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Abstract: Givenry, > 0, I € N U {0}, and Ky, Hy > 0, let X be a complete Riemannian 3-manifold with injec-
tivity radius Inj(X) > 1o and with the supremum of absolute sectional curvature at most Ky, and let M + X
be a complete immersed surface of constant mean curvature H € [0, Hy] and with index at most I. We will
obtain geometric estimates for such an M + X as a consequence of the hierarchy structure theorem. The
hierarchy structure theorem (Theorem 2.2) will be applied to understand global properties of M + X,
especially results related to the area and diameter of M. By item E of Theorem 2.2, the area of such a
noncompact M s+ X is infinite. We will improve this area result by proving the following when M is
connected; here, g(M) denotes the genus of the orientable cover of M:

(1) There exists C; = Ci(I, 1y, Ko, Hp) > 0, such that Area(M) > C;(g(M) + 1).

(2) There exist C > 0, G(I) € N independent of ry, Ko, Hy, and also C independent of I such that if

g(M) > G(I), then Area(M) > ——— % _(g(M) + 1).
(max {1, L /Ko, Ho})
0
(3) If the scalar curvature p of X satisfies 3H? + %p > ¢ in X for some c > O, then there exist A,D > 0

depending on c, I, 1y, Ko, Hy such that Area(M) < A and Diameter(M) < D. Hence, M is compact and,
byitem 1, gM) <A/C - 1.

Keywords: constant mean curvature, finite index H-surfaces, area estimates for constant mean curvature
surfaces, hierarchy structure theorem, Bishop-Cheeger-Gromov relative volume comparison theorem, area
of hyperbolic annuli
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1 Introduction

Throughout the article, X denotes a complete Riemannian 3-manifold with positive injectivity radius Inj(X)
and bounded absolute sectional curvature. Let M be a complete immersed surface in X of constant mean
curvature H > 0, which we call an H-surface in X. The Jacobi operator of M is the Schrédinger operator

L=A+|Ay) + Ric(N),
where A is the Laplace-Beltrami operator on M, |Ay| is the norm of its second fundamental form, and Ric(N)

denotes the Ricci curvature of X in the direction of the unit normal vector N to M; the index of M is the
index of L,

Index(M) = lim Index(By(p, r)),
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where By (p, r) is the intrinsic metric ball in M of radiusr > O centered at a point p € M, and Index(By(p, 1))
is the number of negative eigenvalues of L on By(p, r) with Dirichlet boundary conditions. Here, we have
assumed that the immersion is two sided (this holds in particular if H > 0). In the case, H = 0 and the
immersion is one sided, then the index is defined in a similar manner using compactly supported variations
in the normal bundle; see Definition 2.3 for details.

The primary goal of this article is to apply the hierarchy structure theorem 2.2 (proven in [9]) to
understand certain global properties of closed constant mean curvature surfaces in Riemannian 3-mani-
folds. Theorem 2.2 describes the geometric structure of complete immersed H-surfaces F : M + X (also
called H-immersions), which have a fixed bound I € N U {0} on their index and a fixed upper bound H, for
their constant mean curvature H > 0, in certain small intrinsic neighborhoods of points with sufficiently
large norm |Ay| of their second fundamental forms.

Our main applications of Theorem 2.2 appear in Theorems 1.1 and 3.5; these two theorems provide lower
bounds for the areas and intrinsic diameters of immersed closed H-surfaces M in X of finite index in terms
of their genera, when the indices and the constant mean curvatures of the surfaces are bounded from above
by fixed constants. Theorem 3.5 also provides upper bounds for the area of balls By(x, r) in M for every
x € M and r > 0, independently on whether M is compact but depending on upper bounds for H and the
index of M.

In the case that M is nonorientable, the genus g(M) of M is the genus of its oriented cover.

Theorem 1.1. (Area and diameter estimates) For ry > 0, Ko, Hy > 0, consider all complete Riemannian
3-manifolds X with injectivity radius Inj(X) > ry and absolute sectional curvature bounded from above by

Ky, and let A = max{l, %, JKo, HO}. Let M be a complete immersed H-surface in X with empty boundary,

H € [0, Hp], index at most I € N U {0} and genus g(M), which in the language of Theorem 2.2 implies
M e A = A, Hy, 1y, 1, Kp) with additional chosen constant T = i /10. Then:
(0) The area of M is greater than C4 /A2, where

AV o qn
Cy = H(Z) e271*% = 0.325043,
and if M is compact, the extrinsic diameter of each component of M is greater than * .

(1) (Item 1 in the abstract). There exists C;(I) > O (independent of M, ry, Ko, Hy) such that:

G

Area(M) > o

(gWM) + 1). (1.1

(2) (Item 2 in the abstract). Let Cs > 2m be the universal curvature estimate for stable H-surfaces described

in Theorem 3.6 and let C = /(3 + 4Cs + 4C2). There exists a G(I) € N, so that whenever g(M) > G(I),
then:

Area(M) > %(g(M) +1). (1.2)

(3) (Item 3 in the abstract). Suppose that the scalar curvature p of X satisfies 3H? + %p > ¢ for some c > 0.

Then, if M is connected and two sided, then M is compact, and furthermore, there exists Ay(I,c) > 0
such that:

Az([, C) . 47'[([ + 1) Az([, C)
Area(M) < —x Diameter(M) < W, gM) < W - 1. (1.3)

In the proof of Theorem 1.1, the estimates for the constants C;(I), G(I), and A,(I, ¢) will be given in terms
of the related constants A(I), 6(I) given in the hierarchy structure theorem (for the value 7 = %) for the
space A(I, 1, 1, 1, 1) described in Definition 2.1.

There are a number of recent results in the literature related to area estimates for connected, closed,
embedded minimal and constant mean curvature surfaces of finite index in a closed three-dimensional
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Riemannian manifold, some of which include results described in Theorem 1.1 under more restrictive
geometric hypotheses on the surfaces and/or the ambient space. Some of these recent results, obtained
independently, can be found in the previous articles [1-5,7,11,15]. We refer the interested reader to [3] for
further references in this active research area and for the general historical background that motivates this
subject material.

2 The hierarchy structure theorem

In the sequel, we will denote by Bx(x, r) (resp. Bx(x, r)) the open (resp. closed) metric ball centered at a
point x € X of radius r > 0. For a Riemannian surface M with smooth compact boundary oM,

k(M) = ng

oM

will stand for the total geodesic curvature of dM, where k, denotes the pointwise geodesic curvature of oM
with respect to the inward pointing unit conormal vector of M along oM.

Definition 2.1. For every I € N U {0}, &y > 0, and Hy, Ao, Ko > 0, we denote by
A = A, Hy, €0, Ao, Ko)

the space of all H-immersions F : M + X satisfying the following conditions:

(A1) X is a complete Riemannian 3-manifold with injectivity radius Inj(X) > &, and absolute sectional
curvature bounded from above by K.

(A2) M is a complete surface with smooth boundary (possibly empty), and when oM #+ &, there is at least
one point in M of distance &y from oM.

(A3) H € [0, Hy] and F has index at most I.

(A4) If OM # &, then for any € € (0, o], we let U(OM, €) = {x € M|dy(x, 0M) < €} be the open intrinsic
e-neighborhood of oM. Then, |4y is bounded from above by A, in U(3M, &).

Suppose that (F : M + X) € A and oM + &. For any positive g < &, € [0, co], let
UM, &, &) = U(OM, &)\U(OM, &), U(IM, &, &) = U(OM, &)\U(M, &).

When 0M = &, we define U(dM, &, co) = U(OM, &, 0o) as M.

In the next result, we will make use of harmonic coordinates ¢, : U — Bx(x, r) defined on an open
subset U of R3 containing the origin, taking values in a geodesic ball Bx(x, r) centered at a point x € X of
radius r € (0, Injy(x)) (here, Inj,(x) stands for the injectivity radius of X at x) and with a C'* control of the
ambient metric on X, see Definition 2.4 for details.

