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Abstract

We consider the existence of bound and ground states for a family of nonlinear elliptic systems in RY,
which involves equations with critical power nonlinearities and Hardy-type singular potentials. The equa-
tions are coupled by what we call “Schrodinger-Korteweg-de Vries” non-symmetric terms, which arise in
some phenomena of fluid mechanics. By means of variational methods, ground states are derived for several
ranges of the positive coupling parameter v. Moreover, by using min-max arguments, we seek bound states
under some energy assumptions.
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1. Introduction

In this work we study a system of elliptic equations involving critical power nonlinearities
and Hardy-type singular potentials, coupled by the so-called “Schrodinger-Korteweg-de Vries”
non-symmetric terms. Precisely, we consider the problem

—Au =g — ur 1 =2vh(x)uv inRY,
—Av—kgﬁg—vﬁ_lzvhuﬁﬂ inRVN, (1.1)

u,v>0 in RV \ {0},

where h € LOO(RN) a positive function, A1, A € (0, Ay) with Ay = W=2)" 2)

constant, 2* = N 2 the critical Sobolev exponent and the coupling parameter v > 0. In addition,
we will assume that 3 < N < 6.

In the last years, both coupled Nonlinear Schrodinger (NLS for short) equations and cou-
pled NLS-Korteweg-de Vries (NLS-KdV) equations, have been extensively studied, (cf., e.g.,
[3-5,16-19] and [8,12] respectively, among others). Systems of coupled NLS equations arise
naturally in Optics and also in the Hartree-Fock theory for Bose-Einstein condensates, among
other physical phenomena. The main studied systems of Schrodinger equations adopt the form
of the vector Schrodinger equation, i Eq + Exx + v[E|[*E =0 where i, E denote the imaginary unit
and the complex envelope of an electrical field respectively, and v > 0 (the coupling parameter)
is a normalization constant corresponding to the fact that the medium is self-focusing.

In particular, considering also the KdV equation, the following system arises

the Hardy critical

ifi+ for H1fPf+2vfg=0 inRx(0,00),
(1.2)
&t + Zxxx +ggx+v(|f|2)x:() in RX(O’ OO):

where f = f(x,t) € C, g =g(x,t) € R and v € R denotes the real coupling coefficient. Let
us point out that the first equation corresponds to the NLS equation and the second comes from
the KdV one. System (1.2) modelizes the interaction of short and long dispersive waves for
instance the interaction of capillary-gravity water waves (cf. [2,10,13] and the references therein).
Looking for solitary “traveling-wave” solutions f(x, 1) = e!*! R ui(x —ct), g(x, 1) = ur(x —
ct), with u; > 0 real functions, and choosing A = K+ w, Ao =2k, we get the system

—ul{ + Auy =u% +2vujus inR,
1.3
—u” + A _ 1.2 2 inR (1.3)
5 2u2—2u2+vu1 n R,

where the nonlinear coupling terms are known as non-symmetric Schrodinger-Korteweg-de
Vries—type coupling. In what concerns Hamiltonian systems with singular potentials we refer
to [6,11].
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On the other hand, systems like (1.1) have been studied in [1,7] with similar coupling terms:

—Au—klﬁ—uz*’l =vah(x)u® vf inRY,

x

_Av—)\zﬁ_vf‘f] zvlgh(x)uavﬂfl in RN, (1.4)
X

u,v>0 in RV \ {0},

where «, f > 1. The authors have recently established new existence results for bound and
ground states of (1.4). These results complement the given ones along this paper. See [9] for
a complete picture of the solvability of system (1.4).

Along this work, we will focus on the existence of positive solutions to system (1.1) which has
a “Schrodinger-Korteweg-de Vries” nonlinear non-symmetric terms similar to the one coming
from the NLS-KdV system (1.3). To do so, we shall use variational methods. In particular, let us
recall that solutions to (1.1) are critical points of the following energy functional

2 2
ju(u,v>=%/(|w|2+|w|2) dx—% ﬁdx_% ;7 x
e e RY (1.5)
e [ (WP 10P) axr—v [ e,
RN RN

defined in D = D'2(RN) x DI2(RY), where D!2(RV) is the completion of CJ°(RY) under
the norm

el 2 geny = / |Vul*dx.
]RN

In order to obtain (positive) solutions to (1.1), we can apply the maximum principle to the
critical points of 7, in a suitable way. Notice that the second equation guarantees the positivity
of the v component, while the positivity of u is subsequently deduced by the first equation.

As we will use the radial space, we also define

DL2RYN) = {u € DV2(RY)| u is radially symmetric},

and D, = D} 2(RY) x DI (RM).

A main role in our analysis will be performed by the unique semi-trivial solution. Let us stress
that for any v € R, problem (1.1) has the semi-trivial positive solution (0, z2), with z, satisfying
the next problem

22 21

—Azz—kzw =25 and 22>0 in RV \ {0}.
x
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Also some properties of the semi-trivial pair (z1,0), with z; satisfying

—Am—M%:zf**l and  z>0  inRY\ {0},
X

will be crucial in the analysis, although it is not a semi-trivial solution, in contrast to problem
(1.4). By the study of the second variation of the energy functional 7, in Proposition 2.2 is
proved the existence of an explicit parameter v > 0 which allows the couple (0, z2) to become
either a local minimum if v < v or a saddle point in case that v > v, as critical point of 7, on the
Nehari manifold to be defined.

The parameter v dramatically affects the behavior of 7,,: if v > v, the semi-trivial solution is
a saddle point and it arises a positive ground state, see Theorem 4.1; while in case that v < v, the
couple (0, z2) is a local minimum and the energy configuration depends on Ay, A>.

The relation between A and A, controls the relation between the energy levels of the semi-
trivial solution and (z1, 0): if A1 > A2, we find a positive ground state, see Theorem 4.2; if 1, >
A1 and v is small enough, then the ground state corresponds to (0, z2), see Theorem 4.3; while,
under the assumption that A1 and A, are somehow closed, we prove that the energy functional
has a Mountain-Pass geometry on the Nehari manifold, so that a positive bound state is found,
see Theorem 4.5.

To prove the above mentioned results, we first need to establish some compactness proper-
ties. This step is accomplished by Palais-Smale (PS for short) condition relying on the classical
concentration-compactness principle by Lions (cf. [14,15]). To that end, we have to take into
account the failure of the compactness of the embedding of D2(RV) in L2 (RY). Moreover,
the coupling term u?v might be critical depending on the dimension N. We shall distinguish be-
tween the subcritical dimensions, 3 < N < 5, and the critical one, N = 6. Then, we will assume
along the paper that 3 < N < 6.

