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Abstract

A classical theorem of Mac Lane and Whitehead states that the homotopy type of a topological
space with trivial homotopy at dimensions 3 and greater can be reconstructed from its 7, and 72,
and a cohomology class k3 € H>(m;,m2). More recently, Moerdijk and Svensson suggested the
possibility of using Bredon cohomology to extend this result to the equivariant case, that is, for
spaces X equipped with an action by a fixed group G. In this paper we carry out this suggestion
and prove an analogue of the classical result in the equivariant case. (©) 1998 Elsevier Science
B.V. All rights reserved.

AMS Classification: 55N91; 55R91; 55T91

1. Introduction

Mac Lane and Whitehead proved in [19] that the homotopy type of a pointed space
(X, x), with trivial homotopy at dimensions 3 and greater, can be reconstructed from
its fundamental group m;(X,xg), together with the m;(X,x¢)-module m(X,xp) and a
cohomology class k3 € H*(n1(X,x0), 72(X, X0)). The objective of this paper is to prove
an analogue of this result (Theorem 7.1) for spaces X equipped with an action by a
fixed group G or G-spaces.

From the point of view of its equivariant homotopy type, a G-space X can be
regarded as a diagram of spaces, namely, the spaces X" of points fixed by each
subgroup H of G. More concretely: if O(G) denotes the orbit category of G (see
Section 7), then there is a functor TopG—>Top@(G)°p associating to each G-space X a
“fixed points™ diagram of spaces
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X 0(G)® - Top,

(taking each object G/H € O(G) to X*) and it is this diagram what determines the
equivariant homotopy type of X. For example, the equivariant fundamental groupoid
of X is determined by the fundamental groupoids of all the spaces of fixed points X7,
with H a subgroup of G.

The equivariant fundamental groupoid functor is obtained from the usual fundamen-
tal groupoid functor Top — Gpd as the composite of ny =7I§O(G)°p with the functor
Top® —Top™?” indicated above,

Top® —— Top™©” =, Gpd”@”,
ay
so that the equivariant fundamental groupoid of a G-space X is the functor
¥(X): O(G)*® — Gpd,

which takes any object G/H € (O(G) to the fundamental groupoid of the space X7.

Applying the Grothendieck construction (see Section 2.1) to the equivariant funda-
mental groupoid of a G-space X we obtain a category n°(X) (see Eq. (7.2)) which
plays in the equivariant case the same role that the fundamental groupoid plays in the
non-equivariant one. So, a local coefficient is just a 79(X )-module, i.e. a functor from
79(X) to the category of abelian groups. In particular the equivariant homotopy groups
7¢(X) are local coefficients.

Bredon defined the equivariant cohomology of a G-space in [5], and recently
Moerdijk and Svensson {21] have generalized Bredon cohomology to an equivari-
ant cohomology with local coefficients. This generalization is given in terms of the
cohomology of small categories. So, in order to generalize the result of Mac Lane-
Whitehead we have to substitute cohomology of small categories for group cohomol-
ogy. To this end, we devote Section 2.4 to introduce and to give some interpretation
of the cohomology of a small category. In particular we see that this cohomology is
a cotriple cohomology and that we can use Duskin’s interpretation theorem to identify
the cohomology of a small category with the set of connected components of torsors.
Since this interpretation will be essential in the proof of our generalization of the Mac
Lane~Whitehead result (Theorem 7.1), we dedicate Section 3 to introduce 2-torsors
in the context of the category Cat of small categories. We must say that we intro-
duce 2-torsors from an angle that it is different from that appearing in [9] and closer
to the ideas of [10]. This new approach (which, in any case, we have learned from
Duskin) is based on the simple idea that a 2-torsor over IT is just a groupoid with
connected components equal to IT and such that the endomorphism groups are globally
determined by a II-module (see Section 3.1 for details).

The generalization of the Mac Lane—Whitehead result says that the equivariant ho-
motopy type of a G-space X, with trivial equivariant homotopy at dimensions > 3, is
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completely determined by the (/(G)*-diagram of groupoids n(X), the (X )-module
7§(X) and a cohomology element k3 € H*(nC(X), n§(X)). Here H*(nC(X), n$(X)) is
the cohomology of the small category n°(X) with coefficients in the 7%(X)-module
7S (X).

Our proof of this theorem is based on the adjunction

Z:Cat/% = Cat® /
€
(where the right adjoint, f%, is the Grothendieck semidirect product construction), as
well as the extension of this adjunction to the context of 2-categories (see Section 6).
Thus, part of this paper is devoted to introduce these functors and to study the way
they behave with respect to torsors.

We want to thank 1. Moerdijk for having introduced us to this problem. In our
work we use most of the techniques that he and Svensson developed for the study of
equivariant homotopy problems. On the other hand, we have learned that Joyal and
Tierney have developed a more general method of approaching this kind of problems.
Their method consists in substituting a topos & for the topos of sets and using a Quillen
model structure in the topos of simplicial &-objects. In particular they have the project
of building the whole Postnikov tower of a simplicial &-object so that they will obtain
all the k-invariants. The topos of G-sets is a particular but very important case and we
all agree that the explicit methods of calculation of the k3;-invariant we presented here
are of general interest.

2. Preliminaries
2.1. Grothendieck semidirect product construction

The 2-category Cat of small categories has lax colimits, that is, any functor F : 4 —
Cat (with € small) has a lax colimit (see [4] for the definition of lax colimit).
The explicit construction that is used to prove the previous statement is called the
Grothendieck construction or Grothendieck integral and can be found, e.g., [14] or
[18]. Given a functor F :% — Cat defined on a small category %, the category ob-
tained as the lax colimit of F is called the Grothendieck semidirect product of 4 by
F and is denoted by f,g F. Tts objects are pairs (C,x), where C is an object of &
and x and object of F(C), and an arrow (C,x)— (C’,x") is a pair (f, 1) consisting of
an arrow f:C—C’ in €, and an arrow A:F(f)(x)—x" in F(C"), with the obvious
composition.

As a lax colimit, the Grothendieck construction has the following property: there is
a family of functors, one for each object C € ¥,

iC:F(C)HAF,
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and a family of natural transformations

VAN

if
\\__—/)
jC
one for each arrow f:C’'—C in €, satisfying the following properties:
(a) j1C = ljca
(b) for any pair of composable arrows C ¢ 45" in € the following diagram
of natural transformations commutes

€0 F(f)o F(g) — L2 | o F(g).

These data are universal in the usual sense for colimits: if there is any category &
(not necessarily small), together with suitable families of functors for each object C,
t¢, and natural transformations for each morphism f:C—C’, t/, satisfying the above
properties, then there exists a unique functor T': f(gF — & which determines all the
functors t€ and all the natural transformations t/ in terms of the j¢ and the j/ in the
usual sense.

There is an obvious projection (forgetful functor) f%F — @ suggesting that the
Grothendieck construction [,(—) may be seen as a functor from the functor category
Cat® to the slice category Cat/%

/ - Cat® - Cat/% .
%

Actually this is even a 2-functor (taking as 2-cells between 1-cells F, G : (o —— %)
— (% L‘ﬁ) in Cat/¥% just those natural transformations o : F — G such that ba=1,).

