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The optimal least-squares linear estimation problem is addressed for a class of discrete-time multisensor linear stochastic systems
with missing measurements and autocorrelated and cross-correlated noises. The stochastic uncertainties in the measurements
coming from each sensor (missing measurements) are described by scalar random variables with arbitrary discrete probability
distribution over the interval [0, 1]; hence, at each single sensor the information might be partially missed and the different sensors
may have different missing probabilities. The noise correlation assumptions considered are (i) the process noise and all the sensor
noises are one-step autocorrelated; (ii) different sensor noises are one-step cross-correlated; and (iii) the process noise and each
sensor noise are two-step cross-correlated. Under these assumptions and by an innovation approach, recursive algorithms for
the optimal linear filter are derived by using the two basic estimation fusion structures; more specifically, both centralized and
distributed fusion estimation algorithms are proposed. The accuracy of these estimators is measured by their error covariance
matrices, which allow us to compare their performance in a numerical simulation example that illustrates the feasibility of the

proposed filtering algorithms and shows a comparison with other existing filters.

1. Introduction

For a long time, the least-squares (LS) estimation problem
in linear stochastic systems from measurements perturbed
by additive noises has received considerable attention in the
scientific community due to its wide applicability in many
practical situations (e.g., video and laser tracking systems,
satellite navigation, radar and meteorological applications,
etc. [1]). As it is well known, one of the major contributions
made to solve this problem is the Kalman filter, which pro-
vides a recursive algorithm for the optimal LS estimator when
the additive white noises and the initial state are Gaussian
and mutually independent (or, equivalently, uncorrelated due
to the Gaussianity assumption) and, therefore, the optimal
LS estimator is the optimal LS linear estimator. From the
publication of the Kalman filter [2] in 1960, numerous results
and several solution methods have been reported in the
literature to address the state estimation problem from noisy
observations, which depend on models representing possible

relationships between the unknown state and the observable
variables and also on the noise processes assumptions.
Specifically, during the past decades, there has been an
increasing interest in the filtering problem in multisensor
systems, where sensor networks are used to obtain the whole
avaijlable information on the system state and its estimation
must be carried out from the observations provided by all
the sensors. A basic matter for this class of systems is how
to fuse the measurement data from the different sensors to
address the estimation problem. Commonly, two methods
are used to process the measured data coming from multiple
sensors: centralized and distributed fusion methods. In the
centralized fusion method all the measured data from sensors
are communicated to the fusion center for being processed;
nevertheless, as is widely known, centralized estimators
have many computational disadvantages, which motivate
the research into other fusion methods. In the distributed
fusion method, each sensor estimates the state based on
its own single measurement data, and then it sends such



estimate to the fusion center for fusion according to a certain
information fusion criterion. Although the use of sensor
networks offers several advantages, the unreliable network
characteristics usually cause problems during data trans-
mission from sensors to the fusion center, such as missing
measurements, random communication packet losses and/or
delays. Taking into account these network uncertainties, the
models representing the relationships between the state and
measurements do not allow to apply the Kalman filter, and
modifications of conventional estimation algorithms have
been proposed (see e.g., [3-9] and references therein).

As in the Kalman filter, independent white noises are con-
sidered in all the mentioned papers; however, this assumption
may not be realistic and can be a limitation in many real-
world problems in which noise correlation may be present.
This problem arises, for example, when a target is taking
an electronic countermeasure, for example, noise jamming
[10], or if the process noise and the sensor measurement
noises are dependent on the system state, then there may be
cross-correlation between different sensor noises and cross-
correlation between process noise and sensor noises. Also, if
all the sensors are observed in the same noisy environment,
the measurement noises of different sensors are usually
correlated.

For these reasons, the estimation problem in systems with
correlated noises has received significant research interest in
recent years. For example, the optimal Kalman filtering fusion
problem in systems with cross-correlated sensor noises is
addressed in [10], while [11, 12] study the same problem in
systems with cross-correlated process noises and measure-
ment noises; in these papers correlated noises at the same
sampling time are considered. In general, the assumption of
correlation and cross-correlation of the noise process and
measurement noises in different sampling times makes dif-
ficult the identification of optimal estimators; this limitation
has encouraged a wider research into suboptimal Kalman-
type estimation problems. In [13], a Kalman-type recursive
filter is presented for systems with finite-step correlated
process noises, and the filtering problem with multistep
correlated process and measurement noises is investigated in
[14]. The optimal robust nonfragile Kalman-type recursive
filtering problem is studied in [15] for a class of uncertain
systems with finite-step autocorrelated measurement noises
and multiple packet dropouts. The problem of distributed
weighted robust Kalman filter fusion is studied in [16] for
a class of uncertain systems with autocorrelated and cross-
correlated noises. In [17], a stochastic singular system with
correlated noises at the same sampling time is transformed
into an equivalent nonsingular system with correlated noises
at the same and neighboring sampling times. Also, in [18],
an augmented parameterized system with correlated noises at
the same and neighboring sampling times is used to describe
the sensor delay, packet dropout, and uncertain observation
phenomenons.

On the other hand, as noted above, the use of communi-
cation networks for transmitting measured data motivates the
need of considering stochastic uncertainties. Missing mea-
surements have been widely treated due to its applicability
to model a large class of real-world problems, such as fading
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phenomena in propagation channels, target tracking or, in
general, situations where there exist intermittent failures in
the observation mechanism, accidental loss of some mea-
surements, or inaccessibility of the data during certain times.
The state estimation problem from missing measurement
transmitted by multiple sensors has been studied based on
the assumption that all the sensors are identical (see, e.g.,
[19-22]); however, this assumption can be unreasonable
since some real systems usually involve multiple sensors
with different characteristics. Recently, the filtering problem
using missing measurements whose statistical properties are
assumed not to be the same in all the sensors has been
addressed by several authors under different approaches
and hypotheses on the processes involved (see, e.g., [23-
27]). In all the above papers, Bernoulli random variables
are used to model the missing measurements phenomenon,
and hence, it is assumed that the measurement signal
is either completely lost (if the corresponding Bernoulli
variable takes the value zero) or successfully transferred
(when the Bernoulli variable is equal to one). Recently, this
missing measurement model has been generalized consid-
ering any discrete distribution on the interval [0, 1], which
allows to cover some practical applications where only
partial information is missing (see [28, 29] and references
therein).