The paper has three more sections. Section 2 contains the main functional setting and defi-
nitions, as well as an analysis of the character as a critical point of the semi-trivial solution. In
Section 3, we prove the PS condition in both subcritical and critical dimensions. Finally, Sec-
tion 4 is devoted to prove the main results about the existence of bound and ground states of

(1.1).
2. Variational setting

The energy functional associated to (1.1) is given by J, introduced in (1.5). 7, is well defined
in D =D'2(RN) x DI2(RY), endowed with the norm || (u, v) 1§y = lull3, + V7,

2 2 u’
ull; = Vuldx — A ——dx.
lull? / IVul / T
RN RN

Note that, by Hardy’s inequality,
2
u 2
Ay | —dx < |Vul|“dx, 2.1
|x|?
RN RN

the norm || - ||, is equivalent to the norm || - | p1.2g ) for any A € (0, Ay).
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On the other hand, if either system (1.1) is decoupled, namely v = 0, or the first component
vanishes, then the second component v is a solution of the entire equation

—Az—xﬁqz**l with  z>0  inRV\{0). 2.2)
X

Observe that if the second component v = 0, then necessarily u = 0 because of the second equa-
tion of (1.1). That is the reason why there exists only one semi-trivial solution. Positive solutions
to equation (2.2) were completely classified by Terracini, (cf. [22]). In particular, among other
results, it was proved that, if A € (0, A y), the family of solutions to equation (2.2) is given by

z,ﬁ(x):uszz?(f) with  Z}(x) = ANY 23

H da \ 2
je (1 + |x|2‘N—‘2)

with @) = # — 4/ (%)2 —Aand A(N, ) = %__22‘“)2 Solutions of (2.2) are also mini-
mizers of the associated Rayleigh quotient

N—-1 N—-1

2 A2 N1 N—1
42 A
S = inf lelly_ Izl —(1 ) ' 3:(1_—) YY)

weD2®N) k13, 114 15, (N —2)?
U0 I /

with S being the Sobolev’s constant, i.e.,

2
2*

S /|u|2*dx <f|Vu|2dx. (2.5)
RN RN

Using (2.3), it is easy to see that

* N
12} 13 = S 2 (), (2.6)
and, as a consequence, for every u > 0 the pair (0, zﬁz) is a semi-trivial solution of (1.1). Our

main aim is then to find neither semi-trivial nor trivial solutions, namely solutions (u, v) with
u=0and v=£0in RV,

Definition 2.1. A pair (u, v) € D is said to be a non-trivial bound state of (1.1) if it is a non-trivial
critical point of 7,. While a bound state (i, v) is called a ground state if its energy is minimal
among all the non-trivial and non-negative bound states, i.e.,

¢y = Jv(@t, v) = min{J, (u, v) : (u,v) €D\ {(0,0)}, u,v >0, and 7, (u, v) = 0}. 2.7
The functional J, € C2(D, R) and 7, is unbounded from below, namely, given (i, v) € D, if
fIR{N h(x)i20dx > 0, then J, (¢ii, 1) — —oo as t — oo. Therefore, it is convenient to introduce
a proper constraint in order to minimize the energy functional 7, . To that end, let us define the

Nehari manifold associated to 7, as
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Ny ={(u,v) €D\ {(0,0)} : W(u,v) =0},

where W(u, v) = (7] (u, v)|(u, v)). Given (u, v) € NV, it holds

G, v) I = / (|u|2*+|v|2*)dx+3v / h(x)uvdx, (2.8)
RN RN
and
_ 1 2% 2% v 2
jv‘/vl,(“’v)—ﬁ/(lul + (vl )dx+§/h(x)u vdx. (2.9)
RN RN

For every (u,v) € D \ {(0, 0)}, there exists a constant ¢ depending on (u, v) such that (tu, tv) €
N, . Indeed, t(u,v) 18 the unique real solution to the algebraic equation

Il (u, v)llﬁ =22 / (|u|2* + |v|2*> dx +3vt f h(x)u’vdx. (2.10)
RN RN

By using (2.8), one gets that

TV, v) [, v]? = (¥ (u, v)|(u, )

=~/ v)p — Q" ~3) / (|M|2* + |v|2*>dx <0, 2.11)

]RN

for any (u,v) € N,. Therefore, N, is a locally smooth manifold close to every (u,v) € D \
{(0,0)} with W(u, v) = 0. In addition,

J,(0,0)[¢1, 921 = (1,92 Iy > 0 for any (g1, ¢2) € N,
Then, (0, 0) is a strict minimum for .7, and, thus, it is an isolated point of the set N, U {(0, 0)}.

Consequently, the Nehari manifold N, is a smooth complete manifold of codimension 1. Fur-
thermore, there exists p > 0 constant such that

l(w,|p > p forall (u,v) eN,. (2.12)

Let us emphasize that, if (u, v) € N, is a critical point of .7, constrained on \,,, there exists
a Lagrange multiplier w such that

VN, T, v) = T, (u, v) — oV (u, v) = 0.
Testing this expression with (u, v), one gets W(u, v) = (j]f(u, v)|(u, v)) = a)(\I/; (u, v)|(u, v)) =
0. By using (2.11), we deduce (W' (u, v)|(u, v)) < 0. So, @ = 0 and hence 7} (u, v) = 0. In con-
clusion,

(u, v) € D is a critical point of 7, <= (u, v) € N, is a critical point of 7, on N,,.  (2.13)
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Let us also note that, the functional 7, on the Nehari manifold N, reads also as

6— .
6N (I 2 +|v|2)dx. (2.14)
RN

To|pr, (s 0) = —II(M VIlp + ——

1
Hence, by (2.12) and N < 6, we have J, (u, v) > gpz for all (u, v) € NV,. Thus, 7, is bounded

from below on A, so we can look for solutions of (1.1) by minimizing the functional on N/,,.
2.1. Semi-trivial solution

In this subsection we are going to study the character of the semi-trivial solution as critical
point of J, |7, Let us consider the decoupled energy functionals J; : DL2RN) - R,

1 5 Ao [ u? 1 o
._7,-(u):§ V| dx—E de_ﬁ lu|“ dx, (2.15)
RN RN RN

fori =1,2 so that J,(u, v) = J1(u) + Jo(v) — v / h(x)u*vdx. Observe that zﬁi, defined by

RN
(2.3), is a global minimum of J; constrained on the Nehari manifold A; defined by

Ni = {ue D2®Y)\ (0} : {7/ w)]u) =0}
. (2.16)
={ueD 2R\ {0} : [|ul}, = f ul* dx
RN
Due to the explicit expression (2.3), it is easy to prove that the energy levels of z:\j , are
1
TG =380 =R 0. B = —Sz 02)=J(0,22), @217

for any p > 0 with S(A) defined in (2.4).
Given (i1, D) € N, we denote by T; 3 NV, the tangent space of N, at (i, 0). Note that

=1, 92) €T, i Nv=peTi, N2 (2.18)
0,z,°) 2y

Next, we determine the character of (0, z *) as critical point of J,| 7, .
Proposition 2.2. There exists v > 0 such that the following holds:

