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1 | INTRODUCTION

In sample surveys, auxiliary population information is sometimes used in the estimation stage to increase the precision of the
estimators of a mean or total population. Previous literature has investigated the use of auxiliary information to improve the
estimation of a finite population mean, however, previous studies have considered to a lesser extent the development of efficient
methods to estimate the distribution function and the finite population quantiles by incorporating the auxiliary information.
The estimation of finite population distribution function is an important issue because the distribution function can be more
useful than means and totals® Through the finite population distribution function, parameters such as population quantiles
can be obtained. More specifically, in economics, many indicators used in the poverty analisys are based on quantiles, since
they analyze variables with skewed distributions such as income, and in such cases the median is a more suitable location
measure than the mean. Moreover, poverty studies incorporate the analysis of wage inequality and income distribution thorugh
percentile ratios>%,

In the last decade, the well-known calibration estimation method to estimate the population totalll has been employed to
develop new estimators which incorporates the auxiliary information available and it has become an important field of research
in survey sampling 282H0LL

Previous works21212
and the quantiles. Under a general superpopulation mode

use different implementations of the calibration approach to obtain estimators of the distribution function

11% propose a model-calibrated estimators that is optimal under a chosen
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model with respect to the anticipated variance. Although'# considers a general sampling design, its proposal does not produce an
estimator with the properties of a genuine distribution function unless the weight system is obtained by using a point ¢, for any ¢
value, which restricts the efficiency of the estimator to a neighborhood of #,,. Additionally, the proposal'# requires the estimation
of certain superpopulation parameters that depend on the study variable, which may restrict its applicability in some cases and
also require additional conditions on the sampling design to maintain the asymptotic behavior of the proposed estimator'2.

Nonparametric regression (1© and?), is also used for model-calibration estimation of the distribution function.’” propose a
new estimator for the distribution function that integrates ideas from model calibration and penalized calibration. The method?
is computationally simple and it employs the calibration method by minimizing the chi-square distance subject to calibration
equations that require the use of arbitrarily fixed values. One drawback of these estimators is that their efficiency depends on
selected points. Under simple random sampling, the problem of optimal selection points in order to obtain the best estimation
has been treated in previous works®181920 Tn fact, the work" obtained the optimal dimension and the optimal auxiliary vector
for the estimator of the distribution function proposed in the work and although this proposal do not generate a unique weight
system that is optimal for each point ¢, it produces an estimator that is computationally simple and is a genuine distribution
function that can be used directly in the estimation of quantiles and poverty measures2l,

In many situations, the optimal auxiliary vector has a very high dimension, which makes the calibration process difficult and
can also affect the efficiency of the estimator. Performing calibration with a high dimensional auxiliary dataset can be several
problems: the variance of the calibration estimator can be increases and the optimisation procedure may fail.** showed that if too
many auxiliary variables are used, the bias of the calibrated estimator increases and can become nonnegligible compared to the
variance (over-calibration). Recently?? theoretically prove that over-calibration may deteriorate the efficiency of the estimates.
Various procedures have been suggested for variable selection.?? computed the mean squared error (MSE) for all possible subsets
of quantitative auxiliary variables and then chose the one producing the smallest MSE. Later,?% used forward and stepwise
selection based on the difference between the MSE of the prediction for two nested sets of variables. Alternatively, the least
absolute shrinkage and selection operator (LASSO) (%) might be considered for selecting the best subsets. Once the best set
of regressors has been selected, the calibration is performed on these variables alone. Another approach to consider is that of
penalised calibration (%), which takes account of auxiliary information by attaching more or less importance according to its
presumed explanatory power for the variable of interest. In a different way,?” and® suggested applying principal component
analysis for quantitative auxiliary variables in order to achieve a strong dimension reduction. These works are oriented to the
estimation of linear parameters.

In this work, we intend to analyze whether it is possible to reduce the optimal dimension of the auxiliary vector proposed in
the previous work”. The remainder of the article is organized as follow. After introducing the problem of distribution function
estimation in Section 2 with the method proposed in research work? and the optimal auxiliary vector proposed in the previous
work®, in Section 3 we will analyze the conditions under which we can reduce the dimension of the optimal auxiliary vector.
Then, Section 4 proposes a new calibration estimator based on the results of Section 3. Section 5 reports the results of an
extensive simulation study run on a set of synthetic and real finite populations in which the performance of the proposed class
of estimators is investigated for finite size samples. Section 6 provides some conclusions.

2 | CALIBRATION ESTIMATION OF THE DISTRIBUTION FUNCTION AND OPTIMAL
AUXILIARY VECTOR

LetU = {1, ..., N} afinite population composed of N different units andlets = {1,2,...,n} arandom sample of size n selected
using a specified sampling design p(-) with first and second-order inclusion probabilities 7, > O and z,; > 0 k, ! € U respectively
and d;, = 7[,:1 denotes the sampling design-basic weight for unit k € U. Let y, be the study variable and x;( = (X1 -0 Xgp)

be a vector of auxiliary variables at unit k. We assume that value x, is available for all population units whereas the value y, is
available only for sample units. The distribution function F,(7) for the study variable y is defined as follow:

1
F) =~ Y AC=y) ©)
keU
with
_f Isit>y,
A=y = {o Sit <y,
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A design-based estimator of the distribution function F(7) is the Horvitz—Thompson estimator, defined by

N 1
Fyur =+ D d Al - y). )
kes
The estimator F\Y gr(?) is unbiased, but it does not incorporate the auxiliary information provided by the auxiliary vector x.
Several authors =42 have incorporated the auxiliary information to obtain new estimators of F,(r) through the calibration
method. The proposal? applies the calibration procedure from a pseudo-variable

g =P x fork=1,2..N 3)
-1

p= < Z dkxkx;c> . Z d X, v, “)

kes kes
With the variable g, the basic weights d, are replaced by new calibrated weights @, through the minimization of the chi-square

distance measure iy

w, —
CI)X — 2 ( k k (5)
e Dl
subject to the calibration constrains

1 )

~ L Obl —g) = F ) j=12...P 6)
kes

where F. g(t j) denotes the finite distribution function of the pseudo-variable g, evaluated at the points ¢ o J= 1,2,..., P. We

assume, with no loss in generality, 1; < t, < ...7p. The values g, are known positive constants unrelated to d,.
Following?, we assume that the matrix T given by:
T =) digAlty — g)A(t, — g,
kes

is nonsingular. With this calibration procedure, the calibration estimator obtained is:

A ~ ~ / ~
B = B0+ (Ft) = Fonrtp)) - Dity) )
where
Dity) =T7"- Y d g Alty — g)A — ;)
kEs
and F\G ur(ty) is the Horvitz-Thompson estimator of F,(t,) evaluated at t, = (¢, ..., P)/.

The calibration estimator f’\yc(t) has the following asymptotic variance:

AVE) = 15 Y Y Ay B E) ®)

keU leU
where E, = A(t — y;,) — A(tg -8 D(tg), with

-1
D(t,) = ( Y quAdt, — gIA(t, - gk>’> : < Y quAdt, — g)Ax - yk>>. ©)

keU keU

As a consequence, the behavior of the estimator l:"\yc (7) and its precision depends on the selection of the vector t,.

Previous works®'1?2V treated, under simple random sampling without replacement and g, = ¢ for all k € U, the optimal
selection of the vector t, in order to minimize the asymptotic variance . In fact,? established the optimal dimension of t, and
its optimal value, for a given value ¢, through the definition of the sets:

At:{gk:keU;ykSI}z{a’l,a’z,...,azw’} with @) <a,,, for h=1,... .M ~1 (10)

where M, is the number of elements in the set A, and

B, = (b, b, ..., b}, } (11)

1> 92>
with
b\ = max,cy {g;} whereU, ={l€U :g <a}

b, = max,cy, {g} whereU,={l€U :a),_ <g<a} h=23...M,
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and b’h < b’thl forh=1,...,M,— 1.
Thus," established that the auxiliary vector t, has optimal dimension P = 2M, if b}, exists for A =1, ..., M, and the optimal
value of t, is given by
topr(t) = (b}, aj, ... ’th,’ a’M,). (12)
If there are some values ji, /3, ...j; e {I,..., M,}; such as b;h does not exits for h = 1,2, ... p, with p, < M, and j; # j; if
h # g, the optimal dimension is given by P = 2M, — p, and the optimal auxiliary vector tqp is:

— 1 1 1 1 1 1 t 1 1 1 2 1
top(t) = (b Ay .. ’bjl—l’ajl—l’ajl’bjlﬂ’ ’bjh—l’ajh—l’ajh’bth’ bM’,aMr). (13)

In the next section, we will analyze if the minimum of the asymptotic variance can be reached with a vector of less dimension
and we will establish conditions under which the dimension of the optimal vector tqpy(?), can be reduced under simple random
sampling without replacement.

