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Abstract

In a linear regression, the coefficient of determination, R2, is a relevant measure that represents the
percentage of variation in the dependent variable that is explained by a set of independent variables.
Thus, it measures the predictive ability of the estimated model. For an ordinary least squares (OLS)
estimator, this coefficient is calculated from the decomposition of the sum of squares. However, when the
model presents collinearity problems (a strong linear relation between the independent variables), the OLS
estimation is unstable, and other estimation methodologies are proposed, with the ridge estimation being
the most widely applied. This paper shows that the decomposition of the sum of squares is not verified in

the ridge regression and proposes how the coefficient of determination should be calculated in this case.

Keywords: multicollinearity, goodness of fit, sum of squares decomposition, transformation of variables.



1 Introduction

The linear regression model is commonly used in statistical analysis to study and quantify
the relationship between a dependent or explained variable (Y), one or more independent or
explanatory variables (Xo,...,X,) and an intercept (X;), establishing the following model with

n observations and (p — 1) independent variables:

Y = X3+ u, (1)

where u is the random disturbance (which is supposed to be spherical), X,,«, is a matrix of observations
of the independent variables (being X; = (1,1,...,1)%), and Y,x1 is a vector of the observations of the
dependent variable.

The goodness-of-fit of model (1) is commonly measured by the coefficient of determination, R?. According
to Cornell and Berger (1987), the R? in the estimation with ordinary least squares (OLS) is interpreted as
the proportion of the total variation associated with the use of independent variable X . Thus, the closer R?
is to one, the greater is the proportion of the total variation in the Y wvalues that is explained by introducing
the independent variable X into the regression equation.

Nevertheless, when there exists linear relationships or near-linear relationships among two or more
explanatory variables in a linear regression model, a multicollinearity problem occurs. In this situation,
OLS estimation may be unstable (Uriel et al. (1997)). As consequence of this instability, the null hypothesis
of the individual significance test tends not to be rejected, while the null hypothesis is rejected in the global
significance test. Moreover, the estimators’ variance is very high, and coefficients are very sensitive to small
changes in the data.

For this reason, alternative estimation methods are applied, including the well-known ridge estimator.
This method was proposed by Hoerl and Kennard (1970b) and consists of adding a small positive constant

on the diagonal of the matrix XX to solve the multicollinearity problem. The ridge estimator of 3 is given



by the following expression:

Bk) = (X'X + kLx,) ' XY, k>0, (2)

where I« is the identity matrix of order p.

Since B(k) = ZyB, with Zj, = (X'X + kI)"'X'X, B(k) is a biased estimator of 8 when k > 0 and its
covariance-variance matrix is var (B(k)) = var (Zké) =02 Zp(X!X)~1Zy, where o2 is the variance of the
random disturbance. When k = 0, the ridge estimator matches with OLS.

Although this method has been widely applied to improve the mean squared error and the numerical
stability of the estimators (see Casella (1985)), it is not exempt from anomalies, as shown in the works of
Smith and Campbell (1980) and Jensen and Ramirez (2008).

In this same line, the expression used for R? in the OLS does not apply to the ridge estimation since
(as was commented in Garcia et al. (2017) and as this work will show) the decomposition of the sum of
squares verified in the OLS and used to obtain the coefficient of determination it is not fulfilled in the ridge
estimation. Thus, an alternative expression for the coefficient of determination must be applied to the ridge
regression. This coefficient of determination for the ridge estimation, denoted R?(k), will allow us to measure
the goodness of fit of the ridge estimator.

Numerous papers treat the collinearity problem with the ridge method, but most of them do not apply
the coefficient of determination. To the best of our knowledge, only McDonald (2009) and McDonald
(2010) applied an expression (the square of the correlation coefficient between the dependent variable and
its predicted value) that concurs with the R? in OLS (that is, when k = 0) for standardized data. Moreover,
it is shown to be a strictly decreasing function in k.

The paper is structured as follows: section 2 presents the decomposition of the sum of squares for the
ridge regression. Based on the traditional coefficient of determination, section 3 obtains an expression for
the coefficient of determination in the ridge regression. Moreover, its monotony is studied in section 4 using

a Monte Carlo simulation. Section 5 analyzes how the standardization of the dataset affects the proposed



coefficient of determination. Section 6 illustrates the contribution of this paper with a numerical example.

Finally, section 7 highlights the main conclusions of the paper.

2 The decomposition of the sum of squares in a ridge estimation

This section shows that the decomposition of the sum of squares that leads to the coefficient of determination

in ordinary least squares (OLS) is not verified in a ridge regression.

