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Resumen

Esta tesis se presenta siguiendo el modelo de agrupacién de publicaciones. Esto significa
que cada capitulo es, en realidad, un articulo escrito por la autora de la tesis y colabora-
dores, con su propia introduccién, desarrollo y resultados. Por tanto, cada capitulo es
independiente de los anteriores, usa una notacién ligeramente distinta y debe leerse de
forma separada.

Nuestro objetivo es hacer avances significativos en varios problemas relacionados con
la ortogonalidad en el contexto del Anélisis Funcional. Para ello, estudiamos sistematica-
mente aplicaciones multilineales que satisfacen algin tipo de propiedad relacionada con
la ortogonalidad. Como conclusién, los resultados obtenidos muestran que algunas de las
transformaciones més estudiadas en muchas de las dlgebras de Banach mas relevantes
estan determinadas por su comportamiento sobre elementos con producto cero.

El primer problema que consideramos es el de la representacion lineal de los polinomios
ortogonalmente aditivos. Una aplicacion lineal P: X — Y entre espacios vectoriales es un
polinomio m-homogéneo (para algin m € N, m > 2) si existe una aplicacién multilineal
p: X™ =Y tal que

P(z) =p(z,...,x) (zeX).

En el caso de que el espacio vectorial X esté equipado con un producto (por ejemplo, si
X es un dlgebra o un espacio de funciones), decimos que P es ortogonalmente aditivo si

z,ye X, zy=yr=0 = P(z+vy)=P(z)+ P(y).

Los polinomios estdndar, aquellos definidos por P(x) = ®(2™) (z € X), donde ® es una
aplicacién lineal definida en el espacio generado por {z™ : x € X} y con valores en Y, son
ortogonalmente aditivos. El problema consiste en ver si el reciproco es cierto, es decir, si
todo polinomio ortogonalmente aditivo puede expresarse mediante una aplicacion lineal
de esa forma.

En el Capitulo 1 ([8]), estudiamos los polinomios ortogonalmente aditivos definidos en
algebras de convolucién asociadas a un grupo compacto G. En la Seccién 1.2, probamos
que los polinomios ortogonalmente aditivos definidos en 7 (G) admiten una representacion
lineal, y extendemos dicha representacién a L'(G) en la Seccién 1.3. La Seccién 1.4 consiste
en ejemplos de polinomios ortogonalmente aditivos y continuos en LP(T) (1 < p < o0)
y en C(T) que no pueden expresarse mediante aplicaciones lineales y continuas. La
Seccion 1.6 esta dedicada a probar que los polinomios ortogonalmente aditivos definidos
en una gran variedad de dlgebras de convolucién, que incluye a LP(G) (1 <p < o0)y a
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C(G), pueden representarse mediante aplicaciones lineales que son continuas respecto de
una norma definida en la Seccién 1.5.

El Capitulo 2 ([17]) estd dedicado al estudio de este problema en el contexto de
los espacios LP no conmutativos asociados a un algebra de von Neumann M equipada
con una traza normal, semifinita y fiel 7. Denotamos dichos espacios por LP(M, 7). En
la Seccién 2.2, obtenemos varios resultados positivos para polinomios ortogonalmente
aditivos definidos en C*-dlgebras y con valores en cualquier espacio vectorial topolégico.
En la Seccién 2.3, usamos estos resultados para probar la representacién lineal de
polinomios ortogonalmente aditivos definidos en LP(M, 1) (0 < p < o) con valores en
cualquier espacio vectorial topoldgico.

El siguiente problema a considerar es el de la hiperreflexividad de un subespacio de
operadores. Dados dos espacios de Banach X e Y, decimos que un subespacio § C B(X,Y’)
es reflerivo si

S={TeB(X,Y): T(z) e {S(z): S €S} (ze€X)}.
Decimos que S es hiperreflexivo si existe una constante C' tal que
dist(7,8) < C  sup Inf{||T(z) - S(z)||: SeS} (TeB(X,Y)),
zEX, ||z||<1

y la menor constante C' se llama constante de hiperreflexividad de S.

El Capitulo 3 ([9]) se centra en el estudio de la reflexividad e hiperreflexividad del
espacio Hom(LP(M), LY(M)) de homomorfismos de M-mdédulos a derecha de LP(M)
en LY(M), siendo M un algebra de von Neumann. Los espacios LP que consideramos
aqui son aquellos introducidos por Haagerup. Tras obtener ciertas desigualdades ttiles
mediante el andlisis de las aplicaciones bilineales definidas en una C*-algebra en la
Seccién 3.2, probamos, en la Seccién 3.3, que el subespacio Hom(LP (M), LI(M)) es
reflexivo. En la Seccién 3.4, probamos que dicho espacio es hiperreflexivosi 1 < ¢ < p < oo,
en cuyo caso la constante de hiperreflexividad es menor o igual que una constante que
depende de p y ¢ perono de M, ysi 1 < p,q < ooy M es inyectiva, en cuyo caso la
constante de hiperreflexividad es menor o igual que 8.

Sea A un algebra de Banach. Para cada ¢ € B?(4,C), consideramos las constantes

|, = sup {|@(a,b)] - a,b € A, [la]| = [|b]] = 1, ab= 0},
lely = sup {le(ab, ¢) — ¢(a,be)| = a,b,c € A, lal| = [[b]] = [l =1}
Decimos que A es determinada por su producto cero si
€ B%(A,C), pl,,=0 = ¢¢€ B%(a,C).
En caso de que, ademas, exista una constante « tal que
dist (¢, B2(A,C)) < alel,, Ve € B*(A,C),

decimos que A es fuertemente determinada por su producto cero. Por otro lado, decimos
que A satisface la propiedad B si

¢ € BX(A,C) |gl,, =0 = |g|, =0,
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y, en caso de que exista una constante 5 tal que

els < Blel, Ve e B*A,C),

decimos que A satisface la propiedad B fuerte. Si existen, las constantes Optimas se
denotan por a4 y 84, respectivamente.

El Capitulo 4 ([10]) esté dedicado al estudio de estas propiedades. En la Seccién 4.2,
probamos ciertas desigualdades entre las seminormas dist (-, BZ(A,C)), ||, v |'| ,p- Entre
otras cosas, probamos que toda algebra determinada por su producto cero satisface la
propiedad B y toda algebra fuertemente determinada por su producto cero satisface la
propiedad B fuerte. Ademads, los reciprocos son ciertos si el dlgebra admite una identidad
aproximada acotada. En la Seccion 4.3, damos una cota para las constantes ari(g) y
Bri(@), siendo G un grupo localmente compacto, que mejora la dada en [77]. En la
Seccién 4.4, probamos que el dlgebra A(X) de los operadores aproximables en un espacio
de Banach X con la propiedad (A) es fuertemente determinada por su producto cero
y usamos este resultado para probar que el espacio Z"(A(X),Y™) de los n-cociclos
continuos de A(X) en Y™ es hiperreflexivo para cada A(X)-bimédulo Y.

Finalmente, estudiamos el problema de la caracterizacién de los homomorfismos
de Jordan con peso. Sean A y B &lgebras. Una aplicacién lineal ®: A — B es un
homomorfismo de Jordan si

®(aob) =P(a)o ®(b) (a,be A),

donde a o b denota el producto de Jordan ab + ba. Un homomorfismo de Jordan con peso
es la composicién de un homomorfismo de Jordan y un centralizador W: B — B, es
decir, una aplicacién lineal que satisface

W(ab) = W(a)b=aW(b) (a,be A).
Si ®: A — B es un homomorfismo de Jordan con peso, entonces
a,be A, ab=ba=0 = P(a)o &(b) =0.

Si el centro de B no contiene elementos nilpotentes no nulos, entonces ® satisface una
propiedad mas fuerte: conserva el producto cero bilateral, es decir,

a,be A, ab=ba =0 = P(a)®(b) = ®(b)P(a) = 0.

El objetivo es saber si toda aplicacién lineal que cumpla alguna de esas condiciones es
necesariamente un homomorfismo de Jordan con peso.

En el Capitulo 5 ([27]), estudiamos la condicién més débil en el contexto algebraico de
los anillos unitales. En la Seccién 5.2, probamos que si A es un anillo unital aditivamente
generado por productos de Jordan de idempotentes y B es un anillo con %, entonces toda
aplicacion aditiva y sobreyectiva ®: A — B que cumpla ®(a) o &(b) = 0 siempre que
ab = ba = 0 es un homomorfismo de Jordan con peso. En la Seccién 5.3, probamos que si

A es un anillo primo con caracteristica distinta de 2, 3y 5, ®: A — A es una aplicacién
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aditiva y biyectiva y existe U: A — A tal que U(aob) = ®(a) o ®(b) (a,b € A), entonces
® es un homomorfismo de Jordan con peso.

El objetivo del Capitulo 6 ([28]) es extender y unificar los resultados ya conocidos
para C*-algebras y dlgebras grupo. En la Seccién 6.2, probamos que si A es un algebra
de Banach determinada por su producto cero, débilmente amenable y con identidad
aproximada acotada, y B es un algebra de Banach con identidad aproximada acotada,
entonces toda aplicacién de A en B lineal, continua y sobreyectiva que conserve el
producto cero bilateral es un homomorfismo de Jordan con peso. Las C*-algebras y
el dlgebra L'(G) asociada a un grupo G compacto satisfacen dichas hipétesis. En la
Seccién 6.3, probamos que la condicion méas débil es suficiente si A es una C*-dlgebra
o el élgebra A(X), donde X es un espacio de Banach tal que X* tiene la propiedad de
aproximacién acotada, y B es cualquier algebra de Banach con identidad aproximada
acotada.

El desarrollo de esta tesis ha sido financiado por la Beca de Iniciacién a la Investigacion
para estudiantes de Mdsteres Oficiales del Plan Propio de la Universidad de Granada, el
contrato predoctoral FPU del Plan Propio de la Universidad de Granada, el contrato
predoctoral FPU18/00419 del Ministerio de Universidades, la ayuda a la movilidad
para beneficiarios del programa FPU EST19/00466 del Ministerio de Universidades,
los Proyectos de Investigacién MTM2015-65020-P, PGC2018-093794-B-100 y PID2021-
122126NB-C31, y el Grupo de Investigacién FQM-185 de la Junta de Andalucia.
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Introduction

This PhD thesis follows the compendium form. This means that each chapter is, indeed,
a paper written by the author and collaborators, with its own introduction, development
and results. Therefore, the notation is not consistent between chapters and each one
must be read as an independent entity.

The aim of this dissertation is to make significant advances in several orthogonality
related problems on the field of Functional Analysis. Specifically, we study the problem
or representing orthogonally additive homogeneous polynomials through linear maps, the
reflexivity and hyperreflexivity of certain subspaces of operators, the strong property B
and the property of being strongly zero product determined, and the characterization of
weighted Jordan homomorphisms.

Our methodology consists on the systematic study of multilinear maps that satisfy
some sort of orthogonality related property, which depends on each problem and is detailed
below. As a conclusion, our results show that some of the most studied transformations
on many of the most relevant Banach algebras are determined by their behaviour over
elements with zero product.

Throughout all algebras and linear spaces are complex. Of course, linearity is
understood to mean complex linearity. Given m € N and Banach spaces X and Y, we use
the notation B (X,Y") for the space of m-linear continuous maps from X", the m-fold
Cartesian product of X, to Y. If m =1 we write B(X,Y), and if X =Y we just write
B(X). X* denotes the dual space of X.

Orthogonally additive polynomials

We fix m € N with m > 2.
Let X and Y be linear spaces. A map P: X — Y is said to be an m-homogeneous
polynomial if there exists an m-linear map ¢: X™ — Y such that

P(z) =p(z,...,x) (zeX).
Such a map is unique if it is required to be symmetric. This is a consequence of the
so-called polarization formula, which defines ¢ by

1

pan i) = o S P (ot ent)

€1,y €p==1

1



2 Introduction

for all z1,...,z, € X.

Suppose that X is equipped with a multiplicative structure (for instance, X could be
an algebra or a function space) and let Pp,(X) be the linear span of the set {z": z € X}.
If &: P, (X) — Y is a linear map, then the map P: X — Y defined by

Plr) = &™) (r € X) (1)

is an m-homogeneous polynomial. These are the standard examples of polynomials and
one might wonder if every polynomial is of this form, but the answer to this question is
strongly negative. To see this, we first observe that standard polynomials are orthogonally
additive, i.e., they satisfy the following:

z,ye X, zy=yr=0 = P(z+vy)=P(z)+ P(y).
The map P: My — C defined by
P((aiy)) = anazz  ((aij) € M),

where M is the full matrix algebra of order 2, is obviously a 2-homogeneous polynomial
and can’t be expressed through a linear map as in (1) because

P(e11 +e22) =1# 0= P(e11) + P(e2),

where e;; is the matrix whose (4, j) entry is 1 all other entries are 0. It is notably more
difficult to find orthogonally additive polynomials that can’t be represented by linear
maps.

Our goal is to know if the necessary condition of being orthogonally additive is also
sufficient to characterize polynomials that can be written as in (1). We might also wonder
if orthogonal additivity on a subset of X is enough to ensure the representation and, in
the case where X and Y are Banach spaces, if the representing linear map ® is continuous
provided that the polynomial P is.

Our general strategy is based on using the multilinear map ¢ associated to an
orthogonally additive polynomial P: X — Y to define the representing linear map @,
taking into account that if such a map exists and x,e € X are such that ze = ex = z,
then, by the polarization formula,

In [78], the author succeeded in providing a useful representation of the orthogonally
additive homogeneous polynomials on the spaces LP(]0,1]) and ¢/ with 1 < p < oo.
In [69] (see also [29]), the authors obtained a similar representation for the space C(K),
for a compact Hausdorff space K. These results were generalized to Banach lattices [21]
and Riesz spaces [53]. Further, the problem of representing the orthogonally additive
homogeneous polynomials has been also considered in the context of Banach function
algebras [15, 81] and non-commutative Banach algebras [8, 16, 67]. Notably, [67] can be
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thought of as the natural non-commutative analogue of the representation of orthogonally
additive polynomials on C'(K)-spaces.

Our first result on this topic was the representation of orthogonally additive polyno-
mials on the algebra A(X) of approximable operators on a Banach space X such that
X* has the bounded approximation property [16].

In Chapter 1 ([8]), we study orthogonally additive polynomials on convolution algebras
associated with a compact group. In Section 1.2, we prove that orthogonally additive
(not necessarily continuous) polynomials on the algebra 7(G), where G is a compact
group, are standard polynomials. We extend the linear representation to the algebra
L'(G) in Section 1.3. Section 1.4 shows that the representation is not always possible
for the algebras LP(T) (1 < p < o0) and C(T), where T denotes the circle group, if
we require that the representing linear map is continuous with respect to the norm of
each algebra. In Section 1.5 we define a norm in P,,(A) for any Banach algebra A, and,
finally, in Section 1.6 we prove the representation of continuous orthogonally additive
polynomials by linear maps that are continuous with respect to that norm on a large
variety of convolution algebras, including LP(G) (1 < p < o0) and C(G).

Chapter 2 ([17]) is devoted to the representation of orthogonally additive polynomials
of non-commutative LP-spaces associated with a von Neumann algebra M equipped
with a normal semifinite faithful trace 7, which we denote by LP(M, 7). In Section 2.2,
we prove an extension of the result of [67] for orthogonally additive polynomials on
(C*-algebras in which we consider polynomials with values in any topological linear space
and not necessarily a Banach space. We do so because the representing linear map of a
polynomial on LP(M, 7) is supposed to be defined in L/ (M, 1), which is not a Banach
space if m > p. In Section 2.3, we use that result to prove the linear representation of
orthogonally additive polynomials from LP(M, 1) for any 0 < p < oo to any topological
linear space.

Reflexive and hyperreflexive subspaces of operators

Let A be a closed subalgebra of the algebra B(H) of all continuous linear operators on
the Hilbert space H. We consider the lattice of all projections onto the A-invariant
subspaces of H, latA = {e € B(H) projection : etTe = 0 (T € A)}. We can define
another subalgebra of B(H),

alglatA = {T € B(H) : etTe=0 (e € latA)}.

The subalgebra A is called reflexive if A = alglatA. Note that the inclusion A C alglatA
always holds.

If A is a *-subalgebra, then latA is the set of projections of the commutant of A, and
alglat A is the double commutant of A. Therefore, by the double commutant theorem,
von Neumann algebras are precisely those reflexive subalgebras of B(H) that are also
x-subalgebras. Indeed, reflexive subalgebras are also closed in the weak operator topology
and contain the identity of H.



4 Introduction

The algebra A is called hyperreflezive if the above condition on A is strengthened by
requiring that there is a distance estimate

dist(T,A) < Ca(T,A) (T € B(H))
for some constant C, where « is the distance defined by latA,
a(T, A) = sup{HeJ‘TeH reclatd} (T € B(H)).

IfT eB(H),Se€ Aand e € latA, then HeLTeH = HeL(T — S)e|| < |IT = S|, so the
inequality (T, A) < dist(T, A) always holds. Christensen [33, 34, 35] showed that many
von Neumann algebras (including injective von Neumann algebras) are hyperreflexive.

If A is a closed subalgebra of B(H) containing the identity of H, then

a(T,A)= sup inf{||T(x)—S(x)||: S €A} (T eB(H)).

zeH, x| <1

This motivates the extensions of the notions of reflexivity and hyperreflexivity to subspaces
of B(X,Y), where X and Y are Banach spaces. Following Loginov and Shulman [62], a
closed linear subspace S of B(X,Y) is called reflexive if

S={TeB(X,Y): T(zx) € {S(): S €S} (z € X)}.

It is worth noting that this definition makes sense for subspaces of operators between
quasi-Banach spaces. In accordance with Larson [60, 61], S is called hyperreflexive if
there exists a constant C' such that

dist(7,8) < C  sup inf{||T(z) - S(z)||: S€S} (T € B(X,Y)),
zeX, ||z]<1

and the optimal constant is called the hyperreflexivity constant of S.

Chapter 3 ([9]) is devoted to studying the reflexivity and hyperreflexivity of the space
Hom (LP(M), L9(M)) of all (automatically continuous) right M-module homomor-
phisms from LP(M) to LY(M) for a von Neumann algebra M. The non-commutative
LP-spaces that we consider are those introduced by Haagerup (see [46, 70, 80]). For
each 0 < p < oo, the space LP(M) is a contractive Banach M-bimodule or a contractive
p-Banach M-bimodule according to 1 < p or p < 1, and we will focus on the right
M-module structure of LP(M).

Our method relies in the analysis of a continuous bilinear map ¢: Ax A — X, for a C*-
algebra A and a normed space X, through the knowledge of the constant sup{|¢(a,b)] :
a,b € A, contractions, ab = 0}, alternatively, the constant sup{|/p(e,et)| : e €
A projection} in the case where A is unital and has real rank zero. This is done in
Section 3.2. The original proof of Theorem 3.2.1 had a mistake that has been corrected
in this dissertation.

In Section 3.3, we prove that, for each 0 < p,q < oo, each right M-module
homomorphism from LP(M) to L9(M) is automatically continuous and the space
Homp (LP (M), LI(M)) is a reflexive subspace of B(LP(M), LY(M)). In Section 3.4,
we prove the hyperreflexivity of Homa(LP(M), L9(M)) in each of the following cases:
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(i) 1 < ¢ < p < o0, in which case the hyperreflexivity constant can be chosen to
depend on p and ¢, and not on M;

(ii) 1 < p,q < oo and M is injective, in which case the hyperreflexivity constant can
be taken to be 8.

Strongly zero product determined Banach algebras

A Banach algebra A is said to be zero product determined if, for every continuous bilinear
functional ¢ € B?(A,C) satisfying ¢(a,b) = 0 whenever a,b € A are such that ab = 0,
there exists a continuous linear functional 7 on A such that

v(a,b) =7(ab) (a,be€ A),

i.e., ¢ belongs to the space B2(A,C) = {£on : £ € A*} where 7: A x A — A denotes
the product map. In fact, we could consider bilinear maps with values in any normed
space instead of C, in which case the continuous linear map 7 is defined on the span of
{ab:a,b e A} (see [24, Proposition 4.9]).

Let A be a zero product determined Banach algebra. Suppose that the Banach space
of A is a Banach algebra under another multiplication, %, such that a * b = 0 whenever
ab = 0. Then there is a continuous linear map 7 from the span of {ab : a,b € A} to
A such that a x b = 7(ab). Moreover, if A is unital then 7(a) = 1 xa (a € A), whence
axb=1xab (a,b € A). This motivates the use of the name “zero product determined”.

A Banach algebra A has property B if every continuous bilinear functional ¢ € B%(A, C)
with the property that ¢(a,b) = 0 whenever a,b € A are such that ab = 0 satisfies

w(ab,c) = p(a,bc) (a,b,c e A).

Property B was introduced in [2] following what was called property A. Thus, there
are no deeper reasons for the name “property B”. In that same article, it was shown that
this class of Banach algebras is wide enough to include a number of examples of interest:
C*-algebras, the group algebra L'(G) of any locally compact group G, and the algebra
A(X) of approximable operators on any Banach space X.

It is evident that every zero product determined Banach algebra has property B, and
the reciprocal is true for Banach algebras having a bounded left approximate identity
(Proposition 4.2.1). Therefore, C*-algebras, group algebras and the algebra A(X) of any
Banach space X having the bounded approximation property are zero product determined
Banach algebras.

For each ¢ € B%(A, C) we consider the constants

lol., = sup{le(a,b)| - a,b € A, [la]| = [|b]] =1, ab =0}

and
¢l = sup {|¢(ab, c) — ¢(a,bc)| s a,b,c € A, |lall = ||b]| = ||| = 1}.
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Note that a Banach algebra A is zero product determined precisely when
p € B*(4,C), |¢l,, =0 = ¢ € B(a,C).

A is said to be strongly zero product determined if this condition is strengthened by
requiring that there is a distance estimate

dist (¢, B2(A,C)) < alel,, Ve B*(A,C)

for some constant «; in this case, the optimal constant a will be denoted by « 4.
Furthermore, A having property B is equivalent to

p € B(A,C) |¢l,, =0 = |g|, =0,
so we say that A has strong property B if
lels < Blel,, Ve e B*A,C)

for some constant §; in this case, the optimal constant 8 will be denoted by 84. The
spirit of this concept first appeared in [11], and was subsequently formulated in [76] and
refined in [77]. This property has proven to be useful to study the hyperreflexivity of the
spaces of continuous derivations and, more generally, continuous cocycles on A (see [12,
13, 75, 76, 77]).

From Corollary 3.2.3, we obtain that if A is a C*-algebra, then A is strongly zero
product determined, has the strong property B, and a4, 54 < 8. It is shown in [77]
that each group algebra has the strong property B and so (by Corollary 4.2.2) it is also
strongly zero product determined.

Chapter 4 ([10]) is concerned with the study of these properties. In Section 4.2, we
present some estimates that relate the seminorms dist (-, B2(A, (C)), ||y, and || .p to each
other. In Section 4.3, we provide an estimate of the constants a1 (g) and Sp1(q) for each
locally compact group G. Our estimate of 311 () improves the one given in [77]. Finally,
in Section 4.4 we prove that the algebra A(X) is strongly zero product determined for each
Banach space X having property (A) (which is a rather strong approximation property for
the space X)) and we use this result to show that the space Z"(A(X),Y™) of continuous
n-cocycles from A(X) into Y* is hyperreflexive for each Banach A(X)-bimodule Y.

Weighted Jordan homomorphisms

Let A and B be algebras. A linear map ®: A — B is said to be a Jordan homomorphism
if it preserves Jordan products, i.e., if

®(aob) =P(a) o ®(b) (a,be A),

where a o b stands for the Jordan product ab+ ba. Obvious examples of Jordan homomor-
phisms are homomorphisms and antihomomorphisms. Under the mild assumption that
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the centre of B does not contain nonzero nilpotent elements, every Jordan homomorphism
from A onto B also preserves two-sided zero products ([24, Lemma 7.20]), i.e.,

a,be A, ab=ba =0 = P(a)®(b) = ®(b)P(a) = 0.
A linear map W: B — B is called a centralizer if
W(ab) = W(a)b=aW(b) (a,be A).

We say that ® is a weighted Jordan homomorphism if there exist an invertible centralizer
W of B and a Jordan homomorphism ¥ from A to B such that ® = WW. Observe that
® preserves two-sided zero products if and only if ¥ does.

Our aim is to know if every surjective linear (and continuous in the case where A
and B are Banach algebras) map ®: A — B which preserves two-sided zero products is
a weighted Jordan homomorphism. This problem is similar to but, as it turns out, more
difficult than a more thoroughly studied question of describing zero products preserving
continuous linear maps (see the most recent publications [24, 41, 42, 57, 63] for historical
remarks and references). It is known that the answer is positive if either A and B are
C*-algebras [3, Theorem 3.3] or if A = L}(G) and B = L'(H) where G and H are locally
compact groups with G € [SIN] (i.e., G has a base of compact neighborhoods of the
identity that is invariant under all inner automorphisms) [14, Theorem 3.1 (i)]. In fact,
[3, Theorem 3.3] does not require that ® preserves two-sided zero products but only that
it satisfies that

a,be A, ab=ba=0 = ®(a)o &(b) =0.

This condition is also more general than the condition that & preserves zero Jordan
products (®(a) o ®(b) = 0 whenever a o b = 0) studied in [32].

The starting point when studying the operator ® is to analyse the bilinear map
(a,b) = ®(a)®(b) (a,b € A) if @ preserves two-sided zero products, or (a,b) — ®(a) o
®(b) (a,b € A) in case ¢ satisfies the more general condition.

In Chapter 5 ([27]), we study this condition on the algebraic context of unital rings. If
A and B are unital rings, then a centralizer W: B — B satisfies that W (a) = aW (1) =
W(1l)a (a € A), so an additive map ®: A — B is a weighted Jordan homomorphism if
¢ = ®(1) is a invertible element of the centre of B and ®(a) o ®(b) = c®(aob). In [32] it
was proved that if R is a unital ring with % and A = M, (R) with n > 4, then surjective
additive maps from A onto itself that preserve zero Jordan products are weighted Jordan
homomorphisms.

In Section 5.2, we show that a surjective additive map ®: A — B satisfying ®(a) o
®(b) = 0 whenever ab = ba = 0 is a weighted Jordan homomorphism provided that the
ring A is additively spanned by Jordan products of its idempotents and B is any ring
with % The condition on idempotents is fulfilled in any matrix ring M, (R) with n > 2,
so this theorem yields a generalization and completion of the aforementioned result of [32].
In Section 5.3, we show that if A is a prime ring with char(A) #2,3,5 and ®: A — A is
a bijective additive map for which there exists an additive map ¥ : A — A such that
U(aob)=®(a)o ®(b) (a,b e A), then ¢ is a weighted Jordan homomorphism.



8 Introduction

The goal of Chapter 6 ([28]) is to generalize and unify the aforementioned results from
[3] and [14]. In Section 6.2, we show that a surjective continuous linear map ®: A — B
between Banach algebras which preserves two-sided zero products is a weighted Jordan
homomorphism provided that A is zero product determined and weakly amenable, and,
additionally, both A and B have bounded approximate identities. This in particular
implies that the restriction in [14, Theorem 3.1 (i)] that G € [SIN] is redundant. In Section
6.3, we show that [3, Theorem 3.3] still holds if B is any Banach algebra with a bounded
approximate identity, not only a C*-algebra, and that if X is a Banach space such that
X* has the bounded approximation property and B has a bounded approximated identity,
then any continuous linear map ®: A(X) — B satisfying ®(a) o ®(b) = 0 whenever
ab = ba = 0 is a weighted Jordan homomorphism.



Chapter 1

Orthogonally additive polynomials
on convolution algebras associated
with a compact group

J. Alaminos, J. Extremera, M. L. C. Godoy, and A. R. Villena. “Orthogonally
additive polynomials on convolution algebras associated with a compact
group”. Journal of Mathematical Analysis and Applications 472.1 (2019),
285-302.

https://doi.org/10.1016/j.jmaa.2018.11.024.

Abstract. Let G be a compact group, let X be a Banach space, and let P: L'(G) — X be
an orthogonally additive, continuous n-homogeneous polynomial. Then we show that there
exists a unique continuous linear map ®: L'(G) — X such that P(f) = (I>(f>x< S *f)
for each f € LY(G). We also seek analogues of this result about L!(G) for various other
convolution algebras, including LP(G), for 1 < p < oo, and C(G).

1.1 Introduction

Throughout all algebras and linear spaces are complex. Of course, linearity is understood
to mean complex linearity. Moreover, we fix n € N with n > 2.

Let X and Y be linear spaces. A map P: X — Y is said to be an n-homogeneous
polynomial if there exists an n-linear map ¢: X™ — Y such that P(z) = ¢ (z,...,z)
(x € X). Here and subsequently, X™ stands for the n-fold Cartesian product of X. Such
a map is unique if it is required to be symmetric. This is a consequence of the so-called
polarization formula which defines ¢ by

1
()0(1"17"'7‘/1:71) = nlon Z ilel"‘EnP(elxl ++6nxn)
€1yeens€n=

9



10 Chapter 1. Orthogonally additive polynomials on convolution algebras

for all x1,...,z, € X. Further, in the case where X and Y are normed spaces, the
polynomial P is continuous if and only if the symmetric n-linear map ¢ associated with
P is continuous. Let A be an algebra. Then the map P,: A — A defined by

P,(a)=a" (a€ A)

is a prototypical example of n-homogeneous polynomial. The symmetric n-linear map
associated with P, is the map S,,: A™ — A defined by

1
Sn(al,...,an):m Z Ag(1) " Ag(n) (@1, an € A),
0’6671

where G,, stands for the symmetric group of order n. Throughout, we will frequently use
this map S,,. From now on, we write P, (A) for the linear span of the set {a" : a € A}.
Given a linear space Y and a linear map ®: P,(A) — Y, the map P: A — Y defined by

Pla)=®(a") (a€ A) (1.1)

yields a particularly important example of n-homogeneous polynomial, and one might wish
to know an algebraic characterization of those n-homogeneous polynomials P: A — Y
which can be expressed in the form (1.1). Further, in the case where A is a Banach
algebra, Y is a Banach space, and the n-homogeneous polynomial P: A — Y is continuous,
one should particularly like that the map ® of (1.1) be continuous. A property that
has proven valuable for this purpose is the so-called orthogonal additivity. Let A be an
algebra and let Y be a linear space. A map P: A — Y is said to be orthogonally additive
if
a,be A, ab=ba =0 = P(a+b)= P(a)+ P(b).

The polynomial defined by (1.1) is a prototypical example of orthogonally additive
n-homogeneous polynomial, and the obvious questions that one can address are the
following.

Q1 Let A be a specified algebra. Is it true that every orthogonally additive n-
homogeneous polynomial P from A into each linear space Y can be expressed
in the standard form (1.1) for some linear map ®: P,(A) — Y7

Q2 Let A be a specified Banach algebra. Is it true that every orthogonally additive
continuous n-homogeneous polynomial P from A into each Banach space Y can be
expressed in the standard form (1.1) for some continuous linear map ®: P,(A4) — Y7

Q3 Let A be a specified Banach algebra. Is there any norm |||-||| on P, (A4) with the
property that the orthogonally additive continuous n-homogeneous polynomials
from A into each Banach space Y are exactly the polynomials of the form (1.1) for
some [||+|||-continuous linear map ®: P, (A) — Y?

It seems to be convenient to remark that the demand of Q3 results precisely in the
following two conditions:
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o for each Banach space Y and each |||-|||-continuous linear map ®: P,(A) — Y, the
prototypical polinomial P: A — Y defined by (1.1) is continuous, and

e every orthogonally additive continuous n-homogeneous polynomial P from A into
each Banach space Y can be expressed in the standard form (1.1) for some [||-||-
continuous linear map ®: P,(A4) — Y.

It is shown in [67] that the answer to Question Q2 is positive in the case where A is a
C*-algebra (see [21, 29, 69] for the case where A = C(K), and see [43, 68] for the case
where A is a C*-algebra and P is a holomorphic map). The references [7, 15, 81, 82,
83] discuss Question Q2 for a variety of Banach function algebras, including the Fourier
algebra A(G) and the Figa-Talamanca-Herz algebra A,(G) of a locally compact group G.
It is worth pointing out that the representation of orthogonally additive homogeneous
polynomials has been widely discussed in the context of Banach lattices (see [21, 53] and
the references therein).

This paper focuses on the questions Q1, Q2, and Q3 mentioned above for a variety of
convolution algebras associated with a compact group G, such as LP(G), for 1 < p < oo,
and C(G). In contrast to the previous references, that are concerned with C*-algebras and
commutative Banach algebras, the algebras in this work are neither C* nor commutative
with respect to convolution.

Throughout, we are concerned with a compact group G whose Haar measure is
normalized. We write [, f(t) dt for the integral of f € L!'(G) with respect to the Haar
measure. For f € L'(G), we denote by f*" the n-fold convolution product f - -- * f.
We denote by G the set of equivalence classes of irreducible unitary representations of
G. Let m be an irreducible unitary representation of G on a Hilbert space H,;. We set
dr = dim(H;)(< o0), and the character x, of 7 is the continuous function on G defined
by

xx(t) = trace(n(t)) (¢t € G).