1) if0<v <, (0, zﬁz) is a local minimum of J, constrained on N,),
ii) foranyv >, (0, Zu %) is a saddle point of J, constrained on N,,.
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Proof. To obtain i), let us set

lel?
V= inf al . (2.19)
‘pGD#(()R ) / h(x)gozz:\f dx
]RN
Next, given ¢ = (@1, ¢2) € T(o Zxz)./\/v, we have
L
T 0,21, 01 = llgill7, + T3 @2 [ga]* — 2v / h(x)piz2dx.  (2.20)

RN

As zf‘f is a minimum of /> on N> and ¢, € TZAZ N2, by (2.18), there exists C > 0 such that
&

T3 @)@l = Cllga 3, (2.21)
Then, if v < V, there exists ¢ > 0 such that J, (0, zﬁz)[(fpl, o) = c(llgn ”%| + ||<p2||§2), which

proves that (0, zﬁz) is a local strict minimum of 7, constrained on JV,,.
To prove ii), first we note that, by (2.20) and (2.21),

T 0, 210, 921 = Ty () e2]* = Cllgall3,.- (2.22)

On the other hand, if we take ¢ = (¢, 0) such that

lpall3,
V> >,
2 / h(x)eiz)? dx
]RN
we get
17 Ao 2 __ 2 2 X =
TVO. 201, 07 = llgr [}, —2v / h()gizzdx <0 foranyv>7v.  (2.23)
RN

Thus, by (2.22) and (2.23), we conclude that (0, Z,Af) is saddle point of J,, on N},. O

Remark 2.3. Although the pair (zﬁ' ,0) is not a critical point of the energy functional 7, this
couple does belong to the Nehari manifold NV,,.

To conclude this section we recall the following result which will be useful in several proofs.
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Lemma 2.4. [/, Lemma 3.3] Assume that A, B > 0 and y > 2. We define the set

y N2
1N

¥, ={0€(0,+0) : AU¥ <o+ Bvo? N }.

Then, for any & > 0 there exists V > 0 such that, for 0 <v < v, we have iSfU > (1-— S)A%

v

3. The Palais-Smale condition

As commented in the introduction, a crucial step to obtain existence of solution to (1.1) is the
PS condition.

Definition 3.1. Let V be a Banach space. We say that {u,} C V is a PS sequence for an energy
functional §: V — R if

Fu,) —c and F(u,)—0 inV* as n— +oo, 3.1

where V* is the dual space of V. Moreover, we say that {u,} satisfies a PS condition if

{u,} has astrongly convergent subsequence.
Even more, we say that {u,} C V is a PS sequence at level c if (3.1) holds. Also, the functional
§ satisfies the PS condition at level c if every PS sequence at level ¢ for § satisfies the PS

condition.

Lemma 3.2. Assume that {(u,, v,)} C N, is a PS sequence of J, constrained on N,. Then
{(un, vn)} is a PS sequence of J,.

Proof. Since {(u,,v,)} C N, is a PS sequence of .7, constrained on \,, we have

Ty, vy) = ¢ and V,/\/’vjv(unsvn):jv/(unavn)_a)n"p/(unvvn)_>O’
where w, is the corresponding Lagrange multiplier sequence. Testing the above expres-
sion with (uy,v,), we have W(u,, vy) = (J)(un, va)|(Un, vy)) = 0, while, by (2.11) and
(2.12), V' (uy, v,) < —p < 0, then we conclude that @, — 0. As a consequence, we obtain

T)(Un, vp) > 0. O

Remark 3.3. By Lemma 3.2 and (2.13), it is enough to show that the PS condition for 7, holds
instead of proving the PS condition for 7, |/, .

Now, we address the boundedness of PS sequences that, together with the compact embedding
of the space D!2 in the subcritical regime, will provide compactness of PS sequences.

Lemma 3.4. If {(un, v,)} CD is a PS sequence for J, at level ¢ € R, then ||(u,, vy)|p < C.
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Proof. Let {(u,,v,)} C D be a PS sequence for 7, at level ¢, i.e.,

TJv(up,vp) > ¢ and T, (up,v,) > 0 asn— +oo.

(unv Un)

Since J)(un, vy) — 0 in D', we have (T, (uy, vy) |-———
I (ns va) I

> — 0. Hence, there exists a

subsequence (still denoted by {(u,, v,)}) such that
2 2% 2% 2 _
Gt v) 13 — f (a4 o) dx = 3v f h(x)u2vndx = |[(ttn. vo)l|p - 0(1).
RN RN

Since 7, (u,,, v,) — ¢, one obtains

1 1 * *

i = 50 [ (0 10 ) = [ hoouuds =c (1),

RN RN

Therefore

1 6_N * *
ol + 2= [ (1wl + 10al*) dx = c +o(1). (3.2)

RN

1
As a consequence, 8||(un, v,1)||%D < ¢+ ||[(un, vp)llp - 0o(1). Thus, the sequence {(u,,v,)} is
boundedin D. O

3.1. Subcritical dimension 3 < N <5

Lemma 3.5. Assume 3 < N < 5. Then, J, satisfies the PS condition at every level c satisfying

< %min{S%()\l), S (). (3.3)

Proof. Because of Lemma 3.4, any PS sequence is bounded in D so that there exists (i1, v) € D
and a subsequence (denoted also by {(u,, v,)}) such that

(t, vy) = (i1, 0) weaklyin D,

(Un, vn) = (@, ) strongly in L4 (RY) x L4(RY) for 1 < ¢ < 27,

(Uy,vy) — (,0) ae.in RN.
By the concentration-compactness principle (cf. [14,15]), there exist a subsequence (denoted

also by) {(un, vy)}, two (at most countable) sets of points {x;} ey C RY and {y}res C RY, and
non_negative quantities {u“jv P]}/eﬁ’ {ﬁks ﬁk}kéﬁ? Ko, Pos Y0, ﬁ(): ﬁO and 70 such that
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Vi | = dp = |Viil* + 3 5 1dx; + 10do,

2 — ~12 — —
[Von|® = dt = |V + 3 i g Py, + Hodo,

lunl* = dp =1il* + 3 3 pjdx; + podo,

a2 = dp =152 + X teq Padyi + Podos (3.4)
u? o 12 s
|2 Y=he + Y090,
v% e d— 72 n
w2 YT T

in the sense of measures. Let us note that, using (2.5) and (2.1), the above numbers satisfy

2

2
Spr <u; foralljeJu(0) and  Spy <@ forallke&U (0}, (3.5)
Anyospo  and ANV < Ho- (3.6)

The concentration of {u,} at infinity is described by the quantities

Moo = lim limsup / |Vun|2dx,
R—>+400 p— 400
|x|>R

= lim limsu u 2*dx,
Poo = e i 2ep / Jn] (3.7
|x|>R

2
) ) u;
Yoo = lim hmsup/ dx.
R—+00 p—+00 x|
|x|>R

The concentration at infinity of {v,} is given by [t,., P, and ¥, defined analogously. For j € J,
we consider ¢; ¢ (x) a smooth cut-off function centered at x;, i.e., ¢; . € C*°(R) and