Furthermore, if G: % — ¥’ is any functor between small categories, we have a com-
mutative square

J.

Cat? =% Cat/%’

Lo

Cat® 5 Cay/¥

where the vertical functors are obtained by composition with G and pulling back along
G respectively. Thus, the “Grothendieck integral” f%F is natural in %, so that one can
briefly summarize all the functorial properties of the Grothendieck integral by regarding
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it as a natural transformation between functors from the 2-category of small categories
to the category of 2-dimensional categories,

/:Cat<—>—>Cat/(—).

Furthermore, if we restrict our attention to groupoids, then the Grothendieck integral re-
stricts to a “natural transformation” between the following functors from the 2-category
of small groupoids to the category of 2-dimensional categories,

/:Gpd(—ucpd/(—).

In other words, if % is a groupoid, the Grothendieck integral functor f(g restricts to a
functor making the diagram

Gpd* . Gpd/¥

I

Cat® — Cat/¥
commutative.

The functor f% : Cat® — Cat/% has a left adjoint 2 : Cat/% — Cat®, (see, e.g., [14])
and as a consequence we have that the functor [ : Cat® — Cat/% preserves all limits,
and in particular pullback diagrams. Moreover, although the left adjoint 2 does not
preserve finite limits in general, it does preserve some. In fact, it is not difficult to see
that the functor X preserves pullbacks.

We state now a lemma that shows a very interesting property of the adjunction

Z:Cat/% = Cat® /
%

Lemma 2.1. Given a functor F:% — Cat, for any object C € ¥, the category F(C)
is a co-reflective subcategory of (2 f%F WC). More specifically, there is a canonical
inclusion of categories

ic:F(C)— (Z/@F> (C),

which embeds F(C) as a full subcategory of (Z [, F)(C). Moreover the counit of the
adjunction X - f(g gives, for any object C €%, a right adjoint of ic

2 F)(C)Y—=F(C).
c ( / )( )—F(C)
2.2. ¢-modules

Since the functor [, : Cat? — Cat/% preserves the terminal object, any global point
1—>F of a functor F € Cat® gives rise to a global point of JF in Cat/%, that is,
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a section of the projection f(gF —@. Thus, if F has exactly one global point, the
projection has a canonical section and f(gF becomes a pointed object in Cat/%. This
occurs, for example, if each of the categories F(C) for C € ¢ has exactly one object
(making the functor F:% — Cat factor through the full subcategory Mon— Cat of
monoids). In such case f(gF is canonically a pointed object in Cat/%. Furthermore, in
that case, f,gF has “the same objects” as %, and the projection functor f%F — & is “the
identity on objects” so that f(gF is canonically a pointed object in the full subcategory
of Cat/% consisting of those functors G: 7 — % that are the identity on objects. We
shall use the notation Caty/% to indicate such full subcategory, and we will use an
analogous notation in other contexts. For example, if ¢ is a groupoid we will denote
Gpd,/¥% the full subcategory of Gpd/¥ consisting of those functors G: 7 — ¢ that are
the identity on objects.

The functor f(g preserves all limits and in particular, cartesian products (even when
restricted to Mon®) and thus it takes every monoid or group object in Mon® to a
monoid or group object in Cat/%. But the monoid objects in Mon® are commutative
and they constitute the full subcategory ComMon® — Mon® where ComMon is the
category of commutative monoids. Therefore, if a functor F : ¥ — Cat has the property
that all its values are commutative monoids, then f%F is canonically a commutative
monoid object in Caty/%.

Summing up, the restriction of the Grothendieck construction to the category
ComMon®, factors through the category of commutative monoid objects in Cato/%.
The importance that all this has for us lies in the fact that we will be applying the
Grothendieck construction to left €-modules, i.e. functors 4 :% — Ab (where the cat-
egory Ab of abelian groups is seen as a full subcategory of Cat). In this case the
category [, A (with its projection to %) is canonically an internal abelian group object
in Cato/ €

Ab? I, Ab(Caty/%)

L, 0
Cat® —* Cat/%.

2.3. Geometric realization and weak equivalences of 2-categories

Our objective now is to define the concept of weak equivalence of (small)
2-categories and to establish two lemmas each of which gives sufficient conditions
for a 2-functor to be a weak equivalence. These lemmas will be crucial for our
main theorem.

As it is done in the case of small categories, the definition of weak equivalence
of small 2-categories is reduced to that of spaces by functorially associating to each
small 2-category a simplicial set called its 2-nerve and, then, forming the geometric
realization of this simplicial set. There are several possible definitions of the 2-nerve.
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One of them is obtained by applying to 2-categories the elegant construction of nerve
given by Moerdijk and Svensson in [20]. This, however, we shall not do mainly because
we have not been able to prove our required lemmas based on such definition. Instead
we give a definition (embodied in diagram 2.3) from which the two Lemmas 2.2 and
2.3 follow easily using well known results. Before we give our definition of 2-nerve
we shall review some basic notions mainly to set up our notation.

A 2-dimensional category or 2-category € is just a category enriched in the category
Cat of small categories, that is, for any two objects 4,B€®, we have a category
G(4,B) of arrows, whose objects are called the arrows or 1-cells in € from 4 to B
and whose arrows are called deformations or 2-cells. A deformation a between arrows
f and g will be represented as

!
/‘—\

o e

[

Thus, in a 2-category € there are two different compositions of deformations. One
of them, arising from the composition in the categories €(4,B), is called the verti-
cal composition, while the other, arising from the enrichment composition functors
€(4,B) x €(B,C)—E(4,C), is called the horizontal composition.

A 2-functor between 2-categories, f: € — @', is just a functor such that for any two
objects of €, 4, B, the arrows part of f,

fup: €4, B)—C'(f(4),1(B))

is a functor. Similarly, a 2-natural transformation between 2-functors is just a natural
transformation whose components are functors. Small 2-categories, 2-functors between
them and 2-natural transformations constitute a 2-category denoted by 2-Cat. For useful
background information concerning enriched categories and 2-categories, we refer the
reader to [4, 6, 15].

We regard any small 2-category € as an internal category in Cat in the following
way (of the two possible ways): let €y be the underlying category of € (we leave
out the deformations). Let &) be the category whose objects are the same objects of
€ and whose arrows are the deformations of €, the composition in %) being given by
the horizontal composition of deformations. Then € can be internally represented in
Cat by the following diagram

Id
e N @.1)

¢: ¢ x%%——"—»%—r,‘fo

where the functor Id is the common section of s and ¢ (s for source and ¢ for target)
taking any arrow to the identity deformation on it, the pullback is that of s and ¢, and
the composition, o, is the functor given by the vertical composition. All the categories
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in the above diagram have the same objects and all the above functors are the identity
on objects.

We shall now define the nerve of small 2-categories. Recall that for small categories
the nerve functor

Ner : Cat—Set?" (2.2)

is the right adjoint to the categorization functor (see [24]), and therefore it preserves
limits, a fact that we will use later.