Motivated by the above considerations, our attention is
focused on investigating the optimal LS linear centralized
and distributed fusion estimation problems in multisensor
systems with missing measurements and autocorrelated and
cross-correlated noises. In each sensor, the missing measure-
ment phenomenon is governed by a scalar random variable
with arbitrary discrete probability distribution over the inter-
val [0, 1], and the different sensors may have different missing
probabilities. Assume that the process noise and all the sensor
noises are one-step autocorrelated; different sensor noises are
one-step cross-correlated; and the process noise and each
sensor noise are two-step cross-correlated. This paper makes
a twofold substantial novel contribution: (1) unlike most
previous results with correlated noises, in which suboptimal
Kalman-type estimators are proposed, in this paper optimal
LS linear estimators are obtained by using an innovation
approach, which provides a simple derivation of the estima-
tion algorithms due to the fact that the innovations constitute
a white process; and (2) our missing measurement model
considers at each sensor the possibility of observations con-
taining only partial information about the state, or even only
noise.

The paper is organized as follows. In Section 2 the system
model with autocorrelated and cross-correlated noises and
missing measurements coming from multiple sensors is
described. Also, the suitable properties on the state and
noise processes are specified and a brief description of the
innovation approach to the optimal LS linear estimation
problem is included. In Section3 a recursive algorithm
for the centralized optimal linear filter is presented for
the considered model (the derivation has been deferred
to Appendix 6). Next, in Section 4, the local LS linear
filters and their corresponding error covariance matrices
between any two local estimates are provided, and then
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the distributed optimal weighted fusion estimators and
their error covariance matrices are obtained by apply-
ing the optimal information fusion criterion weighted by
matrices in the linear minimum variance sense. Finally, in
Section 5, a numerical simulation example is presented to
show the effectiveness of the estimation algorithms proposed
in the current paper, and some conclusions are drawn in
Section 6.

Notation. The notation used throughout the paper is stan-
dard. For any matrix A, the notation symbols A” and A™
represent its transpose and inverse, respectively; R” denotes
the n-dimensional Euclidean space and R™" is the set
of all real matrices of dimension m x n. The shorthand
Diag(ay,...,a,) denotes a diagonal matrix whose diagonal
entries are d,,...,a,. If the dimensions of matrices are not
explicitly stated, they are assumed to be compatible for
algebraic operations. §;_, is the Kronecker delta function,
which is equal to one, if k = s, and zero otherwise.
Moreover, for arbitrary random vectors « and 3, we will
denote Cov|a, B] = E[(a — E[a])( - E[[S])T] and Cov[a] =
Covl]a, «], where E[-] stands for the mathematical expecta-
tion operator. Finally, @ denotes the estimator of « and @ =
« — & the estimation error.

2. Problem Formulation

Our aim is to obtain recursive algorithms for the optimal LS
linear filtering problem in a class of discrete-time stochastic
systems with missing measurements coming from multiple
sensors, by using centralized and distributed fusion methods.
In this section, firstly the system model and the assumptions
about the state and noise processes are presented and, sec-
ondly, the optimal LS linear estimation problem is formulated
using an innovation approach.

2.1. Stochastic System Model. Consider a discrete-time linear
stochastic system with autocorrelated and cross-correlated
noises and missing measurements coming from r sensors.
The phenomenon of missing measurements occurs randomly
and, for each sensor, a different sequence of scalar random
variables with discrete distribution over the interval [0, 1] is
used to model this phenomenon. Specifically, the following
system is considered:

X = Fk_l.xk_l + Wy_1> k > 1, (1)

where x;, € R”" is the state, {w; k > 0} is the process
noise, and F, for k > 0, are known matrices with compatible
dimensions.

Consider r sensors which, at any time k, provide scalar
measurements of the system state, perturbed by additive and
multiplicative noises according to the following model:

y,ize;;H,i(xk+v;;, k>1, i=12,...,r, (2)

where {y; k > 1} are the measured data; {v;; k > 1} are
measurement noises; {0;; k > 1} are scalar random variables
sequences; H;, for k > 1, are known time-varying matrices

with compatible dimensions; superscript i denotes the ith
sensor, and r is the number of sensors.

Next, the statistical properties assumed about the initial
state and noise processes involved in (1) and (2) are specified.

(i) The initial state x,, is a random vector with E[x,] = X,
and Cov[x,] = P,.

(ii) The process noise, {wy; k > 0}, and the measurement
noises, {vj; k > 1},i = 1,2,...,r, are zero-mean
sequences with covariances and cross-covariances:

Cov [wy, wy] = Qi k05 + QsOk—si1 + Qi sOs-1>
i il _ ij ij ij
Cov [vk, vs] = Rk’kék,s + Rk,$8k75+1 + Rk)s(?k,s,l, (3)

i i i i
Cov [wk’ Vs] = Sk,k8k—s + Sk,sak—sﬂ + Sk,sak—s+2'

(iii) The multiplicative noises {0;; k > 1},i = 1,2,...,7,
are white sequences of scalar variables with discrete

distribution over the interval [0, 1], with E[Q;‘(] = 5;(
and Var[@i] = Vket.

(iv) The initial state x, and the multiplicative noises
0k > 1}, fori = 1,2,...,r, are mutually
independent, and they are independent of the additive
noises {wy; k > 0} and {v;;; k>1},fori=1,2,...,r.

Remark 1. From assumption (ii) the following correlation
properties of the additive noises are easily deduced.

(1) The noise vectors w; and w; are correlated at consec-
utive sampling times, |k — s| = 1, and independent
otherwise; the covariance matrices of w;, with wy_,,
and wy,, are Qy x_;, and Qy ., respectively.

(2) Fori,j = 1,2,...,r, the measurement noises v;; and
v/ are cross-correlated at the same sampling time and
at consecutive sampling times, |k —s| = 0,1, and
independent otherwise; the cross-covariances of v
with v,];, V£—1 and V1i+1 are RZk, Rzk_l and RZkH,
respectively.

(3) For i = 1,2,...,r, the measurement noises v;;
are correlated with the noise vectors w,, for s =
k, k-1, k - 2, and independent otherwise; the cross-
covariance matrices of v} with wy, wy_, and wy_, are
}‘(’ o S;‘(_L « and S;;_z) o Tespectively.
The correlation conditions of the process noise and the
measurement noises considered in this paper are the same as
those in [16]. Systems with only finite-step correlated process
noises or multistep correlated process and measurement
noises are considered in [13-15], among others. The current
study can be extended to more general systems involving
finite-step autocorrelated and cross-correlated noises with no
difficulty, except for a greater complexity in the mathematical
derivations.



Remark 2. From the state equation (1) and assumptions (ii)
and (iv), it is easy to deduce that D, = E[xkxlf] is recursively
calculated by

T
Dy =F Dy By + Qpp o + Feoi Qi i

+ Qk—l,k—szT—1> k=2, (4)

D, = FyDyF, +Qqp D, = P, + %%, .

