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A construction of Marsden’s identity for UE-splines is developed and a complete proof 
is given. With the help of this identity, a new non-uniform quasi-interpolant that repro-
duces the spaces of polynomial, trigonometric and hyperbolic functions are defined. Effi-
cient quadrature rules based on integrating these quasi-interpolation schemes are derived 
and analyzed. Then, a quadrature formula associated with non-uniform quasi-interpolation 
along with Nyström’s method is used to numerically solve Hammerstein and Fredholm 
integral equations. Numerical results that illustrate the effectiveness of these rules are pre-
sented.

© 2023 The Author(s). Published by Elsevier B.V. on behalf of IMACS. This is an open 
access article under the CC BY license (http://creativecommons .org /licenses /by /4 .0/).

1. Introduction

Univariate spline quasi-interpolants (abbr. QIs) are a very important tool in data approximation, and numerical solution 
of ordinary and partial differential equations and integral equations [13–15]. The most popular techniques to construct 
quasi-interpolating splines are blossoming (polar forms and Marsden identities). In [11], a general version of Marsden’s 
identity based on the blossoming technique is presented. Univariate polynomial spline QIs on uniform partitions of bounded 
intervals have been extensively studied (see, for instance, [10,12,18–21] and the references therein). In [17], some general 
Marsden identities for trigonometric splines are established and then formulae for the coefficients of QIs are established via 
blossoming. Another study of quasi-interpolation (also QI for short) has been done in [23], where the authors introduced 
some new results concerning the symmetric function of the difference of two finite sets. These results have been well 
used to construct explicitly discrete and differential QIs. In [6,7,9], the authors present new results then used to construct 
uniform algebraic trigonometric and hyperbolic B-spline QIs. Recently, in [16] it has been established the Marsden’s identity 
related to uniform generalized (UE-) B-splines from which QI schemes reproducing the spaces of generalized functions are 
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derived. For non-uniform partitions also Marsden’s identities are derived and used to define non-uniform QIs (see, e.g., 
[5,8]). Moreover, the performance of this numerical schemes is tested.

The purpose of the first part of this work is to develop a Marsden’s identity related the UE-splines [24]. It is then used to 
construct explicitly new non-uniform QIs depending of a parameter ω. The main feature is that they combine polynomial, 
trigonometric and hyperbolic QIs in a single formulation. More precisely, if ω=0, we get non-uniform polynomial spline QIs. 
On the other hand, if ω is a real number, then non-uniform trigonometric spline QIs are obtained. Finally, if ω is a pure 
imaginary complex number, then non-uniform hyperbolic spline QIs result. The advantage of this QI is that it reproduces 
functions cos(nx), cosh(nx), sin(nx), sinh(nx), exp(nx), exp(−nx), with n > 0.

Many studies have shown the effectiveness of QI operators in several areas. They are used to solve integral equations 
numerically, in particular Hammerstein’s and Fredholm’s integral equations (see, e.g., [1,2,5,16]). In [1], an efficient iteration 
algorithm for Fredholm integral equations of the second kind based on spline QIs is presented. The same authors propose 
in [2] a discrete spline QI defined on a bounded interval for the numerical solution of linear Fredholm integral equations 
of the second kind with a smooth kernel by collocation and a modified Kulkarni’s method together with its Sloan’s iterated 
version. In [16], the authors deal with Fredholm integral equations using general quadratic and cubic QIs for solving. In [5], 
Hammerstein integral equations are solved numerically via Nyström method and quadrature rules based on non-uniform 
polynomial QI, showing that these QIs are efficient compared with the uniform case since this latter produces increasing 
errors near the boundary of the interval.

In the second part of this paper, we are going to use the non-uniform UE-spline QIs developed in the first part to 
construct an efficient quadrature rule, to be used afterward for solving Fredholm and Hammerstein integral equations via 
Nyström method.

They are defined over non-uniform partitions, which gives the possibility and reproduce a large set of functions. These 
easy and low cost QIs give good results for the approximation of the solution of integral equations as shown by the nu-
merical results. The parameter ω can be adjusted by the user according to the type of problem considered, so that a single 
programme can handle different cases.

The rest of this work is organized as follows. In Section 2, we briefly recall some results on the construction of UE-splines 
and we give their properties. The main goal in Section 3 is to establish the Marsden’s identity related to the UE-spline basis, 
which will be extremely important for the construction of the QI schemes in Section 4. We also study the error estimates 
associated to the QIs and some of their derivatives. In Section 5, the quadrature rules associated with the above QIs are 
derived. In section 6, the numerical solution of Hammerstein and Fredholm equations is dealt by using the approximation 
methods obtained, and numerical results are also given. The paper ends with some conclusions.

2. UE-spline bases

Let us briefly recall the definition and the construction of UE-splines (see [24] for more details).

Definition 1. Let � be a given knot sequence 
{
ζ j
}

j∈Z with ζ j � ζ j+1 and ω := {
ω j
}

j∈Z be a sequence of non-zero real or 
pure imaginary frequency parameters. The basis functions N j,2 defined as

N j,2(ζ ) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

sinω j
(
ζ−ζ j

)
sinω j

(
ζ j+1−ζ j

) , ζ j � ζ < ζ j+1,

sinωi
(
ζi+2−ζ

)
sinωi

(
ζi+2−ζi+1

) , ζ j+1 � ζ < ζ j+2,

0, otherwise,

are said to be UE-B-splines of order 2. For k ≥ 3, functions defined recursively by

N j,k(ζ ) =
ζ∫

−∞

(
δ j,k−1N j,k−1(s) − δ j+1,k−1N j+1,k−1(s)

)
ds,

with δ j,k−1 :=
(∫ +∞

−∞ N j,k−1(ζ )dζ
)−1

, j ∈Z, are called UE-B-splines of order k.

Remark 2. If ω j = 0, we set 0/0 = 0, and δ j,k N j,k(ζ ) = 0 if N j,k(ζ ) = 0. Otherwise, we compute it by the l’Hôpital rule. 
Additionally, we set δ j,k N j,k(ζ ) to satisfy

ζ∫
−∞

δ j,k N j,k(ζ )dζ =
{

1, ζ ≥ ζ j+k,

0, ζ < ζ j,

if N j,k(ζ ) = 0.
30
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Fig. 1. UE-B-splines of order 3 with ζ = {0,0,0.1,0.2,0.5} and non-uniform parameters ω = {1,7i,3,2i}.

UE-spline bases inherit all those nice properties of common B-splines and NURBS.

Proposition 3. The following properties hold.

• Partition of unity: 
∑

j∈Z N j,k(ζ ) = 1, k � 3.

• Positivity: N j,k(ζ ) > 0 for ζ ∈ (ζ j, ζ j+k
)

and ζ j+k > ζ j .
• Local support: N j,k(ζ ) = 0 for ζ /∈ [ζ j, ζ j+k

]
.