™| &

gje=1 in Be(x)). ¢;e=0 in BS(x) and [Vgj<-. (3.8)

where B, (x ) denotes the ball of radius r > 0 centered at x; € RN . Therefore, testing 7, (4, vy)
with (u,j.¢,0), we get

0= (T3 @, v) | n ) e, 0))

lim
n—+00
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2
u
lim /|Vun|2(pj,£dx+/unVuan,gdx—M/—"2<p,~,8dx
n—+o0 ’ lx|= "
RN RN RN

_ / |un|2*(pj,8dx—ZU/h(x)u%vnq)Ledx

RN RY
Z/‘/’j,sdﬂ"‘/ﬁVﬁV(ﬂj,edx_)\] /@j,sdy
RN RN RN
—/(pjygdp—Zv/h(x)ftzf)(pj,gdx.
RN RN

Observe that 0 ¢ supp(g; ) for every &€ > 0. Since h € L®(RN), taking & — 0, it follows that
mj — pj < 0. Therefore, it arises the following alternative:

iz

Either pj =0forall j€J or,by(3.5), p;=>S forall j €3, 3.9)
that is, either the PS sequence has a convergent subsequence or it concentrates around some of
the points x; and, therefore, the set J is finite.

An analogous argument provides the same conclusion for the numbers py, i.e.,

N
2

Either py =0forallke 8 or, by (3.5), p; = S for all k € R, (3.10)
and the set £ is also finite.

Testing J;) (uy, vy) With (1,90, 0) where ¢g . denotes a smooth cut-off function centered at
x =0, it follows that ;o — A1y0 — po < 0 and g — A2y oy — g < 0. From (2.4) we get

2 2
mo — A1yo = S(k1)pg and Ty — Ay = S(h)p; (3.11)
so that, by (3.6),
N N
po=0 or po=S7(r1) and P0=0 or py=87(r). (3.12)

Next, for R > 0 such that {x;};c5 U {0} C Bgr(0), we consider ¢ . a cut-off function supported
near oo, i.e.,

™| &

Pooe =0 in Br(0), ¢xe=1 in By, (0) and [Ves,|<-. (3.13)

Testing 7, (ttn, vn) With (Up@o ¢, 0) being ¢ . a smooth cut-off function supported in a
neighborhood of co we can analogously prove that (oo — A1Yoo — Poo < 0 as well as [ty —
A2Y 0o — Poo < 0 and, as above, we get

2 2
oo — AVoo = S(A1) P& and oy — M2V oo = S(A2)P0 » (3.14)
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and we also conclude

po=0 or p=S8T(h) and D=0 or Pa=S7 (k). (3.15)

From (3.2) we get

c=—||(Ltn,vn)||]%>—i——/-(|un|2 + v |? )dx—i—o(l) as n — +00.
6 6N
R

Hence, by (3.4), (3.5), (3.6), (3.11) and (3.14) above, we get

1 ~ o~ 2
626 ||(u,v)||D+§ i+ (o — 21%0) + (Moo — A1¥o0)
Jjed

+ Y T+ (T — 22V0) + (oo — szoo))
ker
6 - N * *
+ /|Lz|2 dx+f|17|2 dx
RN RN
(3.16)

+ D i+ 00+ poo+ Y Bx + o+ Poo
JEJ kef

|N

1 Z _Z = Z & _
>2 (S Y oeF+) p; +S(M)[p02 ‘|’;Oozo:|+8()\2)|:po +9%
JjeJ ke

*|

}

6—N -
+—— D 0+ 00+ P+ D B+ B0+ P

jed ker

If concentration at the point x, i.e., p; > 0 occurs, from above and (3.9), it follows that

1 N2 6—N
>—Sl+72_* - S
“Z% TN N

ol
—
=

which contradicts the hypothesis (3.3) on the energy level c. Therefore, p; = u; = 0 for every
j €J. In a similar way, we also conclude that p;, = t; =0 for every k € K.
If po # 0, from the above inequalities and (3.12), we infer that

> Le¥an
CcCz — )
N 1

which also contradicts the hypothesis (3.3) on the energy level c. Hence, pp = 0. Analogously we
also find that py = 0. Finally, arguing as above and using (3.15) we also find po, =0 and p, =

572



E. Colorado, R. Lopez-Soriano and A. Ortega Journal of Differential Equations 365 (2023) 560-590

0. Thus, the PS sequence has a subsequence that strongly converges in LY (RN) x LT (RN).
Finally,

(un —tt, vy — ﬁ)”]]z]) = <u7u,(”n» Un) [(Un — i, vy — 5)>‘|’ o(1),
and then the PS-condition follows. O
The next Lemma 3.6 is a refinement of Lemma 3.5, in the sense that it states the PS condition

for supercritical energy levels excluding multipliers or combinations of the critical ones.
In order to address the issue of positive solutions, it will be useful to consider the problem

—Au—A # — @' =2vh(x)utv inRY,
X
y (3.17)
—Av— AZW —H¥ =vhx)@™? inRY,
X
where u+ = max{u, 0}. Similarly, = = min{u, 0} denotes the negative part of the function u.

With this notation, u = ut + u—.

It is not difficult to prove that the pair (u, v) solution to (3.17) is positive in every component.
Moreover, the system (3.17) is a variational system and its solutions are critical points of the
energy functional

T, v) = |, v) 13 — zi ((u+)2* +hH* dx) v / )@ vdx  (3.18)
RN RN

defined in D. We will denote N, j‘ as the Nehari manifold associated to jv+ ,i.e.,
N ={u,v) €D\ (0,00} : (T, @, v)|(u, v)) =0} .
Lemma 3.6. Assume that 3 < N <5, Ay > A1 and
N N N
S7A)+S7T (M) <S2. (3.19)

There exists v > 0 such that for 0 < v < v and {(uy,vn)} C D a PS sequence for J,\ at level
¢ € R such that

1 1
NS%(,\Z) <c<y (S% () + 8%\2)) , (3.20)

and
¢ %ﬁ(m for every £ € N\ {0}, (3.21)

then (uy, vy) — (4, v) € D up to subsequence.
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Proof. Asin Lemma 3.4, any PS sequence for jj‘ is also bounded in D and, hence, there exists
a subsequence {(u,, v,)} which weakly converges to (i, D) € D. Since (J,)' (un, vy) — 0, then

(u

" dx — 0,
|x|?

<(~7U+)/(van)|(u,f,0))=/IVu,fIzdx—kl/
RN RN

and, hence, that u;, — 0 strongly in D'2(RV). Analogously,

(v,)?

((T5Y s va) (O, v;)>=/|Vv;|2dx—A2/ 72 dx—v/h(x)(u+)2v_dx — 0,
RV R¥ RN

so that v, — 0. As a consequence, {(u;", v;")} is a bounded PS sequence of 7. Thus, we can
assume that {(u,, v,)} is a non-negative PS sequence for 7, at the level c.