~

Proposition 1 The residuals that originate from ridge estimator, e(k) =Y — Y (k) =Y — XB(k) do not

have to sum zero when k > 0.

Proof 1 On one hand, starting from a normal equations system, (X'X + kI) ,@(k:) = XYY, where X; =

(1,1,...,1), it is had that the first row of X'X + kI:

n n
(TL + kv Z X2i7 ceey ZXpi)7
i=1 =1

multiplied by B(k) = [Bl(kz), Bg(/{:), vy Bp(K)]" it must be equal to the first element of X'Y, Y. Y;. This is
i=1

ZY (n+ k)B1(k) + B2k ZXZZ“‘ +5p()z pi-
=1

i=1

On the other hand,

ci(k) = Yi=Yi(k) =Y; = (Bi(k) + Ba(k)Xai + .. + Bp(k) Xipi),

o

3

ei(k) = Z — (np1(k) + Bk ZXW +ﬁpZsz = k- Bu(k), (3)

=1

and k - B1(k) does not have to sum to zero when k > 0. O

n n o
Corollary 1 Taking into account Proposition 1, it is not verified that Y Y; = > Yi(k) when k > 0.
i=1 i=1

Proof 2 Like S e;(k) #0, S Y; # 3. Yi(k) must be true since
i=1 i=1

=1
Y; = Yi(k) + es(k :>ZY Zﬁ(k)+zei(k),
— :

ergo, Y # X:f(k) O



n A —
Corollary 2 Taking into account Proposition 1, Y (Y;(k) —Y)ei(k) = 0 is not verified when k > 0.
i=1

n
Proof 3 Taking into account that Y e;(k) # 0:

i=1
> _(Yilk) = Y)ei(k) = Y Vi(k)ei(k) = Y Y _ei(k) #0,
i=1 i=1 i=1
unless ﬁ(k) =Y, which does not make sense. (]

Theorem 1 From Corollary 2, it can be stated that the decomposition of the sum of squares in OLS is not

verified in the ridge regression when k > 0.

Proof 4 From e;(k) =Y; — Y;(k), it is verified that

AsY # ?(k‘) and . (Yi(k) — Y)ei(k) # 0, the condition of the sum of squares', SST = SSE + SSR,
i=1

which is analogous to that of OLS, is not fulfilled. O

3 Coefficient of determination in the ridge estimation

The coefficient of determination, R?, is a useful measure in linear regressions to determine the quality of
the model to replicate results and the variation rate of the results (explained variable denominated Y') that
can be explained by the model (other explanatory variables denominated X) after the OLS estimate. In the

model (1), it is defined as follows:

= (Y~ V7)?

, - ssg_ zYM
> (Yi—Y)?
=1

"Where SST is the sum of total squares, SSFE is the sum of squares explained and SSR is the sum of squares of errors.



If we begin with a model with only the intercept (known like restricted model) as follows,
Y = 51 + v, (5)

where v is the random disturbance (which is supposed to be spherical), the sum of square residuals of the

restricted model, SSR,, will be equal to the sum of squares total, SST, of the model (1), since SSR, =

(¥i—¥)".

n
=1

Therefore, the following alternative expression for expression (4) is given:

SSR

2
=1- .
R SSR, (©)

From this expression, it is obtained that:

o If R? ~ 0 it is had that the SSR of the model (1) is practically equal to the coefficient of
determination of the restricted model (5), so that the inclusion of variables are unnecessary. The

variables do not provide any new information since the proposed model is not adequate.

e If R? ~ 1, the SSR of the model (1) is very small in relation to the restricted model (5). Consequently,

the variables introduced provide information that makes it preferable to the restricted model.

Moreover, if model (1) has an independent term, 0 < R? < 1 and the decomposition of the sum of squares
is verified. Then, the expression (4) can be expressed as

SSE
2 _
R = SST @

Since in the ridge estimation, the decomposition of the sum of squares is not verified (see Theorem 1),
the coefficient of determination must be calculated from expression (4) or (7). Taking into account the
interpretation of expression (6), we consider it appropriate to define it as

R*(k) :1%, kE>0. (8)

It is evident that this coefficient of determination depends on the parameter k, and it is verified that if

k = 0, this coincides with the expression given by OLS.



3.1 Monotony of R?(k)

This section analyzes the monotony of R?(k) with respect to k.

Proposition 2 SSR.(k) = Y'Y — (Zii’)% - n? -?2, which is increasing in k.