• Linear independence: Functions N j,k, j ∈ Z, are linearly independent on the real line if the multiplicity of each knot of � is less 
than k + 1.

• Regularity: N j,k is Ck−r�−1 continuous at knot ζ� with r� the number of times ζ� appears in the knot sequence.
• Derivative: N ′

j,k(ζ ) = δ j,k−1N j,k−1(ζ ) − δ j+1,k−1 N j+1,k−1(ζ ).

For a given set 
{

P j
}

1≤ j≤n ⊂ R2 of control points, n ≥ k − 1, the UE-spline curve of order k corresponding to the knot 
vector � is defined on [ζk−1, ζn+1] as

P (ζ ) =
n∑

j=1

N j,k(ζ )P j.

Among other, UE-spline curves have the following properties: differentiation, shape local control, convex hull property, 
and geometric invariance. In addition, UE-spline bases and curves have also some other superior properties suitable for 
modelling and computation, especially polynomial-like computation of derivatives and integral, strong representation ability 
of analytical curves and surfaces, and subdivision property.

The explicit expression of UE-B-splines or order 3 is easily calculated, obtaining that

N j,3(ζ ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A1
j (ζ,ω j)−1)B1

j (ω j)

C0.5
j (ω j)+C0.5

j+1(ω j)
, ζ j � ζ < ζ j+1,

−A1
j+2(ζ,ω j)B1

j+1(ω j)+C0.5
j (ω j)− 1

C1
j+1(ω j )

C0.5
j (ω j)+C0.5

j+1(ω j)
− (A1

j+1(ζ,ω j+1)−1)B1
j+1(ω j+1)

C0.5
j+1(ω j+1)+C0.5

j+2(ω j+1)
, ζ j+1 � ζ < ζ j+2,

sin2 ( 1
2ω j+1(ζ − ζ j+3)

)
csc
( 1

2ω j+1(ζ j+3 − ζ j+1)
)

A0.5
j+1(ζ j+2,ω j+1)B0.5

j+2(ω j+1), ζ j+2 � ζ < ζ j+3,

0, otherwise,

where Aa
j(ζ, z) := cos(az(ζ − ζ j)), Ba

j(z) := csc(az(ζ j+1 − ζ j)), Ca
j (z) := tan

(
az(ζ j − ζ j+1)

)
, a being a positive real number. 

Fig. 1 shows the plots of UE-B-splines of order 3 on the interval 
[
ζ j, ζ j+3

]
with ω = {1,7i,3,2i}.

When ω j = ω for all j ∈Z, those UE-B-splines become

N j,3(ζ ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A1
j (ζ )−1)B1

j

C0.5
j +C0.5

j+1
, ζ j � ζ < ζ j+1,

−A1
j+2(ζ )B1

j+1+C0.5
j − 1

C1
j+1

C0.5
j +C0.5

j+1
− (A1

j+1(ζ )−1)B1
j+1

C0.5
j+1+C0.5

j+2
, ζ j+1 � ζ < ζ j+2,

sin2 ( 1
2ω(ζ − ζ j+3)

)
csc
( 1

2ω(ζ j+3 − ζ j+1)
)

A0.5
j+1(ζ j+2)B0.5

j+2, ζ j+2 � ζ < ζ j+3,

0, otherwise,
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Fig. 2. UE-B-splines of order 3 with ζ = {0,0.1,0.2,0.5,0.6,0.8,1} and uniform parameters ω = 1.

where Aa
j(ζ ) := cos(aω(ζ − ζ j)), Ba

j := csc(aω(ζ j+1 − ζ j)) and Ca
j := tan

(
aω(ζ j − ζ j+1)

)
.

Fig. 2 shows trigonometric splines with ω = 1 of UE-spline basis of order 3, supported on [ζ j, ζ j+3]. Any reference to ω
is omitted when ω = 1.

In the rest of this paper, we will focus on the case UE-B-splines of order k = 3 and parameters equal to ω to define the 
UE-quasi-interpolant.

3. Marsden’s identity

In this section, we give the main results of the paper. We will look for a suitable UE-spline representation of the elements 
of the space, i.e. a Marsden’s Identity.

Theorem 4. For all ζ , the following identities hold:

1. 1 = ∑
j∈Z

N j,3(ζ );

2. cos(ωζ ) = ∑
j∈Z

γ ω
j N j,3(ζ );

3. sin(ωζ ) = ∑
j∈Z

δω
j N j,3(ζ ),

where

γ ω
j := cos

( 1
2ω(ζ j+1 + ζ j+2)

)
cos

( 1
2ω(ζ j+1 − ζ j+2)

) and δω
j := sin

( 1
2ω(ζ j+1 + ζ j+2)

)
cos

( 1
2ω(ζ j+1 − ζ j+2)

) .
Proof.

1. See Proposition 3.
2. For ζ ∈ R there exists p ∈ Z such that ζ ∈ [ζp, ζp+1

]
. Therefore, only Np,3(ζ ), Np−1,3(ζ ) and Np−2,3(ζ ) are non zero. 

Then, ∑
j∈Z

γ ω
j N j,3(ζ ) = γ ω

p−2Np−2,3(ζ ) + γ ω
p−1Np−1,3(ζ ) + γ ω

p Np,3(ζ )

= cos
( 1

2ω(ζp−1 + ζp)
)

cos
( 1

2ω(ζp−1 − ζp)
) (sin2

(
1

2
ω(ζ − ζp+1)

)
csc

(
1

2
ω(ζp+1 − ζp−1)

)
A0.5

p−1(ζp)B0.5
p

)

+ cos
( 1

2ω(ζp + ζp+1)
)

cos
( 1

2ω(ζp − ζp+1)
)
⎛
⎝−A1

p+1(ζ )B1
p + C0.5

p−1 − 1
C1

p

C0.5
p−1 + C0.5

p
− (A1

p(ζ ) − 1)B1
p

C0.5
p + C0.5

p+1

⎞
⎠

+ cos
( 1

2ω(ζp+1 + ζp+2)
)

cos
( 1

2ω(ζp+1 − ζp+2)
)
(

(A1
p(ζ ) − 1)B1

p

C0.5
p + C0.5

p+1

)
.
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Let

E p := cos
( 1

2ω(ζp−1 + ζp)
)

cos
( 1

2ω(ζp−1 − ζp)
) (sin2

(
1

2
ω(ζ − ζp+1)

)
csc

(
1

2
ω(ζp+1 − ζp−1)

)
A0.5

p−1(ζp)B0.5
p

)
,

F p := cos
( 1

2ω(ζp + ζp+1)
)

cos
( 1

2ω(ζp − ζp+1)
) −A1

p+1(ζ )B1
p + C0.5

p−1 − 1
C1

p

C0.5
p−1 + C0.5

p
− (A1

p(ζ ) − 1)B1
p

C0.5
p + C0.5

p+1

,

G p := cos
( 1

2ω(ζp+1 + ζp+2)
)

cos
( 1

2ω(ζp+1 − ζp+2)
)
(

(A1
p(ζ ) − 1)B1

p

C0.5
p + C0.5

p+1

)
.