Now, both of the categories Cat and Set!” are cartesian closed, thus they are
monoidal categories. Since the nerve functor (2.2) preserves cartesian products and ter-
minal object, it is a monoidal functor. Thus, it induces a 2-functor 2-Cat——>(Set"°p )-Cat
from the 2-category of small categories enriched in Cat to the 2-category of small
categories enriched in simplicial sets. Furthermore every small category enriched in
simplicial sets can be regarded as a “simplicial category”, and one gets a 2-functor
(Set"op )—Cat—>CatA0p. This, composed with the previous one, gives a 2-functor

Ner:2-Cat — Cat?”.

On the other hand we have the Artin-Mazur total complex functor # from the
category of double simplicial sets to the category of simplicial sets,

W :Set?” <47 _Set?”,

see [1]. Using (2.2) we can form the composite N =¥ o Ner?” o Rer,

of 4P o) W o)
2-Cat —2= Cat?” — 2L, Setd” 4" 7, getd”.

\—/
(2.3) N

which we define to be the 2-nerve functor.

By the geometric realization or classifying space B(€) of a 2-category € we mean
the geometric realization of its 2-nerve, B(€)=[N(€)|. A 2-functor {:€—¢’ will
be called a weak equivalence of 2-categories if the corresponding continuous map
B(f): B(€)—B(C') is a weak equivalence of spaces or, equivalently, if the simpli-
cial map N(f):N(€)—N(€') is a weak equivalence of simplicial sets. It is difficult
in general to see when a 2-functor is a weak equivalence. However, as an immedi-
ate consequence of the fact that any equivalence of categories induces a homotopy
equivalence between the corresponding nerves, and the fact that the “diagonal” func-
tor from Set?” *4” to Set” is weak-equivalent to W, we have that Theorem B.2
of [7] (which can be rephrased as saying: “Given two functors F,G: 4% — Set*”
and a natural transformation F N G, if all components of A are weak equivalences
then the diagonal of A also is a weak equivalence™) implies the following two results
(Lemmas 2.2 and 2.3) where € and @ are small 2-categories regarded as internal
categories in Cat as indicated above,
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Lemma 2.2. If {:€ — €' is a 2-functor such that:
1. it induces a bijection between the corresponding sets of objects, and
2. for any two objects X,Y € € the induced functor

fxy €, Y) — €(f(X),1(Y))

is an equivalence of categories, then | is a weak equivalence of 2-categories.

Lemma 2.3. If 1:€— €' is a 2-functor such that the induced functors fo: 60— %,
and §,:4,— €| are equivalences of categories, then | is a weak equivalence of
2-categories.

2.4. Cohomology of small categories

We shall now review some basic facts about cohomology of categories (cf, e.g.
[3, 23, 25)).

The cohomology of a small category % with coefficients in a (left) %-module
A€ Ab® can be defined (by viewing 4 as an abelian group object in Set®) as the
cohomology of the topos Set® with coefficients in 4. This cohomology is calculated
as the right derived functors of the global section (or lim._) functor

I': Ab% — Ab.

There are other ways to compute this cohomology, for example as the cohomology of a
cochain complex associated to the nerve of the category % and also as the cohomology
of certain cochain complex associated to a cosimplicial complex of abelian groups
obtained by some kind of bar resolution (see [3]).

A further way to calculate the cohomology of a small category ¥ is suggested by the
fact that, as noted in Section 2.2, for any %¢-module 4, the Grothendieck construction
produces an abelian group object [, 4 — % in the category Cato/% and the fact that
this category is tripleable over the full subcategory Gph,/U(%) of the slice category of
graphs over the underlying graph U(%) associated to 4. Indeed, the category Caty/%
is tripleable with cotriple associated to the adjunction

F:Gphy/U(%) 2 Caty/% : U,

where F' and U are induced by the “free category” and the “underlying graph” functors
respectively.

Let G denote the corresponding cotriple. It can be proved (by using the resolution
in [3] and doing an appropriate translation of what happens in the case of groups —
see [8] for the details) that there are natural isomorphisms

Der(€,4) ifn=0
HE (%, / A) = . .
% H" Y (€,4) ifn>0
between the cotriple cohomology groups H(%, f%A) of the identity of € with coeffi-
cients in the abelian group object f%A — % and the cohomology of the small category
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% with coefficients in the ¥-module 4. The set Der(%,4) of derivations of ¢ is defined

by a suitable generalization of the derivations in the case of groups (see, e.g., [13]).
This interpretation of the cohomology of a small category as a cotriple cohomology

allows us to use Duskin’s interpretation theorem (see [9]) to find natural isomorphisms

H" Y (%,4) = Tor"[%,4],

where the right-hand side is the set of connected components classes of n-dimensional
U-split torsors above ¥ with coefficients in 4. We dedicate Section 3 to study
2-dimensional torsors in this particular context.

We now particularize to the case in which the category % is a groupoid. In this case
we still have that the category Gpd,/% is tripleable over Gphy/U(%). Let G’ be the
corresponding cotriple. Now, as noted in Section 2.2, for any %-module 4, the forgetful
functor ng — % is also an abelian group object in Gpd,/%. Then, we can mimic what
happens in groups in order to follow an analogous reasoning with groupoids and get,
as above, natural isomorphisms

HE, (fg, / A) ~ H"1(%,4)
3

for all n > 0. So, in the case that % is a groupoid, the cohomology of % can be identified
as the cohomology of two different cotriples. In fact we have natural isomorphisms

HE, (%,/A) ~ H"(%,4) = HE ((g,/A).
3 €

Finally we note that the cohomology of a small category can be also interpreted as a
singular cohomology when the module of coefficients is a local system of coefficients,
that is, when the module of coefficients is a functor 4 : 7;(¢) — Ab where (%) is the
fundamental groupoid (i.c. the groupoid of fractions) of the small category #. Since
we have a canonical functor € — m,(%) we can consider 4 as a ¥-module. Then, a
local coefficient is a local coefficient for the geometric realization B(%) = [Ner(%¥)| of
the category €.
Illusie proves in [16] that, for local coefficients, there are natural isomorphisms

H"(%,4) = H"(B(%¥),4),

where H"(B(%),A) are the singular cohomology groups of the space B(%) with coef-
ficients in the local system A.
As an immediate consequence of the above isomorphism we have:

Proposition 2.4. If a functor F:% —%' is a weak equivalence in the sense that
the induced map between the corresponding geometric realizations (or nerves) is
a weak equivalence of spaces (or of simplicial sets), then for any local coefficient
A:m(€')— Ab the induced group homomorphisms

F*:H"Y(€',A)— H"(%,F*(4))

are isomorphisms.
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3. Two-dimensional torsors

In this section we interpret Duskin’s concept of two-dimensional torsor [9] in the case
that the base category is Caty/% and the forgetful functor is U : Caty/€ — Gph,/U(%).
We will take this as the definition of 2-torsor (in Section 3.1) leaving to the reader
the task of verifying that it coincides with that given by Duskin in [9] when it is
particularized to our context. The main reasons we have to use this interpretation of
the concept of 2-torsor are:

e to explicitly specify the fiber in the data that define a 2-torsor, and
e to be able to determine the homotopy type of the 2-categories which appear as the

fibers of 2-torsors, in some particular contexts (see Theorem 4.3).