Also, it is easy to see that the state x; is correlated with
the measurement noises v}c, fori = 1,2,...,r, and the
expectations E; = E[x; V] satisfy

E =F S +See k=22 E =S, (5

Remark 3. According to assumption (iii), the scalar random
variables 6;; take values over the interval [0, 1] and they can
satisfy any arbitrary discrete probability distribution over
such interval, for instance, a Bernoulli distribution. Usually,
Bernoulli random variables have been used to model the
phenomenon of missing measurements (see, e.g., [25] and
references therein), with 6 = 1 meaning that the state
x; is present in the measurement y; coming from the ith
sensor at time k, while 6, = 0 means that the state is
missing in the measured data at time k or, equivalently, that
such observation only contains additive noise v,. However,
in practice, the information transmitted at a sampling time
can usually be neither completely missing nor completely
successful, but only part of the information can go through;
in such situations, only partial information is missing and the
proportion of missed data at one moment is a fraction other
than 0 or 1 (see, e.g., [28, 29] and references therein).

2.2. Stacked Measurement Equation. As noted above, our
aim is to solve the optimal LS linear estimation problem
of the state x; based on the measurements {y}, ¥5,..., 1},
for i = 1,2,...,r, by using centralized and distributed
fusion methods to process the measured sensor data. The
centralized fusion method considers that all the measurement
data coming from r sensors are transmitted to a fusion center
for being processed; for this purpose and to simplify the
notation, the measurement equation (2) is rewritten in a
stacked form as follows:

Vi = @kaxk + Vies k > 1, (6)

where y, = (y,i,...,y,C)T, Ve = (v,lc,...,VZ)T, H, = (H,lT,...,
H{")", and ©, = Diag(6},...,0}).

The following properties of the noises in (6) are easily
inferred from the model assumptions (ii)-(iv) previously
stated.

(i) The additive noise {v;; k > 1} is a zero-mean process
satisfying:

Cov [vg, V5] = Ry k0ks + Ri (01 + Ry sOks15 -
Cov [wk’ Vs] = Sk,kak—s + Sk,s8k—s+1 + Sk,sak—s+2’

ij 1
where R = (Rkj’s)i)j: cand S = (S5 Sk )

1,2,..,
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(ii) The state vector x; and the measurement noise vector
v are correlated with E; = E[x; v} ] satisfying
k>2,

Ei = B 1Skoa i + Sk, 10 E; =5;- (8)

(iii) The random matrices {@; k > 1} satisfy E[@] =
®, = Diag®,....0,) and E[(©®, - ©,)] =
Diag(Vkel, . ,Vker); also, denoting 6, = (6;,... ,0,2)T,
it is clear that Cov[0,] = Diag(Vkel, N V,fr).

Moreover, for any random matrix G independent of
{®;; k > 1}, it is easily deduced that

E [(®k _@k) G (®k _@k)] = Cov [Gk] oF [G] N (9)

where o denotes the Hadamard product [23].

(iv) The initial state x, and {®;; k > 1} are independent,
and they are independent of {wy; k > 0} and {v;; k >
1}.

2.3. Innovation Approach to the Optimal LS Linear Esti-
mation Problem. To address the optimal LS linear estima-
tion problem of the state x; based on the measurements
{5, ¥ ..., yihi=1,2,...,7, the centralized and distributed
fusion methods will be used. In both cases, recursive algo-
rithms for the LS linear estimators will be established using an
innovation approach and the orthogonal projection Lemma
(OPL); more specifically we have the following.

Centralized Fusion Estimation Problem. Our aim is to obtain
the optimal LS linear filter, X}, of the state x; based on
the measurements {y;, ¥,,..., ¥} given in (6), by recursive
algorithms.

As known, the LS linear filter Xx; is the orthogonal
projection of the state x; over the linear space spanned by
{y1> ¥2>---> yi}. These observations are generally nonorthog-
onal vectors, but the Gram-Schmidt orthogonalization pro-
cedure allows us to substitute them by a set of orthogonal
vectors, called innovations, defined as the difference between
each observation and its one-stage predictor. Due to the
orthogonality property of the innovations and since the
innovation process is uniquely determined by the observa-
tions, the LS linear filter, X, can be calculated as linear
combination of the innovations; namely,

k
K= ) L dlpo k21, (10)
s=1

where py; = y; -y, are the innovation vectors, with y/;_,

the one-stage observation predictor, IT,; = E[ysyST], and
T

L = Elxg ).

Distributed Fusion Estimation Problem. To address the dis-
tributed fusion estimation problem, firstly, recursive algo-
rithms to obtain local LS linear filters, 55;c pofori=12,...r,
and the error cross-covariance matrices between any two
local estimates, are derived. Secondly, the distributed fusion
filter, ka/k, is established by applying the optimal information
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fusion criterion weighted by matrices in the linear minimum
variance sense [30]. ' ‘ . )

Analogously to (10), denoting Yy = V. - Vs Mg =
Elpgp;], and ) = Elx;p], the local filter X} ;. is expressed
as

k
Re= > () ul k=1 ()
s=1

3. Optimal LS Linear Centralized
Fusion Estimation

In this section a recursive algorithm for the centralized
optimal (under the LS criterion) linear filter, X, is derived.
Such algorithm is deduced using (10) and the OPL, and it is
presented in Theorem 5. Firstly, in order to simplify the proof
of Theorem 5, the following lemma is established.

Lemma 4. Under assumptions (i)-(iv), the following results
hold:

Wk,k =E [wkyﬂ = Qk,k*lHZ-‘@k + Sk,k’ k> 1, (12)

T T T =
Vi1 =E [thuk—l] = Spoa ki 1Ok + Ri s k22,
(13)

Proof. Since wy, is independent of y,, ..., ¥,_, Elwy )7,<T/k71] =

0 and hence 7% ;. = Elw,y{ ]. Now, using (1) and (6), Y
can be calculated as follows:

T
Wi=E [wk(®kaxk + ) ]

=E [wkx’]f] H]’f@k + Sk,k

(14)
T 1T
=E [wk(Fk—lxk—l + Wy_y) ] Hy O + S i
r—
= Qp -1y O + Spc
Taking into account that v, is independent of y,, ..., y,_,, the

calculation of 7y ;._, is similar to that of % ;, and hence the
proof is omitted. O

Theorem 5. For the system model (1) and measurement model
(6), under assumptions (i)-(iv), the optimal LS linear filter Xy,
is obtained as

