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Abstract

We consider a non homogeneous Gompertz diffusion process whose parame-
ters are modified by generally time-dependent exogenous factors included in the
infinitesimal moments. The proposed model is able to describe tumor dynam-
ics under the effect of anti-proliferative and/or cell death-induced therapies.
We assume that such therapies can modify also the infinitesimal variance of
the diffusion process. An estimation procedure, based on a control group and
two treated groups, is proposed to infer the model by estimating the constant
parameters and the time-dependent terms. Moreover, several concatenated hy-
pothesis tests are considered in order to confirm or reject the need to include
time-dependent functions in the infinitesimal moments. Simulations are pro-
vided to evaluate the efficiency of the suggested procedures and to validate the
testing hypothesis. Finally, an application to real data is considered.

Key words: Tumor growth, anti-proliferative and cell death-induced

therapies, modified Gompertz diffusion process, inference in diffusion

processes, bootstrap tests.

*Corresponding author
Email addresses: pialbano@unisa.it (G. Albano), giornoQunisa.it (V. Giorno),
proman@ugr.es (P. Romdn-Roman), sergio.Roman-Roman@curie.fr (S. Romdn-Roman),
jjserra@ugr.es (J.J. Serrano-Pérez), fdeasis@ugr.es (F. Torres-Ruiz)

Preprint submitted to Mathematical Biosciences July 16, 2020



10

15

20

25

30

1. Introduction

Diffusion processes are widely used in the literature to describe phenomena
in a lot of fields, ranging from economics [1, 2] to biology [3, 4]. Concerning the
tumor growth modeling, many efforts have been devoted in the last years since
nowadays the cancer represents one of the main causes of death in our society.
Further, the availability of modern diagnostic and prognostic methodologies al-
lows to build ever more faithful models, giving useful insights into the dynamics
of such disease [5-7]. On the other hand, the mathematical tractability of the
model must be taken into account because it allows to better handle explicit
solutions of the involved dynamics. In this context, Gompertz growth model
seems successfully overcome the “trade off” between these two aspects. Indeed,
it is widely accepted that such model is able to capture dynamics of solid tu-
mors and several models based on this growth have been proposed by looking
at deterministic and stochastic behaviors [8-13].

The Gompertz curve belongs to the Richards family of sigmoidal growth
models, along with familiar models such as the negative exponential, the logis-
tic, and the Bertalanfly [14]. These curves, although born in deterministic con-
texts, have been generalized to include stochastic effects aimed at bridging the
gaps that often exist between experimental data and theoretical results. Con-
cerning the stochastic version of the Gompertz growth, in the literature various
contributions can be found concerning both theoretical probabilistic properties
and statistical characteristics [15-17].

Recently, the attention has been focused on non-homogeneous Gompertz dif-
fusion process describing the effect of some exogenous generally time-dependent
factors. In preclinical tumor growth studies it is useful to understand as experi-
mental therapies can modify the natural cancer cells’ growth rates. A modified
Gompertz equation is considered in Cabrales et al. [18] to describe tumor re-
sponses to electrochemical treatments and the possible decay of solutions is
investigated both from theoretical and numerical points of view. In [19] a con-

trol approach to predict an optimal drug dosage shrinking the cancer tumor-cell
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population was proposed. The predictive control problem is hence based on the
difference between the probability density function and the desired probability
density function calculated at each time instant.

In the mathematical framework, an untreated tumor volume can be modeled
by an homogeneous Gompertz stochastic process. In order to include the effect
of an anti-angiogenic therapy in [15, 20, 21] the infinitesimal moments of the
homogeneous process were modified by introducing suitable continuous time-
dependent functions modeling the exogenous factors; in such a way, the therapy
presence leads to a time non homogeneous stochastic process. A statistical
approach was also proposed in [22-24] to fit the modifications in the natural

growth rates due to several therapies.

1.1. Motivations and plan of the paper

In the present paper we provide a natural generalization of the results pro-
vide in [23] and [24]. Specifically, we assume that the two applied therapies (one
of anti-proliferative and the other inducing the cancer cells death) are generally
able to modify both the drift and the infinitesimal variance of the process mak-
ing it time-dependent. We propose a statistical methodology to estimate the
natural tumor rates and to fit the exogenous term including also the infinites-
imal variance of the resulting process. The procedure uses a control group G
described by a homogeneous Gompertz diffusion process and two treated groups
G1 and Gy described by two time non-homogeneous processes. The group G is
assumed to be treated with a therapy (anti-proliferative or cell death-induced)
while the group G- is treated the same therapy of G; together with an other ther-
apy of the other type. Further, we consider the case in which the two groups are
characterized by two generally different time-dependent infinitesimal variance.

The procedure works as follows. In a first step, the control group G is
used to estimate the constant parameters included in the homogeneous process,
whereas in the subsequent steps the treated groups, G; and G, are used to fit
the unknown time-dependent functions describing the effect of the therapies.

Precisely, via suitable mathematical relations, the group G; is used to fit the
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function related to the single therapy applied in it and the effect that this
therapy has on the infinitesimal variance. Then, the group G is used to fit the
second therapy and its effect on the infinitesimal variance.

Moreover, a bootstrap testing procedure able to evaluate the time depen-
dence of the exogenous factors is provided. Essentially, it is directed to establish
if the real effect of the various applied therapies has a known functional form.
In particular the proposed test is then used to establish if the therapy effect is
null or constant.

We point out that both the estimation procedure and the testing hypothesis
on the exogenous factors related to the stochastic diffusion processes are of
interest in various applicative and theoretical contexts [25-27].

The plan of the paper is the following. In Section 2 the model is introduced
and its probability distribution and some statistical characteristics are derived.
In Section 3 the procedure to estimate the parameters and to fit the unknown
functions is proposed. Various simulated-based examples are given to validate
the fitting procedure. In Section 4 the hypothesis test procedure is provided
and several cases of particular interest in biological context are considered. In
particular, some concatenated tests are performed to evaluate the constant/null
effect of the therapy on the rates and on the infinitesimal variance. Finally, in
Section 5 an application to real data is provided to study the combined effect

of Carboplatin and Taxol in ovarian cancer.

2. The model

In the mathematical framework, an untreated tumor volume can be modeled
by an homogenecous Gompertz stochastic process defined in Rt with infinitesi-

mal moments
Ai(x) = ax — Bxlogz,
Ag(x) = o2, (1)

where «, 5 and ¢ are positive constants. The parameters o« and 8 describe the

cell’s growth and death rates, respectively, o is related to more or less intense
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environmental fluctuations introduced to justify discrepancies between clinical
data and theoretical predictions that quite often are detected.