We begin by briefly reviewing some known results to help fixing our notation. Given
a 2-category € regarded as an internal category in Cat as we indicated in Section 2.3,
diagram (2.1), a (left) action of € on a small category, or (left) €-object in Cat is a
category over €y, P: % — %, equipped with a functor

w:6 xg ¥ —&

defined on the pullback of s: %, — %, and P, subject to the usual associative and unit
laws, and moreover making the diagram

(61 X(go.%' X

3 . bo

commutative. There, p, denotes the canonical projection.

The above required conditions on g imply that there is an action of the set of
deformations of € on the set of arrows of 2 in such a way that the only deformations
o that act on an arrow f:4— B in & are those whose source is P(f), i.e.

P(4)” 4« P(B).
g

Such deformation « acting on f produces an arrow *f = u(a, f):4— B in  such that
P(*f)=g, the target of o.

Given two €-objects, (& L‘ﬁo,u), and (% i>(€0,v), an equivariant functor or
morphism of €-objects from one to the other is a morphism (% N %o) £, (% N %o)
in Cat/%,, compatible with the actions, in the obvious way. Thus, F is such that if a
acts on (A4 L»B) € & then necessarily a acts also on F(f) and F(°f)="F(f).
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We will let €-Cat to denote the category of €-objects and equivariant functors. This
category is also known as the category of internal functors from € to Cat, which is
often denoted by CatO:, because there is a forgetful functor €-Cat — Cat/%, that has
a left adjoint and the monad on Cat/%, induced by this adjoint pair has €-Cat as
category of algebras.

Evidently any 2-functor f:€— €' induces in a functorial way (via pullback) a
functor

*: €'-Cat — G-Cat, @3.1)

which preserves in particular finite products, a fact that will be used in Section 3.1 in
the definition of 2-torsors.

In a second place, some considerations about internally connected groupoids in
Caty/II have to be made. Let us consider the functor

Iy :2-Cat — Cat 3.2)

which sends any 2-category € to the category IIo(€) of connected components of €,
that is, to the coequalizer of the functors s and ¢, in the diagram (2.1),

5
(51 ; (50—>H0(@).

For a given 2-category @ let IT = ITo(€). Clearly € can be considered as an internal
category in Caty/II and as such it is connected since IT “is” just the terminal object
of Caty/Il.

If the 2-category € is actually a category enriched in the category Gpd of small
groupoids (so that every deformation has an inverse with respect to the vertical com-
position) then § is also a groupoid as internal category in Cato/IT and we can say
that § is an internally connected groupoid in Caty/Il.

Conversely, let us suppose that a small category II is given and € is a 2-category
which, when regarded as an internal category in Cat, it is an internally connected
groupoid in Caty/I1. Then evidently II =IIo(C) and € is actually a category enriched
in groupoids.

In what follows our interest will be focused on those 2-categories which are internally
connected groupoids in Caty/II for a given small category II.

Let € be a (small) 2-category which is enriched in the category of groupoids. We
shall now build a special €-object which has a canonical structure of abelian group
object in €-Cat. Consider the functor & :2-Cat — Cat which associates to each small
2-category @ the equalizer of (s,¢) (see (2.1)),

8E)—% = %,

that is, £(€) has tlie same objects as € and its arrows «:4 — B are just deformations
o in € from any arrow f:4—B in € to itself. The composition in £(€) is given
by the horizontal composition of deformations and the obvious functor £(€)— %, is
the identity on objects and sends any arrow «, as above, to the corresponding f (its
source and target).
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Now, if € is enriched in the category of groupoids, we can specify an action
%) xg, £€)— &(E)

given by conjugation (with respect to the vertical composition), i.e. a deformation
B acts on an endodeformation « only in the case that the vertical composition Sua
exists and then the result of the action is fa = fap~!. In this way we have that &(€)
is canonically a €-object in Cat, i.e. an object in €-Cat. Moreover, the projection
&(€) — %, has a canonical section €y — &(€), which sends any arrow f in € to its
own identity deformation and it is clear that the vertical composition of deformations
makes of &(€) a group object in €-Cat. This group plays an important role in the
definition of 2-dimensional torsors.

3.1. Definition and properties of 2-torsors

Let IT be any small category. If we consider it as a discrete 2-category then
II-Cat = Cat/II. Thus, if € is a 2-category which is an internally connected groupoid
in Caty/II, then the canonical projection P:& — IT (as a morphism of 2-categories)
induces, as in (3.1), a finite-product preserving functor Cat/IT — €-Cat (pulling back
along P), which in turn (since it preserves finite products) induces a functor

P* : Ab(Cat/IT) — Ab(C-Cat),
between the corresponding categories of internal abelian group objects. Thus, we have:

Definition 3.1. Let IT be any small category and 4:IT — Ab a left IT-module. A two-
dimensional torsor above IT with coefficients in A (or just a IT-4 2-torsor or an 4-2-
torsor above IT) is a pair (¢, 1) consisting of an internally connected groupoid € in
Caty/II (called the fiber of the torsor), together with a group isomorphism

A:é”(@:)iP*(/HA)

Note that for any 2-torsor (€, ), since the group object |, gA— II is abelian and 1
is an isomorphism, &(&) is abelian. This means that for any arrow f €& the group
of deformations of f to itself is an abelian group, and this implies that the action
of € on &(C), given by conjugation, is trivial (meaning that the action of any two
deformations with the same source and target is the same). So, the isomorphism 4 can
be seen just as an isomorphism of group objects in Cat/%#, (forgetting the action).
Hence the following is an equivalent definition of 2-torsor, which we will prefer.

Definition 3.2. A two-dimensional torsor above IT with coefficients in 4 is a pair
(€, 1) consisting of an internally connected groupoid € in Caty/II and a functor
A:8(€)— fHA, compatible with the corresponding group structures and such that
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it makes the following diagram a pullback in Cat

8€) 2 [ 4
[
(go — II

A morphism of 2-torsors, f: (€, 1) — (€', 1), is a 2-functor f: € — €, making com-
mutative in Cat/II the following diagram

(N
a’(f)l > A (3.3)

g(({ /) Py

where &(f) is the obvious functor induced by j, which is clearly compatible with the
group structures.

The category of II-A 2-torsors and morphisms between them will be denoted by
Tor?(I1,A) and the corresponding set of connected components by Tor?[I1,4]. Then,
as we indicated in Section 2.4 we have natural isomorphisms

H3(I1,4) = Tor?[II,A].

Note now that any 2-category which is the fiber of a 2-torsor above IT has the same
set of objects as IT and that any morphism f:(€, 1) — (€', ') of 2-torsors above IT is
the identity on objects. Moreover, for any two objects X, Y € II the induced functor

frr GXY)—E (X Y)

is an equivalence of groupoids. In fact, the groupoids €(X,Y) and €'(X,Y) have the
same set of connected components, namely I1(X, Y), and, on the other hand, the com-
mutativity of the diagram (3.3) and the conditions of torsor imply that the square

£(€) ) &(€)

Lo

(go _— (66
fo
is a pullback. So, the functor f induces, for any arrow g: X — Y in €, an isomorphism
between the group of deformations in € from g to itself and the group of deformations
in € from f(g) to itself.
We can then apply Lemma 2.2 which immediately implies the following:

Theorem 3.3. Any morphism §:(€,1)— (€', 1) of 2-torsors induces a weak equiva-
lence B(f):B(€) — B(€") berween the corresponding geometric realizations. In par-
ticular the fiber groupoids of any two 2-torsors in the same connected component
have the same homotopy type.
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4. Two-dimensional torsors above a groupoid

In this section we are going to study 2-torsors above a groupoid instead of merely
above an arbitrary category. In particular we will prove that any 2-groupoid is the fiber
of a 2-torsor above its groupoid of connected components.