-~ P -1 —~ —
X = Ko + Lo k21, X0 =%, (15)
where the state predictor, Xy ., satisfies
_ _ a1
X1 = BeaXicijimt + Wi s gy o itemr, k22,

3?1/0 = Fofo/o-

The innovation, yy, is given by

= ~ -1
tie = Vi = Ok i Xkt = Vi ke I kb, k22,
- 17)
H =y — O H Xy

5
The matrix Xy ;. = Elxpy | is calculated by
L =P H O+ Ep — Xy o I 7T k>2
kk = Lipe—113; O + £ kk=114%-1,k-17 K, k-1> = %
—
Ty = P H, O, + E,,
(18)
where Xy 1 = Elxgui_,] satisfies
Lk = BT + Wi, k220 (19)

The prediction error covariance matrix, Py_,, is obtained by

T T T
Pojkor = FxoiPoyjp1 By + Queg o + Fyon F o + o1 By
A VN ) k>2
Lk-1 ey e g -y K22,

T
Py g = FyByjoFy + Qo5
(20)

where 7). = E[)?k/kw,f] is calculated by
T =Qek— ‘%k,knlz,lkWZ,k’ k>1. (1)
The filtering error covariance matrix, Py, is given by

-1 T
Pk/k =Pk/k—1 _‘%‘k,knk,k‘%‘k,k’ kZ 1> PO/O =P0. (22)

The innovation covariance matrix, I1;. ., satisfies
i i = Cov (6;) o (HDyHy ) + Ry g + O H L i
+ X p HL O — O H Py H{ O,
- %,HH&,HWZ,H k=2, (23)
I, , = Cov(6,)o (H,DH] )+ Ry, + ©,H,.,,
+21 H ©, - ©,H,P ,H, 0,

The matrices Dy, Ey, W'y y, and 7'y ., are given in (4), (8),
(12), and (13), respectively.

Proof. See Appendix 6. O

Remark 6. In conventional estimation problems in systems
with missing measurements and uncorrelated additive white
noises, the one-stage state and observation predictors are
CalCulated as k\k/k—l = Fk_lfk_l/k_l and j;k/k—l = ®ka£k/k—l’
respectively. However, this is not true for the problem at hand
since, due to the correlation assumption (ii), the noise esti-
mators Wy._, j,_; and V., must be taken into account for the
derivation of the predictors. Besides the fact of considering
missing measurements, this is the main difference between
the optimal estimators proposed in the current paper and the
suboptimal Kalman-type ones proposed in [16], where the
noise estimators are considered to be equal to zero.



4, Distributed Fusion Estimation

One of the main disadvantages of the centralized fusion
estimators derived in Section 3 is that they may have a
high computational cost due to augmentation. Moreover,
as is widely known, the centralized approach has several
other drawbacks, such as fault detection, isolation, poor
reliability, and so forth. To overcome these disadvantages,
our aim in this section is to address the optimal distributed
fusion estimation problem, in which each single sensor
provides its local LS linear estimator and their estimation
error covariance matrices, and then these local estimators
along with the covariances and cross-covariance matrices of
the estimation errors between any two sensors are sent to
the fusion center for fusion based on the matrices-weighted
fusion estimation criterion in the linear minimum variance
sense [30].

4.1. Local LS Linear Filtering Algorithms. For each single sen-
sor subsystem of systems (1) and (2), the following theor_em
provides recursive formulas for the local LS linear filters, X} ;.

and their corresponding error covariance matrices, P,

Theorem 7. For the ith sensor subsystem of systems (1) and
(2) under assumptions (i)-(iv), the local LS linear filter, k‘;{/k, is
calculated by

xk/k = xk/k 1t %k k( k, k) Wo k=21, X0=%
(24)

where the local LS linear predictor, X, Jk_1> Satisfies

i i L
Xijk-1 = Fro1Xp1 k1 +Wk 1, k= I(Hk 1, k= 1) P k=2

a4
X150 = FoXo)05

(25)
with W = 0, QuirHY' +Sp ok 2 1.
The innovation, y, is given by
6 H ii T -l k>2
Ui = Y- kxk/k - k,k—l( k—l,k—l) v =4
. Co=i
=y, — 0 H X,

(26)

with 77 ., _ek 1SiakHi + Rk 22

The vector flk =
expression

Elxu] is calculated from the following

. —i . iT . . . 1 .
‘%‘;c,kzekplil/k—lHIlc +E;<_'%;c,k—1(n}<l—1,k—1) %Z,k—l’
k>2,
i _5" pi giT | E
1,1 — Y171/0° "1 + 1’
(27)

i _ i i
where Sl"k’k_l = Fk—l‘%‘k—l,k—l + Wk—l,k—l’k > 2.
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The local prediction error covariance matrix, Py _,, is
obtained by

i ii T i iT T
Pijer = B Poyjk1 By + Queriemr + Feon Iy + S i Fiy

Z—1,k—1(HZ—1,k—1) Wk Lk k22,
Pfi/o = Fopéi/oFoT + Q5
(28)

where 7). = Q1 i — efl”;c)k(l'[z’k) W}C)k,k > 1, and k/k, the
filtering error covariance matrix, is given by

’k,k(HZ,k) ‘%klo k=1, PO/O k.
(29)

ii ii
Pk/k = Pk/k—l -

The innovation variance, IT; ,, satisfies

I, =V, 'HiDH + R +OH.L,  + 0,2 H

—iNZ . . T " —1

~(8) BBy B — (75 ) ()

k>2,
i = Ve" H D.HT + R éi H
1,1 = vV DA R, 0 Ay,

2t opiT 14T (3 i pii il
+0,2 1 - (6,) HiPjH]
(30)

The matrix Dy and the vector E}C are given in (4) and (5),
respectively.

Proof. The proof, based on the innovation approach and the
OPL, is omitted for being analogous to that of Theorem 5.
Nevertheless, it should be indicated that, in this proof, the
Hadamard product is not used since, instead of the diagonal
stochastic matrix @, the scalar variable 6} is now involved in
the derivation of the estimators. O

Remark 8. As indicated in Remark 6 for the centralized
estimators, it must be noted that, due to the correlation
assumption (ii) of the additive noises {w,} and {v;}, the

-1 =i _

estimators @}, k1= =W 1 k- (T Lk-1) Hgopand vy, =
k P 1(1'[ Lk 1) yk | are not equal to zero, and hence the
optimal local state predictor, X xk/k L =Fi_ lxk k- L+ k-

and the observation predictor, ¥, yk/k_l = Gkaxk/k_1 + Vk/k—l’
are quite different from conventional filtering algorithms
with uncorrelated white noises. This issue, along with the
consideration of missing measurements at each single sensor,
constitutes the main difference between the current optimal
local estimators and the suboptimal local estimators pro-
posed in [16].

