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1 | INTRODUCTION

Consider the following facts from the classical theory of minimal surfaces.

(1) If M is a compact minimal disk in R", if F : R” — R is linear, and if F~(c) N M contains an
interior critical point of F|M with multiplicity k, then F~!(c) n M contains at least 2(k + 1)
points (see [12, p. 794,(c)]).

(2) If M is a minimal disk in R”,if F : R"” — Rislinear, and if F : dM — R has at most k local
minima, then F|M has at most k — 1 interior critical points, counting multiplicity (see [14,
Lemma 2]).

These facts are powerful tools in minimal surface theory. For instance, Radé [13] used (1) to
prove that if the boundary of minimal disk in R” projects homeomorphically to the boundary of a
convex region in a plane, then the interior of the disk is a smooth graph over that region. (Actually,
Radé stated the theorem only for n = 3, but Osserman [11, Theorem 7.2] pointed out that Rad¢’s
proof works for any n.) Radé also showed that if the boundary of a minimal disk in R" projects
homeomorphically onto the boundary of a planar star-shaped region, then the interior of the disk
has no branch points [12, p. 794]. Finn and Osserman [2] used an analog of (1) to prove a curvature
estimate that implies Bernstein’s theorem (an entire solution u : R? — R of the minimal surface
equation must be a plane.) Schneider [14] used (2) to show that for a minimal disk in Euclidean
space, the sum of the orders of the interior branch points is bounded by

x

27
where x is the total curvature of the boundary. More recently, (2) was used in the variational
existence proof of genus-one helicoids in R [8].

In this paper, we sharpen (1) and (2) and extend them to minimal surfaces of arbitrary genus in
Riemannian manifolds. See Theorem 41 for the generalization of (1). Generalizing (2), we show:

Theorem 1. Suppose that M is a compact minimal surface with boundary in a Riemannian
manifold N. Suppose that F : N — R is a continuous function such that

(1) ifdim N = 3, the level sets of F are minimal surfaces, and
(2) ifdim N > 3, the level sets of F are totally geodesic.
(3) foreacht, {F = t}isin the closure of {F > t} and of {F < t}.

Suppose also that F is nonconstant on each connected component of M, and that the set Q of local

minima of F|0M is finite. Then the number N(F|M) of interior critical points of F|M (counting

multiplicity) and the number s°(F) of boundary saddle points of F|M (counting multiplicity) satisfy
N(FIM) + 5°(F) = |Q| — x(M),

where (M) is the Euler characteristic of M and where |Q| is the number of elements in the set Q.
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(Theorem 1 is a special case of Theorem 24; Theorem 8 and Remarks 9 and 10 show that the
hypotheses of Theorem 1 imply the hypotheses of Theorem 24. Theorem 1 is also true for branched
minimal surfaces; see Section 9.)

A continuous function whose level sets form a foliation and that satisfies hypothesis (3) of The-
orem 1 is called a foliation function. If the leaves are minimal, it is called a minimal foliation
function, and if the leaves are totally geodesic, it is called a totally geodesic foliation function.

In Theorem 1, “interior critical point of F|M” means “interior point p of tangency of M and the
level set {F = F(p)},” and the multiplicity of such a critical point is the order of contact of M and
{F = F(p)}. Boundary saddle points and their multiplicities are defined in Definition 23.

It would be natural in Theorem 1 to assume that F is C! (or even smooth) with nowhere vanish-
ing gradient. However, that assumption would be undesirable for the following reason. Consider a
minimal foliation F of a Riemannian 3-manifold. Of course the leaves are smooth. At least locally,
the foliation can be given as the level sets of a continuous function F. However, for some minimal
foliations, there is no such function that is C! with nowhere vanishing gradient. (A simple exam-
ple from [15, §1] is the minimal foliation of {(x, y,z) : x > 0} consisting of the halfplanes z = sx
with s > 0 and the halfplanes z = swith s < 0. If Fis a C! function whose level sets are the leaves,
then DF(x,y,0) = 0.)

For that reason, throughout the paper we work with functions that are only assumed to
be continuous.

Theorem 1 provides an exact formula for N(F|M). In many situations, a good upper bound for
N(F|M) suffices. Simply dropping the term s(F) in Theorem 1 gives the bound

N(FIM) < Q| — x(M),

which is often adequate. Indeed, that gives Schneider’s bound (2). But one can get a better upper
bound as follows. Let A be the set of local maxima and local minima of F|0M that are not local
maxima or local minima of F|[M. Then s°(F) > |A| (where |A| is the number of elements of A),
so from Theorem 1, we deduce

Corollary 2. Under the hypotheses of Theorem I,
N(FIM) < |Q| — x(M) — |Al.
See Theorem 26, which also specifies when equality holds in Corollary 2.

Remark 3. In practice, one sometimes encounters F and M that satisfy all but one of the hypothe-
ses of Theorem 1, namely the hypothesis that the set of local minima of F|0M is finite. In particular,
that hypothesis will fail if F is constant on one or more arcs of M. One can handle such examples
as follows. Suppose F is not constant on any connected component of M. Let M be obtained from
M by identifying each arc of dM on which F is constant to a point. Let F be the function on M
corresponding to F on M. If F|0M has a finite set Q of local minima, then

N(F|M) = N(F| M)
= Q] — x(M) — s°(F)

<1Q1 = x() - |A],
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where A is the set of local minima and local maxima of F|dM that are not local minima or local
maxima of F|M. These facts follow from Theorems 24, 26, and 48.

Special cases of Theorem 1 have been important tools for analyzing properly embedded trans-
lators for mean curvature flow in R3, in particular for the classification of translating graphs in [4,
5], the classification of semigraphical translators (such as the doubly periodic Scherk-type transla-
tors and the Nguyen singly periodic translators) [6, 7], the classification of low entropy translators
[3], and for the construction of families of nonrotationally invariant translating annuli (analogs
of catenoids). (See a forthcoming paper by Hoffman, Martin, and White.)

There is also a version of Theorem 1 for noncompact M:

Theorem 4. Let —c0 < a < b < 0. In Theorem 1, suppose the hypothesis that M is compact is
replaced by the hypotheses that F : M — (a, b) is proper, that d;(M) := dim H,(M; Z,) is finite,
and that the limit

B:= lim |GM)NF'(¢t)|

t—a,t>a

exists and is finite. Then
1
NCEIM) +5°(F) = 28 +1Q| = x(M),
and therefore

NCFIM) < 36 +1Q1 - () ~ 1A,

Theorem 4 is a special case of Corollary 31, by virtue of Theorem 8, Remarks 9 and 10), and (for
the inequality involving | A|) Proposition 25.

Another useful fact about N(F|M) is that it depends lower semicontinuously on F and on M
(even without assuming properness); see Theorem 40.

The paper is organized as follows. We define a class of functions on surfaces that we call Radé
functions. Roughly speaking, they are continuous functions whose level sets are locally either iso-
lated points or (qualitatively) like the level sets of harmonic functions. (The isolated points occur
at strict local minima and at strict local maxima.) We show that if M is a minimal surface in a
smooth Riemannian manifold N and if F : N — R is a continuous function satisfying hypothe-
ses (1), (2), and (3) of Theorem 1, then F is a Radé function on the interior of M. Under mild
hypotheses, it follows that F is a Rad6 function on all of M; see Theorem 46. We then prove the
various theorems bounding numbers of critical points for arbitrary Radé functions.

2 | RADO FUNCTIONS

Definition 5. A continuous, real-valued function on a 2-manifold M is called a Radé function
provided each point p € M has a neighborhood U such that

(1) U n{F = F(p)} consists of a finite collection Cj, ..., C,, of embedded arcs;
(2) each C; joins the point p to a point in 0U;

(3) C;nCj={ptfori# j;

(4) each C; is in the closure of {F > F(p)} and in the closure of {F < F(p)};
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FIGURE 1 From left to right: an interior critical point, a local maximum of F|6M, a local minimum of
F|0M, and a point which is neither a local maximum nor a local minimum of F|0M. “+” indicates that F > F(p)
in that region and “—” indicates that F < F(p) in that region.

