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Least-squares estimation time stochastic systems with missing observations coming from multiple sensors are
Centralized fusion estimation addressed. At each sensor, the Bernoulli random variables describing the phenomenon of

Distributed fusion estimation
Missing observations
Multi-sensor systems

missing observations are assumed to be correlated at instants that differ m units of time.
By using an innovation approach, recursive linear filtering and fixed-point smoothing algo-
rithms for the centralized fusion problem are derived in the least-squares sense. The dis-
tributed fusion estimation problem is addressed based on the distributed fusion criterion
weighted by matrices in the linear minimum variance sense. For each sensor subsystem,
local least-squares linear filtering and fixed-point smoothing estimators are given and
the estimation error cross-covariance matrices between any two sensors are derived to
obtain the distributed fusion estimators.

The performance of the proposed estimators is illustrated by numerical simulation
examples where scalar and two-dimensional signals are estimated from missing observa-
tions coming from two sensors, and the estimation accuracy is analyzed for different miss-
ing probabilities and different values of m.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

During the past decades, the estimation problem in multi-sensor systems has motivated a significant amount of research
due to its increasing application in many engineering fields (for example, in the fields of computer and communication)
where sensor networks are used to obtain the whole available information on the system state and its estimation must
be carried out from the observations provided by all the sensors (see for example [1] and references therein).

Although the use of sensor networks offers several advantages such as easier installation, simpler maintenance and re-
duced cost, since the measured data are sent to a processing center via a communication network, the unreliable network
characteristics usually leads to other problems such as missing measurements (i.e. measured outputs containing noise only,
also called uncertain observations), random communication packet losses and/or delays. These problems may occur in prac-
tical applications for many different reasons, such as random failures in the transmission mechanism, accidental loss of some
measurements or data inaccessibility at certain times, etc.

The estimation problems in systems with only one or several of the aforementioned uncertainties has attracted consid-
erable research attention (see e.g. [2-10] and references therein). To be more specific, the estimation problem in discrete-
time nonlinear systems with uncertain observations has been studied in [2,3]; the estimation problem from measurements
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subject to random delay which does not exceed one sampling period is addressed in [4,5]; modifications of conventional lin-
ear estimation algorithms for systems with packet dropouts have been proposed in [6,7]; the optimal linear estimation prob-
lem for systems with random delays and packet dropouts has been considered in [8], and for systems including the three
sources of uncertainty in [9,10].

All the above papers consider a single sensor or multiple sensors with the same uncertainty characteristics. However, this
is not a realistic assumption in several application fields, for instance, in networked communication systems involving het-
erogeneous measurement devices, and hence multiple-sensor systems whose statistical properties are not necessarily the
same for all the sensors require the derivation of new estimation algorithms, as the conventional ones cannot be applied
directly. A basic matter in systems with multiple sensors is how to fuse the measurement data from the different sensors
to address the estimation problem. Mainly two methods are used to process the measured sensor data in estimation prob-
lems with sensor networks: centralized and distributed fusion methods.

In the centralized fusion method, all the measured data from sensors are communicated to the fusion center for being
processed; specifically, the observations from multiple sensors are stacked as one sensor measurement (with greater dimen-
sion) and, hence, it does not require a particular fusion rule. In [11,12] centralized linear minimum variance estimators are
derived considering multiple sensors with different failure rates, and different delay rates are considered in [13,14]. The opti-
mal centralized problem, also in linear minimum variance sense, is investigated in [15,16] for systems with multiple sensors
of different packet dropout rates.

Nevertheless, as it is known, the centralized approach has several drawbacks due to augmentation, such as poor surviv-
ability, reliability, heavy communication and expensive computational cost, and various distributed fusion algorithms have
been proposed to reduce these drawbacks. In the distributed fusion method, each sensor estimates the state based on its own
measurement data, and then it sends such estimate to the fusion center for fusion according to a certain information fusion
criterion. For example, under the assumption of normal distribution, a distributed fusion estimator is proposed in [17] based
in maximum likelihood criterion, and the distributed fusion criterion weighted by matrices in the linear minimum variance
sense is established in [18], which is equivalent to the maximum likelihood fusion criterion under normality assumption.

Recently, more attention has been paid to the distributed fusion estimation in networked systems with unreliable net-
work transmission (see e.g. [19-23] and references therein). Distributed fusion estimators for multi-sensor systems with
random delays were presented in [19,20], and for systems with packet dropouts in [15,21]. Simultaneous packet delays
and dropouts are considered in [22,23].

Compared with the number of papers about multi-sensor systems with random communication packet delays and/or
dropouts, to the best of the authors knowledge, the literature regarding distributed fusion estimation in multi-sensor sys-
tems with missing measurements is relatively scarcer, and most existing papers use independent Bernoulli variables to mod-
el the missing measurements [24-26].

In [12] centralized linear minimum variance estimators are obtained removing the assumption of independence of the
Bernoulli variables describing the phenomenon of missing measurements. Specifically, different sequences of Bernoulli ran-
dom variables correlated at consecutive sampling times are considered to model the uncertainty at each sensor. This form of
correlation covers practical situations where the state cannot be missing in two successive observations and hence, trans-
mission models with stand-by sensors, which are immediately substituted when a failure occurs, are appropriately managed
with this model. However, the failed sensor may not be replaced immediately but after m instants of time; in such situations,
correlation among the random variables modeling the missing measurements at times k and k + m must be considered and
new algorithms must be deduced.

In response to the above considerations, this paper deals with the centralized and distributed fusion estimation problems
in multi-sensor systems with missing measurements when, at each sensor, the random variables modeling the missing mea-
surements are correlated at instants that differ m units of time. The main contributions can be summarized as follows: (i)
centralized fusion filtering and fixed-point smoothing algorithms are proposed in multi-sensor systems with correlated
missing measurements and the correlation form considered covers certain models in which the state cannot be missing
in m + 1 consecutive observations, thus generalizing the results in [12]; (ii) the distributed fusion filtering and fixed-point
smoothing problems are addressed in multi-sensor systems with missing measurements.