We write T(G) for the linear subspace of C(G) generated by the set of continuous
functions on G of the form ¢ — (7 (t)u|v) as u and v range over H. It should be pointed
out that y, and 7;(G) depend only on the unitary equivalence class of 7. We write
T(G) for the linear span of the functions in T;(G) as [] ranges over G. Then T(G) is a
two-sided ideal of L'(G) whose elements are called trigonometric polynomials on G. The
Fourier transform of a function f € LY(G) at 7 is defined to be the operator

fir) = /G Fy(tY) di

~ ~

on H,. Note that if 7’ is equivalent to 7, then the operators f(7’) and f(7) are unitarily
equivalent.

In Section 1.2 we show that the answer to Question Q1 is positive for the algebra
T(G). In Section 1.3 we show that the answer to Question Q2 is positive for the group
algebra L'(G). In Section 1.4 we give a negative answer to Question Q2 for any of the
convolution algebras LP(T), for 1 < p < oo, and C(T), where T denotes the circle group.
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In Section 1.5 we prove that, for each Banach algebra A, there exists a largest norm
topology on the linear space P,,(A) for which the answer to Question Q3 can be positive.
Finally, in Section 1.6 we show that the answer to Question Q3 is positive for most of
the significant convolution algebras associated to G, such as LP(G), for 1 < p < oo, and
C(G), when considering the norm introduced in Section 1.5.

We presume a basic knowledge of Banach algebra theory, harmonic analysis for
compact groups, and polynomials on Banach spaces. For the relevant background
material concerning these topics, see [36], [52], and [64], respectively.

1.2 Orthogonally additive polynomials on 7 (G)

Our starting point is furnished by applying [67] to the full matrix algebra My, of order k
(which supplies the most elementary example of C*-algebra).

Lemma 1.2.1. Let M be an algebra isomorphic to My for some k € N, let X be a linear
space, and let P: M — X be an orthogonally additive n-homogeneous polynomial. Then
there exists a unique linear map ®: M — X such that P(a) = ® (a™) for each a € M.
Further, if o: M™ — X 1is the symmetric n-linear map associated with P and e is the
identity of M, then ®(a) = ¢ (a,e,...,e) for each a € M.

Proof. Let ¥: M — My be an isomorphism. Endow X with a norm, and let Y be its
completion. Since My, is a C*-algebra and the map P o U~': M — Y is a continuous
orthogonally additive n-homogeneous polynomial, [67, Corollary 3.1] then shows that
there exists a unique linear map ©: My — Y such that P (V~*(M)) = © (M™) for
each M € M. It is a simple matter to check that the map ® = © o ¥ satisfies

the identity P(a) = ®(a") (@ € A). Now the polarization of this identity yields
¢(ar,...,an) = ®(Sp(ar,...,an)) (a1,...,an € M), whence ¢ (a,e,...,e) = ®(a) for
each a € M. O]

In what follows, we will require some elementary facts about the algebra 7 (G); we
gather together these facts here for reference.

Lemma 1.2.2. Let G be a compact group. Then the following results hold.

(1) For each irreducible unitary representation m, Tr(G) is a minimal two-sided ideal of
LY(G), T:(G) is isomorphic to the full matriz algebra My_, and drx~ is the identity
of Tx(G).

(2) For each f € T(G), the set
{[n] E(Ai:f*xw#O}

is finite and

= Z dr f * Xr-

[x]e@
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Proof. (1) [52, Theorems 27.21 and 27.24(ii)].
(2) [52, Remark 27.8(a) and Theorem 27.24(ii)]. O

Theorem 1.2.3. Let G be a compact group, let X be a linear space, and let P: T(G) — X

be an orthogonally additive n-homogeneous polynomial. Then there exists a unique linear
map ®: T(G) = X such that

P(f) =@ (™)

=
for each f € T(G). Further, if ¢: T(G)" — X is the symmetric n-linear map associated
with P, then

(I)(f) = Z So(dﬂf*deﬂXmu-adﬂXﬂ)
[w]eé

(the term f x xr being 0 for all but finitely many [r] € CA?) for each f € T(G).
Proof. We first show that

P(f) = Z P (dr f * Xx) (1.2)
[7]eG
for each f € T(G). Set f € T(G). By Lemma 1.2.2, we have
[x]eG

and the set {[77] €qG: f*xXr # 0} is finite, so that all save finitely many of the summands
of the right-hand side of (1.3) are 0. Further, from [52, Theorem 27.24(ii)-(iii)] we see
that

(f # Xx) % (f % Xar) = [ f o X % X = 0,
whenever [r], [r'] € G and [r] # [1']. The orthogonal additivity of P and (1.3) then
yield(1.2).
Now set [7] € G. On account of Lemma 1.2.2(1), 7,(G) is isomorphic to the full
matrix algebra My_ and d,x, is the identity of 7;(G). Hence, by Lemma 1.2.1, we have
P(f) =@ (f*n’ drXrs - - 7d7rX7r)

for each f € T;(G). In particular, if f € T(G), then f *d;xr € Tz(G) and thus
P (drf * Xﬂ') = @((f * dpXn)™ s A Xy - - - d7rX7r)
= o(f*" % daXn, daXr, - - -, duXn)-
From (1.2) and (1.4) we conclude that
P(f)= Y P(def*xx)
GISE

= Z "2 (dﬂf*n * Xy d7rX7r) ceey d7rX7r)
[rle@

(1.4)

for each f € T(G), which completes the proof. O
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1.3 Orthogonally additive polynomials on L'(G)
A key fact in what follows is that the Banach algebra L!(G) has a central bounded approx-
imate identity consisting of trigonometric polynomials. Indeed, by [52, Theorem 28.53],
there exists a bounded approximate identity (hy)xea for L'(G) such that:

o ||ha]l1 =1 for each A € A;

o hy*xf=fxhyforall f€ L' (G) and X € A;

. ﬁ;(w) = a(m)I; for some () € RS for all [r] € G and A € A (here I; denotes
the identity operator on H;);

e limyep ay(w) =1 for cach [7] € G.
This approximate identity will be used repeatedly hereafter.
Theorem 1.3.1. Let G be a compact group, let X be a Banach space, and let P: L*(G) —
X be a continuous n-homogeneous polynomial. Then the following conditions are equiva-
lent:

(1) the polynomial P is orthogonally additive;

(2) the polynomial P is orthogonally additive on T(G), i.e., P(f +g) = P(f) + P(9)
whenever f, g € T(G) are such that f+g=gx* f=0;

(3) there exists a unique continuous linear map ®: LY(G) — X such that P(f) = ® (f*)
for each f € L}(G).

Proof. 1t is clear that (1) = (2) and that (3) = (1). We will henceforth prove that
(2) = (3).

Let ¢: L'(G)" — X be the symmetric n-linear map associated with P, and let
®y: T(G) — X be the linear map defined by

@O(f) = Z 2 (dﬂf * X, A Xy o - 7d7TXTI')
[Tr]Eé

for each f € T(G). Since P is orthogonally additive on 7 (G), Theorem 1.2.3 yields
P(f) =2 (f™) (feT(G)). (1.5)

We claim that ®g is continuous. Let (hy)aea be as introduced in the beginning of
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this section. We now note that, for A € A and [r] € G,

(h)\*x,r)(t):/ ha(s) trace(m(s™'t)) ds

G

From Theorem 1.2.3 and the polarization formula we deduce that

1
@(ﬁw-wfh):;g 2: Do (frqy * - * fogm))

’ O'EGn

1
== Z Z @ (drfo1) * - % fo(n) * Xms A Xas - - - > drXr)

" [x]eG oEGR

for all fi,..., fn € T(G). Pick f € T(G), and set F = {[n] : f % xx # 0}. We apply the
above equation in the case where fi = f and fo =--- = f, = h) with A € A. Since

fg(l)>|<--->kf(,(n)>|<X7r:f>|<h,\>»<--~>»<h)\>|<x7r:04,\(7r)”_1f>kx7r
for each 0 € &,,, it follows that

2 (fa By, ..., h)x) = Z O‘A(ﬂ')n_lgp (dﬂ'f * Xr, A Xy« - 7d7TX7T)

= Z oz,\(7r)"_1cp (daf * XrydaXny-- s drXa) -

Since F is finite (Lemma 1.2.2(2)) and limyep az(7) = 1 for each [7] € G, we see that
the net (cp (fyhx,-. "h/\))AeA is convergent and

o (f s ha) = D @ (dnf 5 Xy daXs - dxn) = Do(f). - (1.6)
[r]eF

On the other hand, for each A € A, we have

o (fs s ) | < el IR < el LA - (1.7)
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By (1.6) and (1.7),

[2o(H)I < llell £

which gives the continuity of ®.

Since T(G) is dense in L!(G) and ® is continuous, there exists a unique continuous
linear map ®: L'(G) — X which extends ®(. Since both P and ® are continuous, (1.5)
gives P(f) = ® (f*) for each f € L'(G).

Our final task is to prove the uniqueness of the map ®. Suppose that ¥: L'(G) — X is
a continuous linear map such that P(f) = ¥ (f**) for each f € L'(G). By Theorem 1.2.3,
U(f) =@(f)(= Po(f)) for each f € T(G). Since T(G) is dense in L'(G), and both ®
and WU are continuous, it follows that ¥(f) = ®(f) for each f € L'(G). O

1.4 Orthogonally additive polynomials on the convolution
algebras LP(T), 1 < p < oo, and C(T)

The next examples show that, if A is any of the convolution algebras LP(T), for 1 < p < oo,
or C(T), then there exists an orthogonally additive, continuous 2-homogeneous polynomial
P: A — C which cannot be expressed in the form P(f) = ® (f* f) (f € A) for any
continuous linear functional ®: A — C. Throughout this section, T denotes the circle
group {z € C: |z| = 1}, and, for f € LY(T) and k € Z, f(k) denotes the kth Fourier
coeflicient of f. For each k € Z, let x;: T — C be the function defined by

Xk(z) = 2" (z€T).

Then
Xk * Xk =Xk (k €Z) (1.8)
and
Xe(j) =0k (4. k € Z). (1.9)
Example 1.4.1. Assume that 1 < p < 2. Set ¢ = p%l, r= 2%), and s = 1, so that
%—k % =1and 2+ 1 =1 Take h € LP(T) such that
+00 .
> (k)] = +oo. (1.10)

k=—00

Such a choice is possible because of [40, 13.5.3(1)], since s < g. We claim that there
exists a € £"(Z) such that the sequence (3>_;__, a(k)h(k)) does not converge. To see
this, we define the sequence (¢,,) in the dual of ¢"(Z) by

m

dm(a) = Y a(k)h(k) (a€(Z), m€N).

k=—m
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It is immediate to check that

m 1/s
Wm=<§]ﬂmﬁ (m € N).

k=—m

From (1.10) we deduce that (||¢y,||) is unbounded, and the Banach-Steinhaus theorem
then shows that there exists a € £"(Z) such that (¢,,(a)) does not converge, as claimed.

Let f € LP(T). Then the Hausdorfl-Young theorem (][40, p. 13.5.1]) yields Hqu <
| fllp- By Holder’s inequality, we have

+o0
S Ja(®) Fk)?] < llall, | £ 2], = llall, |1 F I < llall, 113

k=—00
This allows us to define an orthogonally additive continuous 2-homogeneous polynomial
P: LP(T) — C by

“+o00 “+oo

P(fy= > a®)f«fk)= > ak)f(k)* (f€LP(T)).

k=—o0 k=—o0

Suppose that P can be expressed as P(f) = ® (f = f) (f € LP(T)) for some continuous
linear functional ®: LP(T) — C. By (1.8) and(1.9), we have

+o0 +oo

O(xi) = 0w *xx) = POx) = Y a(i)xali) = Y a(i)dje = a(k)

j=—00 j=—00

for each k € Z. If f € LP(T), then Riesz’s theorem [40, p. 12.10.1] shows that the
sequence (> ;- f(k)xx) converges to f in LP(T). Since ® is continuous, it follows that
the sequence

(@ ( > f(kz)xk)) = ( S f(k)@(xw) = ( > f(k)a(k))
k=—m k=—m k=—m

converges to ®(f). In particular, the sequence (Z?:_mﬁ(k)a(k)) is convergent, which
contradicts the choice of h.

Example 1.4.2. Assume that 2 < p < occ. If f € LP(T), then f € L?(T) and therefore
I fll2 = [Ifll2 < [|fllp- This allows us to define an orthogonally additive continuous
2-homogeneous polynomial P: LP(T) — C by

Z T f(k Z Fk)? (f € LP(T)).

k=—o00 k=—o00

Suppose that P can be represented in the form P(f) = ® (f* f) (f € LP(T)) for some
continuous linear functional ®: LP(T) — C. Let h € L(T) be such that

/f dz (f € LP(T)). (1.11)
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By (1.8) and (1.9), for each k € Z, we have

+00 +00
D(xk) = @0k * xk) = P(xx) = Z Xk(J) = Z ik =1,

and (1.11) then yields

Bk = [ =) dz = D) =1,

contrary to Riemann-Lebesgue lemma.

Example 1.4.3. If f € L>(T), then f € L*(T) and therefore Hﬂ\g = [fll2 < || fllccs
which implies that

+oo +oo
SIFERP < S FwP < 17112
k=0 k=—00

Hence we can define an orthogonally additive continuous 2-homogeneous polynomial
P: L>*(T) — C by

+oo +oo
P(f) = FxJ(—k) =Y F(-k)? (f € L>(T)).
k=0 k=0

Suppose that P can be represented in the form P(f) = ®(f = f) (f € L*(T)) for
some continuous linear functional ®: L>°(T) — C. The restriction of ® to C(T) gives
a continuous linear functional on C(T) and therefore there exists a measure p € M (T)
such that

B(f) = / f(2)du(z) (f € C(T)). (1.12)
By (1.8) and (1.9), for each k € Z, we have

= 00X 1 ifk<o,
O(xk) = Plxk * xk) = Plxk) = > Xn(=5) =D _6_ju = .
=0 =0 ’

and (1.12) then yields

1 ifk>0,

n(k :/z_kd z)dz = ®(x_k) =
atk) = | = dp(z) (x-+) {o k<O,
This contradicts the fact that the series } ;- xx is not a Fourier-Stieltjes series (see [40,
Example 12.7.8]). It should be pointed out that we have actually shown that neither P
nor the restriction of P to C(T) can be represented in the standard form.
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1.5 The largest appropriate norm topology on P, (A)

Since Question Q2 has been settled in the negative for the algebras LP(G), with 1 < p < oo,
and C(G), it is therefore reasonable to attempt to explore Question Q3 for these algebras.
For this purpose, in this section, for each Banach algebra A, we make an appropriate
choice of norm on P, (A).

Theorem 1.5.1. Let A be a Banach algebra. Then
Pn(A) = {Za? 1a1,...,am €A, M EN}
j=1

and the formula
o, =int {3 lasl" s 0= Yo},
j=1 j=1
for each a € Py(A), defines a norm on P,(A) such that
la” 7, <llal® (a € A)
and
lall < llallp,  (a € Pa(A)).
Further, the following statements hold.
(1) Suppose that ®: Pp(A) — X is a ||||p, -continuous linear map for some Banach space

X. Then the map P: A — X defined by P(a) = ® (a™) (a € A) is an orthogonally
additive continuous n-homogeneous polynomial with || P|| = ||®||.

(2) Suppose that |||-||| is a norm on Pn(A) for which the answer to Question Q3 is
positive. Then there exist My, My € RT such that

My [lall < [[lall] < Mz|lallp,  (a € Pn(A)).

Proof. For m € N, let a1,...,am;m € A and ay,...,q,, € C. Take §4,...,8, € C such
that 87 =« (j € {1,...,m}). Then

m m

D ajaf =) (Bjay)",

J=1 J=1

which establishes the first equality of the result.
Take a € P,(A), and let ay,...,a, € A be such that a = > | a” for some m € N.

J=177
Then
m m
lall <> flap]| <D llagll"™
j=1 j=1
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which proves that |al| < |[lallp . In particular, if a € A is such that |lal|p = 0, then we
have a = 0.

Set a € P,(A) and o € C. We proceed to show that [laalp = |af|allp, . Of course,
we can assume that o # 0. Choose § € C such that " = «. If a1,...,a, € A are such
that a = >, @} then aa = 77", (Ba;)" and therefore

m m
laallp, <> l1Ba|" =" lof fla;]"
i=1 j=1

which implies that [|aallp < [afllallp, . On the other hand,

lallp, = [la™" (aa)||, < lal™ [laallp,

which gives the converse inequality.
Let a, b € P,(A). Our goal is to prove that |la +b|lp < [lallp + [[b]lp - To this end,

set ¢ € RT, and choose ay,...,a;,b1,...,b, € A such that
l m
e-Ya b-3n
j=1 j=1
and

l m
> lagl™ < llallp, +2/2, D> Ibl" < Ibllp, +e/2.
j=1 j=1
Then we have

I
a+b:Za;}+§:b§b
j=1 j=1

and therefore

l m
la+bl|p, Z\Iaj\I”JrZHij" < llallp, + [bllp, + ¢
j=1 j=1

which yields |la + bl < [lallp, + [[b]lp, - Then ||| is a norm on P,(A). The space
Pn(A) is equipped with this norm for the remainder of this proof.

It is clear that [[a"||p, < |la||™ for each a € A. This property allows us to establish
the statement (1). Suppose that X is a Banach space and that ®: P,(A) — X is a
continuous linear map. Define P: A — X by P(a) = ® (a”) (a € A). Take a € A. Then
we have

I1P@)l = 1® @) < 1@ la"[lp, <[P llal"

which shows that the polynomial P is continuous and that || P| < ||®||. On the other

hand, let aq,...,a, € A be such that a = Zm_l aj. Then we have

o(a) = 3 ®(a}) = 3 Play),
j=1
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whence

m m m
1@ <Y 1Pl < Y 1P lagl™ = 1P1D lasl™
j=1 j=1 j=1

This shows that ||®(a)|| < [[P]| [|a]|p, , hence that ||| < [|P||, and finally that ||®[| = || P]|.

We now prove (2). Suppose that |||-]|| is a norm on P,(A) which satisfies the
conditions:
o for each Banach space X and each [||-|||-continuous linear map ®: P,(A) — X, the
prototypical polinomial P: A — X defined by P(a) = ® (a™) (a € A) is continuous,
and

e every orthogonally additive continuous n-homogeneous polynomial P from A into
each Banach space X can be expressed as P(a) = ® (a”) (a € A) for some |||-|||-
continuous linear map ®: P,(A) — X.

The canonical polynomial P,: A — A is an orthogonally additive continuous
n-homogeneous polynomial. Hence there exists a |||-|||-continuous linear map ®: P,(A4) —
A such that P,(a) = ® (a™) (a € A). This implies that ® is the inclusion map from P,,(A)
into A, and the continuity of this map yields M; € R such that Mj||al| < |||a||| for each
a € Pn(A). We now take X to be the completion of the normed space (P, (4),|||||]),
and let ®: P,(A) — X be the inclusion map. Then, by hypothesis, the polynomial
P: A — A defined by P(a) = ® (a™) (a € A) is continuous, and, in consequence, there
exists My € R such that |||a"||| < Ma||a||™ for each a € A. Take a € P,(A), and let

ai,...,a, € A be such that a = Z;nzl a?. Then we have
m m
alll < D Mlaflll < > Mo flag)",
j=1 J=1
which yields |||al|| < Mz||a||p, , and completes the proof. O

From now on P, (A) will be equipped with the norm ||-|p, defined in Theorem 1.5.1.
Proposition 1.5.2. Let A be a Banach algebra. Then

Pn(A) = {Z Sn(aLj, - ,amj) 1A1,---50n5 € A, me N}
j=1

and the formula

m

m
lalls, = inf{z larsll - llansll :a =" Su(ar ... >}
j=1

J=1

for each a € P,(A), defines a norm on Pp(A) such that

nTL
lall < llalls, < llallp, = 75 llalls,  (a € Pa(4)).



22 Chapter 1. Orthogonally additive polynomials on convolution algebras

Proof. Let S,(A) denote the set of the right-hand side of the first identity in the result.
Take a € P,(A). Then there exist ay,...,a, € A such that

m m
a= Za;-" = ZSn(aj, coa5) € Sp(A).
j=1 j=1
This also implies that ||alls, <377 [laj||---[la;]l, and hence that [lal|g, < [lalp, . We
now take a € S,(A). Then there exist ay,...,a,; € A (j € {1,...,m}) such that
a= Z;n:l Sn(aij,...,an;). The polarization formula gives

Z €1 €p (610/17‘7 + “ e + enan’])n

m
j=1 61,...,en::I:1
m

> <(n!12n)1/n€1/n e (erar oo+ €nan,j))n € Pn(A).

€1,..,€n==%1

The proof of the fact that ||-||s is a norm on P,(A) is similar to Theorem 1.5.1, and
it is omitted.

Our next objective is to prove the inequalities relating the three norms |-, [|-[|s, , and
[lp, - Take a € Pp,(A). We have already shown that |al|s < [lallp . Let a1j,...,an; €
A (j€{l,...,m}) be such that a = >"", Sp(a1,...,an;). Then

m m
lall <> 10 (@1, s an )| <Y llargll-- - llan
i=1 =1

which shows that |af| < [la||g . Forl € {1,...,n} and j € {1,...,m}, we take b, ; =
ay;/ |lay ;| if a; # 0 and by ; = 0 otherwise. Then

m m
a=Y Spl(arg .. anz) = llavll- llanil Sn(br - bng),
i=1

j=1

n

and the polarization formula gives
a= Z lavll -~ - lansll o Y aen(abiytc+enbny)
€1, €p =21

m
pIgp> (<HauH---Han,juﬁ)”’“‘ei/n-- ™ (b + -+ enbuy) )
j=1e€1,....en==%

==+1

We thus get

falp, <> Y (e,

7j=1¢€1,....en==%1

n

1 1
) e 4 )

[ llan.;]
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m
=> " > lall-llany

7j=1¢€1,....en==1

WHElbLj + -+ enbijn

“ 1 “ n
<D0 el llangll e = 3 lal-+llangll -
j=1¢€1,....en==%1 ’ j=1 ’
which shows that |[a|p < Z—T,L lalls, - O

Proposition 1.5.3. Let A be a Banach algebra with a central bounded approximate
identity of bound M. Then Pp(A) = A and ||| < [|-[|s, < M.

Proof. Take a € A, and let ¢ € R*. Our objective is to show that a € P,(A) and that
lalls, < M™ '(lla]l +€). Let Z(A) be the centre of A, and let (ex)xrea be a central
bounded approximate identity for A of bound M. Then Z(A) is a Banach algebra
and (e))aea is a bounded approximate identity for Z(A). Of course, A is a Banach
Z(A)-bimodule and Z(A)A is dense in A. We now take ap = a, and then we successively
apply the factorization theorem [36, Theorem 2.9.24] to choose ai,...,a,—1 € A and
21y 2n—1 € Z(A) such that

Ap—1 = Zkag, (1.13)
£
lak—1 —akl < —, (1.14)
n
and
2kl < M (1.15)
for each k € {1,...,n —1}. Then
a=Sy, (Zla <oy Rn—1, an—l)
and therefore a € P, (A) with
lalls, < lzall-- - llzn-1ll llan-1l]

< M a
< M"Y (flan—1 — anoa]| + -+ + llaz — al| + [a]]
< M (Jla] + <),

as claimed. Further, on account of Theorem 1.5.1, we have

lall < llalls, < M"(lla]l +¢)
for each ¢ € R*, which gives [|a| < [lallg < M" ! |a]. O
Corollary 1.5.4. Let G be a compact group. Then P, (L'(G)) = LY(G) and |-l = |||; -

Proof. The net (hy)xea introduced in the beginning of Section 1.3 is a central bounded
approximate identity for L'(G) of bound 1. Then Proposition 1.5.3 applies to show the
result. O
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1.6 Some other examples of convolution algebras

Sections 2 and 5 combine to answer Question Q3 in the positive for a variety of convolutions
algebras associated with G.

Lemma 1.6.1. Let G be a compact group, and let A be a subalgebra of L'(G) which is
equipped with a norm ||-|| 4 of its own and satisfies the following conditions:

(a) A is a Banach algebra with respect to ||-|| 4;
(b) T(G) is a dense subspace of A with respect to ||-|| 4;
Then T (G) is a dense subset of Pp(A).

Proof. For [1] € G and f € T,(G), the polarization formula and Lemma 1.2.2(1) yield

f = Sn (fadﬂ'XTH‘ . '7d7rX7r)

1 *
- nlan z : €1 €n (61f+€2d7rX7r +"'+€nd7rX7r) "
’ €1,..,€n==1

This shows that 7;(G) is equal to the linear span of the set { f*": f € Tr(G)}, which
implies that 7(G) C P, (A).
On the other hand, if f,g € A, then

[ =Pig+(f-9)
:;0(j)sn(g,...‘,g,f—g,..-,f—g)

n—j J

n

n—j J

and therefore

n
n _. .
1 —gmls, <3 ( ) gl 117 = glF,

=1 M

From Proposition 1.5.2, we deduce that

n
n! 4

*n *n n - n n—j j
177 =7, < 2 3 () Lall3 15 — ol (1.16)
7j=1
Let f € A. Then there exists a sequence (fy) in 7 (G) such that || f — fi]| 4 — 0, and (1.16)
then gives [|f*" — fi"||, — 0. This implies that 7(G) is dense in Py, (A). O

Theorem 1.6.2. Let G be a compact group, and let A be a subalgebra of L*(G) which is
equipped with a norm ||-|| 4 of its own and satisfies the following conditions:
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(a) A is a Banach algebra with respect to ||-|| 4;
(b) T(G) is a dense subspace of A with respect to ||-|| 4;

(c) A is a Banach left L*(G)-module with respect to ||| 4 and the convolution multiplica-
tion.

Let X be a Banach space, and let P: A — X be a continuous n-homogeneous polynomial.
Then the following conditions are equivalent:

(1) the polynomial P is orthogonally additive;

(2) the polynomial P is orthogonally additive on T(G), i.e., P(f 4+ g) = P(f) + P(9g)
whenever f,g € T(G) are such that fxg=gx* f=0;

(3) there exists a unique continuous linear map ®: P, (A) — X such that P(f) = ® (f*")
for each f € A.

Proof. 1t is clear that (1) = (2) and that (3) = (1). We will prove that (2) = (3).
Let ¢p: A — X be the symmetric n-linear map associated with P, and let
®y: T(G) — X be the linear map defined by

(I)0<f) = Z @ (dﬂf * X, dﬁXW cee :dTer>
[x]e@

for each f € T(G). Since P is orthogonally additive on 7 (G), Theorem 1.2.3 yields

P(f) =20 (/) (f€T(G)), (1.17)

We claim that ®( is continuous. Let (hy)xca be as introduced in the beginning of
Section 1.3. Set f € T(G), and assume that f = 377", fi" with fi,..., fm € A. For
A € A, hy belongs to the centre of L'(G), and so

Wi s f = Z(m « f)
j=1

Since fj*hy € T(G) (j € {1,...,m}, A€ A), (1.17) yields

m

Do (W3 5 f) =Y @o((ha* £5)™) =Y P (hax fj),

J=1 J=1

whence

[®o (RY" P(hy = f5)|l <ZHPH IR fill'

7j=1

IPII A L0 < P11 -
j=1
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We thus get
[®o (RY" * )l < 1PII1f I, - (1.18)

We now see that, for each A € A,

13" f = Flla < [[B3" 5 f =B f]
+o o [[B32 e f =Bk fll g+ 1k f = flla
(Al 4= 4 hally + 1) 1ox s f = Fll4
nllhxxf—flla-

On account of [52, Remarks 32.33(a) and 38.6(b)]|, we have

<
<

li h — =0
)\IGI?\H /\*f fHA )

and so
lim ||R3™ — =0.
AleAH N f||A 0

Since f € T(G), it follows that there exist [m1],...,[m] € G such that f € M :=
T (G) + -+ + T, (G). The finite-dimensionality of M implies that the restriction of
®y to M is continuous. Further, Lemma 1.2.2(1) shows that M is a two-sided ideal of
LY (G), and so hy € M * f for each A € A. Therefore, taking limits on both sides of
equation (1.18) (and using the continuity of ®y on M), we see that

[@o(NI < 1P If]lp, ,

which proves our claim.

Since T(G) is dense in P,(A) (Lemma 1.6.1), it follows that ®¢ has a continuous
extension ®: P,(A) — X. Take f € A. There exists a sequence (f;) in 7(G) with
|f = frll4 — O, so that P (fx) — P(f). Further, (1.16) gives || f*" — f;"|l, — 0, and
consequently P (f) = @ (fi") = @ (f*™). Hence ® (f*") = P(f).

Finally, we proceed to prove the uniqueness of the map ®. Suppose that U: P, (A) —
X is a continuous linear map such that P(f) = ¥ (f*") for each f € A. By Theorem 1.2.3,
U(f) = @(f)(= Po(f)) for each f € T(G). Since T(G) is dense in L' (G) (Lemma 1.6.1),
and both ® and ¥ are continuous, it follows that W(f) = ®(f) for each f € A. O

Example 1.6.3. Let G be a compact group. The following convolution algebras satisfy
the conditions required in Theorem 1.6.2 (see [52, Remark 38.6]).

(1) For 1 <p < oo, the algebra LP(G).
(2) The algebra C(G).

(3) The algebra A(G) consisting of those functions f € C(G) of the form

f=gxh
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with g,h € L*(G). The norm [l a(cz) on A(G) is defined by

114y = mnf{llglly 1hlly - f =g+ h, g.h € L*(G)}

for each f € A(G). It is worth noting that a function f € L'(G) is equal almost
everywhere to a function in A(G) if and only if

> di|| f(m)]], < oo

[r]e@

Further,

||f||A(G) = Z dWHJ?(W)Hl

[r]e@

for each f € A(G). Here | T'||; denotes the trace class norm of the operator T' € B(H).

For 1 < p < oo, the algebra A,(G) consisting of those functions f € C(G) of the

form -
F=> gr*h
k=1

where (gi) is a sequence in LP(G), (hg) is a sequence in LI(G) with 113 + % =1, and

o0
> lgelly Ikl < oo
k=1

The norm || - [| 4,(@) on Ay(G) is defined by

1L = {3 ol Il 7 =S+
k=1 k=1

for each f € A,(G).

For 1 < p < oo, the algebra S,(G) consisting of the functions f € L}(G) for which
> el Fm) G, < 0
[w]eé

Here ||T'||gp(s,) denotes the pth Schatten norm of the operator T' € B(Hz). The
norm |[-[|g ¢y on Sp(G) is defined by

1/p

1 llsycy = IF1+ | D2 dell oy

[7] e@

for each f € S,(G).
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Remark 1.6.4. Together with Corollary 1.5.4, Theorem 1.6.2 gives Theorem 1.3.1.

Remark 1.6.5. It is well-known that the Banach spaces A(G) and A,(G) of Example 1.6.3
are particularly important Banach function algebras with respect to the pointwise
multiplication. We emphasize that while the references [7, 15, 81, 82, 83] apply to
the problem of representing the orthogonally additive homogeneous polynomials on the
Banach function algebras A(G) and A,(G) with respect to pointwise multiplication,
Theorem 1.6.2 gives us information about that problem in the case where both A(G) and
Ap(G) are regarded as noncommutative Banach algebras with respect to convolution.

Remark 1.6.6. We do not know whether or not the conclusion of Theorem 1.6.2 must

hold for A = L*®(G).
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Abstract. Let M be a von Neumann algebra with a normal semifinite faithful trace 7.
We prove that every continuous m-homogeneous polynomial P from LP(M, ), with
0 < p < oo, into each topological linear space X with the property that P(x + y) =
P(z) + P(y) whenever z and y are mutually orthogonal positive elements of LP(M, 1)
can be represented in the form P(z) = ®(x™) (x € LP(M, 7)) for some continuous linear
map ®: LP/™(M, 1) — X.

2.1 Introduction

In [78], the author succeeded in providing a useful representation of the orthogonally
additive homogeneous polynomials on the spaces LP([0,1]) and ¢ with 1 < p < oc.
In [69] (see also [29]), the authors obtained a similar representation for the space C(K),
for a compact Hausdorff space K. These results were generalized to Banach lattices [21]
and Riesz spaces [53]. Further, the problem of representing the orthogonally additive
homogeneous polynomials has been also considered in the context of Banach function
algebras [15, 81] and non-commutative Banach algebras [8, 16, 67]. Notably, [67] can be
thought of as the natural non-commutative analogue of the representation of orthogonally
additive polynomials on C'(K)-spaces, and the purpose to this paper is to extend the
results of [78] on the representation of orthogonally additive homogeneous polynomials
on LP-spaces to the non-commutative LP-spaces.