By converting E p, F p and G p into exponential forms, we get

E p = exp(−iζω)
(
exp(iζω) − exp(iζpω)

)2 (−1 + exp(iω(ζp+1 + ζp+2))
)

2
(
exp(iζpω) − exp(iζp+1ω)

) (
exp(iζpω) − exp(iζp+2ω)

) ,

F p =
(−2 exp(iω(ζp−1 + ζ + ζp)) + exp(iω(ζp−1 + 2ζ )) + exp(iω(ζp−1 + 2ζp+1))

)
2
(
exp(iζp−1ω) − exp(iζp+1ω)

) (
exp(2iζp+1ω) − exp(2iζpω)

)
× exp(−iζω)

(
1 + exp(iω(ζp + ζp+1))

)
+ exp(−iζω)

(
1 + exp(iω(ζp + ζp+1))

) (
exp(iω(2ζ + ζp))−2 exp(iω(ζ + 2ζp+1)) + exp(iω(ζp + 2ζp+1))

)
2
(
exp(iζp−1ω) − exp(iζp+1ω)

) (
exp(2iζp+1ω) − exp(2iζpω)

)
−

(−1 + exp(ω(ζ − ζp))
)2 exp(−iω(ζ − ζp+1))

(
1 + exp(ω(ζp + ζp+1))

) (
1 + exp(ω(ζp+1 − ζp+2))

)
2
(
exp(ζpω) + exp(ζp+1ω)

) (−1 + exp(ω(ζp+1 − ζp))
) (

exp(ω(ζp+1 − ζp)) − exp(ω(ζp+1 − ζp+2))
) ,

G p = exp(−iζω)
(
1 + exp(iω(ζp−1 + ζp))

) (
exp(iζω) − exp(iζp+1ω)

)2

2
(
exp(iζp+1ω) − exp(iζp−1ω)

) (
exp(iζp+1ω) − exp(iζpω)

) .

After calculation and simplification we find

E p + F p + G p = exp(−iωζ) + exp(iωζ)

2
= cos(ωζ ),

and the proof is complete.
3. The proof is similar to the one presented in 2. �

Corollary 5. For any non-negative integer m, we have

1. exp(±iωζ) =∑ j∈Z ϑω
j N j,3(ζ ), where ϑω

j := exp
(
±i 1

2 ω(ζ j+1+ζ j+2)
)

cos
(

1
2 ω(ζ j+1−ζ j+2)

) .

2. cosm(ωζ ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
2m−1

⎛
⎝∑

j∈Z

⎛
⎝1

2

(
m

m/2

)
+

(m−2)/2∑
p=0

(
m
p

)
γ

(m−2p)ω
j

⎞
⎠N j,3(ζ )

⎞
⎠ , m even,

1
2m−1

⎛
⎝∑

j∈Z

⎛
⎝(m−1)/2∑

p=0

(
m
p

)
γ

(m−2p)ω
j

⎞
⎠N j,3(ζ )

⎞
⎠ , m odd.

3. sinm(ωζ ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(−1)
m
2

2m−1

⎛
⎝∑

j∈Z

⎛
⎝1

2

(
m

m/2

)
(−1)

m
2 +

(m−2)/2∑
p=0

(
m
p

)
(−1)pγ

(m−2p)ω
j

⎞
⎠N j,3(ζ )

⎞
⎠ , m even,

(−1)
m−1

2

2m−1

⎛
⎝∑

j∈Z

⎛
⎝(m−1)/2∑

p=0

(
m
p

)
(−1)pδ

(m−2p)ω
j

⎞
⎠N j,3(ζ )

⎞
⎠ , m odd.

Proof. 1. By using Theorem 4 we have

exp(±iωζ) = cos(ωζ ) ± i sin(ωζ )

=
∑(

γ ω
j ± iδω

j

)
N j,3(ζ )
j∈Z
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=
∑
i∈Z

(
cos

( 1
2ω(ζ j+1 + ζ j+2)

)
cos

( 1
2ω(ζ j+1 − ζ j+2)

) ± i
sin
( 1

2ω(ζ j+1 + ζ j+2)
)

cos
( 1

2ω(ζ j+1 − ζ j+2)
)
)

N j,3(ζ )

=
∑
j∈Z

exp
(±i 1

2ω(ζ j+1 + ζ j+2)
)

cos
( 1

2ω(ζ j+1 − ζ j+2)
) N j,3(ζ ).

2. For a positive number m, it is satisfied that

cosm(ωζ ) =
(

exp(iωζ) + exp(−iωζ)

2

)m

=

m∑
p=0

(
m

p

)
exp(ipωζ)exp(−i(m − p)ωζ )

2m

=

m∑
p=0

(
m

p

)
exp(−i(m − 2p)ωζ )

2m

= exp(imωζ) + · · · + exp(−imωζ)

2m
.

Then, for m even, by using Euler’s formula, we obtain

cosm(ωζ ) = 1

2m−1

⎛
⎝1

2

(
m

m/2

)
+

(m−2)/2∑
p=0

(
m

p

)
cos((m − 2p)ωζ )

⎞
⎠ .

From Theorem 4, we get

cosm(ωζ ) = 1

2m−1

⎛
⎝1

2

(
m

m/2

)∑
j∈Z

N j,3(ζ ) +
(m−2)/2∑

p=0

(
m

p

)∑
j∈Z

γ
(m−2p)ω
i N j,3(ζ )

⎞
⎠ ,

and the claim holds. By using a similar technique, we get the result for m odd.
3. The proof of this result is similar to the previous one. �

4. Non-uniform UE-spline quasi-interpolants

In this section we describe how the Marsden’s Identity introduced in Section 3 is useful for the construction of UE QIs 
that reproduce the space 	ω

3 spanned by 1, cos (ωζ ) and sin (ωζ ). We also give the error estimates associated with these 
QI operators.

4.1. Constructing non-uniform UE-spline QIs

Let � := {
ζ j, j = 0, . . . ,n

}
be a set of knots that produces in general a non-uniform partition of the interval I := [a, b]. 

The unified extended space of order 3 associated with this partition is defined by


3(I) := {s ∈ C1(I) : s|[ζ j ,ζ j+1] ∈ 	ω
3 , j = 0, . . . ,n − 1

}
.