The paper is organized as follows: in Section 2 the problem formulation is described; more specifically, we introduce the
linear state transition model perturbed by white noise, and the measurement model affected by additive white noise and
multiplicative noise describing the phenomenon of missing measurements. Also, the pertinent assumptions to address
the least-squares linear estimation problem are established. In Section 3, by using an innovation analysis approach and
the orthogonal projection Lemma, recursive algorithms for the centralized fusion filter and fixed-point smoothers are pre-
sented (the derivation has been deferred to Appendices A and B). Next, in Section 4, the local least-squares linear estimators
and the error cross-covariance matrices between any two local estimates are derived, then distributed fusion estimators are
obtained based on the optimal fusion criterion weighted by matrices in the linear minimum variance sense. The performance
of the proposed estimators is illustrated in Section 5 by two numerical simulation examples where local, distributed and cen-
tralized fusion estimators are compared. The paper ends with some concluding remarks in Section 6.

Notation: The notation used is standard. A” represents the transpose of A, R" denotes the n-dimensional Euclidean space,
R™" is the set of all real matrices of dimension m x n, and I and O represent the identity matrix and zero matrix of appro-
priate dimension, respectively. The shorthand Diag(M,, ..., M;) denotes a block diagonal matrix whose diagonal blocks are
the matrices My, ..., M,. If the dimension of a matrix is not explicitly stated, it is assumed to be compatible for algebraic
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operations. For time-varying matrices Fy, k > 0, the product F_1, ..., F;is denoted by F,;. The Hadamard product of matrices
Cand D is denoted by o ([C o D]; = CyDy).

Also, for arbitrary random vectors o« and p, the following notation is used throughout the paper:
Covo, f] = E[(oc — Ela])(B— E[/Z])T] and Cov|[«] = Cov[o, o], where E[-] stands for the mathematical expectation operator. o de-

notes the estimator of o« and & = o — o the estimation error.

2. Problem formulation

The problem at hand is to determine the least-squares (LS) linear filtering and fixed-point smoothing estimators of the
state in linear discrete-time stochastic systems with missing measurements coming from multiple sensors. In this section,
we present the system model and the hypotheses about the state and noise processes involved.

Consider a class of discrete-time linear stochastic systems with missing measurements coming from r sensors; the phe-
nomenon of missing measurements (that is, observations containing only noise) occurs randomly and, for each sensor, a dif-
ferent sequence of Bernoulli random variables is used to model this phenomenon. Specifically, the following system is
considered

X =Fexir +wier, k=1, (1)

yi=0Hx + v, k=1, i=12...r (2)

where x;, € R" is the state, yi, ¢ R, i=1,2,...,r, is the measurement collected by sensor i at sampling time k, {w;; k > 0}
and {#i; k > 1}, i=1,2,...,r, are noise sequences, and {6i; k =1}, i=1,2,...,r, are Bernoulli random variables whose
values - one or zero - indicate whether the state is present or missing in the corresponding measure. F;, and
};, i=1,2,...,r, are known time-varying matrices with compatible dimensions, superscript i denotes the ith sensor, and
r is the number of sensors.
As is known, to address the LS linear estimation problem the state and the observations are required to have finite sec-
ond-order moments; the following assumptions specify the first- and second-order moments required in the study of this
problem, as well as the statistical properties assumed about the initial state and noise processes.

Assumption 1. The initial state x, is a random vector with E[xo] = Xo and Cov[xo] = Po.

Assumption 2. The additive noises {wj;k > 0} and {vh; k = 1},i=1,2,...,r, are zero-mean white sequences with covar-
iances Cov[wy] = Q, and Cov[vi] = R), respectively.

Assumption 3. The multiplicative noises {BL;.k > 1}, i=1,2,...,r, are sequences of Bernoulli random variables with
P[0}, = 1] = 0. For i = 1,2,...,r, the variables 6} and 6! are independent for |k —s| # 0, m, and Cov[0}, 6] = K| ; are known
for |k —s| =0, m.

Assumption 4. The initial state X, and the noise processes {wj; k > 0}, {#}; k > 1} and {0}; k > 1}, fori=1,2,...,r, are
mutually independent.

Remark 1. Note that, when ¢}, = 1, which occurs with known probability 8, the state x, is present in the measure y coming
from the ith sensor at time k, whereas if 6} = 0 the state is missing in the measured data at time k, which means that such
observation only contains additive noise #/, with probability 1 — 0%. To model the phenomenon of missing measurements at
each sensor, different sequences of Bernoulli random variables correlated at instants that differ m units of time are consid-
ered. This special form of correlation allows us to consider certain class of systems in which the state cannot be missing in
m+ 1 consecutive observations; specifically, sensor networks where sensor failures may happen and a failed sensor is
substituted not immediately, but m sampling times after having failed. For instance, consider that, as in Section 5,
O =1 =9k (1 —yh), with {yi; k > 1} ~sequences of independent Bernoulli random variables. Hence, if 6. =0, then
Yi.m = 1 and ¥, = 0, and consequently 6, = 1; this fact guarantees that, if the state is missing at time k, the output mea-
surement at time k + m necessarily contains the state. Therefore, there cannot be more than m consecutive measured data
consisting of noise only.

Remark 2. From Assumption 3, 6}, and ¢} are independent for |k —s| # 0, m, and hence Kfﬁs =0 for |k — s| # 0, m. Also, it is
immediate that K, = 6.(1 — 6) and K}, ,, = E[0}0}_,,] — 0.0}

k.k—m k—m*
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Remark 3. From Assumption 4, the Bernoulli sequences as well as the observation noises are independent from sensor to
sensor. This condition is not necessary to deduce the centralized estimators and clearly it is not involved in the derivation
of the local estimators. Such condition is just used to obtain the cross-covariance matrices of the local estimation errors,
which are necessary to determine the matrix weights of the distributed fusion estimators.

Our aim is to solve the LS estimation problem of the state x, based on the received measurements
{Vivh, . YY), N>0,i=12,.. . r by using centralized and distributed fusion methods to process the measured
sensor data. More specifically, our aim can be stated as follows:

(i) Centralized fusion estimation problem. Consider that all measurement data coming from r sensors are transmitted to a
fusion center for being processed, and our aim is to obtain the LS linear filter, X, and fixed-point smoother,
Xiksn, N = 1, by recursive algorithms.