Our approach for including the effect of an anti-angiogenic therapy consists
to modify the infinitesimal moments (1) by introducing suitable continuous time-
dependent functions modeling the exogenous factors; in such a way, the therapy
presence leads to a time non homogeneous stochastic process. Precisely, let
{X () : t > to} with ¢y > 0 be a stochastic process in R™ and satisfying the

following stochastic differential equation (SDE)

AX (1) = {(a — C(t)) — (B — D)) In X (£)} X (£)di +o/V{D) X (t) AW (1),
X (to) = Xo. (2)

Here, as in (1), «, 8 and o are positive constants, while C(t), D(t) and V (¥)
are functions in Cy [to, +00) with V() > 0 for all ¢ > ¢y, X, is a random variable
describing the initial state of the process, and W (t) is a standard Wiener process
independent from Xg for ¢t > tg. In the model setting, C(¢) represents tumor
regression rate due to the therapy and has the same dimension as parameter «,
while the function D(¢) modifies the death rate 5 of the process (1) in §— D(t).
From a biological point of view, the function C(t) describes the effect of an
anti-proliferative therapy, that is, able to modify the natural birth rate of cancer
cells, while D(¢) describes the effect of cell death-induced therapy (see [15, 23]).
Clearly C(t) successfully applied when it assumes positive values, while D(¢) is
effective when it is a negative function. Further it would be desirable to have
small values of the function V' (¢), describing fluctuations in the tumor volume.
Anyway, in experimental studies the effectiveness of a therapy has to be tested,
so we assume that the functions C(t), D(¢) have real values and V' (t) > 0.

The aim of this paper is to model the combined effect of two therapies, one
anti-proliferative and the other that induces the death of cancer cells. In this
sense, model (2) can be viewed as a modification of model (1) after transforming

its infinitesimal moments by introducing the functions C(t), D(¢) and V(t).
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By considering

Z(t) = f(X(t),t) = k(t) In X(#), (3)

ko) = e ([ 1= Dl ds)

and by applying Itd’s Lemma, we can transform process X (t) into a non-

where

homogeneous Wiener process Z(t) described by the following SDE:
dZ(t) = a(t) dt + b(t) dW (), Z(to) = Zo, (4)

with

a@%:MO{a—CW)—Uﬁgwy b(t) = o /V (1) k(2),

whose solution is
t t
Z(t) = Z, +/ a(s)ds +/ b(s)dW (s).
to to

Finally, undoing the change (3), we obtain

X@—w%éﬂ%mm%+la@@+1m@mmﬂ}

2.1. Distribution of the process

From (4), and if Zj is a degenerate random variable, i.e. P(Zy = z) = 1,
with zo € R or normally distributed, i.e. Zy ~ Nilug,od], then Z(t) is a
Gaussian process, so, Vn € Nand ¢, < --- < t,, vector (Z(t1),...,Z(t,))T has
a n-dimensional normal distribution N,[e, X], where the components of vector

e and matrix X are

ti 2
€ :E[Zg]+/ k(s) [a—C(s)—U‘;(s) ds, i=1,...,n
to
and
min(¢;,t;)
aij = Var[Zo] + 0’2/ E*(s)V(s)ds, i,7=1,...,n,
to

respectively.



Therefore, by (3) all the finite-dimensional distributions of the process X (t)

are lognormal; specifically, Vn € N,

(X(t1)7""X(tn))T NAn[ﬁvAL (5)

Oij

k@)

&g

k(t:)

and A, respectively.

where &; = and 9;; = = 1...,n, are the components of &

In particular, by considering Xo ~ A1[uo; 03], we have

X (t) ~ Ay [M*(t|po, to); V*(tlog, to)]

where, for 7 < t,

M*(tu, 7) = uk(t|r) + /t <a —C(s) — “2‘;(3)> k(t|s) ds,

T

and

V*(t|u, 7) = uk?(t|T) + /t o2V (s)k*(t|s) ds,

T

with E(t|7) = k(7)/k(t).

In the following we will assume that X is a degenerate random variable in
2. This assumption is quite common in the context of tumor growth since the
variable of interest is usually the relative volume of the tumor, and zg = 1 is
the relative volume at the detection of the tumor. So, we will assume P[X( =
xo] = 1. In this case

X(t) ~ Ax[ma(8); u(®)]
with
ml(t) = M*(t|lnx0,t0) (6)

and

u(t) = V= ([0, o). (7)



So, the mean and the variance functions of X (t) are:

EIX ()] = exp (mms) " §u<t>> ,

Var[X(t)] = exp (2mq(t) + u(t)) x [exp (u(t)) — 1],

10 respectively.

3. Estimation of the model

In this section we propose a procedure to estimate the parameters «, 3, o,
and to approximate the functions C(t), D(t) and V(¢) in [to, T]. To this end, in
practice it is necessary to have data from three experimental groups of individ-

s uals. Concretely:
e an untreated (control) group, say G,

e a first group, Gy, treated with a single therapy that affects only one of the

two rates that model the untreated tumor volume,

e a second group, Gs, treated with two therapies. One of them must be the
130 same therapy applied in G;, whereas the other one affects the rate not

modified in G;.

The control group is associated to the stochastic process X (¢) described by
the SDE

AX (1) = Jo — Bln X ()X (D)dt + o X QAW () X(to) =x0. (9

Moreover, group G; is modeled by a stochastic process X1 (t) for which two cases

can be considered:

e (G is treated with an anti-proliferative therapy, i.e. mainly affecting cell

growth. In this case, X;(t) follows the SDE

dX,(t) = {[a — C(t)] = BIn X1 (t)} X1 (t)dt+0o+/Vi(t) X1 (t)dW (t), X1(to) = .
(10)



e (G is treated with a therapy that induces, or mainly induces, the death of

cancer cells. Now the SDE followed by X (t) is

dX1(t) = {a — [B — D] In X1 ()} X1 ()dt+0o/Vi(8) X1 (H)dW (1), X1 (te) = zo.
(11)

Finally, group G, is described by a stochastic process X2 (t) solution of

dXs(t) = {[a — C(t)] — [8 — D(t)] In Xo(t)} Xo(t)dt+o+/Va(t) Xo(£)dW (), Xa(to) = xo.
(12)
The basic idea is to use data from the control group to estimate the param-
s eters a, B and 02, whereas the treated groups are used to fit the functions C(t),

D(t), Vi(t) and Va(2).

3.1. Some basic erpressions

In this subsection we introduce some expressions that are the basis of the
estimation procedure developed in the next one.

From (8), we define
ma(t) = In E[X(t)] = my(t) + %u(t),

and by considering (6) and (7), after some algebra, the following relationships

are obtained:

C(t) = o — (B = D) (ma(t) + u(t)) — mi(t) - %U'(t)

=a— (8- D(1)(2ma(t) = m(t)) — m5(t) (13)
1
- omi(t) + §U/(t) —a+C(t) m(t) — a + C(t)
by =6+ (1) + u() = e @) — i (8) (14)
V() = 5 (0 (6) + 208 — D(&))u(t))
= %[(mé(t) —mi (1)) +2(8 — D(t))(m2(t) — mi(t))]. (15)
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We point out that the two expressions obtained for C(t), D(t) and V(¢) in
(13), (14) and (15) respectively, can be alternatively used to fit the functions
depending on the behavior of the sampling versions of these functions in real

applications.