Next, a similar argument to that of Lemma 3.5 provides the existence of a subsequence, still
denoted by {(ux, vy)}, two (at most countable) sets of points {x;}je5 C RY and {yi}keg C RV,

and also non-negative quantities {i;, 0j}jeg, {tx, Prlkess 10> P05 Y0, Ho> Po and ¥ such that
(3.4) is satisfied. Besides, the inequalities (3.9), (3.10), (3.11), (3.12) hold.

Similarly, we define the concentration at infinity with the values fioo, Poos oo aNd D as in
(3.7), for which (3.14) and (3.15) hold.
Claim.
Eitheru, — i in L* RY)  or v, — v in L* (RY). (3.22)
Let us prove the claim arguing by contradiction. Assume that u, and v, do not converge

strongly in L% (RY). Then, there exists J€JU{0Uoo} and k € JU {0, oo} such that p; > 0 and
o > 0. Finally, because of (3.2), (3.9), (3.10), (3.11), (3.12) and (3.16) we get

e = lln v + =g (42" + 07" ) dx +o(1),
]RN

1 Z 2\ 6-N  _
26 SAp; +Sh)ok +6—N(,0J+PK)

> = (sYon+ston).

which contradicts assumption (3.20), so claim (3.22) is proved.
Subsequently, we claim that:

either u, — i in DV2(RY) or vy — ¥in DV2RN). (3.23)

Without loss of generality, we assume by (3.22) that u,, strongly converges in L2°(R™). Then,
it is enough to observe that

1w — D13, = (T} n, o) [ty — i, 0)) + 0(1).
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This implies that u, — u in DL2(RY). Repeating the argument for v,,, completes (3.23).
In order to show that both components strongly converge in D2(R") we consider two cases:

Case 1. v, strongly converges to o in DL2(RN).

In order to prove that u,, strongly converges to ii in D12(R™), let us assume, by contradiction,
that none of its subsequences converge. Note that, assuming JJ U {0, co} contains more than one
point, because of (3.16), (3.9), (3.11), (3.12), (3.14) and (3.15) it follows that

(6 =
N ! N ! 2

since Ay > A1 and S()) is decreasing. This expression contradicts (3.20). Then, assume that
there exists only one concentration point for the sequence u,, corresponding to the index j €
JU{0, co}.

Let us prove now that v s 0. Assume that v = 0, then u = 0 and hence u,, satisfies

Un

S =)

—Au, — M

*
in the dual space (DI’Z(RN )) and

1 * 1
CZJV(Mn,Un)+0(1)=NfMﬁ +0(1)_)ij7
RN

since u, concentrates at one point x ;. Moreover, since j € J, then u, is a positive PS sequence
for the functional

Ij(u)zi |Vu| dx—g lul= dx.
RN RN

Hence, by the characterization of PS sequences for Z; provided by [21], we have p; = £S5 % for
some ¢ € N, in contradiction with (3.19) and (3.20). So that J = @. If u,, concentrates at zero or
infinity we can use a similar argument for 71, defined in (2.15), together with the results of [20]
to conclude

¢ =TJvn, vp) +o(1) = J1(un) +o(1) — %S%(M),

with £ € N U {0}. This is in contradiction with (3.20). Then, v > 0 in R. Next, we prove that
U, — U in D1’2(]RN ) with & 5 0. As before, by contradiction, we assume that iz = 0 so that v
satisfies

AV —hp—s =32 ! in RV, (3.24)
|x|2
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Then v = zf‘f for some u > 0 and / 7% dx = S% (X2) by (2.6). Hence, combining (3.16) with

RN
(3.9), (3.11), (3.12), it follows that

x| [#axeston | = (ston+ston).
N N
RN

which contradicts (3.20). Therefore, i, v = 0. Next,

1
c=Jvn, vn) — = <x7,j(un’ Un) | (un, vn)>+0(1)

= — f u; dx + — / h(x)u,%vn dx +o(1) —>
2 (3.25)
RN
/ dx+ th(x)ﬁzﬁdx
N 2 ’
RN

by the concentration at j € J U {0, oo}. Since (jlj(u,,, vy) | (u, 13)) — 0, we find
G, 3)llp = / (ﬁz* + 52*) dx +3v / h(x)ii%0 dx,
RN RN

that is the same to say (it, ¥) € N,,. Next, by (3.25), (3.27), (2.14), (3.9), (3.11), (3.12) and (3.16),
we have

Jv(u,v)—ﬁ/ (u + v )dx—i—zv/h(x)u vdx
RN RN

. 1 N 1 .~
e P (32 () +8%02) = 80 = 157 ().

Then,

¢y= inf  J,(u,v) < —S b (A2),

(u,v)eN,
that, for v sufficiently small, contradicts Theorem 4.3. Thus, u,, — i strongly in D'-2(RV),
Case 2. u,, strongly converges to i in DL2(RY).
As before, in order to prove that v, strongly converges to ¥ in D"2(RV), let us assume,
by contradiction, that none of its subsequences converge. First, let us prove that i = 0. If we

assume, once again by contradiction, that u = 0, then v, is a PS sequence for [/, defined in
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(2.15) at level ¢. As v, — ¥ in DM2(RY) with 7 solution to (3.24), we have 7 = zﬁz for some
@ > 0. Furthermore, because of the compactness theorem given by [20], it follows that

Nl on N e+ _n
¢ = Ja(vn) +o(l) > Ja(22) + %Sﬁv + ﬁsg(m = %S’zv + ng()»z), (3.26)

with m € N and ¢ € N U {0}, in contradiction with (3.20) and (3.21). Hence, u % 0.
Conversely, assuming that v = 0, we have i = 0 by the second equation of (1.1), which gives
a contradiction with (3.26). Thus, u, v £ 0. Since (i, v) is a solution of (1.1), we get

I 1 D ¥ v ~D ~
_ 1 Z <
Jv (i, v) N / (u +v ) dx + 5 / h(x)u“vdx < c. (3.27)
RN RN

Since by assumption v, does not strongly converge in D'2(RV), using again (3.25), it follows
that there exists at least one k € R U {0, oo} such that p; >0

1 T _ v 2~
c=— /(u2 —i—vz)dx—f-Z,Ok-i-po-l—poo +§/h(x)u2vdx.
]RN keR RN

By (3.27), (3.10), (3.11), (3.12) and (3.20), one gets
T ) =c =~ Y P +Po+7
v ’Mv)—c_ﬁzpk"i_pO""poo
ker
1 1

<5 (s¥an+ston) - 55t oo 628
—sto
= N 1).

