, where X1 gives
the state of the system at time ¢ + ar, with 0 < ¢ < 7. Let us call
(at, (a + 1)7] the ath operating cycle of the system (ath interval).

Focusing on the first inspection period, the concrete intervention
carried out depends on the state of the system at time 7, and in any case,
consists of restoring the system to a desired performance level. The new
state for the system is chosen according to a pre-specified maintenance
rule (see Section 4). After maintenance a new operating cycle starts,
and the state of the system is described by X(1,1), with 0 < ¢ < 7.
This policy is used at the end of every z-cycle. Each maintenance action
involves a particular cost that we specify in Table 4 for our particular
SEM system.

In this particular case we assume that the replacement costs of
the different modules are the same, as well as the costs associated to
restoring each unit to an operational phase. We consider 4 different
cases for the non-operational cost, Cy,,,,. See Section 4.

The initial state in a new operating cycle, i.e. X (1,0) is selected

according to a probability vector @(l) which is defined according
to Eq. (5). We provide here a reminder.

10
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Table 4
Specification of values for parameters of the model for the simulated SEM system,
considering several scenarii, given by 4 different values of parameter C,,,,.

Value Description
B, 0.5,0.5) Vector of probabilities of restoring
failed unit j of module i to operational phase
C, 1 Cost of inspection (mu)
Cro 1 Cost of restoring a unit to its optimal
operational phase (mu)
[ 0.5 Cost of restoring a unit to a
non-optimal operational phase (mu)
Cru 3Cpy Cost of replacement of a module (mu)
Csr 3Cru Cost of replacement of the system (mu)
Sc. 1: 1e-3
Cown Sc. 2: le-2 Cost of non productivity
Sc. 3: le-1 per unit time (mu/h)
Sc. 4.1

Note: mu = monetary unit.

Table 5

Optimal values considering 4 different scenarii.

Scenario 1 2 3 4
Cown 0.0010 0.0100 0.1000 1.0000
7 (hours) 8300 4390 2200 980
Cost (mu) 17.4791 24.4786 42.0189 87.0051
A 6 11 23 51

Note: mu = monetary unit.

Case 1. The system is in optimal conditions

If X(0,7) €U 1> the system is not maintained, and then
P(X(1,0) =5) = P(X(0,7) = 5) = P(X(¢) = 5).

where 5 has been defined above. That is, the initial vector for the second
operating cycle (1) is given by the occupation probability vector at
time 7. In this case the only cost involved is the inspection cost (C;).

Case 2. The system is in failure

If X(0,7) € D, the full system is replaced. Then a(1) = . In this case
the involved cost is: the inspection cost C;, plus the replacement cost
Cqr and the expected cost due to non-productivity cost given in Eq. (6).

Case 3. The system is critical

If X(0, 7) € U,, the system is maintained. As explained in Section 4,
every module of the system is inspected separately; and depending on
the state of the module an action is undertaken, as explained below.
For i = 1,2,3,4, let us denote {)?l-(a,t);a =0,1,...,4;0 < t < t} the
process that represents the state of module M; when maintenance is
considered. In this case to determine the initial probability law we
consider the state selected for each module after being maintained,
a;(1), for i = 1,2,3,4 and that will be the starting point of the module
for the second z-period. The initial vector of probabilities at the system
level is then

a(l) =a;(1) ® & (1) ® a3(1) ® ay(1).

Note that we only focus here on the transitions to the optimal set
of states U, given that the rest of the transitions are not possible.

* Module M,. This is a 2-unit parallel module. The units are
Phase-type with 2 operative phases.

— The module state is critical if one unit has failed (U,,). This
unit is then restored to one of the two operative phases
according to a vector of probabilities §;;, j = 1,2. The
operative unit remains unchanged.
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Fig. 5. Maintenance strategy with 4 different specifications for C,,,,.

- The module has failed if both units have failed. In this
case, the module is restored to the optimal state class U,
according to the vector of probabilities §; ; ® f, ;.