3 | DIMENSION REDUCTION OF THE OPTIMAL AUXILIARY VECTOR

In this section, we will analyze the conditions under which the dimension of the optimal vector topy(#) can be reduced, that is,
we will analyze the existence of a vector with a smaller dimension than typy(¢) that allows obtaining the minimum value of the
asymptotic variance of the estimator F,, (7).

For the minimization of the asymptotic variance , we consider it as a function of a vector y = (y,, ..., yp) of dimension P:
= 1
AV(F0) = = XY Aud @) (14)
keU IeU

with T, = A7 - y,) — A(Y — &) - D(y), with D(y) given by (9.

Following“?, under simple random sampling without replacement and g, = ¢ for all units in the population, the minimization
of (T4) is equivalent to the minimization of the function:

2 (K = KGn)
0,(0) = Q,(11. .. vp) =2NF,(0) - K,(rp) = ) (( FOI—F 0 ‘1))) -
&M gMJ—

j=1

with K,(y;) = Z A(y; — &A@ — y,), where we suppose that F,(y,) = 0 and K,(y,) = 0.
keU

(K,(rp) (15)

As mentioned above,? established the optimal dimension P and the minimum of 1| is reached at y = tgp(#). However, there
are cases where the optimal dimension has a high value so the calibration procedure has a plenty of constraints which raises the

computational cost for calculating the estimator. For example, if we consider ¢t = y,, ... where

= max
Ymax kel Yk

the optimal auxiliary vector top(t) = (ay,a,,...,a,,) can be reduced to the auxiliary vector y = (a,,) (see Appendix [A.).
Consequently, the optimal dimension can be reducted from M to 1.

In a similar way, we try to reduce the dimension of the auxiliary vector to reach the minimum of Q,(y). For it, given a value ¢
for which we want to estimate F\,(f), we consider the sets A, 4, and B, given by (AT); and (11)) respectively and for each
a; € A,; we define:

r; = Frequency of the g,
For the value ¢, we have:
A= {atl,atz, ,agut} = {af]:,ale, ’af/'w, }
where
e fi,y il MYyand fI < fl < < fi,.
Similarly, we consider the following set:

C,={g keU,y >t} = {ci,cé,...,cgl} = {a/i’a/'z""’a/is,}
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with

{l’,l’z,...,l’S’} c{L,2,...,M} and l’1 <lj<-< l’S’.
It is clear that A, U C, = A, and since for two different units k and j can be possible that g; = g, = a;, and y, > rand y; <1,
not necessarily A, N C, = @. For the sets A, and C, we define:

pi=Frequency of the a} in A,
gq'=Frequency of the ¢! in C,.

Next, we consider the following sets:

D ,={ceC :q=r) (16)
Z,={d €A :qd=0y={d€A :d&C)=A-C (17)
F={d €A :0<q <r} (18)

It is easy to see that D, = A,, — A, and consequently A, N D, = @. Futhermore, B, C D,;; A, = Z,U F,and Z, N F, = §.

Firstly, if we suppose that D, = A,,, we have A, = @ and consequently y, > 7, Vk € U. In this case F,(f) = 0 and we can
calibrate with any auxiliary vector since
~ 1
R0 =~ Y oAt -y,) =0

kes
regardless of the auxiliary vector, so we can calibrate with typ(f) = a,, with dimension 1.

Secondly, if we suppose that D, = @, then B, = @ and A, = A,,. In this case, following” the optimal auxiliary vector
top() = (ay, a,, ..., ay).

Since A, = Z, N F, = A,,, if we suppose that Z, = A, = A,, thent > y, Vk € U and this case is like the case where
! = Yyax and although the optimal auxiliary vector is top(?) = (ay, ay, ..., a),), we can reach the minimum value of O, (¢) with
the auxiliary vector y = (a,,).

On the other hand, if we consider that Z, = fJ and F, = A, there is not reduction in the optimal auxiliary vector tgp(f) (see
Appendix [A.7).

Next, if we suppose that Z, # A, = Ay, and F, # A, = Ay, then there is aset Iy = {jj, jp,...,J;} € {1,2,... M’} such that
a; € F, and therefore q;, #0fori=1,2,...,1.

Now, if we consider that j; > 1; j, — 1 > Jai-1y foralli=2,.../and j, < M;thenforh=1,...j, — 1; q;, = 0 and we have:

K(a) =) Ala; - g)A( - y) = NF,(a))
keU

K(ag )= Y Aa;_, - g)At —y) = NF,(a; _,).
keU

Similarly, for j, ... j,,; — 1 withi =1,2,...1 — 1 we have:

Ki(a;) = 2 Ala, — g)AE = y) = NFy(a;) - Z q;h
h=1

keU

1
Ki(ag,,, 1) = D Mag,, 1~ 8)AGC=y) = NFay, 1)~ D4,
keU h=1

and finally, for j,, ..., M

]
K,(a;) = Z Ala, — g )AT — y) = NF,(a;) - Z 9,
keU h=1

i

K(ay)= Y Alay - g)A - y,) = NF,(ay) - ), g, = NF,).
keU h=1
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The minimum of Q,(y) reached at the optimum auxiliary vector top(?) is given by:

M (K(a, - K (a,_))
0, (top(1)) = (NF,(1)* — ! / -
orP y J; Fg(aj) - Fg(aj_l)
f (Fyla) = Fyla,s))” y (NFy(a)) = NF(a;-) - q)°
F,(a;) = Fy(a;_)) F,(a;) = F,(a;_))

= (NF,0)* = N?-

J=1 JELits-i}
JEU i}
2 2 - ’ . (q;))z
= (NE@P = N>+ ¥ (Fy(ap) = Fy(a;_ ) = N>+ 3 (Fy(a)) = Fy(a; ) +2N Y gy = ¥ mer— =
< . . & Fya) = Fyla; )
j=1 jEIFr jEIFr jEIFr g "J g "J

el

(a))°

M
= (NF,(1)> - N?. F.(a)—-F.,(a 2N - S b
(NF,(1) ,21( (@)= Fy(a;_))+2N Y ¢ = Y P - F@D

JEI}, JEIL,
2
!
(qj)
F,(a;) = Fy(a;_))
The same value can be reached with the auxiliary vector y = (a(jl_l), aj ... 4G 1) a;, a,). To see it, if we set aj such as
F,(a;y) = 0 and we replace the vector y in 1| we have:

= (NF,1) = N*+2N ) g, - D

jeIF, jeIFI

19)

L (NF(ag,_1) — NFy(a

2
NF,(a;,) = NF,(a;,)—q.)
0()=(N-Fm7 - s <@g, = 4;,))

2 I
j(h,l))) _ z (
Fy(ag, 1)) = Fy(a;, ) P Fy(a;) = Fylag,_1)

h=1 J(h=1)
2
(NFy(ap)— NFy(a,)) ! !
g\ (M &\’ 2 2 2
- =(N-F,()*-=N>Y F,a;_)—F,(a, )—N*Y F,a.)- F,(a;
Fay = Fa) = O =N Y Fago) =~ B, )= N 3 F@,) = Fag,-)
2
+2Nzl:qt —21: (q;h) — N?(F,(ay) — F.,(a,))
&t %n & F(a;) — Fylag, ) gUMI T

(a,)"

! 1
=2N ) ¢ -
hz=; . }; Fg(ajh) - Fg(a(jh—l))

and the auxiliary vector y, with less dimension than typ(?), attain the minimum of Q,(y).

Previously, we suppose that a; > a; and a; < ay. If a; = a, then it is easy to see that the minimum can be obtain at
y = (‘11"1(/2—1)’“12’ a(/]_l),aj],aM) that has less dimension than in the case a; > a. In a similar way, if a; = ay the
minimum can be attained at y = (aj] 2 4G 1) s - Agj 1y Ayr).
Finally, we have assumed that j; — 1 > j,_y, foralli =2,...[. If thereisa h € {1,2,...1} that j, — 1 = j,_,, it is easy to see
that the minimum value of Q,(y) is reached at y = (au,—l)’ R PR RN T A a,,) with less dimension than in the
case j; — 1 > j,_y, foralli = 2,... 1. Therefore, if D, = @ we can reduce the optimal dimension when F, # A, = A,,.