(i) Distributed fusion estimation problem. Firstly, recursive algorithms to obtain local LS linear filters, X}, sk and fixed-point
smoothers, ?;'(/,HN, N>1, fori=1,2,...,r, are derived. Secondly, distributed matrix-weighted fusion estimators
2;3/,#”, N > 0, are established by applying the optimal information fusion criterion weighted by matrices in the linear
minimum variance sense [18].

Remark 4. In both cases, recursive algorithms for the LS linear estimators will be established using an innovation approach
and the orthogonal projection Lemma (OPL). Since the observations are generally nonorthogonal vectors, through the
Gram-Schmidt orthogonalization procedure, the set of observations is transformed into an equivalent set of orthogonal vectors,
innovations, defined as the differences between each observation and the one-stage observation predictor. The fact that the
innovation process is uniquely determined by the observations allows us to state that the LS linear estimator of the state based
on the observations is equal to the LS linear estimator of the state based on the innovations. The advantage of this approach
comes from the fact that the innovations constitute a white process, and the expression of the estimators as linear combina-
tion of the innovations provide the starting point to derive the recursive filtering and fixed-point smoothing algorithms.

3. Centralized fusion estimation

In this section, our aim is to obtain the optimal (under the LS criterion) linear estimator by the centralized fusion method,
in which all the measurement data coming from r sensors are transmitted to a central site for being processed.

For this purpose, denoting y, = (v},....y))", v = (v},...,v))", He= (H\T, ... 7H,’<T)T and @, = Diag(6;,...,6}), Eq. (2) is
equivalent to the following stacked measurement equation

Yi=OHxe + v, k=1 3)

Remark 5. The following properties of the noises in (3) are easily inferred from the model assumptions stated in the
previous Section 2:

- The additive noise {#}; k > 1} is a zero-mean white process with covariance matrix R, = Diag(R;,...,R}), Vk > 1.
- The random matrices {®y; k > 1} satisfy

E[®y] = ©, = Diag(0},...,0,),
E[(© — ©)"] = Ol - ©y),

E[(©% — ©1)(Ok m — Ok )] = Diag(Ky s+ Kiy m)-

- The initial state xo and the noise processes {wy; k > 0}, {v; k > 1} and {®;; k > 1} are mutually independent.

Remark 6. By denoting 6,(:(9,1“...,02)T, it is clear that Cov[6] =K}, =0Oy(—-0,) and Cov[f,0 n]=

Ky = Diag(K{ - --,Kiy_)- Moreover, for any random matrix G independent of {©; k > 1}, using the Hadamard prod-
uct, it is easily deduced [11] that E[®,GO] = E[6,]] o E[G]. Particularly, the next property (which will be needed later) is
immediately clear

E[(®k — ©)G(Ok m — Ok m)] = Kiy_y, 0 E[G]. (4)
In the following theorems, using an innovation approach and the OPL, recursive algorithms for the linear filter, Xy, (The-
orem 1) and the fixed-point smoother, Xy, for fixed k and N > 1, (Theorem 2) are derived.
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Theorem 1. For the system model (1) and measurement model (3), under Assumptions 1-4, the LS linear filter X is obtained as
Rk = X1 + Skl ' v, k=1 Rojo = Xo, ()
where the state predictor, Xi_1, is given by
Xik-1 = FioiXiiper, k=1 (6)
The innovation, v, satisfies

Vi =Y — OkHiXipr, k<m,

Vi =Y — OcHiXpi-1 + Pekm (Vk-m - mZ]Tl_i,k_mHk_]in—i>7 k>m, @)
izl
where Wim = Kj 0 (Hk[Fk‘,{,ka,mHLm)H,;]m, with Dy = E[xx[] recursively calculated from
Dy = FiaDiiFi_ +Qiey, k=1; Do =Py + XX, (8)
The matrices Tyx-; are determined by
Tekoi = OkHiFrp-iSein—i» 2<k<m, 1<i<k-1, ©)
Tiki = OkHiFk-iSk-ik-i — PrkomThipem: kK>m, 1<i<m—1.
The matrix Sy is calculated by
Skk = Pep 1HL®y, k<m,
T S -1 T (10)
Skk = Prj-1H O — <[Fk,km5km_km - Z”:k.kiski‘kinkiTki.km) Yim k>m,
i
where Py_1, the prediction error covariance matrix, is obtained by
Pk 1 =F 1P iFp oy +Qq, k=1,
with Py, the filtering error covariance matrix, given by
Py = Pyji-1 _Sk.kH;;1S£k7 k>=1; Pgpo=Po.
The innovation covariance matrix, I1,, satisfies
M = Kiy o (HDiHE) + Re + OuiSis, k< m,
T = Ky o (HKDAHY ) + Re + OcHiSis + St Hi Ok — OcHiP 1Hi O an

m—1
—Yikem (Hkm + ZTL-,‘_kmnk]iTki‘km> ‘I’l_,k,w k>m.

i-1
Proof. See Appendix A. O
Theorem 2. For the system model (1) and measurement model (3), under Assumptions 1-4, the fixed-point smoothers,
Kk/,HN, N > 1 are recursively obtained by

s 5 -1
Xk/ktN = Xk/k+N-1 +Sk.k+NHk+va+N7 N> 17 (12)

whose initial condition is the filter, Xy, given in Theorem 1.
The matrices Sy .y are determined by

T T T o
Skkin = <Dk Frange— Mk,k+N71Fk+N,1)HHN@MM k<m-N,

T T T = 1 T (13)
5k,k+N = (Dk [F/<+N_k - Ml<,k+N71Fk+N,1>Hk+N®k+N - Sk,k+N—m - Zsk,kJrN—iH;JrN,iTk+N—i,k+N—m lP/HN,kJerma k >m—N.
i—1
where the matrices My .y are recursively obtained from
Min =M, FL oy + Skun I ST
kk+N = Vg k+N-10k N1 kk+NL Lk NOk+N k+N» (14)

Mk = D — Py
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The fixed-point smoothing error covariance matrix, Py, satisfies
-1 T
Pijein = Prjiesn—t1 — Sk nSgpn, N =1, (15)

with initial condition Py, the filtering error covariance matrix.
The innovations vy, their covariance matrices Iy, y, the matrices Ty niinN-i, PiiNksn-m: Dk and Py are given in Theorem
1.