Theorem 2.2. (Structure theorem for finite index H-surfaces [9]) Given €y > 0, Ko, Hy, Ag = 0, I € N U {0},
and 1 € (0, m/10], there exist A, € [Ag, 00), 61, 6 € (0, £9/2] with 6, < 6 /2, such that the following hold:
For any (F: M + X) € A = A(I, Hy, &9, Ag, Kyp), there exists a (possibly empty) finite collection Pr =

{p1, ...,bx} ¢ U(OM, &g, 00) of points, k < I, and numbers r(l),..., re(k) € [6, g] with re(1) > 4rz(2)>...>

41 (k), satisfying the following:

(1) Portions with concentrated curvature : Giveni = 1,..., k, let A; be the component of F-\(Bx(F(p;), r=(1)))
containing p;. Then:

(a) A; ¢ By(p;, %rp(i)) (in particular, A; is compact).
(b) A; has smooth boundary and F(3A;) ¢ dBx(F(p;), re(D)).
(¢) Bu(pi, %rp(i)) N Bu(p;, %rp( j)) = @ for i #j. In particular, the intrinsic distance between A;, A; is

greater than %61 foreveryi #j.
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() Aul(p) = maxa|Ay| = max{]Au|(p) : p € M\ U2} Bu(pj, 77#(j))} = A, see Figure 1.
(e) The index Index(A;) of A; is positive.
(2) Transition annuli : Fori = 1,..., k fixed, let e(i) € N be the number of boundary components of A;. Then,

there exist planar disks Dy, ..., Dy € Tpp)X of radius 2re(i) centered at the origin in Tp,)X, such that if
we denote by

Pin = @ppyDn), hefl, ....e@},
(here, Prepy denotes a harmonic chart centered at F(p;), see Definition 2.4), then
F(&) n [Bx(F(py), e(0))\Bx(F(py), re(1)/2)]
consists of e(i) annular multi-graphs® G, ..., Gi i) over their projections to Piy,..., P, ), with multi-
plicities m; 1,... m; ¢y € N, respectively, and whose related graphing functions u satisfy

Lle9)}

+ |Vu|(x) < T, 2.1)
|x|

where we have taken coordinates x in each of the P,, and denoted by |x| the extrinsic distance to F(p;) in
the ambient metric of X, see Figure 2.

(3) Region with uniformly bounded curvature : |Ay| < A, on M = M \Uﬁ‘:ilnt(Ai).

Moreover, the following additional properties hold:
(A) Y I(A) < 1, where I() = Index(A).

(B) Geometric and topological estimates : Giveni = 1,..., k, let m(i) = fl(:‘)lmlh be the total spinning of the
boundary of A;, let g(4\;) denote the genus of A; (in the case A; is nonorientable, g(A;) denotes the genus of
its oriented cover?). Then, m(i) > 2 and the following upper estimates hold:

(a) If I(A;) = 1, then A; is orientable, g(A;) = 0, and (e(i), m(i)) € {(2, 2), (1, 3)}.

(b) If I(A;) = 2 and A; is orientable, then m(i) < 3I(A;) — 1, e(@) < 3I(A) — 2, and g(Ay) < 3I(Ny) - 4.

(c) If A; is nonorientable, then I(A;) > 2, m(i) < 3I(A;) — 1, e(i) < 3I(A;) — 2, and g(A;) < 6I(A;) — 8.

(d) x(A) = -6I(A) + 2m() + e(i), and thus, x(UL,A;) > —61 + 2S + e, where

k k
e=Ye@), S=Ymi.
i=1 i=1
(e) |x(A) - 2nm()| < %, and so, the total geodesic curvature x(M) of M along OM \dM satisfies

|k(M) + 2nS| < gk, and so,

k
T T

2nS — —k < Y x(A;) < 2nS + —k. 2.2
5 ; (A) 3 (2.2)

6j) —IAiI( > 31, and so,

- j K = -2my (Ul + j Kq > 3kt

kA k .
Uk A Uk,

(2.3)

(C) Genus estimate outside the concentration of curvature : If M is orientable, k > 1 and the genus g(M) of
M is finite, then the genus g(M) of M satisfies 0 < g(M) — g(M) < 3I — 2.
(D) Area estimate outside the concentration of curvature: If k > 1, then

1 See Definition 2.5 for this notion of multigraph.

2 If ¥ is a compact nonorientable surface and $ 5 ¥ denotes the oriented cover of %, then the genus of & plus 1 equals the
number of cross-caps in Z.
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Ay

Figure 1: The second fundamental form concentrates inside the intrinsic compact regions A; (in red), each of which is mapped
through the immersion F to a surface inside the extrinsic ball in X centered at F(p;) of radius r:(i) > 0, with

F(34)) ¢ dBx(F(p;), re(i)). Although the boundary 34; might not be at constant intrinsic distance from the “center” p;, 4; lies
entirely inside the intrinsic ball centered at p; of radius %rp(i). The intrinsic open balls By(p;, %rp(i)) are pairwise disjoint.

Figure 2: The transition annuli: On the right, one has the extrinsic representation in X of one of the annular multi-graphs G in
F(8y) 0 [By(F(py), eI\ Bx(F(py), re(1)/2)]; in this case, the multiplicity of the multi-graph is 3. On the left, one has the
intrinsic representation of the same annulus (shadowed); there is one such annular multi-graph for each boundary compo-
nent of A;.

k
Area(M) = 21y m(i)rs(i)? = Area(OAi) > knb}.

i=1 i=1
(E) There exists a C > 0, depending on &gy, Ky, Hy, and independent of I, such that

C max{1, Radius(M)} if oM + &,

2.4
C max{1, Diameter(M)} if oM = &, (2.4)

Area(M) > {

where

Radius(M) = sup dy(x, oM) € (0, co] if oM + &,
xeM

Diameter(M) = sup dy(x,y) if oM = @.
x,yeM
In particular, if M has infinite radius or if M has empty boundary and it is noncompact, then its area is
infinite.

Definition 2.3. Given a one-sided minimal immersion F : M « X, let M — M be the two-sided cover of M
and let T : M — M be the associated deck transformation of order 2. Denote by A, |A]? the Laplacian and
squared norm of the second fundamental form of M,andletN: M — TX bea unitary normal vector field.
The index of F is defined as the number of negative eigenvalues of the elliptic, self-adjoint operator
A + |A + Ric(N, N) defined over the space of compactly supported smooth functions ¢ : M — R such
that p - 7 = —¢.
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Definition 2.4. Given a (smooth) Riemannian manifold X, a local chart (x, ... x,,) defined on an open set U
of X is called harmonic if Ax; = 0 foralli =1,... n.

Following Definition 5 in [6], we make the next definition. Given Q > 1 and a € (0, 1), we define the
CL“-harmonic radius at a point xy € X as the largest number r = r(Q, a)(xp) so that on the geodesic ball
Bx(xq, 1) of center xy and radius r, there is a harmonic coordinate chart such that the metric tensor g of X is
ClL%controlled in these coordinates. Namely, if 8 i,j=1,..., n, are the components of g in these coordi-
nates, then
(1) Q'8 < g; < Q&j as bilinear forms,

agjj gjj
@(y) - @(Z)

3
Wl + Zﬁ:era SUPy+z (7, 2" <Q-1

3 g;;
@) Xprsupyly,

The C%*-harmonic radius r(Q, a)(X) of X is now defined by
r(Q, a)(X) = inf r(Q, a)(xo).
X0€X

If the absolute sectional curvature of X is bounded by some constant K, > 0 and Inj(X) > r, > O, then
Theorem 6 in [6] implies that given Q > 1 and a € (0, 1), there exists C = C(Q, a, 1y, Ky) (observe that C
does not depend on X) such that r(Q, a)(X) > C.

Definition 2.5. Let f: £ <> R3 be an immersed annulus, P is a plane passing through the origin, and
II : R3 — P the orthogonal projection. Given m € N, let 0y, : P, — P* = P\{B)} be the m-sheeted covering

space of P*. We say that X is an m-valued graph over P if 0 ¢l of)Z)and Il o f: ¥ — P* has a smooth
injective lift f : & — B, through oy,; in this case, we say that = has degree m as a multi-graph.

