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ABSTRACT Periodically loaded transmission lines are characterized by a frequency response with regular
pass and stopbands. Interestingly, each of the passbands exhibits a peculiar comb-alike behavior, in which
again, nested (or internal) pass and stopbands can be identified. In this work, we focus our attention on
the effect that changing the characteristics of the periodic load (which is a varactor capacitance in our
case) has in this peculiar response of the structure, providing a novel and detailed analysis of such bands.
The control of the response of the structure when changing the properties of the load allows to adjust the
transmission characteristics of the circuit once it is fabricated. To this purpose, we derive the design equations
of the periodically loaded structures, obtaining the expressions which govern the position and number of the
transmission peaks, i.e., the points where |S21| = 1 for both cases, the frequency sweep and the capacitance
sweep. We experimentally validate our analysis by fabricating a periodic structure with five unit cells and
compare the measurements against both theoretical results and circuit simulations to an excellent agreement.
The present analysis paves the way towards further exploitation of these kind of structures for the design of
different microwave applications such as tunable filters or phase shifters.

INDEX TERMS Capacitive loading, circuit analysis, periodic structures, RF circuits, transmission lines.

I. INTRODUCTION
Periodic structures are recurrent in physics, ranging from elec-
tronics to quantum mechanics, passing by material science
and semiconductor crystal theory [1], [2], [3]. In the particular
realm of microwave engineering, periodically loaded trans-
mission lines are well known and have been widely exploited
as filters [4], [5], [6], [7] and phase shifting devices [8], [9],
[10], [11], [12]. The latter application has been recently ad-
dressed by the employment of complex structures, enabling
the improvement of the phase shift range while, simultane-
ously, increasing the return losses [13], [14], [15].

Being a long-established topic in microwave engineering,
the analysis of periodic transmission line structures has led to

different treatments. The most general and well-known study
focuses on the necessary conditions for a wave to propa-
gate without attenuation through an infinite periodic structure,
formed by repeated unit cells such as the one shown in Fig. 1
(see, for example, [4] and [5] and the references therein). The
unit cell of this periodic structure, comprises two segments of
a transmission line (TL) and a shunt susceptance in between.
The condition for the wave to propagate unattenuated is that
the voltage (Vn) and current (In) at some point n of the periodic
structure must equal the voltage (Vn+1) and current (In+1) at
the point n + 1, except for a phase shift difference due to the
propagation delay from point n to n + 1. This delay is related
to the propagation constant of the periodically loaded TL,
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FIGURE 1. Periodic structure unit cell. Vn and In are the voltage and
current at port n, respectively. d , Z0 and γ are the total length,
characteristic impedance and propagation constant of the TLs conforming
the unit cell, respectively. b is the susceptance of the shunt admittance.

FIGURE 2. Characteristic frequency response of the periodic structure of
Fig. 1 for a very large number of unit cells. The inset shows a zoom of one
of the passbands.

γ = α + jβ, where α is the attenuation constant and β the
phase constant. If α = 0 and β �= 0, the wave is not attenuated
through the line, delimiting the so-called passbands of the
structure. In contrast, when α �= 0 and β = 0, the wave is
attenuated during its propagation, giving rise to the so-called
stopbands (see Fig. 2).

This remarkable frequency response reveals itself more
striking when looking in more detail at the passbands, which
exhibit a comb-alike shape, yielding to new pass and stop-
bands very close to one another (see Fig. 2 inset). Moreover,
this peculiar ripple is also observed when sweeping the sus-
ceptance (b), meaning that the use of a variable capacitor
would enable the possibility of changing from one band to an-
other. In fact, even though these nested passbands/stopbands
are not as highly differentiated in magnitude as the main ones,
the considerably smaller spacement between two consecutive
bands is a distinguishing advantage with great potential for
a number of microwave applications, such as tunable fil-
ters or phase shifters. To bring this potential to practice, it
becomes essential to know the position of the transmission

peaks, i.e., the points where the available power is trans-
mitted to the load. However, in spite of the simplicity and
relevance of the analysis, it has been historically obliterated
and concealed from practical microwave applications, mostly
motivated by the twofold intrinsic limitations of the generic
analysis [4], [5]: (i) it is based on an infinite periodic struc-
ture, and (ii) it considers only two alternatives for the wave
in the structure: either it does propagate or not, meaning
that it is not possible to account for the ripple inside each
passband.