The non-commutative LP-spaces that we consider are those associated with a von
Neumann algebra M equipped with a normal semifinite faithful trace 7. From now

29
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on, S(M, ) stands for the linear span of the positive elements = of M such that
T(supp(x)) < o0; here supp(z) stands for the support of z. Then S(M,7) is a *-
subalgebra of M with the property that |z’ € S(M, ) for each x € S(M, 7) and each
0 <p<oo For0<p< oo, wedefine | -|,: S(M,7) = R by ||z], = 7(|z[?)"/?
(x € S(M,T)). Then || - ||, is a norm or a p-norm according to 1 <p < oo or 0 <p <1,
and the space LP(M, 7) can be defined as the completion of S(M, 7) with respect to || - |-
Nevertheless, for our purposes here, it is important to realize the elements of LP(M, T)
as measurable operators. Specifically, the set LY(M, 1) of measurable closed densely
defined operators affiliated to M is a topological x-algebra with respect to the strong
sum, the strong product, the adjoint operation, and the topology of the convergence in
measure. The algebra M is a dense *-subalgebra of L°(M, 7), the trace T extends to the
positive cone of L°(M, 7) in a natural way, and we can define

Izl = r(l2")'" (2 € LO(M, 7)),
LPM,7) = {z € LM, 7) : ||z, < oc}.

Also we set L®(M,7) = M (with || - ||oo := || - ||, the operator norm). Operators
z,y € L°(M,7) are mutually orthogonal, written =z L y, if zy* = y*z = 0. This
condition is equivalent to requiring that x and y have mutually orthogonal left, and right,
supports. Further, for x,y € LP(M, 1) with 0 < p < 0o, the condition z L y implies that
lz+ylh = lz||b+ |y||b, and conversely, if ||z £ y||b = ||=|b + ||ly|[h and p # 2, then z L y
(see [72, Fact 1.3]). The orthogonal additivity considered in [78] for the spaces LP([0, 1])
and /P can of course equally well be considered for the space LP(M, 7). Let P be a map
from LP(M, 7) into a linear space X. Then P is:

(i) orthogonally additive on a subset S of LP(M, 1) if

z,yeS,x Ly=0 = P(x+y)=P(x)+ P(y);

(ii) an m-homogeneous polynomial if there exists an m-linear map ¢ from LP(M, 7)™
into X such that
Px)=¢(x,...,x) (x€ LP(M,T1)).

Here and subsequently, m € N is fixed with m > 2 and the superscript m stands for
the m-fold Cartesian product. Such a map is unique if it is required to be symmetric.
Further, in the case where X is a topological linear space, the polynomial P is
continuous if and only if the symmetric m-linear map ¢ associated with P is
continuous.

Given a continuous linear map ®: LP/™(M,7) — X, where X is an arbitrary topological
linear space, the map Pg: LP(M,7) — X defined by

Py(x) = ®(2™) (z € LP(M,T1))

is a natural example of a continuous m-homogeneous polynomial which is orthogonally
additive on LP(M, T)ss (Theorem 2.3.1), and we will prove that every continuous m-
homogeneous polynomial which is orthogonally additive on LP(M, T)g, is actually of
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this special form (Theorem 2.3.2). Here and subsequently, the subscripts “sa” and +
are used to denote the self-adjoint and the positive parts of a given subset of LO(M,7),
respectively.

We require a few remarks about the setting of our present work. Throughout the
paper we are concerned with m-homogeneous polynomials on the space LP(M, 1) with
0 < p, and thus one might wish to consider polynomials with values in the space
LY(M,T), especially with ¢ < p. Further, in the case case where p/m < 1 and the
von Neumann algebra M has no minimal projections, there are no non-zero continuous
linear functionals on LP/™ (M, 7); since one should like to have non-trivial “orthogonally
additive” polynomials on LP(M, 7), some weakening of the normability must be allowed
to the range space (see Corollary 2.3.4). For these reasons, throughout the paper, X
will be a (complex and Hausdorff) topological linear space. In the case where the von
Neumann algebra M is commutative, the prototypical polynomials Py mentioned above
are easily seen to be orthogonally additive on the whole domain. In contrast, we will
point out in Propositions 2.2.7 and 2.3.9 that this is not the case for the von Neumann
algebra B(H) of all bounded operators on a Hilbert space H whenever dim H > 2.

We assume a basic knowledge of C*-algebras and von Neumann algebras, tracial
non-commutative LP-spaces, and polynomials on topological linear spaces. For the
relevant background material concerning these topics, see [22, 37, 79], [65, 70, 80], and
[39], respectively.

2.2 ('*-algebras and von Neumann algebras

Our approach to the problem of representing the orthogonally additive homogeneous
polynomials on the non-commutative LP-spaces relies on the representation of those
polynomials on the von Neumann algebras.

Recall that two elements z and y of a C*-algebra A are mutually orthogonal if
ry* = y*x = 0, in which case the identity ||z 4 y|| = max{||z|, [|y|/} holds. The reader
should be aware that we have chosen the standard definition of orthogonality in the
setting of non-commutative LP-spaces. This definition is slightly different from the one
used in [67], which is the standard one in the setting of Banach algebras. In [67] the
orthogonality of two elements x and y is defined by the relation xy = yxr = 0, and,
further, the orthogonally additive polynomials on the self-adjoint part of a C*-algebra
are automatically orthogonally additive on the whole algebra. The important point to
note here is that both the definitions of orthogonality agree on the self-adjoint part
of the C*-algebra. Thus, for a polynomial on a C*-algebra, the property of being
orthogonally additive on the self-adjoint part according to our definition is the same as
being orthogonally additive according to [67]. Nevertheless, in contrast to [67], there are
no non-zero orthogonally additive polynomials from the von Neumann algebra B(H) into
any topological Banach space according to our definition (Proposition 2.2.7).

Suppose that A is a linear space with an involution *. Recall that for a linear
functional ®: A — C, the map ®*: A — C defined by ®*(z) = ®(z*) (x € A) is a linear
functional, and @ is said to be hermitian if ®* = ®. Similarly, for an m-homogeneous
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polynomial P: A — C, the map P*: A — C defined by P*(x) = P(z*) (x € A) is an
m-homogeneous polynomial, and we call P hermitian if P* = P.

Lemma 2.2.1. Let X and Y be linear spaces, and let P: X — Y be an m-homogeneous
polynomial. Suppose that P vanishes on a convex set C' C X. Then P wvanishes on the
linear span of C.

Proof. Set x1,x9, 23,24 € C. Let n: Y — C be a linear functional, and define f: C* — C
by

flar, a2, a3, aq) = n(Ploqzy + aows + asas + axy)) (a1, a2,03,a4 € C).

Then f is a complex polynomial function in four complex variables that vanishes on the
set

{(p1, 2, p3,ps) ER 10 < p1,p2,p3, pa, p1+p2+p3+ps =1}
This implies that f is identically equal to 0 on C*, and, in particular,
n(P(p1x1 — pawo + ip3ws — ipaxs)) = f(p1, —p2,ips, —ips) =0

for all p1, p2, p3, p4 > 0. Since this identity holds for each linear functional 7, it may
be concluded that P(pix1 — paxe + ipsxs — ipaxs) = 0 for all pi, p2, p3, pa > 0. Thus P
vanishes on the set

{pr@1 — powa + ipsws —ipazs 1 p; > 0, z; € C (j=1,2,3,4)},
which is exactly the linear span of the set C. 0

Theorem 2.2.2. Let A be a C*-algebra, let X be a topological linear space, and let
®: A — X be a continuous linear map. Then:

(i) the map Pp: A — X defined by Pp(x) = ®(z™) (x € A) is a continuous m-
homogeneous polynomial which is orthogonally additive on Ag,;

(ii) the polynomial Py is uniquely specified by the map ®.
Suppose, further, that X is a g-normed space, 0 < g < 1. Then:
(iii) 2710 < | Pol| < |0
Moreover, in the case where X = C,

(iv) the functional ® is hermitian if and only if the polynomial Py is hermitian, in
which case || Ps|| = ||®]|.

Proof. (i) It is clear that the map Pg is continuous and that Pg is the m-homogeneous
polynomial associated with the symmetric m-linear map ¢: A”™ — X defined by

1
@(xl,...,xm):m Z D (2o0)  Tom)) (X1, Tm € A);
O’GGm
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here and subsequently, we write &,, for the symmetric group of order m.
Suppose that z,y € Ag, are such that L y. Then zy = yz =0, and so (z +y)™ =
™ 4+ y™, which gives

Po(z+y)=2((z+y)") =2(z™ +y™) = 2(2™) + ®(y™) = Po(z) + Pa(y).

(ii) Assume that ¥: A — X is a linear map with the property that Py = Pg. If
x € Ay, then

O(z) = ®((z/™)™) = P(zV/™) = ¥((zY™)™) = ¥(x).

By linearity we also get ¥U(z) = ®(z) for each x € A.
(iii) Next, assume that X is a g-normed space. For each z € A, we have

1P ()] = [|@(™)[| < @[l < [I®]]=[™,
which implies that ||Pg|| < ||®||. Now take z € A, and let w € C with w™ = —1. Then
x = Rx + iSx, where

] .
Ra = 5(35* +z), Sz = %(gc* — ) € Asa,

and, further, |Rz||, [|Sz| < ||z||. Moreover, Rz = z1 — xo and Sz = x3 — x4, where
x1,T2,%3,T4 € Ay, x1 L x9, and x3 | z4. Since x1 | xzo and z3 L x4, it follows that

a:}/m L :Lé/m and :L':l,)/m 1 x}l/m. Consequently,

1Rz = max{ [l ], 22|}, (2.1)

ISz = max{ [las]), [lz4] },
and
/™ + wary™ || = masc{ [y ™. |} 25"}, (2.2)
25 + way™ || = max{||az™ ||, |z ||}-
Since
21/ ™(| = llza )™, (g™ = Nl |l2g™™ | = llzsl ™, lzy™|| = llzal/™,

it follows, from (2.1) and (2.2), that

1™ + way™|™ = max{[|z1]], [|z2]|} = [|Re]],

I/mHm (2.3)
4

l23™ + way™|™ = max{lasll, [zall} = |Sll.

On the other hand, we have

1/m 1/m\m 1/m 1/m\m
(a:l/ +w:c2/) =11 — 19 = Rz, (:cg/ —|—wx4/) =x3 — 14 = ST,
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and so

) = B0) +i0(55) = (1 + k™)) 40 (@™ + el
— Pulall" wnlf") 4 iRl 4 ),
Hence, by (2.3),

@)1 < || Po (2™ +way™)||* + || Po (5™ + way™)||
< || Pp7)|2y/™ + way ™| + || Pa ||y ™ + way ™™
= | Po]@ (| R |* + | Sz]%)
< |[Psl|2]]c.

This clearly forces ||®|| < 21/9||Pg||, as claimed.

(iv) It is straightforward to check that Pj; = Pg+. Consequently, if ® is hermitian,
then Py = Pp+» = Pp so that Py is hermitian. Conversely, if Py is hermitian, then
Py« = Pj = Py and (ii) implies that ®* = ®. Finally, assume that ® is a hermitian
functional. For the calculation of ||Pg|| it suffices to check that ||®| < ||Pgl||. For this
purpose, let ¢ € R, and choose z € A such that ||z| =1 and ||®| — e < |®(z)|. We take
a € C with || =1 and |®(x)| = a®(x), so that

@[ — & < [®(z)| = ®(az) = P(az) = P((ax)*).

Note that ||R(az)|| <1 and ||®|| — e < ®(R(ax)). Now we consider the decomposition
R(ax) = x1 — xo with z1,29 € Ay and 21 L x5 and take w € C with w™ = —1. As
in (2.3), we see that Hxi/m + wx;/mH = || R(ax)|'/™ < 1. Moreover, we have

Py (/™ +wry™) = (21" +wy™)") = 2(R(aw)),
which gives ||®|| — e < || Pa||. O

Lemma 2.2.3. Let A be a C*-algebra, let R be a x-subalgebra of A, let X be a topological
linear space, and let ®: R — X be a linear map. Suppose that the polynomial P: R — X
defined by P(x) = ®(2™) (x € R) is continuous and that R satisfies the following
conditions:

(i) |x| € R for each x € Rsa;
(i) Y™ € R for each x € R .
Then ® is continuous.

Proof. Let U be a neighbourhood of 0 in X. Let V' be a balanced neighbourhood of 0 in
X with V+V+V+V C U. The set P~1(V) is a neighbourhood of 0 in R, which implies
that there exists r € R* such that P(z) € V whenever x € R and |z|| < r. Take z € R
with ||z|| < r™. Since R is a x-subalgebra of A, we see that Rz, Sr € Ren. We write
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Rx = x1 — x9 and Sr = x3 — 24, as in the proof of Theorem 2.2.2, where, on account of
the condition (i),

(|Rz| + Rz) € Ry, X9 =
(|Sz] + Sz) € Ry, Ty =

(|Rz| — Rz) € Ry,
(|Sz] — Sz) € R4

T =

N[ DO|—=

1
2
1
CU3:§

For each j € {1,2,3,4}, condition (ii) gives x;/m € R, and, further, we have ijl/mH =
|5 ]|*/™ < ||z||¥/™ < r. Hence
() = ®((x)/")" — (") +ilag™)" i)™
= B((2y/")") = B((2")") +i®((a3")") — i ((23")")
— P(2}/™) = P(xy™) +iP(ay™) —iP(x}) ") eVHV +V +V C T,
which establishes the continuity of . O

Theorem 2.2.4. Let A be a C*-algebra, let X be a locally convez space, and let P: A — X
be a continuous m-homogeneous polynomial. Then the following conditions are equivalent:

(i) there exists a continuous linear map ®: A — X such that P(x) = (™) (x € A);
(ii) the polynomial P is orthogonally additive on Ass;

(iii) the polynomial P is orthogonally additive on A, .

If the conditions are satisfied, then the map ® is unique.

Proof. Theorem 2.2.2 gives (i)=-(ii), and obviously (ii)=-(iii). The task is now to prove
that (iii)=(i).

Suppose that (iii) holds. For each continuous linear functional n: X — C, set
P, =no P. Then P, is a complex-valued continuous m-homogeneous polynomial. We
claim that P, is orthogonally additive on Ag,. Take z,y € Ag, with o L y. Then we
can write x = x4y —r_ andy =y, —y_ with x,,2_,y.,y_ € Ay mutually orthogonal.
Define f: C? — C by

fla,B) = Py(zy + az_ +yqp + By-) — Pywy + axw_) — Py + By-) (o, 8 €C?).

Then f is a complex polynomial function in two complex variables. If o, 3 € R™, then
T4 +ax_,yy + Py_ € A; are mutually orthogonal, and so, by hypothesis, P(z4 +ax_ +
y++PBy-) = P(xy +ax_)+ P(y+ + By—). This shows that f(«, 3) = 0. Since f vanishes
on Rt x R¥, it follows that f vanishes on C2, which, in particular, implies

By(x +y) = By(x) = By(y) = f(=1,-1) = 0.

Having proved that P, is orthogonally additive on A, we can apply [67, Theorem 2.8]
to obtain a unique continuous linear functional ®, on A such that

n(P(z)) = &,(a™) (z € A). (2.4)
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Each = € A can be written in the form 27" + --- + 2}]' for suitable z1,..., 7} € A,
and we define

O(x) =Y Plaj).
j=1
Our next goal is to show that ® is well-defined. Suppose that x1,...,zr € A are such
that 21" +--- + z}' = 0. For each continuous linear functional n on X, (2.4) gives

k

k k
n ZP(:EJ') = ZW(P(%')) = Z‘Pn(fﬂ}”) =0y Zm;n =0.
1 j j=1

j= 7=1 7j=1

Since X is locally convex, we conclude that Z§:1 P(z;) =0.

It is a simple matter to check that & is linear and, by definition, P(z) = ®(z™)
(x € A). The continuity of ® then follows from Lemma 2.2.3.

The uniqueness of the map ® follows from Theorem 2.2.2(ii). O]

The assumption that the space X be locally convex can be removed by requiring
that the C*-algebra A be sufficiently rich in projections. The real rank zero is the most
important existence of projections property in the theory of C*-algebras. We refer the
reader to [22, Section V.3.2] and [37, Section V.7| for the basic properties and examples
of C*-algebras of real rank zero. This class of C*-algebras contains the von Neumann
algebras and the C*-algebras IC(H) of all compact operators on any Hilbert space H. Let
us remark that every C*-algebra of real rank zero has an approximate unit of projections
(but not necessarily increasing).

Theorem 2.2.5. Let A be a C*-algebra of real rank zero, let X be a topological linear
space, and let P: A — X be a continuous m-homogeneous polynomial. Suppose that A
has an increasing approximate unit of projections. Then the following conditions are
equivalent:

(i) there exists a continuous linear map ®: A — X such that P(x) = ®(z™) (z € A);
(ii) the polynomial P is orthogonally additive on As,;

(iii) the polynomial P is orthogonally additive on A, .

If the conditions are satisfied, then the map ® is unique.

Proof. Theorem 2.2.2 gives (i)=-(ii), and it is clear that (ii)=-(iii). We will henceforth
prove that (iii)=-(i).
We first note that such a map ® is necessarily unique, because of Theorem 2.2.2(ii).
Suppose that (iii) holds and that A is unital. Let ¢: A™ — X be the symmetric
m-linear map associated with P and define ®: A — X by

O(x) =p(x,1,...,1) (ze€A).
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Let @Q: A — X be the m-homogeneous polynomial defined by
Q(z) =o(2™) (x € A).

We will prove that P = . On account of Lemma 2.2.1, it suffices to show that
P(x) = Q(x) for each x € Ag,.

First, consider the case where = € Ag, has finite spectrum, say {p1,...,pr} C R.
This implies that  can be written in the form

k
Tr = E Pji€j,
J=1

where ey, ..., e, € A are mutually orthogonal projections (specifically, the projection e;
is defined by using the continuous functional calculus for = by e; = X{pj}(x) for each
je{l,...,k}). We also set eg =1 — (e; + - - + ex), so that the projections eq, e, ..., ex
are mutually orthogonal, and py = 0. We claim that if j1,..., 7, € {0,...,k} and j; # jy
for some [,1’ € {1,...,m}, then

o(€j,y ... €5,) =0. (2.5)
Let Ay ={n € {1,...,m} : j, = ji} and Ay ={n € {1,...,m} : jn # ji}. For each
a1,. .., am € RT, the elements Y-\ anej, and 3 1 ane;, are positive and mutually

orthogonal, so that the orthogonal additivity of P on A, gives

m
P (Z anejn> =P Z apej, | +P Z Qn€j,
n=1

neM nelg

This implies that, for each linear functional n: X — C, the function f: C™ — C defined
by

m
fla,...,am) =1 P(Zanejn) — P< Z anejn) — P< Z anejn) ,
n=1 neA nela
for all aq, ..., an, € C, is a complex polynomial function in m complex variables vanishing
in (R+)m. Therefore f vanishes on C™. Moreover, we observe that the coeflicient of
the monomial aq - - -y, is given by n!n(gp(ejl, R ejm)), because both A; and Ay are
different from {1,...,m}. We thus get

n!n(e(ejy,- .. €j,)) = 0.

Since this identity holds for each linear functional n, our claim follows. Property (2.5)
now leads to

k k k
P@)=¢ | Y pieji-sd_piei | = D i Pim®(€hrse s €)
i=1 i=1 J1mdm=1

:ZpTw(ejvae])
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and
k m k k k k k
Qu)=¢ | (X res) Deidei | =e [ X orend e e
J=0 Jj=0 j=0 j=0 j=0 j=0
k k
= Z p]lgp(ejl’ 7ejm) - ij 80(6]7 aej)
J1yeeJm=0 j=1

We thus get P(x) = Q(z).

Now suppose that = € Ay, is an arbitrary element. Since A has real rank zero, it
follows that there exists a sequence (z,,) in Ag, such that each z, has finite spectrum
and limx, = z. On account of the above case, we have P(z,) = Q(x,) (n € N), and
the continuity of both P and @ now yields P(z) = lim P(z,,) = im Q(z,) = Q(x), as
required.

We are now in a position to prove the non-unital case. By hypothesis, there exists
an increasing approximate unit of projections (ey)xea. For each A € A, set Ay = e)Ae,.
Then A is a unital C*-algebra (with identity e)) and has real rank zero (because A) is
a hereditary C*-subalgebra of A). From what has previously been proved, it follows that
there exists a unique continuous linear map ®: Ay — X such that

P(x) = ®)\(2™) (z € Ay). (2.6)
Define
R=J A
AEA
and, for each x € R, set
P(z) = @)\(2),

where A € A is such that z € A). We will show that & is well-defined. Suppose A, u € A
are such that « € Ay N.A,. Then there exists v € A with A\, u < v. Since the net (ex)xea
is increasing, we see that ey, e, < e, and therefore Ay, A, C A,. The uniqueness of the
representation of P on both Ay and A, implies that ®, | 4,= ®) and @, [4,= ®,,, which
implies that ®y(z) = ®,(r) = ®,(x). We now show that R is a *-subalgebra of A and
that ® is linear. Take z,y € R and o, 3 € C. We take A\, u € A such that x € Ay and
y € Ay. Then 2* € Ay C R. Now set v € A with A\, u < v. Hence z,y € A,, so that
ax + By, xy € A, C R, which shows that R is a subalgebra of A. Further, we have

P(ax + By) = ®y(ax + By) = a®y(z) + Py (y) = a®(z) + S (y),

which shows that ® is linear.

From (2.6) we deduce that P(x) = ®(z") for each x € R.

Our next goal is to show that R satisfies the conditions of Lemma 2.2.3. If x € R,
(x € R4), then there exists A € A such that z € (AA)sa (x € (.AA)+, respectively) and
therefore |z| € Ay C R (/™ € Ay C R, respectively). Since the polynomial P |z is
continuous, Lemma 2.2.3 shows that the map ® is continuous.
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Since (e))aea is an approximate unit, it follows that R is dense in A, and hence that
the map ® extends uniquely to a continuous linear map from 4 into the completion of X.
By abuse of notation we continue to write ® for this extension. Since both P and & are
continuous, it may be concluded that P(z) = ®(z™) for each x € A. We next prove that
the image of ® is actually contained in X. Of course, it suffices to show that ¢ takes A4
into X. If x € A, then

&(z) = ((z¥/™™) = P(z/™) € X,
as required. ]

Since every von Neumann algebra is unital and has real rank zero, Theorem 2.2.5
applies in this setting and gives the following.

Corollary 2.2.6. Let M be a von Neumann algebra, let X be a topological linear space,
and let P: M — X be a continuous m-homogeneous polynomial. Then the following
conditions are equivalent:

(i) there exists a continuous linear map ®: M — X such that P(z) = ®(z™) (x € M);
(ii) the polynomial P is orthogonally additive on Mgy;

(iii) the polynomial P is orthogonally additive on M.

If the conditions are satisfied, then the map ® is unique.

Proposition 2.2.7. Let H be a Hilbert space with dim H > 2, let X be a topological
linear space, and let P: B(H) — X be a continuous m-homogeneous polynomial. Suppose
that P is orthogonally additive in B(H). Then P = 0.

Proof. For each unitary v € B(H), the map P,: B(H) — X defined by
P,(xz) = P(vx) (x€ B(H))

is easily seen to be a continuous m-homogeneous polynomial that is orthogonally additive
on B(H). In particular, P, is orthogonally additive on B(H )gs,, and Corollary 2.2.6 then
gives a unique continuous linear map ®,: B(H) — X such that

P(vx) = ®,(2™) (z € B(H)).

We claim that, if e,e’ € B(H) are equivalent projections with e L ¢/, then P(e) =
P(e') = 0. Let u € B(H) be a partial isometry such that u*u = e and uu* = ¢’. Then

o] = @ = | ((@2)*a)?] = fueceu]) =0,
which gives u? = 0. From this we see that v L u*, and therefore

P(vu+vu*) = Py(u+u*) = Py(u) + Py(u”) = @, (™) + @, ((u*)™) = 0. (2.7)
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We now take w € C with w™ = —1, and define

v=14+u+u*" —e—¢,

/
vy=14+wu+u" —e—=¢.

It is immediately seen that both v and v, are unitary, and so applying (2.7) (and using
the orthogonal additivity of P and that e L ¢’), we see that

0= Pvu+vu*) = Ple+¢€') = P(e) + P(¢),
0 = P(vyu + v,u*) = Ple + we') = P(e) + P(we') = P(e) — P(€).

By comparing both identities, we conclude that P(e) = P(¢’) = 0, as claimed.

Our next objective is to prove that P(e) = 0 for each projection e € B(H). Suppose
that e € B(H) is a rank-one projection. Since dim H > 2, it follows that there exists
an equivalent projection €’ such that ¢/ L e. Then it follows from the above claim
that P(e) = 0. Let e € B(H) be a finite projection. Then there exist mutually
orthogonal projections ey,...,e, such that e; + --- + e, = e. Using the preceding
observation and the orthogonal additivity of P we get P(e) = P(e1) +---+ P(e,) = 0.
We now assume that e € B(H) is an infinite projection. Then there exist mutually
orthogonal, equivalent projections e; and ez such that e; + es = e. By the claim, we
have P(e) = P(e1) + P(e2) = 0.

We finally proceed to show that P = 0. By Lemma 2.2.1, it suffices to show
that P(z) = 0 for each x € B(H)4. Suppose that x € B(H )4 can be written in the
form x = Z?:l pjej, where eq,. .., e, € B(H) are mutually orthogonal projections and
P1, .-, pr € RT. Then we have P(z) = Zl?zl p;"P(e;) =0. Now let x € B(H)4 be an
arbitrary element. From the spectral decomposition we deduce that there exists a sequence
(xy,) in B(H)4 such that each x,, is a positive linear combination of mutually orthogonal
projections and lim z, = . On account of the preceding observation, P(z,) =0 (n € N),
and the continuity of P implies that P(z) = lim P(z,) = 0, as required. O

2.3 Non-commutative LP-spaces

Before giving the next results we make the following preliminary remarks.

A fundamental fact for us is the behaviour of the product of L°(M, 7) when restricted
to the LP-spaces. Specifically, if 0 < p, ¢, < oo are such that 1% + % = %, then the Holder
inequality states that

x € LP(M,7), ye LYM,7) = zye L"(M,7) and ||zyl, < |z]pllylle (2.8)

Suppose that z,y € LP(M,7)4, 0 < p < 0o, are mutually orthogonal and that w € C
with |w| = 1. Then it is immediately seen that |z + wy| = = + y, and it follows, by
considering the spectral resolutions of z, y, and z + y, that (x 4+ y)? = P + yP. Hence

[+ wylly = [l + [lyl5- (2.9)
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Each x € LP(M, ) can be written in the form

x =x1 —x9 + i(xr3 — x4), with 21,29, 23,24 € LP(M,7)4,

I 1 9o, I3 1 T4,

(2.10)
lallp + [leally = [ler — 22l < ll=[lp,
lallp + llzallpy = [los = zally < llzll5-
Indeed, first we write x = Rx + iSx, where
1 .
Rx = i(az* +z), Sz = %(x* —z) € LP(M, T)sa,
and, since ||z*||, = ||z||p, it follows that ||[Rz||,, ||Sz|, < ||z|,. Further, we take the

positive operators
z1 =1 (|Rz| +Rz), 20 = 3 (Rz| — R2), 25 =1 (|Sz| +Sz), 24 = 5 (|S2| — S2).
Then x1, x9, 3,4 € LP(M,T), Rx = x1 — 12 with 21 L x9, so that (2.9) gives
IR (|F = [zl + w23,
and Sz = x3 — x4 with x3 L x4, so that (2.9) gives
1Sz(lp = [lzsllp + [lzal?.

Theorem 2.3.1. Let M be a von Neumann algebra with a normal semifinite faithful
trace T, let X be a topological linear space, and let ®: Lp/m(M, 7) — X be a continuous
linear map with 0 < p < co. Then:

(i) the map Py: LP(M,7) — X defined by Pp(x) = ®(z™) (x € LP(M,T)) is a con-
tinuous m-homogeneous polynomial which is orthogonally additive on LP(M, T)ga;

(ii) the polynomial Py is uniquely specified by the map ®.
Suppose, further, that X is a g-normed space, 0 < q < 1. Then:
(iii) 2719 @] < |[Ps| < [®].
Moreover, in the case where X = C,

(iv) the functional ® is hermitian if and only if the polynomial Py is hermitian, in
which case | Pgl|| = [|®||.

Proof. The proof of this result is similar to that establishing Theorem 2.2.2.
(i) It follows immediately from (2.8) that, for each x1,..., 2z, € LP(M, 1),

21t € DM T) and o 2llym < leilly - ol (210)

On the one hand, this clearly implies that the map Pg is well-defined, on the other hand,
the map x + 2™ from LP(M, 1) into LP/"™ (M, ) is continuous, and so P is continuous.
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Further, Pg is the m-homogeneous polynomial associated with the symmetric m-linear
map ¢: LP(M, 7)™ — X defined by

1
(p(:tl, e ,:Cm) = % Z d (iL'U(l) .- 'xa(m)) (.1‘1, e, T, € LP(M,T)).

’ O'EG'm

Suppose that x,y € LP(M,T)s, are such that x L y. Then xy = yr = 0, and so
(x 4+ y)™ = 2™ + y™, which gives

Py(z+y) =2((z+y)") = 2(a™ +y™) = ®(2™) + &(y™) = Po(x) + Pa(y).

(ii) Suppose that ¥: LP/™(M,7) — X is a linear map such that Py = Pg. For each
x € LP/™(M,7), we have /™ € LP(M,7) and

O(x) = @((xl/m)m) = P(xl/m) = \If((xl/m)m) = U(x).

By linearity we obtain ® = V.
(iii) Next, assume that X is a g-normed space. For each x € LP(M, 1), by (2.11), we
have

[P ()] = [|@(")[| < @[l [lp/m < [I]]Iz]]5",

which clearly implies that || Pp|| < ||®||. Now take z € LP/™(M, 7), and take w € C with
M = —1. Write
x=Re+iSr =21 — 22 +i(x3 — T4)

as in (2.10) (with p/m instead of p). Since z1 L z9 and x3 L x4, it follows that
1/m 1 azl/m and x:l,'/m 1 a:i/m, so that (2.9) gives

IR2|P/™ = ||z [P + a2

p/m p/m p/m’
" " (2.12)
ISl = s 2 + [l
and
™+ /2 = ot/ -
o™ + wai™ 7 = || JWW+H4“WP
Further, we have xl/m x;/m xé/m, ym e LP(M,T) and
21" ™ |, =l ll s (ly™ || = Nl (™ (| = Hasllm, [los™ ) = Izl
so that (2.12) and (2.13) give
Hxl/m + wxz/me — H?Rx”i?ﬁ, (2.14)
25" + way ™| = [[Sa|).
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On the other hand, we have

1/m 1/ m\m 1/m 1/ m\ym
(:171/ +w:1:2/) =21 — 29 = Rz, (xg/ +wx4/) =13 — x4 = Sz,

whence

) = B0) +i0(30) = (e} + b)) 40 (@™ + )

Hence, by (2.14),

1®(2)|19 < || Po (2™ + wzy ™) ||" + || Po (w3 ™ + way ™) ||*

< [Pl ™ + warg!™ 77 + || P |75 + wary ™|

= (1P| ([FRf|* + [[S]|)
< [[Pa|[72][]|*

This clearly forces |®|| < 21/9|| Pg||, as claimed.

(iv) It is straightforward to check that Pj = Pg+. From this deduce that ® is hermitian
if and only if Pgp is hermitian as in the proof of Theorem 2.2.2(iv). Suppose that @ is a
hermitian functional. By direct calculation, we see that Pg is hermitian, and it remains
to prove that ||Ps|| = ||®||. We only need to show that ||®| < ||Pg||. To this end, let
e € Rt, and choose 2 € LP/™(M, 1) such that |2llp/m = 1 and [| @] —e < [®(x)]. We
take a € C with |o| =1 and |®(x)| = a®(z), so that

@] — & < [®(z)] = ®(az) = P(az) = P((ax)*).
We see that R(az) € LP/™(M, T)ga, [R(ax)|pm < 1, and [|@]| — e < ®(R(ax)). Now we

consider the decomposition R(az) = x; — z2 as in (2.10) (with p/m instead of p), and

take w € C with w™ = —1. As in (2.14), we see that Hmi/m —|—wx§/mH = | R(az)||V/™ < 1.

Moreover, we have
Py (2™ +way™) = (2™ + way™™) = ®(R(ax)),
and so | ®|| — e < || Pal. O

Theorem 2.3.2. Let M be a von Neumann algebra with a normal semifinite faithful
trace T, let X be a topological linear space, and let P: LP(M, 1) — X be a continuous
m-homogeneous polynomial with 0 < p < co. Then the following conditions are equivalent:

(i) there exists a continuous linear map ®: LP/™(M,7) — X such that P(z) = ®(z™)
(z € LP(M,7));

(ii) the polynomial P is orthogonally additive on LP(M, T)sa;

(iii) the polynomial P is orthogonally additive on S(M,T)+.
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If the conditions are satisfied, then the map ® is unique.

Proof. Theorem 2.3.1 shows that (i)=-(ii), and it is obvious that (ii)=-(iii). We proceed
to prove that (iii)=-(i).