3.2. The estimation procedure

Let us consider d sample-paths from the control group, observed at the
same time instants ¢;, j = 0,...,n — 1, in the interval [to,T]. Let {x;;, i =
1,...,d; j =0,...,n—1} be the observed values of the sample paths. Moreover,
let {xl(.;c), t=1,...,dg; 7=0,...,n— 1} be the values of dj sample paths from
the treated group G, k = 1,2, observed at the same previous time instants.

Making use of Equations (13)-(15), and denoting mgk)(t) = FElln Xy ()],
m(Qk)(t) = In E[Xy(t)] and u® () = Var[ln X(t)], & = 1,2, we can estimate
the three models from data provided by the control and the two treated groups.

To this end we provide the following stepwise procedure:

e Obtain the maximum likelihood (ML) estimates of o, 3 and o2 by solving
the likelihood equation system (18)-(20) in Appendix for C(¢t) = D(t) =0
and V(¢) = 1, from the data of group G. Denote by @, B and &2 such

estimates.

e Calculate at each time instant ¢;, j = 0,...,n — 1, the values
~ (k g~ (K _(k)y k
i () = o, 87 (1) = (@), a0(y) = 2, k=1,2
where

- gf is the sample mean of the logarithms of the values of the sample
paths of the group G (k = 1,2) at t;,

- s_c;m is the sample mean of the values of the sample paths of G

(k=1,2) at t;,
s.?(k) is the unbiased sample variance of the logarithms of the values

of the sample paths of G (k =1,2) at t;.

10
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(k)

e For k = 1,2, approximate the derivatives of m;"’(¢), mgk) (t) and u®) (1),

(k)

at t; from the values obtained in the previous step. Denote by ;™ (¢;),

ﬁzgk)/(tj) and ﬂ(k)/(tj) the obtained values.

e Estimating C(t), D(¢), V1(t) and Va(t) as follows:

— If Gy is modeled by (10), i.e. it is treated with an anti-proliferative

therapy, obtain an initial estimate of C(t;) and Vi(¢;) by applying
the observed data of this group to expressions (13) and (15), with
D(t) = 0. This leads to

~ N ~ 7 N y ’ 1/\ ,
G =a—B (M) +a0 ) —mt (1) - 53 1))
~ = ~ (1 ~ (1 ~ (1)’
=a -8 (2w ) —m () — s (1))
and

Vg = =5 (@' (1) + 280 (1))

Next, for each t;, calculate initial estimates of D(t;) and Va(t;) for
process Xs(t), by considering (14) and (15) for the data of group

Gy and the previous @ values. In this way the following values are

obtained:
~ 2 ’7 —~ ’ ~ ~
5. _ P () + S (t;) —a+ C;
J L (1) + 33 (1)
5, ) —a+ G
T amPy) — P ey)
2 J 1 J
and

~ 1 N ’ - N\~
Vaj == (U(z) (tj) +2(8 - Dj)u@)(t]-))
2 7 (o) _(2) ~ = ~ ~
= = (A ) - @ (1) + 28 - Dy) (R 1) - P ty)) ).

11



— If G; is treated with a therapy that induces the death of cancer cells,
i.e. the model (11) is now considered, determine values lA)j and ‘71,]-
(initial estimates of D(t;) and Vi(¢;), j =0,...,n—1) from (14) and
(15) by considering C(t) = 0 and the data of Gy, thus obtaining

(" (t;) + $a0' (1)) — @

m () + ah (t;)
s (t;) — @

~ (1 ~ (1
2y (t;) — " (1))

Dj =0+

=B+

1 /.y ~ o~
T = = (8'(t) + 28 - D)V (t,))
2 (=) (1)’ 3D (a0 ~(1)
= = () (1) = ()) + 208 - D) (mf (1) - m{" 1)) ).

Then, for process X5 (t), compute initial estimates of C(t;) and Va(¢;),
tj, 7 =0,...,n—1, from (13) and (15) by taking the data of group

175 G5 and the values ﬁj previously estimated. This leads to

-~ —~ o~ ~ —~ ~ ~ 7 1/\ 7
Gy =~ (B-D) (A7) +a? (1)) - ¥ () - 58 t))

~ ) N ~ (2 ~ (2 ~(2)
=G (B-Dy) (2w (1)) — i (1)) — s (1)

1 /o P
Vaj == (Uu) (t;) +2(8 - Dj)u(g)(tj))
2 _(2) N ’ ~ ~ - -
= = (1) - (1) + 28 - Dy) (1) - P (1))
e Obtain C(t), D(t), Vi(t) and Va(t) as follows:

— Calculate the final estimated values a(tj), ﬁ(tj), vl(tj) and ‘72(tj)

by using local regression of @-, ﬁj, XA/M- and X/}Q,j on t;, respectively.

— Interpolate, by means of spline functions', the data points (¢;, a(tj)),

ISince the functions C(t), D(t) and V(t) are sufficiently smooth (they are C'-class), we

use the natural cubic spline interpolation.

12
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(t;, D(t;)), (t;, Vi(t;)) and (t;, Va(t;)), respectively.

3.8. Simulation-based applications

In order to validate the proposed estimation procedure, we have developed

two applications based on simulated data:

e In the former, we consider an untreated group (G), a first group (Gi)
treated with an anti-proliferative therapy (so, it is modeled by (10)), and
a second group (Gz) that is treated with the same therapy as the first
group together with another one inducing the death of cancer cells. This

group is modeled by (12).

e In the second case, in addition to the control group (G), we consider a
group G; treated with a therapy that induces the death of cancer cells
(modeled by (11)), whereas Gs is treated with the same therapy as the
first group together with an anti-proliferative therapy, so this group is

modeled by (12).

In the two applications the untreated group is modeled by (9) with the same
parameters. Table 1 summarizes the parameters and functions considered. The
choice of o, 8 and o values has been made so that the simulated paths present
values similar to real situations. On the other hand, the therapeutical functions
in our simulation experiment are in line with [15, 23]. In Application 1 we
consider the case in which the group G; is treated with an anti-proliferative
linear therapy, while the group G, is treated with a cell death-induced therapy
having a “bump effect” when it is applied and asymptotically reduces of 12%
the natural death rate of the tumor. In Application 2 the two therapies are
reversed. The infinitesimal variances Vi (t) and Va(¢) involve two lognormal
probability density functions since we expect that the variability of the process
is greatly influenced by the therapies when they are applied, then they restore
to natural values. This assumption is close to what is observed in real situations

like the one presented in Section 5.

13
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Table 1: Parameters and functions considered in each example (being A1 (t, u, 02) the density

function of a lognormal distribution A (u,02)).