Let us suppose that € is a 2-groupoid and let %, be its underlying groupoid. As we
have seen in Section 3, in this case the group of deformations of any arrow is always
an abelian group and so &(C) is an abelian group object in Cat/%;. We shall now
prove that this abelian group is canonically the Grothendieck semidirect product of a
%o-module.

To this end, we define a functor

Eg: %o — Ab 4.1)

which sends every object C € 4, to the abelian group Eg(C) of endodeformations of
the identity arrow of C and sends every arrow f:C — C’ to the group homomorphism

Eg(f):Ee(C)— Eg(C")

given by conjugation (with respect to the horizontal composition) with the identity
endodeformation of f, that is, Ec(f)}B)=fpf~".

Note that for every f the group homomorphism Eg(f') is an isomorphism. Moreover,
for any deformation o in € the equality between the two possible ways of composing
the deformations in the following diagram

that is, the equality fff ! =afa~", gives that Eg(f) can be obtained by conjugation
(with respect to the horizontal composition) with any deformation « with source f.
Analogously, Eg(f) can be obtained by conjugation with any deformation o« with
target f. From this we deduce that if there is a deformation between two arrows
S and g in € then Eg(f)=Eg(g). On the other hand, for any arrow f:C — C’, any
deformation a: f* = f is completely determined by f and a deformation of the identity
arrow of C, so we conclude:

Lemma 4.1. Given a 2-groupoid &, the functor over €

JeiEc —— ()

%o
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which takes any arrow (f,a):C— C’ of f% Eg to the horizontal composition

is an isomorphism of abelian group objects in €-Cat.

As an immediate consequence of the above Lemma 4.1 we have that to give a
2-torsor above a groupoid II with IT-module of coefficients 4 :IT — Ab and fiber a
2-groupoid € is equivalent to give a natural isomorphism A,

II A
TS (4.2)

%o fra Ab
\-—/
Eg

of ¥o-modules.

Let us suppose that IT is the groupoid of connected components of a 2-groupoid €
and let us choose a section ¢ (at the underlying graph level) of the canonical projection
%o — II. Since for any two arrows f and g of € in the same connected component
we have Eg(f)=Eg(g), we can define a IT-module 4:IT — Ab by A(C)=Eg(C)
and 4(f)=Eg(6(f)), for any arrow f € II. This [T-module does not depend on the
section ¢ we have chosen, and, on the other hand, there is a natural equivalence
A as in diagram (4.2) above, which gives rise to a 2-torsor above IT with coeffi-
cients in A. This torsor (which is not canonical) is usually called the obstruction
of C.

Summing up, we have:

Theorem 4.2. If € is a 2-groupoid with II as groupoid of connected components, and
A:I1 — Ab is the II-module defined above, then € is the fiber of a 2-torsor above IT
with coefficients on A, called its obstruction.

Let us remark that in general, if a 2-groupoid € is the fiber of a 2-torsor above a
groupoid IT with coeflicients in a I1-module 4, a direct use of the results of Dwyer—
Kan in [11], when they are applied to the simplicial groupoid Mer(€), gives that the
classifying space B(C) is a 2-type with fundamental groupoid I7 and A as second
homotopy group functor. The next theorem extends this result to any 2-category which
is the fiber of a 2-torsor above a groupoid.
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Theorem 4.3. If a 2-category € is the fiber of a 2-torsor above a groupoid Il with
coefficients on a II-module A, then B(€) is a 2-type with fundamental groupoid IT
and A as second homotopy group functor.

Proof. If IT is a groupoid and 4 is a IT-module, in Section 2.4 we have given iso-
morphisms

H{ (H/ A) ~ H"Y(I1,4)= HE, (H/ A),
n n

where G and G’ are the cotriples associated to the adjunctions
F:Gphy/U(IT)= Caty/II: U and F':Gphy/U(Il)= Gpd,/I1:U

respectively. In particular we have isomorphisms

HZ (H,/HA> ~H3(I1,A)= HE, (H,/HA), (4.3)

which show that any cohomology class can be interpreted either in terms of 2-torsors
defined internally in the category Cato/IT (which are just those we are using until
now) or else in terms of 2-torsors defined internally in the category Gpdy/IT1. The
only difference between 2-torsors defined internally in Caty/IT and 2-torsors defined
in Gpd,/II is that the fiber in the second case is necessarily a 2-groupoid.

So the isomorphisms (4.3) imply that in the connected component class of any
2-torsor above a groupoid II, there is one whose fiber is a 2-groupoid. Thus, by
Theorem 3.3 and the above remark the proof is complete. [J

5. Whitehead 2-groupoid

The following construction can be found in [20]: Let X be a topological space,
let Y CX be any subspace and let SC Y be a set of (“base”)-points. The Whitehead
2-groupoid W(X,Y,S) of (X,7,S) is defined as follows:

e the underlying groupoid of W(X,Y,S) is the fundamental groupoid =;(Y,S),

e the deformations of W(X,Y,S) are homotopy classes of maps from the square / x J
into X, which are constant along the vertical edges with values in S, and map the
horizontal edges into Y,

o the domain and codomain of one such deformation are given by restriction to I x 0
and I x 1 respectively, and the composition of deformations is defined in the usual
way.

As in [20}, we next apply Whitehead’s construction to the following particular
case: let T be a simplicial set, with 7®) its k-skeleton, and let |- | denote geometric
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realization. We define
w(T)=w(T||TVLITO),.

This 2-groupoid has the following properties (see [20]):

(i) the underlying groupoid W(T)y of W(T) is the fundamental groupoid of
7 je.
W(T)o=m(T"),
and therefore W(T), is just the free groupoid on the graph
/;2\

T
l—d——)
1

Ty,

given by the 1-truncation of 7,
(ii) the groupoid of connected components of W(T) is the fundamental groupoid
m1(T) of T, and the projection

W(T) — m(W(T))

is the functor induced by the inclusion 7V — T,
(iii) the functor Ew(ry: W(T)o — Ab (as in diagram (4.1)) takes any point xo to the
homotopy group my(T, T(", xp), so that we identify

Ewry=m(T, TV): 2 (TH) — Ab

and also we identify

EW(T))= (T, TD)— W(T),.
m(TWM)

Let us note that there is a natural equivalence Ay, also natural in T,

7 (D)

A
L ) far

7o (T)
\Ab.

Eyay= m (I, TY)

So the pair (W(T),Ar) is a my(T) 2-torsor above m;(7T), which corresponds to the
obstruction of the 2-groupoid W(T') as in Theorem 4.2.
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The naturality of the above constructions assures that for any simplicial morphism
f:T — K we have a commutative cube

‘ |

in which the front and back faces are pullbacks.

6. An extension of Grothendieck construction

We are going to use the following extension of the Grothendieck semidirect product
construction. Note that this extension is different from the one given by Moerdijk and
Svensson in [20].