Using the first equation of (1.1) and the definition of S > (A1), we find

~2 .

al+v/h(x)ﬁ25dx=f|Vﬁ|2dx—,\1/l%dx>s%(xl)a$/2, (3.29)

X
RN RN RN

where 01 = f]RN #%" dx. Using Holder’s inequality, one gets

2
2%

e

/h(x)ﬂzﬁdxéllhlle(RN) /ﬁz*dx /ﬁz*dx ) (3.30)
RN RN RN

Combining (3.30) and (3.27), we can transform (3.29) into

2 2

o1+ Cvo” >So . (3.31)
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Since v # 0, there exists & such that f]RN 72" dx > ¢&. Taking & > 0 such that & > 35% (A1),
because of (3.31) and Lemma 2.4, we find some U > 0 such that

o1 =(1 —8)8%()%) forany 0 < v < V.

The above estimates and (3.27), provide us with
Tt 0 > - (-8 ) +8) > -8 6,
N N
which contradicts (3.28). Hence, v, — © strongly in D2(RY). O
3.2. Critical dimension N =6
In the critical case, more hypotheses on the function / are supposed:
h e L®°(R"M), h continuous around 0 and oo and h(0) = xliTooh(x) =0. (H)

We also split the results in the cases in which either 4 is radial or 4 is non-radial but v > 0 is
sufficiently small.

To obtain the existence of Mountain-Pass solutions claimed in Theorem 4.5 for the critical
regime, we need the following Lemma, analogous to [1, Lemma 4.1].

Lemma 3.7. Assume that N = 6 and (H) holds. Let {(u,, v,)} C D, be a PS sequence for 7, at
level ¢ € R such that either (3.3) or (3.20) and (3.21) hold, then there exists vV > 0 such that for
every v <V then (uy, v,) — (i, v) € D, up to subsequence.

Proof. Asin Lemma 3.5 and Lemma 3.6, to exclude concentration at the x = 0, it is enough to
prove that

lim lim sup / h(x)uﬁvnqoo,g(x)dx =0, (3.32)
e>0pn— 400

RN

for ¢; . a smooth cut—off function centered at the origin defined as in (3.8). To exclude concen-
tration at oo, it is enough to show that

lim limsup f h(x)uﬁvngooo,g(x)dx=0, (3.33)
R—+00 p—+o00
[x|>R

where @ ¢ 1s a cut—off function supported near oo, see (3.13). To prove (3.32), observe that,
because of Holder’s inequality,

2 1

2% 2%
/ h(xX)u2vngo.e (¥)dx < f h(x)|un|* @o.cdx / h@loal* goedx | . (B34
RN RN RN
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Hence, by (3.4) and (H), it follows that

tim [ hlunl? g0 pdx = f B go.cdx + poh(0) < / nal dx,

n——+oo
RN RN xl<e
lim [ Ao goedx = / B @o.edx + Boh(0) < f nol dx.
n——+oo
RN RN lx|<e

Thus, we conclude

e

2
2*

1im11msup/h(x)uﬁv,,goo,g(x)dxg1im / hlii|* dx / nol¥dx| =o.
e=0p—+00 e—0
RN lx|<e lx|<e

Since lim A(x) =0, the proof of (3.33) follows analogously. O

|x|—=+4o00
The PS condition for the non-radial case follows assuming that v is small enough.

Lemma 3.8. Suppose N = 6 and (H) holds. Let {(u,, v,)} C D be a PS sequence for [J, at level
c € R such that

1
¢ < min(SGh), SO},
Then, there exists vV > 0 such that, for every v <V, (un, v,) — (i1, v) € D up to subsequence.

Proof. Concentration at the points 0 and co can be excluded by similar arguments to those of
Lemma 3.7, so we only have to consider concentration at x; # 0, oo. Furthermore, we can also
assume that j € JN K. Otherwise, for ¢; . (x) a cut-off function centered at x; € RY defined as
in (3.8) we have

lim lim sup / h(x)uﬁvngoj,s(x)dx =0,
e—>0 p—>+o0
RN
and, then, there is no concentration at x; € R with j € Jand j ¢ & or x; € RN with k ¢ J and
k € K. Therefore, assuming j € J N K and testing j,j(u,,, v,) with (u,@; ¢, 0) we get

0= (jlj(un»vn)|(un(pj,8»0)>

lim
n—+00

2
) u
= lim /|Vun|2(pj,gdx+/‘u,,Vuanj’gdx—M/ﬁ(pj,gdx

n—+00

RN RV RN (3.35)

— /|un|2*¢j,8dx—2v/h(x)uﬁvn(pj,gdx ,
RN RN
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and testing J; (4, vy) with (0, Vn@je) We get

0= llm (j (n, Un)|(0 Un@j, 8))

n—+

2
= lim /|an|2<pj,£dx+/van,,prj,de—)»z/ |v|2<p/ dx

n—-+00

RV RV (3.36)

/Ivn ®j, gdx—v/h(x)u Vp@j edx

RN
Hence, as h € L®(R"), by (3.34), we get
2 1
lll%hmsup / h(x)u V@ e (X)dx < p]z* ﬁ;*- 3.37)
&= n%JrooRN

Therefore, letting ¢ — 0, from (3.35), (3.36) and (3.37) it follows that

l 2 1

2
,o]—2vC,o* <0 and ,o]—vC,o <0.

Thus, because of (3.5), we get

1

2 1 2
S<p*+p*> pj+0;+2vCp? p7,

N
2

*‘N

08 (p; +7,)’

As in Lemma 3.5, in case of having concentration, we get

~ S
i+0:)(1+2*vC). Then, either p;+p; =0o0rp;+p; > <7~>
< (pj+p;)( pj+p; pPj+Do; T 20E

N
2

1 1 S
2_ i w S 2* — - ~
c 6(u,+/t]) (p,+p,) N(1+2*uc>

Hence, for v > 0 sufficiently small, we find

N
1 S 2 1 N
cc—|— > —min{S(A1),S(A)} 2
N(l+2*vC> N {S(1), S}

in contradiction with the hypothesis on the energy level c. O
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VAT ¥
1 N
NS 2 (}Lz) ..................................................................
(0.242) — Sadde point
1 E
¥SZT ()
Cy
(i, V) — Positive Ground State
>
(IG5

Fig. 1. The energy configuration under hypotheses of Theorem 4.1.

4. Main results

We prove now the main theorems regarding the solvability of the system (1.1). In this section,
we shall assume one of the following

Either 3< N <5 or N =6 and # is radial and satisfies (H), ©
N =6, v satisfies Lemma 3.8 and (H) holds. (D)

The first result addresses the case v > V. By Proposition 2.2, the semi-trivial solution (0, zf}z)
is a saddle point of 7, constrained to V,. See Fig. 1 for a scheme of this situation.

Theorem 4.1. Assume that v > v defined by (2.19). If (C) holds, then system (1.1) admits a
positive ground state solution (i, V) € D.