Group Application 1 Application 2
G a=0.5, =02, c¢=0.01
G C(t) =0.005¢ D(t) = —0.12¢2/(50 + t(t — 10))
1

Vi(t) = (0.7+10A1(£,3,0.5))2  Vi(t) = (0.7+10 Ay (£,3,0.5))2

p D(t) = —0.12¢%/(50 + t(t — 10)) C(t) = 0.005¢
Va(t) = (0.74+15 A1 (¢, 3,0.5))2 Va(t) = (0.7+10 A1 (t, 3,0.5))?

The estimation procedure has been replicated 100 times in both the exam-
ples. In each replication, 25 sample paths have been simulated by considering
51 time instants equally spaced in the interval [0,50]. The sample paths have
been simulated using the snssdeld function from the R package Sim.DiffProc
[28]. This function allows to simulate the solution of a stochastic differential
equation from its discretization by using differents numerical schema as Euler-
Maruyama and Milstein among others (see Tacus [29] for details). Further, a
degenerate initial distribution at xg = 1 has been considered. This choice has
been made because in real studies on the evolution of tumors (such as the one

shown in section 5) the data provided are relative volumes of the tumors.

The estimates in the control group were a = 0.496477, B = 0.198469 and
o = 0.010043. In Figure 1 the fit of the functions C(t), V1 (t), D(t) and Va(t) in
the models (10) and (12) in Application 1 are plotted on the top. The mean
and variances of the processes X1 (t) and Xo(t) along with their fitted versions
are also shown on the bottom. The absolute difference functions between the
simulated and fitted function are also represented in green. Results related to
Application 2 are shown in Figure 2. In both the applications, the procedure
provides estimated functions (red lines) very close to the theoretical ones (black

lines).

14
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Moreover, in order to have a measure of goodness of fit of the obtained

estimates, we have considered the following mean squared error

MSE(H) = ini (fl(tj) - H(tj))2 :

j=0
where H represents one of the C, D, V;, Vs functions. Table 2 includes the
20  values obtained for these errors, confirming the closeness between theoretical

and estimated functions.

Table 2: Mean squared errors of estimated functions in groups G; and Gy for Applications 1

and 2

Application 1

Group G; Group Gs

Function MSE Function MSE

C(t) 5.779772¢ — 07 D(t) 2.637550¢ — 06
Vi(t) 3.006884¢ — 04 Va(t) 4.192476¢ — 04
E(Xi(t))  1.684190e —04  E(X,(t))  2.448863¢ — 05
Var(X1(t)) 7.953060c — 09  Var(Xs(t)) 5.742807¢ — 10

Application 2

Group Gy Group G

Function MSE Function MSE

D(t) 1.942332¢ — 06 C(t) 1.111295¢ — 06

Vi (t) 2.428458¢ — 04 Va(t) 2.102767¢ — 04
E(X.(1)  3.193397e — 05  E(X,(t))  2.437206¢ — 05
Var(X,(t)) 4.368352¢ — 10 Var(Xy(t)) 2.315756¢ — 10

We point out that the fit functions for Applications 1 and 2 are obtained by
considering as data-generating process the model X (t) and X5(¢) in (10) and
(12) for Application 1 and Eqgs (11) and (12) for Application 2.
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In the next section we consider the problem of testing if the influence over
time of a therapy follows a given functional scheme and, in particular, if its
application results in a constant modification of the natural parameters of the

process.

4. Testing hypothesis about functions C(t), D(t) and V (t)

In the tumor context outlined in this paper, in order to evaluate the effec-

tiveness of experimental therapies, the following questions are of special interest:
e Is the real effect on the growth rate of an anti-proliferative therapy null?

e Is the real effect on the death rate of a therapy that induces the death of

cancer cells null?

e Does the therapy, or combination of therapies, affect the infinitesimal

variance?
e Do the effects of a therapy or combination of therapies depend on time?

e Do the functions that model the effect of the therapy or combination of

therapies have a specific form?

Since the functions included in model (2) represent different effects of a
therapy, or combination of therapies on tumor growth, to answer these questions
we propose to perform hypothesis testing about the functions C(¢), D(t) and
V(t) in model (2) (note that models (10), (11) and (12) are particular cases of
this).

The null hypothesis can be formulated in a unified way as

Hy : H(t) = h(t),
with H(¢) any of the functions in model (2) and h(t) a given function.
To test the null hypothesis we propose to use a bootstrap test (b-Test) based
n—1
on the statistic D = Z |PAI(t]) — h(t;)]. Calculation of values of this statistic is

=0
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based on a bootstrap procedure following the line proposed in Romén-Roman

et al. [24, 30]. Concretely, the schema is the following:

260 e Generate m bootstrap samples of the considered model. Each bootstrap
sample consists of dj sample paths (depending of the treated group G
being considered) simulated in the same way as the one previously exposed
by taking function h(t) in Hy and the estimates of the parameters and the

rest of functions via the procedure proposed in the previous section.

265 e Estimate H(t) from the sample paths of each bootstrap sample, and cal-

culate a value D;, [ = 1,...,m, of the statistic D.

e Calculate the p-value as the proportion of values D; greater than or equal

to D.

The case h(t) = h is of special interest because it means that the effect of

a0 therapy represented by H(t) does not depend on time. Even more, C(t) = 0
means that the therapy has no anti-proliferative effect; D(t) = 0 signifies that

the therapy does not induce the death of cancer cells, whereas V' (t) = 1 leads

to the non-influence of the therapy on the infinitesimal variance of the process.

215 In such case, the constant h to be included in Hy has to be chosen. If it is
not known a priori, as usual in applications, we propose to choose h as the value

obtained from the ML estimation of h(¢) = h in model (2). Concretely,

e Testing C(t) constant. In this case, Hy : C(t) = ¢. The value of ¢ is
obtained from the ML estimate of the growth rate in model (2) by solving

(18) in Appendix taking C(t) = 0, D(t) = D(t) (if D(t) #0), V(t) = V(¢)
(if V(t) # 1), and considering § = B and o = o, the ML estimates of 3

—

and o for group G. In this way we obtain a/—\c, from which c=a—a —c.

e Testing D(t) constant. Now, Hy : D(t) = d, where the value d is obtained
as in the previous case, by changing C(t) with D(¢) and « with 8. Note
285 that in this case the equation (19) in Appendix must be solved.
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e Testing V(¢) constant. This case is performed considering Hy : V() = v,
where the constant v is obtained from v = 02 v / 35, were 2 v matches the
ML estimate of o2 in the model (2) by solving (20) in Appendix taking
V() =1, a=a, 8 =05, Ct) = C(t) (if C(t) # 0) and D(t) = D(t) (if
D(t) #0).

4.1. Simulation study

In order to show the behavior of the proposed bootstrap tests we have per-
formed a simulation study considering a control group G and two treated groups
Gy and Ga, modeled by (9), (10) and (12), respectively. The present study is
limited to the case in which G; is treated with an anti-proliferative therapy. The
study in the case in which G is treated with a therapy that induces the death

of cancer cells would be carried out in a similar way.

Once the models are estimated following the corresponding procedure in
Section 3.1, we test hypotheses about all the functions included in (10) and (12)

as follows.