In the case of the analysis of a finite periodic structure,
it is worth to mention a few works shedding light on the
topic. In [16], an analysis of the input impedance of cascaded
identical twoport networks was addressed, concluding that
its value approached one of the iterative impedances of the
twoports no matter what termination was used. In a specific
case of the study it was observed that the input impedance
was cyclic, meaning that for a certain number of unit cells
n, the input impedance was the same as for 2n, 3n, 4n, . . ..
In [17], an alternative analysis was presented based on second-
degree difference equations for the current along a cascade
network. One of the examples provided to illustrate the anal-
ysis consisted of uniform networks with symmetrical passive
sections, similar to the unit cell shown in Fig. 1 but slightly
modified, substituting each TL section by an inductor. The
analysis developed by means of this methodology resulted in
the observation of the ripple inside the main passband, yet no
exact method was provided to calculate the transmission peaks
of this ripple.

Both references were, indeed, indebted to the original the-
ory developed in [18] for the cascading of matrices and its
use to calculate the transmission and reflection coefficients of
a periodic structure. Also based on this theory, almost three
decades later another investigation experimentally observed
the ripple and proposed a theoretical analysis to rationalize the
measurements [19], but still no exact expression was specified
so as to calculate the transmission peaks nor to enable the
design of the structure. Nonetheless, some relevant findings
resulted, being the most remarkable one that the number of
transmission peaks inside the first passband is N = n − 1,
with n the number of cascaded unit cells.

Among all these studies, the work by Griffiths and
Steinke [20] stands out, which presents a thorough and
complete analysis of wave propagation in one-dimensional
periodic structures within different media, ranging from
quantum mechanics to optical media, giving equations
to calculate the transmission characteristics of finite pe-
riodic structures with any arbitrary number of unit
cells.

Despite the interest of these pioneering works, there are
still many relevant aspects about the periodic structures to be
unveiled in order to take full advantage of the possibilities that
they provide. Specifically, only the frequency response of the
structures has been considered in the previous analysis, but
none of them explores the impact of changing the properties
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of the loading element, like the capacitance in the case of
a capacitive loading, which could be of great utility as it
could be used to tune the circuit response once it is fabri-
cated and by keeping the operating frequency. In addition,
none of the previous analyses presents explicit expressions to
determine the position of the transmission peaks of the ripple
inside the main passbands.

To the purpose of giving a response to these questions, this
work proposes a novel and comprehensive analysis based on
S-parameters of periodic structures formed by TLs periodi-
cally loaded able to determine the position of the transmission
peaks when sweeping the frequency of the input signal (fre-
quency response) and, specially, when changing the properties
of the loading (the capacitance in our case). One of the main
outcomes of this analysis is a set of equations that can be used
to gain control of both, the frequency response of the structure
and its dependence with parameters such as the susceptance
(b) or the characteristic impedance of the TLs (Z0). This set of
equations provides all the information regarding the particular
response of the structure, giving the possibility of exploiting
it in a large number of microwave applications. For instance,
tunable filters, phase shifters, or reconfigurable matching net-
works could be exploited with the analysis of the structures
presented. Our theory is experimentally tested by the fabri-
cation of a demonstrator circuit with five unit cells, whose
behavior is compared against both circuit simulations and the
here-developed theory, achieving an excellent agreement.

II. ANALYSIS
We start by defining the transmission matrix (T ) of the unit
cell in Fig. 1. Assuming lossless TL sections (i.e., α = 0), we
can write:

T =
[(

1 + y
2

)
e jβd − y

2

− y
2

(
1 − y

2

)
e− jβd

]
(1)

where y = Y/Y0 is the admittance of the shunt element (Y )
normalized to the characteristic admittance of the TL sections
(Y0); β is the phase constant of the TL, and d is the physical
length of the TL sections of each unit cell. In a periodic struc-
ture with n identical unit cells, the T -matrix of the cascade can
be evaluated as T n, where the n-th power of the T -matrix can
be written as [18]:

T n = Un−1(ν)T − Un−2(ν)I (2)

with Un the second kind Tschebysheff polynomial of order n,
I the identity matrix and ν:

ν = T11 + T22

2
(3)

where Ti j stands for the (i, j) element of T . Assuming that the
shunt admittance of the unit cell of Fig. 1 is purely imaginary,
y = jb, ν can be obtained using (3) and (1) as:

ν = cos(βd ) − b

2
sin(βd ) (4)

so that ν ∈ R.