Proof 5 The ridge estimator of 3 for the restricted model (5) depends on the parameter k from the following

expression B3,(k) = (111 4+ k)~'1Y, k > 0. Taking into account this expression

SSR.(k) = eq(k)'e (k)= (Y —1B8,(k) (Y —18,.(k)) = Y'Y — 23,(k)'1"Y + B, (k)'1"13, (k)

= Y'Y -2Y'1(1'1 + k)Y + Y1 (1 + k)11 + k) TTLYY

= Y'Y -2 (zn:Y> (n+ k) (iY> + (ZH:Y> (n+k)t-n-(nt+k)? (iY>
=1 =1 =1

i=1
(Er)  Br) L ) o

= Y'Y -2.

(n+k) (n+ k)2 N (n + k)2
+ 2k —2
_ Yty_ni. 2, )
(n+ k)2 "

Moreover, it is fulfilled that SSR, (k) is increasing in k since k > 0, n > 0 and

dSSR, (k) —n2Y (n+ k)2 + 2+ k) (n+ 2k)n2Y° 202 (n+ k)k
= == > O.
dk (n+ k)4 (n+ k)4
U
oy Poa2 Poa2) . . . .
Proposition 3 SSR(k) = Y'Y -2 art ewwaeE which is increasing in k.
i=1"" i=1"""

Proof 6 According to McDonald (2010), we decompose X!X based on its eigenvalues and eigenvectors:

X!X =TID,I', with T* =T~! and Dy = diag(\1,...,\p). So, (X!X + kI) = T(D, + kI)T* = TD, I



Calling v = X'Y and o = 'y, then

SSR(k) = e(k)'e(k) = (Y —XB(k)" (Y — XB(k)) = Y'Y —28(k)'X'Y + B(k)' X' XB(k)
= Y'Y - 2Y'X(X!X 4 kI XY + YIX(XIX + AT XIX (XX + AT)TIXTY
= Y'Y -29'TD_, I''y ++'TD_, I'TD,IT'D_, TI''~y

Ak Atk Atk

= Y'Y —2a'D . a—l—atD . D,\DA1ka
+

p 2 p 2 p 2

o o? )\ (i + 2k)a

= Y'Y -2 J B AU V22 VAR N G A
;A,+k+2;()\i+k)2 2+ k)2

Moreover, it is verified that SSR(k) is increasing in k:

dSSR(k) 222N+ k)% =20\ +2k)ad(ai + k) 20}(\i + k)k =0
dk (A + k)4 (Nt k) ’

since k > 0 and A\; > 0 by being the eigenvalues of a symmetrical matrix. O

Corollary 3 Taking into account Propositions 2 and 3, lim SSR,(k) =Y'Y = lim SSR(k).

k—+o00 k——+o0

Proof 7 Immediate. (|

Then, SSR(k) and SSR,(k) increase as k increases, and the monotony of R?(k) according to the
expression given in (8) depends on the rate at which each one increases. Therefore, it is necessary to

study this aspect more deeply.

Proposition 4 SSR,(k) — SSR(k) is increasing in k if

n2 Y g a?
T > —.
(n+k)3 = & (Ni+k)?

Proof 8 As

~

SSR.(k)— SSR(K) = 2. B(R) - XY - (k) - XX (k) - L E2) g2

(n+k)?
PN+ 2k a27n2-(n—|—2k:) 7
(N + k)2 (n+k)? ’

=1



then

O(SSR, (k) — SSR(k)) 2552‘ui+kf-ui+2@.2-@i+k) ,

ok T L N+ k)3 B
. 2 _ .9, .
2. 2-(n+k)*—(n+2k)-2-(n+k) 32

(n+k‘)4

2. n?. 2 k-a?

T (n+k)3 k P (N + k)3

As (ifk)]% Y~ and Z +k§3 are positive, it is verified that SSR, (k) — SSR(k) is increasing in k if

2. Y. N a2
[ > [ —
(n+k)3 = &

Theorem 2 Taking into account Proposition 4, R?(k) is increasing in k if

n?. Y’ N o

(n+ k)3 — (N + k)
Proof 9 As it is verified that

2 Y & ol

— > =
(n+k)3 = & (Ai+k)?

then SSR, (k) — SSR(k) is increasing in k, that is, it is verified that SSR, (k) > SSR(k) for all k. Moreover,

due to SSR,(k) and SSR(k) are also increasing in k, it must be verified that 5515((% is decreasing in k.