4.2. Cross-Covariance Matrices of Local Estimation Errors. To
apply the optimal fusion criterion weighted by matrices in
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the linear minimum variance sense, the filtering, P}i]/k, and

prediction, P;J/kfl , error cross-covariance matrices between

local estimators of any two subsystems must be calculated.
For simplicity, besides the notation of Theorem 7, for i # j,

i,j=1,2...,r, we introduce the following notation:

L] =E[fuem], T, = E[usl],
31)

Vi = B[]

Also, in order to simplify the calculation of the error cross-
covariance matrices, the following lemmas are given.

Lemma 9. Under assumptions (i)-(iv), the following results
hold.

(a) The expectation E[Tc;;/k_lpt]{fl] satisfies

E [E;c/k—lff‘ljc—l] = Fk—le_l

+ ‘Q’ﬂ;c,kfl(n;clfl,kfl) 18 AN k>2.
(32)
(b) The expectation E[)?;(/k_lvi] satisfies
]l
E[xk/k 1"k] %kk 1( k-1, k- 1) Vv k=2, (33)
ji 7 i of ij
where 7y = O\ Hi 1S, + R

(c) The expectation E [v;;yi] satisfies
. _] iT T ..
E[viw] = 6,E H]' + R/,

T
_%Zk 1( k=1, k- 1) (6 H]‘%‘ik 1+%kk 1) s

k>2.
(34)

Proof. (a) From (25) for 9?}'(/,(71 and (24) for k\;cfl/kfl’ we have
E [t ]

= Fk—lE[xk k- 1!4k 1]+Wk Lk- 1(HZ-1,1<-1)71

ij
1_[k—l,k—l

=F_,E [f;lc—l/k72[’l]’i_1:| + Fk*l'%‘;cfl,k—l
x (HZ—I,k—l)ilng—l,k—l
+W§«1,k 1(Hk 1,k- 1)

+(Fk I%k 1,k- 1+W;c—1,k—1)

klkl

_ ij
- Fk—lqu

(klkl)l )k
(35)

and since 5[}{ P Fk_lzﬁ";;_l’k_l + %/}‘(_l)k_l, expression (32)
is proved.
B, i i
(b) Analogously, taking into account that E[X]_; 2Vl =
0, we have

[xk/k 1 k] =F_,E [ﬁq/kq"ﬂ
+ W;c—l,k—l(nz—l,k—l)_lE [.”;c—lvli]

~(FrZ it Vo) (Moin) 7
(36)

and expression (33) is immediately obtained. Finally, the
derivation of expression ‘Wk el = Gk Hi_ 1Sk sk T Rk Lk
is similar to that of (13) and hence it is omitted. .

(c) Taking into account expression (26) for /4{{, with (2)
for y,{, we have

-0 E vzl | H"

E[vigl] = 6, E 'HI' + R, ViEL

(37)

H]J

-1 ..
ji
%kk 1( k-1,k- 1) Vi k=2

and using (33) for E[v}cfc{(/k |}, expression (34) is obtaineé

Lemma 10. Under assumptions (i)-(iv), for i#j, i,j =
1,2...,r, the expectations L]

= E[xk/k W] are recursively
obtained by

=g (P” _pl

jT Ji Ji
k k/k-1 k/k— 1)H Fk—lL (Hk 1, k- 1) Wkk 1

+‘%kk I(Hk 1Lk- 1)_1

1 Iy
Jji ji ji if
(%kk 1~ k- I(Hk Lk ) Hk—l,k—l)’ k=2,

(38)
with initial condition Li{ =0.
Proof. Taking into account expression (26) for ‘u,{, with (2) for
1, we have

=0 E[xk/k 1xk] H +E[xk/k lvk]

il ~iT iT
~OE [xk/k 1%k Hi (39)

=i j j ji
-E [x;c/k—lyk—l] (Hk L k- 1) Ve k=2,
From the OPL, E[k‘;‘(/k_lx,f] = E[f};/k_la'c‘gk_l]; then, taking

into account (32) for E[’?;c/k—1#1]c_1]’ and (33) for E[f};/k_lv,];],
it is enough to prove that

(40)

=i =iT =i ~jT Jj
E[xk/k—lxk/k—I] -E [xk/k—lxk/k—l] Pk — k/k B



which is easily deduced since

E [xk/k 1xk/k 1]

ij ~jT
=P —DetE [xk/k 1xk/k 1] +E[xk/k 1 XK/k-1
=/ AJT _ jj
E[ X pk—1%k /K~ 1] =Dy - Pk/k 1
(41)
O

Lemma 11. Under assumptions (i)-(iv), for i#j, i,j =
ijo_
1,2...,r, the innovation cross-covariance II; ;= [ykyk]
satisﬁes
L+ 0B " + RY
k kP Hie

ij __i i )
I k_eka(‘EZ‘ k. k

c7kk 1(Hk 1, k- 1) 1HZ—I,k

ji jori i\
%kkl(nklkl) <0H‘§[kk1+%kk1>’
k>2,
I =OHIZ] +BEHT R,
(42)

where ij Lk = E[yi_lyi] is given by

_ ji
;. Lk 9k( kk1 ~ Fee1ly g

T
() i) B

-1 ..
ji i ji ji
+7 (Hk 1, k- 1) LSt

kok-1 ~ iy ko1 k> 2.

(43)

Proof. Taking into account expression (26) for u}, with (2) for
¥}» we have

10, = O, HLE x| + E [vipl] - O HLE [%,_p]
() E
- 5;H; (5[] L,ﬁ) +E [v;‘cy,{]

1 ij
<W.kk 1( k—1,k— 1) 1_Ik—l,k’

and, from (34) for E[v};‘u{(], expression for HZ %

[l/‘;c—l P‘l]c]
(44)

k>2,

is clear.
Analogously, taking into account expression (26) for y,];,
with (2) for y/, we have

Hk 1k‘6 E[P‘k lxk]H] +E[#k 1 k]
6,8 [u, &), B

E [M;c—l[’ll]c.—l] (Hij—l,k—l) %i k-1’
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—9( K k-1 E[#;c 12i/Tk 1])H]T+%£kl

.

ji jj
k—l,k—l(nk 1Lk- 1) %kk p k=2,

(45)

and, from (32) for E[yk lxk/k \J> expression for Hk Lk 1s
immediately derived. O

In the following theorem, recursive formulas to calculate
the ﬁltering and prediction error cross-covariance matrices,

p/ 7 and p; /K- 1> Tespectively, are derived.