1. For group Gi, Hy : Vi(t) = v is tested, where vy is proposed following
the comments mentioned above. Then, we test Hy : C(t) = ¢, taking into

account that:
o If Hy : Vi(t) = vy is not rejected, the value of ¢ is determined con-
sidering Vi (t) = ;.
o If Hy : Vi(t) = vy is rejected, ¢ is determined considering Vi (t) =

Vi(t).

2. For group Ga, Hy : Va(t) = ve is tested. To this end, vy is determined
making use of C/(t) = ¢, if Ho : C(t) = ¢ is not rejected, or C(t) = C(t)
otherwise, and D(t) = D(t). Then we test Hy : D(t) = d, noting in this
case that:

o If Hy : Va(t) = wvo is not rejected, d is determined making use of
C(t) = C(t), if Hy : C(t) = ¢ is rejected, or C(t) = ¢ on the contrary,
and Va(t) = vs.

20
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o If Hy : Va(t) = v is rejected, the value of d is determined considering
C(t) =C(t) ,if Hy: C(t) = c is rejected, or C(t) = ¢ otherwise, and
Va(t) = Va(t).

In the simulation study we have considered models (9), (10) and (12) with
a = 0.5, 5 =0.2 and ¢ = 0.01 for all possible combinations of the functions
in Table 3. Precisely, we consider 3 choices for functions C(¢), D(¢) and V;(t)
and four cases for V5(t), obtaining 9 cases for group G; and 108 for group Gs.
These functions have been selected in order to simulate the tumor growth in
the groups treated with therapies of diverse effects, ranging from therapies that
do not produce any improvement, until therapies that produce a significant

reduction both in the mean relative volume of the tumor and in its variability.

For each model, 25 sample paths have been simulated over 51 equally time
instants in [0,50]. The estimates obtained for model (9), from the data of
the control group G, were a = 0.4972273, 3 = 0.1987757 and & = 0.0100692.
Further, in each case for groups G; and Gs, the number of bootstrap samples
used to perform each b-Test was m = 1500.

The complete simulation study is presented in schematic form in Supple-

mentary Material. In each case, for groups G; and Go, we show:
e the sample paths simulated for each model,

the estimates of the functions included in each model,

the results of the hypothesis tests listed above (concatenated b-Tests)

the sample mean and variance functions,

the theoretical mean and variance functions, together with their estimated

versions, before and after the concatenated b-Tests are performed.
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Table 3: Different values of functions C(t), Vi(t), D(t) and Va(t) for the simulation study,

being A1 (t, u, 02) the density function of a lognormal distribution A1 (u, o2).

C(t) Vi(t) D(t) Va(t)
0 1 0 1
0.025 0.49 —0.05 0.49
—0.12¢2

0.005¢ (0.7+10 A4 (t,3,0.5))2 (0.7+10 A4 (£,3,0.5))2

50 + t(t — 10)
(0.7+15 A4 (t,3,0.5))2

In this section we focus on two cases that have a specific meaning. These
a0 two cases show how the proposed tests allow obtaining a better estimation of

the mean functions and variances of the simulated processes.

e Case 1. C(t) =0, Vi(t) =1, D(t) = 0 and Vi(t) = 1.
In this case, in the group Gy, the anti-proliferative effect of the first ther-
apy is null, and this therapy also does not affect the infinitesimal variance
us of process X;(t). Moreover, in group G, the effect of therapy that in-
duces the death of cancer cells is null, and the combined effect of the two

therapies does not affect the infinitesimal variance of the process Xs(t).

Figure 3 shows the simulated sample paths of models (9), (10) and (12).

Simulated sample paths

Figure 3: Simulated sample paths of models (9), (10) and (12), in red, blue and green,
respectively, with a = 0.5, 8 =0.2, 0 = 0.01, C(t) =0, Vi(t) =1, D(t) = 0 and Va(t) = 1.

Model (10) has been adjusted from the data of treated group G; with
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a=a, = B and o = 0, obtaining the estimates 5(75) and 171(15). These
estimates are shown in Figure 4 as well as the estimated mean and variance
functions of the process X;(t). Specifically, in Figures 4(a) and 4(b), the
red points correspond to the estimated values 51 and ‘71,1‘» the red solid
lines represent the estimated functions C(t) and Vi (t), while the black
solid lines indicate the theoretical functions. In Figures 4(c) and 4(d),
the red points correspond to the sample mean and variance functions,
respectively; the red solid lines represent the estimated mean and variance
functions of the process Xi(t) whereas the black solid lines indicate the
theoretical mean and variance functions of process X;(¢). In all the cases,
the absolute difference functions between the simulated and fitted function

are also represented in green.

C(t) and its estimate V;(t) and its estimate

00101 144
i 124

00051 i

1.04

0.000 ¢

0.81
0.6 \
-0.005 - \
i
) e 0.4 s
0 10 20 30 40 50 0 10 20 30 40 50
t t
(a) (b)
Sample mean, E[X,(t)] and its estimate Sample variance, Var[X,(t)] and its estimate

121 0051

104
0 0.04

0.024

0.014

0.00 1

(c) (d)

Figure 4: Fit of simulated data of model (10) with a = 0.5, 8 = 0.2, o = 0.01, C(t) = 0 and
Vi(t) = 1. The absolute difference functions between the simulated and fitted function are

represented in green.
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Figure 4 seems to indicate that the estimated values 6’1 and IA/” vary
around values close to 0 and 1, respectively, and it makes sense to test if

the functions C(t) and V;(t) are constant.

First, we test if V;(t) is constant. The constant is chosen via the ML
estimation as previously indicated. In this case, v; = 0.9710093. The value
of the D-statistics is D = 2.5203844 and the associated p-value is 0.974,
so there is no evidence to reject that the effect of the anti-proliferative
therapy on the infinitesimal variance of the process that models tumor
growth does not depend on time. Moreover, v; ~ 1 suggests that the

anti-proliferative therapy hardly affects such infinitesimal variance.

Then, under the assumption Vi (t) = 0.9710093, we test if C(t) is constant,
i.e. Hy:C(t) = ¢ where ¢ = 0.0002401 has been determined as described
before. The value of the D-statistics is D = 0.0158729 and the associated
p-value is 0.755, so there is no evidence to reject that the effect of the
anti-proliferative therapy on the rate of growth does not depend on time.
In fact, since ¢ ~ 0, we can conclude that the supposed anti-proliferative

effect of the therapy on the growth rate has been almost null.

Figure 5, similarly to Figures 4(c) and 4(d), shows the estimated mean
and variance functions in the group G; with a, B, o, ‘71(15) = 0.9710093
and C (t) = 0.0002401, together with the sample and theoretical mean and
variance functions of process X (t). Observe how now the estimated mean

and variance functions better reproduce the theoretical ones.