(5) if p € M, we also require that each C; \ {p} is contained in the interior of M.

The number v = v(F, p) is called the valence of p.

We call these functions Radé functions because Rad6 observed [13, IIL.6] that some impor-
tant properties of harmonic functions on surfaces are shared by functions similar to those in
Definition 5 (provided there are no points of valence 0.)

Note that for a Rado function F : M — R,

(1) the points of valence 0 are the local minima and local maxima of F;

(2) each local maximum (local minimum) of a Rado function is a strict local maximum (local
minimum);

(3) for each ¢, the set (M) N F~1(¢) is discrete. Indeed, if p and U are as in Definition 5 and if
p € 0M, then (M) N U n{F = F(p)} consists only of the point p.

The following lemma is an immediate consequence of Definition 5; see Figure 1.

Lemma 6. Suppose that F : M — R is a Radé function. If p is an interior point, then v(F, p) is
even. If p is a boundary point, then v(F, p) is even if and only if F|0M has a local maximum or a
local minimum at p.

Definition 7. Suppose that F : M — R is a Radé function. A Radé critical point (or critical
point, for short) of F is an interior point p such that v(F, p) # 2 or a boundary point p such
that v(F, p) # 1. If p is an interior point of valence v(F, p) > 4, we say that that p is a saddle of
multiplicity w(F, p), where

w(F,p) := %U(F, p)— 1.

Interior points of valence 2 and boundary points of valence 1 are called Radé noncritical points
or Radé regular points.

Two warnings about Definition 7 are in order. First, in case F is smooth, the notion of Radé criti-
cal point is not equivalent to the usual definition of critical point (i.e., a point where DF vanishes).
For example, for the Radé function F(x,y) = y3, every point is Radé noncritical, but the points
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with y = 0 are critical in the usual sense. Second, for a general Rad¢ function, the set of Rado¢ crit-
ical points need not be closed. Fortunately, under mild hypotheses, the set of Rad¢ critical points
will be locally finite and therefore closed. See Theorem 46. (See also Theorem 33.)

For the rest of the paper, “critical point,” “noncritical point,” and “regular point” will always
mean “Rado critical point,” “Radé noncritical point,” and “Radé regular point™.

The following theorem shows how Radé functions arise naturally in minimal surface theory.

Theorem 8. Suppose M is an embedded minimal surface in a smooth Riemannian 3-manifold N.
Suppose F : N — R is a continuous function such that

(1) the level sets of F are smooth minimal surfaces;
(2) each level set M[t] := F~1(t) is in the closure of {F > t} and of {F < t}.

Suppose also that F is not constant on any connected component of M. Then the restriction of F to
the interior of M is a Rad6 function without any interior local maxima or interior local minima. The
interior saddles of multiplicity n are the points where M makes contact of order n with the level set

{F =F(p)}

(Condition (2) rules out examples such as F(x;, X,, x3) = |x;].)
Theorem 8 follows from the well-known way in which two minimal surfaces in a 3-manifold
intersect each other. See, for example, [1, Theorem 7.3] and its proof.

Remark 9. Theorem 8 is also true for branched minimal surfaces, and for minimal surfaces in
manifolds of arbitrary dimension. (When dim N > 3, the hypothesis that the level sets of F are
minimal is replaced by the hypothesis that the level sets are totally geodesic.) See Section 9.

Remark 10. Note that Theorem 8 only asserts that F is Rad6 on the interior of M. For applications,
we generally need to know that F is Rado on all of M. Fortunately, under mild hypotheses, a
continuous function that is Radé on the interior of M will indeed be Rad6 on all of M. In particular,
the F|M in Theorem 8 is Rad¢ on all of M provided F|M is proper, (M) N F~1(t) is a finite set for
each t,and d,(M) :=dim H,(M;Z,) < . See Theorem 46. Although Theorem 46 appears near
the end of the paper, its proof does not depend on the intervening sections.

By definition, the level sets of a Rado6 function consist of isolated points together with curves
joining them. For a general Rad¢ function, those curves are merely continuous. But for the func-
tions F|M in Theorem 8, the level sets are nicer: the curves are smooth (because they are transverse
intersections of the smooth surface M and the smooth hypersurface F~1(t)). Furthermore:

Theorem 11. Suppose that F and M are as in Theorem 8. Then

(1) the set of interior noncritical points of F|M is an open set;
(2) ateach interior noncritical point p, the level set M N {F = F(p)} has a tangent line Tan(F|M, p),
and Tan(F|M, p) depends continuously on p.

Furthermore, suppose F, and M,, are a sequence of such examples with F, converging uniformly
to F and M,, converging smoothly to M. If p is a noncritical point of F|M and if p,, € M,, converges
to p, then p,, is noncritical for F|M,, for all sufficiently large n, and Tan(F,|M, p,,) converges to
Tan(F|M, p).
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‘We omit the proof, as it follows easily from standard facts about transversality. For example, the
last sentence of the statement of Theorem 11 can be reworded as follows: If M intersects {F = F(p)}
transversely at p, then M,, intersects {F,, = F,(p,)} transversely at p,, for all sufficiently large n,
and the tangent line to

M, n{F, = F,(p,)}
at p,, converges to the tangent line to
M n{F = F(p)}

at p.

Theorem 11 is also true for branched minimal surfaces. See Corollary 51.

Rado¢ functions with properties (1) and (2) in Theorem 11 are called tame. (See Definition 32.)
Tameness implies a number of other nice properties. See Section 7. In particular, we prove an
important lower semicontinuity property (Corollary 40). In the context of Theorem 11, it says that
the number of interior critical points (i.e., saddles) of F|M (counting multiplicity) is less than or
equal to the liminf of the number of interior critical points of F, |M,, (counting multiplicity).

Remark 12. In Theorem 11, Tan(F|M, p) is not merely continuous, it is actually locally Lipschitz.
(Sketch of proof: let T(p) be tangent plane to {F = F(p)} at p. It is not hard to show using the Har-
nack inequality that T(-) is locally Lipschitz. It follows easily that Tan(F|M, -) is locally Lipschitz.)
The local Lipschitz property does not play a role in this paper.

Remark 13. Suppose in Theorem 11 that F is smooth with nowhere vanishing gradient. Then the
function F|M is particularly nice. First, it is smooth. Second, the interior Radd critical points coin-
cide with the usual critical points (i.e., the points where D(F|M) vanishes). Third, the multiplicity

of an interior saddle point p is equal to the order of vanishing of F|M — (F|M)(p). These facts are
easy to prove, but play no role in this paper.

3 | SURFACES WITHOUT BOUNDARY

Lemma 14. Let X be a finite network. Then

20 = ¥, @ =v(p))

pEV

where V is the set of vertices and v(p) is the valence of p. Equivalently,
1
X) = -2- |4 1
K30 = 2, 5@ =m IV, M

where V, is the set of vertices of valence n.
Here (and throughout the paper), if S is a set, then |S| denotes the number of elements of S.

Proof. A component without vertices is a loop, and both assertions are trivially true for such
components. Thus, we can assume that every component contains one or more vertices. Let V be
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8 | HOFFMAN ET AL.

the set of vertices and E be the set of edges. Note that

Y v(p) =2IEl,

pEV

Thus,

x=IVI-IEl= Y 1-2 3 vp) = 3, 22— u(p).

peV pEV peV t

Lemma 15. Let M be a 2-manifold without boundary and of finite topology, and let X be a finite
network in M Then M \ X has finite topology, and

XM) = x(M\ X) + x(X).