Given Q > 1 and a € (0, 1), let X be a Riemannian 3-manifold and (x, %, x3) a harmonic chart for X
defined on Bx(x, 1), Xo € X,r > 0, where the metric tensor g of X is C*-controlled in the sense of Definition
2.4. Let P c Bx(xo, r) be the image by this harmonic chart of the intersection of a plane in R® passing
through the origin with the domain of the chart. In this setting, the notion of m-valued graph over P
generalizes naturally to an immersed annulus f : £ « Bx(xq, r), where the projection II refers to the har-
monic coordinates. If f: £ +» Bx(xo, ) is an m-valued graph over P and u is the corresponding graphing
function that expresses f(X), we can consider the gradient Vu with respect to the metric on P induced by the
ambient metric of X. Both u and |Vu| depend on the choice of harmonic coordinates around x, (and they also

depend on Q), but if 2! 4 |vy| < 7 for some 7 € (0,7/10] and Q > 1 sufficiently close to 1, then

[x]
% + |Vu| < 21 for any other choice of harmonic chart around x, with this restriction of Q.

3 The proof of Theorem 1.1

This section is dedicated to the proof of Theorem 1.1. Note the complete surfaces considered in this theorem
have empty boundary. Let F : M +» X be an immersion as in the statement of Theorem 1.1.

We will use the notation in Theorem 2.2 and fix 7 = 7 /10. Notice that as the boundary of M is empty,
then we may consider the H-immersion F : M + X of index I described in Theorem 1.1 to be an element of
A, Hy, 1, 1, Ko), where Hy, 1y, Ko are given in the hypotheses of Theorem 1.1.

3.1 Normalizing the space A

After scaling the Riemannian metric of X by the square root of
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A= max{l, Ly JKo, HO}, 3.1)
To

one obtains a new Riemannian manifold X'; note that this scaling of the metric scales arc length in X by the
factor A > 1, and that the metric of M induced by the isometric immersion F creates an associated isometric
immersion F' : M «+» X’ such that F'(p) = F(p) for each p € M. After this homothetic change of the metric,
we can consider F’ : M + X’ to be an immersion satisfying the following properties:

1) InjxX" > 1.

(2) The absolute sectional curvature of X’ is less than or equal to 1.

(3) F'is an isometric immersion of constant mean curvature H' € [0, 1].

) (F': M X)eAd,1,1,1,1).

(5) Area(F) = A2 Area(F").

(6) Diameter(F) = A Diameter (F’).

Items 5 and 6 allow us to easily convert estimates on the area of subdomains and lengths of curves in
the domain of F to areas and lengths of the corresponding domains and curves in the domain of F/,
and thereby, these conversion formulae reduce the proofs of statements given in Theorem 1.1 for
F € A(I, Hy, 15, 1, K) to the corresponding estimates for F' in A(I, 1, 1, 1, 1). Thus, for the remainder of
the proof of Theorem 1.1, we will assume F : M + X lies in A(l, 1, 1,1, 1) and refer to Area(M) and Dia-
meter(M) for those with respect to the induced metric by F.

3.2 Proof of item 0 of Theorem 1.1

Consider an element (F : M + X) € A(I, 1, 1, 1, 1). If M is noncompact, then the last sentence in item E of
Theorem 2.2 states that M has infinite area, which proves that the inequality Area(M) > C, in item O holds
vacuously (for any choice of C4 > 0). If moreover M is connected, then there exists a geodesic ray in M, i.e.,
an embedded, length-minimizing unit-speed geodesic arcy : [0, co) — M; in particular, the diameter of M
is infinite, and thus, the second statement in item 0 also holds vacuously.

For the remainder of this section, we will assume that M is compact.

Lemma 3.1. Given xo € M, let M(x,) be the component of M containing xo. Then, M(x,) is not contained in the
closed extrinsic ball Bx(xo, 7 /4) (in particular, 0By(xo, 7 / 4) is not empty).

Remark 3.2. Observe that if the lemma holds, then the extrinsic diameter of M is greater than /4 (in
particular, the intrinsic diameter has the same lower bound), which proves the second statement in item O
of Theorem 1.1.

Proof of Lemma 3.1. Fix a point xo € M and letr € (0, 71 / 4). Since the injectivity radius of X is at least 1, all
the distance spheres 0Bx(xq, r) with r € (0, 1) are geodesic spheres. By comparison results and since the
absolute sectional curvature of X is bounded by 1, the second fundamental form of 0Bx(x,, r) has normal
curvatures greater than 1. Assume that M(x,) is contained in Bx(xo, r). As M(x,) is compact, then there
exists a largest r, € (0, r] such that M(xo) ¢ Bx(xo, 1), and there exists x € M(xy) N dBx(Xo, 11). This implies
that all the normal curvatures of M at x are greater than 1, which implies that the mean curvature of M is
greater than 1, which contradicts that F : M + X liesin A(I, 1, 1, 1, 1). This contradiction proves that M(xo)
cannot be contained in Bx(xo, ). Since this holds for every r € (0, 7 /4) and M is compact, we conclude that
M(x,) cannot be contained in Bx(xo, 7 /4). In fact, M(x,) cannot be contained in Bx(xo, 77 / 4) (otherwise the
maximum principle for the mean curvature operator would imply that M(xy) = 0Bx(xo, r), which contra-
dicts that xo € M(xp)). Now the lemma is proved. O

Using [8, Proposition 2.5 and item 3 of Remark 2.5] with R; = a = Hy = 1, for each p € Int(M), we have
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Area[By(p, 1)] = E(r) = mr2e 2~ 147cott)  for every r € (0, i /4]. (3.2)

Therefore, since M ¢ Bx(p, m/4) by Lemma 3.1, the extrinsic diameter of M is greater than 7 /4 and
Area(M) > Area[By(p, m/4)] = E(rt /4) = 0.325043. This completes the proof of item O of Theorem 1.1.

3.3 Proof of item 1 of Theorem 1.1

Consider an element (F : M + X) € A(I, 1,1, 1, 1). If M is noncompact, then the last sentence in item E of
Theorem 2.2 states that M has infinite area, which vacuously implies item 1 of the theorem holds (for any
choice of C,(I)). Henceforth, assume M is compact.

Let M = Mj U ...U My, b € N, be the decomposition of M in connected components. Assume inequality
(1.1) holds for each M; with respect to a constant C; = C;(I). Since the index of each M; is at most I, then

b b
Area(M) = ) Area(My) > ) Ci(g(My) + 1) = C(g(M) + b) > C(g(M) + 1), (3.3)

i=1 i=1

where g(M;) is the genus of M;. Hence, it suffices to prove that (1.1) holds under the additional assumption
that M is connected, which we will assume henceforth.

The region M c M defined in item 3 of Theorem 2.2 for the space A(, 1, 1, 1, 1) produces a uniform
bound A4; = A,(I) > 1 from above on the norm the second fundamental form of M. Let us define

K = Ky(I) = -1 %Af. (3.4)

Since A; > 1, then K < —%. The Gauss equation gives
K = Kx(TM) + det(Ay), (3.5)
where K denotes the Gaussian curvature of M and Kx(TM) is the sectional curvature of X for the tangent

plane to M. Since the absolute sectional curvature of X is bounded by 1, H? > det(A) and H ¢ [0, 1], we have
the following upper and lower estimates for K in M :

Ko<-1- %|AM|2 < -1+ det(Ay) <K <1+det(Ay) <1+ H <2, (3.6)

3.3.1 Item 1 holds when k=0

We first show that item 1 of Theorem 1.1 holds in the special case that the integer k defined in Theorem 2.2 is
zero. To see this, observe that M = M, and thus, (3.6) ensures that M has Gaussian curvature bounded from
below by K; and from above by 2. Let M be the orientable cover of M.