By adding to � multiple nodes at the extremities, namely, ζ−2 = ζ−1 = ζ0 and ζn+2 = ζn+1 = ζn , a basis {N j,3, j =
−2, . . . , n − 1} is defined for 
3(I) with B-splines N j , j = 0, . . . , n − 3, given in Section 2. For the remaining ones, see [16].

Definition 6. Let λω−2, . . . , λ
ω
n−1 be a set of linear functionals and f be a function defined on I . Then, the operator Q ω

defined as

Q ω f (ζ ) =
n−1∑
j=−2

λω
j ( f )N j,3(ζ ) (1)

is called UE quasi-interpolation operator of order 3.
34
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We are interested in linear functionals λ j such that λ j ( f ) is a linear combination of values of f at knots lying in the 
support of N j , or in a neighbourhood of it. For j = 0, . . . , n − 3, they can be written in the form

λω
j ( f ) = αω

j,1 f (ζ j) + αω
j,2 f (ζ j+1) + αω

j,3 f (ζ j+2), (2)

where the coefficients in αω
j :=

(
αω

j,�

)
1≤�≤3

are determined so that Q ω be exact on 	ω
3 , i.e. Q ω p = p, for all p ∈ 	ω

3 . Using 

the fact that each element of 	ω
3 can be expressed in terms of N j,3(ζ ) (see Theorem 4), the exactness of Q ω is equivalent 

to the following conditions:

3∑
�=1

αω
j,� = 1,

3∑
�=1

αω
j,� sin

(
ωζ j+�−1

)= sin
( 1

2ω(ζ j+1 + ζ j+2)
)

cos
( 1

2ω(ζ j+1 − ζ j+2)
) , 3∑

�=1

αω
j,� cos

(
ωζ j+�−1

)= cos
( 1

2ω(ζ j+1 + ζ j+2)
)

cos
( 1

2ω(ζ j+1 − ζ j+2)
) .

This system has the unique solution 
{
αω

j,�

}
1≤�≤3

given by

αω
j,1 = 1 − cos(ω(ζ j+1 − ζ j+2))

cos(ω(ζ j − ζ j+1)) + cos(ω(ζ j − ζ j+2)) − cos(ω(ζ j+2 − ζ j+1)) − 1
,

αω
j,2 = cos

( 1
2ω(ζ j + ζ j+1 − 2ζ j+2)

)− cos
( 1

2ω(ζ j − ζ j+1)
)

cos
( 1

2ω(ζ j + ζ j+1 − 2ζ j+2)
)− cos

( 1
2ω(ζ j − 3ζ j+1 + 2ζ j+2)

) , (3)

αω
j,3 = 1

2
sin

(
1

2
ω(ζ j − ζ j+1)

)
csc

(
1

2
ω(ζ j − ζ j+2)

)
sec

(
1

2
ω(ζ j+1 − ζ j+2)

)
.

For the boundary B-splines, see [16]. Therefore, expression (1) becomes

Q ω f (ζ ) =
n−1∑
j=−2

(
αω

j,1 f (ζ j) + αω
j,2 f (ζ j+1) + αω

j,3 f (ζ j+2)
)

N j,3(ζ ), (4)

with values of αω
j,� , j = 0, . . . , n − 3, given in (3) (for the remaining ones, see [16]).

When the knots are uniformly distributed, say ζ j+1 − ζ j = h, then it generalizes the QI of order 3 introduced in [16]. For 
example for ζ j = jh and ζ j = 1

2 (ih + (i + 1)h), the QI in (4) becomes the QI operators Q1,ω
3 and Q3,ω

3 defined in [16] and 
given by

Q1,ω
3 f (ζ ) =

n−1∑
j=−2

(
f
(
ζ j+2

)− f
(
ζ j
)

2(1 + cos(hω))
+ f

(
ζ j+1

))
N j,3(ζ ), (5)

Q3,ω
3 f (ζ ) =

n−1∑
j=−2

((
1 − 2φω

h

)
f
(
ζ j+1

)+ φω
h

(
f
(
ζ j
)+ f

(
ζ j+2

)))
N j,3(ζ ),

with φω
h := − 1

8 sec
(

hω
2

)
sec
(

ωh
4

)
.

4.2. Error estimates

Let Lω
k be the linear differential operator defined by Lω

k := Dk−2(D2 + ω2), whose null space is 	ω
k , and

Lk
p(I) :=

{
f : Dk−1 f is absolutely continuous on I and Dk−1 f ∈ Lp(I)

}
where Lp[a, b] = { f : f is measurable on [a, b] and ‖ f ‖p < ∞}

, with

‖ f ‖L[a,b] := ‖ f ‖ρ =
⎡
⎣ b∫

a

| f (x)|pdx

⎤
⎦

1/p

, 1 � p < ∞.

Now, for k ≥ 3 consider the Green’s function Gω
k corresponding to Lω

k and given by

Gω
k (x, y) :=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(−1)
k+2

2 1
ωk−1 sin(ω(x − y)+) + (−1)

k
2 1

ωk−1

k−4
2∑

�=0

(−1)�
(ω(x − y)+)2�+1

(2� + 1)! , for k even,

(−1)
k−1

2 1
ωk−1 cos(ω(x − y)+) + (−1)

k+1
2 1

ωk−1

k−3
2∑

(−1)�
(ω(x − y)+)2�+1

(2�)! , for k odd.

(6)
�=0
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Proposition 7. It holds

1. Gω
k (x, x) = 0.

2.
(
D�
)

x G
ω
k (x, y) = Gω

k−�
(x, y), � = 0, . . . , k − 2.

3. D�Gω
k (x, y)|x=y = δ�,k−1 , � = 0, . . . , k − 1.

4. Lω
k Gω

k (x, y) = 0, x 
= y.

Proof. See the proof of Proposition 1 in [16]. �
Theorem 8. Let f ∈ L3

1(I), then

f (x) = s f (x) +
b∫

a

Gω
3 (x, y)Lω

3 f (y)dy,

where s f is the unique element in 	ω
3 such that

D�−1 f (a) = D�−1s f (a), � = 1,2,3.

Proof. See the proof of Theorem 4 in [16]. �
Lemma 9. There exists a positive constant C such that∣∣∣λω

j ( f )
∣∣∣≤ C3

1
q h

−1
p ‖ f ‖L p

[
ζ j ,ζ j+3

], j = −2, . . . ,n − 1,

for all 1 ≤ p, q ≤ ∞, with h := min
j

h j and h j := ζ j+1 − ζ j .