Proof. First remove all the vertices of X from M to get an open 2-manifold M’ with y(M') =
x(M) —|V|, where |V| is the set of vertices of X. Note that removing a properly embed-
ded open arc from a 2-manifold of finite topology increases the Euler characteristic by 1.
Thus, removing the components of X \ V one at a time from M’ produces a 2-manifold M"
with

XMy = (M) + |E| = x(M) = V| + |E| = x(M) = x(X). d
Definition 16. If F : M - Rand s € R, we let
M[s] =M nF~(s).
IfI C Ris an interval, we let MI := M N F~'(I). Thus, for example,

Mls,t]=Mn{s<F <t}

M(s,t) = M N {s<F<t}.

Lemma 17. Suppose that F : M — R is a Radé function and that

(1) there are no critical points in M(a, b), and
(2) M[d’,b']is compact fora < a’ < b’ <b.

IfIis an interval in (a,b) and if t € I, then M N F~1(I) is homeomorphic to M(t) X I.

Proof. If M has no boundary, this is Corollary A4 in the Appendix. The general case follows by
doubling M. O

Lemma 18. Suppose that M is a compact 2-manifold without boundary, that F : M — Risa Radé
function, and that the set Q of local maxima and local minima of F is finite. Let T C R be a finite
set that includes F(Q). Let X = U,y M[t]. Then
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MORSE-RADO THEORY FOR MINIMAL SURFACES 9

XD < x(0) = 3 22— v(F.p)
peEX

. @)
=lQl+ Y S@-uFp),

pEX,v(F,p)>2

with equality if and only if each component of M \ X is an annulus. In particular, if X contains all
the critical points of F, then

XD = Y 2@ = u(F,p)). 3

PEM

Furthermore, if M(a, b) contains no critical points, then M(a, b) is homeomorphic to M[t] X (a, b)
foreacht € (a,b).

Proof. By Lemma 15,
XM) = x(X) + x(M\ X). “4)
Let W be a component of M \ X. Then W is a component of M(a, b) for two successive elements
a,binT.
By Lemma 15, W is an open manifold of finite topology. Thus, it is homeomorphic to a closed

surface with finitely many points removed. As W has no local maxima,

supF = b.
w

As W has no local minima,
inf F = a.
W
Thus, W is homeomorphic to closed surface with at least two points removed. It follows that
x(W) <0,
with equality if and only if W is an annulus. Hence, (by (4)) the inequality (2) holds, with equality
if and only if each W is an annulus.
The last assertion is a special case of Lemma 17. O
Theorem 19. Suppose that M is a compact 2-manifold without boundary and that F : M — R is

a Rado function with a finite set Q of local maxima and local minima. Then there are only finitely
many points p with v(F, p) # 2, and

XD = Y 2@ = u(F,p)). )

PEM
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10 | HOFFMAN ET AL.

Equivalently,

X(M) =D (1= k) [V,
k

where V, is the set of points p such that v(F, p) = n.

Proof. Note that Q is the set of points of valence 0. Let 7 C R be a finite set that includes F(Q).
Let X = U,crM[t]. By Lemma 18,

W<l ¥ 2@ u(F,p)
<IQI=Hp eX : v(F,p)> 2
=2/Ql - {p € X : v(F,p) # 2}
=2/l - cl,

where C is the set of critical points of F in X. Thus, X has at most
2|Q| — x(M)

critical points. As this bound holds for every such 7, we see that M has at most 2|Q| — y(M)
critical points. Equation (5) now follows from (3) in Lemma 18 by letting

T ={F(p) : v(F,p) # 2} O

Corollary 20. The number of saddle points, counting multiplicity, is equal to the number of local
maxima and local minima minus the Euler characteristic:

Y, w(F,p)=1Ql - x(M).

w(F,p)>0

Proof. Each point of valence 0 (i.e., each point of Q) contributes 1 to the sum in (5), each point of
valence 2 contributes 0, and there are no points of odd valence. Thus, (5) becomes

xn=1el+ Y S@=uF.p)
u(F,p)>4

= Q| - w(F, p).
w(I;p)>0 [l

A version of Corollary 20 in the case of the 2-sphere occurs in an 1870 paper [9] by the physicist
Maxwell. In particular, Maxwell does allow saddles with multiplicity.
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MORSE-RADO THEORY FOR MINIMAL SURFACES 11

4 | SURFACES WITH BOUNDARY

Theorem 21. Suppose that M is a compact 2-manifold with boundary, that F : M — R is a Rado
function, and that there are only finitely many points of valence 0. Then

X0 =Y S@-vFEp)+ Y, 51-vE.p)).

pEM\OM pedM
Equivalently,
200 = Y (A= RV +3a-0Ivil),
k=0

where V;m is the set of interior points p € M \ M with v(F, p) = n, and VZ is the set of boundary
points p € OM with v(F, p) = n.

Proof. Let M be the closed manifold obtained by doubling M. That is, we take two copies of M
and attach them along their boundary. Let F be the obvious extension of F to M. ASF : M - R
is Rado, it follows easily that F : M — R is also Radé. Let V,, be the set of points p € M with
v(F, p) = n. Then

Vol =21V + V2]

Applying Theorem 19 to M gives
1 -
(M) = 3 )

= 2 A=Vl
k

1 .
3 ;(1 — VR +|ve)

:;<(1—k)|vg,g|+%(1—k)|vg|). -

The statement of Theorem 21 is fairly simple. However, the theorem can be rewritten in a way
that makes it easier to use.

Theorem 22. Suppose that F : M — Risa Radé function on a compact 2-manifold with boundary.
Let Q be

(i) the set of interior local maxima and interior local minima of F, together with
(ii) the set of local minima of F|0M.

Suppose that Q is a finite set. Then

D =D+ n(IV5,1+1V3,,,1) = 1Ql — x(M). (6)

nx2 nz1
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12 | HOFFMAN ET AL.

This way of rewriting Theorem 21 is very useful for the following reason. Think of M and F|0M
as given, and the function F as unknown. In many situations (such as for minimal surfaces in
Theorem 8), we know that there are no interior local maxima or minima. In that case, Q is the set
of local minima of F|0M, which we regard as known. Thus, the right-hand side is known, and the
terms on the left are all positive.

Recall that interior points of valence v > 2 are called interior saddle points of multiplicity

w(F,p) :=(v/2)—1.

Definition 23. A boundary saddle point of a Rad6 function F is a boundary point of valence
> 1. The multiplicity of a boundary saddle point is

W(F. p) 1= v/2 if v is even,
P T Y wo1)/2 ifvisodd.

Using this definition, Theorem 22 can be restated as follows:

Theorem 24. Under the hypotheses of Theorem 22,

Y w(F,p) = Q| — x(M). ©)

w>0

Note that the left-hand side is the total number of saddles, interior and boundary, counting mul-
tiplicity.

Proof of Theorem 22. Write
Q - Qint + Qa

where Q™ := Q\ dM is the set of interior local maxima and interior local minima of F, and
where Q% := Q N dM is the set of local minima of F|dM.

Note that the points of valence 0 are the points of Q together with the local maxima of F|0M.
As the number of local maxima of F|0M is equal to the number |Q?| of local minima of F|0M, we
see that there are only finitely many points of valence 0.

Recall from Theorem 21 that

XD = YA -0V +2 ¥ 0 -0Vl (®)
k k
Now
Y A-WVE] = Q™ +0- Y (k—1)|Vi]. ©)
k k>2
Also

> A=KV = D (A =20)|Va,| + (=20)|V41 1)
k n
(10)

= D VE 1= D)Vl + Vi ).
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MORSE-RADO THEORY FOR MINIMAL SURFACES 13

By Lemma 6,
21V
n

is the number of local minima and local maxima of F|0M. The number of local maxima of F|oM
is equal to the number of local minima of F|dM (namely |Q°]), so

D vE,l=21Q%.
n
Thus, we can rewrite (10) as
1
azk:“"‘”"i' =1Q°1 = X (Vaul + Vi . ()
n
Combining (8), (9), and (11) gives (6). O

5 | AREMARK ABOUT INEQUALITIES

Various theorems in this paper, such as Theorem 24, give formulae for the total number of sad-
dles, interior and boundary, in some region, counting multiplicity. For many applications, simpler
inequalities suffice.