Next, we consider the case where D, # J and D, # A,,. Because A, = A,, — D,, we have A, # @ and A, # A,,. Therefore:

A, = {a’l,a’z,...,azu!} = {af]x,afzx,...,af;%}

where { f!, 2’,...,f1’wl} c{1,2,...M}.
In this case, if we suppose that B, = @ then fI’ =1,... ,f]’% = M, and
A ={ay,a5,...ay} 5 Dy={ap ... ay}
To see it, if we suppose that f| > 1 then a o> ageny > a, and consequently the set
U1={IEU:gl<a’1}={lEUtg,<af]:}#ﬂ

and b’] = agpiy Thus, B, # @ (Contradiction). As a consequence, a = ar
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If we suppose that for i € {2, ..., M,} such as f(’i_l) =i — 1 and we suppose that f/ > i then ap =4y and ap >a; >
o1y = g1 The set U, is given by:

Ui={lEU:azi_1)<g,<a;}={lEU:af(i_])<g,<afi}7é@

and b} = agi_yy. Thus, B, # @ (Contradiction again). As a consequence, if f(’i_l) =i — 1 implies that f/ = ifori € {2,..., M}
and we have:

A ={ay, a5 ...ay}
If M, = M itis clear that A, = A,, and D, = @ (Contradiction again). Therefore, M, < M and

D, = Ay = Ay = {841y 4425 - Om )

The optimal auxiliary vector is given by top(f) = (a;, ..., a), ) and in a similar way that in the previous cases, we can proof that
if F, = A,, there is not a reduction in the optimal dimension. If Z, = A,, then we can attain the minimum of Q,(y) at y = (a,, ).
Finally, if Z, # A, and F, # A,, and we suppose that

Fi=Aa;.a,...a;}
we can reached the minimum value of Qy(t) aty = (a(j]_l), aj s Q) A, aM’).
Next, under the assumption D, # Jand D, # A,,, we consider B, # @. If we assume that b;l existsforh =1, ..., M,, following
the proposal”, the optimal auxiliary vector t,p7(f) is given by (12)) and there is not a possible reduction in the dimension. On

the other hand, if there are some values ji,jé, j; e {1,..., M,}; such as b;.h does not exits for h = 1,2, ... p, with p, < M,
and j;l # j; if h # g, the optimal dimension is given by P = 2M, — p, and the optimal auxiliary vector tqp is given by .

Analogously, there are p,, p,, ..., p, € {1,2,..., M,} such as b} exists and following? there is not a reduction between the
Ph
points b’f and a’f . Alternatively, the optimal auxiliary vector top(?) can be expressed as follows
Ph Ph
top(?) = (aflr, ’affprn’ bf;] s afp,I , af(,ml), e affphfn’ bf,ﬁh’ af;h, af(rphm, e af/'w,) (20)

If we suppose that p; = 1 then the value b} exists and consequently:
1
U1={IEU:g,<a’1}={lEUtg,<af]x};éﬂ

then, ap > a and f{ > 1. As a consequence a; A, withi = 1,... f| — 1 and {a,, "'a(ff—l)} € D, which implies that
bflr = Aoy In this case, we have:

K(by)= ) Al — 8)AGC~y,) =0
ket
]
1

K(a) = 2 Alay - g)AG = y) = NFy(a,) - Z rn—dq) = NFy(a,;) - H|
keU h=1

and following” there is no possibility to reduce the number of points here.

On the other hand, if we suppose that p; > 1, fori € {1,2,... p; — 1} the value b’f_ does not exist and:
UI:{IEU:g,<at]}:{l€U:g,<af]r}=ﬂ
U={l€eU: azi_1)<g,<a§} ={leU: ap <g <ap}=@fori=2..,p -1
therefore ap =a and agp = ag, ) fori =2,...,p, — 1 and then:

lel, = al,afZ, =dap;... ’af(',,]_l)

= -1y
Thus, if p; > 1 we have {a,,...,a, _;)} S A, and consequently the optimal auxiliary vector top(#) given by can be
expressed as follows:
tOP(t) = (al, ceey a(pl_l), bf;l N aflzl N tR) =
where ty denotes

tR = ((lfr

b
(1 +1)

. ,bf, ,af[,]h,af{

g eeey afr )
(p=1) Ph pp+1) M;
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On the contrary, for p; we have
U, ={leU: aépl_l) <g < a;n} ={leU: ap <g< ap } =
={eU:ap.p<g<an}#0
and then a r, > a, and f;l > p, which implies that
{apl’a(mﬂ)’ a(f‘;]_l)} C D,.
We consider the following sets:
A, ={a,....q4 )} 21)
Z, ={a,€ A, :q =0} (22)
F, ={a,€4, :0<q <r} (23)
Similarly to the previous cases, if we suppose that Z, = A, and F, = @, it is easy to see that we can delete a; for

i=1,2,... py — 2 from the optimal auxiliary vector top(#) and we can calibrate only with the value a(, _;). To see it, it is clear

that:
K(a))= ) Ala; - g)A(t - y,) = NF,(a))

keU

K (ag, ) = Z Aa;_y — g)A(t — y) = NF(ag, ).
keU

Because {a, ,a, 1), --- a(fm‘l)} C D, it is easy to see that:

Kby, )= 2 Alby = 8AE = y) = Ki(ag, 1) = NF(ag, 1)

keU
fyy-1
K(az)= > Ay, ~8)AG = y) = NFyag )~ > - q’fp] = NF,(a;, )~ H, .
ket h=p,

The minimum value of Q,(y) at typ(#) can be expressed as follows:

O,(top(1) = Q((ay, ..., Ap,-1) bf;]] > afprl tg) =

n (Ka) - Ko, ) (Kb ) = Kiag, )" (K ) = Kiby))"

= t,) — — _
0,(tg) ; Fy(a;) = Fy(a;_) F(byy ) = Fylag,-1) Fy(as ) = Fy(bs, )

= Q,(tg) — szlz_*j (F.(a) - F,(a_,)) - (NFg(af;]) — NF(a, _y) - H;l)2 _
(IR &~ g\ g\¥j-1 Fg(afp,]) - Fg(bfél)
(NFg(af,;l) ~ NFy(ag, 1)~ H}, )?
Fyag ) = Fylbyp)
If we calibrate with the auxiliary vector y = (a(, _), b RLIE tx), we obtain the same value:

= 0,(tp) = N*Fy(ag, 1) =

Qi(r) = Qag, 1), by v ap tr) =

(Kiag_ ) (Kb )= Kiag )’ (Kia) = Kby, )’

= t —_ —_ —_ =
O ) Ry Fagy) | Fag) - by

(NFyap )= NFyag) - H, )

Fyay )~ Fylbs,)

= 0,(tp) = N*Fy(ag, 1) =

Thus, if Z o = AP1 we can reduce the dimension of the auxiliary vector to attain the minimum value of Q,(y).

Now, if we suppose that F, o = A ’ and Z o = @, as in the previous cases, we cannot reduce the dimension of the subvector

(aj, ..., a(pl_l)) in the auxiliary vector (top(?)).
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Next, if we suppose that Zp] * Apl and Fpl * Apl then there is a set IFp = {jll,jg, ,jl1 } € {1,2,... p; — 1} such that
1 1
a; € F, and therefore q;] #0forh=1,2,...,1.
h

Now, if we consider that j| > 1; j, — 1> j(lh_]) forall h=2,...1, andjlll <p —Lithenforv=1,...j/ —1;¢' = 0and we
have:

K(a) =) Ala; - g)A( - y) = NF,(a))
keU

Ki(agii) = ), Aap_ = g)AG = y) = NF(ap_y)
keU

Similarly, for j;, ...j}m —1withh=1,2,...1; — 1; we have:
h
Ka;)= Y, Al — g)A1~y) = NF(a;) = Y d,
keU v=1
h
K’(a(j(lhn)_l)) = Z A(a(j(lmn_l) - gk)A(t - yk) = NFg(a(j(lhn)_l)) - Z q;l];
keU v=1

and finally, for jlll yeespy — 1
I
— — o t
Ki(a) = kezé Aday = gIAC = y) = NFy(ay) - ; gy = NFy(ay) = L}
I

Ki(ag,-1) = X, Mag, 1) = 8IAC = y) = NFy(ag,_) = X 4, = NFy(ag, ) = L.
keU v=1 "

Again, because {am’ Ay 41y - a(fpl—U} C D, we have:

Kby, ) = X, Ay, = gAC = y) = Klag, 1) = NFy(ag, ) = L]
keU

fp =1
Kaz)= > Alay, = 8IA( =y = NFyaj, )= Lj - > - q’fpl = NF,(aj, )~ L\~ H,
keU h=p,

The minimum of Q,(y) at (typ(?)) is given by:

Qt(tOP(t)) = Qt(al, ceey a(pl_l), bf;;l ,af‘;l ’tR) =

nl (Ka) - Ky(a,_))’ (Kz(bf,;l)—Kr(“@l—l)))z (Kt(af;])_Kr(bf;l))2 ~

R Y v et My T P R P P o
= 0,(tp) - N? plZ_‘,l (Fy(a) = Fy(a;_)) +2N - L - ﬁ‘, (6)°  (NRay) - NEGag )= #,)"
= =1 Felap) = Flagoy) Felay ) = F(by )
i (4,) (NFy(ay,) = NE,(ag,_) - H} )’

=0,(tg) - N*F,(a;, ) +2N - L' =

v=1

If we calibrate with the following auxiliary vector:

Ey(a;) = Fy(ag ) Fyaz )~ Fyby)

v= (”(j}—n’ @it 5 ) -1y 4515 A -1y by 5 af;]’tR>

in a similar way to the previous cases, it is easy to see that:

Qt(“u}—l)’aj:’ SR VLT LY af;l’tR> =
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. 2 2
= Q,(ty) - N2F,(a, ,)+2N L —i (4},) B (NFyay, )~ NFy(ag, )~ H, )
AU g\ -1 1 F.(a))— Fg(a(jlly_l)) Fg(afp,]) - Fg(bf;,])

Then, if Z, # A, and F, # A, again we can reduce the dimension of the optimal vector top(7).