Next, from data of the treated group G,, model (12) have been adjusted
by using @, B\., o and a(t) = 0.0002401. As in Figure 4, the estimated
functions D(t) and V’g(t) in Figure 6 are plotted as well as the estimated
mean and variance functions of the process X(¢), showing how the values
ﬁi and ‘727 are close to 0 and 1, respectively, which leads us to test whether

the functions D(t) and Va(t) are constant.
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Sample mean, E[X,(t)] and its estimate Sample variance, Var[X,(t)] and its estimate
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Figure 5: Fit of simulated data of model (10) with o = 0.5, 8 = 0.2, ¢ = 0.01, C(t) =0
and Vi (t) = 1, assuming that it is accepted first that Vi(t) is constant, and then, that C(¢)
is constant. The absolute difference functions between the simulated and fitted function are

represented in green.

D(t) and its estimate V,(t) and its estimate
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24
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Figure 6: Fit of simulated data of model (12) with @ = 0.5, 8 = 0.2, ¢ = 0.01, C(¢t) = 0,

D(t) = 0 and Va(t) = 1. The absolute difference functions between the simulated and fitted

function are represented in green.

390 First, we test the hypothesis Hy : V2(t) = vo, where now vy = 0.9778234.



The bootstrap test results in D = 2.9449791 and the associated p-value=
0.931 and, therefore, there is no evidence to reject that the effect of the
combination of therapies on the infinitesimal variance of the process X5 ()
does not depend on the time. In addition, as v &~ 1, the combination of

305 therapies has a negligible effect on such infinitesimal variance.

Thus, assuming Va2(t) = 0.9778234, we test Hy : D(t) = d, being now
d = 0.0002078. The value of the D-statistics is 0.0084735 and the p-value
is 0.897, so that there is no evidence to reject that the effect of the therapy
inducing the death of cancer cells does not depend on time. Furthermore,
400 since d ~ 0, we can conclude that the therapy has hardly induced the

death of cancer cells.

Figure 7 shows the estimated mean and variance functions in the group
Gy for @ = 0.4972273, B = 0.1987757, G = 0.0100692, a(t) = 0.0002401,
Va(t) = 0.9778234 and D(t) = 0.0002078, together with the sample and
405 the theoretical mean and variance functions of process X(t). Comparing
this figure with Figures 6(c) and 6(d), we can see that the estimated mean

and variance functions better reproduce the theoretical ones.

Sample mean, E[X,(t)] and its estimate Sample variance, Var[X,(t)] and its estimate

124 1
0.05 i

104

Figure 7: Fit of simulated data of model (12) with a = 0.5, 8 = 0.2, ¢ = 0.01, C(t) = 0,
D(t) = 0 and V() = 1, knowing that C(¢) is constant and assuming that it is accepted at
first that Va(¢) is constant, and then, that D(t) is constant

In Figure 8 the Gaussian kernel density estimations of the D-statistics

for the tests just discussed are plotted based on m = 1500 runs. The
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410

bandwidth is chosen by using pilot estimation of derivatives as indicated
in [31]. To summarize the results of the tests the values of the D-statistics

(green points) and the critical region with significance 0.05 (red) are also

shown.
Ho: V4 (t) = 0.9710093 Ho: C(t) =0.0002401
0.154 401
> 010 5 7
@ @
2 2
8 g 20
0.05
104
0.00 1 0
0 5 10 15 20 0.00 0.02 0.04 0.06
D D
m=1500 Bandwidth =0.7 m=1500 Bandwidth = 0.0024
Ho: Vy(t) =0.9778234 Ho: D(t) =0.0002078
0.151 601
50 1
40
> 0.10 >
2 & 30
o o
0.05 1 204
104
0.00 0 -
0 5 10 15 20 0.00 001 002 0.03 0.04
D D
m=1500 Bandwidth =0.54 m=1500 Bandwidth = 0.0018

Figure 8: Gaussian kernel density estimation of D-statistics for the tests associated to Case
1. Green points are the values of the D-statistics in our simulation experiment. In red the

critical region with significance 0.05 is shown.

e Case 2. C(t) =0.025, Vi (t) = 0.49, D(t) = —0.05 and V5(¢) = 0.49
In this case, in group Gi, an anti-proliferative therapy that affects the
infinitesimal variance of the process X (t) is considered, although its ef-
fects do not depend on time. In group G, the effect of the therapy that
induces the death of cancer cells does not depend on time and such ther-
apy does not affect the infinitesimal variance previously modified by the

anti-proliferative therapy.

Figure 9 shows the simulated sample paths of models (9), (10) and (12)

in red, blue and green, respectively.
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Figure 10 shows the estimated functions é(t) and 171(15) in model (10) as
well as the estimated mean and variance functions of process Xj (). We
can see that the estimated values 61 and 17111- vary around values close to
0.025 and 0.49, respectively, which suggests that the functions C'(¢) and
Vi1(t) could be constant.

Simulated sample paths

124

10

Figure 9: Simulated sample paths of models (9), (10) and (12), in red, blue and green,
respectively, with a = 0.5, 8 = 0.2, ¢ = 0.01, C(¢) = 0.025, Vi(t) = 0.49, D(¢) = —0.05 and
Va(t) = 0.49.

430

435

440

First we test the hypothesis Hy : Vi(t) = v; where v; = 0.4761118. The
value of the D-statistics is D = 1.0633344 and the p-value is 0.996, so there
is no evidence to reject that the effect of the anti-proliferative therapy on

the infinitesimal variance of the process X;(t) does not depend on time.

Then, under the assumption V() = 0.4761118, we test Hy : C(t) = ¢
with ¢ = 0.0248451. The bootstrap test provides D = 0.0234247 and a
p-value of 0.334, so there is no evidence to reject that the effect of the

anti-proliferative therapy on the growth rate does not depend on time.

Figure 11 shows the estimated mean and variance functions in the group G;
with & = 0.4972273, B = 0.1987757, & = 0.0100692, a(t) = 0.0248451 and
Vi (t) = 0.4761118, together with the sample and the theoretical mean and
variance functions of the process X (¢). It is clear that now the estimated
mean and variance functions reproduce more appropriately the theoretical

ones.
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Figure 10: Fit of simulated data of model (10) with o = 0.5, 8 = 0.2, o = 0.01, C(¢) = 0.025

and Vi (t) = 0.49. The absolute difference functions between the simulated and fitted function

are represented in green.

Sample mean, E[X,(t)] and its estimate

o
i
5]
N
o
w
S
IS
S
a
<3

Sample variance, Var[X,(t)] and its estimate
0.020 1

0.0154

0.010

0.005

0.000

Figure 11: Fit of simulated data of model (10) with & = 0.5, 8 = 0.2, o = 0.01, C(¢) = 0.025

and Vi (t) = 0.49, assuming that it is accepted first that V4 (t) is constant, and then, that C(¢)

is constant. The absolute difference functions between the simulated and fitted function are

represented in green.