The following proposition describes how the exact formulae imply the simpler inequalities.

Proposition 25. Suppose that F : M — R is a Radé function and that K is a region in M. Suppose
also that

D, wF,p)=W.
Kn{w>0}
Then
Y wEp<W-IAl (12)
(K\dM)N{w>0}

where A is the set of points p in K N dM such that p is a local minimum or local maximum of F|0M
but is not a local minimum or local maximum of F.

Furthermore, equality holds if and only if K N 0M contains no point p with valence v(F, p) > 2.
In particular, if F is C2, if FIM is a Morse function, and if DF does not vanish at any point of M,
then equality holds in (12).

Proof. Note that

> wFp= Y wFp+ )Y wFp),

Kn{w>0} (K\OM)n{w>0} (KNdM)n{w>0}
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14 | HOFFMAN ET AL.

and that

Y, wEp= )  wFp)

(KNoM)N{w>0} (KnoM)n{v=2}

> D w(F, p)
(KNdM)n{v>2, v even}

1
= Z =v(F, p)
(KNdM)n{v=2, v even}
> D 1
(KNdM)n{v=2, v even}

= |A|

with equality if and only K n dM has no points of valence > 2.

This proves the proposition, except for the assertion about the case when F is C2. Note that if
F is C? and if F|0M is a Morse function, then at each point of dM that is not a critical point of
F|0M, the valence is 1, and at each critical point of F|0M, the valence is either O or 2. O

Thus, for example, from Theorem 24, we get the following inequality:

Theorem 26. SupposethatF : M — Risa Rado function on a compact 2-manifold with boundary.
Let Q be the set of interior local maxima and interior local minima of F, together with the local
minima of F|0M. Suppose that Q is a finite set. Then

Y wF,p)<IQl - x(M)—|Al, (13)

(M\OM)N{w>0}

where A is the set of local maxima and local minima of F|0M that are not local maxima or local
minima of F. Equality holds if and only if there are no boundary points p of valence v(F, p) > 2.

In particular, if F is C?, if F|OM is a Morse function, and if DF does not vanish at any point of
F|0M, then equality holds.

6 | PORTIONS OF SURFACES WITH BOUNDARY

Theorem 27. Suppose that F : M — R is a Rado6 function, that a < b are regular values of F, and
that M[a, b] is compact. Then

Y wF.p) = Q@b + 6@ - x(M(ab), (14)

M(a,b)n{w>0}

provided |Q(a, b)| is finite, where

(1) Q is the set consisting of the interior local maxima and the interior local minima of F, together
with the local minima of F|0M,

(2) Q(a,b) =QnM(a,b),and

(3) B(a)is the number of points in OM) N{F = a}.
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Proof. Let M be obtained from M|[a, b] by identifying each connected component of M[a] to a a
point and each connected component of M[b] to a point. Let F be the function on F corresponding
to F on M|a, b].

Thus, each closed curve component of M[a] becomes an interior point of M, and each non-
closed curve component of M[a] becomes a single boundary point of M. In both cases, the point
is a global minimum of F.

Likewise, each closed curve component of M[b] becomes an interior point of M, and each non-
closed curve component of M[b] becomes a single boundary point of M. In both cases, the point
is a global maximum of F.

Let O be the set of all interior local maxima and interior local minima of F, together will all
local minimal of F|0M.

Let n be the number of nonclosed-curve components of M[a], and let ¢ be the number of closed
curved components of M[a] U M[b].

Note that
x(M) = x(M(a,b)) +c,
|Q] = |Q(a,b)| + n+c, and
n= %ﬁ(a).
Thus,

~ - 1
QI = x(M) = |Q(a, b)] — x(M(a, b)) + 5 ().
Consequently, by Theorem 24,

Y w(F,p)=1Q| - x(1)

Mn{w>0}

(15)
1
= |Q(a,b)| + Eﬁ(a) - x(M(a, b)).
The points in M with F = a or F = b all have valence 0, so
Y, wEp= )  wF,p). (16)
Mn{w>0} M(a,b)n{w>0}
Combining (15) and (16) gives (14). O

We now relax the requirement in Theorem 27 that a and b are finite, noncritical values of F.
We begin with a lemma.

Lemma 28. Suppose that M is a surface and that F : M — R is a continuous function. Suppose
also that F has no interior local minima with F < a, and no interior local maxima with F > b. Then
the inclusion of M[a, b] into M induces a monomorphism on H,(—; Z,).

Likewise, if F has no interior local minima with F < a, and no interior local maxima with F > b,
then inclusion of M(a, b) into M induces a monomorphism on H,(—; Z,).
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16 | HOFFMAN ET AL.

Proof. We prove the first statement. Let C be a 1-cycle in M[a, b] that is homologically trivial in
H,(M;Z,). Then C bounds a region K in M. Let p be a point where F|K attains its maximum. If
p € C, then F(p) < b because C C M[a,b].If p € K\ C, then p is an interior local maximum of
F and hence F(p) < b. Either way, maxy F < b. Likewise, ming F > a. Hence, K lies in M|[a, b],
so C is homologically trivial in H,(M[a, b]; Z,). 1

For the next two theorems, we make the following hypotheses.

(hl) F : M — RisaRadé function and —co < a < b < 0.

(h2) d(M) :=dim H,(M; Z,) is finite.

(h3) The set Q is finite, where Q consists of the interior local minima and maxima of F together
with the local minima of F|dM.

Theorem 29. Under the hypotheses (h1)-(h3), if M[a, t] is compact foralla <t < bandifaisa
regular value of F, then

w(F, p) = |Q(a,b)] + 3@ — x(M(a, b)),
M(a,b)n{w>0}

where [3(t) is the number of points in (M) N {F = t}.

Proof. Let Z be the set of interior local maxima and minima of F and let Z*(a,b) = ZN{F ¢
(a,b)}. Note that Z C Q and that

M(s,t) C M\ Z*(s,t)
induces a monomorphism of first homology (see Lemma 28), so
d(M(s, ) < dy (M \ Z°(5,))
=d,(M) +|Z7(s, 1)1,
<d; (M) + QI
Therefore,
—x(M(s, 1)) < d;(M(s, 1)) < dy (M) + 1Q].

Ift € (a,b) is a regular value of F, then by Theorem 27,

Y wF.p)= Q@]+ 3A(@) - x(M(a, 1)

pPEM(a,t), w>0
1
< Eﬁ(a) +d;(M) +1Q|.

Note that this final expression is indepent of ¢. By elementary topology (see Corollary A6), there
are at most countably many critical points and hence at most countably many critical values. Thus,
(letting t — b among regular values t),

1
2 wF.p)< 3p@)+d(M)+1Q| < co.
peM(a,b), w>0
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MORSE-RADO THEORY FOR MINIMAL SURFACES 17

Hence, the set S :={p € M(a,b) : w(F, p) > 0} is finite. The set Q(a, b) is also finite, so we can
choose a regular value b’ of F in (a, b) such that

SuUQ(a,b) c M(a,b").