Finally, we have assumed that jl1 > 1; j}l -1> j(lh D forall h =2,.../, and jl1 <p — 1. Ifthereisa h € {1,2,...1} that
- 1
Jj }l —-1= j(lh_ D it is easy to see that the minimum value of Q,(y) is reached at

y = <a(j11_l), ajll . aj(lh N aj’ll a(j,II —1)» ajlll 5 a(p]—l)’ bf;l s aflgl P tR)
with less dimension than in the case j }l -1> j(lh—l) forall ~ =2, ... 1,. Similarly, if we suppose that jl1 = 1 then the minimum
is obtained with
y = <aj11, A1y @it o Gj1 Gt s G )2 )1 G ), bf/§1 ap ,tR>
again, with less dimension than in the case j 11 > 1. In a similar way, if j ll = p, — 1, the minimum of Q,(y) is reached at
1
Yy = (a(jll_l),ajll, . a/(lh N aj}l, ,a(jlll_l), bfr ,af;)] ’tR>

again, with less dimension than in the case j[1 <p -1L
1

Now, if we consider p; with i = 2,...,[,, we can extend the analysis for the dimension reduction of the optimal auxiliary
vector in a similar way to the case p,.(see Appendix[A.3).

4 | THE NEW OPTIMAL ESTIMATOR WITH THE NEW OPTIMAL VECTOR

In the previous section we have theoretically demonstrated that the optimal vector topr(f) proposed in” can be reduced in its
dimension and we can minimize the variance given by (8)) with a new optimal vector tygpwopr(?) of lower dimension. As with
the original optimal vector topy(?), the new vector tygpwopr(?) depends on unknown population values and therefore needs to be
estimated. For it, in the same way as in”, from the sample versions of the sets A,, B,, C,, D,, Z, and F, and the sample version
of the function Q,(y), an estimate ?NEWOPT(t) of the vector tygwopr(f) can be obtained and we can define a new calibrated
estimator ﬁc ALn ewopr (?) for the distribution function F(7), given by:

F, CALNEWOPT(t) = FYHT(I) + <F (tnewort (1) — FGHT(tNEWOPT(I))> <tNEWOPT(t)> (24)
where R
D(tNEWOPT(t)) =T Z 4 g Altngworr (1) — 8AT — ;)

kes

S | SIMULATION STUDY

In this section, a simulation study was conducted to compare the performance of the proposed optimal estimator with other
alternative estimators for the distribution function F(¢). The simulation study was programmed in R software [version 4.1.0]
and it was necessary to develop a new code to calculate the estimators included in the simulation study. The precision of the
proposed new 0pt1mal calibration estimator FC ALNEWO pr(t) was compared W1th the following estimators, the Horvitz Thomp-
son estimator, F w7 the dlfference estlmatorz1 F D(t) the ratio estimator=Y F R(t) the Chambers-Dunstan estimator=2 FC (D),
the Rao- Kovgr Mantel estimator3! F, ik (D), the calibration estimator? with ¢, = 0,(0.5), the population median, as point for
calibration, F ,, (t), the calibration estimator“ with three points 7, = 0,(0.25), 1, = 0,(0.5) and t3 = Q,(0.75), the population
quartiles, as points for calibration, FC 41,3(1), the calibration estimator with one optimal point® FC armax(?) and finally the
previous optimal calibration estimator- FC ALopr(®)-

Both real populations and simulated populations were considered for the simulation study. Specifically, we considered a real
population included in The R Datasets Package called DNase that provides data collected from an ELISA assay for recombinant
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DNase protein in rat serum with population size N = 176. In addition, two simulated population called Simh and Simser were
considered. The first one, Simbh, is a population of size N = 5000 generated from the following superpopulation model:

Ve =8—-17.82/x; +¢

where x is a sample from a discrete uniform distributionin {1,2, ..., 100} and €,’s are i.i.d. random variables from N (0,0.5/x,).

The simulated population Simser is a population of size N = 5882 generated from the following superpopulation model:
Vi =X+ €

where x is a sample from a discrete uniform distribution in {—100,-99, ...,100} and ¢,’s are i.i.d. random variables from
N(0, 10).

For each population included in the simulation study, we drawn by simple random sampling without replacement 1000 samples
of several sizes. For each sample, we estimated the distribution function F(¢) through all the estimators considered in the study
at 11 different values of 7, namely the quantiles Qy(a) for =0.1, 0.2, 0.25, 0.3, 0.4, 0.5, 0.6, 0.7, 0.75, 0.8 and 0.9.

To measure the performance of each estimator included in the study, we considered the average relative bias (AVRB) and the
average relative efficiency (AVRE), defined as follow:

11 11
1 1
AVRB(t) = — RB(t AVRE(?) = — RE(?
0) 11; ), 0) 11; )
where RB and RE are defined as

RB(f) = — = >
Big O M SE[Fyr(®)]
where b indexes the bth simulation run, F (#) is an estimator for the distribution function, M S E [F ®] = B! Z | F (t),—F, (t)]
is the empirical mean square error for F (t) and MSE [F 'y ()] is similarly deﬁned for the HorV1tZ-Th0mps0n estimator.

Given that the new estimator proposal FC ALN Ewopr () and the estimator FC aropr(t) are based on the minimization of (1 .
it is possible that their behavior in terms of efficiency is similar and therefore it is necessary to analyze their behavior in greater
detail. A reduced dimensionality in the auxiliary information set may reduce numerical issues in optimization procedures and
also avoid the presence of unstable calibration weights (both negative weights and huge weights). Therefore, for each of the
eleven estimation points 7,, we compared the dimension of the optimum auxiliary vector used in each estimators Fc aropr(®

E F(t),-F F
12 ®), = F,(1) ad e = MSEF@ 25)

and F 47 newopr(?)- For it, we considered the mean dimension and the variance of the dimension:

B B
~ 1 ~ 1 2
MD(F(tq)) = B Z DIM(tqopt), VD(F(tq)) = B Z <DIM(tq0pt) - Mth>
b=1 b=1

where F can be I?C aropr(t) or I*A“C ALN Ew oprT (1), tgepe denote the optimum auxiliary vector used with the point 7, and DIM(t
denote the dimension of (tyqp)-

Additionally, because a limited number of variables may reduce the execution time to resolve the calibration procedure, we
compared for each estimation point the execution time in calculating the estimators using the following measure:

qopt )

TIME(Fcarn wopr (1))
TIME(Fc410pr(1)

where TIME(ﬁC aropr(?)) and TIME(ﬁC ArLnEwopr(®)) denote the running time for calculating ﬁc aropr(®) and ﬁc ALNEWoprT®)
respectively.

For the population DNase, Table [T | gives the values of AVRB and AVRE whereas Table [Zlglves the Values of MD; VD and
RT. With respect to the results obtained for the bias and efficiency analysis, the estimators Fg 4; opr(f) and FC ALNEWoprT®)
show the same behavior. Thus, both estimators present an adequate bias value, although for all sample sizes there are estimators
that present a lower bias. In relation to efficiency, both estimators are clearly the most efficient. From results in Table [2 ] as
expected, the estimator ﬁc AL~ Ewopr(t) always presents a smaller dimension of the auxiliary vector used, but this reduction is
quite modest for all sample sizes and therefore the reduction obtained in the execution time is also quite modest. This may be

RT(?) =

because the set F, has a cardinal similar to the set A, or the set B, also has a cardinal similar to the set A,. Consequently, the new
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proposal ﬁc arnEwopr(t) only achieves small reductions in the dimension of the auxiliary information used with respect to

Fe4r0pr(1), that produces slight improvements in execution time and it is not considerable enough to improve the asymptotic

behavior??, although it does not deteriorate it either.

TABLE 1 Average relative bias (AVRB) and average relative efficiency (AVRE) of the estimators compared. Population: DNase.