Thus, the T -matrix of a periodic structure formed by the
concatenation of n unit cells can be written as:

T n =
[

T11,n T12,n

T21,n T22,n

]

=
[

Un−1T11 − Un−2 Un−1T12

Un−1T21 Un−1T22 − Un−2

]
(5)

where we have introduced the notation Ti j,n for the (i, j)
matrix element of T n. The conversion matrix between T and
S-parameters [5] enables the evaluation of the periodic struc-
ture performance in terms of its S-parameters:

Sn =
[

S11,n S12,n

S21,n S22,n

]

=
[T21,n

T11,n

T11,nT22,n−T12,nT21,n
T11,n

1
T11,n

−T12,n
T11,n

]
(6)

It is worth to note that Sn is the S-matrix of the whole
periodic structure with n sections, and Si j,n its corresponding
(i, j) element.

Then, in order to find the transmission peaks, i.e. the points
where the whole available power is transmitted from the input
to the output, it is necessary to impose |S21,n| = 1. From (6),
this can be achieved if and only if |T11,n| = 1, or equivalently
|Un−1T11 − Un−2| = 1. However, the complexity of this ex-
pression for almost any concatenation of unit cells makes it
unfeasible to evaluate it analytically (see Appendix A).

However, a lossless passive linear network as the one in
Fig. 1 complies with the condition |S21,n| = 1 ⇔ |S11,n| =
0. From (6), S11,n = T21,n/T11,n, so that |T21,n| = 0 is the
only way of accomplishing |S11,n| = 0. Thus the transmission
peaks satisfy:

|T21,n| = |Un−1T21| = 0 (7)

whose solutions imply: (i) |T21| = 0 ⇔ b = 0, i.e. the suscep-
tance is zero which is discarded as it is a non practical case;
(ii) |Un−1(ν)| = 0, i.e. the zeros of the Tschebysheff polyno-
mial of order n − 1, whose position is determined as [21]:

νn−1
k = cos

(
πk

n

)
(8)

with νn−1
k denoting the k-th zero of the second kind

Tschebysheff polynomial of order n − 1, and k = [1, n − 1]
with k ∈ Z. Thus, for a periodic structure based on a loss-
less passive linear network with n unit cells, |S11,n| = 0 and
|S21,n| = 1 if and only if |Un−1(ν)| = 0, i.e. for ν = νn−1

k as
defined by (8) (see Appendix B for a thorougher analysis). The
number of transmission peaks for n unit cells is N = n − 1,
in addition to the zero produced by the case b = 0, as it was
indeed experimentally observed in [19].
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We can thus determine the conditions that are fulfilled at
the transmission peaks by relating (4) and (8):

νn−1
k = cos(βd ) − b

2
sin(βd ) = cos

(
πk

n

)
(9)

Solving (9) for b we obtain:

bk = 2

sin(βd )

[
cos(βd ) − cos

(
πk

n

)]
(10)

where the notation bk is introduced for the k-th solution of the
equation.

Equation (10) provides an explicit expression to calculate
the values of bk that correspond to the transmission peaks
(|S21,n| = 1 and |S11,n| = 0) of the lossless periodic structure.
In other words, the proposed expression constitutes the design
equation for a periodic structure with an arbitrary number n
of unit cells, and determines the conditions for the optimum
transmission peaks in terms of the different parameters of
the unit cell (e.g. TL length and susceptance). It is worth to
note that while changing the structure of the unit cell will
modify ν, the design equations are general for any unit cell
(provided it is lossless, passive and linear) and can thus be
exploited by straightforwardly recalculating ν of the new unit
cell and using it in (9).