Consequently, R*(k) =1 — % is increasing in k if

n2. Y N a2
T > )
(n+kP ~ &= (\i+k)?

O
Theorem 3 Taking into account Proposition 4, R%(k) is decreasing in k if
Y~ af
(n+ k)3 P (N + k)3
Proof 10 Similar to Proof 9. U

10



Taking into account expression (9), it is concluded that

e High values of n lead to low values of 2 (nik

e =X and, consequently, a tendency toward a decreasing R?(k).
)

e High (low) values of Y lead to high (low) values of Tnk)® and, consequently, a tendency toward an

n+k:)

increasing (decreasing) R%(k).

Note that an increasing or decreasing coefficient of determination (R?(k)) depends on different questions

being convenient for a deeper analysis with a simulation study, as presented in section 4.

3.2 Other properties of R*(k)

This section develops other interesting properties of R?(k).
Corollary 4 Taking into account Proposition 2, SSR,(k) > 0 for all k.

Proof 11 As SSR,(k) is increasing in k and SCR,.(0) = SCR, > 0, it is verified that SSR, (k) > SCR, >

0. O
Corollary 5 Taking into account Proposition 3, SSR(k) > 0 for all k.

Proof 12 As SSR(k) is increasing in k and SCR(0) = SCR > 0, it is verified that SSR(k) > SCR > 0.

O
Corollary 6 Taking into account Corollary 4 and 5, R*(k) < 1 for all k.

Proof 13 Indeed,

SSR(k) SSR(k)

2 lel-—>~r—"~A>166 ———7%

R (k)>1< SSRT(k:)> {:)SSRT(k:)<O’

which is not possible since SSR(k) > 0 and SSR,(k) > 0. O

Corollary 7 Taking into account Proposition 4, R*(k) > 0 if

—9 P
n?.Y a?

— > =
(n+k)3 = & (N +k)?

11



Proof 14 Since it is verified that

n?-Y a?

(>\i + k‘)3’

(nt k)7~ 2

it is evident that SSRy(k) — SSR(k) is increasing in k, that is, it is verified that SSR,(k) > SSR(k) for all

k. Then,

SSR(k) SSR(k) 9 SSR(k)

— <l —-=<>-1 Rk =1——F-5>0.

SSR.(k) 7 T SSR.(k) & R(k) SSR, (k)

([
Corollary 8 Taking into account Corollary 3, klirjrn R?(k) = 0.
—+00
. . B SSR(K)

Proof 15 Immediate since R*(k) =1 — S5R () - O

4 Monte Carlo simulation

As shown in Propositions 2 and 3, the SSR, (k) and SSR(k) are both increasing functions in k. Consequently,
it will be difficult to know at first glance the behavior of R?(k) in relation to k, as is shown in Theorems 2
and 3. For this reason, the following Monte Carlo simulation is presented.

The values are simulated (see, for example, Gibbons (1981) or Kibria (2003)) from

Xi=V1=9%W;+v-W,,

where ¢ = 2,...,p with p = 3,4,5, W; ~ N(30,10), v € {0.95,0.96,0.97,0.98,0.99} and n €
{15,20,25,30,...,200}. The matrix X = [X; X5...X,] is constructed such that X; is a vector with
ones (representing the constant term in model). Then, Y = X - 8 + u, is generated where (3 is simulated by
N(p,0.2) with g = 10 (unless other value will be established) and u ~ N(0,0.1).

Results are displayed in Figures 1 to 5. In these figures, the left part shows the traditional values of k
(k € [0, 1]) and the right part shows an extended range to analyze the long-term behavior of R?(k). From

these figures, it is possible to conclude the following:

12



e From figure (a) of Figures 1, 2 and 3 for n < 50 and k € [0, 1], it is observed that the coefficient of
determination decreases initially until it reaches the point of inflection from which it grows. However,
in Figure (c), a decreasing behavior is observed for n > 50 only. Thus, these figures support the

previous supposition that high values of n imply a decreasing R?(k).

e From figure (b) of Figures 1, 2 and 3 for n < 50 and k € [0, 10], it is observed that the decreasing and
increasing behaviors are greater than those observed in Figure (a), while in figure (d) for n > 50, the
same behavior as in (a) and (b) is observed. That is to say, when the value of n increases, the turning

point moves to the right, outside the interval [0, 1].

e From representations (e) and (f) of Figures 1, 2 and 3, for n € {15,20,---,200}, a softer behavior in

simulations with n > 50 is observed. This representation confirms the previous comment.

e In Figure 4, it is observed that turning point (where R?(k) goes from decreasing to increasing) moves
to the left when Y increases. Thus, the supposition that high values of Y imply an increasing R?(k)

is supported for this simulation.

e In Figure 5, the asymptotic behavior shown in Corollary 8 is observed. That is to say, there is a second

turning point from which the R?(k) decreases to zero.