AVRB AVRE AVRB AVRE AVRB AVRE AVRB AVRE
n =30 n=32 n=35 n=37

ﬁHT 0.0064 1 0.0063 1 0.0037 1 0.0030 1
FD 0.0136 0.4898 0.0219 0.4867 0.0173 0.4642 0.0153 0.4703
ﬁR 0.0083 0.4412 0.0040 0.4343 0.0061 0.4247 0.0024 0.4335
ﬁcn 0.1869 0.8930 0.1878 09150 0.1814 0.9441 0.1783 0.9749
I/T\RKM 0.0032 0.4128 0.0103 0.4124 0.0063 0.4023 0.0055 0.4068
ﬁCAL 0.0066 0.8575 0.0090 0.8377 0.0029 0.8881 0.0012 0.8436
FCAB 0.0046  0.3401 0.0035 0.3468 0.0053 0.3322 0.0015 0.3261
ﬁCALMAX 0.0057 0.2102 0.0079 0.2247 0.0052 0.1981 0.0050 0.1991
FCA LOPT 0.0047 0.1895 0.0059 0.1928 0.0030 0.1676 0.0024 0.1629
I/T\CALNEWOPT 0.0047 0.1895 0.0059 0.1928 0.0030 0.1676 0.0024 0.1629

AVRB AVRE AVRB AVRE AVRB AVRE AVRB AVRE

n =40 n=42 n=45 n=47

ﬁHT 0.0056 1 0.0032 1 0.0044 1 0.0052 1
ﬁD 0.0160 0.4620 0.0102 0.4670 0.0089 0.4675 0.0108 0.4481
I/T\R 0.0018 0.4241 0.0033 0.4380 0.0045 0.4389 0.0041 0.4160
ﬁCD 0.1759 1.0417 0.1703 1.0957 0.1625 1.1100 0.1598 1.1054
FRKM 0.0076  0.4012 0.0023 0.4070 0.0011 0.4136 0.0017 0.4014
ﬁCAL 0.0049 0.8386 0.0032 0.8394 0.0034 0.9319 0.0034 0.8700
FCA I3 0.0008 0.3397 0.0024 0.3466 0.0033 0.3442 0.0022 0.3273
ﬁCALMAX 0.0043 0.1833 0.0028 0.1938 0.0031 0.1962 0.0036 0.1972
ﬁCALOPT 0.0022 0.1530 0.0013 0.1582 0.0011 0.1557 0.0019 0.1516
ﬁCALNEWOPT 0.0022 0.1530 0.0013 0.1582 0.0011 0.1557 0.0019 0.1516

Tables [3 ] and [ | provide the results obtained for the Simh population. From the results of Table [3 ] (AVRB and AVRE) we
can again observe that ﬁc aropr(®) and ﬁc arnewopr(t) have the same behavior and they are the most efficient estimators
for all sample sizes. Also, they also present a less bias for most of sample sizes. Additionally, we can highlight the bias and
efficiency problems of ﬁc p(t) because this estimator is biased when the relationship between y and x is not linear. As in the
previous case, the dimension reduction analysis (Table E) is essential to find out if I?C AL~ Ewopr(?) 1s a better alternative than

ﬁc aropr(?). In this case, from the results of Table we can verify that again there is a slight reduction in the optimal vector
used in Fe 7y pwopr(®) for the smalls and medium quantiles. On the contrary, there is a moderate reduction for the higher

quantiles where the dimension of the optimal vector used in ﬁc aropr(®) has a value between 10 and 20 while the dimension
for Fe4; nEwopr(t) Temains between 2 and 5 for all sample sizes. Due to this reduction, the new estimator F-,; y gy opr(f)
provides a considerable benefit in execution time, especially in the higher quantiles but as in the previous case, this moderate
reduction in the dimension of the auxiliary information used in the calibration procedure does not allow an improvement in the

asymptotic efficiency. Probably, in this case we have a considerable cardinal for the set Z,, although the set F, is not empty.
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TABLE 2 Average dimension(MD), variance dimension (VD) and comparison of execution time (RT) of the estimators ﬁc ALOPT
and F¢4; v ewopr- Population: DNase.

n=230 n=32
MD vD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
1 1 0 0 1 1 1 0 0 1
1.929 1.698 0.257 0.459 0.875 1.920 1.742 0.271 0.438 0.556
1.976 1 0.153 0 0.600 1.978 1 0.147 0 0.217
2.781 1.738 0.419 0.440 0.846 2.807 1.761 0.405 0.427 0.467
3.658 1.668 0.499 0.471 0.813 3.665 1.670 0.491 0.470 0.895
3.951 1 0.225 0 0.238 3.960 1 0.196 0 0.412
4915 1.515 0.286 0.500 0.375 4.939 1.530 0.244 0.499 0.849
5.883 1.739 0.343 0.439 0.579 5.897 1.763 0.307 0.425 0.261
5.921 1 0.288 0 0.556 5.938 1 0.241 0 0.600
6.723 1.733 0.476 0.443 0.571 6.765 1.756 0.452 0.430 0.909
7.502 1.573 0.580 0.495 0.536 7.578 1.632 0.541 0.483 0.950
n=235 n=737
MD vD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
1 1 0 0 1 1 1 0 0 0.187
1.951 1.816 0.216 0.388 0.972 1.960 1.815 0.196 0.388 0.974
1.989 1 0.104 0 0.379 1.990 1 0.100 0 0.250
2.853 1.803 0.357 0.398 0.762 2.876 1.847 0.330 0.360 0.941
3.714 1.714 0.465 0.452 0.650 3.749 1.742 0.438 0.438 0.615
3.977 1 0.150 0 0.375 3.986 1 0.118 0 0.833
4.962 1.608 0.196 0.488 0.524 4971 1.572 0.168 0.495 0.773
5.936 1.817 0.249 0.387 0.515 5.948 1.803 0.231 0.398 0.599
5.969 1 0.173 0 0.125 5.975 1 0.162 0 0.471
6.823 1.810 0.382 0.392 0.769 6.865 1.864 0.353 0.343 0.905
7650 1671 0.494 0470 0667 7654 1677 0497 0468 0714
n=40 n=42
MD vD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
1 1 0 0 1 1 0 0 1
1.983 1.862 0.129 0.345 0.760 1.982 1.889 0.133 0.314 0.982
1.998 1 0.0447 0 0.818 1.996 1 0.063 0 0.353
2.898 1.871 0.303 0.335 0.706 2.920 1.895 0.271 0.307 0.753
3.793 1.789 0.405 0.408 0.278 3.782 1.781 0.413 0.414 0.647
3.996 1 0.063 0 0.346 3.993 1 0.083 0 0.500
4.989 1.613 0.104 0.487 0.615 4.989 1.665 0.104 0.472 0.698
5.974 1.869 0.159 0.338 0.587 5.979 1.880 0.143 0.325 0.440
5.991 1 0.094 0 0 5.992 1 0.089 0.403 0.214
6.909 1.882 0.291 0.323 0.814 6.893 1.875 0.309 0.331 0.692
7.731 1.735 0.446 0.441 0.773 7.750 1.756 0.433 0.430 0.400
n=45 n=47
MD vD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
1 1 0 0 1 1 1 0 0 1
1.989 1.905 0.104 0.293 0.991 1.993 1.920 0.083 0.271 0.882
1.998 1 0.045 0 0.467 1.999 1 0.032 0 0.600
2.929 1.914 0.257 0.281 0.793 2.937 1.929 0.243 0.257 0.733
3.834 1.829 0.372 0.377 0.882 3.863 1.863 0.347 0.344 0.805
3.994 1 0.077 0 0.083 3.997 1 0.055 0 0.556
4.990 1.698 0.100 0.459 0.786 4.995 1.705 0.071 0.456 0.529
5.981 1.908 0.137 0.289 0.450 5.982 1.920 0.133 0.271 0.857
5.993 1 0.083 0 0.136 5.995 1 0.071 0 0.368
6.928 1.919 0.262 0.273 0.875 6.931 1.918 0.254 0.275 0.615
7.790 1.794 0.415 0.405 0.782 7.782 1.784 0.416 0.412 0.643
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TABLE 3 Average relative bias (AVRB) and average relative efficiency (AVRE) of the estimators compared. Population: Simh.