Proof. See Appendix B. O

Remark 7. As indicated in Remark 3, the assumption that the Bernoulli sequences and the observation noises are indepen-

dent from sensor to sensor is not required to obtain the centralized estimators. If this assumption is suppressed, one should

take into account that, in Theorem 1, the covariance matrices K;j_’k, K}, ., and R, would not be necessarily diagonal, and

clearly K, # ©k(I — ©).

4. Distributed fusion estimation

Our aim in this section is to find optimal distributed fusion estimators, in the linear minimum variance sense, based on
the information provided by local LS linear estimators.

This estimation problem is tackled in two-stage fusion structure. In the first fusion stage, each sensor provides its local
estimator based on its own measurement data along with their estimation error covariance matrices. In the second fusion
stage, the cross-covariance matrix of the estimation errors between any two sensors from the first fusion stage are deter-
mined, and then, these covariances along with the estimates and error covariance matrices of all local subsystems are fused
to determine the optimal matrix weights and the optimal fusion estimators in the linear minimum variance sense.

4.1. Local LS linear estimators

This section is concerned with the problem of obtaining, for each sensor subsystem of system (1) and (2), the local LS lin-
ear filter,  ,, and fixed-point smoothers, X, v, N > 1, along with their corresponding error covariance matrices from
recursive algorithms. By using an innovation approach, these algorithms are established in the following theorems.

Theorem 3. For the ith sensor subsystem of system (1) and (2) under Assumptions 1-4, the local LS linear filter, ?k T is calculated
by
. . . PN . _
Xk = Xk +5;<,1<( Zk) Vi, k=1, Xp0 =Xo, (16)
where the local state predictor, X}, ,, satisfies
5(\;c/k—l = Fk,15(\;(71/k7], k=1 (17)
The innovation, Vi, is given by
V;; = y;< - gch;;‘\;;/lc—h k<m,
) ) L . ) m-1 B -1 (18)
N T .
Vi = Vi = OH Xy 1 = Phpm <V;<—m - Zﬂ(—l,k—m( ;:—I.k—l) V;<-1>’ k> m,
=1
. ] ) . N -1 X .
where W), . = Ki . HiFik-mDi-mHy (H;jfm_kfm> , with Dy_p, given in Theorem 1.
The matrices T},,_; are determined by
kit = OHiFoc Sy 2<k<m, 1<I<k-1,
vt = OHFe 1Sy — Yo m T em, k>m, 1<I<m—1.

The innovation covariance matrix, I1} ,, satisfies

m—1
2 . . " . o -1 . .
i i pii iT i i iT ii i iT
= (0%) HiPjrHie — Wigm ( k-mk-m T ZTk—I,k—m< k—l.k—l> Tkl,km) Yikem: k>m.
1=1
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The matrix SL « is derived by the following expression

i iT
e =0, Pk/k He, k<m,
m-1 1 .
g iT i i ii i i
k =0 k/k 1Hie = | Frek-mSimpeem — Z[Fkk*lskfl,kfl (kal,kfl) Tetiem | Yikem: k>m,
=1
where Pl k1, the prediction error covariance matrix, is obtained by

Plc/k—l = Fk—IPZq/kAFZq + Q1 k=1,

with P}'f/k, the filtering error covariance matrix, satisfying

ik = P 1 — ;<k< ;:k) Sklﬁ k=1, Py,=Po.
Proof. This proof is analogous to that of Theorem 1 and hence it is omitted. O

Theorem 4. For the ith sensor subsystem of system (1) and (2) under Assumptions 1-4, the local LS linear fixed-point smoothers
Xiion» N = 1, are recursively calculated by

. ) . ; -1
i ol 1 1 1
XN = XkjkeN-1 +5k,k+N< k+N,k+N> Vign: N =1, (19)

whose initial condition is the local filter, X}, given in Theorem 3.
The matrices Sk . satisfy the following expressions

i _ g T

kv = Oken (Dk[ka k= Miin 1 Flon 1)Hk+N7 k<m-N,
m—1

i _ i T i T i i ii

ki = Oken (Dk Fronge = Mikan-1F k+N—1)H kN~ | PkkeN-m — Zslc.k+N—l (HI<+N—I‘I<+N—I> Tk+N Lk+N-m LI’kw kiN-m: k>m—N,
1=1

. 1 o .
where the matrices M,ak . are recursively obtained by

.. -1 .
il iT
M, kN = Migkon- WFr kiN-1 T Sk KkiN (HI<+N,I<+N> SkeN kN>

i i
kk = Dy — k/k

The fixed-point smoothing error covariance matrices, PZ/k > are given by

i ii
k/k+N - Pk/k+N 1 Sk,k+N( I<+N,k+N> Sk k+N> N = 17

with initial condition the filtering error covariance matrix, Pk ”
The innovations Vi, their covariance matrices H,HN w.n» the matrices Tk+N KeN—I» \P,HN k+N_m» Dk and Pk’/k are given in
Theorem 3.

Proof. This proof is analogous to that of Theorem 2 and hence it is omitted. O

4.2. Distributed fusion estimators

Once the local LS linear filtering and fixed-point smoothing estimators given in Theorems 3 and 4 are available, we can
easily obtain the distributed optimal weighted fusion estimators and their error covariance matrices, by applying the optimal
information fusion criterion weighted by matrices in the linear minimum variance sense [18].

Theorem 5. For the system model (1) and measurement model (2), under Assumptions 1-4, the distributed optimal fusion filter,
XYy and fixed-point smoother, X}, v, N > 1, are given by

S0 a1 s roor
Xikin = AckenXipeen T+ AggenXigens N =0,

where X xk/k+N7 N=>0(i=1,2...,r) are calculated by the recursive algorithms established in Theorems 3 and 4.
The optimal matrix Welghts Ak wn (i=1,2,...,1) are computed by

-1
-1 Ty—1
Ak.k+N = Zk/k+N€<€ z"k/k+Ne> ;
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T
where the matrices Ag N = [A,l(_,HN, . ,A;,HN] and e = [I,...,I]" are both nr x n matrices, and
T
vl v vl v ij
Zijien = E[<XI</I<+N7 S ;X/rc/km) (xk/k+N’ D) XL/IHN) } (Plc/I<+N)

is a symmetric positive definite matrix of dimension nr x nr.
The error covariance matrices of the distributed weighted fusion estimators are computed by

1
0 Ty-1
Piwn = (e 2k/k+Ne) , N=0

and the following inequality holds: Py, < Pyy.n, i=1,2,....1

Proof. The proof follows directly from the optimal information criterion weighted by matrices in the linear minimum var-
iance sense [18] and therefore it is omitted. O

To apply the above Theorem 5, besides the local estimators, X}, ,y, N > 0 (i=1,2...,r), and their error covariance matri-
ces, Pl kv givenin Theorems 3 and 4, we need to calculate the cross-covariance matrlces Pk ko DEtWeEEn any two subsystems.
Next, computation procedures for the cross-covariance matrices, Pk/,HN, N=>0,i#j, ij=1,2...,r,willbe presented, before
which some useful lemmas will be given. The assumptions and notation in these lemmas are those of Theorems 3 and 4.