Suppose g(M) = 0 (recall that M was assumed to be compact and connected). By applying to M the
Gauss-Bonnet theorem, we have

2. Area(M) > _[K = 41,
M

If M is nonorientable, then Area(M) = %Area(]T/I\ ) > . This inequality also holds in the case M is

orientable (in fact, M =M and so, Area(M) = Area(M) > 27). Therefore, inequality (1.1) holds with
Ci(I) =mnif gM)=0andk = 0.
Suppose now that g(M) > 2. Hence, Gauss-Bonnet applied to M gives

_K, - Area(#) > —IK = 2y (W) = 4(g (W) — 1) = 4r(g(M) — 1) > %”(g(M) ;).
s



DE GRUYTER Geometry of CMC surfaces of finite index =—— 9

If M is nonorientable, then Area(M) = %Area M) > %(g(M ) + 1). This inequality also holds in the

case M is orientable (in fact, M = M and thus, Area(M) = Area(ﬁ ) >
(1.1) holds with Cy(I) = % if g(M)>2andk = 0.

By the already proven item O of Theorem 1.1, the area of M is at least C4. In particular, if g(M) =1 (i.e.,
M is a torus or a Klein bottle), then one can still obtain a lower bound estimate for the area of M by

3 ?2 |(3(M ) + 1)). Therefore, inequality

Area(M) > C4 = %(g(M) +1).

Therefore, inequality (1.1) holds with C;(I) = % ifgM)=1and k = 0.

Finally, we consider the minimum of the constants 7 L

AL obtained in the three cases mentioned
1

earlier. As observed previously, |Kj| > %, and so,

G = () = mindm, 2, Cal - pin] 20 Gl
31K 2 31K 2

we deduce that (1.1) holds with G, instead of C;, for connected compact M when k = 0.

3.3.2 Item 1 holds when k > 1

Assume that k > 1 (in particular, I > 1), and we will obtain a constant C; = C4(I) € (0, n82) that satisfies
Area(M) > C,(g(M) + 1), 3.7)

which will complete the proof of item 1 of Theorem 1.1 after setting C;(I) = min{G(I), C,(I)}. We will need
the following two claims.

Claim 3.3. If g(M) > 12[ - 3, then inequality (3.7) holds with constant C;(I) = | KL) g
Claim 3.4. If g(M) < 12I - 3. then inequality (3.7) holds with C/(I) = 5=.
Proof of Claim 3.3. We start applying the Gauss-Bonnet formula and (3.6):
|Ki|-Area(M ) > _[K = '[K - _[ K|. (3.8)
M M uk A;

1=1'

On the other hand, calling g = g(M),

IK - f K =2nx(M) - 2my (U A) + J Kg
M uk A Uk A9 (3 '9)
<2m(1-g) + 2n(6I - 2S - e) + 2aS + Tk,

where in the last inequality, we have used item B(d) of Theorem 2.2 and (2.2). Since T < 71 /10 in Theorem 2.2
and S + e > 4k (this last inequality follows since e(i) > 1and m(i) > 2, and ife(i) = 1, then m(i) > 3), and we
can bound (3.9) from above by 27(1 - g + 61 — 4k + %), which in turn is at most 27(-g + 6I — 2) because
k > 1. Therefore,

IK - J- K < -n(2g - 121 + 4). (3.10)
M Uk A

Since g > 12I — 3 by hypothesis, then the right-hand side (RHS) of (3.10) is at most —z(g + 1), and thus, we
conclude that
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f K- j K < -n(g + 1. 1)
M Uk A
Now, (3.11) and (3.8) give
|Ki|-Area(M) > n(g + 1), (3.12)
from where Claim 3.3 follows. O

Proof of Claim 3.4. By the already proven item O of Theorem 1.1, we have Area(M) > Cs, which is

> mcf 3(g(M ) + 1) because g(M) < 12 - 3. This finishes the proof of Claim 3.4. O

Once Claims 3.3 and 3.4 are proved, we will conclude that inequality (3.7) holds in all cases with k > 1
with C4(I) = min{C,(I), C;'(I)}. This completes the proof of item 1 of Theorem 1.1.

3.4 A preliminary result on area estimates of balls in M and its diameter

We temporarily pause the proof of Theorem 1.1 to state and prove the next auxiliary result, which gives
general upper estimates on the areas of balls of radius r in M and general upper estimates on the diameter
of M in terms of constants described in the hierarchy structure theorem 2.2. The next theorem will be crucial
in the proofs of the remaining items 2 and 3 of Theorem 1.1. The proof of Theorem 3.5 will be given in
Sections 3.5-3.7.

Theorem 3.5. (Area estimates for intrinsic balls and diameter estimates for M) For ry > 0, Ky, Hy > O,
consider all complete Riemannian 3-manifolds X with injectivity radius Inj(X) > ry and absolute sectional

curvature bounded from above by Ky, and let A = max{l, %, JKo, Ho}. Let M be a complete immersed H-

surface in X with empty boundary, H € [0, Hy], index at most I € N U {0} and genus g(M), which in the
language of Theorem 2.2 implies M € A = A(I, Hy, 1y, 1, Ko) with additional chosen constant T = i /10. Then:
(1) Suppose that one of the following two conditions holds:
(i) I=0,ie., M is stable.
(it) I>1and k = 0 with the notation of Theorem 2.2 (in particular, M = M).
Depending on whether condition (i) or (ii) holds, we introduce the following constant K; = Ki(I). If condi-
tion (i) holds, let Cs > 2 be the universal curvature estimate for stable H-surfaces described in Theorem
3.6, and let K; = -1 - SCZ. If condition (ii) holds, let K; = Ky(I) = -1 - SA?, where A; = A(I) > 1 is the

constant given by Theorem 2.2 for the space A(I, 1,1, 1, 1).
Forallx e M andr > 0,

Area(By(x, r)) < %[cosh(/h/— Kir) — 1], (3.13)
— A\
and if M is connected, then
. 1 -KG(I) ]
Diameter(M) > arccosh| ————=(g(M) +1) + 1]. 3.14
()\/1717\ [ZH(g()) (3.14)

(2) Suppose k > 1 (in particular, I > 1). Let 6 = 6(I) € (0, %] be the constant described in Theorem 2.2 for the

space A(I,1,1,1,1), and let A, ..., Ay, k < I, be the smooth compact domains associated to M introduced
in item 1 of Theorem 2.2. There exists As;(I) > 6, independent of M, 1, Ko, Hy, such that for all x ¢ M and
allr > 0, the following estimates hold:
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ko 2(6m + 1) sinh(A\/As(I)r)
Area(BM(x, N\ 1L=J1 Al) < WI[Z[cosh()L/AﬂI) r)—-1] + W], (3.15)

I 26m+1) B sinh(A\/As(I)r) 3n
Area(By(x, 1)) < A2[7A3(I) [2[cosh(/11/A3(I r)—-1] + —A3(I)1/2 ] + 3 ], (3.16)

and if M is connected, then

Gi(I)
201

Diameter(M) > arccosh[ (gM) + 1)]. (3.17)

1
AJAs(I)

3.5 The proof of item 1 of Theorem 3.5

It is worth recalling some aspects related to curvature estimates for complete stable H-surfaces Z (possibly
with boundary) in complete Riemannian 3-manifolds of absolute sectional curvature at most 1 and injec-
tivity radius at most 1; such curvature estimates are independent on the value of the (constant) mean
curvature. Rosenberg et al. [14, Main Theorem] proved that there exists a universal constant C; > 0 such
that if £ is two-sided, then for any point p € X of distance at least 1 from 0%, then |Ay|(p) < C.. In [9], we
generalized this curvature estimate to include the case where M is not necessarily two-sided. Namely, we
proved the following statement.