III. SYSTEM DESIGN AND FABRICATION
A. INDUCTIVE OR CAPACITIVE SUSCEPTANCE, b
Equation (10) allows both positive- and negative-valued solu-
tions of bk , which correspond to a capacitive or inductive-like
susceptance, respectively. For our design, we have opted for
a physical implementation of the periodic TL based on a
variable capacitor, and have then to analyze under which
particular circumstances would bk be positive. Assuming that
the length of each TL section will be lower than λ/4, then
βd ≤ π/2, making cos(βd ) and sin(βd ) non-negative. Under
this assumption, bk will be positive when the following rela-
tion is accomplished:

cos

(
πk

n

)
< cos(βd ) (11)

Since in the first quadrant (βd < π/2) the cosine is a mono-
tonically decreasing function, (11) implies:

βd <
πk

n
⇔ d <

k

2n
λ (12)

From (12) it can be concluded that the most restrictive situ-
ation occurs for k = 1; in this case, the condition to guarantee
b > 0 and thus that the susceptance corresponds to a varactor
reads as:

d <
λ

2n
(13)

In other words, the total number of unit cells of the periodic
structure sets a limit for the length of the TLs of each unit cell
in order to make all bk values positive. To gain further insight,
we have simulated a periodic structure as the one in Fig. 1 with
n = 5 and f = 3 GHz, making use of the commercial circuit

FIGURE 3. |S11| (dB) parameter of a periodic structure with n = 5 versus
the normalized susceptance of the periodic loading, b, for different values
of the electrical length of the TL sections: λ/4, λ/8, λ/12. Only when
d = λ/12 (i.e., d < λ/10) the four expected zeros, bk , are positive.

simulator Advanced Design System (ADSTM) [22]. For this
particular case, (13) imposes the limit d < λ/10. Fig. 3 shows
the simulation results in terms of the |S11| parameter for dif-
ferent values of the electrical length, d = λ/4, λ/8, λ/12. It
can be observed that, according to (13), the case that satisfies
d < λ/10 shows the four expected zeros for positive values of
b. Although physically meaningless, b = 0 is always a zero as
discussed in (7).

B. FULLY LOCATING THE TRANSMISSION PEAKS
Once the susceptance b > 0 is physically realized in the form
of a variable capacitor, i.e., b = Z0ωC, with ω = 2π f , the
value of b depends on the capacitance of the varactor and on
the frequency. Even though both entail a proportional change
on b, sweeping f does not only change b, but it concomitantly
modifies the electrical length of the TLs. As a consequence,
changing f will not produce the same result as changing C,
and the frequency position of the transmission peaks, corre-
sponding to the zeros of |S11| in Fig. 3, cannot be directly
inferred from the values of b.

In order to predict these frequency zeros, from (9) we can
write:

cos

(
2πd

vp
f

)
− Z0π f C sin

(
2πd

vp
f

)
= cos

(
πk

n

)
(14)

where vp is the propagation speed: vp = c/
√

εeff ; and εeff is
the effective dielectric constant of the media. Equation (14)
can be indeed solved to obtain both, the frequency and the ca-
pacitance transmission peaks by fixing either the capacitance
or the frequency, respectively.

In addition to the simulation, (14) has been solved for f
(fixing Cvar) and for Cvar (fixing f ) in order to reveal the
theoretical frequency and capacitance positions of the zeros of
the structure. The results, depicted as vertical lines in Fig. 4,
coincide with the simulated zeros of |S11|, demonstrating the
ability of (14) to predict the position of the zeros as much
when changing f as when changing b. Equation (14) can be
thus deemed as the main design equation of the structures.
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FIGURE 4. Simulated |S11| (dB) as a function of b, for a periodic structure
with n = 5 and d = λ/12 = 8.3 mm at f = 3 GHz, considering vp = c. A
frequency sweep with constant capacitance Cvar = 2.5 pF (blue line) and a
capacitance sweep with constant frequency f = 3 GHz (yellow line) have
been considered. Vertical lines correspond to theoretical values for the
zeros of the |S11| obtained from (14). The zeros on the second and third
passbands on the frequency sweep are not shown due to visualization
purposes.

FIGURE 5. Fabricated periodic structure with n = 5 in microstrip
technology.

C. FABRICATION AND MEASUREMENT SETUP
To experimentally validate the previous design, a periodic
structure with five unit cells (n = 5) has been fabricated
(Fig. 5) in microstrip technology, using a FR4 substrate fab-
ricated by C.I.F.TM [23] with a dielectric constant of εr = 4.7
and a dielectric thickness of H = 1.6 mm, where the back
conductor is made of copper while the top conductor is made
of a curated conductive silver ink fabricated by VolteraTM with
a resistivity of 1.27x 10−7 
 m [24]. For the vias, copper rivets
have been used, while the InfineonTM BBY55-02 V is used
as the variable capacitor [25]. For input and output connec-
tions, two SMA connectors have been welded to the input and
output ports of the structure.