Proof. From equation (2), coefficients λω
j ( f ) are defined by 

∑3
�=1 αω

j,�, f
(
ζ j,�−1

)
. By using the Holder’s inequality, we get

∣∣∣λω
j ( f )

∣∣∣≤
(

3∑
�=1

∣∣∣αω
j,�

∣∣∣q
) 1

q
(

3∑
�=1

∣∣ f
(
ζ j,�−1

)∣∣p)
1
p

≤
∥∥∥αω

j

∥∥∥∞ 3
1
q

(
3∑

�=1

∣∣ f
(
ζ j,�−1

)∣∣p)
1
p

,

where 
∥∥∥αω

j

∥∥∥∞ := max1≤�≤3

∣∣∣αω
j,�

∣∣∣. On the other hand, we have

(
3∑

�=1

∣∣ f
(
ζ j,�−1

)∣∣p)
1
p

≤ h
−1
p ‖ f ‖L p

[
ζ j ,ζ j+3

].

Hence, inequality (4.15) follows. �
Theorem 10 (Markov inequality [22]). There exists a constant M, depending only on NL, such that for any interval J ⊆ I of length 
h < (b − a)/2,

‖D�u‖L p( J ) ≤ Mh− j+ 1
p − 1

q ‖u‖Lq(I) (7)

for all u ∈ NL and 1 ≤ p, q ≤ ∞.

Lemma 11. There exists a constant depending only on 	ω
3 such that

|D�N j,k| ≤ C1h−�, � = 1, 2. (8)

Proof. By applying Theorem 10 to N j,3 for each interval [ζp, ζp+1], it holds

‖D�N j,3‖L∞[ζp ,ζp+1] ≤ Mh−�‖N j,3‖L∞[ζp ,ζp+1].

Since each N j,3 is a positive and compactly supported function, we deduce that its uniform norm is bounded and, conse-
quently the inequality (8) follows. �
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Theorem 12. Let 1 ≤ p ≤ q ≤ ∞, and suppose f ∈ L3
p(I). Then, for all � = 0, 1, 2, we have

‖D�( f −Qω f )(ζ )‖Lq(I) ≤ C2h̄
3+ 1

q h
−�− 1

p 3
1
q

2

∥∥Lω
3 f
∥∥

L p(I) , (9)

where h := max j h j .

Proof. Assume that ζ ∈ Iμ = [ζμ, ζμ+1[. Let s f be the unique function in 	ω
3 such that D�s f (ζ ) = D� f (ζ ), � = 0, 1, 2. As 

	ω
3 ⊂ 
3(I), we have Qωs f = s f . By Lemma 11, we obtain∣∣∣D�

(
f −Qω f

)
(ζ )

∣∣∣= ∣∣∣D�Qω
(
s f − f

)
(ζ )

∣∣∣ ,
≤

n−1∑
j=−2

∣∣∣λω
j (s f − f )

∣∣∣ ∣∣∣D�N j,3(ζ )

∣∣∣ ,

≤ C3
1
q

μ∑
j=μ−2

‖s f − f ‖L p [ζ j ,ζ j+3]
∣∣∣D�N j,3(ζ )

∣∣∣ ,

≤ CC13
1
q h−�− 1

p

μ∑
j=μ−2

‖s f − f ‖L p [ζ j ,ζ j+3].

It remains to estimate s f − f . Applying the Hölder inequality to the Taylor expansion described in Theorem 8, we get

|s f − f | ≤ ‖Gω
3 (x, ·)‖L

p
′ [ζ,x]‖Lω

3 f ‖L p([ζ,x]),

where 1
p + 1

p′ = 1. Now we will estimate the norm of Gω
3 by using (6) and Minkowski inequality.

Indeed, we have

‖Gω
3 (x, .)‖L

p
′ [ζ,x] ≤ M1h̄

3− 1
p 3

−1
p
′

2! .

Therefore,

‖s f − f ‖L p [ζ j ,ζ j+3] ≤ M1h̄33
− 1

p′
2 ‖Lω

k f ‖L p([ζ j ,ζ j+3]).

Thus, we deduce that

‖D�( f −Qω
3 f )(ζ )‖Lq[ζμ,ζμ+1] ≤ CC1M1h̄

3+ 1
q h

−�− 1
p 3

1
q 3

1
p −1

2

μ∑
j=μ−2

‖Lω
3 f ‖L p([ζ j ,ζ j+3])

≤ C2h̄
3+ 1

q h
−�− 1

p 3
1
q

2

μ∑
j=μ−2

‖Lω
3 f ‖L p([ζ j ,ζ j+3]),

where C2 = CC1M1. Finally, by summing over μ = 0, . . . , n − 1, and applying Jensen inequality (see Remark 6.2, [22]), the 
claim follows. �
5. Quadrature formula

In this section we calculate and estimate the convergence order of quadrature formula associated with the non-uniform 
UE-spline quasi-interpolant described in this paper.

For any continuous function f , the quadrature formula associated with the spline QI on a non-uniform partition is 
obtained by integrating the QI in (4), i.e.

IQω( f ) :=
b∫

a

Qω f (s)ds =
n−1∑
j=−2

λω
j ϕ

ω
j , (10)

where ϕω
j :=

b∫
N j,3(s)ds, which can be written as
a
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ϕω
j := Aω

j + Bω
j + Cω

j , −2 ≤ j ≤ n − 1, (11)

with

Aω
j := ω

(
ζ j − ζ j+1

)
csc
(
ω
(
ζ j+1 − ζ j

))+ 1

ω
(
tan

( 1
2ω
(
ζ j − ζ j+1

))+ tan
( 1

2ω
(
ζ j+1 − ζ j+2

))) ,

Bω
j =

1−ω
(
ζ j+1−ζ j+2

)(
tan
(

1
2 ω
(
ζ j+1−ζ j

))+cot
(
ω
(
ζ j+1−ζ j+2

)))
tan
(

1
2 ω
(
ζ j+1−ζ j

))−tan
(

1
2 ω
(
ζ j+1−ζ j+2

)) + ω
(
ζ j+1−ζ j+2

)
csc
(
ω
(
ζ j+1−ζ j+2

))−1

tan
(

1
2 ω
(
ζ j+1−ζ j+2

))+tan
(

1
2 ω
(
ζ j+2−ζ j+3

))
ω

,

Cω
j = 1

2

(
sin
(
ω
(
ζ j+2 − ζ j+3

))
ω

− ζ j+2 + ζ j+3

)
cos

(
1

2
ω
(
ζ j+2 − ζ j+1

))

× csc

(
1

2
ω
(
ζ j+3 − ζ j+1

))
csc

(
1

2
ω
(
ζ j+3 − ζ j+2

))
,

for j = 0, . . . , n − 3. The values of ϕω
−2, ϕω−1, ϕ

ω
n−2 and ϕω

n−1 can be calculated as in [16, subs. 5.1] and specific expressions 
for Aω

j , Bω
j and Cω

j .
In order to estimate the convergence order of the quadrature formula associated with the non-uniform UE-spline quasi-

interpolant described in this paper, the QI given in (4) is rewritten in quasi-Lagrange form to get

Qω f (ζ ) :=
n∑

j=0

N̄ j,3(ζ ) f
(
ζ j
)
, (12)

where N̄ j,3(ζ ) := αω
j−2,3N j−2,3(ζ ) + αω

j−1,2N j−1,3(ζ ) + αω
j,1N j,3(ζ ), with coefficients 

{
αω

j,�

}
1≤�≤3

given in (3).