Let 4 be a category and let §:% — 2-Cat be a functor from % to the cate-
gory of small 2-categories. By composing § with the “domain” forgetful functor
(=)o :2-Cat — Cat (see diagram (6.1) below) we obtain a functor Fj: ¥ — Cat which
sends any object C € € to the underlying category of the 2-category F(C). Our exten-
sion of the Grothendieck construction will give us a 2-category [ f(g & with underlying
category

()= )m

and a canonical projection 2-functor

[l

(where ¥ is regarded as a 2-category with no deformations except the identities), in
such a way that the following square will be commutative :

2-Cat® RELR 2-Cat/%

(-)JJ J(—)E

Cat® —— Cay/%.
€
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A deformation

o, 4)
€04 (C'x)
U
in [ f% & exists only if /= f and in that case it is defined as a deformation

A

300 da

ll
in §(C’). The vertical and horizontal compositions of deformations are defined in the
obvious way.
This construction determines a functor

/ / :2-Cat® —2-Cat/%
%

which extends the usual Grothendieck construction as indicated above. Moreover this
functor commutes with the calculus of connected components in the following sense:
let IT, : 2-Cat — Cat be the functor (3.2) which sends any 2-category € to its category
of connected components. Then we have the following lemma, whose proof is of a
rather technical character but not difficult.

Lemma 6.1. For any small category € the following diagram commutes

I/
2-Cat® —"° ,2.Cat/%
m; m;

Cat® — Cat/¥

%

where II§ denotes in both cases the functors induced by I, :2-Cat — Cat.

On the other hand, if for every object C €% the 2-category F(C) is a locally
connected groupoid in the sense of Section 3, then the 2-category [[, & is again
a locally connected groupoid. Moreover, in this case it is also easy to prove that
this extension of the Grothendieck semidirect product construction commutes with the
functor & :2-Cat — Cat, defined in Section 3. In fact we have:

Lemma 6.2. For any functor §.% — 2-Cat such that for every C € € the 2-category
§(C) is a locally connected groupoid, there is a natural isomorphism 0: &( [, &)=
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fg EF, which makes commutative the diagram

& ([Je3)—4— [£3

NS

f@F 0
On the other hand, the adjunction

2. Cat/¥ r—’Cat(g:/ ,
€

given in Section 2.1, can be extended to the context of 2-categories, so that the functor
[, also has a left adjoint

Y :2-Cat/% — 2-Cat®
Let us note that if we consider the functors

2-Cat % Cat (6.1)
—
(=h

which send a 2-category € to its underlying category %, and to the category %,

of deformations of € respectively, then for any 2-category above %, €L ¢, the
2-category X(P) satisfies that

(Z(P))o= (%) == C)
and
(EP) =Z(% Z5 )= 2% 75 ).

Therefore, since the functor 2 preserves colimits (it has a right adjoint) we have:

Lemma 6.3. For any small category € the following diagram commutes

z %
2-Cat/% — 2-Cat
m; | | 7

Cat/¢ — Cat®

where II§ denotes in both cases the functors induced by II;:2-Cat — Cat.

The way the functor X is defined assures that if L% isa 2-category above
% which is enriched in groupoids (i.e. any deformation has an inverse with respect
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to the horizontal composition), then X(P) is a functor with the property that for
any object C € ¥ the 2-category X(P)(C) is enriched in groupoids and in this case
E(Z(PYX))=2(8(C))X). In this sense we will say that the functors X and &
commute.

7. The theorem

We come now to the main part of this paper. A group G will be regarded as a
one-object category, so that the category of G-spaces is the functor category Top® of
functors from G to the category Top of topological spaces. The orbit category of the
group G is the category ((G) whose objects are left G-sets of the form G/H with
H C G a subgroup and whose arrows are all the equivariant maps.

The equivariant homotopy type of a G-space X is determined by the homotopy
types of the spaces X of points fixed by each subgroup H of G. More concretely,
any G-space X determines a functor

Mapg(—,X) =X : 0(G)® — Top (7.1)
which sends any object G/H of ¢(G) to the space

X" =Mapg(G/H,X)
of points fixed by H, so that we have a functor TopG—aTopd/(G)op. The homotopy
invariants of the G-space X are the homotopy invariants of the above diagram (7.1)
of spaces.
The equivariant fundamental groupoid of X is the functor

7¥(X): O(G)® — Gpd,

which takes any object G/H € (O(G) to the fundamental groupoid of the space X7, If
we apply the Grothendieck semidirect product construction (see Section 2.1) to this
contravariant functor we obtain a category above (O(G)°P, which we simply denote
9 (X):

X)) = ( / an(X)—>(9(G)°P). (7.2)
O(G)P

Now, for any integer n>2 and any object G/H of (O(G), we can consider the
homotopy groups =,(X*?) as functors, or m;(X*?)-modules,

H
m (X)) Ab,
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which send an object of 7;(X¥) (a point x € X) to the n-th homotopy group 7,(X*,x).
Moreover for any map f:G/H — G/H' we have a continuous map X/ : X# — x#
and so a natural transformation

H
m(Xf)/+ 7tl(/Y ) N({xﬁ)

nl(XH,) 1 2a(S) Ab.
~——
(X7

By the universal property of n¢(X) (of being a lax colimit), the above data is equiv-
alent to a functor or n%(X)-module

n9(x) ™) Ab

which is a local coefficient for the G-space X, called the n-th dimensional G-equivariant
homotopy group of X.

After having developed all the required machinery in the preceding sections, we are
finally ready to state and prove the following theorem, which is the equivariant version
of the classical theorem proved by Mac Lane-Whitehead [19] for usual spaces.

Theorem 7.1. The equivariant homotopy type of a G-space X, with trivial equivari-
ant homotopy at dimensions greater or equal than 3, is completely determined by a
diagram of groupoids

11: 0(G)” — Gpd,

a fogyr H-module A and an element

keH? (/ H,A).
(G)yr

In order to prove this theorem we shall first rephrase it in terms of the homotopy
category of ()(G)°P-diagrams of simplicial sets. Recall that the homotopy category of
G-spaces is equivalent to the homotopy category of (G )°P-diagrams of simplicial sets,
see, €.g., [12] or [20]. This equivalence is induced by the singular complex functor
Top —- Set?” through the functor Top® S—G>(Set‘1°p)@(c)°p which sends any G-space
X to the diagram of simplicial sets

S%(X): O(G)? — Set””

which takes an object G/H € O(G) to S(X*7), the singular complex of the space X*.
Here the homotopy invariants of a diagram of simplicial sets are defined pointwise.
So, to prove the above Theorem 7.1 is equivalent to proving the following.
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Theorem 7.2. The equivariant homotopy type of a O(G)*P-diagram of simplicial sets
T: O(G)” — Set?”,

with trivial equivariant homotopy at dimensions greater or equal than 3, is completely
determined by a diagram of groupoids

11: 0(G)” — Gpd,

a f@(G)u,, II-module A and an element

ke H? (/ H,A).
oGy

Proof. Given the diagram of simplicial sets
T: 6(G)® — Set””,

let T be the image of an object G/H € O(G) and let T/ : T#' — T be the image of
a G-map f:G/H — G/H'. We then have:

(i) a functor II =7;(T): O(G)*® — Gpd, taking an object G/H to the fundamental
groupoid of T (where T is seen as a space via the usual functor Set?” — Top),
so II(G/H)=m(T"),

(il) for each object G/H € O(G), a functor m(TH): m;(T#)— Ab, and

(iii) for each arrow f:G/H — G/H' in O(G), a natural transformation

(T m (T
(T \
w 1 (T
® (T") Ab.
v
7, (™)

Now, as the data in (ii) and (iii) satisfy the analogous of conditions (a) and (b) in
Section 2.1, we obtain a |, o(Gy» [1-module

A: / II— Ab
O(GyP

which sends an object (G/H,x) € [, oGy IT to the abelian group 72(T,x). On the other
hand we can also build a functor

/ (T): 0(G)P — Gpd
i (TC))

which sends any object G/H € ¢(G) to the groupoid fm(T,,)rcz(T H) and any arrow
f:G/H — G/H' to the functor

/ (T o (TH)
n(TH") w(TH)



M. Bullejos et al. | Journal of Pure and Applied Algebra 129 (1998) 215-245 239

induced by the natural transformation m,(7”) as in (iii). Then we can apply the
Grothendieck construction to get a category

/ (/ ﬂz(T(_))>-
Gy \Jm (T

Moreover, the canonical functors fm (Y m(T?) — =y (TH) induce a functor

/ / T [
GGy Jm(T(-)) O(G)®

with the property that for any object G/H € O(G) the square (where the horizontal
arrows are the canonical inclusions)

Juamy (T = fygm m(ron (T
n(r?y — Jeop 1

is a pullback.
It is also straightforward to see that there is a canonical isomorphism of objects
above ol

ff@(G)"P”A - f@(G)anl(T(—))nZ(T(_))

~

f(D(G)OPH

On the other hand, for every H the simplicial set T# has associated a 2-torsor above
n(TH) with coefficients in 7,(7)

(W(T™), Arn),

as in Section 5, where Arx# is a functor which makes the square
H At H
éﬂ(W(T )) - fnl(TH) TCZ(T )
| | (73)
Wty — m(TH)

to be a pullback (see Section 5). This construction is natural in 79. Moreover the
Whitehead 2-groupoid construction is functorial so, if we only take care of the fibers
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W(TH") of the above torsors, we have a functor
WT:O0(G)? — 2-Gpd.

Let
W(T)= / wT

G(Gyor

be the corresponding 2-category. Now, since any W(T) is a 2-groupoid with 7;(T Hy
as groupoid of connected components, we can see W(T HY) as a locally connected
groupoid in Cato/m;(T#), for any object G/H. Then we have (by Lemma 6.1) that
W(T) is a locally connected groupoid in Cat/( f@(G)opH ), in particular the category

of connected components of W(T) is f@(G)opH . If we now apply the Grothendieck
construction to the pullback squares (7.3), we get squares

Ar(—
£GP (=)
f(ﬂ(G)w EW (T ) ? f&(c)op fm(T(—)) ma(T))

! !

fm(G)ov w(Tr — fcv(G)ovH

which are also pullbacks, by the results stated in 2.1. But we can identify:
o foguEW(T))) with E(W(T)) (by Lemma 6.2),
¢ f@(G)op fn,(ﬂ—w)nZ(T(_)) with [, g4 and

©(G)°P
. fw(c)w W(T(_))o with W(T),.
Therefore we have a diagram

sW(T) = [ 4

OGP

| !

W(T)O i f@(G)op I

that is a pullback, so the pair
(W(T), A1)

is a 2-torsor above [, oGy I With coefficients in 4. This torsor determines an e¢lement

kj eH? (/ H,A).
O(G)r
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Besides, from the O(G)°P-diagram of simplicial sets T, we have obtained:

e a ()(G)P-diagram of groupoids IT: O(G)*® — Gpd,

® a [j gy [T-module 4, and

e an element &y € H>( [y I, 4).

Note that if we have a natural transformation #:T - T’ between ((G)°P-diagrams
of simplicial sets such that each of its components is a weak equivalence, then by
applying the above constructions we get the same diagram of groupoids II associated
to T and T’, the same f(ﬂ(G)op II-module 4 and (by the naturality of the Whitehead
2-groupoid construction) 2-torsors (W(T), Ar) and (W(T’), Ay-) which are in the same
connected component, so they determine the same element k3T =kJ "eH 3 ) 66y 1, 4).
This completes the first part of the proof. Conversely, let us suppose that we start with
a ((G)°P-diagram of groupoids

1: 0(G)™® — Gpd,

a [y [I-module 4 and an element

keH? ( n,A>.
O(G)er

For any object G/H € O(G), let us write A7 the II(G/H)-module obtained from the
fw(G)op II-module 4 by restriction through the canonical inclusion

I(G/H) — 1.
O(G)er

As before we can define a functor
/ AT 0(G)? — Gpd
n-)

which takes any object G/H € (O(G) to fH(G/H)AH , in such a way that there is a
canonical isomorphism of objects above fw(G)opH ,

- - Joyr Ja—A7

f@(G)DPH
Let us choose a 2-torsor (€,1) which represents the cohomology class k;. By

Theorem 3.3, all the fiber groupoids of 2-torsors which represent the same cohomol-
ogy class have the same homotopy type so it does not matter which 2-torsor we have
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chosen. As usual, let us consider the diagram

g4

5© 5 Jp

«(G*P

l l . (7.4)

t
(gl"_:,’ % — f(ﬂ(G)"PH

which can be thought of as a diagram above O(G)P. Let
2(€): O(G)*® — 2-Cat,

be the functor obtained by applying the functor
% :2-Cat/0(G)*® — 2-Cat“@”

to the canonical projection

(O I — o(G)*®
C(G)ep

as 2-category above (O(G)°P. Then, by Lemma 6.3, for any object G/H € ((G) the
category of connected components of Z(€)(G/H) is Z( |, m(G)opH Y G/H), hence (by the
note after Lemma 6.3) X2(C)}G/H) is a locally connected groupoid in the category
CatO/Z(f@(G)OP H)(G/H)

Moreover, since the square in diagram (7.4) is a pullback and X preserves pullbacks
(see 2.1), we see that for any object G/H € (O(G) the square
)yH
2(&(C))G/H) = 6(2(K(G/H))) — X( ff pHA)(G/H)
(GO
2((50)(G/H) - Z(f@(g)opn)(G/H)

(where A is the functor induced by 1) is also a pullback. Consider now the diagram

E(E(E(G/H))) = 3(f[ g AXGIH)

HG)P

| !

GNGIH)— X GNGIH) — E(fyop TNG/H)

and let € be the 2-category obtained by lifting the 2-category Z(®)(G/H ) by pullback
via the canonical inclusion

11(G/H) — z( /@ o n) (G/H).
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Then € is a locally connected groupoid in Caty/II(G/H) and &(€") is the pullback

&€ — &(Z(C(G/H)))

! l

(€ — (Z(C(G/H))o
Moreover the functor A7 induces a functor A", as in the diagram

"
@) ———— [

_

—" R Y (D) J

' l
£z (f@(c)opfn(—)A(_)) (G/H),

H

&(Z(C(G/H))

v -

E(61)(GIH)— Z(GoXG/H) — ( fyoysTT ) (G/H)

in which the top face is obtained by lifting the bottom one by pulling back along the
canonical inclusion II(G/H) — X( f@(G)opH X G/H) (note that all squares in the cube

are pullbacks). Thus, the pair (Q:H ,A77Y is a 2-torsor above II(G/H) with coefficients
in A4". Moreover, since II(G/H) is a groupoid we can apply Theorem 4.3 to deduce
that the geometric realization B(Q:H ) is a 2-type with

n(B(E7))=II(G/H) and my(B(C"))=4".