Lemma 1. Fori#j, i,j=1,2...,r, Lk = E{xk/k 1V/T] is calculated by

le_0’<P;</k 17 k/k 1>HJI<T7 k<m,

T ij ’1 gT
k= 9’( k/k-1 — k/k 1)HJ (ka m Zka (T ) Tk Lk— m)lPkk m k>m,

where LI = E {?;{ /,Hvﬂq, s < k, is recursively obtained by

(20)

o - : - 1
LZ,S = kalLZ—l,s + Fk*ls;c—l.k—l (HL]_H) HZ s<k (21)

,1‘57
Proof. Taking into account expression (18) for the innovation v}, to obtain (20) for L}, it is enough to prove that
. 1 e T T T
E["i/qui] - OLE{XL/,{ 1%k 1]ij = 0;<<P,li/k 1 ch/k 1>H]k‘ (22)
Using (2) for y’,; and the OPL, we have
. I T
E[X;qqui] = 0;<E[x;</k—1x;<T/k—1}H]k .
Now, since
o r ) SV o
E{"L/H"’k/kq] =Py 1 — D+ E[X;c/lmxicr/kq] + E[Xjk/k—lxjk/k—ly
SV ;
E[xjk/kflxjk/kfl] =Dy - P]Ig/k—h
we have that E[Q;'{/,F]E;;T/kfl] - E[Q;;/,H?’,’(T/,H] =P, , —P}, , and (22)is easily derived.

Finally, from (17) for i;;/,H and (16) for ?;<71/k71, expression (21) is immediately obtained. O

Lemma 2. Fori+#j, i,j=1,2...,r, the innovation cross-covariance matrix H;Z_S = E[v;'{v’;T] satisfies

ni - @;HL([F,(_SSQS Ly ) k<m, 1<s

— Fks

N

k’

A ) . m-1 ; . (23)
I}, = O H, (Fk.ssj L;cs) ~Wm <H;< ms ZTk e pe) Mg ), k>m, k-—m<s<k
=

Proof. By using (18) for the innovation vi, and taking into account that, from (2),

ED/;(V’ST} = 9 Hl [ka’q = QkH' [sts

557

expression (23) is obtained. O
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. Lo . ij o =i iT .
Lemma 3. Fori#j, i,j=12....1, Jl\ n 1pn = E["k/kmq"im] satisfies
ij _p i ij T i
Jipeen-tieen = Feon (Ek.k+N—1 —Eikina )Fk+N,1H,<+N, k<m-N,

m—1
- . . . . - - - 1
ij _ it ij T T ij ij i i JjT
Jipeen-1ken = Oon (Ek.k+N—1 —Eikina )F kw1 Hley — <J k/kN-1kN-m — E :}k/l<+N—1,k+N—l(Hk-N—1,k+N—1) Tk+N—Lk+N—m> NN k>m=N,
=1

(24)
where, fori,j=1,2...,r, El, v = E[?;'(/k+N§’,;T+N/k+N} is recursively computed by
- o 1 . " -1 . T
ij ij ij i T i ii Jji
Eleon = Edieon 1 Fiont +J k/k+N71 en T nieon)  Sieinieon + Sk <Hk+N.k+N) (Leriesn)
. " " -1 .
i i ij i T
+Sk.k+N< k+N,k+N) T,y eon (Hk+N.k+N) Seneens N =1, (25)
with initial condition E}, = Dy + P}, — Py, — Pl .
_ i _glx iT ;
Forl1=1,2....m, Ji i in 1 vt = E[X;</k+N—1v1<+N—l] satisfies
ij i i ii i
]k/k+N—1.k+N—l 7-]k/k+N—2.k+N—l + Sk.k+N—1 ( k+N—l.k+N—l) 1_[kJrN 1,k+N-I" (26)
Proof. From (18) for the innovation v’k .- i order to obtain (24) we just need to prove that
Si iT T ij jT
E{XLN/MN*]Y/HN] 95<+NE {Xk/km lxk+N/k+N 1]H] N 0;<+N (Ek k+N-1 Ek KN 1) kv 1 Hions (27)

Using (2) for y’,'HN and the OPL, we have
- iT i o~ iT
E {X;(/kJrN—ly;HN} 0;<+NE {X;qkmq X;LN/k+N—1] Hi.y
and since, from (17), X,<+N/k+N 1 = Fronc 1xk+N keN_1" expresswn (27) is easily obtained.
On the other hand, by using (19) for X}, and (16) for X} . recursive expression (25) for Ek oy 1S immediately

derived; its initial condition Ez‘k is also easily obtained.

Finally, by using again (19) for ?;;/,#Nf], recursive expression (26) is also immediately clear and the proof is
completed. O

Remark 8. For i=j, since the innovation is a white process, it is clear that L}lfyk:E[?;;/,Hv;'f] =0 and

J;i/kmq.km =E [ﬂ/kmqvﬁm] =0.
A set of recursive formulas to calculate the filtering and fixed-point smoothing error cross-covariance matrices
PL/HN, i#j, i,j=1,2...,r, N > 0, is now derived in the following theorem based on Lemmas 1-4.