The measurement setup consists of the KeysightTM ENA
5061B and two ZFBT-4R2GW-FT+ Mini-CircuitsTM bias
tees. For the DC bias, the DC output of the ENA was used.
The overall measurement setup is shown in Fig. 6(a). Besides,
the Impedance Analyzer KeysightTM E4990 A, with the SMD
component test fixture KeysightTM 16034E (Fig. 6(b)), was
used to characterize the C-VR curve of the commercial varac-
tors up to a maximum frequency of 40 MHz, with VR being
the reverse voltage applied.

FIGURE 6. (a) KeysightTM ENA 5061B and additional circuitry employed for
prototype RF measurements, and (b) KeysightTM E4990 A impedance
analyzer along with the SMD component fixture KeysightTM 16034E for
SMD component characterization.

IV. RESULTS
The system designed and fabricated in this work, i.e. a
microwave periodic structure formed by loaded TLs, relies in
microstrip technology and SMD commercial varactors, what
demands to carefully characterize the eventual parasitics that
could affect the intrinsic behavior of the circuit, specially at
high frequencies. This limitation of the employed technology
is not intrinsic to the here proposed theoretical analysis and
design procedure, which could be fairly exploited in inte-
grated circuit (IC) technology, but becomes relevant in the
present implementation at high frequencies.

In particular, we identify two main extrinsic effects that
must be de-embedded for a fair comparison with the theory.
The first one is produced by the parasitic elements inherent
to the commercial varactors. Due to the packaging, some
parasitic series and/or shunt elements need to be considered
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FIGURE 7. BBY55-02 V variable capacitor characterization. The
measurements performed with the impedance analyzer are represented by
dashed lines; with solid lines, the simulation results are shown; and the
dotted curve is the one provided by the manufacturer.

in the form of extrinsic inductors, resistors or capacitors for
a proper modeling of the actual varactor. Even though these
parasitic elements are commonly disregarded, their effect —
particularly at high frequencies — is not negligible, as will be
evinced later. The second extrinsic effect has its origin on the
ground vias. In microstrip technology, grounding is usually
achieved by connecting the top and bottom sides of the printed
circuit board (PCB) with conductive vias. These vias, whose
length equals the thickness of the board, add a section of TL
whose electrical length cannot be neglected as the frequency
increases.

Due to these parasitics, the impedance of the varactors
changes and so does their capacitance. In order to assess this
effect and at the same time to characterize the varactors, in
Fig. 7 the equivalent varactor capacitance (Ceq) versus VR

curves obtained from three different sources are shown: (i)
from the manufacturer datasheet at 1 MHz (blue dotted line),
(ii) from the experimental measurements carried out with the
impendance analyzer at 1 MHz and 40 MHz (blue and red
dashed lines, respectively) and (iii) from circuit simulations
performed with ADSTM of the equivalent circuit that includes
the parasitics provided by the manufacturer, shown in the
inset of Fig. 10, at 1 MHz, 40 MHz and 730 MHz (blue, red
and yellow solid lines, respectively). Two conclusions can
be extracted from this Figure: (i) as frequency increases, the
equivalent capacitance of the varactors (Ceq) is higher than
their reported variable capacitance (Cvar), which highlights the
crucial role that the parasitics play as frequency increases,
and only at low frequencies Ceq = Cvar; and (ii) the pack-
aging parasitics provided by the manufacturer do not match
the measured ones, as can be seen at the f = 40 MHz curve,
where the measured equivalent capacitance is higher than the
simulated one (which is still very close to the 1 MHz curves).
This mismatch increases as the applied reverse voltage is
reduced (i.e., as Cvar is bigger). So as to account for the effects
of the parasitics and with the aim of making the comparison
between measurements and simulations fair, a de-embedding
procedure that allows for the transformation of the equivalent

FIGURE 8. |S11| and |S21| (dBs) as a function of the capacitance of the
varactors (Cvar), for a frequency value of 730 MHz. A voltage sweep from 0
to 14 V is performed. The solid lines represent the circuit simulation
results, the dashed lines represent the experimental measurements. The
vertical lines correspond to the theoretically calculated values for the
transmission peaks.