Suppose that (iii) holds. Let e € M be a projection such that 7(e) < oo, and consider
the von Neumann algebra M, = eMe. We claim that M, C S(M, ) and that there
exists a unique continuous linear map ®.: M, — X such that

P(z) = & (a™) (z € M,). (2.15)

Set z € M., and write x = (x1 — x2) + i(x3 — x4) with x1,x9,23,24 € M. Then
supp(z;) < e and therefore 7(supp(z;)) < 7(e) < oo (j € {1,2,3,4}). This shows that
xj € S(M,7) (j € {1,2,3,4}), whence x € S(M, 7). Our next goal is to show that the
restriction P |, is continuous (with respect to the norm that M, inherits as a closed
subspace of M). Let x € M., and let U C X be a neighbourhood of P(x). Since P
is continuous, the set P~1(U) is a neighbourhood of = in LP(M, ), which implies that
there exists r € RT such that P(y) € U whenever y € LP(M,7) and ||y — z|, < r. If
y € M, is such that ||y — z| < r/|le||p, then, from (2.8), we obtain

ly = zllp = lle(y = 2)llp < llellplly — 2l <7

and therefore P(y) € U. Hence P |4, is continuous. Since, by hypothesis, the polynomial
P | pq, is orthogonally additive on M, 4, Corollary 2.2.6 states that there exists a unique
continuous linear map ®.: M, — X such that (2.15) holds.

For each x € S(M, 7), define

where e € M is any projection such that
ex=ze=x and 7(e) < o0. (2.16)

We will show that ® is well-defined. For this purpose we first check that, if z € S(M, 1),
then there exists a projection e such that (2.16) holds. Indeed, we write x = Z?Zl ;T
with aq,...,a; € Cand x1,...,2, € S(M, T)4, and define e = supp(z1) V- - Vsupp(xg).
Then ex = ze = x and 7(e) < E?:l T(supp(xj)) < 00, as required. Suppose that x €
S(M, 1) and that e, es € M are projections satisfying (2.16). Then the projection e =
e1 V ey satisfies (2.16) and M., , M., C M,. The uniqueness of the representation (2.15)
on both M., and M., gives @ |pm,, = P, and P [a,,= Pe,, which implies that
D, (2) = Pe(x) = Do, (2).

We now show that @ is linear. Take z1, 22 € S(M,7) and «, 5 € C. Let e1,e3 € M be
projections such that ejz; = xje; = xj and 7(e;) < oo (j € {1,2}). Then the projection
e = ey V eq satisfies

ex; =zje=uxz; (je€{1,2}),
e(axy + Bxo) = (axy + fr2)e = axy + Pza,
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and
7(e) < 7(e1) + 7(e2) < 0.
Thus
D(zj) = Delx;) (J €{1,2})
and

O(axy + fra) = Pe(axy + Sfre) = aPc(x1) + BPe(x2) = a®(x1) + SP(x2).
We see from the definition of ® that
P(z) = &™) (x e S(M,T)). (2.17)

Our next concern will be the continuity of ® with respect to the norm || - [[,/,,. Let
U be a neighbourhood of 0 in X. Let V be a balanced neighbourhood of 0 in X with
V+V+V+V CU. The set P~(V) is a neighbourhood of 0 in LP(M, 7), which implies
that there exists r € RT such that P(z) € V whenever z € LP(M, 7) and ||z||, < r. Take
r € S(M, 1) with ||z|,/, < 7™, and write z = (z1 — x2) + (23 — z4) as in (2.10) (with
p/m instead of p). Then it is immediate to check that actually z1, z2, 23,24 € S(M,T)+
and, further, ||z;{|,/m < [|Z|l,/m (J € {1,2,3,4}). For each j € {1,2,3,4}, we have

2/, = 7 (@) = () e

1
= ll2jllpm'™

1
< 2l <,

whence
@) = @ (o) = (™) +ifay™)" = i(2i™)")
=@ ((a/™)") =@ ((a/™)") +i@ ((a5/™)") — i@ ((21/™)")
= P(/") ~ P(z;")

+iP(xy™) —iP(x)") VAV +V +V CT,

which establishes the continuity of ®. Since S(M,7) is dense in LP/™(M, ), the map ®
extends uniquely to a continuous linear map from LP/™ (M, 1) into the completion of
X. By abuse of notation we continue to write ® for this extension. Since both P and
® are continuous, (2.17) gives P(z) = ®(a™) for each = € LP(M). The task is now to

show that the image of ® is actually contained in X. Of course, it suffices to show that
® takes LP/™(M, 1), into X. Let x € LP/™(M,7),. Then 2'/™ € LP(M, ), and

(x) = B((zV/™)™) = P(zV/™) € X

as required.
The uniqueness of the map ® is given by Theorem 2.3.1(ii). O
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Let us note that the space of all continuous m-homogeneous polynomials from
LP(M, T) into any topological linear space X which are orthogonally additive on S(M, 7).+
is sufficiently rich in the case where p/m > 1, because of the existence of continuous
linear functionals on LP/ (M, 7). However, some restriction on the space X must be
imposed when we consider the case p/m < 1 and the von Neumann algebra M has no
minimal projections, because in this case the dual of LP/™(M,7) is trivial ([74]). In fact,
there are no non-zero continuous linear maps from LP(M, 7) into any g-normed space X
with ¢ > p. We think that this property is probably well-known, but we have not been
able to find any reference, so that we next present a proof of this result for completeness.

Proposition 2.3.3. Let M be a von Neumann algebra with a normal semifinite faithful
trace T and with no minimal projections, let X be a g-normed space, 0 < q < 1, and let
O: LP(M,7) — X be a continuous linear map with 0 < p < q. Then ® = 0.

Proof. The proof will be divided in a number of steps.
Our first step is to show that for each projection ey € M with 7(eg) < oo and each
0 < p < 7(ep), there exists a projection e € M such that e < eg and 7(e) = p. Set

P = {e € M : e is a projection, e < eg, 7(e) > p}.

Note that eq € Pi, so that P; is non-empty. Let C be a chain in Py, and let €/ = A.cce.
Then €’ is a projection and e’ < eg. For each e € C, since 7(ep) < 00, it follows that
T(eg) — 7(e) = 7(ep — €). From the normality of 7 we now deduce that

7(eo) — inf 7(e) = Selelg(f(eo) —7(e)) = Selelgf(eo —e)

=T (Veec(eo — €)) = 7(eo — €).

Hence 7(¢’) = infeee 7(e) > p, which shows that €’ is a lower bound of C, and so, by
Zorn’s lemma, P; has a minimal element, say e;. We now consider the set

Py = {e € M : e is a projection, e < e1, 7(e) < p}.

Note that 0 € P, so that Ps is non-empty. Let C be a chain in Po, and let € = V.cce.
Then ¢’ < e1, and the normality of 7 yields

7(¢') = sup7(e) < p.
ecC

This implies that €’ is an upper bound of C, and so, by Zorn’s lemma, P> has a maximal
element, say es. Assume towards a contradiction that e; # es. Since, by hypothesis, M
has no minimal projections, it follows that there exists a non-zero projection e < e; — es.
Since e L eq, we see that es + e is a projection. Further, we have es < es + e < e1. The
maximality of ep implies that 7(ez 4+ ¢e) > p, which implies that e3 + e € P1, contradicting
the minimality of e;. Thus e; = e, and this clearly implies that 7(e1) = 7(e2) = p.
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Our next goal is to show that ®(eg) = 0 for each projection eg with 7(e
the previous step, it follows that there exists a projection e < ey with 7(e)
¢/ =eg—e. Then 7(¢’) = $7(eg). Further,

0) < oo. From
= 17(eg). Set

[2(e0)l|? = [|@(e) + (|7 < [[(e) | + |R(eN)]7,

and therefore either ||®(e)[| > 1| ®(eo)||? or [|®(e/)[|7 > 1||®(ep)[|9. We define €1 to
be any of the projections e, e’ for which the inequality holds. We thus get e; < e,
T(e1) = 37(eo), and [|®(er)| > 2-1/4||®(ep)||. By repeating the process, we get a
decreasing sequence of projections (e, ) such that

T(en) =27 "7(eo) and [ ®(en)l| =27 @(eo)l| (n€N).

Then
2756, = 27 (en) VP = 2704V () Vo
p )

which converges to zero, because p < ¢. Since ® is continuous and
1@ (eo)l| < [|@(2"/%€,)]|, (n€N),

it may be concluded that ®(ey) = 0, as claimed.

Our next concern is to show that ® vanishes on S(M, 7). Of course, it suffices to
show that ® vanishes on S(M,7);. Take z € S(M,7)4, and let e = supp(x), so that
7(e) < oo. The spectral decomposition implies that there exists a sequence (z,,) in M
such that limz,, = x with respect to the operator norm and each x, is of the form
Ty = E?Zl pjej, where pi,...,pr € RT and eq,...,ep € M are mutually orthogonal
projections with eje = ee; =e; (j € {1,...,k}). From the previous step, we conclude
that ®(x,) = 0 (n € N). Further, from (2.8) we deduce that

[ = 2nlly = lle(z = zn)llp < [leflpllz —znll = 0,

and the continuity of ® implies that ®(x) = 0, as required.
Finally, since S(M, 1) is dense in LP(M, 7) and @ is continuous, it may be concluded
that & = 0. 0

Corollary 2.3.4. Let M be a von Neumann algebra with a normal semifinite faithful
trace T and with no minimal projections, let X be a q-normed space, 0 < q < 1, and
let P: LP(M,T1) — X be a continuous m-homogeneous polynomial with 0 < p/m < q.
Suppose that P is orthogonally additive on S(M,7)s. Then P = 0.

Proof. This is a straightforward consequence of Theorem 2.3.2 and Proposition 2.3.3. O

We now turn our attention to the complex-valued polynomials. In this setting the
representation given in Theorem 2.3.2 has a particularly significant integral form, because
of the well-known representation of the dual of the LP-spaces. The trace gives rise to
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a distinguished contractive positive linear functional on L'(M, 1), still denoted by 7.
By (2.8), if % + % =1, for each ¢ € LY(M,7), the formula

Pe(z) =7(Cx) (v € LP(M,1)) (2.18)

defines a continuous linear functional on LP(M, 7). Further, in the case where 1 < p < o0,
the map ¢ — ®¢ is an isometric isomorphism from L4(M, 1) onto the dual space of
LP(M, 7). 1t is immediate to see that ®7 = ®¢«, so that ¢ is hermitian if and only if ¢
is self-adjoint.

Corollary 2.3.5. Let M be a von Neumann algebra with o normal semifinite faithful
trace T, and let P: LP(M,T) — C be a continuous m-homogeneous polynomial with
m < p < oo. Then the following conditions are equivalent:

(i) there exists ( € L"(M, 1) such that P(x) = 7({z™) (z € LP(M,T)), where r =
p/(p —m) (with the convention that p/0 = c0);

(ii) the polynomial P is orthogonally additive on LP(M,T)sa;
(iii) the polynomial P is orthogonally additive on S(M,T)4.

If the conditions are satisfied, then ¢ is unique and | P|| < ||{||» < 2||P||; moreover, if P
is hermitian, then ( is self-adjoint and ||C]|, = || P||.

Proof. This follows from Theorems 2.3.1 and 2.3.2. O

Let H be a Hilbert space. We denote by Tr the usual trace on the von Neumann
algebra B(H). Then LP(B(H),Tr), with 0 < p < oo, is the Schatten class SP(H). In
the case where 0 < p < ¢, we have SP(H) C S9(H) C K(H) and |z|| < [|z|l; < |l=]lp
(x € SP(H)). It is clear that S(B(H ), Tr) = F(H), the two-sided ideal of B(H) consisting
of the finite-rank operators. Thus, the following result is an immediate consequence of
Corollary 2.3.5.

Corollary 2.3.6. Let H be a Hilbert space, and let P: SP(H) — C be a continuous m-
homogeneous polynomial with m < p < oco. Then the following conditions are equivalent:

(i) there exists ¢ € S"(H) such that P(x) = Tr(¢x™) (x € SP(H)), wherer = p/(p—m);
(i) the polynomial P is orthogonally additive on SP(H )sa;
(#i) the polynomial P is orthogonally additive on F(H ).

If the conditions are satisfied, then ¢ is unique and ||P|| < ||C]|, < 2||P||; moreover, if P
is hermitian, then ¢ is self-adjoint and ||C||, = ||P||.

Corollary 2.3.7. Let H be a Hilbert space, and let P: IC(H) — C be a continuous
m-homogeneous polynomial. Then the following conditions are equivalent:

(i) there exists ¢ € SY(H) such that P(z) = Tr(¢z™) (v € K(H));
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(ii) the polynomial P is orthogonally additive on KC(H )sa;
(iii) the polynomial P is orthogonally additive on F(H ).

If the conditions are satisfied, then ¢ is unique and || P|| < ||¢||1 < 2||P||; moreover, if P
is hermitian, then ( is self-adjoint and ||C||1 = || P||-

Proof. In order to prove the equivalence of the conditions we are reduced to prove that
(iii)=-(i). Suppose that (iii) holds. Let =,y € IC(H )+ such that L y. From the spectral
decomposition of both z and y we deduce that there exist sequences (z,) and (y,) in
F(H)4+ such that limz, = z, limy, =y, and z,,, L y,, (m,n € N). Then

Pz +y) =lim P(x, + yn) = lim(P(:En) + P(yn)) = P(z) + P(y).

This shows that P is orthogonally additive on IC(H)y. Since the C*-algebra K(H)
has real rank zero and the net consisting of all finite-rank projections is an increasing
approximate unit, Theorem 2.2.5 applies and gives a continuous linear functional ¢ on
KC(H) such that P(z) = ®(2™) (x € K(H)). It is well-known that the map { — ¢, as
defined in (2.18), gives an isometric isomorphism from S*(H) onto the dual of K(H), so
that there exists ¢ € S'(H) such that ®(x) = Tr(¢z) (x € K(H)) and [|¢|1 = ||®]|. Thus
we obtain (i). The additional properties of the result follow from Theorem 2.2.2. O

Corollary 2.3.8. Let H be a Hilbert space, and let P: SP(H) — C be a continuous
m-homogeneous polynomial with 0 < p < m. Then the following conditions are equivalent:

(i) there exists ( € B(H) such that P(x) = Tr((z™) (x € SP(H));
(ii) the polynomial P is orthogonally additive on SP(H )sa;
(iii) the polynomial P is orthogonally additive on F(H ).

If the conditions are satisfied, then ¢ is unique and || P|| < |[C|| < 2||P||; moreover, if P
is hermitian, then C is self-adjoint and ||C|| = || P]|.

Proof. By Theorems 2.3.1 and 2.3.2, it suffices to show that the map ¢ +— ®¢, as defined
in (2.18), gives isometric isomorphism from B(H) onto the dual of S?/™(H). This is
probably well-known, but we are not aware of any reference. Consequently, it may be
helpful to include a proof of this fact. If ¢ € B(H) and = € SP/™(H), then, by (2.8),
Cx € SP/™(H), so that (z € S'(H) and

| Te(¢o)] < llgally < NIClll < lSHl2llp/m,

which shows that ®. is a continuous linear functional on SP/™(H) with ||®¢| < ||¢]].
Conversely, assume that ® is a continuous linear functional on SP/™(H). For each
&neH,let §E@n € F(H) defined by

(E@n) (W) = ({bme (v € H),
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and define p: H x H — C by

p&n) =2¢E®n) (neH).

It is easily checked that ¢ is a continuous sesquilinear functional with ||¢| < ||®].
Therefore there exists ¢ € B(H) such that (((§)|n) = ¢(&,n) for all £,n € H and
II<]] < ||®||. The former condition implies that

De(E@n) =Tr(CE®n) = (&) = n) =2(E@n)

for all £,n € H, which gives ®¢(z) = ®(x) for each x € F(H). Since F(H) is dense

in SP/™(H), it follows that ®: = ®. Further, we have ||¢|| < ||®] = [|®¢] < [[]|.
Finally, it is immediate to see that <I>Z = ®¢+, so that @ is hermitian if and only if ¢ is
self-adjoint. O

Proposition 2.3.9. Let H be a Hilbert space with dim H > 2, let X be a topological
linear space, and let P: SP(H) — X be a continuous m-homogeneous polynomial with
0 < p < oo. Suppose that P is orthogonally additive on SP(H). Then P = 0.

Proof. Since F(H) is dense in SP(H) and P is continuous, it suffices to prove that P
vanishes on F(H). On account of Lemma 2.2.1, we are also reduced to prove that P
vanishes on F(H )s,. We continue to use the notation £ ® n which was introduced in the
proof of Corollary 2.3.8.

Let x € F(H)sa. Then z = Zle ;€ ® &, where k > 2, aq,...,04, € R, and
{&1,...,&} is an orthonormal subset of H. It is clear that the subalgebra M of B(H)
generated by {51 ®& 4,5 € {1,... ,k}} is contained in F(H) and it is #-isomorphic
to the von Neumann algebra B(K), where K is the linear span of the set {{1,...,&}-
By Proposition 2.2.7, P |p= 0, and therefore P(x) = 0. We thus get P | ), = 0, as
required. O
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Abstract. Let M be a von Neumann algebra, and let 0 < p,q < co. Then the space
Hom(LP (M), LY(M)) of all right M-module homomorphisms from LP(M) to LI(M)
is a reflexive subspace of the space of all continuous linear maps from LP(M) to LI(M).
Further, the space Hom (LP(M), LI(M)) is hyperreflexive in each of the following cases:
(i) 1 <g<p<oo;(ii) 1 <p,qg<ooand M is injective, in which case the hyperreflexivity
constant is at most 8.

3.1 Introduction

Let A be a closed subalgebra of the algebra B(#) of all continuous linear operators on
the Hilbert space H. Then A is called reflexive if

A={T € B(H): e Te =0 (e € latA)},

where latA = {e € B(H) projection : etTe = 0 (T € A)} is the set of all projections
onto the A-invariant subspaces of H. The double commutant theorem shows that each
von Neumann algebra on H is certainly reflexive. The algebra A is called hyperreflexive
if the above condition on A is strengthened by requiring that there is a distance estimate

dist(7, A) < C'sup{|le*Te|| : e € latA} (T € B(H))

o1
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for some constant C'. The inequality
sup{|le'Te| : e € latA} < dist(T,A) (T € B(H))

is always true and elementary. This quantitative version of reflexivity was introduced
by Arveson [19] and has proven to be a powerful tool when it is available. Christensen
[33, 34, 35] showed that many von Neumann algebras are hyperreflexive by relating the
hyperreflexivity to the vanishing of certain cohomology group. Notably each injective
von Neumann algebra M on the Hilbert space H is hyperreflexive and

dist(T, M) < 4sup{|le*Te| : e € M projection} (T € B(H))

(see [33, Theorem 2.3] and [38, p. 340]).

Both notions, reflexivity and hyperreflexivity, were extended to subspaces of B(X,)),
the Banach space of all continuous linear maps from the Banach space X to the Banach
space ). Following Loginov and Shulman [62], a closed linear subspace S of B(X,)) is
called reflexive if

S={TeB(X,Y):T(z) e {S(z): SeS}(xzeX)}.

In accordance with Larson [60, 61], S is called hyperreflexive if there exists a constant C'
such that

dist(7,8) < C  sup inf{||T(z) - S(z)||: S €S} (T € B(X,))),
zeX, |lz]| <1

and the optimal constant is called the hyperreflexivity constant of S. The inequality

E;lﬁp”qu{u:r(x) —S(@)|: S €8} < dist(T,S) (T € B(X,)).

is always true.

The ultimate objective of this paper is to study the hyperreflexivity of the space
Hom (LP(M), L9(M)) of all (automatically continuous) right M-module homomor-
phisms from LP(M) to LY(M) for a von Neumann algebra M. The non-commutative
LP-spaces that we consider throughout are those introduced by Haagerup (see [46, 70,
80]). For each 0 < p < oo, the space LP(M) is a contractive Banach M-bimodule or a
contractive p-Banach M-bimodule according to 1 < p or p < 1, and we will focus on the
right M-module structure of LP(M).

Our method relies in the analysis of a continuous bilinear map ¢: A x A —
X, for a C*-algebra A and a normed space X, through the knowledge of the con-
stant sup{[|¢(a,b)| : a,b € Ay contractions, ab = 0}, alternatively, the constant
sup{||¢(e,el)| : e € A projection} in the case where A is unital and has real rank
zero. This is done in Section 3.2. Here and subsequently, A, stands for the cone of
positive elements in A.

In Section 3.3 we prove that, for each 0 < p,q¢ < oo, each right M-module ho-
momorphism from LP(M) to LY(M) is automatically continuous and that the space
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Hom g (LP(M), L9(M)) of all right M-module homomorphisms is a reflexive subspace
of B(LP(M), L9(M)) (the notion of reflexivity makes perfect sense for subspaces of
operators between quasi-Banach spaces).
Section 3.4 is devoted to study the hyperreflexivity of Homa(LP(M), LY(M)) for
1 <p,q < oo. The space B(LP(M), L4(M)) is a Banach M-bimodule for the operations
specified by
(aT)(@) = T(xa), (Ta)(x) = T(@)a

for all T € B(LP(M),LY(M)), a € M, and = € LP(M) (note that the left M-module
structure of both LP(M) and L(M) is disregarded), and we will prove that there is a
distance estimate

dist (7, Homp(LP(M), LY(M))) < Csup{|le*Te| : e € M projection }
for each T' € B(LP(M), L9(M)) in each of the following cases:

(i) 1 < ¢ < p < oo, in which case the constant C' can be chosen to depend on p and g,
and not on M;

(ii) 1 < p,q < oo and M is injective, in which case the constant C' can be taken to be
8.

Further,

sup{||elTeH : e € M projection }
< sup inf{||T(z) — ®(z)|q : ® € Hompg(LP(M), LI(M))},

zeLP(M), ||zp<1

and thus, in both cases, it turns out that the space Hom(LP(M), L9(M)) is hyper-
reflexive.

It is perhaps worth remarking that most of the discussion of reflexivity and hy-
perreflexivity is accomplished for continuous homomorphisms between modules over a
C*-algebra.

Throughout this paper we write X* for the dual of a Banach space X and (-,-) for
the duality between X and X*.

3.2 Analysing bilinear maps through orthogonality

Goldstein proved in [44] (albeit with sesquilinear functionals) that, for each C*-algebra
A, every continuous bilinear functional ¢: A x A — C with the property that ¢(a,b) =0
whenever a,b € A, satisfy ab = 0 can be represented in the form ¢(a, b) = w; (ab)+wa(ba)
(a,b € A) for some wy,ws € A*. Independently, it was shown in [2] that if A is a C*-
algebra or the group algebra L!(G) of a locally compact group G, then every continuous
bilinear functional ¢: A x A — C with the property that ¢(a,b) = 0 whenever a,b € A
are such that ab = 0 necessarily satisfies the condition ¢(ab,c) = ¢(a,bc) (a,b,c € A),
which in turn implies the existence of w € A* such that ¢(a,b) = w(ab) (a,b € A).
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Actually, [11] gives more, namely, the norms |p(ab,c) — ¢(a, bc)|| with a,b,c € A can
be estimated through the constant sup{||¢(a,b)| : a,b € A, |la]| = [|b]| = 1, ab = 0},
This property has proven to be useful to study the hyperreflexivity of the spaces of
derivations and continuous cocycles on A (see [12, 13, 75, 76, 77]). This section provides
an improvement of the above mentioned property in the case of C*-algebras, and this will
be used later to study the hyperreflexivity of the space Hom_4(X',)) of all continuous
module homomorphisms between the Banach right A-modules X and ).

Theorem 3.2.1. Let A be a C*-algebra, let Z be a normed space, let p: A X A — Z be
a continuous bilinear map, and let the constant € > 0 be such that

a,b€ Ay, ab=0 = |p(a,b) < ellall][b]-

Suppose that (e;) ey is a net in A such that (e;)jes converges to 1 g4+« in A** with respect
to the weak* topology. Then, for each a € A, the nets (¢(a,e€;))jcs and (¢(ej,a))jcs
converge in Z** with respect to the weak* topology and

limp(a,e;) —limp(ej,a)|| < 8¢|lall.
HjeJ (a,e;) &5 (¢ )H_ [[all
In particular, if A is unital, then

le(a, 1a) — o(la, a)|| < 8ella]  (a € A).

Proof. First, we regard ¢ as a continuous bilinear map with values in Z**. By applying
[55, Theorem 2.3] to A acting on the Hilbert space of its universal representation, we
obtain that ¢ extends uniquely, without change of norm, to a continuous bilinear map
v A x A* — Z** which is separately weak* continuous.

Now, since (e;)jes — 14 with respect to the weak™ topology and 1 is separately
weak™ continuous, we see that, for each a € A, the nets (¢(a,e;))jes and (o(ej,a))jes
converge to ¥ (a, 1 4++) and (1 4+, a), respectively, with respect to the weak* topology
of Z**. Consequently, the proof of the theorem is completed by showing that

For this purpose we will show in the next lines that
p,q € A™ projections, pg =0 = |[[¢(p,q)|| <. (32)

Take projections p,q € A** with pg = 0. For each ¢ € Z* with ||{|| = 1, we define
e A x A — C by

¢C($ay) = <Ca¢($»y)> V$,y € A**a

and we observe that 1) is a separately weak™ continuous bilinear functional so that, by
[48, Proposition 2.3], ¢ is jointly o-strong™ continuous. Set = p — ¢ € A**. Then z
is a self-adjoint element in the unit ball of A** and hence Kaplansky’s density theorem
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shows that there exists a net (a;);cr in the unit ball of Ag, converging to x with respect
to the strong topology. Consequently, (a;")ier — 2 = p and (a;™ )ier — 2~ = ¢ with
respect to the strong topology, where (-)™ and (-)~ stand for the continuous functional
calculus for the functions ¢t — max{¢,0} and ¢ — {—t,0}, respectively. We observe that

a;t 0 € AL, aita;m =0 Viel,

so that
lihe(ai™,ai7)| = ¢ elai™, ai )] < lle(ai™, a7 )| <e,

and further (a;%);c;r — 2 = p and (a;” )jer — =~ = ¢ with respect to the o-strong*
topology (because we are working on the self-adjoint part of the unit ball of A**). Since
¢ is jointly o-strong™ continuous, it follows that [1)¢(p, ¢)| < e. Since this holds for each
¢ € Z* with ||C]] = 1, we conclude that (3.2) holds.

Our next objective is to prove (3.1).

We begin with the case a € Ay, and we can assume that ||a|| < 1. For each n € N,
let hy: [0,1] — R be the bounded Borel function defined by

n

1
hyp = ol ;X]k/(n—f—l),l]

(we use the notation xa for the characteristic function of a subset A of [0,1]). We
also consider the sequence in A** given by (hn(a)). Since the sequence (h,,) converges
uniformly on [0,1] to the identity map on [0,1], it follows that (h,(a)) — a with respect
to the norm topology. Thus

(o, Lare) = (1a,0) = Tim ((hn(a), L) = ¥(Lare, hn(a))

> (¥ g @), Law) = 9(Lae e y(@)).

k=1

= lim
n—oon + 1

Further, for each k € {1,...,n}, we have

Las = X[o.k/(n+1)](@) + Xt/ (n+1),1)(a),
so that
(X3 (n1),1 (@), Lass ) = ©(Law, Xj/ (1)1 (@)
= ¥ (k01,11 (@) X(0 /1)) (@) = ¥ (X (0 /4171 (@), Xk 1),1) (@)
and (3.2) then give
9 (X 41y, (@) Tase) = (Lass, gy gy a1 (@) || < 2. (34)
From (3.3) and (3.4) it may be concluded that

n2e

| (a, 1a%) = ¥(1a==, a)|| < lim = 2e. (3.5)

n—oomn + 1
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Now suppose that a € Ag,. Then we can write ¢ = ay. — a_, where ay,a_ € Ay are
mutually orthogonal, and (3.5) gives

lv(a, 1a+) = p(Las, a)|| < |[¢h(as, Las) — p(Las=, ay)]|
+ |[las, Laes) — p(Laes, a )|
< 2¢ljay || + 2ella—]|
< demax{|ay |, la—[[} = 4elal|.

Finally take a € A, and write
a = éRCL + Z'%CL, (36)

where

1 .
Ra = i(a* +a), Sa = %(a* —a) € A,

and, further, ||Ral|,|Sa|| < ||al|. From what has previously been proved, it follows that

|9(a, 1as+) = p(La==, a)|| < || (Ra, 1as=) — (1as=, Ra)||
+ [|o(Sa, 1ae) — (L=, Sa) |
< 4e||Ral| + 4e||Sal]
< 8¢l|all.

This gives (3.1) and completes the proof of the theorem. O

Theorem 3.2.2. Let A be a unital C*-algebra of real rank zero, let Z be a topological
vector space, and let p: A x A — Z be a continuous bilinear map.

(i) Suppose that
e € A projection = p(e,e’) = 0.

Then
pla,14) = p(la,a) (a€A).

(ii) Suppose that Z is a normed space and let the constant € > 0 be such that
e € A projection —> ||cp(e,el)|| <e.

Then
[e(a,1a) —p(la,a)|| < 8cllall  (a € A).

Proof. Let a € A, and assume that a has finite spectrum, say {aq,...,a,}. Of course,
we can suppose that 0 < oy < --- < ay, = ||a||. This implies that a can be written in the

form
n
a = g Pk,
k=1
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where p1,...,p, € A are mutually orthogonal projections (specifically, the projection py
is defined by using the continuous functional calculus for a by py = X{a,}(a) for each
k€ {1,...,n} because X{q,} is a continuous function on the spectrum of a, being this

set finite). In case (i), we have
90(@7 1.A) 1./47 Z Oék pka ]-A @(1,4,]%))
— 1 1
= Z ar (¢ (pr, i + pr) — (D) + Pr> D)) (3.7)

In case (ii), we define real numbers A1, ..., A, € [0, 00[ and projections ey, ..., e, € A by

A1 =,
AL = Qp — Qp_1 (1 <k§n),

and

ch=pr+ - t+pn (1<k<n).

It is a simple matter to check that

n
a= Z AL€-
k=1

For each k € {1,...,n}, we have

lip(ers La) = p(Las )| = |ilens e +ex) = plei’ +epen)|
= [[eter.e) = wlet e

< HW(%&?)H + HSO(eiaek)H < 2e.

< Z)‘kHS”(eka 14) — p(1a,er)|] (3-8)
k=1

We thus get

lp(a,14) —@(la,a)| = oler,14) — (la,ex))

n
< Z)\k% = 2eqy, = 2¢||all.
k=1
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Now suppose that a € As, and that o has finite spectrum. Then we can write
a = ay — a_, where ay, a_ € A; are mutually orthogonal. Since a; = f(a) and
a_ = g(a), where f, g: R — R are the continuous functions defined by

f(t) = max{t,0}, ¢(t) = max{—t,0}, (t€R),
it follows that both a4 and a_ have finite spectra. In case (i), (3.7) gives
pla,1a) = p(la,a) = (plat, 1a) = p(la,a4)) = (pla-, 1a) = p(la,a-)) =0. (3.9)

In case (ii), on account of (3.8), we have

lp(a,1a) — o(1a,a)|l < [lolat,1a) — p(la,as)]
+ llp(a—,14) — (La,a-)||
< 2ellat| + 2ella_|
< demax{|lay|, [la—|[} = 4ellal|.

(3.10)

Let a be an arbitrary element of Ag,. Since A has real rank zero, it follows that there
exists a sequence (a,) in Ag, such that each a, has finite spectrum and (a,) — a with
respect to the norm topology. In case (i), (3.9) gives

o(a,14) — p(1a,a) = lim (@(an,14) — ¢(1a,an)) = 0.

n—0o0

In case (ii), from (3.10) it follows that

l(an, 14) = ¢(La, an)|| < deflan]  (n € N),

and the continuity of ¢ now yields

le(a,1a) = e(La, a)l] = . [lp(an, 1) = ¢(1a, an)]|
n—oo

<de lim ||a,|| = 4¢la.
n—oo

Finally set a € A, and write a = Ra + iSa as in (3.6). From the previous step we see
that, in case (i),

QO((I, 1A) - 90(1./47 (1) = SD(%C% 1./4) - @(LA) §Ra) + 80(%(1, 1A) - 90(1./47 %(I) = 07
and, in case (ii),

||90(a7 ]-.A) - 90(1./4’ a)” < ||Q0(§R(Z, 1A) - 90(1./47 §Ra)”
+ l¢(Sa, 1a) — p(1a, Sa)||
< 4de[|Ral| + 4e(|Sal| < 8ellaf,

giving the result. O
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Corollary 3.2.3. Let A be a C*-algebra, let Z be a normed space, let p: A x A — Z be
a continuous bilinear map, and let the constant € > 0 be such that

a,be A ab=0 = |lp(a,b)|| <elalo]]

Then
[p(ab, c) — p(a, be)|| < 8ellall[|bfl[lc]| (a,b,c € A).