Theorem 6. The cross-covariance matrices, P!
subsystems are recursively computed by

}k N N > 1, of the fixed-point smoothing errors between the ith and the jth sensor

ij i ii ij i T j ij
=P} ieen-1 T Siken M) i gen(Mengen)  Skoeen — (Sl<.l<+N -J k/k+N—1,k+N> (HI<+N kn) Sk kN

i i 1/ ji T
k,k+N( Z+N,I<+N) ( k,k+N _-]k/k+N—1.k+N> ’ N = 1. (28)

The initial condition, P}i ke the cross-covariance matrix of the filtering error between the ith and the jth sensor subsystems, satisfies

Pl

k/k+N

i . . U R i _ L \T
PZ/k P;</k 1+ Skl kk) HU ( ) Skk (Sjkk - L}i.k) (Hﬁ,k) Sjka = Skl kk) (Skk L]kl,k) , k=1,
P;c/k = kalpg—l/k—le—l + Q1 k=T Pg/o =Po. (29)

Proof. By using (19) for X}, and QJ,;/HN, we have

i i =i T i “1gr i ii -1 i k)
Py K/ktN = =P} kvt —E ka - Xk/k+N—1>v]k+N] (T nken)  Seren = SikeonTMeengein) E [Vkm (Xk - xk+N/I<+N—]) }

. - 1 -
i ii y Ul v
+Sen Meongen) T ygeon oy in) Sk kN
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P T ] d i T 1 _ qii i T] _ ciT i T __@iT
Taking into account that E [Xk";mv} =Sk E [x;(/l<+N—1v]k+N:| =Jipkrn-thin E[Vi.nXt] = Skron and E [V}C+ka/k+N—] = Fejkin-1 kene
recursive expression (28), for the cross-covariance matrices of the local fixed-point smoothing errors, is obtained.
Finally, by using (16), and following an analogous reasoning, it is easy to get (29) for the cross-covariance matrices of the
local filtering errors. [

5. Numerical simulation examples

In this section, two numerical examples are presented to show the effectiveness of the proposed estimation algorithms.
To test and compare the performance of the proposed estimators, we ran a program in MATLAB, simulating at each iteration
the state and the measured values and providing the centralized and distributed fusion filter and fixed-point smoothers, as
well as the corresponding error covariance matrices.

5.1. Example 1

In this example, for the simulation, we consider that the system state is given by a scalar process, {x;; k > 0}, generated
by the following first-order autoregressive model,

X =095% 1 +wWyq, k>1,

where the initial state is a zero-mean Gaussian variable with Var[x,] = 1 and {wy; k > 0} is a zero-mean white Gaussian
noise with Var{wy] = 0.1, for all k.

Consider missing measurements coming from two sensors and perturbed by independent sequences of Bernoulli random
variables {0;}; k = 1}, i=1,2, and by independent additive white noises, {¢i; k > 1}, i = 1,2, with zero-mean and vari-
ances Var[v}] = 1 and Var[?] = 1.5, for all k.

Vo=Oxet o, k>1, i=12

According to our theoretical model, it is assumed that, for each sensor, the uncertainty at any sampling time k > 1 de-
pends only on the uncertainty at the previous time k — m. The variables 6, modeling this type of uncertainty correlation
in the output measurements are defined based on two independent sequences of independent Bernoulli random variables,
{yi; k = 1}, i = 1,2, with constant probabilities Py, = 1] = y,. Specifically, the variables ¢ are defined as follows

6;.(:1 _V;Hm(l _”));;)7 i:172-

Thus, if 0, = 0, then y},,, = 1 and y}, = 0, and hence, 0},,, = 1; this fact guarantees that, if the state is missing at time k, the
output measurement at time k + m necessarily contains the state. Therefore, there cannot be more than m consecutive mea-
sured data consisting of noise only.

Since the variables i and y! are independent, 6}, and ¢' are also independent for [k — s| # 0, m. The mean of these variables
is 0' =1 —7,(1 — y,) and its covariance function is given by

0, |k —s| # 0, m,
Kio = E[(0, — 0)(0i = 0)] = —(1 -0, |k—s|=m,
0i(1-7), |k—s/=0.

To compare the effectiveness of the proposed estimators, fifty iterations of the proposed algorithms have been performed
and the results obtained for different values of the uncertainty probability and several values of m have been analyzed.

Let us observe that the means, &, for i = 1,2, of the variables 6., are the same if 1 — y; is used instead of y;; for this reason,
only the case y; < 0.5 will be considered here.

Assuming that the Bernoulli variables ¢, for i = 1,2, of the measurement outputs are correlated at sampling times that
differ three units of time (m = 3), the error variances of local, centralized and distributed fusion filters will be compared con-
sidering fixed values of the probabilities y; and y,; specifically, y; = 0.1, 7, = 0.2. In Fig. 1, as mentioned in Theorem 5, we
can see that the error variances of each local filter are higher than that of the distributed fusion filter. Although the distrib-
uted fusion filter has lower accuracy than the centralized one, this difference is slight. Besides, this is compensated by the
fact that the distributed fusion structure is in general more robust, reduces the computational cost and improves the reli-
ability due to its parallel structure.

Fig. 2 displays the filtering and fixed-point smoothing error variances (N = 2, 5) for the centralized and distributed fusion
methods. It can be seen that the error variances corresponding to the fixed-point smoothers are less than those of the filters
and, consequently, the fixed-point smoothing estimates are more accurate. It is also verified that centralized and distributed
fusion filter and smoothers have a similar accuracy. If we compare the smoothing error variances at each fixed-point k for
N =2 and N = 5, we observe that these estimators become more accurate as the number of available observations increases.

Finally, in order to show more precisely the dependence of the error variances on the values y, and y,, Fig. 3 displays the
filtering error variances, at a fixed iteration (namely, k = 50) for m = 3, when both 7, and 7, are varied from 0.1 to 0.5, which
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Fig. 2. Filtering and smoothing error variances for the centralized and distributed fusion methods for y; = 0.1, 7y, = 0.2, when m = 3.

provide different values of the probabilities 0'

and 02

More specifically, we have considered the values

y; =0.1,0.2,0.3,0.4, 0.5, which lead to the probabilities ' = 0.91, 0.84, 0.78, 0.76, 0.75, respectively.

In this figure, both graphs (corresponding to the centralized and distributed fusion filters, respectively) show that the per-
formance of the filter diminishes as ' becomes lower, due to the fact that the probability of observations containing the state
decreases. Also, this figure confirms that both methods, centralized and distributed, have approximately the same accuracy,

corroborating the previous results.
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Fig. 4. Filtering error variances for the centralized and distributed fusion methods for the first state component for y, = 0.1, y, = 0.2, when m = 3.