AVRB AVRE AVRB AVRE AVRB AVRE AVRB AVRE

n=7175 n =100 n=125 n =150

I/T\HT 0.0066 1 0.0018 1 0.0036 1 0.0034 1

ﬁD 0.0075 0.5584 0.0016 0.5648 0.0027 0.5809 0.0041 0.5616
ﬁR 0.0078 1.2980 0.0018 1.2368 0.0031 1.2648 0.0041  1.2889
ﬁco 0.3645 99689 0.3708 13.4606 0.3662 16.9590 0.3651 19.7880
F\RKM 0.0080 0.3990 0.0055 0.3822 0.0038 0.3990 0.0044 0.3789
I/T\CAL 0.0059 09369 0.0012 0.8205 0.0016 0.8794 0.0037 0.8845
ﬁCAB 0.0028 0.3639 0.0015 0.3642 0.0008 0.3749 0.0037 0.3545
ﬁCALMAX 0.0012 0.2112 0.0008 0.1961 0.0016 0.1924 0.0009 0.1862
ﬁCALOPT 0.0030 0.1800 0.0012 0.1591 0.0006 0.1555 0.0010 0.1441

Feqinewopr 00030  0.1800 00012 0.1591 0.0006 0.1555 0.0010 0.1441
AVRB AVRE AVRB AVRE AVRB AVRE AVRB AVRE

n=175 n =200 n =250 n =300

I/?\HT 0.0025 1 0.0037 1 0.0026 1 0.0015 1

ﬁD 0.0025 0.5626 0.0032 0.5822 0.0013 0.5593 0.0011 0.5653
F\R 0.0023  1.3001 0.0044 1.2704 0.0021 1.3077 0.0009 1.2659
I/T\CD 0.3653 23.6861 0.3743 26.3930 0.3659 32.5335 0.3632 38.7995
ﬁRKM 0.0040 0.3886 0.0024 0.3926 0.0020 0.3770 0.0011  0.3891
ﬁCAL 0.0021 0.8935 0.0048 0.8732 0.0011 0.8603 0.0012 0.8778
ﬁCAm 0.0020 0.3780 0.0022 0.3721 0.0011 0.3480 0.0007 0.3598
ﬁCALMAX 0.0007 0.1920 0.0008 0.1853 0.0008 0.1758 0.0006  0.1725
I?CALOPT 0.0003 0.1486 0.0007 0.1438 0.0008 0.1303 0.0005 0.1313

Fearnewopr 0.0003  0.1486  0.0007 0.1438 0.0008 0.1303 0.0005 0.1313

For the Simser population, Tables [S | and [6 | provide the results of the simulation study. In this case, Table[S | shows that
ﬁc aropr(?) and ﬁc ALN Ewopr(®) do not present the same behavior and ﬁc ALN Ewopr(®) 1s the one with the least bias and the
best efficiency of all the estimators included in the simulation study and it produce a considerable improvement in efficiency
with respect to ﬁc Aropr(®). For some of the estimators included in the simulation study, we can observe a worse efficiency than
F ‘w1 (1), which may be caused by the absence of a linear relationship between y and x. Regarding dimension reduction analysis
and efficiency in execution time, Table E shows that for all quantiles, the optimal vector of ﬁc aLopr(t) increase its size when
the sample size increases, especially in the larger quantiles, where we can observe very high dimensional optimal vectors. On
the other hand, the dimension of the optimal vector for ﬁc ALN Ewopr () remains stable for all sample sizes and it always shows
a value below 7 and in most cases its value is between 3 and 5. It represents a quite considerable reduction of the dimension that
causes a quite remarkable 1mprovement in execution, especially in the high quantiles and according to preV10us studies® this
remarkable reduction allows FC ALNEwopr(t) to achieve an improvement in efficiency with respect to FC aropr (D). In this case,
the cardinal of the set Z, is probably very high and it is similar to the cardinal of the set A,, which implies that the set F, has
few elements.
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TABLE 4 Average dimension(MD), variance dimension (VD) and comparison of execution time (RT) of the estimators ﬁc ALOPT
and F,; ypwopr- Population: Simh.

n=75 n =100
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
2.355 0.543 1.395 0.489 0.557 2471 0.527 1.489 0.500 0.780
4.168 0.529 1.44 0.584 0.400 4313 0.503 1.597 0.655 0.299
5.18 0.560 1.55 0.639 0.710 5.341 0.522 1.739 0.676 0.541
6.289 0.616 1.73 0.697 0.364 6.47 0.551 1.91 0.696 0.335
8.552 0.657 2.277 0.739 0.519 8.769 0.533 2471 0.675 0.343
10.509 0.702 2416 0.795 0.504 10.78 0.633 2.681 0.811 0.327
12.514 0.863 2.831 0.998 0.367 12.833 0.769 3.162 0.956 0.388
14.475 0.822 2.923 0.956 0.242 14.807 0.645 3.239 0.877 0.351
15.664 0.928 3.1 1.0213 0.359 16.087 0.811 3.5 0.944 0.294
16.71 0.978 3.375 1.143 0.249 17.163 0.923 3.827 1.140 0.273
18.704 0.969 3.519 1.187 0.337 19.178 0.750 3.934 1.163 0.294
n=125 n =150
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
2.605 0.493 1.608 0.488 0.620 2.652 0.477 1.651 0.477 0.516
4.392 0.493 1.695 0.671 0.610 4.471 0.501 1.841 0.692 0.291
5414 0.500 1.852 0.709 0.554 5.492 0.500 1.981 0.704 0.627
6.58 0.5018 2.041 0.714 0.488 6.673 0.469 2.224 0.687 0.659
8.883 0.456 2.64 0.628 0.339 8.961 0.414 2.775 0.573 0.409
10.928 0.541 2.865 0.734 0.488 11.058 0.517 3.033 0.717 0.377
12.988 0.658 3415 0.892 0.343 13.092 0.621 3.578 0.876 0.342
14.95 0.586 3412 0.824 0.208 15.09 0.520 3.657 0.812 0.275
16.277 0.753 3.698 0.936 0.308 16.394 0.708 3.862 0.896 0.304
17.42 0.809 4.127 1.096 0.353 17.526 0.810 4.293 1.031 0.241
19.438 0.641 4.333 1.089 0.262 19.532 0.584 4.564 1.087 0.278
n=175 n =200
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
2.719 0.450 1.719 0.450 0.602 2.763 0.426 1.763 0.426 0.603
4.507 0.500 1.929 0.699 0.711 4.581 0.494 1.991 0.688 0.613
5.551 0.498 2.056 0.712 0.450 5.588 0.492 2.167 0.701 0.277
6.714 0.454 2.288 0.657 0.466 6.776 0.417 2431 0.634 0.674
9 0.364 2.858 0.508 0.372 9.022 0.360 2.901 0.485 0.366
11.062 0.500 3.088 0.685 0.473 11.117 0.494 3.211 0.727 0.328
13.178 0.617 3.74 0.848 0.440 13.214 0.631 3.846 0.835 0.355
15.136 0.542 3.765 0.795 0.299 15.191 0.495 3.897 0.754 0.310
16.474 0.694 4.003 0.859 0.303 16.576 0.667 4.209 0.830 0.326
17.632 0.806 4514 0.981 0.340 17.726 0.799 4.652 1.021 0.260
19.617 0.524 4.747 1.021 0.268 19.652 0.523 4.891 1.009 0.227
n =250 n =300
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
2.832 0.374 1.832 0.374 0.702 2.894 0.308 1.894 0.308 0.763
4.659 0.474 2.135 0.691 0.522 4714 0.452 2.29 0.668 0.519
5.675 0.469 2.319 0.668 0.537 5.758 0.429 2.517 0.588 0.610
6.858 0.349 2.596 0.563 0.480 6.93 0.255 2.712 0.479 0.336
9.069 0.304 3.01 0.387 0.408 9.115 0.346 3.09 0.385 0.369
11.178 0.465 3.319 0.685 0.453 11.242 0.467 3.392 0.702 0.297
13.312 0.635 4.061 0.844 0.349 13.405 0.621 4.209 0.817 0.297
15.268 0.490 4.056 0.702 0.272 15.357 0.506 4211 0.699 0.325
16.67 0.649 4.365 0.786 0.330 16.797 0.664 4.582 0.787 0.322
17.897 0.766 4914 0.980 0.310 18.041 0.735 5.179 0.904 0.304
19.777 0.419 5.157 0.902 0.323 19.821 0.386 5.317 0.892 0.294
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TABLE 5 Average relative bias (AVRB) and average relative efficiency (AVRE) of the estimators compared. Population: Simser.