Further, if either A is unital or Z is a dual Banach space, then there exists a continuous
linear map ®: A — Z such that

l¢(a,b) — @(ab)|| < 8ellal|jbl| (a,b € A)
and || ]| < |¢]-
Proof. Set a,c € A, and consider the continuous bilinear map : A x A — Z defined by
Y(u,v) = plau,ve)  (u,v € A).
If u,v € A are such that uv = 0, then au,vec € A and (au)(ve) = 0, which gives
[ (u, v)I| = lle(au, ve) | < ellaullllve]| < ellallllc][{[ull[lv]

by hypothesis.

Let (e;)ier be an approximate identity for A of bound one. Since the net (e;);er is
bounded, it has a subnet (e;);ec; which converges to an element £ € A** with respect to
the weak™ topology. We claim that F = 14++. Indeed, let a € A. Then (ae;)je;s — a
with respect to the norm topology and, further, (ae;);je;s — aF with respect to the weak™
topology. Thus aF = a. From the weak™ density of A in A** and the separate weak*
continuity of the product of A**, we conclude that AE = A for each A € A**, hence that
E = 1 4+«, as claimed.

From Theorem 3.2.1 we deduce that, for each b € A, the nets (1/(b,e;));es and
(¢(ej,b))jes converge in Z** with respect to the weak™ topology and

Hyerg (b e5) — lim(ej, b)|| < 8(ellallllcl)lIbl- (3.11)

Since (aej);es converges to a and (ejc);jes converges to ¢ in norm and ¢ is continuous, it
follows that

}1611}1/1(1), ej) = Elen} p(ab,ejc) = p(ab, c)

and

EEH}’(#(GJ" b) = ilen(} @(aeja be) = ¢(a, be)

in norm for each b € A, which establishes the required inequality when combined
with (3.11).
Now suppose that A is unital, and define ®: A — Z by

®(a) = p(a,1a) (a € A).
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Then @ is a continuous linear map, and clearly [|®|| < ||¢||. For each a, b € A, we have

lo(a, b) — (ab)|| = [[¢(a, bla) — p(ab, 1a)|| < 8ellall[[b]],

as claimed.

Finally suppose that Z is the dual of a Banach space Z,.. Let U be an ultrafilter
on J containing the order filter on J. It follows from the Banach-Alaoglu theorem that
each bounded subset of Z is relatively compact with respect to the weak*® topology on
Z. Consequently, each bounded net (z;),cs in Z has a unique limit with respect to the
weak™ topology along the ultrafilter I/, and we write limy, z; for this limit. Further, it is
worth noting that

lim 2| < lim |z (3.12)

Indeed, for each ( € Z, such that ||| = 1, we have |(z;,()| < ||z;]| (j € J), and hence
lim 2, >’:1‘ L O)] < lim [|25]],
[(tim 25, € )| = Tim (2, O < Tim |1z

which establishes (3.12).
For each a € Z, we have

le(a,ep)ll < llelllall (G e J), (3.13)

and hence the net (gp(a,ej))je ; is bounded. Consequently, we can define the map
d: A— Z by

®(a) = lizf{n o(a,e;) (aecA).

The linearity of the limit along an ultrafilter on a topological linear space gives the
linearity of ®. Take a € A. From (3.12) and (3.13) we deduce that || ®(a)|| < |¢ll|lal,
which gives the continuity of ® and ||®| < [|¢||. Now take a,b € A. We have

lp(ab, e5) — @(a, be;)|| < 8ellallfjoll (5 € J). (3.14)

Since (bej)jes — b in norm, the continuity of ¢ gives (¢(a, bej))jcs — ¢(a,b) in norm.
Since U refines the order filter on J we see that limy, ¢(a, be;) = p(a,b). Taking the limit
in (3.14) along the ultrafilter ¢, and using (3.12), we obtain ||®(ab) —¢(a,b)|| < 8e||al|||b]|,
as required. ]

It is worth noting that Corollary 3.2.3 gives a sharper estimate for the constant of
the strong property B of a C*-algebra to the one given in [77, Theorem 3.4], where our
constant 8 is replaced by 3847%(1 4 v/2). The hyperreflexivity constant given in [77,
Theorem 4.4] for C*-algebras can be sharpened as well accordingly.
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3.3 Primary estimates and reflexivity

3.3.1 Homomorphisms between modules over a C*-algebra

Let A be a C*-algebra, and let X and ) be quasi-Banach right A-modules. For a linear
map T: X — Y and a € A, define linear maps a7, Ta: X — ) by

(aT)(z) =T(xza), (Ta)(zx)=T(x)a (x€X). (3.15)

Then the space B(X,)) of all continuous linear maps from & to ) is a quasi-Banach
A-bimodule for the operations specified by (3.15). For T' € B(X,)), let ad(T): A —
B(X,)) denote the inner derivation implemented by 7', so that

ad(T)(a) =aT —Ta (a€ A).

It is clear that T is a right .A-module homomorphism if and only if ad(7") = 0, and, in
the case where X' and ) are Banach A-modules, the constant

lad(T)]| (3.16)

is intended to estimate the distance from T to the space Hom4(X,)) of all continuous
module homomorphisms from X to ). This is actually very much in the spirit of
[33, 34, 35]. We will use several additional alternative ways to estimate the distance
dist(T, Hom 4 (X, ))) that equally make sense, namely

a(T) = sup{|le*Te|| : e € A projection}, (3.17)

B(T) = sup{||eT'f|| : e, f € A projections, ef = 0}, (3.18)
Y(T) = sup{||aTd| : a,b € A4 contractions, ab=0}, (3.19)
§(T)= sup inf{||T(z)— ®(z)||: ® € Homu(X,V)}. (3.20)

veX, [z]<1

For (3.17), the algebra is supposed to be unital, and this constant is actually very
much in the spirit of the celebrated Arveson’s distance formula [20]. The significance of
the constants (3.17) and (3.18) for our purposes requires that the C*-algebra A to be
sufficiently rich in projections (as does a C*-algebra of real rank zero) and they are in
the spirit of [58, 59]. We take the constant (3.20) in accordance with [60, 61].

Throughout we suppose that the Banach .A-modules are contractive. The statements
of our results can be easily adapted to non-contractive Banach modules.

Proposition 3.3.1. Let A be a C*-algebra, let X and Y be Banach right A-modules,
and let T: X — Y be a continuous linear map.

(i) B(T) <+(T) < &(T) < dist(T, Hom (X, ¥)).
(ii) v(T) < ||ad(T)|| < 2dist(T,Homy(X,Y)).
(iii) If A is unital, then o(T) = B(T).
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(i) If A is unital and has real rank zero, then B(T) = ~(T).

Proof. (i) This is immediate.

(ii) Let a,b € A4 contractions with ab = 0. Then aTb = (aT — Ta)b and therefore
JaTb| < |aT — Ta|l < ||ad(T)]. We thus get +(T) < ||ad(T)].

Now take a sequence (®,,) in Hom 4(X,)) such that

dist (T, Homa (X, Y)) = lim [T — @,].
Let x € X and a € A with ||z|| = ||a]| = 1. Then
[T (za) = T(x)al = |T(za) — T(z)a — (Pn(za) — Pn(z)a)|l
< [T(za) = @p(za)|| + [[(T(z) — n(z))al
< 2T — @y,

which gives ||(aT —Ta)(z)|| < 2dist(T, Hom4(X,Y)), and the second inequality is proved.
(iii) It suffices to prove that B(T) < «(T). Let e, f € A mutually orthogonal
projections. Then e < f1, so that eT'f = e(f*Tf) and therefore

leTf1| = le(f*THIl < I/ TfI < a(T),

which implies that 5(T") < «(T'), as required.

(iv) It suffices to show that v(T) < B(T). Take a,b € A, mutually orthogonal
contractions, and the task is to show that ||aTb|| < B(T).

First, assume that both a and b have finite spectrum, say {ai,...,q,} and
{Bi,. ., Bu}with0< oy < <ap=|a|<land 0 < f <--- < B, =|b]| <1, and

write
m n
a=Y a;pj, b= Brar,
=1 k=1

where p1,...,Pm,q1,---,qn € A are mutually orthogonal projections, and, further,

m n
QZZ)\jej, b:ZMkfk7
=1 k=1

where A1, ..., A, fi1,y -« s i, € [0,00[ and ey, ..., em, fi1,..., fn € A are defined by

A= aq, 11 = B,
Aj=aj—ajq (1<j<m), k= Br — Br—1 (1 <k <n),
ej=pj+- - +pm (1<j<m), fk=q+ - +a (1<k<n),

as in the proof of Theorem 3.2.2. Since e fy, =0 for all j € {1,...,m} and k € {1,...,n},
it follows that

3

laTdl = |1 Njuwe; T fi Z Ajte lle; T fell
=1 k=1 j=1 k=1
<> X\umB(T) = [lall|bllB(T) < B(T),

j=1 k=1
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as required.

Now consider the general case. Since A has real rank zero, it follows that there exists
a sequence (c¢,) in Ag, such that each ¢, has finite spectrum and (¢,) converges to a — b
in norm. For each n € N, set

an =3 (leal +¢n), bn=1(len] —cn).

Since (|cn|) — a + b, we see that (a,) — a and (b,) — b. Further, for each n € N, a,,
b, € Ay, have finite spectra, and a,b, = 0. From the previous step we deduce that

lanTbnll < B(T)||anllllba] - (n € N),

and so, taking limits on both sides of the above inequality, we obtain ||aTb| < 5(T),
which completes the proof. O

Now let A be a C*-algebra, and let X a Banach right A-module. Then X* is a
Banach left A-module with respect to the module operation specified by

(x,a¢) = (za,¢) (pe X, a€ A xeX).

This module has the property that the map ¢ — a¢ from X* to X* is weak* continuous
for each a € A. Similarly, if X is a Banach left A-module, then X™* is a Banach right
A-module with respect to the module operation specified by

(z,0a) = (az,¢) (€ X", a€ A xeX),
and the map ¢ — ¢a from X* to X* is weak™ continuous for each a € A.

Theorem 3.3.2. Let A be a C*-algebra, let X and Y be Banach right A-modules with
X essential, and let T: X — Y be a continuous linear map.

(i) Suppose that {y € Y : yA =0} = {0} and that
a,be Ay, ab=0 = aTb=0.
Then T is a right A-module homomorphism.
(i) Suppose that Y satisfies the condition
Iyll = sup {llyall : a € A, flafl = 1}
for each y € Y. Then
| ad(T)|| < 8sup{||aTb| : a,b € Ay contractions, ab=0}.
Further, the above condition holds in each of the following cases:

(a) Y is essential;
(b) Y is the dual of an essential Banach left A-module.
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Proof. Define the continuous bilinear map ¢: A x A — B(X,)) by
o(a,b) =aTb (a,be A,

and set € = sup{|[aTb|| : a,b € A, contractions, ab = 0}. Then [¢(a,b)| < |all|b]
whenever a,b € A, are such that ab = 0.

Let (e;)ier be an approximate identity for A of bound one. As in the proof of
Corollary 3.2.3, we see that (e;);er has a subnet (e;);es which converges to 1 4+ in A**
with respect to the weak* topology.

From Theorem 3.2.1 it follows that, for each a € A, the nets (¢(a,e;))jes and
(p(ej,a))jes converge in B(X,))*™ with respect to the weak™ topology and

H}ien} plase;) —lim o(ej, a)|| < 8elall,

whence
|lim aTe; — lime;Tal| < 8¢llal|.
jeJ jeJ

In particular, for each z € X, a,b € A, and ¢ € YV*, the net
(<b¢v (CLTEj - ejTa’)(:E)))jeJ = (<¢7 T(xa)ejb - T(:Eej)ab>)j€J
converges and

lim{¢, T(wa)e;b — T(ze;)ab)) < Sellal[iblllz]l]| 4] (3.21)

Since X is essential, it follows that (xe;);je; — « in norm for each € X'. Thus (3.21)
gives
(6, T(za)b — T(x)ab)| < 8cllall|[bll| =[]

forall x € X, a,b € A, and ¢ € J*, and hence
[(T'(za) — T(x)a)b|| < 8ellalll|b]|[|]| (3.22)

for all x € X, and a,b € A.
(i) In this case, we have ¢ = 0 and, for each x € X and a € A, (3.22) gives

(T(za) — T(z)a)b=0 (b€ A),

which yields T'(za) = T(z)a. Hence T is a right A-module homomorphism.
(ii) In this case, for each z € X and a € A, (3.22) gives

1T (za) = T(x)al| < 8]z,

so that ||ad(T)|| < 8e, as claimed.

Now suppose that ) satisfies either of the additional assumptions (a) or (b); we
will prove that ||y|| = sup{||lyal| : a € A, |a|| =1} for each y € Y. Take y € ), and set
a=sup{|yal :a € A, |a|| =1}. It is clear that o < ||y]|.
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In case (a), since (ye;)jes — ¥, it follows that (||ye;||)jes — |lyl/, and consequently
Il <

In case (b), ) is the dual of an essential Banach left A-module Y. Take € > 0, and
let ¢ € Y, with ||¢]| =1 and ||y|| — e < (¢, y)|. Then (e;¢);je; — ¢ and the continuity
of ¢ gives ((¢,ye;))jcs = ((€jd,y))jcs — (¢,y), which implies that there exists j € J
such that ||y|| —e < [(¢,ye;)| < . We thus get [|y|| < o + ¢ for each € > 0, and hence
|lyl| < «, which completes the proof. O

Theorem 3.3.3. Let A be a unital C*-algebra of real rank zero, let X and )Y be unital
quasi-Banach right A-modules, and let T: X — Y be a continuous linear map.

(i) Suppose that
e € A projection = e*Te = 0.

Then T is a right A-module homomorphism.
(ii) Suppose that X and Y are Banach modules. Then
lad(T)]| < SSup{HeLTeH : e € A projection}.

Proof. Define the continuous bilinear map ¢: A x A — B(X,)) by
o(a,b) =aTb (a,be A).

(i) In this case, ¢(e, et) = 0 for each projection e € A. Consequently, Theorem 3.2.2(i)
shows that p(a,14) = p(14,a) for each a € A, which gives T = Ta, and this is precisely
the assertion of (i).

(i) Set € = sup{||e*Te| : e € A projection}. Then |¢(e, e)|| < € for each projection
e € A, and Theorem 3.2.2(ii) now shows that

laT = Tal| = llp(a, 1a) — ¢(1a, a)|| < 8ela]
for each a € A. We thus get || ad(T")|| < 8¢, as claimed. O

Theorem 3.3.4. Let A be a C*-algebra of real rank zero, let X and Y be Banach right
A-modules with X essential, and let T: X — Y be a continuous linear map.

(i) Suppose that {y € Y : yA =0} = {0} and that
e, f € A projections, ef =0 = eTf =0.
Then T is a right A-module homomorphism.
(ii) Suppose that Y satisfies the condition
lyll = sup{llyall : a € A, |la] =1}
for eachy € Y. Then
| ad(T)|| < 8sup{||eTf| : e, f € A projections, ef = 0}.

Further, the above condition holds in each of the following cases:
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(a) Y is essential;

(b) Y is the dual of an essential Banach left A-module.

Proof. Take an approximate identity (e;);cs for A consisting of projections. Fix j € J,
define the continuous bilinear map ¢;: e;Ae; x ejAe; — B(X,Y) by

@j(a,b) =aTb (a,be€ e;Aej),

and set € = sup{||eTf|| e, f € A projections, ef = 0}. Then e;Ae; is a unital C*-
algebra (with unit e;) and has real rank zero. Further, |¢(e,e; —€)|| < e for each
projection e € e;Ae;. From Theorem 3.2.2(ii) it follows that

laTej — e;jTall = |lp(a, e5) — @(ej; a)|| < 8ellall
for each a € ejAe;. Hence
| T (zejae;)ejb — T'(xej)ejae;bl| < 8el|z|l||lal||lb]l (j € J, x € X, a,be A). (3.23)
For each x € X and a,b € A, we have

o (ejaej)je; — a and (e;b)jcy — b in norm, so that (using the continuity of T°)
(T'(zejaej)esb)jes — T'(ra)b in norm;

e (zej)jes — x in norm, because X is essential, and (ejae;b)jcs — ab in norm, and
hence (using the continuity of T') (T'(xe;)e;ae;b)jes — T'(x)ab in norm.

Thus, taking the limit in (3.23) we see that
[T (za)b — T(z)ab| < 8ellz|l|all[[p]] (z € X, a,be A).
The rest of the proof goes through as for Theorem 3.3.2 (from inequality (3.22) on). O

Corollary 3.3.5. Let A be a C*-algebra, and let X and Y be Banach right A-modules.
Suppose that X is essential and that {y € Y : yA = 0} = {0}. Then the space Hom 4(X,))
is reflexive.

Proof. Take T € B(X,)) such that
T(x) € {®(z): ® € Homq(X,))} (ze€X).

Let a,b € A be such that ab = 0. We claim that aTb = 0. For each x € X, there exists a
sequence (®,,) in Hom4(X,Y) such that (®,(xa)) — T(xa) in norm, and hence

(aTh)(x) =T (za)b = li_)rn O, (za)b = ILm ®,,(zab) =0,

which proves our claim.
From Theorem 3.3.2(i), it follows that 7' € Hom4(X,)). O

Corollary 3.3.6. Let A be a unital C*-algebra of real rank zero, and let X and Y be
unital quasi-Banach right A-modules. Then the space Hom4(X,Y) is reflexive.

Proof. This follows by the same method as in Corollary 3.3.5, with Theorem 3.3.2(i)
replaced by Theorem 3.3.3(i). O
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3.3.2 Homomorphisms between non-commutative LP-spaces

Let M be a von Neumann algebra. For each 0 < p < oo, the space LP(M) is a contractive
Banach M-bimodule or a contractive p-Banach M-bimodule according top > 1 or p < 1.
11

More generally, if 0 < p,q,r < oo are such that % +,=F (we adopt throughout the

convention that = = 0), then
z e LPM), y € LI(M) = zy e L"(M) and [zyll, < |[z]lp[lyllq-

This is the non-commutative Holder’s inequality. Recall that the spaces LP(M) are
constructed as spaces of measurable operators affiliated with a certain semi-finite von
Neumann algebra containing M, namely, the crossed product of M by one of its modular
automorphism groups, so that in Holder’s inequality zy stands for the product of the
unbounded operators  and y. From now on we confine attention to the right M-module
structure of LP(M).

Theorem 3.3.7. Let M be a von Neumann algebra, let 0 < p,q < oo, and let
T: LP(M) — LY(M) be a linear map. Suppose that the map e*Te: LP(M) — LI(M) is
continuous for each projection e € M. Then T is continuous.

Proof. We first observe that eI’ — Te = eT'e — e Te is continuous for each projection
e e M.

Now we consider the separating space of T', which is defined by
S(T) = {y € LY(M) : there exists (z,,) — 0 in LP(M) with (T'(z,)) — y}.

It is an immediate restatement of the closed graph theorem that 7" is continuous if and
only if S(T') = 0.

We claim that S(7') is a closed right submodule of L9(M). By [36, Proposition 5.1.2],
S(T) is a closed subspace of LI(M). Let y € S(T'), and let e be a projection in M. Take
a sequence (z,) in LP(M) with limz, = 0 and lim7'(z,,) = y. Then limz,e = 0 and,
using the first observation,

T(xpe) = (eT —Te)(xy) + T(zn)e — ye.

Thus ye € S(T'). Now let a € M be an arbitrary element. Then there exists a sequence
(an) in M such that each a, is a linear combination of projections and lima, = a.
Since S(T') is a closed subspace of LI(M), it follows that ya, € S(T') (n € N) and that
ya = limya, € S(T'). Hence S(T) is a right submodule of LI(M), as claimed.

We now consider the subspace Z(7T') defined by

I(T)={ae M :8(T)a =0}.

It is clear that Z(T') is a closed right ideal of M. Further, since S(T') is a right submodule
of LY(M), it follows immediately that Z(T") is also a left ideal of M. Our next goal is



68 Chapter 3. Hyperreflexivity of the space of module homomorphisms

to prove that Z(T") is weak™ closed in M. Take y € LI9(M), and let s,(y) be the right
support projection of y. Then

{aeM:ya=0} ={ae M:s.(y)a=0}

(see [72, Fact 1.2(ii)]) and, since s,(y) € M, this latter set is clearly weak* closed in M.
Since
Z(T) = ﬂ {a € M :ya =0},
yeS(T)
we conclude that Z(T') is weak™ closed.
Since Z(T') is a weak* closed two-sided ideal of M, it follows that there exists a
central projection e € M such that

Z(T) = eM.

We now claim that dim et M < oco. Assume towards a contradiction that dim e+ M = oo.
Then we can take a sequence (e,) of non-zero mutually orthogonal projections in e M.
For n € N, we define the projection f, € M by

fn = \/ €k,
k>n
and consider the maps R,, € B(LP(M), LP(M)) and S,, € B(LY(M), LY(M)) defined by
Rn(z) =afn, Su(y)=yfn (z€LP(M), yeLIM)).

Our next objective is to apply a fundamental result about the separating space: the
so-called stability lemma. By hypothesis, TR,, — ST is continuous for each n € N, and
hence, by [36, Corollary 5.2.7], (S1---S,(S(T))) is a nest in L(M) which stabilizes.
Since fr1+1 < fn for each n € N, it follows that Sy --- S, = S,, and hence that

S1---5u(S(T)) = S(T) fr = S(T) fn
for each n € N. Thus there exists N € N such that
S(T)fn =S(T)fn (N <n).
In particular, since fyeny = en and fyii1eny = 0, we have
S(Ten = (S(T)fn)en = (S(T) fn41)en = 0.

Hence ey € Z(T) = eM. But this is a contradiction of the facts that ey € e M and
en # 0.

Our next claim is that the map Tel: LP(M) — L(M) is continuous. Since the
projection el is central, we see that elaz = wel for each 2 € LP(M), and hence
et LP(M) = et LP(M)et. Moreover, [72, Fact 1.4] shows that the subspace e LP(M)e*
is isometrically isomorphic to LP(etMet). Since dimetM < oo, it follows that
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dim LP (et Met) < oo, so that dimetLP(M) < oo. Thus the restriction of T' to the
subspace e LP(M) is continuous, and hence the map

etT: LP(M) = LYM), x> T(zel)
is continuous. On the other hand,
Tel = elT — (etT — Tet),

which implies that Te* is continuous, as claimed.

Finally, we are in a position to prove the continuity of 7. From the above claim we
deduce that S(T)et = 0, and hence that e+ € Z(T) = eM. This implies that et = 0,
whence 1p¢ = e € Z(T), which gives S(T') = S(T')1x¢ = 0 and T is continuous. O

Corollary 3.3.8. Let M be a von Neumann algebra, let 0 < p,q < oo, and let
T: LP(M) — LI(M) be a right M-module homomorphism. Then T is continuous.

Proof. Tt is clear that T satisfies the requirement in Theorem 3.3.7 and hence T is
continuous. O

Suppose that 0 < p,q,r < oo are such that % + % = %. By Hoélder’s inequality, for
each £ € L"(M), we can define the left composition map L¢: LP(M) — LI(M) by

Le(x) =€ (x € LP(M)).

Further L¢ is continuous with || L¢|| < ||€]],, and it is obvious that L¢ is a right M-module
homomorphism.

Theorem 3.3.9. Let M be a von Neumann algebra, and let 0 < p,q < co.

(i) Suppose that p > q, and let 0 < r < 0o be such that % + % = é. Then the map

&+ Le, L' (M) = Hompg (LP(M), LY(M))
18 an isometric linear bijection.
(ii) Suppose that p < q and that M has no minimal projection. Then

Homp (LP(M), LY(M)) = {0}.

Proof. (i) By [56, Theorem 2.5], this map is a surjection. We proceed to show that it
is an isometry. Let £ € L"(M) \ {0}. We have already seen that ||L¢|| < [|£]|,. We now
establish the reverse inequality by considering three cases.

Assume that p = co. Then r = ¢ and

1€l = 1 Ee(adlly < 1 LelllFadll = (1 Lell;

as required.



70 Chapter 3. Hyperreflexivity of the space of module homomorphisms

Now assume that p < oo and that r = co. Then p = ¢, and, for each x € LP(M), we
have

1/2 1/2

ILe@)llp = lI€xlly = [|(62) ()|, = 2"€"€x]],)s
= ||zl = [(gl)* (ko) o = l[Elall, = | L @),
Thus ||L¢|| = ||Ligll, and [56, Lemma 2.1] shows that ||Li(ll = [|[]l| = [I€]].

Finally, assume that p,r < co. Then [¢|"/? € LP(M), and we have

1Ze (/) ||, = lglel ™), = l[ler /e elel ) /s

= [[lg20+rm| 2 = [lef>r/9]| 5 = llElye.

On the other hand, we have

|Le(lel )|, < Il ], = Izelliel,

and hence
€]l = [I€]I7/97P < || Le]l,

as required.
(ii) [56, Corollary 2.7]. O

Corollary 3.3.10. Let M be a von Neumann algebra, let 0 < p,q < oo, and let
T: LP(M) — LY(M) be a continuous linear map.

(i) Suppose that
e € M projection = e Te = 0.

Then T is a right M-module homomorphism.

(i) Suppose that 1 < p,q < co. Then
|ad(T)| < 85up{||elTeH : e € M projection}.
Proof. Since every von Neumann algebra has real rank zero, this result follows from

Theorem 3.3.3. O

By Corollary 3.3.6, the space Homp(LP(M), LY(M)) is reflexive. However we next
show that this space is not merely reflexive.

Corollary 3.3.11. Let M be a von Neumann algebra, let 0 < p,q < oo, and let
T: LP(M) — L1(M) be a linear map such that

T(x) € {®(z) : ® € Homp(LP(M), LI(M))} (x € LP(M)).

Then T € Homp(LP(M), LY(M)). In particular, the space Hompg(LP (M), LI(M)) is

reflexive.
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Proof. Take a projection e € M. For each x € LP(M), there exists a sequence (®,,) in
Hom g (LP(M), LY(M)) such that T(zel) = lim ®,(zet) in norm, and hence

(etTe)(z) = T(zet)e = lim ®,(zel)e = lim ®,(x)ete = 0.

This shows that eTe = 0.
From Theorem 3.3.7, it follows that 7" is continuous, and Corollary 3.3.10 then gives
T € Homp(LP(M), LY(M)). O

3.4 Distance estimates

Besides the investigation of the hyperreflexivity of Homa(LP(M), LY(M)) for a von
Neumann algebra M and 1 < p, ¢ < oo, the motivation behind this section comes from
the analysis of almost annihilator preservers offered in [66, Section 2].

3.4.1 Homomorphisms between modules over a C*-algebra

Let M be a von Neumann algebra, and let X a Banach right M-module. Then the
Banach left M-module X* is called normal if the map a — a¢ from M to X* is weak*
continuous for each ¢ € X*. Similarly, if X is a Banach left M-module, then the
Banach right M-module X'* is called normal if the map a — ¢a from M to X'* is weak*
continuous for each ¢ € X'*.

Theorem 3.4.1. Let M be an injective von Neumann algebra, let X and Y be Banach
right and left M-modules, respectively, and let T: X — Y* be a continuous linear map.

(i) The subset W(T') of X consisting of the elements x € X with the property that the
bilinear map (a,b) — T(xa)b from M x M to Y* is separately weak* continuous
is a closed submodule of X. Further, if the modules X* and Y* are normal, then
W(T) = X.

(ii) There exists a continuous linear map ®: X — Y* such that:

(a) @] <[IT|;

(b) ®(xa) = ®(x)a for all x € W(T) and a € M; in particular, if both X* and
Y* are normal, then ® is a right M-module homomorphism;

(c) ITmT — @| < ||ad(T)||; in particular, if the module X is unital, then | T —

o < [lad(T)ll;
(d) | T1pm—| < | ad(T)||; in particular, if the module Y is unital, then | T —®| <
[[ad(T)|]-

Proof. (i) Routine verifications show that W(T') is a submodule of X. To show that
W(T) is closed, take a sequence (x,) in W(T') and = € X such that (z,) — « in norm.
We define continuous bilinear maps 7, 7,: M x M — Y* by

7(a,b) = T(xa)b, m,(a,b) = T(zpa)b (a,b € M, n €N).



72 Chapter 3. Hyperreflexivity of the space of module homomorphisms

Then (7,) — 7 in norm, and each 7, is separately weak™® continuous. This implies that 7
is separately weak* continuous, which shows that z € W(T).

Suppose that both X* and )* are normal, and take x € X. For each a € M,
T(xa) € Y*, so that, by definition, the map b — T(za)b from M to V* is weak*
continuous. For each b € M and each y € ), define ¢, € X by

(@, dpy) = (Y, T(x)b) (x € X).

Then
(y, T(za)b) = (v,adpy) (x€X,aeM),

and, since the map a — a¢y, is weak™ continuous, it follows that the functional a —
(y, T(za)b) is weak™ continuous for each = € X.

(ii) Let G be the discrete semigroup of the isometries of M. A mean on G is a state
won ¢°°(G) and, for a given mean p, we use the formal notation

/G o) du(u) == (bo1) (b € £°(G)).

By [47, Theorem 2.1], there exists a mean p on G with the property that

/GT(au*,u) d,u(u):/ T(u*, ua) du(u) (3.24)

G

for each separately weak* continuous bilinear functional 7: M x M — C and each
ae M.
Define ®: X — Y* by

(v, ®(x)) = /G (0, T(eu*Yu) du(u) (x € X,y € D),

Then @ is well-defined and linear. Further, for each z € X, y € ), and u € G, we have

[(y, T(zu™)u)| < [T (zu®)ull < [ly[l[IT (zu”)]]
< [y Tz < g7,

which implies that
< Tzl vl

/ (. T ) ds()
G

and hence that || ®(z)| < ||T]|||z||. Thus ® is continuous and (a) holds.
Let z € W(T), a € M, and y € ). Since, by definition, the bilinear functional
(u,v) = (y, T(xu)v) is separately weak™ continuous, it follows from (3.24) that

(. 2(wa)) = [

{y, T(zau")u) dp(u) = / {y, T(zu")ua) dpu(u)
G G

- /G (ay, T(wu ) du(u) = (ay, (2)) = {y, (z)a).
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This establishes (b).
Now let z € X and y € Y with ||z|| = ||y|| = 1. Then

(. T(x1m) — @(2))] = /G (0, T(21 1) — T(wu)u) dp(u)

=| [t Ttau) = i) dut
< [Tt ) = Ty dutu)
< /G IT (2w u) = T(au*)u]| du(u)

< [ Iaa(my el die)

S/Gllad(T)lllxIIIU*lllluH dp(u) = [|ad(T)|.

This gives (c¢). We also have

[(y, T(x)lpm — ®(2))| = ‘/G@,T(l’)lM — T(zu*)u) du(u)

o T@uu = Ty du
< /G [y, T(@)u*u — T(wu")u)]| da(u)

< /G IT(2)u"s — T(au*)ul| du(u)

< [ 1T @ = Ty dutw)

< [ Iyl o] dia) = ()]

and this gives (d). O

Theorem 3.4.2. Let A be a nuclear C*-algebra, let X and Y be Banach right and left
A-modules, respectively, and let T: X — Y* be a continuous linear map. Then there
exists a continuous right A-module homomorphism ®: X — Y* such that:

(a) |2 < T

(b) |laT — a®@| < |[ad(T)||||a|| (a € A); moreover, if the module X is essential, then
1T = @[ < [[ad(T)]|;

(c) |[Ta — @a| < ||ad(T)||||a|| (a € A); moreover, if the module ) is essential, then
1T =@ < [[ad(T)]-
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Proof. Consider the projective tensor product A®A, and let 7: A®A — A be the
continuous linear map defined through

m(a®b) =ab (a,be A).

The Banach space ARA is a contractive Banach A-bimodule with respect to the operations
defined through

(a®@bec=a®be, cla®b)=ca®b (a,b,ceA).

By [47, Theorem 3.1], there exists a virtual diagonal for A of norm one. This is an
element M € (A®.A)** with |[M|| = 1 such that, for each a € A, we have

aM =Ma and 7"(M)a = a.

Here, both (A®.A)** and A** are considered as dual A-bimodules in the usual way.
For each continuous bilinear functional 7: A x A — C there exists a unique element
7 € (A®A)* such that

T(a®b) =1(a,b) (a,be A,

and we use the formal notation
/ 7(u,v) dM(u,v) := (7, M).
AxA
Using this notation, the defining properties of M can be written as
/ T(au,v) dM(u,v) = / 7(u, va) dM(u,v) (3.25)
AxA AxA

and

/ (v, ) M (1, v) = (a, &) (3.26)
AxA

for each continuous bilinear functional 7: A x A — C, each a € A, and each ¢ € A*;
further, it will be helpful noting that

'/ 7(u,v) dM(u, v)| < [[M|[|I7]| = [|7]- (3.27)
AxA

Define ®: X — Y* by
(4, B(x)) = /,4 (TG0 D) (@ Xyed).