Theorem 12. Under assumptions (i)-(iv), the cross-covariance
matrices, P;C]/k, of the filtering errors between the ith and the jth
sensor subsystems are recursively computed by

ij i \“Vii (i Y7 g
P = Pk/k L+ T k(Hk k) Hk,k(nk,k) Lik
j ij Ji T
a (‘%k,k - Lk) (Hk,k) Lok
(46)
. -1 . ]l T
ee(Men) (Tie-Li) > k=1,
Po/o =P,
where Pk/k » the cross-covariance matrix of the prediction

error between the ith and the jth sensor subsystems, satisfies

Py —Fklp 1+Qk1k1+Fk1jk1

k/k-1 f-1/k1 F

N i 7
+f k-1 T klkl(klkl) k-1,k-1

(H;cjl k- 1) Wile 1
_‘q’olj (Hijlk 1) WiT1 k-1

k>2,

1 11 Ji
- Wk—l,k—l(nk—l,k—l) ?k—l’

P = FyP) Fy + Qp
(47)

ij _ oy J ij i i \"Lij
where ) = (Z./k’k +Fk(£l’k’k —L; -2 (I 0) Hk)k),‘l'c > 1.
The vectors L’,i and the innovation cross-covariances Hz . are
given in Lemmas 10 and 11, respectively.

Proof. By using (24) for X, s, and fi /> We have
— pii
= P

-E [(xk - ’?;c/k—l) MI{T] (Hljgk)_l‘%‘;:k (48)

-1 . W T
2,k(HZ,k) E [P‘;c(xk ~ X ) ] .

p/

kik — + ’%‘;c,k(HZ,k)_ln;'cj,k<H£k)71‘%‘gk

Taking into account that E [xky]{] =/ . and E [3?}; Jk-1 ‘ui] =

LY, the recursive expression for the cross-covariance matrices
of the local filtering errors is immediately deduced.
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Following an analogous reasoning, using now (25) and
taking into account that E[(x; — E;C/k)w,f] = f, and
E[,u;;w,f] = 7/}3?,(, it is easy to see that

ij _ ij T i
Py = B Py i By + Qe + B Iy

+ B + Wsc—l,k—l(n;cl—l,k—l) My
. ,1 e
ji iT

X (Hk—l,k—l) Wk—l,k—l

- (‘W/j +F,._,E [Ei j ]) (49)
k-1,k-1 T Tk-1 k—1/k-1H1-1
.. _1 .
Ji jT

X (Hk—l,k—l) Witk

: " -1
1 11
- k—l,k—l(Hk—l,k—l)

, i . T
X (W;c—l,k—l + Fk—lE[xi/knu;c—l]) .

Finally, using again (24) for ;?271 1> and since
E[Xi_yjkaty_,] = L]_,, we have
E [x;c—l/k—h”k_l]

. Iy . .. 71 Iy
o i g ii ij
- 'Ez‘k—l,k—l Lk—l k—l,k—l(Hk—l,k—l) Hk—l,k—l

(50)

and the expression for the cross-covariance matrices of the
local prediction errors is easily obtained. O

4.3. Distributed Fusion Filtering Estimators. Once the local
LS linear filtering estimators X; , and their error covariance
matrices P,i"/k, given in Theorem 7, along with the error cross-

covariance matrices, P]i]/k, given in Theorem 12, are available,
the distributed optimal weighted fusion estimators and their
error covariance matrices are obtained by applying the
optimal information fusion criterion weighted by matrices in

the linear minimum variance sense [30].

Theorem 13. For the system model (1) and measurement
model (2), under assumptions (i)-(iv), the distributed optimal
fusion filter, a?kD/k, is given by

R = AR+ + Alx e k20, (51)
where the local estimators fc;'(/k,k >0@G = 1,2...,r) are
calculated by the recursive algorithm established in Theorem 7.

The optimal matrix weights A}, (i = 1,2,...,r) are
computed by
_ R
A= Zk/lke(eTZk/lke) ; (52)
T
where the matrices A = [Al,...,AZ] ande =[I,...,11" are

both nr x n matrices, and

S = E| (R Tope) (Rpo-- Tope). |
= (P’ij/k)i,jzl,Z ,,,, r

is an nr x nr positive definite symmetric block matrix, whose
n X n matrix entries P]i]/k are given in Theorems 7 and 12.

The error covariance matrices of the distributed weighted
fusion filtering estimators are computed by

_ -1
Pop=(e"Se) » k=0, (54)

and the following inequality holds: P,f/)k < ,ii/k,i =1,2,...,r1.

Proof. The proof is omitted because it follows directly from
the optimal information criterion weighted by matrices in the
linear minimum variance sense [30]. O

Remark 14. The proposed distributed optimal LS linear
fusion filter requires the computation of an nr x nr inverse
matrix, with »n the dimension of the system state and r
the number of sensors. Consequently, the proposed dis-
tributed fusion method has a computational complexity
of O[(nr)’], equal to that of the distributed Kalman-type
filter in [16] and less than that of the distributed fusion
filters based on the state augmentation approach. Hence, our
distributed fusion method is superior to the filter proposed
in [16] (since it has the same computation burden but
better accuracy) and also to the distributed fusion filters
based on state augmentation (since it has less computational
complexity).

5. Numerical Simulation Example

In this section, a numerical simulation example is presented
to illustrate the effectiveness of the centralized and distributed
filtering algorithms proposed in this paper. Consider a
scalar first-order autoregressive model with missing mea-
surements coming from two sensors with autocorrelated
and cross-correlated noises. According to the proposed
observation model, two different independent sequences
of random variables with a certain probability distribution
over the interval [0, 1] are used to model the missing phe-
nomenon. Specifically, the following model is considered as
follows:

X, =095x,_; +w_;, k=1
(55)

y;cze;cxk+v;c, kZl, i:1>2:

where the initial state x;, is a zero-mean Gaussian variable
with variance Py = 1. The noise processes {w; k > 0} and
{vis k>1},i=1,2,are defined by

Wy, = 0.6 (s + Ms2) »
(56)

V=6 (M + M) i=1.2,

where the sequence of variables {r;; k > 1} is a zero-mean
Gaussian white process with variance 0.5. Clearly, according
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to assumption (ii), the additive noises {w;} and {véc} are one-
step autocorrelated and two-step cross-correlated with

Qur =036, Qi =0.18,
Sk = 0.3, Si-1.x = 0.66;, Sk—ak = 0.3,
ii 2 i 2 (57)
Rk =¢> Ry ka1 = 0-56,
RZk = GCj» RZ,kH = 0.5¢c;.