5.2. Example 2
In this example, the following discrete-time system with missing measurements has been considered

. k-—1rn 08 O
X = (1 +0.2sin (%)) (0.9 O.Z)X’H Wi, k=1

yo=0(1 Dxe+ol, k=1 i=1,2
where the initial state, xo, is a zero-mean Gaussian vector with covariance matrix given by Cov[xo] = (O(')l 001 ) the pro-
cesses {wy; k = 0} and {vi; k=1},i=1,2 are zero-mean white Gaussian noises with
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Table 1
Filtering error variances for the centralized and distributed fusion methods for y;, = 0.2, y, = 0.4 at k =30 when m =2, 3, 4, 5.
Component Filtering error variances m=2 m=3 m=4 m=>5
First Centralized 0.3310 0.3483 0.3628 0.3744
Distributed 0.3561 0.3717 0.3827 0.3906
Second Centralized 0.4014 0.4451 0.4835 0.5151
Distributed 0.4340 0.4722 0.5007 0.5218

Cov[wy| = (Od336 09'235 ), Var[v}] = 0.5 and Var[¢?] = 0.9, Vk, and the multiplicative noises {0; k > 1}, i = 1,2 are defined
as in Example 1.

Firstly, our aim is to check that the accuracy of the optimal distributed fusion filter is higher than that of any local filter,
but lower than that of the centralized fusion filter. For this, two hundred iterations of the proposed algorithms have been
carried out and the results corresponding to the first state component for m = 3 and probabilities y; = 0.1 and y, =0.2
are shown graphically in Fig. 4. As in Fig. 1, the error variances of each local filter are higher than that of the distributed fu-
sion filter and the centralized and distributed filters have a similar accuracy. Analogous results for the second state compo-
nent are obtained.

Also, analogous comments and conclusions to those made from Figs. 2 and 3 in Example 1 are deduced for the first and
second components of the state in this example. For this reason, the corresponding figures have not been included.

Finally, for y, = 0.2, 7, = 0.4 the performance of the estimators is compared for different values of m at a fixed iteration;
specifically, form = 2, 3, 4, 5 at k = 30, the filtering error variances of both state components are shown in Table 1. From this
table it is gathered that the estimators are more accurate as the values of m are lower. In other words, a greater distance
between the instants at which the variables are correlated (which means that the state can be missing in more consecutive
observations) yields worse estimators. As expected, this table also shows that the estimators obtained by the centralized and
distributed fusion methods have a very rough precision. It must be noticed that an analogous comparison has been per-
formed in Example 1 and the results obtained are completely similar, so they have been omitted.

6. Conclusions

For multi-sensor linear discrete-time systems with missing measurements, the LS linear estimation problem has been ad-
dressed. The main contributions of the current paper can be summarized as follows:

1. Using both centralized and distributed fusion methods to process the measurement data from the different sensors,
recursive filtering and fixed-point smoothing algorithms are derived by an innovation approach.

2. At each sensor, the possibility of missing measurements or uncertain observations (that is, observations containing no
information about the state but only noise) is modeled by binary variables taking the values one or zero (Bernoulli vari-
ables), depending on whether the state is present or missing in the corresponding observation. Such variables are
assumed to be correlated at instants that differ m units of time.

3. The basic model in which the Bernoulli variables describing the uncertainty in the observations at each sensor are inde-
pendent is a particular case of the proposed model, just making K}:S = 0 for |k — s| = m. Also, the model with correlation in
consecutive sampling times is covered by the current study when m = 1. However, theses two assumptions can be unre-
alistic in many practical situations, and the estimation algorithms must be modified to incorporate the effect of different
types of correlation. Specifically, the form of correlation considered in this paper is appropriate, in particular, to model
situations where the state cannot be missing in m + 1 consecutive observations, as occurs, for instance, in sensor net-
works where sensor failures may happen and a failed sensor is substituted not immediately, but after m sampling times.

4. The multi-sensor system model considered in the current paper covers those situations where the additive observation
noises and the Bernoulli variables involved are independent from sensor to sensor. This independence assumption sim-
plifies the mathematical expression considerably and it is valid in a wide spectrum of applications, for example in wire-
less sensor networks which are characterized by sensor independence, limited storage capacity, lack of physical
infrastructure and limited energy. Nevertheless, if such assumption is omitted, a similar technique to that used in this
paper would allow us to extend the current study to this more general case with no difficulty, except for a greater com-
plexity in the mathematical expressions.

5. Two numerical simulation examples illustrate the applicability of the current results to estimate a scalar state process
generated by an AR model and a two-dimensional state, respectively, from uncertain observations coming from two sen-
sors featuring correlation in the uncertainty. The results confirm that centralized and distributed fusion estimators have
approximately the same accuracy. For different uncertainty probabilities and different values of m, both examples con-
firm the greater effectiveness of the fixed-point smoothing estimators in contrast to the filtering ones and conclude that
more accurate estimations are obtained as the values of m are lower.
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Appendix A. Proof of Theorem 1

From the OPL, the LS linear estimators, X, expressed as combination linear of the innovations, are given by

L
XL = Zsk,iﬂflvn (A1)
i-1
where v; =y; —¥i;1 are the innovation vectors, with y;;; the one-stage observation predictor, IT; = E[v;V]], and
Sk_i = E[XleT].
Using (A.1) with L =k, k — 1, expression (5) for the filter is immediately derived. From (1) and OPL, expression (6) for the
state predictor is easily obtained.
Now we show expression (7) for the innovation, vy = y;, — yi_1, for which it is enough to obtain an expression for Y 1.
From the OPL, it follows that Y, is given by
k-1
Yipk-1 = ZTk,z‘Hf]Vn k>2 Tg=Ey].
i=1
Hence, we start by calculating Ty, for i < k — 1. From the observation Eq. (3) and the model assumptions, it is clear that
Tyi = E[®Hx VT ], for i <k -1, and Ty; = OH;Sy;, for k <m or k> m and i < k —m. So, after some manipulations, we
obtain:

(a) For k < m, using (A.1) for L =k — 1, we have Yy 1 = OcHiXi/ 1-
(b) For k > m, the following equality is easily deduced

k-1 m
Vir = OHY STl Vi + > (Teki — OeHiSis) T vies, (A2)
p p
where
Tiki — OkHiSix i = E[(®k - 6k)HkaVL,-], 1<i<m (A.3)

or equivalently,
Tiki — OkHiSiri = E[(G)k - 6k)HkaYLJ - E[(®k - @l<)HkXI<J7L,‘/k,(;+1J .