AVRB AVRE AVRB AVRE AVRB AVRE AVRB AVRE
n=7175 n =100 n =125 n =150

F, 0T 0.0042 1 0.0049 1 0.0042 1 0.0032 1
ﬁD 0.0038 0.9963 0.0039 1.0008 0.0056 1.0022 0.0027 0.9999
ﬁR 0.0832 3.0296 0.0687 3.0130 0.0659 2.8977 0.0564 3.0535
ﬁcu 0.0305 0.8968 0.0215 0.9234 0.0196 0.9374 0.0117 0.9409
FRKM 0.0177 1.0419 0.0106 1.0246 0.0196 1.0530 0.0110 1.0252
I/*”\CAL 0.0271 1.5805 0.0199 1.5456 0.0274 1.5784 0.0201 1.5548
ﬁCAB 0.0110 0.8375 0.0104 0.7839 0.0090 0.8138 0.0075 0.7860
l/”\CALMAX 0.0174 0.6580 0.0146 0.6495 0.0229 0.6857 0.0177 0.6580
ﬁCALOPT 0.0732 0.4007 0.0537 0.2894 0.0417 0.2307 0.0327 0.1799
F\CALNEWOPT 0.0028 0.1516 0.0017 0.1143 0.0015 0.0985 0.0016 0.0787

AVRB AVRE AVRB AVRE AVRB AVRE AVRB AVRE

n=175 n =200 n =250 n =300

F, HT 0.0029 1 0.0026 1 0.0011 1 0.0023 1
ﬁD 0.0037 1.0033 0.0022 0.9988 0.0013 1 0.0029 1.0016
FR 0.0547 3.0697 0.0461 3.0468 0.0449 3.0664 0.0418 3.0488
ﬁcu 0.0094 0.9427 0.0139 0.9404 0.0127 0.9603 0.0121 0.9651
ﬁRKM 0.0129 1.0307 0.0072 1.0161 0.0079 1.0221 0.0090 1.0152
ﬁCAL 0.0215 1.5860 0.0143 1.4787 0.0160 1.5565 0.0169 1.5472
ﬁCAL3 0.0079 0.8379 0.0071 0.8280 0.0051 0.7523 0.0042 0.7902
FCALMAX 0.0191 0.6812 0.0138 0.6426 0.0155 0.6591 0.0163 0.6747
ﬁcALOPT 0.0266 0.1529 0.0228 0.1248 0.0169 0.0900 0.0128 0.0733
l:"\CALNEWOPT 0.0010 0.0714 0.0007 0.0577 0.0007 0.0476 0.0004 0.0424

6 | DISCUSSION AND CONCLUSIONS

In recent years, the calibration technique has attracted significant attention in survey sampling research and survey applications.
The calibration method allows obtaining more reliable estimates for a finite population by incorporating auxiliary information
available in the population.

In this article, we investigate whether the optimal estimator in the proposal?l (that can be applied direclty in the estimation of
qunatile and poverty measures<) based on the calibration method for estimating the distribution function can be improved by
reducing the dimension of the optimal vector used in the calibration process. Working with a reduced number of variables may
reduce numerical problems related to optimization procedures and also limit the presence of negative, very large and unstable
calibration weights. To do this, we have theoretically established the conditions under which a reduction in the dimension of the
optimal vector is possible and through an extensive simulation study we have verified how the new estimator ﬁc arNEwopr(®
can avoid the problems associated with a high-dimensional auxiliary data and allows to improve the execution time maintaining
(DNase and Simh) or even improving the efficiency?? (Simser). Therefore, the new proposal is a more reliable option when
carrying out real analyzes where large population sizes can lead to high-dimensional optimal vectors for ﬁc aropr(®), while
ﬁc AN Ewopr(®) can lead to a considerable reduction in this optimal dimension.

Further research is needed regarding the dimension reduction on calibration for the distribution function as our study presents
certain limitations. Our paper is restricted to a simple random sampling design. The determination of the optimal vector for cali-
bration (and its dimension) can be extended relatively easily to the case of self-weighted samples (for example, stratified samples
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TABLE 6 Average dimension(MD), variance dimension (VD) and comparison of execution time (RT) of the estimators ﬁc ALOPT
and F,; ypwopr- Population: Simser.

n=75 n =100
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
7.807 2.355 3.036 0.277 1.152 9.846 2.589 3.084 0.376 0.779
14.767 3.192 3.013 0.122 0.431 18.586 3.430 3.029 0.200 0.516
18.115 3.395 3.006 0.077 0.449 23.052 3.825 3.022 0.166 0.443
21.519 3.554 3.007 0.083 0.378 27.492 3.990 3.005 0.071 0.427
28.379 3.778 3.002 0.045 0.418 36.322 4.225 3.002 0.045 0.39
35.189 4.032 3.005 0.071 0.4 45.339 4.389 3.013 0.113 0.318
42.003 4.073 3.015 0.122 0.296 54.139 4.445 3.005 0.071 0.283
48.955 3.807 3 0 0.305 63.065 4.240 3.006 0.077 0.294
52.367 3.655 3.003 0.055 0.338 67.537 4.076 3.009 0.094 0.237
55.801 3.565 3.004 0.063 0.246 71.983 3.950 3.002 0.089 0.248
62.753 3.023 2.948 0.363 0.228 80.714 3.531 2.982 0.289 0.268
n=125 n=150
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
11.934 3.145 2.664 0.471 0.946 13.766 2.767 3.141 0.455 0.762
22.63 3.046 3.697 0.241 0.331 26.001 3.740 3.066 0.303 0.453
27.879 3.023 3.967 0.169 0.42 32.224 4.073 3.027 0.185 0.337
33.406 3.014 4.195 0.118 0.348 38.628 4411 3.013 0.113 0.379
44.154 3.011 4.626 0.122 0.325 51.218 4.853 3.008 0.090 0.287
54.934 3.011 4.893 0.104 0.283 63.845 5.074 3.026 0.159 0.259
65.748 3.01 4.875 0.010 0.253 76.315 5.219 3.019 0.137 0.243
76.511 3.01 4.815 0.010 0.191 88.878 5.144 3.006 0.077 0.19
81.862 3.01 4.695 0.010 0.255 95.292 5.014 3.013 0.113 0.212
87.184 3.013 4.555 0.113 0.192 101.589 4.937 3.02 0.140 0.218
98.008 3 4.022 0.219 0.208 114.415 4.415 3.027 0.180 0.195
n=175 n =200
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
15.496 3.036 2.927 0.277 0.855 16.921 2.936 3.258 0.631 0.663
29.729 3.013 3.853 0.122 0.434 32.618 3.922 3.089 0.351 0.367
36.67 3.006 4.144 0.077 0.438 40.25 4.137 3.058 0.277 0.26
43.817 3.007 4441 0.083 0.335 48.197 4.458 3.037 0.189 0.276
58.001 3.002 4.757 0.045 0.268 63.872 4.957 3.012 0.109 0.26
72.284 3.005 5.065 0.071 0.227 79.743 5.293 3.033 0.179 0.234
86.505 3.015 5.062 0.122 0.25 95.683 5.487 3.061 0.239 0.209
100.946 3 5.083 0 0.219 111.761 5.488 3.011 0.104 0.191
108.154 3.003 4.976 0.055 0.194 119.62 5.366 3.022 0.147 0.195
115.308 3.004 4.883 0.063 0.18 127.542 5.398 3.031 0.173 0.171
129.69 2.948 4.693 0.363 0.175 143.597 5.105 3.056 0.230 0.149
n=250 n =300
MD VD RT MD VD RT
OPT NEWOPT OPT NEWOPT OPT NEWOPT OPT NEWOPT
20.073 3.438 3.111 0.787 0.552 22.612 3.533 3.117 0.860 0.646
38.419 3.173 4.275 0.491 0.294 43.526 3.193 4.048 0.484 0.381
47.492 3.091 4.653 0.342 0.29 53.736 3.131 4.393 0.387 0.323
57.048 3.054 5.007 0.226 0.288 64.659 3.072 4.745 0.259 0.301
75.652 3.015 5.438 0.122 0.25 85.713 3.026 5.212 0.177 0.206
94.572 3.058 5.786 0.234 0.204 107.232 3.081 5.639 0.273 0.191
113.331 3.058 5.855 0.234 0.186 128.379 3.094 5.858 0.292 0.177
132.281 3.024 5.856 0.153 0.174 149.69 3.035 5.987 0.184 0.15
141.666 3.035 5.778 0.184 0.156 160.366 3.036 6.071 0.186 0.136
150.953 3.043 5.768 0.203 0.14 171.005 3.067 6.076 0.250 0.135
169.593 3.083 5.433 0.276 0.124 192.424 3.096 5.887 0.295 0.132
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with proportional allocation). However, the case of sampling with unequal probabilities is more complex and the methodology
to be used is not the same. In future research we try to extend the results of this paper from SRSWOR to complex sampling
designs.

Another limitation of our work is that the estimator considered is based on a pseudo-variable g, that assumes a linear relation-
ship between variable y and the covariates. The selection of the optimal auxiliary vector for the estimators based on a non-linear
model should be considered in future studies.
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APPENDIX
A SUPPLEMENTARY CASES FOR SECTION

A.1 Dimension reduction of the optimal auxiliary vector fort =y, .
If we consider t = y,,,, where
Ymax = I;?ea&( Yk
the set A, is given by
A =1{g keU,y <ty={a;,ay,....ay} =Ay (A1)

witha, < a, < -+ < a,; and M denotes the total number of different values that the pseudo variable g can take in the population
U. As a consequence, B, = fJ, the optimal dimension P = M is the highest value and the optimal vector is given by:

top(?) = (ay, a,, ..., ayy).