The phenomenon of missing measurements for each sensor
is described as follows.

(1) In the first sensor, a sequence of independent
and identically distributed (i.i.d.) random variables,
{91; k > 1}, is considered, with probability distribu-
tion given by

P[6=0]=01,  P[6,=05]=05
(58)
Pl =1] =04

If 6; = 0, which occurs with probability 0.1, the state
x;. is missing and the observation y; contains only
noise vi; if Oi = 0.5, only partial information of the
state x; is missing in such observation, which happens
with probability 0.5; and, finally, the state is present in
the observation y, with probability 0.4 when 6; = 1.
The mean and variance of these variables are easily

calculated, being é,lc = 0.65 and V,fl = 0.1025, for all
k.

(2) In the second sensor, a sequence of ii.d. Bernoulli
random variables, {9,%; k > 1}, is considered, with
P[Oi = 1] = p; in this case, if Bi = 1 the state
xj is present in the measurement y; with probability
p»> whereas if 6,% = 0 such observation only contains
additive noise, v, with probability 1- p. So, no partial
missing information is considered in this sensor.

Clearly, for all k, 8, = pand V¥ = p(1 - p).

To illustrate the feasibility and effectiveness of the pro-
posed estimators we ran a program in MATLAB, in which
fifty iterations of the proposed algorithms have been per-
formed considering different values of ¢; and p. Using simu-
lated values of the state and the corresponding observations,
both distributed and centralized filtering estimates of the state
are calculated, as well as the corresponding error variances,
which provide a measure of the estimation accuracy.

Firstly, for p = 0.8, the local, centralized, and distributed
filtering error variances are displayed in Figure 1 considering
the values ¢, = 1 and ¢, = 0.5. According to Theorem 13,
this figure corroborates that the optimal fusion distributed
filter performs quite better than each local filter, but lightly
worse than the centralized filter. Nevertheless, although the
distributed fusion filter has a bit lower accuracy than the
centralized one, both filters perform similarly and provide
good estimations. Moreover, this slight difference is compen-
sated because the distributed fusion structure is in general