From (2) it follows that for any non-uniform partition � of I , the infinity norm of Qω is bounded by max
−2≤ j≤n−1

∥∥∥αω
j

∥∥∥
1

, 

where ‖v‖1 stands for the �1-norm of the vector v ∈R3.
By integrating (12), the quadrature formula associated with the proposed QI Qω f given in (10) can be written as

IQω( f ) =
n−1∑
j=−2

ϕ̄ω
j f (ζ j), (13)

where ϕ̄ω
j :=

b∫
a

N̄ j,3 =
ζ j+3∫

ζ j−2

N̄ j,3.

To estimate the convergence order of the quadrature formula associated with the proposed QI, we recall the Lebesgue’s 
Lemma (see e.g. [8] Proposition 4.1).

Proposition 13. If U is a projection of X onto Y , and if E( f ) is the error of approximation of f by Y , then

‖ f − U f ‖ ≤ (1 + ‖U‖)E( f ).

Finally, Theorem 10 and Proposition 13 lead to the following result.

Theorem 14. There exists a constant C3 such that for all f ∈ L3
1(I) and for all partitions of I it holds∥∥ f −Qω f

∥∥∞,I ≤ C3h̄3
∥∥Lω

3 f
∥∥∞ .

Proof. Let t be in a neighbourhood of x, and f := g + ∫ x
t Gω

3 (x, y)Lω
3 f (y)dy. Then,

‖ f − g‖ ≤ ∥∥Lω
3 f
∥∥∞,I

∣∣∣∣∣∣
x∫

t

Gω
3 (x, y)dy

∣∣∣∣∣∣ ,
where g is the unique element in 	ω

3 such that

D�−1 f (ζ ) = D�−1 g(ζ ), � = 1,2,3.

Using a Taylor expansion of order three, we get
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∣∣∣∣∣∣
x∫

t

Gω
3 (x, y)dy

∣∣∣∣∣∣≤
M2h̄3

2! ,

and the proof is complete. �
From Theorem 14, we immediately deduce that

Theorem 15. There exists a constant C4 such that for all f ∈ L3
1(I) and for all partitions � of I it holds

|EQω( f , I)| ≤ C4h̄4
∥∥Lω

3 f
∥∥∞ ,

where EQω is the error associated with the quadrature formula based on Qω .

Analyzing the stability of the previous quadrature formula is a very complex task, but it is addressed next in the uniform 
case. From (12), each function N̄ j,3 involved in the quasi-Lagrange representation of Qω f can be expressed as

N̄ j,3(ζ ) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

αω
j−2,3N j−2,3(ζ ), ζ j−2 ≤ ζ < ζ j−1,

αω
j−2,3N j−2,3(ζ ) + αω

j−1,2N j−1,3(ζ ), ζ j−1 ≤ ζ < ζ j,

αω
j−2,3N j−2,3(ζ ) + αω

j−1,2N j−1,3(ζ ) + αω
j,1N j,3(ζ ), ζ j ≤ ζ < ζ j+1,

αω
j−1,2N j−1,3(ζ ) + αω

j,1N j,3(ζ ), ζ j+1 ≤ ζ < ζ j+2,

αω
j,1N j,3(ζ ), ζ j+2 ≤ ζ < ζ j+3,

0, otherwise.

Therefore, the value ϕ̄ω
j in equation (13) is determined by integrating N̄ j,3 over each interval 

[
ζp, ζp+1

]
, p = j −2, . . . , j +

2. For knots uniformly spaced with step length h, by using equation (5) we have

ζ j−1∫
ζ j−2

N̄ j,3(s)ds = h

cos(hω) − 1
+

cot
(

hω
2

)
ω

+ h,

ζ j∫
ζ j−1

N̄ j,3 (s)ds = 1

2

(
h csc2(hω) − cot(hω)

ω

)
,

ζ j+1∫
ζ j

N̄ j,3 (s)ds = csc(hω)(hω csc(hω) − 1)

4ω
,

ζ j+2∫
ζ j+1

N̄ j,3 (s)ds = csc(hω)(− cos(hω) + hω(2 cot(hω) + csc(hω)) − 2)

2ω
,

ζ j+3∫
ζ j+2

N̄ j,3 (s)ds = −csc(hω)(hω csc(hω) − 1)

4ω
,

with csc(ζ ) := 1
sin(ζ )

. After some calculations, it follows that ϕ̄ω
j = ∫ ζ j+3

ζ j−2
N̄ j,3(s)ds = h. The remaining weights are also posi-

tive (see [16]). Therefore, as the quasi-interpolation operator Qω is exact on 	ω
3 , it holds 

∑n−1
j=−2

∣∣∣ϕ̄ω
j

∣∣∣=∑n−1
j=−2 ϕ̄ω

j = 1 and 
the quadrature formula is stable.

6. Numerical solution of integral equations

This section deals with the performance of the quadrature rules presented in Section 5 in solving Fredholm and Ham-
merstein integral equations in combination with Nyström method.
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6.1. Application to Hammerstein integral equations

In this subsection we consider Hammerstein integral equations of the form

u(x) −
∫
I

k(x, ζ )g(ζ, u(ζ ))dζ = f (x), x ∈ I, (14)

where the kernel k(x, ζ ) and the function f (x) are given, and g(ζ, u(ζ )) is a non-linear function of then unknown solution 
u(ζ ) of the integral equation. The existence and the uniqueness of solution to this type of integral equations have been 
investigated in the literature by many authors (see, e.g., [25]). For g ∈ C(I), the integral operator can be approximated as∫

I

k(x, ζ )g(ζ, u(ζ ))dζ ≈
n∑

k=0

ϕ̄ω
j k (x, ζk) g

(
ζ j, un (ζk)

)
.