Figure 12 shows the estimated functions D(t) and Va(¢) in model (12) by

~ -~

using @&, 3, ¢ and C(t) = 0.0248451, as well as the estimated mean and
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variance functions of process Xs(t). The estimated values ﬁz and ‘A/QZ
in this figure vary around values close to —0.05 and 0.49, respectively,

and it seems reasonable to test whether the functions D(¢) and Va(¢) are

constant.
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Figure 12: Fit of simulated data of model (12) with & = 0.5, 8 = 0.2, ¢ = 0.01, C(¢t) = 0.025,
D(t) = —0.05 and Va(t) = 0.49.

First we test Hp : V5(t) = vy where vy = 0.4842422. The value of the
D-statistics is D = 0.9347132 and the p-value is 0.981, so that there is no
evidence to reject that the effect of the combination of therapies on the

infinitesimal variance of the process Xa(t) is independent on time.

Hence, under the assumption V,(t) = 0.4842422, we test Hy : D(t) = d
where the proposed value for d is —0.0497542. The bootstrap test results
in D = 0.0359978 and p-value=0.321 and consequently there is no evidence
to reject that the therapy that induces the death of cancer cells does not

depend on time.

Figure 13 shows the estimated mean and variance functions in group Go
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with @ = 0.4972273, B = 0.1987757, & = 0.0100692, C(t) = 0.0248451,
Va(t) = 0.4842422 and D(t) = —0.0497542, together with the theoret-
ical and the sample mean and variance functions of the process Xa(t).
Again, the estimated mean and variance functions better reproduce the

theoretical ones.

Sample mean, E[X,(t)] and its estimate Sample variance, Var[X(t)] and its estimate

61 0.006 B "
0.005 5
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Figure 13: Fit of simulated data of model (12) with o = 0.5, 8 = 0.2, ¢ = 0.01, C(¢t) = 0.025,
D(t) = —0.05 and V2(t) = 0.49 knowing that C(t) is constant and assuming that it is accepted
first that Va(t) is constant, and then that D(t) is constant.

As in Figure 8, the Gaussian kernel density estimations of the D-statistics

for the tests just discussed are plotted in Figure 14.

5. Application to real data of tumor growth

In this section we apply the stochastic process introduced in this paper to
model experimental data, obtained in mice, in order to study the effect of two

treatments on ovarian cancer.

In particular, we analyze the effects of Carboplatin and Paclitaxel treatments
on the growth of OVAO14HENpP9 tumor from data of three experimental groups
of 9, 8 and 8 mice. These data has been provided by the Laboratory of Preclin-
ical Investigation (LIP) that belongs to the Translational Research Department
of the Institute Curie, Paris. Carboplatin plus paclitaxel regimen remains the
standard chemotherapy for the initial treatment of ovarian cancer and it is less
toxic and easier to administrate compared to other drug combinations (Ozols

et al. [32]).
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Figure 14: Gaussian kernel density estimation of D-statistics for the tests associated to Case
2. Green points are the values of the D-statistics in our simulation experiment. In red the

critical region with significance 0.05 is shown.

The first group, G, was a control (untreated); the second group, G, was
treated with Carboplatin (66mg/kg/day the days 1 and 22); and the third group,
Ga, received Carboplatin(idem)+Paclitaxel (12mg/kg/week over a period of six
weeks). The relative volume of tumor was measured at days 1, 4, 11, 16, 19, 31,

34, 38, 41, 53, 59 and 66.

Figures 15 and 16 show the sample paths and the sample mean and variance,
respectively, of the relative tumor volume for the three experimental groups as

a function of the days after starting the treatment.

The ML estimation of the parameters in control group provide & = 0.06964254,

o~

B8 = 0.01238329, o = 0.08964128.

Since the therapy with Carboplatin induces the death of cancer cells, we
have adjusted the model (11) to the data of treated group G;. Figure 17 shows
the estimates of the D(t) and Vi (¢) functions as well as the fit of the sample
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Figure 15: Sample paths of relative volume of tumor in control group (a), and Carboplatin

(b) and Carboplatin+Paclitaxel (c) treated groups.
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Figure 16: Sample mean and variance of the relative tumor volume in control and treated

groups.

means and variances of data by using E(X;(t)) and Var(X,(t)), respectively.

In the same way, since the therapy with Paclitaxel is anti-proliferative, we
have adjusted the model (12) to the data of the treated group G,. Figure 18
shows the estimates of the C'(¢) and Va(¢) functions as well as the fit of the sample
means and variances of data by using E(X»(t)) and Var(Xa(t)), respectively.

The results of the fitting function D(¢t) (Figure 17) show that the Carbo-
platin treatment is effective in the first 15-20 days in which it present a negative
peak, then it becomes ineffective. The infinitesimal variance V; () seems to be
greatly influenced by the therapy when it is effective, after that the variability
of the process restore to natural constant values. Concerning the treated Carbo-

platintPaclitaxel group Go (Figure 18), we observe that the therapy is effective
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Figure 17: Fit of model (11) in Carboplatin treated group (estimates in solid line).

in the first days of the treatment, then its effectivenes declines corresponding to
a negative bump, followed from values close to zero. The function V(t) presents

a similar behaviour with respect to V;(t), although it shows a lower peak.

The estimated models in both treated groups provide a good fit of the sample
means and variances of the relative volume of tumor. Table 4 presents the mean
squared errors between the sample mean and variance functions of the simulated

process and the estimated ones, that is

n

1 & L \2 1 2 ~2\2
MeanMSE = — z(mj —iny)?, VarMSE = — Zl(aj —63)
Jj= Jj=

where (mj, 0]2-) are the values of the sample mean and variance functions at t;,

s j =1,...,n whereas (m;, &?) are the estimated ones.

Taking into account the estimates of functions D(t), Vi (t), C(t) and Va(t),
it seems reasonable to test only if C(¢) is constant. However, we have tested,
in a concatenated form, if each of the functions could be constant, as in the

simulation study in Section 4.1. The corresponding constants to be included in
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Figure 18: Fit of model (12) in Carboplatin-Paclitaxel treated group (estimates in solid line).

Table 4: Mean squared errors for the fits of the sample means and variances in the treated

groups.
MSEs Carboplatin ~ Carboplatin+Paclitaxel
MeanMSEs 0.0445 0.0595
VarMSEs 5.3507 2.5464

the null hypothesis are estimated by ML as described in Section 4.

For group Gy, Hy : Vi(¢) = 9.612252 was tested first. The associated p-
value was 0.04 and therefore we reject that V4 (¢) be constant. Then, we have
tested Hyp : D(t) = d, where d = 0.001296 is determined by ML considering
Va(t) = Vi(t). The test produced a p-value of 0.03 and we also reject that D(t)

be constant.

Next, for group Ga, Hp : Va(t) = 8.097848 was tested (making use of D(t) =
D(t)). This hypothesis is rejected with a p-value of 0.01. Finally, we have

tested Hy : C(t) = ¢, where ¢ = 0.023195 is determined by ML considering
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Va(t) = Va(t). The resulting p-value was 0.03 and we must also reject that C(t)

be constant.