FIGURE 9. |S11| and |S21| (dBs) as a function of the frequency for a reverse
bias of VR = 10 V, that corresponds with a Cvar = 7 pF. The solid lines
represent the simulation results, and the dashed lines represent the
experimental measurements. The vertical lines correspond to the
theoretically calculated values for the transmission peaks.

FIGURE 10. Simulation schematic of the periodic structure considering the
parasitic elements and the ground vias. Inset: BBY55-02 V equivalent
circuit showing the parasitic elements provided by the manufacturer.

capacitance Ceq to the actual varactor capacitance Cvar is im-
plemented by using:

Cvar = C2 − Ceq + C2Ceq(L1 + L3)ω2

ω2[C2L2 − CeqLt + C2CeqL2(L1 + L3)ω2] − 1
(15)
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where Lt = L1 + L2 + L3, and the elements L1, L2, L3, Cvar

and C2 are shown in the inset of Fig. 10, and their values
were provided by the manufacturer [26]. Hence, due to their
above mentioned underestimation, a certain deviation of the
simulated with respect to the experimental data is expected,
especially for low VR (high Cvar) and high f . A thorough
discussion of the effects originated by the parasitics is carried
out in Appendix C.

Now, we proceed to evaluate the goodness of the proposed
theoretical analysis and system design by comparing (see
Figs. 8 and 9): (i) the simulation of the periodic structure
depicted in Fig. 10 making use of ADSTM (solid lines), (ii) the
experimental measurements of the circuit (dashed line), and
(iii) the theoretical transmission peaks positions calculated
with (14) (grey vertical lines). In particular, Fig. 8 shows |S11|
and |S21| in decibels as a function of the varactor capacitance
Cvar for f = 730 MHz, which is the frequency that allows
the exhibition of the four expected zeros when the voltage
is swept from 0 to 14 V. Fig. 9 shows |S11| and |S21| in decibels
as a function of the frequency for a reverse bias VR = 10 V,
that corresponds with a capacitance value of the varactors of
Cvar = 7 pF. As mentioned earlier, in Fig. 8 the x-axis has been
de-embedded with the described process and, in addition to
that, the effect of the vias connected to the ground has been
accounted as much in the simulations, by using the ADSTM

element to that effect, as in the de-embedding, by following
the same theoretical approach as in the ADSTM element [27].

From Figs. 8 and 9 it can be highlighted the good agree-
ment achieved between circuit simulation and experimental
measurements as well as with the theoretically predicted
transmission peaks. In particular, in Fig. 8, for Cvar < 12 pF,
the agreement is excellent. However, due to the analyzed
underestimation of the parasitics, for Cvar > 12 pF, the pre-
dicted behavior is shifted towards higher capacitive values. In
contrast, in Fig. 9, for Cvar = 7 pF the agreement is excellent
as the frequency has a low impact on the equivalent capaci-
tance for Cvar < 12 pF, as Fig. 7 shows. Figs. 8 and 9 clearly
show the N = n − 1 = 4 transmission peaks (in addition to
the transmission peak at b = 0).

V. CONCLUSION
In this work we have presented a novel analysis of peri-
odically loaded transmission lines that provides the explicit
design equations to locate the transmission peaks originated
by these structures, focusing on the response when changing
the characteristics of the periodically loading element. These
equations account for the physical and electrical characteris-
tics of the unit cell, such as the electrical length, characteristic
impedance, operating frequency or loading susceptance, and,
importantly, the number of unit cells that form the sys-
tem. We have validated the developed theory against both,
simulations carried out with a commercial circuit simulator
(ADSTM), and experimental measurements of a fabricated
prototype, achieving an excellent agreement. The achieved
accurate control of such transmission peaks is planned to be

exploited in the design of a variety of microwave applica-
tions such as phase shifters or tunable filters. Finally, though
the microwave theory conceived in this work is expected
to be applied in integrated circuit technology, the demon-
strator is fabricated with SMD components, and therefore,
the extrinsic contribution of parasitics due to the packaging
of the varactors and the ground vias impacts on the circuit
performance, mainly at high frequencies. These aspects can be
nevertheless captured by our theoretical model by substituting
the ideal susceptance by an equivalent one that includes the ef-
fect of all the extrinsic elements at high-frequency, evidencing
that the theory here presented can be adapted to real scenarios
where deviations from the ideal device behavior are expected.