5 Transformation of variables

The transformation of variables is a very common practice when working with an econometric model in
which the collinearity is worrying. From the work of Marquandt (1980), the most applied transformation is
the standardization, that is to say, to subtract their mean and divide them by the square root of n times
their variance. This section analyzes how this transformation affects the coefficient of determination of the

ridge regression:

13
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Theorem 4 Denoting y and x as the standardized versions of Y and X, it is verified that

R*(k) = B(k)" - x'y + k- B(k)'B(k). (10)
18 decreasing in k.

Proof 16 If the dependent variable is standardized, it is verified that ¥ = 0 and y'y = 1. In this case,

SSR(k) = 1-2-Bk) xty+Bk)  xtx-B(k) =1-Bk) - x'y — k- B(k)B(k),

SSR,(k) = 1,

where it will be applied that B(k)t xty =B(k)t-xtx - B(k) + k- B(k)t,/é(k) Then,

RA0R) = 1 ol =B <ty + b B(BIb)

Howewver, by following the steps presented in Proof 6,

p—1 2 p—1 2
B . oty — & CBONB(E) — L. i
Blk) - x'y ;M,@, e B(k)'B(k) = k ;uﬁw’
and then,
p—1
Ai+2-k
2(k) = e N2
R (kz)—i:1 EYFAE o (11)

In this case, R*(k) is decreasing in k since

2 p—1 2
OR?(k) =—2-k-z%<o.

ok (i + k)?
O
Corollary 9 Taking into account Theorem 4, lim R2(k) = 0.
k——+o0
Proof 17 Immediate from expression (11). O

Thus, all problems presented in subsection 3.1 and illustrated in the simulation shown in section 4

disappear when the variables are standardized. In this case, the following coefficient of determination is

19



obtained: a) continues in k& = 0 since it coincides with the one given by OLS (R?(0) = B(O)t cxly =
Bt -xby = R?), b) decreasing as k increases and c) always positive.

These conclusions coincide with those obtained by Garcia et al. (2016) and Salmerén et al. (2017), who
showed that the data must be standardized to correctly calculate the variance inflation factor (VIF) and the
corrected variance inflation factor (CVIF), respectively.

Finally, note that when k& = 0, the expression given in (10) coincides with the one given in McDonald

(2010) for the square of the correlation coefficient of the actual values, y, and predicted values, ¥y, given by

(B(k)" - x'x - B(k) + k- B(k)'B(k)*

R%(k) = -
B(k)" - x'x - B(k)

(12)

However, these values are different when k& > 0. It is important to highlight this question since the notation
used in McDonald (2010) corresponds to R?(k); thus, saying that this coefficient coincides with the coefficient
of determination in OLS when k& = 0 can lead to the wrong conclusion that the expression (12) corresponds

to the coefficient of determination associated with the ridge regression.

5.1 Augmented model

Marquardt (1970) showed that the ridge estimator can be obtained from the OLS estimation of the following
augmented model:
YA :XA'BA"i'uAv

Y X
where Y4 = and X4 = with 0,1 and Iy, a vector of zeros and the identity

0p><1 \/E : Ip><p
matrix with the adequate dimensions, respectively, due to BA = (X';lXA)_1 . X%YA = (XtX + k- I)_1 .

XY = B(k).

In this case, the coeflicient of determination will be given by

R4(k) =1

Y

Y4Ya— B XLYs , Y'Y — B(k) - XY
Y4 Y 4 — Y, (2 ) ¥
aYa—(n+p)-Yy Y'Y — (n+p) (nip) Y

20



that it will be given by the following expression for standardized variables:

1Bk

Ry(k) =1 -~ 5 = Bk -x'y. (13)

Comparing expression (13) with (10), it is evident that both coincide when k = 0 and differ when &£ > 0.
However, by following the steps given in Theorem 4 and Corollary 9, it is immediate to show that Ri(k:) is

also continuous for k = 0, is decreasing in k and is always higher than zero.