Now S U Q(a, b) contains all the critical points of F|M(a, b). Thus, there are no critical points in
M[b’, b). Consequently, M(a, b) is homotopy equivalent to M(a, b’) (see Lemma 17), so

x(M(a,b") = y(M(a,b)).
By Theorem 27,

Y, wFEp= )  wFp

pEM(a,b), w>0 pEM(a,b’), w>0

= 1Q(@, b)| + 38(@) - x(M(a,b"))
= 1Q(@, b)| + 3B(a) - x(M(a b)) 0

Theorem 30. Under the hypotheses (h1)-(h3), if M[s, t] is compact foralla < s < t < b, and if the
limit

Bla+)= lim fS(¢)
t—a,t>a
exists and is finite, then

Y, wF.p)=1Q@b)|+ 3h@+) - x(M(a.b).

M(a,b)n{w>0}
Proof of Theorem 30. As B(t) is integer-valued, there is an a’ € (a, b) such that
B(t) = Bla+) fora<t<da.

Now let s € (a, a’] be a regular value of F. Then (by Theorem 29)

Y wFp) = Qs bl + 3B0) - x(M)

M(s,b)n{w>0}
1
< 1Qa, b)l + Sf(a+) — dy(M).
As this last expression is finite and independent of s, letting s — a (among regular values s) gives

Z w(F, p) < oo.

peM(a,b), w>0

Thus, the set S of points in M(a, b) where w > 0is finite. The set Q(a, b) is also finite. By replacing
a’ by smaller noncritical value in (a, b), we can assume that

SuQ(a,b) c M(d,b).

851801 SUOWIWIOD A0 3|qedl|dde au) Aq pausenoh s Ssore VO ‘88N JO s8I Joj Ariq1T 8UIIUO AB]IM UO (SUOTHPUD-PUE-SLUBI LI A3 1M AJed) 1 pUIIUO//:SHHL) SUORIPUOD PUe SWB | U1 88s *[£202/60/0] U0 ARiqIauljuo A8|Im ‘Bpeueio 8Q pepSRAIN AQ T6/2T SWII/ZTTT 0T/I0pAL0d A8 1M AReiq1jpuljuo-a0sLIewpUo | //Sdiy WoJ papeojumod ‘0 ‘0569 T



18 | HOFFMAN ET AL.

Now S U Q(a, b) contains all the critical points of F in M(a, b). Thus, there are no critical points
in M(a, a’], so M(a, b) is homotopy equivalent to M(a’, b) (by Lemma 17). Consequently,

x(M(a,b)) = x(M(d', b)).
Thus,

Y, wFEp= Y  wFp)

peEM(a,b), w>0 peEM(a’,b), w>0
= Q@' b)] + 3A(@) - x(M(a', b))
= 1Q(a,b)| + 3 B(a+) - x(M(a, ). 0
Corollary 31. In Theorem 30, if F : M — (a, b) is proper, then

Y wF,p)=1Ql + 3B(a+) - x(MD).

Mn{w>0}

7 | TAME RADO FUNCTIONS

Definition 32. Suppose that F : M — Ris a Rado function. If p is an interior regular point of F,
we let Tan(F, p) be the tangent line to {F = F(p)} at p, if the tangent line exists. We say that F is
tame provided:

(1) the set of interior regular points (i.e., the set of interior points of valence 2) is open,
(2) Tan(F, p) exists at each interior regular point, and Tan(F, -) is a continuous function on the
set of interior regular points.

By Theorem 11, the Rado functions that arise in minimal surface theory are tame.

Theorem 33. Suppose that F : M — R is a tame Radé function such that the set Q™ of interior
local minima and interior local maxima is closed and discrete. Then the set of interior critical points
is closed and discrete. In other words, each interior point p has a neighborhood U such that U \ {p}
contains no critical points.

Proof. Let p be an interior critical point. Thus, v(F, p) is an even number # 2.

Case 1. v(F, p) = 0. Then p is a local maximum or local minimum. We may assume that it is a
local minimum. Let K be a compact set such that p is the interior of K, such that ming, F > F(p),
and such that K \ {p} contains no local minima or local maxima of F. Choose t with

F <t<minF.
(p) il

Let D := K n{F < t}. Then D is a disk, so if we identify dD to a point, we get a topological sphere
¥ on which F is a well-defined Rad¢ function. Note that F|X has exactly one local maximum and
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FIGURE 2 AsCase2islocal, we can assume that M is a disk, that M has no interior local maxima or local
minima, and that {F = 0}) \ {p} consists of 2k disjoint, embedded C, curves, each joining p to a point in M.

one local minimum. Thus, by Corollary 20, F|Z has no saddle points. Therefore, F' has no critical
points on D \ {p}. This completes the proof in Case 1.

Case 2. v(F,p) =2k > 0.
We may assume that F(p) = 0. As the result is local, we can assume that M is a disk, that M
has no interior local maxima or local minima, and that

{F=0)\{p}
consists of 2k disjoint, embedded C; curves, each joining p to a point in dM (see Figure 2.)

By applying a homeomorphism from M into R? that is C! in M \ {p}, we can assume that
M={qeR:|q| <2},
p=0,
and that
F(rcosf,rsinf) =0 < 0 is an integral multiple of 7 /k.

Let A be the region given in polar coordinates by 0 < r < 1and 0 < 6 < 7 /k. Note that A is one
of the components of

B(0,1) \ {F = O}

We may assume that F > 0 on A. By tameness, the unit circle is transverse to Tan(F, -) near the
points (cos(jr /k),sin(jz /k)).

In particular, we can choose € > 0 so that the unit circle is transverse to Tan(F, -) at (cos 6, sin 8)
for@ € [0,¢]and for6 € [(7/k) — ¢, (7t /k)]. Thus, F(cos 6, sin 6) is strictly increasingfor0 < 6 < €
and is strictly decreasing for (7 /k) —e < 0 < 7 /k.

Let

7 = min{F(cos6,sinb) : € <0 < (w/k) —¢€}.

Hence, for 0 < t < 7, there are exactly two points q and ¢’ in 8D at which F = t.
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Claim 34. T(t) := An{F = t} consists of a curve of noncritical points joining g to ¢’.

Proof of Claim 34. This is the well-known argument of Radé. (See Theorem 41 for a very general
form of Claim 34.) We know that I'(t) is a network. As it is contained in a compact subset of the
interior of M, it is a finite network. It cannot contain a closed curve, as if it did, that closed curve
would bound a disk in M (as M is simply connected), and F on that disk would its minimum
and/or its maximum at an interior point, which is impossible because we are assuming that there
are no interior local maxima or minima. Thus, I'(¢) is a tree. As the tree has at most two points of
valence < 1 (namely g and q’), it is a curve joining g to ¢’. O

We have shown: for small enough 7, there are no critical points in D with F < 7. The same
argument in the other components of M \ {F = 0} shows that there is an 5’ > 0 such there are no
critical points in D with 0 < |F| < n/. Also, all the points on {F = 0} \ {p} are regular. O

Remark 35. Without the hypothesis of tameness, Theorem 33 is false. Consider the harmonic
function h(x,y) = y — (cosh x)(sin y), and let

h(x,y™H)™! ify #0,and
F(x,y) = .
0 ify=0.

Note that the class of Radé functions is closed under composition with homeomorphisms of the
domain and of R. As h is harmonic, it is Radd, and thus F is Rad6o on R? \ {y = 0}. We leave it to the
reader to check that F is Rado on all of R2. Thus, F is a proper, Radé function on [—1, 1] X R. The
interior critical points of F are the points (0, (2zrn)~!) where n is an integer. Thus, the noncritical
point (0,0) is a limit of critical points.

Theorem 36. Suppose that F : M — R is a tame Radé function and that p is an interior point.
Then

= —l,U(F, p);

Hopf(F, p) = <1 - v(F,p)>

2

where Hopf (F, p) is the Hopf index of Tan(F, -) at p.