Then & is well-defined and linear. For each x € X', y € )V, and u,v € A, we have

[{y, T(zu)o)| < T (zu)oll[lyll < [T w0l
< 1T Hlzullllollllyll < 1T ullll{y]-
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Then, using (3.27), we have

‘ [ ) )| < 71l
Ax A

which implies that || ®(z)|| < ||T]|||=||. Thus @ is continuous and (a) holds.
We claim that ® is a right A-module homomorphism. Indeed, for x € X, a € A, and
each y € Y, (3.25) gives

(y, ®(za)) :/AXA@,T(xau)v) dM(u,v) :/AXA<y,T($u)UCL> dM(u,v)

_ / (ay, T(zu)v) dM(u, v) = (ay, ®(x)) = (y, ®(z)a).
Ax A

Our next objective is to prove (b). Take x € X', a € A, and y € Y with ||z]| = ||a|| =
llyl| = 1, and define ¢ € A* and 7: A x A — C by

(u,¢) = (y, T(zu)) (ueA),
7(u,v) = (y, T(xauv) — T(xau)v) (u,v € A).
For each u,v € A, we have

|7(u, 0)| < [ T(zawv) = T(zau)o| < [|ad(T)||[lzau]|[v]
< [fad(T)[llzlawl[[[oll < [ad(T)[[[ull{lv],

so that ||7|| < [[ad(T)|. By (3.26),

(v, T(wa)) = {a, 6) = /

(auv, ¢) dM(u,v) = / (y, T'(zauv)) dM(u,v),
AxA

AxA

and, using the definition of ®, we obtain

(y, T(za) — ®(xza)) = /AXAT(u,v) dM(u,v).

By (3.27), |{y, T'(za) — ®(za))| < |[ad(T)||. Since this inequality holds for each y € Y
with |ly]| = 1, it follows that

1T (za) = ®(za)|| < |[ad(T)]].

Now assume that X is essential. Take an approximate identity (e;);ecs for A of bound 1.
Then (ej) e is a right approximate identity for & and, for each x € X with ||z| =1,

1T (zej) = @(xej)|| < [ad(T)] (G € J),

so that, using the continuity of 7" and ®, we see that ||T'(z) — ®(x)| < ||ad(T)|. Thus
1T = @] < [[ad(T)]|
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Finally, we proceed to prove (c). Take z € X, a € A, and y € Y with ||z| = ||a|| =
llyll = 1, and define ¢ € A* and 7: A x A — C by

(u,0) = (y, T(x)u) (ue A,
7(u,v) = (y, T(x)auv — T(xau)v) (u,v € A).

For each u,v € A, we have

|7 (u, )| <[ T(2)auv = T(zau)v|| < [T (x)au - T(zau)|[v]]
< [lad(D)ll|z([[law[[[o]] < [ad(T)[[[[ulllv],

so that ||7|| < |[ad(T)|. By (3.26),

0, T(x)a) = {a, 6) = /A o, ¢) aMi(u.o) = / (4, T () dM(u, v),

Ax A

and, using the definition of ®, we obtain

(y, T(z)a — ®(x)a) = (y, T(x)a — ®(xa)) = /AXAT(u, v) dM(u, v).

From (3.27) we see that |(y,T(z)a — ®(x)a)| < ||ad(T)|. Thus
1T (z)a — @(z)al| < [[ad(T)|.

Assume that ) is essential, and take an approximate identity (e;);cs for A of bound 1.
For each x € X and y € Y with ||z|| = [|y|| = 1, we have

{ejy, T(x) = @(2))| = [{y, T(x)ej — P()ej)| < [ad(T)]| (5 € J).

Since Y is essential, it follows that (e;);jcs is a right approximate identity for )} and
hence, taking limit, we see that |(y, T'(x) — ®(z))| < || ad(T)||. Therefore ||T(z)— ®(x)| <
|lad(T)||, and the proof is complete. O

Corollary 3.4.3. Let M be an injective von Neumann algebra, and let X and Y be
unital Banach right and left M-modules, respectively, with both X* and Y* normal. Then

dist(T, HomM(X,y*)) < SSup{HeLTeH ceeM projection}
for each T' € B(X,Y*). In particular, the space Hom 4 (X, Y*) is hyperreflexive.

Proof. Take T' € B(X,Y*). Then Theorem 3.4.1 gives ® € Hom (X, Y*) such that
|®]] < ||IT|| and ||T — ®|] < ||ad(T")||. Theorem 3.3.3(ii) now shows that

T — | < 8sup{\|eLTe|| : e € M projection},

which establishes our estimate of the distance to Hom (X, V*).
The hyperreflexivity follows from the estimates in Proposition 3.3.1. 0
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Corollary 3.4.4. Let A be a nuclear C*-algebra, and let X and Y be essential Banach
right and left A-modules, respectively. Then

dist(T, HomA(X,y*)) < 8sup{|]aTb|| ca,b € Ay contractions, ab = 0}
for each T € B(X,Y*). In particular, the space Hom 4(X,V*) is hyperreflezive.

Proof. The estimate follows from Theorem 3.3.2(ii) and Theorem 3.4.2, as in Corol-
lary 3.4.3. The hyperreflexivity follows from the estimates in Proposition 3.3.1. O

Corollary 3.4.5. Let A be a unital nuclear C*-algebra of real rank zero, and let X and
Y be unital Banach right and left A-modules, respectively. Then

dist (7, Hom 4 (X, V")) < 8sup{||eLTeH : e € A projection}
for each T € B(X,)*).

Proof. The estimate follows from Theorem 3.3.3(ii) and Theorem 3.4.2, as in Corol-
lary 3.4.3. O

Corollary 3.4.6. Let A be a nuclear C*-algebra of real rank zero, and let X and Y be
essential Banach right and left A-modules, respectively. Then

dist(T, HomA(X,y*)) < 8sup{||eTfH e, f € A projections, ef = 0}
for each T € B(X,)*).

Proof. The estimate follows from Theorem 3.3.4(ii) and Theorem 3.4.2, as in Corol-
lary 3.4.3. O

3.4.2 Homomorphisms between non-commutative LP-spaces

Let M be a von Neumann algebra. For each 1 < p < o0, define 1 < p* < oo by the
requirement that % + # = 1. There exists a natural isomorphism w — z, from M,
onto L'(M) (this isomorphism preserves the adjoint operation, positivity, and polar
decomposition), and hence the space L!(M) is equipped with a distinguished contractive
positive linear functional Tr defined by Tr(z,) = w(lm) (w € M,). This functional
implements, for each 1 < p < oo, the duality (-,-): LP(M) x LP" (M) — C defined by

(@,y) = Tr(zy) = Tr(yz) (z € LP(M), y € LV (M)).

In the case where p # 0o, the above duality gives an isometric isomorphism from LP" (M)
onto LP(M)* . Moreover the duality satisfies the following properties:

(ax,y) = (x,ya), (za,y) = (z,ay), (3.28)
(az,y) = (zy,a), (ra,y) = (yz,a) (3.29)
for all z € LP(M), y € LP" (M), and a € M. Condition (3.28) shows that, for p # oo, the

identification of LP" (M) with LP(M)* is an isomorphism of M-bimodules, and, further,
condition (3.29) shows that LP(M)* is a normal M-bimodule.
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Theorem 3.4.7. Let M be a von Neumann algebra, and let 1 < p,q < oo. Then
dist (7', Hom g (L (M), LI(M))) < 88up{||elTeH : e € M projection}
for each T € B(L*® (M), LY(M)), and
dist (7', Hom (LP (M), L'(M))) < 8sup{|le*Te| : e € M projection}

for each T € B(LP(M), LY(M)). In particular, the spaces Homp (L (M), LY(M)) and
Homp(LP(M), LY (M)) are hyperrefiexive.

Proof. Suppose that T' € B(L*(M), LI(M)). Define & = T'(1p4) € LY(M). Then, for
each r € M, we have

(T = Le)(@)llg = I T(Amz) = T(Am)zllq < [lad(T) [ Lagllll]l,
so that ||T"— L¢|| < ||ad(T)||. Corollary 3.3.10 now gives
|T — Le|| < 8sup{|le*Tel| : e € M projection},

which establishes the required inequality.

Now suppose that T € B(LP(M), L*(M)). In order to get the desired inequality, we
are reduced to consider the case p # oo. Consider the continuous linear functional ¢ on
LP(M) defined by

(2.6) = Te(I'(2)) (a € LF(M)).

Then there exists £ € LP" (M) such that [|¢]| = ||¢] < ||T|| and
Tr(éx) = (z,¢) = Tr(T(z)) (z € LP(M)).
For each = € LP(M) and a € M, we see that

‘Tr((T - Lg)(x)a)’ = |Tr(T(1:)a - fma))| = ‘Tr(T(x)a - T(SL‘CL))‘
< |IT(z)a = T(za)|x < [|ad(T)[[[[z]lpllall

This implies that |[(T" — L¢)(x)|1 < ||ad(T)||||z||p, whence ||T"— L¢|| < [|ad(T)||, and
Corollary 3.3.10 shows that

|T — L¢|| < 8sup{|eTe| : e € M projection}.
The hyperreflexivity follows from the estimates in Proposition 3.3.1. O

Theorem 3.4.8. Let M be an injective von Neumann algebra, and let 1 < p,q < oo.
Then

dist (7', Hom g (LP (M), LY(M)) < SSup{HeLTeH : e € M projection}

for each T € B(LP(M), LY(M)). In particular, the space Homp(LP(M), LY(M)) is

hyperreflexive and the hyperreflerivity constant is at most 8.
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Proof. By Theorem 3.4.7, we need only to consider the case where p # oo and ¢ # 1,
and then the result follows from Corollary 3.4.3, because both modules L?(M)* and
LI(M)(= LY (M)*) are normal. O

At the expense of replacing the condition 1 < p,q < oo by 1 < ¢ < p < 0o and losing
the bound 8 on the distance estimate, we may remove the injectivity of the von Neumann
algebra M in Theorem 3.4.8. To this end, we will be involved with the ultraproduct of
non-commutative LP-spaces. We summarize some of its main properties.

Let (&X,,) be a sequence of Banach spaces and let ¢/ be an ultrafilter on N. Let [[ A,
be the £*°-sum of the sequence (X)) and take

Ny = {(zn) € [[Xn : limy ||z,| = 0}.

Then the ultraproduct [[;, A}, of the sequence (X)) along U is the quotient Banach space
[1X./Ny. Given (x,) € [[ X, we write (z,)y for its corresponding equivalence class in
[I; &»- The norm on [[;, &, is given by

| ael] = tgn

for each (xn)u € [[;; Xn. Let (V,) be another sequence of Banach spaces and let
(T,) € [I1 B(Xn, V). Then we define [[,, Ty [, & — [y Vn by

[T ((@a)u) = (Tulwn))y,

for each (xy)y € [[y &n. Of course, it can be checked that the definition we make is
independent of the choice of the representative of the equivalence class. Moreover, [[;, T
is continuous and

T Tl = tixn 5] (3.30)

All the above statements are also valid for quasi-Banach spaces. We refer the reader to
[49] for the basics of ultraproducts.

If (A,) is a sequence of C*-algebras, then [[;, A, is again a C*-algebra. The ultra-
product of a sequence (M,,) of von Neumann algebras is not as straightforward as the
C*-algebra case. According to [45, 71], it is known that [[,, L!'(M,) is isometrically
isomorphic to the predual of a von Neumann algebra My,. Further, it is shown in [71]
that My, has such a nice behaviour as [ [, L(M,,) is isometrically isomorphic to LP(My)
for each p < co. Specifically,

e there exists an isometric *-homomorphism
v [[yyMn = My

from the C*-algebra [],, M, into the von Neumann algebra My such that
L(Hu /\/ln) is weak* dense in My, and,
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e for each p < oo, there exists an isometric isomorphism
Ap: [Ty LP (M) = LP(My)

such that

Ap((an)u(@n)u(bn)u) = ¢((an)u) Ap ((n)er) e ((bn)ur)

and, for()<p,q,1“<c>owith%4—%:l

)

A, ((xn)u(yn)U) = Ap((xn)U)Aq ((?/n)u)

for all (an)u, (bn)u € [y Mn, (@n)u € [y LP(My), and (yn)u € [, LY(My).

Actually, [71] is concerned with the ultrapower of LP(M) for a given von Neumann
algebra, but it is also emphasized there that the results are equally valid for the above
situation.

Theorem 3.4.9. Let 1 < g < p < co. Then there exists a constant Cpq € RT with
the property that, for each von Neumann algebra M and each continuous linear map

T: (M) — LYM), we have
dist (7', Hompy (LP (M), LY(M))) < Cpqsup{[le*Te| : e € M projection}.
In particular, the space Homag(LP (M), L9(M)) is hyperreflexive.

Proof. In the case where either p = co or ¢ = 1, we apply Theorem 3.4.7 to obtain the
result.
Suppose that 1 < ¢ < p < 0o, and take 1 < r < oo such that %—F% = %. Our objective

is to prove that there exists a constant ¢, , € RT with the property that for each von
Neumann algebra M and each T' € B(LP(M), L4(M)), we have

dist (7', Hom g (LP(M), LY(M))) < cpq || ad(T)]|. (3.31)

Assume towards a contradiction that the clause is false, and there is no such constant
¢p,q- Then, for each n € N, there exists a von Neumann algebra M,, and a continuous
linear map R, : LP(M,) — L9(M,) such that

Oy, = dist (Rn,HomMn (Lp(./\/ln), Lq(Mn))) > nllad(Ry)|-
For each n € N, set S,, = (5;1Rn. Then
|ad(Sy)|| <1/n (ne€N) (3.32)

and
dist (S, Homy,, (LP(My,), L9(M,))) =1 (n € N). (3.33)

Since the sequence (S,) need not to be bounded, we replace it with a bounded one
that still satisfies both (3.32) and (3.33). For this purpose, for each n € N, we take
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¥,, € Homy, (LP(My,), L9(My,)) such that ||S, — W, || < 1+ 1/n and consider the map
T, =S, — V,. Then (T,) is bounded. It is clear that ||ad(T},)| = || ad(S,)|| and that

dist(7,,, Hom,, (LP(My,), LY(My,))) = dist(Sp, Homay, (LP(My,), L9(My,)))
for each n € N, so that (3.32) and (3.33) give
|lad(T},)]| <1/n (n eN), (3.34)
dist (75, Homy, (LP(My), L9(My))) =1 (n €N). (3.35)
Take a free ultrafilter &« on N. Consider the ultraproduct von Neumann algebra
My = (TI L' (Mn))"
and the maps

v [y Mn = My,
Ap: [Ty LP(Mn) — LP(My),
Ag: [T, LY (M) = LI (My),
Ar: [Ty L"(My) — L™ (My)

introduced in the preliminary remark. Further, take the ultraproduct map
[T Ty L (M) = [Ty LY (M)

We claim that [[,, 75, is a right [[,;M,-module homomorphism. Take elements (x,)y €
[[,LP(My) and (an)y € [[;Mn- Then (3.34) gives

T T ((@n)ue(@n)ue) = Tl T ((@n)ue) (an)uel| = lim | Ty (wnan) — Toln)anll
< Tim (|| ad(To)[l|znllan]l)
< tim (L zallan ) =0.
Define T': LP(My) — L9(My) by
T=A, o[, TnoA, "
Then T is a right L(Hu./\/ln)—module homomorphism. We now note that:
. L(HuMn) is weak* dense in Myy;

e the module maps a — xa and a — ya are weak™weak* continuous for all x €
LP(My) and y € LI(My);

e the map T is weak*-weak™* continuous, since both LP(My) and LI(My,) are reflexive
(being 1 < p,q < o0).



82 Chapter 3. Hyperreflexivity of the space of module homomorphisms

The above conditions imply that T is a right My-module homomorphism. By Theo-
rem 3.3.9, there exists = € L"(My,) such that

T(x) =Zx (x € LP(My)).

Set (&n)u = A7 H(E) € [T L7 (My), and, for each n € N, take the left composition map
Le,: LP(M,,) — L9(M,,). Then, for each x € LP(My), we have

T(X) =Zx = Ar((fn)U)Ap (Ap_l(x)) = Aq((gn)Z/{Ap_l(X))
= (AgoTTyLe, o Ap™") (%),
whence [[,, T = [, L¢,, so that (3.30) gives limy, || T, — L¢, || = 0 and hence

liLIlndist(Tn, Hom g, (LP(My), LY (M,,))) < lim 1T, — Lg, || =0,

contrary to (3.35).
Finally, (3.31) and Corollary 3.3.10 give the desired inequality with C}, ; = 8¢y 4.
The hyperreflexivity follows from the estimates in Proposition 3.3.1. O
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Abstract. C*-algebras, group algebras, and the algebra A(X) of approximable operators
on a Banach space X having the bounded approximation property are known to be zero
product determined. In this paper we give a quantitative estimate of this property by
showing that, for the Banach algebra A, there exists a constant o with the property that
for every continuous bilinear functional ¢: A x A — C there exists a continuous linear
functional £ on A such that

sup  |p(a,b) —€&(ab)] <a  sup  [p(a,b)|
llall=lbll=1 lal=lbl=1,

in each of the following cases: (i) A is a C*-algebra, in which case o = 8; (ii) A = LYG)
%§ (ili) A = A(X) for a

Banach space X having property (A) (which is a rather strong approximation property

for a locally compact group G, in which case o = 6027

. . 14sin & . . .
for X), in which case a = 60+/27 %C% where C' is a constant associated with the
10

property (A) that we require for X.

4.1 Introduction

Let A be a Banach algebra. Then 7: A x A — A denotes the product map, we write A*
for the dual of A, and B?(A,C) for the space of continuous bilinear functionals on A.

83
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The Banach algebra A is said to be zero product determined if every ¢ € B?(A,C)
with the property

a,be A, ab=0 = ¢(a,b) =0 (4.1)

belongs to the space

B2(A,C) = {¢om: &€ A*}.

This concept implicitly appeared in [2] as an additional outcome of the so-called property
B which was introduced in that paper, and was the basis of subsequent Jordan and Lie
versions (see [4, 5, 6]). For a comprehensive survey of the theory of the zero product
determined Banach algebras we refer the reader to [24]. The algebra A is said to have
property B if every ¢ € B%(A,C) satisfying (4.1) belongs to the closed subspace BZ(A,C)
of B2(A,C) defined by

Bi(A,C) = {¢ € B*(A,C) : ¢(ab, c) = ¥(a, be) Ya,b,c € A}.

In [2] it was shown that this class of Banach algebras is wide enough to include a number
of examples of interest: C*-algebras, the group algebra L'(G) of any locally compact
group G, and the algebra A(X) of approximable operators on any Banach space X.

Throughout, we confine ourselves to Banach algebras having a bounded left approx-
imate identity. Then B2(A,C) = BZ(A,C) (Proposition 4.2.1), and hence A is a zero
product determined Banach algebra if and only if A has property B. For example,
this applies to C*-algebras, group algebras and the algebra A(X) on any Banach space
X having the bounded approximation property, so that all of them are zero product
determined Banach algebras.

For each ¢ € B%(A,C), the distance from ¢ to B2(A,C) is

dist (17, B2(A,©)) = inf { |l — ] : 4 € B2(4,0)},
which can be easily estimated through the constant
ol = sup {|¢(ab, c) — ¢(a,be)| = a,b,c € A, al| = [|b]| = [[c]| =1}

(Proposition 4.2.1 below). Our purpose is to estimate dist ((p, BE(A,C)) through the
constant

., = sup{le(a,b)| : a;b € A, |lal| = ||b]] = 1, ab=0}.
Note that A is zero product determined precisely when
¢ € B*(A,0), |¢l,, =0 = ¢ e B(AC). (4.2)

We call the Banach algebra A strongly zero product determined if condition (4.2) is
strengthened by requiring that there is a distance estimate

dist (i, B2(A,C)) < algl,, Ve € BX(A,C) (4.3)
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for some constant «; in this case, the optimal constant « for which (4.3) holds will be
denoted by a4. The inequality ||, < dist (¢, B2(A,C)) is always true (Proposition 4.2.1
below). We also note that A has property B exactly in the case when

p € BA(A,C), l¢l,, =0 = |4l =0,
and the algebra A is said to have the strong property B if there is an estimate

oly < Blel., VeeB*A,C) (4.4)

for some constant [3; in this case, the optimal constant 8 for which (4.4) holds will
be denoted by 4. The inequality |¢|,, < M [p], is always true for some constant M
(Proposition 4.2.1 below). The spirit of this concept first appeared in [11], and was
subsequently formulated in [76] and refined in [77]. This property has proven to be useful
to study the hyperreflexivity of the spaces of continuous derivations and, more generally,
continuous cocycles on A (see [12, 13, 75, 76, 77]).

From [9, Corollary 1.3], we obtain the following result.

Theorem 4.1.1. Let A be a C*-algebra. Then A is strongly zero product determined,
has the strong property B, and aa, 84 < 8.

It is shown in [77] that each group algebra has the strong property B and so (by
Corollary 4.2.2 below) it is also strongly zero product determined. In Theorem 4.3.3 we
prove that, for each group G,

37 1 + sin 75

aLl(G) S BLl(G) S 60V 27 m
This gives a sharper estimate for the constant of the strong property B of L'(G) to the
one given in [77, Theorem 3.4]. The estimates given in Theorems 4.1.1 and 4.3.3 can
be used to sharp the upper bound given in [77, Theorem 4.4] for the hyperreflexivity
constant of Z™(A, X), the space of continuous n-cocycles from A into X, where A is
a (C*-algebra or the group algebra of a group with an open subgroup of polynomial
growth and X is a Banach A-bimodule for which the n'* Hochschild cohomology group
H" (A, X) is a Banach space.

Finally, in Theorem 4.4.1 we prove that the algebra A(X) is strongly zero product
determined for each Banach space X having property (A) (which is a rather strong
approximation property for the space X). Further, we will use this result to show that
the space Z™(A(X),Y™) is hyperreflexive for each Banach A(X)-bimodule Y.

There is no reason for an arbitrary zero product Banach algebra to be strongly zero
product determined. However, as yet, we do not know an example of a zero product
determined Banach algebra which is not strongly zero product determined.

Throughout, our reference for Banach algebras, and particularly for group algebras,
is the monograph [36].
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4.2 Elementary estimates

In the following result we gather together some estimates that relate the seminorms
dist (-, B2(4,C)), ||, and ], on B2(A,C) to each other.

Proposition 4.2.1. Let A be a Banach algebra with a left approzimate identity of bound
M. Then B2(A,C) = B2(A,C) and, for each p € B*(A,C), the following properties hold:

(i) The distance dist (o, B2(A,C)) is attained;
(iii) |@l., < dist (¢, BF(A,C)).

Proof. Let (ex),cp be a left approximate identity of bound M.
(i) Let (&,) be a sequence in A* such that

. 2 T .
dlSt ((10’ BT((A7 (C)) - nh—>nolo HSO gn © 7T|| :
For each n € N and a € A, we have
[En(exa)l = |(§nom)(ex,a)|l < M [|§n o]l [lal] VA €A

and hence, taking limit in the above inequality and using that limycp exa = a, we see
that |£,(a)| < M ||&, o 7|l ||a||, which shows that ||£,] < M ||&, o 7||. Further, since

[Enoml <l —&noml|+ el VneN,

it follows that the sequence (||¢,]|) is bounded. By the Banach—Alaoglu theorem, the
sequence (&,) has a weak*-accumulation point, say &, in A*. Let (§,),cy be a subnet of
(&r) such that w*-lim,en &, = £. The task is now to show that

| — Eo x| = dist (p, B2(4,C)).
For each a,b € A with ||a|]| = ||b|]| = 1, we have
p(a,b) = &(ab)| < o — & o] Vv e N,
and so, taking limits on both sides of the above inequality and using that

lim &, (ab) = £(ab)

and that (|j¢ — &, o7||),cn is a subnet of the convergent sequence (|j¢ — &, o 7[|), we
obtain
|Q0(a7 b) - g(ab)| S dist (90787%(147 (C)) .

This implies that [p —&on|| < dist (¢, B2(A4,C)), and the converse inequality
dist (i, B2(A,C)) < [|¢ — & ol trivially holds.
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(ii) For each A € A define &) € A* by

&x(a) = p(ex,a) Va € A.

Then [|)]| < M ||| for each A € A, so that (£)),c, is a bounded net in A* and hence
the Banach—Alaoglu theorem shows that it has a weak*-accumulation point, say &, in A*.
Let (§,),cn be a subnet of (§y)xea such that w*-lim,eny &, = €. For each a,b € A with
lal| = ||b]| = 1, we have

lp(eva,b) —@(ey,ab)| < M |p|, YveN

and hence, taking limit and using that (e, a), .y is a subnet of the convergent net (exa)yc,
and that lim,cn @(ey, ab) = &(ab), we see that

|o(a,b) = &(ab)] < M o], -
This gives || — £ om|| < M |¢|,, whence
dist (o, BZ(4,C)) < M|l
Set £ € A*. For each a,b,c € A with ||a|| = ||b|| = ||| = 1, we have

|p(ab, ¢) = ¢(a,be)| = |p(ab, ¢) — (£ o m)(ab, ¢) + (£ o ™)(a, be) — ¢(a, be)]
< |p(ab, ¢) = (§ om)(ab, c)| +[(§ o m)(a, be) — p(a, be)
<l = &omlflab llcll + ll¢ = & o [lall [[oc]
<2fp—Eon]

and therefore |p|, < 2|/¢ — & on|. Since this inequality holds for each { € A*, it follows
that
o], < 2dist (¢, BZ(4,C)) .

iii) Let a,b € A with ||a|| = ||b]| = 1 and ab = 0. For each & € A*, we see that
(iii)

lp(a,b)| = le(a,b) = (§om)(a,b)| < [lo =& o,

and consequently [¢|,, < [/¢ — & on|. Since the above inequality holds for each § € A%,
we conclude that
], < dist (¢, B3(4,C)) .

Finally, it is clear that B2(A,C) C BZ(A,C). To prove the reverse inclusion take
¢ € BZ(A,C). Then ¢, = 0, hence (ii) shows that dist (¢, B2(A,C)) =0, and (i) gives
Y € B2(A,C) such that [|¢ — 1| = 0, which implies that ¢ = € B2(A, C). O

The following result is an immediate consequence of assertion (ii) in Proposition 4.2.1.

Corollary 4.2.2. Let A be a Banach algebra with a left approximate identity of bound M.
Then A is a strongly zero product determined Banach algebra if and only if has the strong
property B, in which case

284 < aa < MBa.
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Let X and Y be Banach spaces, and let n € N. We write 5 (X,Y") for the Banach
space of all continuous n-linear maps from X x ToxX toY. As usual, we abbreviate
BY(X,Y) to B(X,Y), B(X, X) to B(X), and B(X,C) to X*. The identity operator on
X is denoted by Iy. Further, we write (-,-) for the duality between X and X*. For each
subspace E of X, EL denotes the annihilator of E in X*.

For a Banach algebra A and a Banach space X, and for each ¢ € B?(A, X), we
continue to use the notations

lpl, = sup {l¢(ab, c) — ¢(a,bc)| : a,b,c € A, |la|| = |[b]| = [|c[| = 1},
¢l = sup {l(a, )| - a,b € A, afl = o] = 1, ab=0}.

Proposition 4.2.3. Let A be a Banach algebra with a left approzimate identity of bound
M and having the strong property B. Let X be a Banach space, and let o € B*(A, X).
Then the following properties hold:

(1) loly < Balel,,;

(ii) If X is a dual Banach space, then there exists ® € B(A, X) such that || —Pom| <

MpBy.

Proof. (i) For each £ € X*, we have

It follows from the Hahn-Banach theorem that
lpl, = sup{[€ o ¢l : € € X*, [|€]| =1},

In this way we obtain (i).

(ii) Suppose that X is the dual of a Banach space X,.. Let (e))xea be a left approximate
identity for A of bound M, and define a net (®))xea in B(A, X) by setting

Oy (a) = p(ex,a) Yae A, YA€ A.

Since each bounded subset of B(A, X) is relatively compact with respect to the weak*
operator topology on B(A, X) and the net (®y)aea is bounded, it follows that there exist
® € B(A, X) and a subnet (®,),en of (Py)rea such that wo*-lim,ey ®, = ®. For each
a,b € A with |la]| = ||b]| =1, and z, € X, with ||z.]| = 1, we have

(2, p(eva, b)) — (ws, plen, ab))| < llpleva,b) — (ev,ab)| < MBa Vv €N

and hence, taking limit and using that (e a),en is a subnet of the net (exa)yen (which
converges to a with respect to the norm topology) and that lim,cy (x4, ¢(e,,ab)) =
(x4, ®(ab)) (by definition of @), we see that

|(@es pla,b) = B(ab))| = MBa.
This gives || — Por|| < MB4. O
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4.3 Group algebras

In this section we prove that the group algebra L!(G) of each locally compact group G
is a strongly zero product determined Banach algebra and we provide an estimate of the
constants a1y and B1(g). Our estimate of 81 () improves the one given in [77]. For
the basic properties of this important class of Banach algebras we refer the reader to [36,
Section 3.3].

Throughout this section, T denotes the circle group, and we consider the normalized
Haar measure on T. We write A(T) and A(T?) for the Fourier algebras of T and T2,

o~

respectively. For each f € A(T), F € A(T?), and j, k € Z, we write f(j) and F(J, k) for
the Fourier coefficients of f and F', respectively. Let 1,( € A(T) denote the functions
defined by

1(z) =1, ((2)=2 VzeT.
Let A: A(T?) — A(T) be the bounded linear map defined by

A(F)(z) = F(z,2) VzeT, VF € A(T?).
For f,g € A(T), let f ® g: T? — C denote the function defined by
(f@9)(z,w) = f(z)g(w) Vz,weT,
which is an element of A(T?) with ||f @ g|| = ||£]l llg]l-

Lemma 4.3.1. Let ®: A(T?) — C be a continuous linear functional, and let the constant
€ >0 be such that

f,9€ AT), fg=0 = [2(feg)l <elflllgl-

Then
P(C®1—-1®C)| <[P |kerall 2sin 75 + 60v27 (1 +sin f5) e.