In the particular case of the example we take g, = g, = (0.5,0.5),
then the maintenance action on this module is ruled by matrix
M, given in (8).

Each maintenance action involves a particular cost determined by
the corresponding transition of the matrix M, . If the module state
is such that X,(0,7) € U,,, the only cost is due to inspection.
If X,(0,7) € Uy, then the failed units are maintained and we
have to consider the cost of restoring these units to an operational
state in addition to the inspection cost. If X 1(0,7) € Dy, then the
module is restored to U,;, the incurred cost here is the inspection
cost plus the renewal cost which depends on the state of U;; that
is eventually chosen.

The matrices of maintenance action M, and incurred cost C, are
obtained as

1.00 0.00 0.00 0.00 1 0 0 0
0.00 1.00 0.00 0.00 0 1 0 0
0.00 0.00 1.00 0.00 0 0 0 0
0.00 0.00 0.00 1.00 0 0 0 1

=| 050 050 0.00 000 |, C=|3 45 0 0
0.00 0.00 0.50 0.50 0o 0 3 25
0.50 0.00 0.50 0.00 30 25 0
0.00 050 0.00 0.50 0o 3 0 25
025 025 025 025 3 25 25 2

(€))

In addition to the costs due to unit repair, unit replacement or
module replacement (whichever intervention has been carried
out) the inspection cost has to be taken into account.

Modules M,, M;, M,. The rest of modules in the SEM are
similar, each consisting of 2-out-of —3 of exponentially distributed
units, in all cases the optimal set of states is a unitary set where
all three units in the module are functional. In all cases, the
maintenance matrix reduces to a column vector of 1; and the
corresponding cost matrix also reduces to a column vector such
that ¢; = (C;, Cy+cp, Cr+cko, Cr+ci o, Cr+Cpryy ). Considering
the values in Table 4, we have ¢; = (1,2,2,2,4) for all i =2,3,4.
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At the end of the first cycle, the cost incurred due to maintenance
of M; when the system is critical is given by Eq. (7), i.e.
Cost(1,7,i) = @,(0)exp(Q;*7)D y;, M; © Ce, i=1,2,3,4;
and this expression is used to calculate the total cost incurred in the
system maintenance action at time 7 as it is expressed in Section 4.
Finally, the initial distribution of the ith module for the next period is
given by Eq. (4).

&) = &Oexp@QPM;, i=1,2,34.

Let us assume that the useful lifetime of the system (with mainte-
nance) is denoted by T, that is T = Ar, where A is the maximum num-
ber of maintenance inspections carried out. The goal is to determine the
optimal length of the operative cycles, i.e. 7, in the sense of minimizing
the total cost incurred by all maintenance actions implemented at the
end of each z-cycle during the whole period (0, T].

To select the optimal value of 7, and consequently of A, given that
duration of useful lifetime of the system is prespecified, we consider
the following Montecarlo simulation algorithm.

|
Algorithm
1. Define an equispaced grid of M values {r, ..., 1), } with

7y = u; and set m = 0;
2. Putm=m+1 and:

2.1. Define Cost™, an empty vectors of size R. Set
r=0;

2.2. Put r = r + 1 and randomly simulate one path
of the process in the interval (0,7,), that is
{11, -+ (e, )2 Tn(s,)))» Where Ty are the succes-
sive visited states and 7, are the corresponding
simulated jump times, so that T,,(Tm) < Tps

2.3. Given 7,1(%), consider the following cases:

(@) If7,(, , € U, then Cost!™ = Cy;
¥ (m)
(b) If i, ) € U, then Cost,™ = C; + Cpy, + Cyy, +
C Myt Cy n
@I %, € D then Cosi™ Cc; +
(Tm - tn(rm)> CDown + CSR’
2.4. Go to step 2.2 until r = R

. Define Av_cost™ = (1/R) 25:1 Cost™;
. Define A™ = y/z,;
. Go to step 2 until m = M;

U AW

. Select my = argmin{ Av_cost™ A}, and fix 7 = Ty
m

Fig. 5 displays the results with the specifications of Table 4. The
optimal values are given in Table 5. Left panel of Fig. 6 displays the
trend of total cost increase as the cost per unit time for non productivity
of the system increases. Right panel of Fig. 6 displays the curve of
optimal inspections times that is obtained for each scenario.