Mathematical Problems in Engineering
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Iteration k

~~~~~~ First sensor local filtering error variances
---- Second sensor local filtering error variances
--- Distributed fusion filtering error variances
—— Centralized fusion filtering error variances

FIGURE 1: Local, centralized, and distributed fusion filtering error
variances.

0 5 10 15 20 25 30 35 40 45 50
Tteration k

- - - Distributed fusion filtering error variances
—— Centralized fusion filtering error variances

FIGURE 2: Centralized and distributed fusion filtering error vari-
ances for p = 0.2,0.6,0.8, when ¢, = 1, ¢, = 0.5.

more robust, reduces the computational cost, and improves
the reliability due to its parallel structure. For these reasons,
the distributed filter is generally preferred in practice.

Next, to analyze the performance of the proposed esti-
mators versus the probability that the state x; is present in
the measurements of the second sensor, the centralized and
distributed filtering error variances have been calculated for
¢ = 1,¢ = 0.5 and different values of the probability
p = 0.2,0.6 and 0.8. The results are displayed in Figure 2;
analysis of this figure reveals that as p increases (or, equiv-
alently, the probability 1 — p that the state is missing in
the observations from the second sensor decreases), the
filtering error variances become smaller and, hence, better
estimations are obtained. Also, this figure shows that, for
all the considered probability values, the error variances
corresponding to the centralized filter are always less than
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Iteration k

--- Distributed fusion filtering error variances
—— Centralized fusion filtering error variances

FIGURE 3: Centralized and distributed fusion filtering error vari-
ances for ¢; = 0.25,0.5,0.75,1, when ¢, = 0.5 and p = 0.8.

those of the distributed filter. Analogous results are obtained
for other values of ¢, ¢, and the probability p.

On the other hand, to compare the performance of
the estimators for different degrees of correlation between
the state and the observation noises, the centralized and
distributed filtering error variances have been calculated
considering ¢, = 0.5, p = 0.8 and different values of ¢,
specifically, ¢, = 0.25,0.5,0.75, and 1. These values provide
different correlations between the noise process {w;} and
the first sensor observation noise {v}(} and, consequently,
different correlations, E,, between the state and the first
sensor observation noise. The error variances are displayed in
Figure 3, from which it is inferred that the error variances are
smaller (and, consequently, the performance of the estimators
is better) as the value ¢, is greater; these results were expected,
since the correlation between the state and observations
increases with ¢,. Analogous results are obtained for different
values of ¢, and other values of the probability p.

Now, completing the results of the two previous figures,
the performance of the filters is analyzed when ¢, = 0.5,
the probability p is varied from 0.1 to 0.9, and the values
¢ = 0.25,0.5,0.75,1,1.25, and 1.5 are considered. It must
be noted that in all the cases examined, the error variances
present insignificant variation from a certain iteration on and,
consequently, only the values at a specific iteration (viz., k =
50) are shown. The results are presented in Figure 4 which,
for the sake of clarity, only displays the distributed filtering
error variances. Agreeing with the comments about Figures
2 and 3, this figure shows that, for a fixed value of ¢, the
performance of the estimators improves as p becomes greater,
and for a fixed value of p, also more accurate estimations
are obtained as ¢, increases. Hence, from this figure it is
gathered that, as ¢, or p decreases (which means that the
correlation between the state and the first sensor observation
noise decreases or the probability that the state is present
in the second sensor measurements decreases, resp.), the
filtering error variances become greater and, consequently,
worse estimations are obtained.

11
0.5
045 L P .. =025
04} :
0354 .. o ».a7=03 T
- . *
03r N 9=075
025} a=1 T T
_________ . SO
0.2} q=125""" LT . -
B e W o
......... *........,..Cl..=...1:§..... D
st e — .o b
o . . , ) , , ,
01 02 03 04 05 06 07 08 09
Probability p

--=-- Distributed fusion filtering error variances

FIGURE 4: Distributed fusion filtering error variances versus p, with
¢ =0.25,0.5,0.75,1,1.25,1.5, when ¢, = 0.5.

Iteration k

-— - Kalman filter [2] -—-- Proposed distributed filter
--- Filter [16] Proposed centralized filter
—— Filter [22]

FIGURE 5: Comparison of MSE for different filters.

Finally, a comparative analysis is presented between
the classical Kalman filter [2], the Kalman-type filter with
correlated and cross-correlated noises given in [16], the filter
proposed in [23] for systems with different failure rates in
multisensor networks, and the centralized and distributed
filters proposed in this paper. For the comparison, the same
parameter values as in Figure 1 are considered (¢; = 1, ¢, =
0.5,and p = 0.8).

On the basis of one thousand independent simulations
of the mentioned algorithms, a comparison between the
different filtering estimates is performed using the mean

square error (MSE) criteria. For s = 1,...,1000, let {x,(:),k =
1,...,50} denote the sth set of artificially simulated data
(which is taken as the sth set of true values of the state), and

a?lis/)k the filtering estimate at the sampling time k in the sth

simulation run. For each algorithm, the filtering MSE at time
k is calculated by MSE,. = (1/1000) 2513(1)0 x,(:) - fl(j/)k)z.

The values MSE,, for k = 1,...,50, are displayed in
Figure 5 which shows that, for all k, the proposed centralized
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and distributed filters have approximately the same MSE;
values, which in turn are smaller than the MSE; values of
the filter in [23] and considerably less than those of the
filters [2, 16]. Hence, we can conclude that, according to
the MSE criterion, the proposed filtering estimates perform
significantly better than other filters in the literature.

6. Conclusions

The LS linear estimation problem from missing measure-
ments has been investigated for multisensor linear discrete-
time systems with autocorrelated and cross-correlated noises.
The main contributions are summarized as follows.

(1) Using both centralized and distributed fusion meth-
ods to process the measurement data from the dif-
ferent sensors, recursive optimal LS linear filtering
algorithms are derived by an innovation approach.

(2) At each sensor, the possibility of missing measure-
ments (i.e., observations containing only partial infor-
mation about the state or even only noise) is modelled
by a sequence of independent random variables tak-
ing discrete values over the interval [0, 1].

(3) The multisensor system model considered in the
current paper covers those situations where the sen-
sor and process noises are one-step autocorrelated
and two-step cross-correlated. Also, one-step cross-
correlations between different sensor noises is con-
sidered. This correlation assumption is valid in a
wide spectrum of applications, for example, in tar-
get tracking systems with process and measurement
noises dependent on the system state, or situations
where a target is observed by multiple sensors and
all of them operate in the same noisy environment.
Nevertheless, the current study can be extended to
more general systems involving finite-step autocor-
related and cross-correlated noises with no difficulty,
except for a greater complexity in the mathematical
expressions.

(4) The applicability of the proposed centralized and dis-
tributed filtering algorithms is illustrated by a numer-
ical simulation example, where a scalar state process
generated by a first-order autoregressive model is
estimated from missing measurements coming from
two sensors with autocorrelated and cross-correlated
noises. The results confirm that centralized and dis-
tributed fusion estimators have approximately the
same error variances, with a slight inferiority of the
distributed one which is compensated by a reduced
computational burden and reduced communication
demands for the sensor networks. Also, compared
with some existing estimation methods, the proposed
algorithms provide better estimations in the mean
square error sense.
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Appendix

Proof of Theorem 5

From (10), expression (15) for the state filter X  in terms of
the one-stage predictor Xy ;_, is immediately clear.

Expression (16) for the state predictor X ,_, is obtained
as follows:

k-1
Xpjk-1 = ZE [xkﬂsT] H;slﬂs

s=1

k-1
= ZE [(kalxkfl + Wyy) P‘?] H;z.‘*s
s=1

k-1
= ZFk—lE [xk_I[JZ] Hs_,i[’ts

s=1
T -1
+E [wk—l!"k—l] 18 PRy 7

- -1
= F 1 X1kt + Wik Wiy k-1, k22,
(A1)

and clearly, X,y = E[x,] = FyE[x,] = FyX/0-

Now we show expression (17) for the innovation, y, =
Yk = Ykjk-1» for which it is enough to obtain an expression for
Vk/k—1- A similar reasoning to that used to prove (16) leads to

k-1
Vi1 = ZE [)’k//‘sT ] Hs_,i!’ts
s=1
k-1
= ZE [(®kaxk +v) .“sT] T
s=1

-1
= T -1 T -1
= ®kaZE [xknus ] Hs,sMS +E [VkMk—l] Hk*l,k*l”k*l
s=1
=Y —~ -1
= O H Xy + Vi k-t Wiy jor b kK22,
(A.2)

with y;, = E[y,] = @,H,E[x,] = @IHIJ?I/O. Hence,

~ = ~ -1
V-1 = OcHi X1 + Vs iy jor b, k22,
- (A3)
J71/0 = ®1H19?1/o

and expression (17) for the innovation is clear.

Next, expression (18) for the matrix & , = E[x; yil-
E[x; y,f,k_l] is derived. From (6) and the independence
assumption, it is clear that

E[xy; | = DiH{ O + B, k> 1. (A.4)
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From expression (A.3) for ., and the OPL, E[xkj/,f/k_l] is
calculated as follows:

E [xk}A’kT/k—l]
=E [xkfz/kfl] leék +E [xkﬂz—l] Hlil,k%%ik—l
= B[R Xy | HOOk + Lo i I 1 P ki
= (Dg = Pugper) Hy O + L ja Ty o 7 ks
k>2,

E [leA’lT/o] = (D, - Pl/O)H?@l‘
(A5)

By substraction of the above expectations, expression (18)
for Xy, = E[xky{] - E[xk)?kT/kfl] is obtained. From (1),
expression (19) for Xy, = Elxg; ] is immediately clear.

Expression (20) for the prediction error covariance
matrix, Py, is easily obtained by using (1) and (16); and,
from (1) and (15), expression (21) for 7, = E[Ek/kw,f] =
E [ka,f] -E [p?k/kw,f] is also obvious. Expression (22) for the
filtering error covariance matrix, Py, is immediately derived
by using (15).

Finally, we prove expression (23) for the innovation
covariance matrix IT; , = Elyyi] - E[)A/k/k_l)?z/k_l]. From
(6) and using (9), we have that

E [y ] = E (640 | o (HDeH ) + Ry
(A.6)
+ @ HE, + E, H. ©,.

Using now (A.3) for ¥ _; and property (9), and taking into
account that, from the OPL, E[X;;_, wl ] = Elxy ] =
Xy 11> the following identity holds:

~ R S
E [J’k/k—1)’kT/k—1] = (6k0k> ° (Hk (Dy = Pejier) HkT)
+ 7k,k—1H1:1,k—17£,k—1
+ @ka‘%k, k—lH;Lk—l%Z, k-1

-1 T T=
+ Ve ket Iy ko Uk oy H Ok

From the above expectations and after some manipula-
tions, expression (23) for the innovation covariance matrix
IT;  is obtained.
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