Theorem 3.6. (Curvature estimate for stable H-surfaces [9]) There exists C. > 2t such that given K, > 0 and
a complete Riemannian 3-manifold (Y, g) of bounded sectional curvature|K| < Ky, then for any immersed one-
sided stable minimal surface M + Y and for any p € M,
C/I
S
mln{ln] Y(p)’ dM(p, aM)5 ﬁ}

|Am|(p) < (3.18)

Let Cs = max{C,, Cl'}. Given gy > 0, Ko > 0, if X is a complete Riemannian 3-manifold with injectivity radius at
least €y and bounded sectional curvature |K| < Ko, and F : M + X is a stable H-immersion, then
Gs

A <
) < e, dup, O,

Ty (3.19)
2JKo

Consider an element (F : M + X) € AI = 0,1, 1,1, 1), in particular, M is stable. Particularizing (3.19)
to the case g9 = 1, OM = @, Ko = 1, we obtain that |Ay| < Cs in M. By the same argument using the Gauss
equation as in (3.4) and (3.6), we deduce that the Gaussian curvature K of M satisfies K > K; == -1 — %Cﬁ in

M. In this setting, the Bishop-Cheeger-Gromov relative volume comparison theorem [12, Lemma 36] implies
that for every x e M and r > 0,

Area(By(x, 1)) < Area ([B Kl(r)) = 2—;[cosh(\/——K1r) -1], (3.20)
—i

where B g (r) denotes the metric ball of radius r in the hyperbolic plane of curvature K; < 0. This finishes the
proof of inequality (3.13) provided that I = O (i.e., assuming condition 1(i) in Theorem 3.5 holds).

Now suppose (F: M + X) e A(I,1,1,1,1), I >1. To prove (3.13) provided that condition 1(ii)
in Theorem 3.5 holds, observe that in this case M = M. By (3.6), K > K;, where K =-1- %Alz and
Ay = A(I) > 1 is given by Theorem 2.2 for the space A(I, 1, 1, 1, 1). By applying the aforementioned argu-
ments to this new choice of the constant K;, we obtain that (3.20) holds, which proves (3.13) provided that
1(ii) in Theorem 3.5 holds.
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To show (3.14) (regardless of whether condition 1(i) or 1(ii) in Theorem 3.5 holds), assume M is con-
nected. Observe that we can assume that M is compact (otherwise its diameter is infinite by the argument
in the first paragraph of Section 3.2 and (3.14) holds vacuously). Choose a point x € M. By taking
r = Diameter(M) := D in (3.20) and using the already proven inequality (1.1), we obtain

3.20
CD(@(M) + 1) < Area(M) = Area(By(x, D)) = Z—Z[COSh(\/— D) - 1],
—I
or equivalently,

1
D > ——arccosh

VK

which proves inequality (3.14), and so, finishes the proof of item 1 of Theorem 3.5.

[ -KG(I)
2n

() + 1) + 1],

3.6 Area growth of collar neighborhoods of M if k > 1

Definition 3.7. For a complete surface £ with boundary 0% and for any r > 0, let
2(r) = {x € X|dsg(x, OZ) < 1}

be the collar neighborhood of 0 in X of radius r.

Consider an element (F : M - X) € A(1, 1,1, 1, 1). Assume k > 1 with the notation of Theorem 2.2. Hence,
M is a surface with smooth boundary. For later uses, next we will give an upper estimate for the area growth
of the collar neighborhood M(r) of M, r > 0.

Proposition 3.8. Let q, ..., c. be the set of components of XM . Choose for eachi € {1, ...,e} a parametrization
by arc length y; : [0, L;] — ¢; with associated geodesic curvature function x;(t) with respect to the inward
pointing unit conormal vector ) = n(t) of M along O9M . Then, for eachi € {1, ...,e}:

(1) xi(t) is negative in [0, L;].

(2) There exists a complete annulus X; with boundary, with constant Gaussian curvature K, (this constant is
defined in (3.4)), whose boundary is parameterized by the arc length by y; = y(t) : [0, L;] — 0Z;, and such
that the geodesic curvature function k; of 9X; with respect to the inward pointing unit conormal vector of Z;
along 0%; satisfies ki(t) = ki(t) for all t € [0, L;]. Furthermore, Z; is unique up to isometry.

(3) For eachr > 0, we have

— cosh(y/-Kir) . Lsinh(\/——Klr)

-k (K32

Area(M(r)) < iArea(Zi(r)) = x(M )1

i=1

, (3.21)

where kg(t) = Y7 x(t) and k(M) = jaM Kq s the total geodesic curvature of OM with respect to the inward
pointing unit conormal vector of M along dM , and L = ZleLl- is the length of OM .

Proof. Item 1 follows from the proof of the hierarchy structure theorem 2.2 in [9]; specifically, see Lemma
6.4 in [9].

Item 2 follows directly from the following two facts. First, given £ > 0 and a smooth function
Kk : [0, £] — (-0, 0), standard geometry of curves in the hyperbolic plane H?(K;) with constant Gaussian
curvature K; ensures that there exists a smooth unit speed curve « : [0, ¢] — H2(-K;) such that k(¢t) is the
geodesic curvature of a at a(t), for all t € [0, £]; furthermore, a is unique up to isometries of H2(K;). Second,
ifn : [0, ¢] — UHZ(K)) is the unit normal vector to & pointing to its nonconvex side (here UH%(K;) denotes
the unit tangent bundle to H2(K;)), then the map ¢ : [0, £] x [0, co) — H2(K;)

@(t, r) = expa(n(t)), (t, 1) € [0, £] x [0, c0) (3.22)
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is a submersion, where exp:TH%(K;) — H?2(Ky) is the exponential map. ¢ induces a hyperbolic metric g, on
[0, L] x [0, c0) so that for each ¢, € [0, £], the curve of the form r € [0, c0) — ¢(to, r) is a unitary geodesic
orthogonal to the arc a([0, L]) at a(ty); in particular, after identifying the two geodesic arcs ¢({0} x [0, c0))
and ¢({£} x [0, 00)) by a hyperbolic isometry, we obtain a quotient hyperbolic annulus (Z4, g,) with the
properties desired in item 2, in the special case that ¢ = L; and k = ;.

To prove item 3 of the proposition, first observe that since K > —K; on M (r) by (3.6), we can use relative
volume comparison arguments [12, Lemma 36] to deduce that

Area(M(r)) < i Area(Zi(r)).
i-1

It remains to prove that for alli = 1,..., e and r > 0, the following holds

L
Area(3(r)) = %[(1 _ cosh(y°K, r))-[x(s)ds N \/LT sinh(J=K; 1) |. (3.23)
X v X
(0]

Claim 3.9. Let « : [0, ¢] — H?(-1) a smooth arc parameterized by arc length, with negative geodesic
curvature function x = k(s). Consider the complete hyperbolic annulus with boundary (%,, g,) constructed
in (3.22) in terms of a with K; = —1. Givenr > 0, leta, : [0, £] — Z, be the equidistant arc to a at distancer on
the nonconvex side of a. Then:

(1) The geodesic curvature function x, of @, is given by

x(s) — tanh(r)

) Vs € [0, ¢]. (3.24)

K(s) =

(2) LetZy(r) c Z, be the domain enclosed by a, and the two geodesics of Z, that join the extrema of &, (so
that these geodesics are orthogonal to both a, at their extrema). Then,

[4
Area(Zy(r) =1 - cosh(r))jk(s)ds + £sinh(r), (3.25)
0

where ¢ = L(a) is the length of a.
(3) If we replace H2(-1) by H2(K)), then (3.25) becomes

[4
Area(Sy(r)) = _iKl (1 - cosh(\-K, r))!x(s)ds + J—E_Iq sinh(y=K7) |- (3.26)

Proof of the claim. Recall that £, submerses into H2(-1) through the map ¢ given in (3.22). In particular,
24\ 9Z, is locally isometric to H2(~1). This property clearly allows us to prove the claim assuming that Z,(r)
embeds intoH2(—1): for item 1 of the claim, this is obvious, while for items 2 and 3, we can divide [0, ¢] into a
partition O = sy < 51<...< s, = £ such that if we denote by a; = a |5, 5,3, i = 1,..., n and we apply the same
procedure as with X, to construct n “rectangles” ,(r), then each Z,(r) embeds into H2(-1). In this way,
both equations (3.25) and (3.26) will follow by adding up the corresponding equalities over the rectangles
Za(1),..., L4, (r), which only intersect along geodesics in their boundaries. Therefore, for the remainder of
this proof, we will assume that Z,(r) is embedded in H2(-1).