Summing up: We start with a 2-torsor (€, 1) above fm(c;)ov I1, then we consider this
data above the category ()(G)* (via the canonical projections) and we apply the cor-
responding functor X to obtain a ¢(G)°P-diagram of functors, such that for any object
G/H € O(G) the pair (Z(€)G/H), ) is a 2-torsor above Z(f@(G)(,pH)(G/H). Now,
the groupoid I1(G/H) is a co-reflexive subcategory of the groupoid Z( [ eI YG/H)
via the canonical inclusion

I(G/H) — z( /c o n) (G/H)

(see Lemma 2.1) which therefore is a weak equivalence of categories, so the set of
connected components of torsors above II(G/H) is in bijective correspondence with
the set of connected components of torsors above X( fw(G)opH ¥ G/H), when the co-
efficients are appropriated (see the end of Section 2.4). Finally we lift the torsors
(Z(€)(G/H), ) via the above inclusions of categories to get torsors (€7, #7) above
II(G/H) with coefficients the ITI(G/H)-modules 4.
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Let us now note that the construction of the torsors ((SH ,Af") is natural in G/H
in the following sense: for any arrow G/H — G/H' in ()(G), we have a commutative

diagram

M(G/H")

(@ GIH)Y== ZGoNGIH)~E (JyigyeT) (GIH")

T T e

(1 XG/H)== Z@NG/H)—E (Jygp1T) (G/H)

which induces a commutative diagram

&EH) —_LH"'_’IH(G/H’)nZ(TH,)

? H'/ ‘ //
=17 ——l——>H(G/H)
l J a(o:”)——{—&”—» Sy ™(TH)
«

¢ —= ¢ ————I1(G/H)
and so a 2-functor
(oY N

By this naturality, if we only take care of the fibers € and we use the 2-dimensional
nerve, we get a simplicial map

N(E):N(E") - N(E™),

and so a O(G)°P-diagram of simplicial sets
Ti, = NE) : 0(G)*P — Set?”

such that, for any object G/H € O(G), the simplicial set Ti,(G/H) is a 2-type with
m(T(G/H))=TI(G/H) and 7y(Ty,(G/H))=4".

To finish the proof of this theorem we only need to note that the unity and counity of
the adjunction

5 :2-Cat/0(G)*® = 2-Cat®®@” . / /
O(Gy»

allows us to prove that if we start from a diagram of simplicial sets T as in the
statement of the theorem, and we build the ks;-invariant k;r and the simplicial diagram
Tz, then we get a diagram which is weak equivalent to T. And conversely, if start
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with an element &; € H3( f oGy® I1,4) we build the diagram of simplicial sets Ty,, then

S Ty, . .
the k3-invariant k3"3 is again k3. O

References

[1] M. Artin, B. Mazur, On the Van Kampen theorem, Topology 5 (1966) 170-189.
[2] M. Barr, J. Beck, Acyclic Models and Triples, Proc. Conf. Categorical Algebra (La Jolla), Springer,
Berlin, 1966, pp. 336-343.
[3] H.J. Baues, G.J. Wirsching, Cohomology of small categories, J. Pure Appl. Algebra 38 (1985) 187-211.
[4] F. Borceux, Handbook of Categorical Algebra, Cambridge University Press, Cambridge, 1994.
[5] G.E. Bredon, Equivariant Cohomology Theories, Lecture Notes in Math., vol. 34, Springer, Berlin,
1967.
[6] J. Bénabou, Introduction to Bicategories, Lecture Notes in Math.,, vol. 47, Springer, Berlin, 1967,
pp. 1-77.
[7] AXK. Bousfield, E.M. Friedlander, Homotopy Theory of I" Spaces, Spectra, and Bisimplicial Sets, Lecture
Notes in Math., vol. 658, Springer, Berlin, 1978, pp. 80-130.
[8] M. Bullejos, J.G. Cabello, The homotopy type of spaces X with fundamental groupoid G and a unique
non-trivial homotopy G-module 7,(X), preprint, 1995.
[9] J. Duskin, Simplicial methods and the interpretation of “triple” cohomology, Memoirs of the American
Mathematical Society, 3 (163) (1975).
[10] J. Duskin, An outline of non-abelian cohomology in a topos: (I) The theory of bouquets and gerbes,
Cahiers Topologie Géom. Différentielle, XXXIII-2 (1982) 465-494.
[11] W.G. Dwyer, D.M. Kan, Homotopy theory and simplicial groupoids, Proc. Konik. Neder. Akad. 87
(1984) 379-389.
[12] A.D. Elmendorf, Systems of fixed points sets, Trans. AMS 227 (1983) 275-284.
[13] M. Golasinski, n-Fold extensions and cohomologies of small categories, Mathematica-Revue d’Analisis
numérique et de théorie de 1’approximation, tome 31 (54) (1) (1989) 53-59.
[14] J.W. Gray, The Categorical Comprehension Scheme, Lecture Notes in Math., vol. 99, Springer, Berlin,
1969.
[15] G.M. Kelly, R.H. Street, Review of the Elements of 2-Categories, Lecture Notes in Math., vol. 420,
Springer, Berlin, 1974, pp. 75-103.
{16] L. Illusie, Complex Cotangent et Deformations II, Lecture Notes in Math., vol. 283, Springer, Berlin,
1972.
[17] A. Joyal, Homotopy theory of simplicial sheaves, letter to A. Grothendieck dated 11 April 1984.
[18] S. Mac Lane, 1. Moerdijk, Sheaves in Geometry and Logic. A first introduction to topos theory,
Universitex, Springer, Berlin, 1956.
[19] S. Mac Lane, J.H.C. Whitehead, On the 3-type of a complex, Proc. Nat. Acad. Sci. USA 30 (1956)
41-48.
[20] 1. Moerdijk, J.A. Svensson, Algebraic classification of equivariant homotopy 2-types, I, J. Pure Appl.
Algebra 89 (1993) 187-216.
[21] I. Moerdijk, J.A. Svensson, The equivariant Serre spectral sequence, Proc. Amer. Math. Soc. 118 (1)
(1993) 263-277.
[22] 1. Moerdijk, J.A. Svensson, A Shapiro lemma for diagrams of spaces with applications to equivariant
topology, Compositio Mathematica 96 (1995) 249-282.
[23] D. Quillen, Higher Algebraic K-Theory I, Lecture Notes in Math., vol. 341, Springer, Berlin, 1973,
pp. 85-147.
[24] R.W. Thomason, Homotopy colimits in the category of small categories, Math. Proc. Camb. Phil. Soc.
85 (1979) 91-109.
[25] C.E. Watts, A Homology theory for small categories, Proc. Conf. on Categorical Algebra, La Jolla,
1965, pp. 331-335.