Thus, we can conclude that, in group G, the effect of Carboplatin on the
death of cancer cells and the infinitesimal variability of relative volume of tumor
is time-dependent. In a similar way, in group Gs, the same comment can be
done about the combined effect of Carboplatin and Paclitaxel on the growth
and death of cancer cells, as well as on the infinitesimal variability of relative
volume of tumor. Therefore, based on the tests carried out, we can conclude
that the therapies applied are time dependent, so the models (11) and (12) seem

to be appropriated to describe the combined effect of the two therapies.

Appendix A. Maximum likelihood estimates of the parameters of the

process

The objective of this appendix is to provide the ML estimation of the pa-
rameters of the process in model (2) for known C(t), D(t) and V (¢) functions.
In addition we provide the ML estimation of each parameter for known val-
ues of the rest ones, which will be useful when establishing the null hypotheses

Hy : H(t) = h, with H(t) any of the functions in model (2).

From (5) in Section 2.1, the transition pdf of the process can be obtained,

resulting in
X ()X (s) =y~ A [k(t]s) In y + 0(t]s), 0*Q(¢]s)] (16)

where
t o2 ~
O(t|T) = / (a —C(s)— 2V(s)> k(t|s) ds,
Tt )

Qt|r) = / E%(t|s)V (s) ds
Let us consider a discrete sampling {z;j, ¢ =1,...,d; j =0,...,n; — 1} of the
process based on d sample paths at times ¢;;, (i =1,...,d, j=0,...,n; — 1)
with ¢;o = to and ;0 = 20, i = 1,...,d. Denote by X = (X7 |X:{)T7 where
Xi = (Xi(], Y 4 ~7Xi,n1—1)T7 1= 1, N .,d, with X’L’j = X(tij), ] = 0, ey Ny — 1.
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By taking X (t9) a degenerate random variable, i.e. P[X (to) = x¢] = 1, from
(16), the probability density function of X is

57 - o7)
d n;—1 expl — - f]
i 202Q05
) =TT1I —
i=1 j=1 x50 /27
where (5%‘7 =In Tij5 — ]_Cij In Ti,5—1, éj = G(tij|tij_1) and Qg = Q(tij|ti,j—1)’
with EEJ = k(tijltij—1) = exp( ft” CE D(s))ds)7 1= 1,2,...,d, j =
1a"'ani_1aand£_( 757 ) :

Then, for a fixed value x of the sample and known C(¢), D(¢t) and V (¥)

functions, the log-likelihood function is

nln(2r)  nln o2 Zs+®e— 20 1 d mni—1
Ly = — _ _ 1 In 1
(&) 2 2 202 5 h ; jzl nxij 7)
d d 'IL7,—1 d 717,—1 (97‘]
where n = Z( —1). 2= Z Z QY Z Q’LJ )
=1 i=1 j=1 ‘J =1 j—=1
d n;—1 51]91] o s —il
Fﬁ—zz z] and Tﬁ—ZZan”
i=1 j=1 i=1 j=1

In order to obtain the ML estimate of o, 8 and ¢? we denote

W= [ 9 ()" (V) (Hiyls)" de

45—

from which we deduce:

l,m,p,q
M A \IllH m,p,q
)} B,ij
ij _ 0,0,0,1 0,1,01 0,0,1,1
4 ‘IJB ij ‘IJB ij \I/ B,ij
7 0,0,1
Q J \IIB i
The likelihood equations are:
OLx 1 (0% ,0l¢)
da Oa da )
0Ly y/ 1 GZ[,» 8<I>£ 2% 1 8T5
op 202 ap op ap 2 ap
0Ly 1 8@5 ol'e
— = Z $, —2I — —2—2 ] =
o2 202 ( g2\ Zs + e e+ do? 802) 0
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or equivalently, after calculus,

20 X0 —2x) —o2XP — zxf =0 (18)

X xf-xP-xf - xP+oxf + x84+ 2 X =0 (19)

4
g
T Xl 0’ = (Zs+ 0 X{ — 20 X)) — 20 X] + X[, +2X(5) =0 (20)

where
2
d ni—1 (\I,%Q-,_O,l) d ni—1 @0101 0,0,0,1
B _ " B T Bij T Big
X =Y YA ey Y e B
i=1 j=1 B,ij i=1 j=1 B:tj
d_ni—1 g0,0,1,1,5;0,0,0,1 d ni—1 513@0001
B _ B,ij /’)U Bz]
XP =30 et XP=30) et
i=1 j=1 B,ij i=1 j=1 B,ij
n;—1 7.1J i d n;—1
i k A0 In x5 ¢ 9
B _ V¢ w B
ER I DL = LLINTES w gl £
=1 j=1 B, =1 j=1 B,ij
N2
d ny—1 01;) pL0.1.2 d ni—1 (5”) pl01.2
8 ( 3 B,ij B _ Bij
XP=3 ) S Xi=) )
= = 7 0:0:1:2 = g0,0.1,2
== Byij == Byij
X,B B d n;—1 5z]ksz” T i B d n;—1 52]\1,22}1,20
Pe Y RN xp =Yy B
=1 j=1 Byij zl]l(\:[/ﬁz])
d n;—1 (5” 7.] d n;—1 \111012
B B B
Xh=3" 3 gooin X =223 goora
i=1 j= 511 i=1 j=1 ﬁu
ni—1 (\11207111)2 d ni—1 (\I,%l,o 1)2
8 ij ij
LA SR I R S SR I
i=1 j=1 Blj i=1 j=1 ﬁzg
d n;—1 513\11071,01
B _ OB T Bai
Xi5=2_ 2 ~oooir

i=1 j=1 BU

. ij 1,0,0,1 1,1,0,1 2 10,11
being A;; = t; j41 — t;; and gpg =—aWg + U+ G

38



550

555

560

565

570

575

6. Conclusions

Mathematical modeling of tumor growth can help investigators to improve
the design of preclinical or clinical trials and to better predict treatment out-
come. Actually a comprehensive description of tumor dynamics during therapy
in preclinical setting allows to accurately compare different schemes of drug
administration. Ultimately, preclinical correlations between tumor growth dy-
namics during treatment and the efficacy of drug(s) could help to tailor the
schedule to be proposed to patients in clinical trials.

In this paper a modified Gompertz diffusion process including exogenous
factors in its infinitesimal moments has been considered in order to model both
the effect of anti-proliferative and/or cell death-induced therapies. A procedure
to estimate the parameters and time functions included in the model has been
proposed, and our simulation studies show how said procedure adequately re-
produces both the parameters and the form of the functions involved, as well as
the mean and variance of the simulated data. In addition, from the estimated
model, we have provided bootstrap tests about the form of the true functions
in the model. The estimated functions C(t), D(¢) and V(t) that finally result
allow to understand how therapies affect tumor growth. Thus, our model could
constitute a valuable tool to adjust the drug administration scheme in the pre-
clinical setting, in order to improve the efficacy of treatment, and to optimize

the schedule to be proposed to patients in clinical trials.
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