Thus, we approximate (14) by

un(x) −
n∑

k=0

ϕ̄ω
j k (x, ζk) g

(
ζ j, un (ζk)

)= f (x), x ∈ I (15)

We solve this equation by collocation to yield to the system of non-linear equations

un (ζi) −
n∑

k=0

ϕ̄ω
j k
(
ζ j, ζk

)
g (ζk, un (ζk)) = f

(
ζ j
)
, j = 0, . . . ,n + 1,

with unknowns un (ζk), k = 0, . . . , n, and then obtain the approximate solution as

un(x) = f (x) +
n∑

k=0

ϕ̄ω
k k (x, ζk) g (ζk, un (ζk)) . (16)

Theorem 16. Let u ∈ C3(I), g ∈ C3
(

I ×R
)

and k ∈ C3
(

I2
)

such that g is p-Lipschitz continuous with respect to the second variable. 
Let M be the matrix with entries M j,k :=

∣∣∣ϕ̄ω
j k
(
ζ j, ζk

)∣∣∣, and suppose that ‖M‖∞ < 1. Then for n sufficiently large, the error between 
the solution u of the integral equation (14) and the solution un of the approximate integral equation (15) satisfies

‖u − un‖∞,I ≤ C5h̄4,

where C5 is a finite constant independent of f and h̄.

Proof. Let

en(x) := u(x) − un(x) =
b∫

a

k(x, ζ )g(ζ, u(ζ ))dζ −
n∑

k=0

ϕ̄ω
k k (x, ζk) g (ζk, un (ζk)) .

Then,

en(x) =
b∫

a

k(x, ζ )g(ζ, u(ζ ))dζ −
n∑

k=0

ϕ̄ω
k k (x, ζk) g (ζk, u (ζk)) +

n∑
k=0

ϕ̄ω
k k (x, ζk) [g (ζk, u (ζk)) − g (ζk, un (ζk))] .

According to Theorem 15, and by using that g(ζ, u) is p-Lipschitz continuous with respect to u, we get

|en(x)| ≤ C4h̄4
∥∥Lω

3 k(x, ·)g(·, u(·))∥∥∞ + p
n∑

k=0

∣∣ϕ̄ω
k k (x, ζk)

∣∣ |en (ζk)| .

Setting en, j := en
(
ζ j
)

and R := {R j
}

with R j := ∥∥Lω
3 k
(
ζ j, ·

)
g(·, u(·))∥∥∞ , then∣∣en, j

∣∣≤ C4h̄4R j + M j,k
∣∣en,k

∣∣ ,
which is equivalent to

(I − M) |en| ≤ C4h̄4R.
40



M.-Y. Nour, A. Lamnii, A. Zidna et al. Applied Numerical Mathematics 191 (2023) 29–44
Table 1
Three test datasets for the Hammerstein integral equations.

j k j(x, ζ ) g j(ζ, u) u j(x) f j(x)

1 cos(πx) sin(πζ ) u2 sin(πx) sin(πx) − 4
3π cos(πx)

2 −x eu x ex

3 −ex−2ζ u3 ex ex+1

Table 2
Results for examples 1, 2 and 3 shown in Table 1.

n ω = π ω = 1 ω = i∥∥u1 − un,1
∥∥∞,I NCO

∥∥u1 − un,1
∥∥∞,I NCO

∥∥u1 − un,1
∥∥∞,I NCO

8 0 − 5.26(-6) − 6.37(-6) −
16 0 − 3.77(-7) 3.80 4.47(-7) 3.83
32 0 − 2.54(-8) 3.89 2.93(-8) 3.93
64 0 − 1.65(-9) 3.94 1.89(-9) 3.95
128 0 − 1.04(-10) 3.98 1.18(-10) 4.0

n ω = 3 ω = 1 ω = i∥∥u2 − un,2
∥∥∞,I NCO

∥∥u2 − un,2
∥∥∞,I NCO

∥∥u2 − un,2
∥∥∞,I NCO

8 1.34(−7) − 2.35(-6) − 3.05(-6) −
16 1.22(−8) 4.02 1.66(-7) 3.82 2.08(-7) 3.87
32 7.16(−10) 4.03 1.12(-8) 3.88 1.35(-8) 3.94
64 4.33(−11) 4.02 7.34(-10) 3.93 8.55(-10) 3.98
128 2.92(−12) 4.03 4.65(-11) 3.98 5.38(-11) 3.99

n ω = i ω = 1∥∥u3 − un,3
∥∥∞,I NCO

∥∥u3 − un,3
∥∥∞,I NCO

8 0 − 1.06(−6) −
16 0 − 7.24(−8) 3.87
32 0 − 4.81(−9) 3.91
64 0 − 3.09(−10) 3.96
128 0 − 1.94(−11) 3.99

From [4, Thm. 2.3.1], we deduce that |en| ≤ C4h̄4(I − M)−1R. Therefore

‖en‖∞ ≤ C
‖R‖∞

1 − ‖M‖∞
h̄4,

which concludes the proof. �
Numerical tests

To illustrate the results established in the above result, we consider three integral equations whose kernels and inde-
pendent terms are given in Table 1, as well as the corresponding solutions. Since the use of uniform partitions produces 
increasing errors near the boundary of the interval, we choose extrema of Chebyshev polynomials of the first kind in order 
to have more knots near a and b.

Let us consider the partition � of I given by the extrema of Chebyshev polynomials of the first kind of degree n on the 
interval I , namely

ζk = a + b − a

2

(
cos

(
(n − k)π

n

)
+ 1

)
, k = 0, . . . ,n. (17)

The solutions to the nonlinear systems provided by the proposed method have been approximated by using Mathematica.
For different values of n, we present in Table 2 the maximum errors 

∥∥uk − un,k
∥∥∞,I of the approximate solution obtained 

by using our method with chosen values of ω. The numerical convergence orders NCO are easily computed by the formula

NCO := log2

∥∥uk − un,k
∥∥∞,I∥∥uk − u2n,k
∥∥∞,I

. (18)

In order to give a comparison with other methods, for the last example in Table 3 the numerical results provided by the 
proposed method are shown and compared with those obtained in [3] from the iterated versions of the superconvergent 
degenerate kernel and Nyström methods, and having the same order of convergence. We also included the NCO associated 
with each method, also calculated by using (18).
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Table 3
Comparison of results of last example in Table 1 obtained by the method presented here, the Superconvergent 
degenerate kernel (SDK for short) method and Nyström method [3].