Using again (3) for y,_;, property (4), and since from (1), E[xx] ;] = Fxx_iDx_, it is concluded that
E[(G)k - 6k)Hkay£,j] =Ky io (Hkﬂ:k,kfkafiHZ,i>7

where Dy = E[x,x!] can be clearly obtained by the recursive formula (8).
Summarizing, we have that

Tek—i — OrHiSkr-i = Kiy_; 0 (Hk[Fk,kfkafiHLJ - E{((ak - @k)HledA/Li/k,(m)]a 1<i<m (A4)

On the_one hand, for i=m, since ®, is independent of the innovations v; for i<k-m, we have that
E|(©r — O)HXkY| )] =0, and from (A.4)

m+1
Tek-m — OHiSer-m = Kig_m © (Hk[Fk.k—ka—mHLm) (A5)
On the other hand, for i < m, K, ; = 0 and, hence, from (A.4)
Tisi — OkHiSip i = —E[(Qk - @k)Hkxk./y\lLi/k—(iH)} .
Now, using again that ®, is independent of v;, for i # k — m, it is deduced that
Tik-i — OkHiSiri = —E[(@k - @k>HkaVLm}HE}mTLi.kfm
or, equivalently, from (A.3) for i = m, (A.5) and denoting

\Ijk,k—m = K](i‘k,m o (Hk”:k.k—ka—mHl,m)Hl:ma
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we have that
Tiki — OkHiSik i = *\Pk,k—mTz,i7k,m7 i<m. (A.6)

Next, substituting this expression into (A.2) and using (A.1) for X1, expression (7) is deduced. Moreover, using (3) and
(A.6) and taking into account that, from (1), Sg_i = Frx_iSk_ix_i» the matrices (9) are obtained.
Now, expression (10) for the matrix Sy = E[x,yf] — E[xkﬂ/kq] is derived. From (3) and the independence assumption, it is

clear that Elx,y}] = DkHz@k, Vk > 1. To calculate E[Xk?[/k,l}, the correlation assumption of the random variables 0, must be
taken into account and hence two cases must be considered:

- For k < m, from (7) we obtain E[xkﬂ/,H} = E[kuk/H]H,f@k. From the OPL, E[x,ﬁ[/kf]] = Dy — Pyjk—1 where Py_; is the pre-
diction error covariance matrix, and hence

E[ij;i/k—l] = (Dk — Pk/k—l)HZ@k, k<m.
- For k > m, from (7) it follows that
oy T & 1 ! T
E[Xkyl/k—l] = E[X/«XZ/,FJHk@k + E[xkvzc-—m}lpk,k—m —E|x (ZTki.kakika> Wiekom:
i=1
hence, using again the OPL and taking into account that E[x,v] ;] = S, for 1 <i < m, it is deduced that
m—1
E[Xkﬂ/kq] = (Dk — Pjk-1)Hy Ok + S mPrem — Zsk.quIiikai.kfm'{';k,m7 k>m.
i-1

From the above expectations, expression (10) for Sy is clear.

From (1), the expression for the prediction error covariance matrix, Py, is immediately clear and, from (5), the expres-
sion for the filtering error covariance matrix, Py, is also obvious.

Finally, we prove expression (11) for the innovation covariance matrix IT, = E[y,yI] — E[ﬁk/k,lﬂ/kq]. From (3) and using
(4), we have that

Eyi) = E[0:0) o (HiDeH ) +Re, k> 1.

Due to the correlation hypothesis of the Bernoulli variables 60,, we need to distinguish two cases to calculate
E[fk/k,]ﬂ/kq]. For k < m, from (7), (4) and the OPL, we have

EFi 1Tk 1] = (O0%)  (Hi(Di — P 1)HY ).

For k > m, using an analogous reasoning, applying the OPL and after some manipulations, we deduce that

m-1

EFi1Thica] = (00%) o (HiDx = Pus1)HL ) + Prkmem Wi + Prtomd_ T T item i

i=1

— OH, (Sk.k — Pk/klelt@k) - (Sl‘k — @kaPk/k—l)Hlt@lv

So, from the above expectations, expression (11) for the innovation covariance matrix I is obtained. O

Appendix B. Proof of Theorem 2

From the general expression (A.1), for each fixed k > 1, the recursive relation (12) is immediately clear.

Next, to prove (13) for Syxn = EXcVi, n] — E[xkyLN/,HNfl}, it is necessary to calculate both expectations.

On the one hand, from Eq. (3), taking into account that E[xkaN] =Dy [FLN‘,c and using that ®,,y and v,y are independent
of x;, we obtain

E[xkyLrN] = Dk[FLN‘kHLN@HN? N> 1.

On the other hand, based on expression (7) for vy, which is different depending on wether k + N < m or k + N > m, two
options must be considered:

- From (7) for k < m — N, using (6) for Xy n/k.n-1, We have that
E {xkygm/kmq} = Mk,k+N*1FZ+N—1HZ<-+N@’<+N=

where Myyn1 = E[Xk?LrN—l/kJrN—l]'
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- A similar reasoning to the above one, but starting from (7) for k > m — N, yields

m-1

=T _ T T 5 -1 T
EXkYonjeen—1] = Miksn-1Fion 1 Hin@ren + | Skiernem — Zsk,k+N—in+N4Tk+N—i,k+N—m WieenkeN-m-
=1

Then, the replacement of the above expectations in S,y leads to expression (13).

The recursive relation (14) for My = E[xk?[ +N/k+N] is immediately clear from (5) for Xy n.n and its initial condition
Mk = E[XXky] is calculated taking into account that, from the orthogonality, E[xk?,f/k} = E[?k/k?[/k] = Dy — Pu.

Finally, since Py ,n = E[xiX;] — E [?k/km?f/k +N], using (12) and taking into account that Xy,y_1 is uncorrelated with vy,
expression (15) is deduced. O
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