We will use the model of H2(-1) as the upper sheet of a hyperboloid in the Lorentz-Minkowski space
12 =(R3,(,) = dx + dx} — dx}). In this model, H2(-1) = {x € L3|{(x, x); = -1, 3 > 0}, and the induced
metric by (, )y on H2(~1) is positive definite and has constant Gaussian curvature —1. Given x € H?(-1),
the tangent plane T,H?3 identifies to (x)* < 3. Given x € H2(-1) and v € (x)*, the unique geodesic in H2(-1)
with initial conditions y(0) = x, y'(0) = v is

sinh(|v|t) v

y(t) = y(t, x, v) = cosh(Jv|t)x + v

) (3.27)
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and the parallel transport along y(-,x, v) from O to t is given by
v, W) .
%=MVGD=ml*yMV=W®V,T&W=W+%W¥W®—W, (3.28)

where y(t) = .

Given s € [0, ¢], the equidistant curve a, is
a,(S) = eXpys)(rRA'(s)) = y(r, a(s), Ra'(s)) = cosh(r)a(s) + sinh(r)Ra'(s),

where R is the rotation of angle 77 /2 in each tangent plane to H2(-1) so that Ra’ points to the nonconvex
side of a. a/(s) = Ji(r) is the value at t =r of the unique Jacobi field J; = Ji(t) along the geodesic
t — y(t, a(s), Ja'(s)) with initial conditions

DJ; ) = D(Ra)
dt ds
where {a/, n, = Ra'} is the Frenet dihedron for a. Since both J;(0) and %(0) are orthogonal to y(0), we
deduce that J;(t) is everywhere orthogonal to y(t). In particular, J;(t) = f;(£)t{(a'(s)), where f;(t) is a solu-
tion of the ordinary differential equation f - f=0. Imposing (3.29), we have f;(0) = 1, £;(0) = —x(s), and
thus,

J5(0) = d'(s), (s) = —x(s)a'(s), (3.29)

fs(t) = cosh(t) — k(s) sinh(t). (3.30)

Therefore, an orthogonal basis of the tangent and normal line to a, is

a,(s) = Js(r) = fi(NT5(d'(s)) 6.28) f;(Na'(s), (not necessarily unitary)
N (5) = T(1a(s)) P2 nu(s) = Ry(r) = sinh(r)a(s) + cosh(r)Ra'(s), (unitary)
Hence, by the Frenet equations for a,, we will obtain the negative of the geodesic curvature x,(s) of a, by
taking the derivative with respect to s to n,,(s) and dividing by |a,(s)| = fs(r):
d
(N4, (s)) _ sinh(r) — cosh(r)k(s)

“ro(s) = & - DK),
fs(r) cosh(r) — x(s)sinh(r)

which proves the first item of the claim.

As for item 2, observe that the interior of X,(r) is topologically a disk, and that 0X,(r) contains four
cusps, in each of which the exterior angle to Z,(r) along its boundary is 77 / 2. By applying the Gauss-Bonnet
theorem to Z,(r), we obtain

¢ ¢
0=-Area(Zyr)) + |k + | K, = —Area(Zy(r)) + | k(s)ds - | k,(s)ds. (3.31)
] froee-]

Using (3.24),
£

4
B k(s) — tanh(r) , ,
.([K,(s)ds = }[—1 tanh(x(s) oy (s)|ds

4
30 I(cosh(r)x(s) — sinh(r))ds (3.32)
0

4
= cosh(r)JK(s)ds — sinh(r)e.
0

(3.31) and (3.32) give (3.25), which finishes the proof of item 2 of the claim. Item 3 follows from (3.25) after an
elementary rescaling argument. O

Equation (3.23) follows directly from (3.26) with the obvious change of notation Zi(r) = Z,(r), L; = €.
This finishes the proof of Proposition 3.8. O
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3.7 Proof of item 2 of Theorem 3.5

Consider an element (F : M + X) € A(I, 1,1, 1, 1). Assume k > 1 (hence I > 1) with the notation of Theorem
2.2. By (3.21), we have for each r > O

Area(M (1)) < f(r), (3.33)
where f is the increasing function

k(M)
K

sinh(y/-K 1)

fn = Ky

[cosh(y/-Kir) —1] + L

1

Lemma 3.10. Given x € M and r > 0, we have

Area[BM(x, r) \(QA,-)] < fQ@n).

Proof. Suppose first that x € UK A;. Then, By(x, r) ¢ M(r) U (UX,A), and thus, By(x, r)\(UX,A) ¢ M(r).
Hence,

— (3.33)
Area[By(x, )\ (UK,A)] < Area(M(r)) < f(r) < f@2r).

Now suppose x € Int(M)and letd > 0 be the distance from x to Uk ,A;. We distinguish two cases, depending
on whether r < d.

If r < d, then since K > K; in M and By(x, 1) c M, the Bishop-Cheeger-Gromov relative volume com-
parison theorem implies

Area(By(x, 1)) < Area (B (1)) = Z—I’:[coshuj1 N -1 2 for) < fan),
—I\

where B g,(r) denotes the metric ball of radius r in the hyperbolic plane of curvature Kj, and in (x) we have
used that [k(M)| > 2.
If r > d, then the triangle inequality ensures that By(x, r)\(UL,A) ¢ M (2r), and thus,
k . (3.33)
Area [BM(X, r)\( u Ai)] < Area(M(2r)) < f(Qr),
i=1

which finishes the proof of the lemma. O

Now we are ready to prove inequality (3.15). First, observe that (2.2) implies that
-2n1S — 1l < x(M) < -2nS + 11,

and so,

0 < x(M) <27TS+TI (;) 67T+TI< 6m + 1

< < I, (3.34)
K -K -K K

where in (x) we have used that S < 3I (this follows from item B of Theorem 2.2).

Second, we can estimate from above the length L of dM as follows: each component ¢ of oM is
contained in the boundary of a certain compact set A;, and the length L(0A;) of 0A; can be estimated
from above using [9, item (C1) of Lemma 6.1] (also see [9, Remark 6.2]) as follows:

2mm(i) + 1

L(0A) < Qmm(i) + Dre(i) < 5

6, (3.35)
where m(i) is the total spinning of the boundary of A; (m(i) was introduced in item B of Theorem 2.2) and
6<ey/2=1/2, 6, < g, and rz(i) € [81, 6 /2] were introduced in the main statement of Theorem 2.2. By
adding up (3.35) in the set {A, ...,Ax}, we obtain
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2nS + k 6nl +1,. (6m+1)6 6m+ 1

L< 5 6 < 5 6= 5 I< 4 1. (3.36)
Finally, Lemma 3.10, (3.34), and (3.36) give
(L 3.10) h(2{-K
Area[By(x, D\(U,A)] S F(2r) = ( ) [cosh@y=Kyr) - 1] Sm( (K ; /2”)
—IM
(334),(336) 671 + 1 6m + 1 _sinh(2{/-Kr)
< | h(2\-Kir) -1 1
e leosh@y=Rin - 1) + =L
2(6m + 1) 1) sinh(,/Ag(I )r)
[cosh({/As(D) 1) - 1] ,
A5(D) [ (400 AWM
where we have defined As;(I) = —4K,(I) > 6. This proves (3.15).
To see that inequality (3.16) holds, just observe that by item D of Theorem 2.2,
k 2
Area( UA) < 21y m(Dri(i) < 27185— < %S < %TI (3.37)

i=1

and hence,

Area[By(x, r)] < Area[By(x, r)\ (UX,A)] + Area(Uk ,A;)

_26n+ 1), [ (cosh(JED") - 1] + sinh(\/A;(1) r)] 3,

As(D) A(DV? 8 (3.38)
26m + 1) sinh(\/Aa(I )r)) 3m
= I[ "G (2[cosh(\/A3(I) r) - 1] A2 ) + ?l,

from where one deduces (3.16).
To finish this section, we prove (3.17). Let us denote by h(r) the RHS of (3.38). Then, taking
r = D := Diameter (M) we have By(x, D) = M for any x € M, and so,

GI)(g + 1) Area(M ) = Area[By(x, D)] < h(D). (3.39)
Since sinh(t) < cosh(t),
ho) < I Z(ZJ) D) [2[cosh(./A3(I D) - Cosiv(gjg ) D)] s 3_"}

)26) | 6713+ I(Z[COSh(MD) 1. cosh(\\/_/? @ D)) . 3_77}

(3.40)

Il
—

3

[ 6m+ 1 1 3
_ ((2 + f) cosh(/As(I)D) - 2) + ?]