N New method (ω = i) NCO SDK method [3] NCO Nyström method [3] NCO
8 0 − 1.01(-6) − 4.76(-7) −
16 0 − 6.30(-8) 4.00 2.97(-8) 4.00
32 0 − 3.83(-9) 4.04 1.83(-9) 4.02
64 0 − 2.40(-10) 4.00 1.14(-10) 4.01
128 0 − − − − −

Table 4
Seven test datasets for the Fredholm integral equations.

j I j k j(x, ζ ) u j(x) f j(x)

1 [0,1] cos(πxζ ) e−x e−x − e+πx sin(πx)−cos(πx)(
π2 x2+1

)
e

2 [0,1] exζ ex ex − ex+1−1
x+1

3 [0,1] ln(1 + x + ζ ) 1 − x + x2 − x3 x
(

1
4 x3 + 4

3 x2 + 3x + 4
)

ln
(

x+1
x+2

)
+ 25

12 ln(x + 1) − 8
3 ln(x + 2)

− 3
4 x3 + 47

24 x2 + 1
12 x + 385

144

4 [0,1] exζ e−x cos x e−x cos x −
(
(x−1) cos 1+sin 1ex−e(x−1)

e
(
x2−2x+2

)
5 [0,π ] cos(ζ + x) cos(50x) cos(50x) − 2

2499 sin x
6 [0,π ] exζ x2 cos(50x) − 1(

2500+x2
)3

(−2x
(−7500 + x2

)
+eπx

(
2x
(−7500 + x2

)+ π2x
(
2500 + x2

)2
)

+2πeπx
(
6250000 − x4

))
+x2 cos(50x)

7 [0,π ] ζ + x e−x cos(50x) − e−π
(
2499−2501π−2501x+eπ (−2499+2501x)

)
6255001+e−x cos(50x)

6.2. The case of linear Fredholm integral equations of the second kind

Consider the linear Fredholm integral equation of the second kind

λu(x) −
∫
I

k(x, ζ )u(ζ )dζ = f (x), x ∈ I,

where k(x, ζ ) is a enough regular kernel. It is a particular case of Hammerstein equation, so that (16) leads to

un(x) = 1

λ

(
f (x) +

n∑
k=0

ϕ̄ω
k k (x, ζk) uu (ζk)

)
,

where the values uu (ζk) are computed by solving a system of linear equations.

Numerical tests

The performance of the proposed method is also tested for linear Fredholm integral equations. Table 4 shows the kernels 
and independent terms of seven examples, as well as their intervals and solutions.

Let us consider the partition � of I given by (17). The solutions to the systems provided by the proposed method 
have been approximated by using Mathematica. For different values of n, for each text equation we present in Table 5
the maximum errors 

∥∥uk − un,k
∥∥∞,I of the approximate solution obtained by using the proposed method with the chosen 

values of ω. The numerical convergence orders are computed by (18).

7. Conclusions

In this paper, we have constructed new non-uniform quasi-interpolation schemes that reproduce polynomials, trigono-
metric and hyperbolic functions. The main tool for this construction is the Marsden’s identity, established and proved in 
Section 3. As an application of the introduced quasi-interpolants, we have built a quadrature rule that has been applied for 
solving Fredholm linear integral equations of the second kind and non-linear Hammerstein integral equations via Nyström 
method. According to these numerical tests, this rule method has excellent performance and provides a high degree of 
accuracy.
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Table 5
Estimated infinity norms for the numerical approximations to the solutions of the tested integral equations.

n ω = −i ω = 1 ω = i∥∥u1 − un,1
∥∥∞,I NCO

∥∥u1 − un,1
∥∥∞,I NCO

∥∥u1 − un,1
∥∥∞,I NCO

8 0 − 6.54(-6) − 2.41(-5) −
16 0 − 4.50(-7) 3.86 1.71(-6) 3.81
32 0 − 3.01(-8) 3.90 1.17(-7) 3.86
64 0 − 1.93(-9) 3.96 7.72(-9) 3.92
128 0 − 1.22(-10) 3.98 4.92(-10) 3.97

n ω = i ω = 1∥∥u2 − un,2
∥∥∞,I NCO

∥∥u2 − un,2
∥∥∞,I NCO

8 0 − 2.07(-6) −
16 0 − 1.41(-7) 3.87
32 0 − 9.51(-9) 3.89
64 0 − 6.19(-10) 3.94
128 0 − 3.92(-11) 3.98

n ω = 3i ω = 1 ω = i∥∥u3 − un,3
∥∥∞,I NCO

∥∥u3 − un,3
∥∥∞,I NCO

∥∥u3 − un,3
∥∥∞,I NCO

8 2.44(−6) − 1.05(-5) − 7.04(-6) −
16 1.42(−7) 4.08 7.18(-7) 3.87 4.74(-7) 3.89
32 8.89(−9) 4.01 4.77(-8) 3.91 3.10(-8) 3.93
64 5.55(−10) 4.02 3.04(-9) 3.97 1.96(-9) 3.98
128 3.42(−11) 4.03 1.91(-10) 3.99 1.23(-10) 3.99

n ω = 4 ω = 1 ω = i∥∥u4 − un,4
∥∥∞,I NCO

∥∥u4 − un,4
∥∥∞,I NCO

∥∥u4 − un,4
∥∥∞,I NCO

8 2.44(−6) − 7.09(-6) − 5.21(-5) −
16 1.32(−7) 4.02 5.05(-7) 3.81 3.68(-6) 3.82
32 8.79(−9) 4.03 3.47(-8) 3.86 2.53(-7) 3.86
64 5.45(−10) 4.02 2.34(-9) 3.89 3.40(-9) 3.93
128 3.22(−11) 4.03 1.49(-10) 3.97 3.77(-10) 3.98

n ω = 50 ω = 1 ω = i∥∥u5 − un,5
∥∥∞,I NCO

∥∥u5 − un,5
∥∥∞,I NCO

∥∥u5 − un,5
∥∥∞,I NCO

8 0 − 6.63(-5) 4.05(-5)
16 0 − 3.75(-5) 3.75 3.01(-6) 3.75
32 0 − 2.82(-6) 3.80 2.13(-7) 3.82
64 0 − 5.49(-8) 3.88 1.42(-8) 3.90
128 0 − 3.57(-10) 3.94 9.12(-10) 3.96

n ω = 2 ω = 1 ω = i∥∥u6 − un,6
∥∥∞,I NCO

∥∥u6 − un,6
∥∥∞,I NCO

∥∥u6 − un,6
∥∥∞,I NCO

8 3.01(−7) − 2.23(-6) − 5.61(-6) −
16 1.82(−8) 3.97 1.48(-7) 3.91 3.86(-7) 3.86
32 1.10(−9) 4.00 9.64(-9) 3.94 2.60(-8) 3.89
64 7.38(−11) 4.00 6.15(-10) 3.97 1.67(-9) 3.96
128 4.27(−12) 4.00 3.84(-11) 4.0 1.05(-10) 3.98

n ω = 5i ω = 1 ω = i∥∥u7 − un,7
∥∥∞,I NCO

∥∥u7 − un,7
∥∥∞,I NCO

∥∥u7 − un,7
∥∥∞,I NCO

8 3.01(−7) − 1.29(-6) − 2.16 (-6) −
16 1.35(−8) 3.97 9.13(-7) 3.82 1.55(-7) 3.80
32 1.10(−9) 4.00 6.28(-8) 3.86 1.06(-8) 3.87
64 7.28(−11) 4.00 4.17(-9) 3.91 6.95(-10) 3.93
128 4.35(−12) 4.00 2.66(-10) 3.97 4.37(-11) 3.99
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