APPENDIX A
CALCULATION OF T11,n = 1
The transmission peaks in the passband ripple of the periodic
structure satisfy the condition |S21,n| = 1. From (6), this is
achieved if and only if |T11,n| = 1, or equivalently |Un−1T11 −
Un−2| = 1. The resulting equation becomes impractical. In
order to exemplify this assessment, we propose to address a
periodic structure of n = 3 unit cells. We calculate T 3 as:

T 3 = U2(ν)T + U1(ν)I

=
[

(4ν2 − 1)T11 − 2ν (4ν2 − 1)T12

(4ν2 − 1)T21 (4ν2 − 1)T22 − 2ν

]
(16)

where U1(ν) and U2(ν) are determined by using (4) and the
recursive formula Un+1(ν) = 2νUn(ν) − Un−1(ν):

U1(ν) = 2

(
cos(βd ) − b

2
sin(βd )

)

U2(ν) = 4ν2 − 1 = 4

(
cos(βd ) − b

2
sin(βd )

)2

− 1 (17)

To calculate the S21,3 parameter, we would need to eval-
uate T11,3 = (4ν2 − 1)T11 − 2ν and we would still have to
calculate the inverse of the expression and further simplify
it to be able to obtain the magnitude and argument of S21. As
abovementioned, even in this simple scenario with n = 3, the
resulting solution is impractical.

APPENDIX B
PROPERTIES OF THE PERIODIC NETWORK AND THE
TSCHEBYSHEFF POLYNOMIALS
From the properties of a passive linear microwave network
(and assuming T11,n is finite and T21,n �= 0), we can observe
that:

|Un−1| = 0 ⇔ |T21,n| = 0 ⇔ |S11,n| = 0 ⇔
⇔ |S21,n| = 1 ⇔ |T11,n| = 1 ⇔ |Un−2| = 1 (18)

but indeed, a known property is that, at the ze-
ros of the n − 1 Tschebysheff polynomial, |Un−1(
ν = νn−1

k

) | = 0, the n − 2 Tschebysheff polynomial
satisfies |Un−2(ν = νn−1

k )| = 1 [21]. If we evaluate
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FIGURE B1. Modulus of the Tschebysheff polynomials of the second kind
of order n = 0, 1, . . ., 5.

FIGURE C1. |S11| and |S21| as a function of frequency for a periodic
structure with n = 5 and d = λ/12 at f = 3 GHz with εr = 4.7, under
different simulation scenarios: (i) Taking parasitic elements and ground
vias into account (solid lines); (ii) taking only parasitic elements into
account (dashed lines); (iii) neglecting both effects (dotted lines). The
theoretically expected position of the transmission peaks based on the
ideal scenario are shown with grey vertical lines.

the recursive formula of the second kind Tschebysheff
polynomials at ν = νn

k , we can derive by using this property:∣∣Un+1
(
ν = νn

k

)∣∣ = ∣∣Un−1
(
ν = νn

k

)∣∣ = 1∀k = {[1, n] ∈ Z}
(19)

This is, the Tschebysheff polynomials of the second kind
of order n − 1 and n + 1, are 1 in magnitude at the zeros of
the Tschebysheff polynomials of order n, namely |Un+1(ν =
νn

k )| = |Un−1(ν = νn
k )| = 1, while |Un(ν = νn

k )| = 0. This
can be observed in Fig. B1, where |Un(ν)| versus ν is shown.
For example, at the zero of |U2|, i.e., |U2(ν = 0.5)| = 0, we
can observe that |U1(ν = 0.5)| = 1 and |U3(ν = 0.5)| = 1.

APPENDIX C
PARASITICS EFFECT
For a deeper understanding of the considerable impact
that the packaging and the ground vias has on the cir-
cuit performance, Fig. C1 shows a comparison between
the outcome of three different situations: (i) the equivalent
circuit shown in Fig. 10 (dotted lines); (ii) the circuit without
considering the ground vias elements (dashed lines); (iii) the
circuit without considering the ground vias nor the parasitic
elements (solid lines). It can be observed the great impact
that these two factors due to the technology used for our
demonstrator have on the final evolution of the parameters,

shifting considerably the position of the transmission peaks
along the frequency axis, as well as changing their magnitude
and distance. It can be thus concluded that parasitics must be
included for a proper circuit design.
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