16”; 1(2 N %)cosh(\/Ag(I)D).

(3.39) and (3.40) give

C)(g + 1) < 16”; 1(2 N %)cosh(a/AﬁI)D),

from where inequality (3.17) follows directly. This completes the proof of Theorem 3.5.
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3.8 Proof of item 2 of the Theorem 1.1

Consider an element (F: M + X) € A(I,1,1,1,1). As in previous sections, we may assume that M is
compact and connected, and let g = g(M) be the genus of M.

Claim 3.11. If I = O, then (1.2) holds with G(0) = 0.

Proof. Since M is stable, we have |Ay| < Cs in M by (3.19). Thus, the Gauss equation implies that the
Gaussian curvature K of M satisfies K > -1 - %Csz By using the Gauss-Bonnet theorem, we obtain

(1 + %Csz)Area(M) > —IK = 2my(M) = 2n(g - 1).
M

Hence,

2n
12

2°s

Area(M) > -1,

which is strictly bigger than M(g + 1) when g > 2. Consequently, (1.2) holds whenever g > 2. To
S 2

finish the proof of the claim, it remains to check that (1.2) holds for g = 0, 1, which we do next.

(item 0) (a) (b)
Area(M) 1e12n Cy S 21 5 2 21
3+ 4Cs+4C5 3+ 4Cs + 4C3

(g+1)
where in (a) we have used that C; > 271, and in (b) that g < 1. Now the claim is proved. O

By Claim 3.11, it remains to prove item 2 of Theorem 1.1 assuming I > 1. The additional assumption
g > 12I - 3 guarantees, by (3.11), that

IK = IK - I K< -n(g+1). (3.41)
M M Uk A

By Lemma 7.1 in [9], there exists a positive constant Cs(1), which in our setting is 1 + 2C;, such that if

sup|Ay| > Es(l), then there exists a nonempty finite subset {qy, ...,gq,} ¢ M with 1 < n < I, such that
(1) |Ay| achieves its maximum in M at ¢q;, and for i=2,...,n, |Ay| achieves its maximum in

M\[By(q1, 1) U ...UBy(gi-1, D] at g;.
(2) For each i=1,...,n, |Ayl(g) > Cy(1) and the intrinsic balls Bu(gi, 1/2) are pairwise disjoint and
unstable.

3) |Au| < Cs(1) in M\ [Bu(gr, 1) U ...UBu(gn, D]

We next define a partition of the surface M that appears in item 3 of Theorem 2.2.
o If sup|Ay| < Cs(1), let M; = & and M, = M.
e Otherwise, let M; = M n [U ,By(g;, 1)] and M, = M\ [UZ ,By(gs, 1)].

In particular, the second fundamental form of the surface M, satisfies |Ag| < Ci(D).

By the discussion around inequality (3.6), the Gaussian curvature function of M, satisfies K, = K
(where K; = K(I) < =3/2 is defined in (3.4)), and the Gaussian curvature function of M, satisfies Kz, 2
-1- %@(1)2. Also, by inequalities (3.13) and (3.16), there exists an explicit function h : N — (0, co) such
that

n
Area[M n [UL,By(gi, D]] < ) AreaBy(g;, 1) < h(D). (3.42)

i=1
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Therefore,

1~ (42 (.41)
K(Dh(T) - [1 + ECs(l)Z]Area(Mz) < IKMI + j K, = IK <Y (g + ). (3.43)
W, b i

Solving for the area of M,, we have

Area(il) > &+ D + K(DAUT)

1+ 5C1)? (3:44)
. _ /2 _ m . .
After setting C := - 565(1)2 = Sracac we obtain the estimate
_ — g+ 1D + K(ODhA)
Area(M) > Area(M) > Area(M,) > C(g + 1) + . (3.45)

1+ 5C1)?

Define

n

G{) = max{lZI -3, [M] - 1} enN,

where for a real number x, we denote by [x] the smallest integer that is not smaller than x (also known as
the ceiling function at x). Then, whenever g(M) > G(I), we have that the second term in the RHS of (3.45) is
nonnegative, which completes the proof of item 2 of Theorem 1.1.

3.9 Proof of item 3 of Theorem 1.1

Recall that in Section 3.1, we normalized the space A, passing from an H-immersion (F: M + X) €
A, Hy, 15, 1, Kp) to the immersion (F' : M + X') € A(I, 1,1, 1, 1), where A is given by (3.1) and X' is the
Riemannian manifold obtained after scaling the original metric of X by JA. Observe that F’ has mean
curvature H' = H /A and X' has scalar curvature p’ = p /A%

Suppose that the scalar curvature p of X satisfies 3H? + %p > cin X for some ¢ > O, where H is the mean
curvature of an immersion (F : M + X) € A, Hy, 1, 1, Ko). In this setting, Rosenberg [13], see also [10,

Theorem 2.12] proved that every stable, two-sided subdomain Q ¢ M satisfies

du(x, 0Q) < R., (3.46)

2
NEH
for all x € Q. Since 3(H')? + %p’ > ¢’ = ¢ /A%, the estimate (3.46) applied to the same stable subdomain Q
viewed inside the domain of F' gives that the intrinsic distance in the metric induced by F’ from any x € Q to

3Q is at most 2= = 22X This linear scaling on the upper bound for the intrinsic radius of stable subdo-
mains allows us to reduce item 3 of Theorem 1.1 to the following statement.

NG

Proposition 3.12. Let F : M + X be an H-immersion in A(I, 1, 1, 1, 1), where M is connected and two-sided.
Let Ci(I) be the constant described in item 1 of Theorem 1.1 and R. be as defined in (3.46). If the scalar
curvature p of X satisfies 3H? + %p > c in X for some c > 0, then M is compact, and there exists A,(I, c) > O
such that

A2(Is C) -1

Area(M) < Ay(I, ¢) Diameter(M) <2(I + )R., gM) <
G(D)

(3.47)

Proof. We first show that M is compact. Arguing by contradiction, suppose M is noncompact. Since M is
complete, there is a geodesic ray in M, i.e., an embedded, length-minimizing unit-speed geodesic arc
y : [0, 0c0) — M. Consider the infinite collection



DE GRUYTER Geometry of CMC surfaces of finite index =— 19

C(n) = {Bu(y(2in), n)lj € N U {0}}

of pairwise disjoint open intrinsic balls in M. Since the index of M is at most I, then the subcollection of

unstable balls in C(n) is finite. This implies that M contains stable balls of arbitrarily large radius, a property

which contradicts that forr > R, By(x, r) cannot be stable as follows from (3.46). Therefore, M is compact.
We will divide the proof of (3.47) into two claims.

Claim 3.13. Diameter(M) < 2(I + 1R, (i.e., the second inequality in (3.47) holds). O

Proof of Claim 3.13. Arguing by contradiction, suppose that there exist points p, g € M at intrinsic distance
L:=dy(p,q) >2I+ 1DR,. Let I : [0, L] — M be a geodesic arc parameterized by arc length, such that
I'(0) = p and I'(L) = q. Choose R > R; such that 2(I + 1)R < L. Consider the following collection of I + 1
pairwise disjoint open intrinsic balls in M (Figure 3).