Our purpose is to analyze the possibility of obtaining the minimum value of (I4) by means of a lower-dimensional auxiliary

vector. Firstly, if we consider the value ¢ = y,,,,, we have:
K@) =Y MG = 8)AWpa — ) = N - Fyla)) j=1,....M
keu

and where we set g, so that F,(a) = 0 and K,(ay).
The value of Q,(y) at y = typ(?) is given by:

il K,(a;,)—-K/(a;,_;) 2
Qt(tOP(t)) = Q,(al,az ,aM) = 2NFy(ymax) . Kt(aM) _ Z ((F (aJ —F (aj 1 ))) _
g\"tj g\“%j-1

j=1
U (Fya) - Fya;_)’

y(ymax) g(aM) J; (Fg(aj)—Fg(aj_l))

(K(ay)’ =

~ (N Fylay)" =

M

= AN F,(pa) - N - Fylapy) = X N2+ (Fyla)) = Fy(a; ) = (N - Fy(ay)’ = 2N Fy(00) - Fylap) = (N - Fylap)™.
j=1
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Since F,(y,0x) = Fglay) = 1, itis clear that Q,(top(7)) = 0 and consequently the minimum value of Q,(y) for y,,,,, is equal to 0.

On the other hand, if we consider y = (a,,) then
2
(K,(ay))
(F,(a))
2
0,(ay) = 2N*F,(§,10,) - Fy(ap) — 2N?(F(ay,))” =0.

Thus, with the auxiliary vector y = (a,,) the minimum value of Q,(y) is reached and the optimal dimension can be reducted
from M to 1. With the auxiliary vector y = (a,,), the resulting calibration constraint is given by:

1= Fyay) = % Y oAy —g) = % Y o, (A2)

kes kes

O,(ap) = 2N Fy(ypar) - K(aps) - ~ (K (ay))’ =

Under simple random sampling without replacement, the minimization of (3)) subject to the condition (A2) results in d; = w,
since the basic weights d; associated with the simple random sampling without replacement satisfy the condition (A2). There-
fore, the minimum value of Q,(y) for y,,,, is equal to 0.

A.2 Dimension reduction of the optimal auxiliary vector when D, = (; Z, =fand F, = A, = A,

If we consider the case where D, = §§; Z, = J and F, = A, = A,, there is not reduction in the optimal auxiliary vector top(?).
To see it, it is clear that ¢! # 0 Va; € A,, and consequently:
K(a)=) Alg,— g)At—y) =N - Fya)- Y g\ fori=1,2,..,M.
inU j=1

Specifically, for i = M we have: i
K(ay) =N - Fy(ay) = ). q\ = NF,(0).
The minimum value of Q,(y) is reached at y = typ(f) and is giverizbly:
¥ (Ka) - K(a,_p)’

t =2NF - K -
O,(top(?)) (0 - Kilay) ; Fy(a;) — Fy(a;_)

Since (K(a;) — K/(a;_;) = N - Fy(a;) = N - Fy(a;_;) — q;., O, (top(?)) takes the following expression:

— (K (ay))™.

M (N-Fy,a)-N -F, (a-_l)—tf‘)2

¢ — (NF 2 g\’ & J —

O,(top(1) = (N F,(1)) ; F,(a;) = F(a;_;)

M M M (q")?°
J

(NF,0)* = N*- Y (Fy(a) = Fy(a;)) +2N - Y ¢/ = Y

= =1 o Fela)) — Fe(a;y)
M M (qt_)Z M M (qt_)Z
(NF,(1)>-~N?-F,(ay)+2N- Y ¢ =Y ——L— =(NF())’-N?>42N- Y ¢/ =y ————— .
’ ) ,Zf ’ Z‘ Fy(a;) = Fyla;-1) ’ ,Z{ ’ ,Zf Fyla)) = Fyla;-y)
If we consider an auxiliary vector where we delete some value a; # ay,,i.e y = (ay,...a;_y,0;,, ... ,ay), We can obtain in a
similar way that

(A3)

= (K(a-)—K(a-_l))2 & (K,(a-)—K,(a-_l))2 (K (a; 1)—K(a-_1))2 2
=2NF,1)- K, ‘Z - L - z‘ / / - s l —(K -
o,(r) y(0) - Ki(ay) S Fa)-Fla;) & Fla)—Fa;_) F,(a;.1) — Fy(a;_y) (Kar)

M M 12 t N2

(47) (g +4,)
= (NF,()* - N*+2N - Z ¢ +2N(' +4',)— Z ] _ i iy .
' ' S Fola)) = Fela;)  Fylay,) = Fla;_y)

j=1 Jj=1
J#ii+1 J#iLi+1
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As a consequence, Q,(top(?)) — Q,(y) is given by

Otor® -0 = - ) W)
t\*OP t V)= Fg(ai) - Fg(ai—l) Fg(aH_l) — Fg(a[) Fg(ai+l) — Fg(a[_l) =
(@)*(Fy(ai,)) = Fy(a)) (@', )*(F(a) — Fy(a;_))) 24! - g,

+ =
(Fg(ai) - Fg(ai_l)) ((Fg(ai-H) - Fg(ai_l)) (Fg(aH.l) - Fg(ai_1)) ((Fg(ai+1) - Fg(a,')) Fg(ai+1) - Fg(ai—l)
=T [ = @P(F@) - F@)’ = @l)* (F(@) - Fy(a,)” +24 - 4., (Fyau) - Fy(@)) (Fy(a) - Fy(a,))| <0
with

1
(Fy(a) = Fyla; ) (Felay)) = Fo(@) (Fylag,) = Fyla;y)) .
Consequently, when deleting some a;, Q,(top(1)) < O,(¥).
If we delete the value a,,, i.e, we consider the auxiliary vector y = (a,, ..., ay,_,), Q,(y) takes the following expression:

M (K (a; - Ki(a,_)))’
=2NF,1)-K — A"
o) SO Koy = X s

Jj=1

— (K,(ap_1))*

On the other hand o ( )2
K,(a; — K,(a;_))

t — (NF,(t) — : >

O(top() = (N F\(1)) Z F,(a)) - F,(a;_))

Jj=1

and it easy to see that
(NF,(1) = K,(ay_))?
Fy(ap) — Fylap_y)

0O, (top(1) = Q,(y) = (N F,(t) = K,(ap,_ ) -

Therefore, when we delete a,;; Q,(top(?)) < O,(y).

Thus, if Z, = @ and F, = A, there is not a reduction in the auxiliary vector to reach the minimum of Q,(y).

A.3 Dimension reduction of the optimal auxiliary vector for p;;i € {2,...,1,} when D, # (J; D, = A
and B, # ¢

Under the assumptions Dy # @J; D, = Ay, and By # @, if we consider p; with i = 2,...,/,, it is clear that p; > p;_;, and
f ; > f;( . Moreover, because the value b’f exists, this implies that f; > f;( )t 1.
i i- i i i-

! and due to the value #’, exists, the set
(P(1—1)+1) fp,-

)<g,<af;};é@

If we suppose that p; = p;_;, + 1, it is clear that f;‘ =

=Up[={lEU:afx

Up<[71>+1 . <g < afli(i—l)“} ={leU :a,

P(i-1
As a consequence, we have:

' -
{af(’p(,,lﬁrl)’ ’a(fm_l)} - Dt

and b; = ac; _yy and there is not a possible reduction in the dimension.
pi Pi

On the contrary, if we suppose that p; > p_;,+ 1, then f; > f(’P ) and there is a integer z > 1 such that p, = p;_;, +1+2z.
i (i-1)

Forall j =1, ..., z, the value b . does not exist and the set U

Puryti = @. As in the previous case (case p;), we have:
Pii-1)tJ i=

a =a N j=1,...,z.
f(P(,'_l)+/) (fﬁ(,;])+J) ]
Thus, if p; > Pi-1y + 1, we have:
{a(f, +1)o - ,a(fl +Pi_P(i71)_1)} g At'

P@i-1) P@i-1)
Then, if we define the following sets:
APi = {a(fli(;fl)_'—l)’ cees a(f;(,-,l)"'pi_p('*”_l)}

Z,={a; €A, :q =0}
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and
F,={a,€4, :0<q <r}
we can proof in a similar way to the previous case (case p,) thatif Z, = A, or Z, # A, but F, # A, there is a possible
reduction in the dimension of the auxiliary vector top(?). If F, = A, there is no possible dimension reduction.
Finally, if we suppose that p, = M, then the value b I exists and analogously to previous cases, there is no reduction
between the points b ri and a i

On the other hand, if we suppose that p; < M, then for h = p, +1,p, +2,..., M, the corresponding value b f does not exist
and therefore the sets U, = fJ . As a consequence, we have:

Aoy = ALy +0 Ary = Ay +M=py)
If we denote by
Am, =Ly w00 gy sm—p ) S A
Zy, =f{a, € Ay 1 q =0}
Fy ={a, €Ay 1 0<q <r}
then, we can reduce the dimension of the optimal auxiliary vector top(?) if Zy, = Ay, orif Z,, # Ay but Fy, # Ay . If
Fy, = Ay, there is no possible dimension reduction.
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