Proof. We use the notation in the proof of Theorem 33. In that proof, we can modify F near the
unit circle dB so that the level sets of F cross the circle orthogonally when |F| < & for some small
8 > 0. By the proof of Theorem 33, we can choose § small enough so that

N :={q € B(0,1) : |[F(q)| < 6}

contains no critical points other than 0. Note that N is bounded by 4k arcs, 2k in the circle D
and the other 2k in the interior of the unit disk. Now we can invert N in the unit circle to get a
2-manifold with boundary N in R? U {co}. We extend F and Tan(F, -) to N by inversion. Note that
Tan(F, -) is tangent to N, so by the Poincare-Hopf Index Theorem,

x(N) = Hopf(F, 0) + Hopf(F, c0) = 2 Hopf(F, 0).
Now N is S? with 2k disjoint open disks removed, so y(N) = 2 — 2k. Thus,

2 — 2k = 2 Hopf(F, 0). O
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Suppose that M is a locally compact space, that U,, and U are open subsets of M, and that ¢,, :
U,— Vand¢ : U — V are continuous maps to a metrizable space V. We say that ¢,, converges
locally uniformly to ¢ provided the following holds: if p € domain(¢) and if p, — p, then p, €
domain(¢,,) for all sufficiently large n and ¢,,(p,) — ¢(p). It follows that if ¢,, converges locally
uniformly to ¢ and if K is a compact subset of domain(¢), then K ¢ domain(¢,,) for all sufficiently
large n, and ¢,,|K converges uniformly to ¢|K.

Theorem 37. Suppose F,, : M,, > Rand F : M — R are tame Radé functions, where M,, is an

exhaustion of M, such that Tan(F,, -) converges locally uniformly to Tan(F, -). Suppose that K is a
compact region of M \ M such that 0K is contained in the regular set of F. Then for all sufficiently

large n,
¥ <1_ ”(F;’P)> -y <1_ ”(Fg’p)) @)

Equivalently,

Y w(F,,p)= Y, w(F,p).

peEK pEK

Proof. First, consider the case when K is topologically a disk. Then we can choose local coordinates
so that K is a disk in R?. By the Poincare-Hopf Theorem, the right-hand side of (17) is equal to the
degree of the map

q € 0K + Tan(F,q) € RP!,
and the left side is equal to the degree of
q € 0K + Tan(F,,q) € RP',
By hypothesis, the two maps are homotopic for all sufficiently large n, and thus the two degrees
are equal.
In the general case, let D be a finite union of disjoint closed disks in the interior of K such that

the interior U of D contains all the critical points of F in K. Now K \ U is contained in Reg(F), so
it is contained in Reg(F,) for all sufficiently large n. Thus, by the simply connected case,

v(F,,p)\ _ v(Fy, p)
2 (-755) -2 (-5

PEK peD
F
-y (1 _u( ,p)>
peD 2
F
— Z <1_ U( 1p)>’
PEK 2
for all sufficiently large n. O
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Definition 38. Suppose that F : M — R is a Rado function. We say that F is a minimal Radé
function provided F has no interior local minima and no interior local maxima.

‘We call these functions minimal Radé functions because the Rado functions that arise from
minimal surfaces as in Theorem 8 have no interior local minima or interior local maxima.

Theorem 39 (Lower Semicontinuity Theorem). Suppose that F,, : M, > Rand F : M — Rare
tame minimal Radd functions, where M,, is an exhaustion of M. Suppose also that Tan(F,, )
converges locally uniformly to Tan(F, -). Then

Y w,p)<liminf ) w(F, p).

pEM\OM pPEM,,\OM,,

Proof. 1t suffices to prove it for M without boundary. (Otherwise replace M by M \ M in the
following proof.)

Note that as there are no local maxima or minima, w(F, p) and w(F,,, p) are both nonnegative
for every p.

Let K be any compact subset of M. Let K’ be a compact subset of M such that K C K’ and such
that 0K’ lies in the regular set of F. For all sufficiently large n,

Y, wELP) 2 Y, wE,p)= Y, wFE p)> Y, wF,p),

PEM, pEK’ pEK’ pEK

by Theorem 37. Thus,

limninf Z w(F,,p) > Z w(F, p).
PEM peEK

Now take the supremum over all K CC M. O

Corollary 40. Suppose that

1) g, are smooth Riemannian metrics on a 3-manifold N that converge smoothly to a metric g;
(2) F, are g,-minimal foliations of N that converge to a g-minimal foliation F;

(3) M, are g,,-minimal surfaces that converge smoothly to a g-minimal surface M;

(4) no connected component of M lies in a leaf of F;

then
N(F, M) < liminf N(F,,, M,,), (18)
where N(F, M) is the number of interior points of tangency of F and M, counting multiplicity.

In other words, N(F, M) is the sum over the interior points p € M of the order of contact at p
of M and the leaf of F through p.

Proof. Suppose first that 7, and F are given as the level sets of functions F,, and F on N as in The-
orem 8. Then F,,|M,, and F|M are tame Rad6 functions by Theorems 8 and 11, and Tan(F,|M,,, -)
converges locally uniformly to Tan(F|M, -) by Theorem 11. Thus, (18) holds by Theorem 39.
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In general, 7, and/or 7 might not be expressible as the level sets of functions F, and F.
However, locally that is always possible. Furthermore, even if F,, and F are only defined locally,
Tan(F,,, -) and Tan(F, -) make sense globally, and the proof of Theorem 39 only really depends
on those line fields, and not on the functions themselves. Thus, Corollary 40 holds for arbitrary
minimal foliations. O

8 | SLICES

A classical result of Rado states that if a plane in R3 intersects the boundary of a minimal disk
in fewer than four points, then it intersects the disk transversely. In this section, we prove a very
general form of Rado’s principle.

(When we apply the following theorem to minimal surfaces, the set S and the set of interior
local maxima and minima will typically be empty.)

Theorem 41 (Slice Theorem). Let M be a 2-manifold and F : M — R be a continuous function
with only finitely many interior local minima and maxima. Suppose that there is a finite set S of
interior points such that F is a Rad6 function on M \ (M U S). Let X = F~1(t) be a level set of M.
Suppose that

(1) X is compact;
(2) X NndM is finite;
(3) di(M) :=dimH,(M;Z,) < .

Then X is a finite network.
Now suppose that F is a Radoé function on all of M \ 0M (i.e., that the set S is empty.) Let

V,={p€X :v(F,p)=n}
be the set of nodes of valence n in X. Then

1 1 *
5 2= DIVl + (X \ Vo) < 5 IVi] + (M) + 15|

n=3

< = W] +dy (M) +[S7], a9

NI= N

< zk+d;(M)+|S*],

where J is the set of points in X N 0M that are neither local maxima nor local minima of F|0M, S* is
the set of interior local maxima and local minima of F in M N {F # t}, and k is the number of points
p in OM where F(p) = t.

Note that d,(X \ V) is the number of components of X that are not isolated points.
In the examples that arise in minimal surface theory, S* is empty:

Corollary 42. IfS* = @, then

1 1 1
5 L=Vl +do(X \ Vo) < S|+ (M) < Sk +dy (M),

n=3
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Proof of Theorem 41. By Lemma 28, the inclusion of X into M \ S* induces a monomorphism of
H,(—;Z,), so

d;(X) <M\ SY) = d; (M) + |S7| < 0.

Thus, by a general theorem about networks (Theorem 44), X is a finite network. (One lets the
set B in Theorem 44 be the union of the following three sets: the set of interior local minima and
interior local maxima of F in X, the set S, and the set X N dM.) By a general counting theorem
(Theorem 45) for finite graphs,

X 3= DIV, +doX \ V) = SIVy |+, (0

n=3

(20)
1 *
<5Vl +d (0D +157).