The computational time of this experiment is not an issue of signifi-
cant concern even when a large number of iterations are considered;
that is for a large value for R. For instance, a simulation with the
specifications of Table 4 for the first scenario (i.e. ¢4, = 0.001, taking
R = 50000 and M = 100) using a 11th Gen Intel(R) Core(TM)
i7-1165G7 @ 2.80 GHz 2.80 GHz takes approximately 11.66 min.
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Fig. 6. Left panel: Total incurred cost of maintenance (Cost) for each value of non-operation cost. Right panel: Optimal time of inspection () for each value of non-operation cost.

7. Conclusions

In the present paper we propose a maintenance policy for complex
modular systems, where the modules in the system consist of a number
of units. We assume that the system might fail due to the wear-out
of its units or due to external shocks that represent changes in its
environment. Additionally, the units lifetimes follow PH-distributions,
where the phases represent different levels of degradation in the unit.
The modeling of this system is based on MAM and it was addressed in
a previous paper.

Here we focus on the modeling of a maintenance policy for such a
system, as well as the optimization of the cost associated to this policy,
through the lifetime of the system. The proposed maintenance policy
is a hierarchical decision-based policy where the system is inspected
at regular intervals of time. At the time of inspection the system could
be in an optimal, critical or failed state. If it is in an optimal state no
maintenance action takes place. If it is in a failed state, the system is
replaced. Finally, if it is in a critical state its modules are inspected. We
check the individual modules for an optimal, critical or failed state. In
this case, the same policy as for the system is applied, i.e. the module
will be replaced if it is in a failed state. Alternatively, if it is in an
optimal state no intervention will take place. If it is in a critical state,
the state of units will be checked and the failed units will be replaced.

For the proposed maintenance policy, we have defined maintenance
matrices associated to the modules that describe the transition prob-
abilities to an optimal state at inspection times, considering possible
maintenance actions. Related to these matrices we have defined other
matrices that provide the cost associated to the maintenance actions
(described in the maintenance matrices). Additionally, we depict the
stochastic process that describes the evolution of the system in time,
considering performed maintenance actions. We have also provided
the expressions to determine the initial probability vector, after every
inspection, as well as the expected maintenance cost. From this, we can
optimize the cost in terms of the frequency of inspections.

The main contribution of this paper is the use of MAM to design a
maintenance policy for complex modular systems. We have obtained
closed-form expressions related to the proposed maintenance policy.
The methodology here is applicable to other complex systems, based on
layered composition/decomposition method. Finally, we have demon-
strated the use of the methodology on a real use-case. Specifically
we have considered the ECU system presented in [25], where no
maintenance analysis is carried out. This aspect is new in our study of
this system. As we do not have true knowledge about the parameters
involved in the cost analysis (i.e. C;, Cgys, etc.), we have chosen
all the values of Table 4 which represent the different types of cost
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involved in our maintenance policy, arbitrarily and actually with no
fully real meaning. Had we had expert guidance in this respect we could
have built a meaningful maintenance-cost model, more interpretable
from a practical decision-making sense in real life. Nevertheless, after
running some simulations which are not shown in the paper, we have
noticed that the most important index in our maintenance plan is the
cost of non productivity per unit time, that is C,,,,. In other words,
the parameter with respect to which the system is most sensitive is
Cown> and then we have considered different scenarii according to the
particular value of this parameter.

As future work, we want to incorporate dependency between the
modules that are part of the system, presently our model considers
that the modules fail independently. Additionally, we currently do not
distinguish failure modes for the modules nor for the system. Therefore
we would also consider different failure modes and related mainte-
nance actions. Finally, we aim to use empirical data to demonstrate
the proposed methodology.
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