6 Numerical example

Hoerl and Kennard (1970a) used data applied by Gorman and Toman (1970) for a regression with 10
independent variables, showing the usefulness of the ridge trace, and the squared length of the coefficient
vector obtained from 15 values of k in the interval (0, 1), concluding that stability is reached when 0.2 <
k < 0.3. Gorman and Toman (1970) used this same dataset to find the best subset of variables that avoid
working with all variables.

Considering standardized data, the left part of Figure 6 presents the ridge trace previously noted, that
is to say, the representation of B(k) for k € [0, 1]. Meanwhile, the right part represents the squared length
of the coefficient vector, B(k)tb\(kz), and the coefficient of determination according to expression (10) for the
same values of k. In the vertical, the values of k equal to 0.2 and 0.3 have been highlighted.

Note that the coefficient of determination presents greater stability in its asymptotic behavior than the
squared length of the coefficient vector. Taking into account that R?(0) = R? = 0.8966 and R?(1) = 0.7389,
there is a reduction of 16.77%. In addition, Figure 7 represents the rate of change of the coefficient of
determination for k£ € [0, 1] observing a change of 0.204% (the minimum value equals 0.086% and the
maximum equals 0.29%) in the range [0, 0.1], of 0.047% (the minimum value equals 0.229% and the maximum
equals 0.276%) in the range [0.1, 0.2] and of 0.026% (the minimum value equals 0.203% and the maximum
equals 0.229%) in the range [0.2, 0.3]. Thus, the selection of £k = 0.25 proposed by Hoerl and Kennard

(1970a) will be justified.
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Figure 6: Graphical representation of the ridge trace (left) and the norm of the coefficients and the coefficient

of determination associated with the ridge regression (right)
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Figure 7: Graphical representation of the rate of change of the coefficient of determination
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The following will be obtained:
B(k) = (—0.2992, —0.1053, —0.2397, —0.0507, —0.0468, 0.3365, 0.0505, 0.2378, 0.1239, 0.1305)",

with a coefficient of determination of 0.8433, that is to say, for & = 0.25, the fit explains a 84.33% of the
rate of change in the dependent variable. This figure implies a decrease of 5.33% in relation to the initial R?

obtained by OLS.

7 Conclusion

The coefficient of determination is widely applied to analyze the goodness of fit of a linear regression
estimation and how the estimated values fit the expected values. The expression of the coefficient of
determination in OLS is obtained from the decomposition of the sum of squares: SST = SSE 4+ SSR.
However, when a regression model presents collinearity, the OLS estimation may be unstable, and other
estimation methodologies are proposed, such as the ridge regression. To the best of our knowledge, the
calculation of the coefficient of determination in a ridge regression has not been treated, and this is the topic

of this paper. The following conclusions are obtained:

e The decomposition of the sum of squares that is used to obtain the coefficient of determination (R?) in
OLS is not verified in a ridge regression. Consequently, the obtention of the coefficient of determination
used in OLS cannot be generalized for application in a ridge regression. However, it is possible to
provide a definition of the coefficient of determination from the residual sum of squares of the initial

and restricted models.

e The monotony of the coefficient of determination obtained, R?(k), is analyzed with a Monte Carlo
simulation that presents a different turning point (and, consequently, different decreasing/increasing
behavior) depending on different factors (the size of the sample or the mean of the dependent variable).

Thus, we conclude that this expression is not appropriate to measure the goodness of fit in ridge
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regression with original data.

e Since the standardization of the variables is a very common practice when working with econometric
models with collinearity problems, we analyze how this transformation affects the definition of the
coefficient of determination. We obtain that R?(k) is continuous for k& = 0, is decreasing in k and is
always higher than zero. Thus, in the same way as in Garcia et al. (2016) and Salmerén et al. (2017),
we show that the standardization in the ridge regression is not optional but compulsory to obtain the

coefficient of determination and the VIF with appropriate characteristics.

e Although the application of the ridge regression mitigates the overestimation of the coefficient of the
econometric model (Hoerl and Kennard (1970a)), the decrease in the coefficient of determination as
the ridge factor increases indicates that the fit is worse than the OLS fit. Thus, the goodness of fit in

the ridge regression for each value of k£ could be applied to choose an appropriate ridge factor.

e However, we showed that the coeflicient of determination obtained from the augmented model presented
by Marquardt (1970) differs from the coefficient of determination proposed in this paper when the data

are standardized, since they coincide only when k = 0.

e Due to the good behavior of the standardized variable shown in section 6, the coefficient of
determination could be used as a complement to the ridge trace, the squared length of the coefficient

vector and other quantitative methods known to determine the adequate value of the ridge factor, k.
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