Now suppose that S is empty. Recall that for every interior point p, v(F, p) is even. For a bound-
ary point p, V(F, p) is even if and only if p is a local maximum or local minimum of F|dM. Hence,
V, € J. Thus, (19) follows from (20). O

Remark 43. In the bound (19), we could let S* be the set consisting of interior local minima of F
in {F < t} and of interior local maxima of F in {F > t}. No changes are required in the proof. In
the case of minimal Rado functions, there are no interior local maxima or minima.

We now prove the finiteness theorem for general networks that was used in the proof of
Theorem 41 (the Slice Theorem).

Let p be a point in a topological space X and k be a nonnegative integer. Suppose p has a
neighborhood U such that X N U is the union of k embedded curves, where each curve joins p to
a point in dU and where the curves intersect each other only at p. Then we say that X has valence
k at p and write v(p) = V(X, p) = k. If there is no such k and U, then v(X, p) is undefined.

Theorem 44 (Finiteness Theorem). Let X be a compact Hausdorff space. Suppose that B C X isa
finite set with the following properties.

(1) Each point p in X \ B has a well-defined valence v(p) that is > 2.

Then X is a finite network.
Proof. Define the set V = V(X, B) of vertices by
V:=Bu{peX\B: vip)+#2}

and let £ = £(X, Q) be the set of connected components of X \ V. Note that each element E of £
is an embedded curve and that E \ E C V. Elements of € are called edges. The assertion of the
theorem is that V and £ are finite sets. We prove the theorem by induction on d, (X).

Suppose first that d;(X) = 0. Let T be a connected component of X \ B. Then T is a connected
network with no closed loops. Thus, T is a tree. As d,(X) = 0, dl(f) = 0, and thus no two ends of
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T can limit to the same point in B. Thus, T has at most |B| ends. It follows that T is a finite tree.
Now T \ T is a subset of the finite set B. Thus, if X \ B had infinitely many components, then it
would have two components T and T’ with

T\T=T'\T.

But then T U T’ would contain a loop, which is impossible because d,(X) = 0. This completes the
proofin the case d;(X) = 0.

Now suppose that d;(X) > 0. Then X contains a closed loop. Let E € £ be an edge in that loop.
Then

d,X \ E) < d,(X).
Let
B’ =BUGJE,
X' =X\E.

Then X’ and B’ satisfy the hypotheses of the theorem and d,(X") < d;(X), so (by induction),
V(X',B") and £(X’, B") are finite. Consequently, V(X, B) and £(X, B) are also finite. O

The following counting theorem for arbitrary finite networks was used in the proof of
Theorem 41 (the Slice Theorem).

Theorem 45 (Counting Theorem). Let X be a finite network, and V., be the set of vertices of valence
n. Then

Y 3= DIVl = SVl 4100 = do(X \ Vo),

n>3
where d;(-) := dim H,(+; Z,).
(Note thatdy(X \ V|,) is the number of connected components of X that are not isolated points.)
Proof. Note that
200 = ¥ 3@ =m1V,l = Vol +5IVi1+3 Y@ =m)1V,l
n

n>3

(by Lemma 14) and
XX) = dy(X) — di(X) = do(X \ V) + |V| — d(X).

The assertion follows immediately. O
The Slice Theorem (Theorem 41) has the following important consequence:

Theorem 46. Suppose that I C R is an open interval (possibly all of R) and thatF : M — I isa
proper continuous function such that F is Radé on the interior of M. Suppose also that
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1) d,(M) < oo,
(2) foreacht, (M) N{F = t}is finite,
(3) the set of interior local maxima and interior local minima of F is finite.

Then F is a Rado function on all of M.
The Slice Theorem also implies an interesting removal-of-singularities theorem:

Theorem 47. Suppose thatI C R is an open interval (possibly all of R), that F : M — 1 is a proper
continuous function, and that S C M \ 0M is a finite set such that F is Rad6 on M \ (S UJM).
Suppose also that

(1) d;(M) < oo,
(2) foreacht, (M) N{F = t}is finite,
(3) the set of interior local maxima and interior local minima of F is finite.

Then F is a Rado function on all of M.

In minimal surface theory, one sometimes encounters functions that are Rado on the interior
of the surface, but that are constant on some arcs and/or some connected components of the
boundary. No such function can be Radé on the whole surface. The following theorem lets one
get around that difficulty in many situations.

Theorem 48. Suppose that I C R is an open interval (possibly all of R) and that F : M — Risa
proper function that is Rado on the interior of M. Suppose also that

D) d;(M) < oo;

(2) the set of interior local minima and interior local maxima of F is finite;

(3) there are only finitely many connected components of M on which F is constant;
(4) foreacht, (OM) N F~L(t) is the union of finitely many connected components.

Define an equivalent relation ~ on M as follows: p ~ q if and only if p = q or p and q belong to a
connected subset of M on which F is constant. Let M be the quotient M/ ~ and let F be the function
on M corresponding to F.

Then F : M — R is a proper Radé function.

Proof. Let T be a connected component of (dM) N F~1(¢). If T is a closed curve, then T becomes
an interior point p of M. If T is not a closed curve, then I' becomes a boundary point p of M. In
either case, F(p) = t.

Now let S be the set of interior points in M that correspond to closed curves in dM along which
F is constant.

Then F : M — I and S satisfy the hypotheses of Theorem 47, so F is a Radé function. O

9 | BRANCHED MINIMAL SURFACES

Theorem 49. Suppose that N is a smooth Riemannian manifold and that F : M — R is a
continuous function such that

(1) each level set is a smooth minimal surface if dim N = 3;
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(2) each level set is totally geodesic if dim N > 3;
(3) foreach t, the level set F~1(t) is in the closure of {F > t} and of {F < t}.

Suppose that M is a connected surface without boundary, that u : M — N is a branched minimal
immersion, and that F o u is not constant. Then F o u is a Radé function without local minima or
local maxima.

Of course if M is minimal surface with boundary in N, then we can apply Theorem 49 to con-
clude that F is Radé on the interior of M, and then we can conclude from Theorem 46 that F ou
is Radé on all of M, provided the hypotheses of Theorem 46 are satisfied.

Proof for n = 3. As the result is local, it suffices to consider the case
u:BCC- R’
u(0) =0,

where R? is endowed with a Riemannian metric g such that g j(0) =¢6;; and Dy;;(0) = 0. By
rotating, we can assume that, after a nonconformal reparameterization,

u(z) = (2%, f(z)) e CXx R = R3, (21)

for some positive integer Q, where f(z) = O(|z|9*1). See [10, Theorem 1.4].

Now let Z be the level set of F passing through the point 0 = u(0). If Tan(Z, 0) is not the hor-
izontal plane R? x {0}, then the desired behavior follows easily from (21). Indeed, in this case,
minimality of X is not even needed. Note that in this case the valence of the point is v(F o u,0) =
2Q and thus w(Fou,0) = Q — 1.

Now suppose that Tan(Z, 0) is the horizontal plane R? x {0}. Then, near the origin, X is the
graph of a function ¢ : Q ¢ R?> — R with ¢(0) = 0 and D¢(0) = 0.

Note that

z - (29,4(z%)

is a nonconformal reparameterization of a branched minimal immersion. (If Q > 1, then 0 is a
false branch point of order Q — 1).
Now consider the map

z€D - f(z) — $(z9). (22)

If this were identically O, then F o u would be constant on a neighborhood of 0 and thus on all
of M by unique continuation, contrary to the hypotheses of the theorem. Thus, the function (22)
is not constant. By [10, 1.6], there is a nonzero homogeneous polynomal & of degree d > Q such
that

f@ = ¢(z% = h(z) + o(|z|%,
D(f(2) — $(z9) = Dh(2) + o(|z|"™").

The desired behavior near 0 of the level set of F o u through 0 follows immediately. Note that in
this case, v(F ou,0) = 2d > 2Q and hence w(F ou,0) > Q — 1. O
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Proof for n > 3. The result is local, so we may assume that the branched immersion is
u:DCR*—=N.