C'(n) = {Buy(T'(2j-DR),R) |j=1,....] +1}.

Since the index of M is at most I and the I + 1balls in C'(n) are pairwise disjoint, we deduce that at least one
of these balls is stable. This contradicts that R > R, and (3.46). This contradiction proves the claim. [

Claim 3.14. Let h = h(I, r) : (N U {0}) x (0, co) — (0, c0) be the maximum of the right-hand sides of (3.13)
and (3.16). Then, the first and third inequalities in (3.47) hold for A,(I, c¢) = R(I, 2 + DR,).

Proof of Claim 3.14. Observe that r — h(I, r) is increasing. Take x € M. By the already proven inequalities
(3.13) and (3.16), we have Area(By(x, 1)) < H(I , r) for all r > 0. By applying this estimate to the choice
r = D := Diameter (M) < oo (observe that M = By(x, D)) and using that h(I, 1) is increasing in r, we obtain

~ Claim3.3) ~

Area(M) < AL D) "2 Rt 21 + DR, = Ao, c). (3.48)
and thus, the first inequality in (3.47) holds. As for the third one, it is clearly equivalent to proving that
C(D(g(M) + 1) < Ay, ¢). By applying (1.1), we have

(3.48)
C(H)(gM) +1) < Area(M) < A, o),

and the proof of the claim is complete. O

Claims 3.13 and 3.14 prove (3.47), which finishes the proof of Proposition 3.12, and consequently, item 3
of Theorem 1.1 is also proved.

Remark 3.15. Since the function h = h(I, r) appearing in the proof of Claim 3.14 is increasing in 7, and R, is
decreasing in ¢, we deduce that A;(I, ¢) = h (I, 2(I + 1R,) is decreasing in c. This indicates that if we relax
the hypothesis 3H? + %p > c¢ in Proposition 3.12 by taking ¢ — 0, then the estimates for the area, diameter,
and genus of M in Proposition 3.12 get worse (in fact, lim._,o4>(I, ¢) = lim._ ‘R, = o0).

Figure 3: The pairwise disjoint collection of metric balls in C’(n). Observe that the boundary of the last ball in the chain,
3By (I(21 + 1)R, R), intersects the image of I' at the points [(2/R), [(2(/ + 1)R), and that 2(/ + 1)R < L by construction.



20 —— William H. Meeks Il and Joaquin Pérez DE GRUYTER

Acknowledgments: The authors would like to thank Harold Rosenberg for his thoughts and discussions of
our initial attempts at understanding the existence of the linear area estimates given in item 1 of
Theorem 1.1.

Funding information: Research of both authors was partially supported by MINECO/MICINN/FEDER
grant no. PID2020-117868GB-100, regional grants P18-FR-4049 and A-FQM-139-UGR18, and by the “Maria
de Maeztu” Excellence Unit IMAG, reference CEX2020-001105-M, funded by MCINN/AEI/10.13039/
501100011033/CEX2020-001105-M.

Conflict of interest: The authors state no conflict of interest.

References

[1] N.S. Aiex and H. Hong, Index estimates for surfaces with constant mean curvature in 3-dimensional manifolds, Calc.
Var. Partial Differential Equations 60 (2019), no. 3. MR4176856, Zbl 1460.53052.

[2] L. Ambrozio, R. Buzano, A. Carloto, and B. Sharp, Geometric convergence results for closed minimal surfaces via bubbling
analysis, Calc. Var. Partial Differential Equations 61 (2021), no. 25. MR4350199, Zbl 1486.53015, DOI: https://doi.org/10.
1007/s00526-021-02135-x.

[3] T. Bourni, B. Sharp, and G. Tinaglia, CMC hypersurfaces with bounded Morse index, |. Reine Angew. Math. 786 (2022),
no. 3, 175-203, MR4434752, Zbl 07538648, DOI: https://doi.org/10.1515/crelle-2022-0009.

[4] R.Buzano and B. Sharp, Qualitative and quantitative estimates for minimal hypersurfaces with bounded index and area,
Trans. Amer. Math. Soc. 370 (2018), no. 6, 4373-4399. MR3811532, Zbl 1390.53008.

[5] 0. Chodosh, D. Ketover, and D. Maximo, Minimal hypersurfaces with bounded index, Invent. Math. 209 (2017), no. 3,
617-664, MR3681392, Zbl 1378.53072.

[6] E.Hebeyand M. Herzlich, Harmonic coordinates, harmonic radius and convergence of Riemannian manifolds, Rendiconti
di Matematica, Serie VIl 17 (1997), 569-605. MR1620864, Zbl 0912.53011.

[7]1 D. Maximo, A note on minimal surfaces with bounded index, Comm. Anal. Geom. (2018), https://arxiv.org/abs/1812.
10728.

[8] W. H. Meeks lll and ). Pérez, Geometry of branched minimal surfaces of finite index, (2022), Preprint at https://arxiv.org/
abs/2211.03529.pdf.

[9] W. H. Meeks Il and ). Pérez, Hierarchy structures in finite index CMC surfaces, Adv. Calc. Var. (2023), Preprint at https://
arxiv.org/pdf/2212.13594.pdf.

[10] W. H. Meeks Ill, J. Pérez, and A. Ros, Stable constant mean curvature surfaces, In: Handbook of Geometrical Analysis, vol.
1, pp. 301-380. International Press, edited by Lizhen Ji, Peter Li, Richard Schoen and Leon Simon, ISBN: 978-1-57146-130-
8, 2008. MR2483369, Zbl 1154.53009.

[11] W. H. Meeks Ill and G. Tinaglia, Triply periodic constant mean curvature surfaces, Adv. Math. 335 (2018), no. 7, 809-837,
MR2836679, Zbl 1396.53087.

[12] P. Petersen, Riemannian geometry, vol. 171 of Graduate Texts in Mathematics, Springer, Cham, third edition, 2016.
MR3469435, Zbl 1417.53001.

[13] H. Rosenberg, Constant mean curvature surfaces in homogeneously regular 3-manifolds, Bull. Austral. Math. Soc. 74
(2006), 227-238, MR2260491 (2007g:53009), Zbl 1104.53057.

[14] H. Rosenberg, R. Souam, and E. Toubiana, General curvature estimates for stable H-surfaces in 3-manifolds and appli-
cations, ). Differential Geom. 84 (2010), no. 3, 623-648. MR2669367, Zbl 1198.53062.

[15] A. B. Saturnino, On the genus and area of constant mean curvature surfaces with bounded index, ). Geom. Anal. 31 (2021),
11971-211987, MR4322559, Zbl 1486.53076.


https://doi.org/10.1007/s00526-021-02135-x
https://doi.org/10.1007/s00526-021-02135-x
https://doi.org/10.1515/crelle-2022-0009
https://arxiv.org/abs/1812.10728
https://arxiv.org/abs/1812.10728
https://arxiv.org/abs/2211.03529.pdf
https://arxiv.org/abs/2211.03529.pdf
https://arxiv.org/pdf/2212.13594.pdf
https://arxiv.org/pdf/2212.13594.pdf

	1 Introduction
	2 The hierarchy structure theorem
	3 The proof of Theorem 1.1
	3.1 Normalizing the space &#x039B;
	3.2 Proof of item 0 of Theorem 1.1
	3.3 Proof of item 1 of Theorem 1.1
	3.3.1 Item 1 holds when k=0
	3.3.2 Item 1 holds when k&#x2265;1

	3.4 A preliminary result on area estimates of balls in M and its diameter
	3.5 The proof of item 1 of Theorem 3.5
	3.6 Area growth of collar neighborhoods of M&#x02DC; if k&#x2265;1
	3.7 Proof of item 2 of Theorem 3.5
	3.8 Proof of item 2 of the Theorem 1.1
	3.9 Proof of item 3 of Theorem 1.1

	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