Proof. Set
E={: ~lr<o<in},
W={(z,w)eT*: 2w ! € E},
and let F € A(T?) be such that
F(z,w)=0 V(z,w)eW. (4.5)
Our objective is to prove that

|(F)| < 30V27 || F| e. (4.6)
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For this purpose, we take

and we define functions w,v € A(T) by
w=30xa*xxu, v=30xpB%*xU.
We note that
{zeT:w(Z)#O}:AU:{eei:—%ﬂ<9<f—o7r},

{z€T:v(z) #£0} = BU = {": fr <9 < Pr},

and, with |||, denoting the norm of L*(T),

1 1
wl| < 30 _3 L Ly
Jwll <30 [Ixally [Ixully 755 730
V27T 1
vl < 30 =30 = —= = V2T.
[vll <30 Ixslly Ixulls 30 730
Since
29 28
UakA:Ta UakA:B,
k=0 k=2

it follows that

29 29 28 28
D bk xa=Y Xaa=1 Y SxxXA=D Xata = XB;
k=0 k=0 k=2 k=2

and thus, for each j € Z, we have

3429 29
Zéak *w:305aj*25ak kXA *xU =300, x1xxy =1, (4.7)
k=j k=0
J+28 28
Z Ok *w = 300, * Zéak kXA * XU = 300, x XB * XU = 04 * V. (4.8)
k=j+2 k=2

IfjeZ ke{j—1,7,j+1}, and z,w € T are such that (§,; * w)(2) (0 * w)(w) # 0,
then
2wl e ajAU(akAU)_l calk {eei : —%7‘(‘ << %ﬂ'} CE,
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whence {(z,w) € T? : (0 * w) ® (ur *w)(z,w) #0} C W and (4.5) gives
F(d, *w) ® (00 *xw) = 0.
Since AU N BU = @, it follows that wv = 0, and therefore
(Ogr *w)(dx xv) =0 VEk € Z.
From (4.7), (4.8), and (4.9) we deduce that

29 j+28
F = FZ Z 0 ¥ W) @ (Guk * w)
7=0k=j5—-1
29 j+1 29 j+28
_ZZ (0gi *w) ® (Ogr * w) —I—Z Z (0ai * W) @ (O * w)
7=0k=j5—-1 7=0 k=j5+2
29 j+28
:Z Z F(d, *w) @ (9,0 *w) ZF 0 ¥ W) ® (045 * V).
=0 k=j+2
As -
F= Y F(Gkd e
j,k=—00
we have
= ) ZF G, k) (8 % w)) @ (CF (0, % v)),
Jk=—o0 I=0
so that
o] 29 R ‘
S S RG k)@((Cj(éaz sw)) ® (K0, *U))).
J,k=—o00 =0

By (4.10), for each j, k,l € Z,
(¢ (8q1 * w)) (¢ (81 ¥ 0)) =0
and therefore
@ (690 @) @ (¢H(6ur % 0)) )| < 2|7 But )| || (6 +0)|
= |lwl lvll < V27e.
We thus get

i ig: FG k)| (¢ 00+ @) @ (¢How + ) )|

J,k=—00 I=0

o) 29
D Z‘ﬁ(j,k)‘\/ﬁgzgo\/ﬁupus,

j,k=—00 1=0
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and (4.6) is proved.
Let f € A(T) be such that f(z) = 0 for each z € E, and define the function F': T? — C
by

F(z,w) = f(zw Hw = i F(k) 2P w1 vz, w e T.

k=—0o0
Then F € A(T?), |[F|| =||fll, (®1-1®(—F € ker A, and
(Ce1-10¢-F)(zw) = (1-F1) 2+ (1= FO)w= > Fik)zFu+,
k0,1
which certainly implies that
IKo1-18¢—Fl=[1-FO)|+|-1-Fo)|+ 3 |[f®)|=lIc-1-1I.
k40,1
According to (4.6), we have
[P®1-1R([<[P((®1-1®(—F)[+[(F)|
<P ferall [C®1—1& ¢ — F|| +30V27||F| e
=12 feralll6 =1 = £l +30v27 | fl| €
<N ferall 1€ = 1= £l +30V27(|I¢ — 1 = fll +2)e

(as || fll < I¢ =1 = f]| +||¢ — 1|). Further, this inequality holds for each function
from the set Z consisting of all functions f € A(T) such that f(z) = 0 for each z € E.
Consequently,

1B(C®1—1®C)| < || |kerall dist(¢ — 1,Z) + 30v27 (dist(¢ — 1,7) + 2)e.
On the other hand, it is shown at the beginning of the proof of [18, Corollary 3.3] that
dist(¢ — 1,7) < 2sin g,
and we thus get
P21 -10C) <[P Jkerall 2sin &5 + 30v27 (2sin &5 + 2) ¢,
which completes the proof. O

Lemma 4.3.2. Let ®: A(T?) — C be a continuous linear functional, and let the constant
€ >0 be such that

fr9€ AT, fg=0 = [e(f@g) <c|fllgl-

Then )
(F ~ 10 AF)| < 60v27 00 g
2sin =

10
for each F € A(T?).
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Proof. Fix j, k € Z. We claim that
(@M —1® )| < ||® [kerall 28in 75 + 60v27 (1 + sin 75) . (4.11)

Of course, we are reduced to proving (4.11) for j # 0. We define d;: A(T) — A(T), and
Dj, Ly: A(T?) — A(T?) by

dif(z) = f(z) Vfe€A(T), Vz€T
and
D;F(z,w) = F(#,w), LpF(z,w) = F(z,w)w* VF € A(T?), Vz,w €T,
respectively. Further, we consider the continuous linear functional ® o Ly o D;. If

frg € A(T) are such that fg = 0, then (d;f)(¢*d;g) = (*d;(fg) = 0, and so, by
hypothesis,

@0 Lo Dy(f @ g)| = |@(d;f © C*dyg)| < = lld;fll|[¢Fazg| = < 11 gl
By applying Lemma 4.3.1, we obtain
D70 ¢F - 1@ = [@oLyo D8 1-180)
< ||® 0 Li o Dy [kerall 28in & + 60v27 (1 +sin 75) .
We check at once that (Lj o Dj)(ker A) C ker A, which gives
@0 Lk o Dj [erall < |12 [kerall,

and therefore (4.11) is proved.
Take F € A(T?). Then

F= Y FGRIadd
Jk=—o0
and
AF = Y F(jk)T*.
Jk=—o0
Consequently,

BF-10AF)= Y  FGRO e -1,

j,k?:—OO
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and (4.11) gives

BF-10aR|< 3 |FGR|[a0 0t - 100

Jk=—o0

| a, . . (4.12)
<y ‘F(j,k)) (19 e all 25in 5 + 60v27 (14 sin 75) e]
j,k=—00

— Pl {119 ler all25in 5 + 60v/27 (1 + sin 75) ]
In particular, for each F' € ker A, we have

[@F)| < I F) {19 ler all 25in 75 + 60v/27 (14 sin 75) |

Thus
1@ |kerall < 1P Jrerall 2sin 75 + 60v27 (1 + sin %) e,
so that
[P [kerall < 60\ﬁ1+25;1nnm5

Using this estimate in (4.12), we obtain

1 +sin 75 .
|®(F —1® AF)| <||F| [60v2 ﬁzﬁsm T4+ 60v27 (1 +sin %) e
1+ sm
= ||F|| 60v/27 Toar €
2sin {5
for each F' € A(T?), which completes the proof. O

Theorem 4.3.3. Let G be a locally compact group. Then the Banach algebra L'(G) is

strongly zero product determined and
1+ sin 75
OéLl(G) < ﬁLl(G) < 60v27 ﬁ

Proof. On account of Corollary 4.2.2, it suffices to prove that L!'(G) has the strong
property B with

14s
By < 60v2 % (4.13)

because L'(G) has an approximate identity of bound 1. For this purpose set ¢ €
B2(LY(G),C).

Let t € G, and let §; be the point mass measure at t on G. We define a contractive
homomorphism T: A(T) — M(G) by

(e}

T(u)= Y a(k)dy Yue A(T).

k=—o00
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Take f,h € LY(G) with ||f|| = ||h]| = 1, and define a continuous linear functional
®: A(T?) — C by
O(F) = D F(.k)e(f 0,0 xh) VF € AT?).
(4,k)ez?
Further, if u,v € A(T), then
luwv)= Y UGOR)R(f * 0, s x h) = @(f * T(u), T(v) * h);

(4,k)ez?

in particular, if uv = 0, then (f « T(u)) * (T'(v) x h) = f * T(uwv) * h = 0, and so
[@(u@v)| = [o(f + T(w), T(v) k)| < ||, [|f* T )| 1T (v) * Al

< el [l lvfl-

By applying Lemma 4.3.2 with F' = ( ® 1, we see that

1+ sin ¢
[@(f %60, 1) = p(f.80x h)| = |@(C® 1~ 1@ ()] < 60vV2T 1o,
- SlnlO

We now take g € L'(G) with ||g]| = 1. By multiplying the above inequality by |g(t)|, we
arrive at

1+sin & 10 |

[og(t)1 * 60, 1) = o(F, 9(1)61 = )| < 60VT — 1T fol[g()]. (4.14)

10
Since the convolutions f * g and g * h can be expressed as

f*gz/Ggu)f*atdt,

gxh= / g(t)o; x hdt,
G

where the expressions on the right-hand side are considered as Bochner integrals of
LY(G)-valued functions of t, it follows that

o(f % g.h) — o(f.g D) = /G (o(g()] * 60, 1) — o (f.g(t)5, * 1)) dt.

From (4.14) we now deduce that
o(f * 9. 1) — o(fog# )] < / (o(g(8)f * 8. h) — o(f. g(£)5e * )| dt
1
< 60v/27 10 +Sm10 & e |Zp/g )| dt

1—|—sm

= 60\/»

10 | |
10
We thus get

1 + sin 75
[plp < 60V 27m ’So|zp,

and (4.13) is proved. O
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4.4 Algebras of approximable aperators

Let X be a Banach space. Then we write F(X) for the two-sided ideal of B(X) consisting
of finite-rank operators, and A(X) for the closure of F(X) in B(X) with respect to the
operator norm. For each z € X and ¢ € X*, we define x ® ¢ € F(X) by (z @ ¢)(y) =
(y, )z for each y € X. A finite, biorthogonal system for X is a set

{(xj,qﬁk) :j,k:I,...,n}

with z1,...,z, € X and ¢1,..., ¢, € X* such that

(xj, 1) =0k Vi, ke{l,...,n}.

Each such system defines an algebra homomorphism

6: M, - F(X), (ajr)— Z ajkT; @ O,
k=1

where M, is the full matrix algebra of order n over C. The identity matrix is denoted by
1.

The Banach space X is said to have property (A) if there is a directed set A such
that, for each A € A, there exists a finite, biorthogonal system

{(xg\,qbﬁ) c, k= 1,...,n>\}
for X with corresponding algebra homomorphism 6 : M,,, — F(X) such that:
(i) limyep 0x(Ip,) = Ix uniformly on the compact subsets of X;
(ii) limyep Ox(In,)* = Ix+ uniformly on the compact subsets of X*;

(iii) for each index A\ € A, there is a finite subgroup G of the group of all invertible
ny X ny matrices over C whose linear span is all of M,,, , such that

sup sup [|0x(t)]| < oo. (4.15)
AEALEG )

Property (A) forces the Banach algebra A(X) to be amenable. For an exhaustive
treatment of this topic (including a variety of interesting examples of spaces with
property (A)) we refer to [73, Section 3.3].

The notation of the above definition will be standard for the remainder of this section.
Furthermore, our basic reference for this section is the monograph [73].

Theorem 4.4.1. Let X be a Banach space with property (A). Then the Banach algebra
A(X) is strongly zero product determined. Specifically, if C denotes the supremum
in (4.15), then
1+ sin X
2Bax) < aax) < 60V2T 8- %

1—251nﬁ
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Proof. For each A\ € A we define ®y: (1(G)) — F(X) by
= D_ F0OA(E) ¥f € L(G).
teGy

We claim that &, is an algebra homomorphism. It is clear the @ is a linear map and,
for each f,g € ¢1(G)), we have

A(fxg)= D (Fxg)®rt) = D D> f(s)g(s~'H)0()

teGy teGy s€Gy
(z 5= ) <o 5 0 5 ot
teGy s€Gx se€Gy teGy
= 0x (Z F(s)s Y 9(7“)7") = 0x (Z f(S)S) O (Z 9(7“)7")
se€G )y reGy se€Gy reGy
= (/) ®A(9)-

Of course, ®, is continuous because ¢! (G,) is finite-dimensional, and, further, for each
f € £1(G)), we have

IeA(HIT < D IFOHG@I < Y IFOIC=Clfl,-

teGy teGy

Hence ||®,]] < C.
Let ¢ € B2(A(X),C). Let us prove that

|0(SOx(8), 0(t™1)T) — @(SOx(Iny ), Or(Ln)T)| < By C2IISIIT N el (4.16)

forall A\ € A, S,T € A(X), and t € G). For this purpose, take A € A and 5,7 € A(X),
and define oy : £1(G)) x £}(G,) — C by

oxr(f,9) = @(SPA(f), ®A(9)T) Vf.g €L (Gn).

Then ¢y is continuous and, for each f,g € ¢}(G,) such that f x g = 0, we have
(SPA(f))(@A(g)T) = S(®A(f * 9))T = 0 and therefore

[ox(f,9)] < lel., ISAH AT < |l 2 ISTITIIA Il llglly

whence
[oAl, < C*ISIITI el

For each t € Gy, we have

)| = (61, 561,00 = @201, 61 5 60)] <

(0, 0¢—1) — oa(01,, 5 01,

loaly < Ber(ay 1alp < B C2IISIITI ).,
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which gives (4.16).
The projective tensor product A(X)®.A(X) becomes a Banach A(X)-bimodule for
the products defined by

R-(S®T)=(RS)®T, (S®T)-R=S®(TR) V¥R,ST¢c AX).
We define a continuous linear functional @ € (A(X)®A(X))" through
(ST, 0)=¢(S,T) VS, Te AX).
For each A € A, set P\ = 0,(,,,) and
Dy = PENOETN !
G)\‘ teG )y

Then (Py) ey is a bounded approximate identity for A(X) and (Dy)aea is an approximate
diagonal for A(X) (see [73, Theorem 3.3.9]), so that (||S- Dy — Dy - S||)ycp — 0 for each
S e A(X).

For each A € A and S,T € A(X), (4.16) shows that

‘(S . D)\ . T, (/ﬁ> — (p(SP)\,P)\T)’

1

= iG] 2 [P(SOA®, 0rE™)T) = 9(S6a(1u,), 6 (1, )T)]
teGy

< BoayC ISIITN el
and Theorem 4.3.3 then gives
1+ sin {5

us
— 28in = 16

(S-Dy-T,p) — (SPMPAT>1<60W OQHSH||T|Hsolzp- (4.17)

For each A € A, define &, € A(X)* by
(T,6\) =(Dx-T,0) VT € A(X).

Note that
I < IBIIDAI < el C* VA€ A

and therefore (£))xea is a bounded net in A(X)*. By the Banach—Alaoglu theorem the
net (£))xea has a weak*-accumulation point, say &, in A(X)*. Take a subnet (§,),en of
(€x)aea such that w*-lim,cn &, = . Take S,T € A(X). For each v € N, we have

@(SPy, P,T) = &\(ST) =

cp(SPl,,Pl,T)—<S-D,,-T,g5>—|—((S-DV—DU-S)-T,$>

so that (4.17) gives
|90(SPV7 PI/T) - <ST7 f)\>| <
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L+singg o
60v 27m CISIT( el.y, + el S - Dy — Dy - S|H|T] -
10

Taking limits on both sides of the above inequality, and using that (SP,),en — S,
(P,T)yen — T, and (||S- Dy, — D, - S||)ven — 0, we see that

1+ sin &%
|0(8,T) = (ST, €)| < 60V2T -—— % C* S| |7 |#l., -
1 —2sin {5
We thus get
dist (0, B2(A(X),C)) < 60v/27 L+ sin 7 C? |yl
1 —_—
e )= 1—2sing 7l
which proves the theorem. O

The hyperreflexivity of the space Z"(A, X) of continuous n-cocycles from A into
X, where A is a C*-algebra or a group algebra and X is a Banach A-bimodule has
been already studied in [77, Theorem 4.4]. We conclude this section with a look at
the hyperreflexivity of the space Z"(A(X),Y™). For this purpose we introduce some
terminology.

Let A be a Banach algebra, and let X be a Banach A-bimodule. Set

Ly =sup{lla-z||:z€ X, ac A, |z|| =|a] =1}

and
Rx = sup{||a: call:x e X, a€ A, |z|| = |a| = 1}.

For each n € N, let §": B"(A, X) — B"t1(A, X) be the n-coboundary operator defined
by

(0"T) a1, ... ant1) = a1 -T(ag,...,an41)
+ Z(—l)kT(al, ey QAT ey 1)
k=1
+ (=)' T(ay,...,an) - ani1
for all T € B"(A,X) and a1, ...,a,41 € A. Further, 6°: X — B(A, X) is defined by
(%) (a)=a-z—z-a VzeX, Vac A

The space of continuous n-cocycles, Z"(A, X), is defined as ker §". The space of continu-
ous n-coboundaries, N™(A, X), is the range of §"~1. Then N"(4, X) C 2"(4, X), and
the quotient H"(A, X) = Z"(A, X)/N™(A, X) is the n'* Hochschild cohomology group.
For each T' € B"(A, X), the constant

dist, (T, Z"(A, X)) =

sup inf{||T(a1,...,an) — S(a1,...,a,)| : S € Z"(A, X)}

llazll=--=llan|l=1
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is intended to estimate the usual distance from T to Z™(A, X), and, in accordance
with [76, 77], the space Z™(A, X) is called hyperreflexive if there exists a constant K
such that

dist (T, 2"(4, X)) < K dist, (T, 2"(4, X)) VT € B*(A, X).
The inequality dist, (T, Z"(A, X)) < dist(T, 2"(4, X)) is always true.

Proposition 4.4.2. Let A be a C-amenable Banach algebra, and let X be a Banach
A-bimodule. Then there exist projections P,Q € B(X*) onto (X - A)* and (A- X)*,
respectively, with ||P|| <1+ RxC, ||Q|| <1+ LxC, and such that

dist (T, 2'(4, X)) < C(Rx + Lx | Pl + | PIIQI) 15T
for all T € B(A, X*). In particular, if the module X is essential, then
dist (7, Z' (4, X*)) < RxC||6'T||
for allT € B(A, X*).

Proof. The Banach algebra A has a virtual diagonal D with ||D|| < C. This is an element
D € (A®A)** such that, for each a € A, we have

a-D=D-a and a-7"(D)=a. (4.18)

Here, the Banach space A®A turns into a contractive Banach A-bimodule with respect
to the operations defined through

(a®@b)c=a®bc, c(la®b)=ca®b Va,b,ce A,

and both (A®A)** and A** are considered as dual A-bimodules in the usual way. The
map 7: A®A — A is the projective induced product map defined through

T(a®b) =ab Va,be A.
For each ¢ € B%(A,C) there exists a unique element @ € (A®A)* such that
Pla®b) =¢(a,b) Va,be A,
and we use the formal notation

/ o(u,v) dD(u,v) := (g, D).
AxA

Using this notation, the properties (4.18) can be written as

/ p(au,v) dD(u,v) = / o(u,va) dD(u,v) (4.19)
AxA

AxXA
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and

/ (auv, &) dD(u,v) = (a, ) (4.20)
AxA

for all ¢ € B2(A,C), a € A, and & € A*; further, it will be helpful noting that

< [[Dll#ll < Cllell- (4.21)

/ o(u,v) dD(u,v)
AxA

We proceed to define the projections P and (). For this purpose we first define
P07Q0 € B(X*) by

(z, Pof) = /A @ (). dD(u. ),
(2, Qof) = / (uv) - 2, €) dD(u, v)

AxA
for all x € X and £ € X™, and set

P=1Ix-—F, Q=Ix«—Qo.

From (4.21) we obtain ||Py|| < RxC and ||Qo| < LxC, so that ||P| <1+ RxC and
QI <1+ LxC.
We claim that

a- Py =PFPya-§) =a-k&, (4.22)
P -a=PFPy(-a) (4.23)

for all a € A and £ € X*. Indeed, for a € A, £ € X*, and each x € X, (4.19) and (4.20)
gives

(x,a- Py&) = (x-a, P§) = /AxA<x - (auv), &) dD(u,v)

— (¢ a,€) = {,a-E),
(x, Po(a - €)) = /A @) dD(u.0)

_ / (@ - (wva), €) dD(u, v)
AxXA
_ / (x - (auv),&) dD(u,v) = (x,a- &),
AxXA
and

(2, Poé - a) = {a z, o) = / ((a-z) - (uv), €) dD(u, v)

AxA

:/ (- (w),§ - a) dD(u,v) = (z, Po(§ - a)),
AxA
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which proves (4.22) and (4.23). From (4.22) we deduce that
(ZL"(I,P&) :<$7a'§_a'P0£>:07
and so P¢ € (X - A)L. Further, if £ € (X - A)L, then
@8 = [ (o (uw) € dDu,v) =0,
AxA S—~—
eX-A

and so P¢ = ¢. The operator P is a projection onto (X - A)*. From (4.22) we deduce
immediately that
P(A-X*)={0}. (4.24)

The operator @ can be handled in much the same way as P, and we obtain

Qoé-a=Qo(&-a)=¢aq,
a- Qo€ = Qola-§)

for all a € A and £ € X*, the operator Q is a projection onto (A - X)*, and
Q(X™-A)={0}. (4.25)
Set T' € B(A, X*), and define ¢ € X* by
(x,¢) = / (x,u-T(v))dD(u,v) Ve X.
AxA
For each z € X and a € A we have

(2, PyT(a)) = / (2 - (uv), T(a)) dD(u, v) = / (2, (uv) - T(a)) dD(u, v)

AxA AxA
and
(x,(0%)(a)) = (z,a- ¢ —¢-a) = (x-a—a-x,¢)
:/ (x-a—a-z,u-T(v))dD(u,v)
AxA
_ / (2, (au) - T(v) — u - T(v) - a) dD(u, v)
AxA
- / (z,u-T(va) —u-T(v)-a)dD(u,v),
AxA
so that

@J%T—W@w»=/

J

hS

(x,u - (51T)(v, a)) dD(u,v)
XA
(@ -u, (5'T)

(v,a)) dD(u,v).

b

XA
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From the latter identity and (4.21) we conclude that
[z, (RT — 6°¢)(a))| < CRx||6'T|llall]|]l,

whence

|PT —6%¢|| < CRx||6'T||. (4.26)
Write S = PT. From (4.22) and (4.23) it follows that §'S(a,b) = P5'T(a,b), and so

I6S|I < | P|l|s"Tl. (4.27)
We now define ¢y € X* by
(2, ) = / (2, S(u) - ) dD(u,v) Va € X.
AxA
For each z € X and a € A we have

(2, QoS(a)) = / (uv) -, S(a)) dD(u, v) = / (2, S(a) - (uv)) dD(u, v)

AxA AxA
and
(@, (8°Y)(a)) = (z,a-¢ =Y -a) = (x-a—a-z,1)
:/ (x-a—a-z,5u)-v)dD(u,v)
AxA
:/ (@,a- S(u) - v — S(u) - (va)) dD(u, v)
AxA
—/ (x,a-S(u)-v—S(au) - v)dD(u,v),
AxA
and hence

(x, (QoS + (5%})(@)) = / (x, (515)(a, u) - v) dD(u,v)

AxA
— [ (02.6"S) (@ w) dD(w.v).
AxA
From the latter identity and (4.21) we conclude that
|2, (QoS +8"¢) ()| < CLx||6" S| [lallfl].
Thus [|QoS + 6% < CLx|6*S|| and (4.27) then gives
1QoS + 6%l < CLx || P|[|6'T]. (4.28)
Our next goal is to estimate ||QPT||. For each u,v,a € A, we have

ST (a,uwv) = a - T(uwv) — T(awv) + T(a) - (uv),
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(4.23) and (4.24) gives

P(0'T(a,uw)) = P(a - T(w)) —PT(auwv) + PT(a) - (w),
=0

and finally (4.25) yields

QP(6'T(a,wv)) = —QPT(auv) + Q(PT(a) - (wv)) = —QPT (auv).

=0

We thus get

(z,QPT(a))

(x, QPT(auv)) dD(u,v)
xA

XA(x, —QP(5'T)(a,uv)) dD(u,v)

ST

and (4.21) implies
(2, QPT(a))] < CIQPE'D)l[lllllall < ClQUIPINS T l[l]lal-

Hence
IQPT|| < C|QIIP6MT]. (4.29)

Finally, since
T — 5% + 6% = QPT + (RT — 8°¢) + (QoPT + 6°9),
(4.26), (4.28), and (4.29) show that

IT = 8% + 6%|| < |PT — 8% + | QoPT + 6°0|| + | QPT|
< CRx[|6'T|| + CLx|| PII6"T |l + ClQII PN TI.

Since —0%¢ + 6% € Z1(A, X*), it follows that
dist (T, 2" (A, X*)) < CRx /0T || + CLx || PI[|6' T + CllQ|| P[5 T
as required. ]

Corollary 4.4.3. Let A be a C-amenable Banach algebra, let X be a Banach A-bimodule,
and let n € N. Then

dist(7, 2"(A, X*)) < 2(n+ Lx)(1+ Rx)C?||6"T||

for each T € B"(A, X*).
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Proof. Of course, we need only consider the case where A is a non-zero Banach algebra,
which implies that C' > 1.
Suppose that n =1, and T' € B(A, X*). By Proposition 4.4.2,

dist(7, 2'(A, X*)) < C(Rx + Lx(1+ RxC) + (1 4+ LxC)(1 + RxC))|6'T|
< 2(1+ Lx)(1+ Rx)C?|16' T,

as C' > 1.
The Banach space B"(A, X*) is a Banach A-bimodule with respect to the operations

(a-T)(a1,...,an) =a-T(ay,...,ay)
and
(T-a)(ay,...,an) =T(aay,...,ay)

n—1
+ Z(—l)kT(a, A1y .oy QpAkty - - Qp)
k=1

+ (-1)"T(a,a1,...,an-1) - an
forall T € B"(A, X*), and a,aq,...,a, € A. Let
Al B(A,BY(A, X)) — B*(A,B"(A,X%))
be the 1-coboundary operator. We also consider the maps
v BYTY(A, X*) — B(A, B (A, X™*)),
s BETA X*) — B2(A, B (A, X))
defined by
(r'T)(a)(at,...,an) =T (a,a1,...,a,),
(9T)(a,b)(a1,...,an) =T (a,b,a,...,a,).
Then:
e 7" and 74 are isometric isomorphisms;
o AlorP =700t
o ZMH(A X*) = Z1(A B (A, X¥)).
For each T € BT (A, X*) we have
dist (7', 2" (4, X*)) = dist (r{'T, 7{" 2" (4, X*))
= dist(r'T, 2' (A, B"(A, X¥))).

Our next objective is to apply Proposition 4.4.2 to estimate the distance of the last term
in (4.30). To this end, we realize that B"(A, X*) is a dual Banach A-bimodule by setting

Y = AR -QARX.
N—_————

n-times

(4.30)

Then:
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e Y is a Banach A-bimodule with respect to the operations
(1 ® ®a, @) a=01Q  Ra, R (z-a)

and
a- (1@ Qa,®@z)=(aa1)® - @a, Vx
n—1
+Z(—1)ka®a1®---®(akak+1)®---®an®x
k=1

F(-D)"®a @ ®an1 @ (an - 7)
for all a,aq,...,a, € A, and x € X

e we have the estimates
Ly <n+Lx, Ry < Rx;

e the Banach A-bimodule B"(A, X*) is isometrically isomorphic to the Banach A-
bimodule Y* through the duality

(a1 ®- - ®a, @z, T) = (x,T(a1,...,an))
forall T € B"(A, X*), a1,...,a, € A, and z € X.
Proposition 4.4.2 now leads to
dist (r{'T, 21 (A, B"(A, X*))) = dist (T, Z' (A, Y™))
(1+ Ly)(1+ Ry)C? || AT |
1+n+ Lx)(1+ Rx)C? || A T||

(
(1+n+ Lx)(1+4 Rx)C?||rgs" T
(1+n+Lx)(1+ Rx)C?||s"*'T|.

IN A

d
2
2
2
2

Combining (4.30) with the inequality above, we obtain precisely the estimate of the
corollary. 0

Theorem 4.4.4. Let X be a Banach space with property (A), let Y be a Banach A(X)-
bimodule, and let n € N. Then the space Z"(A(X),Y™) is hyperreflexive. Specifically, if
C' denotes the supremum in (4.15), then

dist (T, Z"(A(X),Y™)) <
(n+ Ly)(1 + Ry)C%2" (C?Bax) + (C + 1)2) " dist, (T, 2" (A(X), V™))
for each T € B"(A(X),Y™), where
1 in =
Bacx) < 120127 — S010 2

1—2smﬁ
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Proof. From Theorem 4.4.1 we see that A(X) has the strong property B and the estimate
for B4(x) holds.

The Banach algebra A(X) has an approximate identity of bound C. Further, for each
T € F(X) there exists S € F(X) such that ST = T'S = T, and [76, Proposition 5.4]
then shows that A(X) has bounded local units.

By [73, Theorem 3.3.9], A(X) is C2-amenable, and Corollary 4.4.3 now gives

dist (T, Z2"(A(X),Y™*)) < 2(n+ Ly)(1 + Ry)C®||6"T|
for each T' € B"(A(X),Y™). This estimate shows that the map

B"(A(X),Y*)/Z"(A(X),Y*) = N"HA(X),Y™)
T+ Z"(A(X),Y*) — 6"T

is an isomorphism, hence N "(A(X),Y*) is closed in B**1(A(X),Y*) and this implies
that the n'® Hochschild cohomology group H"*'(A(X),Y*) is a Banach space. By
applying [77, Theorem 4.3] we obtain the hyperreflexivity of the space Z™(A(X),Y™) as
well as the statement about the estimate of dist(T, Z"(A(X),Y™)). O
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Weighted Jordan homomorphisms
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Abstract. Let A and B be unital rings. An additive map T : A — B is called a weighted
Jordan homomorphism if ¢ = T(1) is an invertible central element and ¢T'(x?) = T'(x)? for
all x € A. We provide assumptions, which are in particular fulfilled when A = B = M, (R)
with n > 2 and R any unital ring with %, under which every surjective additive map
T : A — B with the property that T(x)T(y) + T(y)T(x) = 0 whenever zy = yzr = 0
is a weighted Jordan homomorphism. Further, we show that if A is a prime ring with
char(A) # 2,3,5, then a bijective additive map 7' : A — A is a weighted Jordan
homomorphism provided that there exists an additive map S : A — A such that

S(z?%) = T(x)? for all x € A.

5.1 Introduction

Let A and B be unital rings. Recall that an additive map ® : A — B is called a Jordan
homomorphism if ®(zoy) = ®(x)o®(y) for all x,y € A, where x oy stands for the Jordan
product zy + yx of x and y. We say that an additive map T : A — B is a weighted
Jordan homomorphism if ¢ = T(1) is an invertible element lying in the center of B and
x + ¢ T (x) is a Jordan homomorphism, that is,

T(xoy)=T(x)oT(y) (z,y€A).

Weighted Jordan homomorphisms can be also defined for rings without unity, see [24,
p. 121]. However, we will work only with unital rings in this paper.

Weighted Jordan homomorphisms naturally appear in some preserver problems. In
[32], Chebotar, Ke, Lee, and Zhang used functional identities to prove that if R is a
unital ring with 3 and A = M,,(R) with n > 4 (i.e., A is the ring of n x n matrices over
R), then a surjective additive map 7' : A — A which preserves zero Jordan products

109
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(i.e., T(x) o T'(y) = 0 whenever x oy = 0) is a weighted Jordan homomorphism. We also
mention more recent papers [30, 31] which are close to [32] and also involve weighted
Jordan homomorphisms. Further, Alaminos, Bresar, Extremera, and Villena [3] proved
that if A and B are C*-algebras and T : A — B is a continuous linear map with the
property that for all x,y € A,

xy=yr=0 = T(zr)oT(y) =0, (5.1)

then T is a weighted Jordan homomorphism. The proof was based on the theory of zero
product determined algebras which is surveyed in the recent book [24].

In Section 5.2, we show that a surjective additive map T': A — B satisfying (5.1) is a
weighted Jordan homomorphism provided that the ring A is additively spanned by Jordan
products of its idempotents and B is any ring with & (Theorem 5.2.3). The condition on
idempotents is fulfilled in any matrix ring M, (R) with n > 2, so this theorem yields a
generalization and completion of the aforementioned result of [32] (Corollary 5.2.4). In
the first step of the proof of Theorem 5.2.3, which is similar to that in [3], we reduce the
problem to the situation where there exists an additive map S : A — B such that

S(xoy)=T(x)oT(y) (z,ye€ A). (5.2)

In the second step, which is based on elementary but tricky calculations, we show that
(5.2) implies that T is a weighted Jordan homomorphism.

The condition (5.2) is a simple, natural generalization of the condition that a map is a
(weighted) Jordan homomorphism, and we find it interesting in its own right. Our interest
also stems from the recent paper [25] in which this condition unexpectedly occurred
when studying problems that are rather unrelated to those in this paper. We therefore
believe that (5.2) deserves a systematic treatment. In Section 5.3, we show that if A is a
prime ring with char(A) # 2,3,5 and T : A — A is a bijective additive map for which
there exists an additive map S : A — A such that (5.2) holds, then T is a weighted
Jordan homomorphism (Theorem 5.3.8). The proof is more complex than the proof in
Section 5.2. It combines the results from the theory of functional identities, the theory of
polynomial identities, the classical structure theory or rings, and linear algebra.

5.2 Maps satisfying xy =yr =0 — T(x)oT(y) =0

The proof of the main theorem of this section depends on some ideas presented in the
book [24]. However, we cannot refer directly to the results in this book since it is (mostly)
written in the context of algebras over fields while we wish to work in the context of rings.
The following is the ring version of Theorem 2.15 (in conjunction with Proposition 1.3)
and Theorem 3.23 (in conjunction with Remark 3.24) from [24].

Proposition 5.2.1. Let A be a unital ring, let B be an additive group, and let ¢ :
A x A — B be a biadditive map. If A is generated as a ring by idempotents, then:

(a) If p(z,y) = 0 whenever x,y € A are such that xy = 0, then o(x,y) = p(zy,1) for
all x,y € A.
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(b) If ¢ is symmetric and o(x,y) = 0 whenever x,y € A are such that xy = yx = 0,
then 2¢(x,y) = p(zoy,1) for all z,y € A.

The proof of (a) is literally the same as the proof of Lemma 2.2 and Theorem 2.3
from [24]. Using (a), one can prove (b) by simply following the proof of Theorem 3.23
from [24]. (We will actually need only (b), but we stated also (a) to explain the proof of
(b))

We continue with a simple lemma which will be also needed in the next section.

Lemma 5.2.2. Let A and B be unital rings and let T : A — B be a surjective additive
map satisfying
2T(x)oT(y) =T(xoy)oc (x,y€ A), (5.3)

where ¢ = T(1). Assume that B is 2-torsion free (i.e., 2b =0 with b € B implies b =0)
and denote the center of B by Z. The following conditions are equivalent:

(i) T is a weighted Jordan homomorphism.
(i) c* € Z.
(iii) c € Z.
Proof. (i) == (ii). This is a consequence of the definition of a weighted Jordan homo-

morphism.
(ii) = (iii). Let b € A be such that T'(b) = 1. Using (5.3) we see that ¢? € Z implies

AT(x),c] = [T(zob)oc,d = [T(xob),?]=0 (zcA)

(here, as usual, [z, y] stands for xy — yz). Since T is surjective and B is 2-torsion free,
c € Z follows.