We wish to prove that the level set of F o u through the origin has the behavior specified in the
definition of Radé function. Let Z be the level set of F through p = u(0). Choose Fermi-type local
coordinates on N as follows. First, let (y!,...,y""!) be normal coordinates on X at p. For g in N
near p, let y"(q) be the signed distance from q to X, and for i < n, let y'(q) = y'(¢’) where ¢’ is
the point in X closest to g.

Thus,

9ni = Sni (l < n)’
j(0) =6y,

Dg;;(0) = 0.
Now u is a conformal harmonic map. Harmonicity means that

oul 6u1

o () 2 ) = Dy 25 2~

foreach a = 1, ..., n. Here, k is summed from 1 to 2 and the other repeated indices from 1 to n. In
particular, this holds for a = n:

oul du’

0= a k(gm( (x))_> (Dngl_](u(x))a ka k

(23)
dul u/

= Au" +(Dnglj(u( ))a ka P

=06,
* iqfn; and';lor j is n, then g, g is constant, so D, g; j = 0. On the other hand, if i and j are less than
n, then
D,g;j(y) =0 wheny" =0
as X is totally geodesic, and therefore
1D g;; I < c |y
for |y| < r and for some constant ¢ = c,. Thus, from (23), we see that

|Au"| < K|u"|. (24)

By hypothesis, F o u is not constant. Thus, by (24) and the Hartman-Wintner Theorem (as for-
mulated in [10, Theorem 1.1]), there is a nonzero homogeneous harmonic polynomial & of degree
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d > 1 such that
w'(2) = h(@) + o(lzl"),
Du"(z) = Dh(z) + o(|z|*™).
The assertion follows immediately.
Note that the valence v(F o u,0) is 2d and thus w(F ou,0) = d — 1. We remark that if u has

branch point of order Q — 1 at the origin, then

ulz
oo 1)
z—0 |Z|Q

exists and is nonzero. Thus, d < Q. Note that d > Q if only if u” = 0(Ju|) = 0(|z|?), that is, if and
only if the tangent plane to u(D) at 0 is contained in Tan(Z, u(0)). O

Here we summarize the facts about saddle-multiplicity and branch point order that were
established in proving Theorem 49:

Theorem 50. Suppose thatu : M — N and F : N — Rare asin Theorem 49. If p is not a branch
point, then w(F o u, p) is the order of contact of u(M) and {F = F(p)} at u(p) Now suppose that p is
a branch point of order m. Then
w(Fou,p)=>m. (25)

Equality holds if the tangent plane to u(M) at u(p) and the tangent plane to {F = F(u(p))} at u(p)
are transverse.

In case the level sets of F are totally geodesic (as they are if n > 3), equality holds in (25) if and
only if the tangent planes are transverse.
Corollary 51. The function F o u is a tame Radé function.
Proof. Tameness is a local property of the regular points of a Rad¢ function. As all branch points
are critical points, tameness of F o u follows from the embedded case (Theorem 8). O

APPENDIX A: SOME BASIC TOPOLOGICAL FACTS

Lemma Al. SupposethatC;,i = 1,..., k aredisjoint simple closed curves in an open annulus U and
that each C; is homotopically nontrivial in U. Then each component of U \ (U;C,) is an annulus.

The proof is a simple induction.
Recall thatif F : £ — Randifs < t, welet X[s] = F~(s) and Z[s, t] = F~1([s, t]).

Proposition A2. Let X be a compact, connected 2-manifold with boundary and let

F :X - |a,b]
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be a continuous function such that

(1) each level set Z[t] is a finite union of disjoint simple closed curves,
(2) F has no interior local maxima or minima,
(3) 0% = Z[a] U Z[b].

Then Z is an annulus.
Proof. Note that
No collection of curves in Z[¢] can bound a region in X. ™

For if there were such a region D, then F |B would attain its maximum and/or its minimum at an
interior point of D, violating [2].

Claim A3. Leta < s <t < b. Let K be a connected component of Z[s, t]. If K lies in an annular
region U of %, then K is an annulus, with one boundary component in £[s] and one in Z[¢].

Proof. Note that K is contained in Z[s] U Z[t]. By (*), it must have at least one component in
3[s] and at least one component in Z[¢]. If C is a component of 0K, it cannot bound a region in =
by (*). In particular, it does not bound a disk in U. Thus, each component of dK is homotopically
nontrivial in U. By Lemma Al, K is an annulus. Thus, we have proved Claim A3. O

Note for each T € [a, b], there is a relatively open subset U of X containing Z[T] such that
U contains Z[T] and such that each component of U is an annulus. Now F(Z \ U) is a compact
subset of [a, b] that does not contain T. Thus, there is an open interval I C R containing T and
disjoint from F(Z \ Uy).

As the {I; : T € [a,b]} form an open cover of I, there exists ay =a <a; <a, <--<a,=b
such that each [q;_,, a;] belongs to some I.

By Claim A3, each component of X[a;_,, g;] is an annulus with one component in Z[a;_,] and
one component in X[q;]. Proposition A2 follows immediately. O

Corollary A4. Suppose that

(1) X is an open surface;

(2) F : £ — (a,b) is a continuous function with no local maxima or local minima;
(3) foreacht € (a,b), Z[t] is a union of finitely many disjoint simple closed curves;
(4) ifa<s<t<b,thenZ[s,t]iscompactand

ox[s, t] = Z[s] U Z[¢].
Then each connected component of X is an annulus.
Proof. Let a;, i € Z be a strictly increasing sequence with lim; ,_ a; = a and lim;_, , a; = b. By

Proposition A2, each component of X[a;_,, g;] is an annulus with one component in X[a;_,] and
one component in X[q;]. Corollary A4 follows immediately. O
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Let n > 3. We define an n-ad K to be a closed set consisting of (n + 1) points py, p;; .- Dp»
together with n embedded arcs y;, ..., y,,, where each y; joins p, to p;, and where y; ny; = {p}
fori # j. We say that p, is the center of the n-ad, and that the points p,, ..., p, are the boundary
JK of the n-ad.

Lemma A5. Let M be a 2-manifold and let n > 3. Suppose C is a collection of disjoint subsets of M,
each of which contains an n-ad. Then C is countable.

Proof. Suppose to the contrary that there is an uncountable collection C. We can assume that
each set in C is an n-ad. (Otherwise, replace each set in C by an n-ad that it contains.) Consider a
countable collection D of open disks D ¢ M such that D is a closed disk and such that D is a basis
for the topology of M. For D € D, let Cp, be the collection of K € C such that the center of K is in
D and such that the boundary points of K are not in D. Note that there is a D € D for which Cj,
is uncountable. For each K € Cp,, let K’ be the closure of K N D. Then K’ is an n-ad with center
in D and with boundary in dD. Let

Cl ={K' : K € Cp}.
Then C}, is uncountable. Define ® : C}, — (D)" by

®(K) = (P15 -+» Pn)»

where p,, ..., p,, are the boundary points of K. (We choose an ordering of the endpoints.) As C’D is
uncountable and as (6D)" is separable, there existK; (i € N)and K in C’D such that ®(K;) — ®(K).
But that is impossible because each K; lies in one of the connected components of D \ K.

(If the last sentence is not clear, note that dK; must lie in an arc A of (6D) \ K. As 0K has
n > 3 points, it has a point p that is not in A. As 0K; C A, the points of JK; are bounded away
from p.) O

Corollary A6. Suppose F : M — Risa Rado function. Then there are only countably many critical
points, and hence only countably many critical values.

Proof. By doubling, it suffices to prove it for M without boundary. The points of valence 0 are
strict local maxima or minima, and hence there are only countably many of them. The other
critical points are points of valence > 4. By Lemma A5, for each v > 4, there are only countably
many points of valence v. O
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