Proof. By Proposition 2.2, the couple (0, zf‘f) is a saddle point of 7, constrained on N, Recall

that (z,ﬁ1 ,0) is not a critical point of .7, on A,,. In particular, its energy level is greater than ¢,.
Consequently,

& <min{J,(z4,0), J,(0, 222)} = %min{é‘(m, S0} 2, @.1)

where ¢, is defined in (2.7). For a subcritical dimension, 3 < N < 5, Lemma 3.5 guarantees the
existence of (i, v) € D such that 7, (1, v) = ¢,. In addition, due to

Jv(lul, [o)) < Jv(u, v), 4.2)
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Tl A

/\SO, Z,)? ) — Minimum
(2% S W S

=

|
NS

(u, V) — Positive Ground State

(GO}

Fig. 2. The energy configuration under hypotheses of Theorem 4.2.

we can assume that # >0 and ¥ > 0in RV, By classical regularity results, # and v are smooth
in RV \ {0}. Moreover, it # 0 and ¥ # 0. Otherwise, if it = 0, one obtains that ¥ satisfies (3.24).
Actually, v = sz, which violates (4.1). The case v = 0, can not take place since, on the contrary,
both i, 9 = 0 and (0, 0) ¢ N,. Finally, using the maximum principle in R" \ {0}, one derives
that (i1, ) € V, is a ground state such that i > 0 and > 0 in R" \ {0}. The same conclusion
holds for the critical dimension N = 6, by applying Lemma 3.7 instead. Consequently, also we
infer that (i, v) is a positive ground state. O

We point out that the order between the energy levels of the semi-trivial solution and (zﬁ' ,0)
is determined by the order of the parameters A1 and X, since (2.17) and (2.4) illustrate. Indeed, if
A1 = A2, the minimum level between both corresponds to (zﬁ' , 0), which is not a critical point of
Jy on N,. As an immediate consequence, the existence of a positive ground state is derived. See
Fig. 2 for the corresponding energy configuration. Note that, in this figure, (0, z,)f) is assumed to
be a local minimum, but it may be a saddle point.

Theorem 4.2. Suppose .1 > Aj. If either (C) or (D) holds, then system (1.1) admits a positive
ground state (it, v) € D.

Proof. Since A1 > XA, and (zﬁ1 ,0) is not a critical point of 7, constrained on N,

1 1
& < Jo(@ 0) = 187 () = 3 min(S(h1), S()) 2.

with ¢, was introduced in (2.7). Therefore, for subcritical dimension, 3 < N < 5, Lemma 3.5
implies that there exists (i, ) € NV, with ¢, = 7, (i, v). Using (4.2), one can suppose that u, v >
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0 in RN . Moreover, arguing by contradiction, it is deduced easily that (iz, ¥) # (0, 0). Applying
the maximum principle in RY \ {0}, we obtain the desired conclusion.

For the case of critical dimension N = 6, we arrive at the existence of a positive ground
state (i, v) of (1.1), by using Lemma 3.7 instead. On the other hand, for v > 0 small enough,
Lemma 3.8 provides the conclusion. O

Next, we focus on the case that 0 < v < V. In the following result, we infer that if the minimum
energy level of the semi-trivial couples corresponds to the semi-trivial solution (0, z,kf), ie. Ay >

A1, it is indeed a ground state to (1.1) for v sufficiently small.

Theorem 4.3. Assume Ly > Ay. If either (C) or (D) holds, then there exists vV > 0 such that for
any 0 < v < v the couples (0, :I:zf‘f) are critical points of minimal energy for J, on N,. Even

more, (0, z:\f) is a ground state to (1.1).

Proof. Let us suppose by contradiction that there exists a sequence v, N\, 0 whose energy level
satisfies ¢,, < J,, (0, zﬁz), where ¢,, defined in (2.7) with v = v,,. Moreover, by the assumption
A2 > A1, we have

N
2

&, < %min{S(M), S}t = %S%(xz). 4.3)
If 3 <N <5, the PS condition is satisfied at level ¢,,, thanks to Lemma 3.5. If N = 6, the
compactness follows from Lemmas 3.7 and 3.8. Thus, we derive the existence of (i, v,) € D
with ¢,, = Jy, (itn, Un). By (4.2), one can suppose that i, > 0 and v, > 0. Furthermore, by
contradiction, we infer that i,, # 0 and v,, #0 in RY. Finally, one can conclude that ,, > 0 and
, > 0in RV \ {0} by applying the maximum principle.

Let us define

~0% ~%
ol’nz/‘uﬁ dx and UZ,n:/”n dx.

RN RN
By (2.9), one obtains
~ ~ o~ 1 Vn ~D ~
Cy, = jvn (thy, vy) = ﬁ (Ul,n + U2,n) + ? h(x) U, vn dx. 4.4)
RN

Combining (4.3) and (4.4), we deduce that
N
Oln+02, < S72(\). 4.5)
Now use that 1, and v, satisfy (1.1). From the first equation of (1.1) and (2.4), we get

56110 " <01+ 20, / h(x) 2 5 dx. (4.6)
RN

Hence, applying Holder’s inequality and (4.5), it follows that
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L
¥

"2
)

~2 ~ ~D% ~D% N-2 N-2
h(x) i, Up dx < ||Rl| Lo uy, dx Uy dx | <L (S(2) * (o10) V.
RN RV RV

Introducing the above inequality in (4.6), it follows that

SOOI T <1+ 20 C(SR)) T (010) 7

As Ay > A1, there exists &€ > 0 such that

(11— )87 () =87 (M) (4.7)

Next, we apply Lemma 2.4 to o1, and we deduce the existence of ¥ = v(g) > 0 such that
01)n>(1—5)$%()\1) forany 0 < v, <.

Since parameter ¢ satisfies (4.7), it follows that o1 , > S 5 (A2), in contradiction with (4.5). Thus,
for v small enough,

o=~ 0a)
CU—N s).

If (&, v) is a minimizer of J,, repeating the above argument, it follows that # = 0. In addition, v
solves to
v

—AT— Ay =" 0 inRY.
x|

We prove now that v does not change its sign and, actually, v = :l:zi‘f. Arguing by contradiction,
we shall suppose that ¥ is sign-changing. Then, 7% = 0 in R Due to (0, 7)) € V,, one obtains
(0, 9%) € N,. By using the equality (4.4), one gets

1 * 1 * *
Euzjv«),ﬁ):N/wF de=— /<ﬁ+>2 dx+/|fr|2 dx | > 7,0, > &,
RN RN RN

contradicting the fact that the energy of (0, v) is minimum. Hence, (0, :i:zf}) is the minimizer of
Jy in N, if Ap > A;. Furthermore, the ground state to (1.1) corresponds to (0, z,kf). O

Remark 4.4. If A, — A increases, the interval for admissible v in Theorem 4.3 increases. Indeed,
the greater the difference A, — A1, the greater the range of ¢ whose satisfies (4.7). Consequently,
we can choose a bigger v in Lemma 2.4.
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1
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Fig. 3. The energy configuration given by Theorem 4.3 and Theorem 4.5.

Finally, we deduce the existence of bound states by applying a min-max argument. In partic-
ular, it is proved that the energy functional J,", presented in (3.18), exhibits the Mountain-Pass
geometry for certain choice of parameters A1, ;. This assumption, a kind of separability condi-
tion, allows us to establish a proper separation between the semi-trivial energy levels. In Fig. 3,
we can see the couple (0, zﬁz) as a ground state, provided by Theorem 4.3, and the bound state
provided by the following theorem.

Theorem 4.5. Assume that Ay > A and

AN — A
W < SN T2 4.8)
Ay — A

If (C) holds, then there exists ¥ > 0 such that, for 0 <v <, J,F NH admits a Mountain-Pass

v

critical point (i, v) € D which is a positive bound state to (1.1).

Proof. The proof is divided into two steps. In the first one, we prove that the energy func-
tional 7" admits the Mountain-pass geometry, whereas in the second one we prove that for the
Mountain-pass level the PS condition is guaranteed. As a consequence, there exists a critical
point (i1, 0) € D of J,t.

First, let us define the set of paths connecting (zﬁ' , 0) with (0, z,)?) continuously,

v, = [1”: (Y1, 9¥2) € c’([o, 1],./\/\;’_), ¥ (0) = (ZTI,O) s.t. and ¥ (1) = (0, Z)fz)],
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and the MP level

+
cmp —]lllan!v jmax T, (Y (@)).

The hypothesis (4.8) implies that

2 1
Ns%\z) > Nﬁ(m.

Due to the continuity and monotonicity of S(1), one can fix ¢ > 0 small enough with

20 4 (S(M) +S(h)
N

N
52 I
: ) > NS%(M) > —;88%\1). 4.9)

Claim. There exists v = V(g) > 0 such that, for any 0 < v < v, we have

i

with ¥ € U, (4.10)

i 2 0 (SG)+SG)
tre%l’)i]% (@) = N(l €) (7

2

Taking ¥ = (Y1, ¥2) € Wy, and applying (2.8) to J,", we obtain that

[ (V0P +19020P) ax M/ VIO g - zf VO, @

RN

= [ (o7 + @ o7 ) av+3v [ heowi 0w
RN RN

and, by (2.14) applied to 7,

1 * *
TS @) = v f(lﬂf(t))z + (Y (1) dx +%/h(x) WO Yatdx.  (4.12)

RN

Let us define o (t) = (01(¢), 02(2)) where o; (1) = /(I/f;r(t))z* dx fori =1, 2 and let us assume
RN
that 0; (¢) < 28% (A1) fort €0, 1] and i = 1, 2 since, on the contrary, (4.10) is done.
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By using the definition of S(1), we can pass from (4.11) to the inequality

SON@O)'F +86200) T < [ (VH©F +19207) dx

RN
v %10)
M de—)ﬂf )26|2 d (4.13)
RN
=o01(t) + 02(t) +3v f h() (1 () (1) dx.
RN

Moreover, by Holder’s inequality,

/ R W )W) dx < VIl oo gy (@ ()T (02(0) T, 4.14)

RN
and by the definition of 1,

o(0) = /(1?1)2*dx,0 and o(1)= 0,/(zi‘2)2*dx
N N

Since o is continuous, there exists 7 € (0, 1) with 0(f) = & = 0,(f). Combining (4.13) with
t =t and (4.14),

N2

(SO) +800))6 T <26 430653 7.

On the other hand, by Lemma 2.4, there exists v depending on ¢ such that

i

c=>(—e¢) (w) forevery 0 < v < v. (4.15)

Then, by (4.12) and (4.15), one has

i

El

max 7oy > 2020 2020 (5(M) +S(/\2))
t€[0,

N -~ N 2
proving the claim (4.10). In addition, because of (4.9) and (4.10), we get

AHE) S¥ o) = (1 + )T @, 0). (4.16)

cCmMp >

Consequently, the energy functional 7" has a Mountain-Pass geometry on N,,.
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Now we address the second step. To do so, let us consider
V() = W0, v20) = ((1 =022}, 1222 for 1 € [0, 1]

Because of the properties of the Nehari manifold ", we can deduce the existence of a positive
function y : [0, 1] — (0, +00) with the yy € N} for ¢ € [0, 1]. We point out that y (0) = y (1) =
1. As above, let us define the integral vector

o (1) = (01(1), 02(1)) = / (¥ 1)? dx, f (Y1) dx
RN RN

Since z?l e N and zgl € N>, introduced in (2.16), it holds
01(0) = 122, = / ) =500, and  ox() = 22, = / @ =800,
RN RN

Since yy¥r(t) € ./\/'U+ and (2.10), one has that

2
12,0 120
|(a=-o2a )]

=20 (1 =0 2010) + 2 ay(1))
+3vy(t)(1—t)tl/th(x)(z)l"‘)Zz)l‘zdx.
RN

By the expression above, we can get an upper bound for the function y as follows,

»_2 @O, ¥2lly, (1= 1D)01(0) + toa(1)
s Jev 1) + W) dx — (1—1)2261(0) + 1> Poy(1)’ @17

for every ¢ € (0, 1). By the definition of y, (4.17) and (2.14), one gets

1 6 - N * * *
Ty @) = gnywmuﬁ +——r7 () / W) + W) dx
RN

6N
2 6—N o : :
= 0100010 + 10201+ 27 0 [ 0= 02 2010 4+ o 1)]
(4.18)
2
<O 1= 0010) + 1021

From (4.17), we have that
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N2

(I =1)01(0) +102(1) }_
(1 =1)%/201(0) +1%/202(1)

)

yi) < [

so that, because of (4.18), for 0 <t < 1 we have

TS v @) <

(1 —1)01(0) +102(1) [ (I =1)01(0) +102(1)
(1

N-2
2
N —t)2*/201(0)+t2*/202(1)} :g(t)

Note that g(¢) attains its maximum at ¢ = % and

. (1> _ O+ _ST0)+800)

2 N N

Hence, we have established an upper bound for the Mountain-pass level ¢y p. More precisely,

ST +8% ()
N .

emp < max T (yy(0) <
tel0,1]

Finally, introducing the separability condition, by (4.8) and (4.16), then

87 () 5 ST(h)

ST ()
N N N

1 N N
<emr <5 (STan+87 ) <3

if 1o > A1. The previous inequality means that ¢ p satisfies the hypotheses of Lemma 3.6. Next,
by the Mountain-Pass Theorem, there exists a sequence {(u,, v,)} C N} such that

j+(un»vn)_>cv L7+|./\/'v+(unyvn)_)0~

Moreover, by Lemma 3.6, (u,,v,) — (i, 7). Indeed, (&, ¥) is a critical point of 7, on N,,.
Even more, i, 7 > 0 in RY. Moreover, the ground state is actually strictly positive by applying
maximum principle in R \ {0}. We obtain the same conclusion for N = 6, using Lemma 3.7 for
convergence of the PS sequence. O
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