(iii) = (i). Asssuming that ¢ € Z it follows from (5.3) that 4 = 4T(b*)c. As B is
2-torsion free this shows that c is invertible with ¢=! = T'(b?). Since (5.3) implies that
T(x)oT(y) =cI'(xoy), T is a weighted Jordan homomorphism. O

We will say that a ring A is additively spanned by Jordan products of its idempotents
if A is equal to its additive subgroup generated by elements of the form e o f where e
and f are idempotents. By saying that B is a ring with % we mean that 14 1 is an
invertible element in B; such a ring is of course 2-torsion free. (We remark that under the
assumption that 1 € B, the condition (5.3) is equivalent to the condition (5.2) pointed
out in Section 5.1, see the beginning of Section 5.3).

We are now ready to state the main result of this section.

Theorem 5.2.3. Let A and B be unital rings. Assume that A is additively spanned by
Jordan products of its idempotents and assume that % €B. IfT:A— B is a surjective
additive map such that for all z,y € A,

ry=yr=0 = T(x)oT(y) =0, (5.4)

then T is a weighted Jordan homomorphism.
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Proof. Define ¢ : A x A — B by

p(z,y) =T (x) o T(y).

Note that ¢ is symmetric and that (5.4) shows that ¢(x,y) = 0 whenever zy = yz = 0.
Since our assumption on A in particular implies that A is generated by idempotents, it
follows from Proposition 5.2.1 (b) that 2¢(z,y) = p(zoy,1) for all z,y € A. That is,
(5.3) holds (where ¢ = T'(1)). In other words, we have

W(T(zoy))=T(x)oT(y) (z,y€A), (5.5)
where W: B — B is defined by .
W(x) = Frec
Setting x = y in (5.5) we obtain
W(T(z%) =T(z)®> (z€A). (5.6)

From y = %((y +1)% —y? - 12) we see that B is additively spanned by squares of its
elements. Therefore, W is surjective since T is surjective. Further, (5.5) shows that

1

WW(T(zoy))) =W(T(z)oT(y) = 5(T(x) o T(y))oc
and hence 1
(WW(T(zoy)).d = 5[T(z) o T(y), A (z,y € A). (5.7)
Let e € A be an idempotent. By (5.6),
%T@) o= W(T(e)) = W(T(e2)) = T(e)?. (5.8)

This implies that [T'(e),T(e) o ¢] = 0, i.e., [T(e)?,¢] = 0. Hence, (5.8) shows that
[T(e)oec,c=0,ie.,
T(e), ] = 0.

Together with (5.7), this yields
WW(T(eo f))),c] =0

for all idempotents e and f. Since W and T are surjective, our assumption on A implies
that ¢ belongs to the center of B. The desired conclusion that T is a weighted Jordan
homomorphism now follows from Lemma 5.2.2. O

The following corollary generalizes [32, Theorem 1.1]; in particular, it shows that the
assumption that n > 4 in this theorem is redundant.

Corollary 5.2.4. Let R be a unital ring with % and let A = M,(R), n > 2. Ifa
surjective additive map T : A — A satisfies (5.4) (in particular, if T preserves zero
Jordan products), then T is a weighted Jordan homomorphism.
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Proof. By e;; we denote the standard matrix units and by ze;; the matrix whose (3, j)
entry is € R all other entries are 0. Of course, each e;; is an idempotent. Let ¢ # j.
Note that

wejj + e and  w(ey +eji) + (1 —x)(eij + ej5)

are idempotents and
zeij = (xeij + ei) — €4,

Tej; = ((90(6’1'1' +eji) + (1 — ) (eij + €jj)) o ey — weji — (1 — ﬂf)eij)-

1
2
Since 2e = e o e for every idempotent e and since 1 € R (and so ze;; = 2(3ze;;)) it
follows that A is additively spanned by Jordan products of idempotents. Thus, Theorem
5.2.3 applies. O

Remark 5.2.5. The assumption that % € R cannot be removed. Indeed, if R is a ring with
char(R) = 2, then any map T : A — A of the form T'(z) = . + \(x)1, where A : A — Z is
an additive map, satisfies (5.4). It is easy to find examples where such a map is surjective
but is not a weighted Jordan homomorphism.

Remark 5.2.6. Every Jordan homomorphism on a matrix ring M, (R) is the sum of a
homomorphism and an antihomomorphism [54]. The result of Corollary 5.2.4 can thus
be stated as that T'(z) = ¢(®1(z) + ®2(z)) where ®; is a homomorphism and @ is an
antihomomorphism.

The matrix ring M,,(R) is our basic and motivating example of a ring satisfying the
condition of Theorem 5.2.3 regarding idempotents. However, there are other examples.

Example 5.2.7. Let A and B be unital rings with % that are additively spanned by
Jordan products of idempotents. It is an easy exercise to show that the triangular ring
Tri(A, M, B), where M is a unital (A, B)-bimodule, is also additively spanned by Jordan
products of idempotents (compare [24, Corollary 2.5]).

5.3 Pairs of maps satisfying S(x?) = T (x)?

Until further notice, we assume that A is a unital prime ring with char(A4) # 2 and
S, T : A— A are additive maps satisfying

S(z?) =T(z)* (z € A). (5.9)
The standard linearization trick shows that (5.9) is equivalent to
S(xoy)=T(z)oT(y) (z,y€ A). (5.10)

We assume that T is bijective. Our goal is to prove that, under some additional restrictions
on char(A) which will be imposed later, T" is a weighted Jordan homomorphism.
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The center of A will be denoted by Z. Further, we denote ¢ = T'(1) and b = T~1(1).
Note that (5.10) shows that

2T (z) = S(xob) (xze€ A).

and
25(x) =T(x)oc (z e A), (5.11)

and that (5.10) and (5.11) yield
T(xoy)oc=2T(x)oT(y) (z,y€ A). (5.12)

Thus, (5.9) is just a small variation of the condition (5.12) that was already studied
in the preceding section. Under the presence of the element %, the two conditions are
equivalent.

We need some more notation. By C' we denote the extended centroid C' of A. Recall
that C' is a field containing the center Z (see [23, Section 7.5] for details). Let = € A.
We write deg(z) = n if z is algebraic of degree n over C, and deg(x) = oo if z is not
algebraic over C. Set deg(A) = sup{deg(z) |z € A}. It is well known that the condition
that deg(A) < oo is equivalent to the condition that A is a Pl-ring.

Our first lemma was essentially proved in [32]. More precisely, noticing that (5.10)
implies

T(y) o T(zyx) =T (x) o T(yxy)

we see that this lemma is evident from the proof of [32, Theorem 2.4] along with a
basic result on functional identities which states that a prime ring A is a d-free subset
of @ = Qumi(A), the maximal left ring of quotients of A, if and only if deg(A) > d [26,
Corollary 5.12]. Therefore, we state it without proof.

Lemma 5.3.1. If deg(A) > 4, then T is a weighted Jordan homomorphism.

It should be emphasized that Lemma 5.3.1 covers the case where deg(A4) = co. We
thus only need to consider the case where A is a PI-ring with deg(A) < 4. The deg(A) =1
case is trivial.

Lemma 5.3.2. If deg(A) =1, then T is a weighted Jordan homomorphism.

Proof. The condition that deg(A) = 1 means that A is commutative, so ¢ € Z automati-
cally holds and we may apply Lemma 5.2.2. O

Hence, there are only two cases left: deg(A) = 2 and deg(A) = 3. The rings that
remain to be considered are thus very specific. However, for problems that can be solved
by means of functional identities, the low degree situations are usually the more difficult
ones.

In our next lemma we will not yet need the degree restriction. Its proof is also based
on functional identities. The reader is referred to [26] for the explanation of some notions
that will be used.
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Lemma 5.3.3. There exists a ring monomorphism p: Z — Z such that
T(zz) =p(z)T'(x) (z€Z,x€A),
S(zx) = u(2)S(x) (2 € Z,x € A).

Proof. Fix z € Z. Since zx oy = x o zy for all z,y € A it follows from (5.10) that
T(zx) oT(y) =T (x) o T(zy), that is,

T(zx)T(y) = T(zy)T(z) + T(y)T(zz) = T(z)T(2y) =0 (z,y € A). (5.13)

In view of Lemma 5.3.2, the lemma is trivial if A is commutative. We may thus assume
that A is not commutative, which implies that it is a 2-free subset of @ [26, Corollary
5.12]. Hence, applying [26, Theorem 4.3] to (5.13) we see that there exist uniquely
determined p1,p2 € @ and maps A1, A2 : A — C such that

T(zz) =T(x)p1 + M(z) (z€A), (5.14)
—T(zy) = T(y)p2 + Xa(y) (y € A), (5.15)
T(zx) = —p2T(x) — Ai(z) (z € A), (5.16)
—T(zy) = —mT(y) — Xaly) (yeA) (5.17)

Comparing (5.14) and (5.17) we obtain
T(x)pr —piT(x) = Aa(x) — Mi(z) € O (x € A).

Again using the 2-freeness of A along with [26, Theorem 4.3] it follows that Ay = A2
and p; € C (similarly (5.15) and (5.16) show that ps € C). Next, comparing (5.14) and
(5.15) we obtain

T(x)(p1+p2) = —(Mi(2x) + Aa(2)) € C (z € A),

and so, again by the 2-freeness and [26, Theorem 4.3], A\; + A2 = 0 (and p; = —p2). Since
we have shown above that A\; = A2 and since char(A) # 2 by assumption, it follows that
A1 = 0. Thus, T'(zz) = T'(x)p; for all x € A. As above, let b € A be such that 7'(b) = 1.
From p; = T'(b)p1 = T'(zb) we see that p1 € C N A = Z. Defining u(z) = p1 € Z we thus
have T'(zz) = pu(2)T'(x) for all z € A. From (5.11) we see that this immediately implies
that S(zz) = p(z)S(z) holds too.

For any z1, 20 € Z, we have

pu(z1 + 22) = T((21 + 22)b) = T(21b) + T(22b) = pa(z1) + p(22)

and
(z122) = T(21220) = p(21)T (22b) = p(21)u(22),

so p is a ring endomorphism. Since 7T is injective we see from p(z) = T(zb) that u is
injective too. [
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From now on we assume that deg(A) equals 2 or 3. In particular, deg(A) < oo, which
implies that Qz(A), the ring of central quotients of A, is a finite-dimensional central
simple algebra over the field of quotients of Z. This is the content of Posner’s Theorem,
see [23, Theorem 7.58]. The elements of the ring Qz(A) can be written as 2712 where
z € Z\{0} and = € A.

Lemma 5.3.4. There exist additive maps S, T : Qz(A) — Qz(A) such that S|, =S,
T|a=T, and S(¢*) = T(q)? for every q € Qz(A).

Proof. For any z € Z\ {0} and =z € A, define
S(z7'z) = w(z)71S(x).

Assume that 2,2’ € Z\ {0} and x,2’ € A are such that 7'z = 2’712/, Then 2’z = 22’
and hence p(z')S(x) = u(2)S(a'), that is, u(z)~1S(z) = u(2’)~1S(z’). This shows that
S is well-defined. It is clear that S|, = S. Let z,w € Z\ {0} and z,y € A. Then

St e+ wly) = 8((zw) " (wa + 29)) = plzw) " S(wa + z)
— (=) p(w) " (1(w) S(2) + p(2)S(y)) = S 'w) + S(w ),

so S is additive.
Similarly we see that

T(z tx) = p(z) "' T(x)
is a well-defined additive map which extends T'. Finally,

S((z712)?) = 8(z7%%) = u(z*)718(a?) = u(2) *T(2)* = T(z'2)?,
which proves that S(¢?) = T (q)? for every q € Qz(A). O

Lemma 5.3.4 shows that there is no loss of generality in assuming that A = Qz(A) is a
central simple algebra such that deg(A) = 2 or deg(A) = 3, or equivalently, dimz(A) = 4
or dimz(A) =9 (see [26, Theorem C.2]). Furthermore, in light of Corollary 5.2.4 we may
assume that A is not a ring of n X n matrices, n > 2, over some ring, and hence, by the
classical Wedderburn’s structure theorem, we may assume that A is a division ring.

Lemma 5.3.5. If deg(A) = 2, then T is a weighted Jordan homomorphism.

Proof. Since deg(A) = 2, there exist an additive map 7: A — Z and a biadditive map
§: A — Z such that

22 = 7(z)x + 6(z, x) (5.18)
for every = € A (see [26, Corollary C.3]). We may assume that ¢ is symmetric, since
otherwise we replace it by (z,y) — 3(6(2,y) + 6(y,z)). Linearizing (5.18) we obtain
that for all z,y € A,

xoy=1(x)y+ 7(y)r + 20(x,y).
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From (5.11) we thus see that
25(z) = 7(T(x))c+ 7(c)T(x) + 26(T(x), c) (5.19)
for all z € A. Next, applying S to (5.18) and using (5.9) we obtain

T(x)* = p(r(2))S(x) + u(8(x,z))c”.
Applying (5.18) and (5.19) we see that this can be rewritten as

T(T(x))T(x) +0(T(x), T (x))
1

=S Hr@)T(T(@))e + sp(r(@)r(e)T (@) (5.20)

+ (1 (2)3(T (), ) + p(6(x, ).
Commuting this identity with ¢ we obtain

1

(T(T(-Tf)) - §M(T($))T(c)> [T(2),d =0

for all x € A. Accordingly, for each x € A we have either

1

7(T'(2)) = Su(r(@))7(c) (5.21)

or [T(z),c] = 0. The set of all x € A that satisfy one of these two conditions is an
additive subgroup of A. Since a group cannot be the union of two proper subgroups, one
of the two conditions must hold for every z € A. If [T'(z), ] = 0 for every = € A, then
c € Z and so T is a weighted Jordan homomorphism by Lemma 5.2.2. We may thus
assume that (5.21) holds for every x € A.

Note that (5.20) along with ¢2 = 7(c)c + 6(c, ¢) now shows that

(%M(T(:c))T(T(:c)) + p(8(z, x))T(c))C c7

Therefore, either ¢ € Z or

1

FH(T@)T(T(2)) + p(d(x,2))7(c) = 0

for every x € A. Assume that the latter holds. By (5.21), we can rewrite this identity as

GM(T(OC)Q) +u(5(w7x)))7(0) =0. (5.22)

If 7(c) = 0 then it follows from (5.21) that 7(T(x)) = 0 and hence T'(x)? € Z for every
x € A. Since T is surjective, this means that y?> € Z for every y € A, which leads to a
contradiction that y = 1 ((y +1)? —y? — 1) € Z for every y € A. Thus, 7(c) # 0 and so
(5.22) implies that .

@) + (3, 2) =0
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for every x € A. Since p is injective it follows that

(z — *T(l’))z =% —7(x)x + iT(:):)2 =22 — 7(2)x — §(z,z) = 0.

Since, as mentioned before the statement of the lemma, we may assume that A is a
division ring, this implies that x = %7’(1‘) € Z for every x € A, a contradiction. Therefore,
c € Z and so T is a weighted Jordan homomorphism by Lemma 5.2.2. O

The case where deg(A) = 3 is more involved. To handle it, we need the following

linear algebra lemma.

Lemma 5.3.6. Let K be an algebraically closed field with char(K) # 2,3. Lett € M3(K).
Then the set

Sy ={t,toy,(toy)oy,((toy)oy)oy}

is linearly dependent for every y € Ms(K) if and only if t is a scalar matriz.

Proof. The “if” part follows from the Cayley-Hamilton Theorem. To prove the “only if”
part, assume that ¢ is not a scalar matrix. Our goal is to find a y € A such that the set
Sy is linearly independent. Since K is algebraically closed, we may assume that ¢ is in
the Jordan normal form.

We divide the proof into four cases.

1. Assume that

A1 O
t=10 X 1
0 0 A
where \ € K. If
0 0 0
y=1|1 0 0],
010
thentoy, (toy)oy, (toy)oy)oy are
1 0 O 0O 0 0 0 0 0
22 2 0,3 0 0),{0 O O},
0 2x 1 4N 3 0 6 0 0

respectively. It is easy to check that S, is linearly independent.
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2. Assume that
A 10
t=10 X O
0 0 X
where A\, Ao € K. If
0 0O
y=1|1 0 0],
010
then t oy, (toy) oy, (toy) oy) oy are
1 0 0 0 00 0 0O
21 1 0], 2 0 0)J,{0 0 0],
0 XM+X O 3\i+X 1 0 3 00

respectively. Again, it is easy to see that Sy is linearly independent.

3. Assume that
A 0 0
t=10 X O
0 0 A3
where A1, A2, A3 € K are not all equal and Ay + Ao + A3 # 0. If
0 0 1
y=|(1 0 0],
010

then toy, (toy) oy, (toy)oy) oy are

0 0 AL+ A3
)\1 + )\2 0 O ’
0 A2+ A3 0
0 A+ Ao+ 2)3 0
0 0 2)\1 + >\2 + AS )
A1+ 22 + A3 0 0
21 + 33X + 323 0 0
0 31+ 2X9 + 33 0 ,
0 3A1 + 3X2 + 23

0
respectively. A slightly more tedious but still elementary argument shows that S,
is linearly independent in this case too.
4. We now consider the last remaining case where
A0 0

t=10 Ao 0
0 0 —=XA—MX
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with A1, A2 € K and A\ # 0. If

1 0 0
y=1|1 0 0],
01 0
then Loy, (toy) oy, (toy)oy) oy are
21 0 0
A1+ Ao 0 0],
0 -2 0
4\
3/\1 + Ao
2
81 0 0
T +X 0 0],
3M1+2X 0 O

respectively. One easily checks that Sy is linearly independent.

We have thus proved that for each t that is not a scalar matrix there is a matrix y such
that S is linearly independent. O

We are now ready to tackle the deg(A) = 3 case.

Lemma 5.3.7. If deg(A) = 3 and char(A) is also different from 3 and 5, then T is a
weighted Jordan homomorphism.

Proof. We start similarly as in the proof of Lemma 5.3.5. As deg(A) = 3, there exist
symmetric multiadditive maps 7: A — Z, a: A2 = Z and §: A®> — Z such that

23 = 7(2)2? + oz, r)z + (2, 2, 2)

for every x € A, with §(z, x,z) being the reduced norm of z. Since, as pointed out above,
Corollary 5.2.4 enables us to assume that A is a division ring, d(z,z,x) # 0 for every
nonzero x € A. In particular,

v =u(3(b,b,b)) #0
(here, as always, b = T~1(1)).
Let x € A. From (5.12) we see that T'(z?) o T'(z) = T(x3) o c. Hence,
T(z%) o T(z) =T (r(z)2® + oz, z)z + §(2,z,2)) o c

(@ )T() o ¢+ plals, 2)T(@) o c
+ p(d(z,z,x))coec.
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Since, again by (5.12), T'(22) o ¢ = T'(z) o T(z), it follows that

(T(xz) — w(7(2))T(x) — pla(z, x))e) o T(z) = 2u(d(z, z, z))c?. (5.23)
Define f: A> — A by

Flry) = 5T(woy) ~ Su(r()T(y) — Su(r(y)T(x) — plale, )

2 2
Observe that f is a symmetric biadditive map which, by (5.23), satisfies
f(z,z) o T(x) = 2u(6(z, z, x)) 2. (5.24)
Linearizing this identity we obtain
fla,y) o T(2) + f(z.a) o T(y) + f(y, 2) o T(x) = 6p(3(z,y, 2))c”. (5.25)
By (5.24),
£(b6) = 5. 5(b,0) 0 T() = p(6(5,5,D)e* = 7>

Putting y = z = b in (5.25) we obtain
4f(x,b) +vc? o T(x) = 6u(8(x,b,b))c?.
Next, applying (5.25) with y = z and z = b we arrive at
f(z,z) + f(z,b) o T(z) = 3u(6(x, z, b))
The last two identities yield
flaw) = (10 T(@) — 2 (6, b,0)) o T(x) + (6, 7, b))
Returning to (5.24), we now have
(€ o T(@)) 0 T(x)) o T(w)~ o yu(5(a, b, b)) (¢ o T()) o Ta)
+3u(8(x, z,b))c? o T(x) = 2u(d(z, z, x)) 2.
Since v # 0 and T is surjective, this shows that for each y € A, the set
{*, oy, (Poy)oy,((oy)oy)oy}

is linearly dependent. We will now use the fact known from the theory of polynomial
identities that the linear dependence can be characterized through a special identity, see
[23, Theorem 7.45]. Denoting by ¢4 the 4th Capelli polynomial, this theorem implies that

ca(c? P oy, (Foy)oy, ((Poy)oy)oy,a1,x2,23) =0
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for all y, x1, 22, x3 € A. Since ¢4 is multilinear, the linearization of this identity gives

D a0 o1y (€2 0 Yn2) © Yo(3)s (€% 0 Yo(a)) © Yor(5)) © Yo(6) 1, T2, 3) = 0
oESs

for all z;,y; € A,1=1,2,3, 5 =1,...,6. Let K be the algebraic closure of Z and let
A=K®yzA. Since each z; and each y; occurs linearly in the last identity, it follows
that t = 1 ® ¢? € A satisfies

> ea(tt o Yo(1), (0 Yo2) © Yo(3), (£ Us(a)) © Yr(s)) © Yr(e)s L1, T2, T3) = 0
o€E€Ss

for all z;,y; € A,i=1,2,3j=1,...,6. Take each y; to be equal to y. Our characteristic
assumption implies that 6! = 0 with v € A implies v = 0, so we have

ca(t,toy, (toy)oy,((toy)oy)oy,zr,xe,23) =0

for all z;,y € A, i = 1,2,3. We may now again use [23, Theorem 7.45], this time in the
opposite direction, to conclude that the set

{t,toy,(toy)oy,((toy)oy)oy}

is linearly dependent for every y € A. Since A =2 M3(K) [23, Theorem 4.39], Lemma
5.3.6 shows that ¢ lies in the center of A. Consequently, ¢> € Z and so Lemma 5.2.2 tells
us that 7" is a weighted Jordan homomorphism. O

We can now state the main result of this section.

Theorem 5.3.8. Let A be a prime ring with char(A) # 2,3,5 and let S,T : A — A be
additive maps such that S(z%) = T(x)? for every x € A. If T is bijective, then it is a
weighted Jordan homomorphism.

Proof. Apply Lemmas 5.3.1, 5.3.2, 5.3.5, and 5.3.7. O

Remark 5.3.9. The conclusion of Theorem 5.3.8 is that T'(z) = ¢®(z) where ® is a Jordan
automorphism of A. It is well known that, since A is prime, ® is either an automorphism
or an antiautomorphism [50].

Remark 5.3.10. The injectivity of T' was used only once in the proof of Theorem 5.3.8,
that is, when showing that p is injective. If Z is a field, in particular if A is simple, then
p is automatically injective and so we may weaken the assumption that 7' is bijective to
T being only surjective.

In our final result we return to the condition studied in Section 5.2.
Corollary 5.3.11. Let A be a unital simple ring with char(A) # 2,3,5. If A contains a
nontrivial idempotent, then every surjective additive map T : A — A such that for all
x,y € A,
zy=yr=0 = T(z)oT(y) =0,

1s a weighted Jordan homomorphism.
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Proof. 1t is well known that the existence of one nontrivial idempotent in a simple ring
A implies that A is generated by idempotents [51, Corollaries on p. 9 and p. 18]. We
can therefore repeat the argument from the beginning of the proof of Theorem 5.2.3 and
conclude that 7" satisfies condition (5.12), which is of course an equivalent version of the
condition S(z?) = T'(x)? studied in Theorem 5.3.8. As pointed out in Remark 5.3.10,
in this setting the injectivity of 1" is not needed for reaching the conclusion that 7" is a
weighted Jordan homomorphism. O

Theorems 5.2.3 and 5.3.8 show that in quite general rings, weighted Jordan homo-
morphisms are the only bijective additive maps T with the property that S(z?) = T'(x)?
for some additive map S. We conclude the paper with an example showing that there
exist rings in which this does not hold.

Example 5.3.12. Let A be the Grassmann algebra in two generators over a field F

with char(F') # 2. That is, A is the 4-dimensional algebra with basis 1, u, v, uv where

u? = v = wv +vu = 0. For each x € A, let A(x) be the element in F satisfying

x — A(z)1 € span{u,v,uv}. Note that  — A\(x) is an algebra homomorphism from A to
F and that z o u = 2\(x)u for every x € A. Define S,T: A — A by

T(x) =z+ XNz)u, S(x)=z+2X\(z)u.
Then S and T are linear maps, T is bijective, and

S(x?) =2 + 2X(2?)u = 2° + 2\ (z)?u
=22 + \Nz)(zou) = (z + Mz)u)? = T(x)?

for every x € A. However, T'(1) = 1 + u is not a central element, so T is not a weighted
Jordan homomorphism.






Chapter 6
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Abstract. Let A and B be Banach algebras with bounded approximate identities and let
®: A — B be a surjective continuous linear map which preserves two-sided zero products
(i.e., (a)®(b) = (b)P(a) = 0 whenever ab = ba = 0). We show that & is a weighted
Jordan homomorphism provided that A is zero product determined and weakly amenable.
These conditions are in particular fulfilled when A is the group algebra L!'(G) with G
any locally compact group. We also study a more general type of continuous linear maps
$: A — B that satisty ®(a)®(b) + ®(b)®(a) = 0 whenever ab = ba = 0. We show in
particular that if ® is surjective and A is a C*-algebra, then ® is a weighted Jordan
homomorphism.

6.1 Introduction

Let A and B be Banach algebras. We will say that a linear map ®: A — B preserves
two-sided zero products if for all a,b € A,

ab=ba=0 = ®(a)®(b) = ¢(b)P(a) = 0. (6.1)

Obvious examples of such maps are homomorphisms and antihomomorphisms. Their
common generalizations are Jordan homomorphisms, i.e., linear maps V: A — B satisfy-
ing

U(aob) ="¥(a)o¥(b) Va,be A,
where a o b stands for the Jordan product ab + ba. Under the mild assumption that the
centre of B does not contain nonzero nilpotent elements, every Jordan homomorphism

125
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from A onto B also preserves two-sided zero products [24, Lemma 7.20]. Next we recall
that a linear map W: B — B is called a centralizer if

W(ab) = W(a)b=aW(b) Va,be B.

We say that @ is a weighted Jordan homomorphism if there exist an invertible centralizer
W of B and a Jordan homomorphism ¥ from A to B such that ® = WW. Observe that
® preserves two-sided zero products if and only if ¥ does. We also remark that, by the
closed graph theorem, every centralizer W is automatically continuous if B is a faithful
algebra (i.e., bB = Bb = {0} implies b = 0), and so, in this case, ® is continuous if and
only if W is.

Is every surjective continuous linear map ®: A — B which preserves two-sided zero
products a weighted Jordan homomorphism? This question is similar to but, as it turns
out, more difficult than a more thoroughly studied question of describing zero products
preserving continuous linear maps (see the most recent publications [24, 41, 42, 57, 63]
for historical remarks and references). It is known that the answer is positive if either A
and B are C*-algebras [3, Theorem 3.3] or if A = L'(G) and B = L'(H) where G and H
are locally compact groups with G € [SIN] (i.e., G has a base of compact neighborhoods
of the identity that is invariant under all inner automorphisms) [14, Theorem 3.1 (i)]. In
fact, [3, Theorem 3.3] does not require that ® satisfies (6.1) but only that for all a,b € A,

ab=ba=0 = @(a)o ®(b) =0. (6.2)

This condition was also considered in the recent algebraic paper [27]. Observe also that
it is more general than the condition that ® preserves zero Jordan products (aob =0
implies ®(a) o ®(b) = 0) studied in [32].

The goal of this paper is to generalize and unify the aforementioned results from [3] and
[14]. Our approach is based on the concept of a zero product determined Banach algebra.
These are Banach algebras A with the property that every continuous bilinear functional
p: A x A — C satisfying ¢(a,b) = 0 whenever ab = 0 is of the form ¢(a,b) = 7(ab) for
some continuous linear functional 7 on A. We refer to the recent book [24] for a survey
of these algebras. Let us for now only mention that they form a fairly large class of
Banach algebras whose main representatives, C*-algebras and group algebras of locally
compact groups, are also weakly amenable Banach algebras having bounded approximate
identities.

In Section 6.2, we show that the answer to our question is positive, i.e., a surjective
continuous linear map ®: A — B which preserves two-sided zero products is a weighted
Jordan homomorphism, provided that A is zero product determined and weakly amenable,
and, additionally, both A and B have bounded approximate identities (Theorem 6.2.5).
This in particular implies that that the restriction in [14, Theorem 3.1 (i)] that G € [SIN]
is redundant (Corollary 6.2.7).

Section 6.3 is devoted to condition (6.2). We show that [3, Theorem 3.3] still holds if
B is any Banach algebra with a bounded approximate identity, not only a C*-algebra
(Theorem 6.3.3). Our second main result regarding (6.2) considers the case where
A = A(X) is the algebra of approximable operators (Theorem 6.3.4).
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6.2 Maps preserving two-sided zero products

Throughout, for a Banach space X, we write X* for the dual of X and (-, -) for the
duality between X and X*. Let A be a Banach algebra. We turn A* into a Banach
A-bimodule by letting

(b,a-w) = (ba,w), (byw-a)= (abw) VYa,be A, Ywe A"

The space of continuous derivations from A into A* is denoted by Z!(A, A*). The main
representatives of Z1(A, A*) are the so-called inner derivations. The inner derivation
implemented by w € A* is the map d,,: A — A* defined by

dw(@)=a-w—w-a VYaeA

The Banach algebra is called weakly amenable if every element of Z1(A, A*) is inner. For
a thorough treatment of this property and an account of many interesting examples of
weakly amenable Banach algebras we refer the reader to [36]. We should remark that the
group algebra L'(G) of each locally compact group G and each C*-algebra are weakly
amenable [36, Theorems 5.6.48 and 5.6.77].

Our first result is a sharpening of [5, Theorem 2.7] (see also [24, Theorem 6.6]).

Theorem 6.2.1. Let A be a Banach algebra, and suppose that:
(a) A is zero product determined;
(b) A has a bounded approximate identity;
(c) A is weakly amenable.

Then there exists a constant C € RY such that for each continuous bilinear functional
p: Ax A — C with the property that for all a,b € A,

ab=ba=0 = ¢(a,b)=0 (6.3)
there exist o, 7 € A* such that
lell < Cliell, N7l < Cllell,

and
o(a,b) = o(ab) + 7(ba) Va,be A.

Proof. Let (ex)xea be an approximate identity for A of bound M.

Since A is weakly amenable, the map w + &, from A* to the Banach space Z'(A, A*)
is a continuous linear surjection, and so, by the open mapping theorem, there exists a
constant N € R* such that, for each D € Z'(A, A*), there exists an w € A* with

lwll < N|D]
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and
a-w—w-a=D(a) VYaecA.

Towards the proof of the theorem, we proceed through a detailed inspection of the
proof of [5, Theorem 2.7].
Define 1, p2: A x A — C by

[o(a,b) + (b, a)],
[o(a,b) — ¢(b,a)] Va,be A

¥1 (a7 b) =

P2 (a7 b) =

N[ D[

It is clear that both 1 and ¢9 satisfy condition (6.3) and that

leall < llells N2l < llell-

Since 1 is symmetric it follows from the last assertion of [5, Lemma 2.6] (or [24,
Theorem 6.1]) that there exists a £ € A* such that

2¢1(a,b) = (aob,&) Va,be A (6.4)
For each a € A, we observe that
(aoey, &) =2p1(a,ey) VYAEA

and hence that
[(aoex,§) <2M|ellllall VA€ A.

Taking limit and using limycp a 0 ey = 2a we see that
2(a, &) < 2M|l¢lllall.

This shows that
€]l < M- (6.5)

Our next concern will be the behaviour of the skew-symmetric functional ¢o. By [4,
Lemma 4.1] (or [24, Theorem 6.1]), there exists a 1) € A* such that

§02(ab7 C) - SOQ(bv Ca) + @2(1367 a’) = (abc, ¢> vaa b7 ceA.
The proof reveals that the functional 1) is defined by
<CL7 1/}> = lim @2(0“7 6)\) Va € A,
AEA

so that
]l < Mlle]|. (6.6)

By [5, Lemma 2.6] (or the proof of [24, Theorem 6.5]) , the map

DA A%, (5, D(@)) = pa(a,b) + ylacbv)
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is a continuous derivation, and clearly (using (6.6))
IDIF < ll@2ll + 91l < (1 + M)l
Consequently, there exists an w € A* such that
lwl| < N|D|| < N1+ M)]|¢| (6.7)

and
a-w—w-a=D(a) VaeA,

and hence
(ba — ab,w) — pa(a,b) = (a0 b,¥) Va,be A

Viewing this expression as a bilinear functional on A x A, we see that the left-hand side
is skew-symmetric and the right-hand side is symmetric. Therefore, both sides are zero.
Thus

pa2(a,b) = (ba — ab,w) Va,b e A. (6.8)

We then define
0':%5—00, T=%f+w~

From (6.5) and (6.7) we see that
loll < (3M + N + NM)gl]
Il < GM + N + NM)lel,
and from (6.4) and (6.8) we deduce that
v(a,b) = o(ab) + 7(ba) Va,b e A. O
We can now start our consideration of maps preserving two-sided zero products.
Lemma 6.2.2. Let A be a Banach algebra, and suppose that:
(a) A is zero product determined;
(b) A has a bounded approximate identity;
(c) A is weakly amenable.

Let B be a Banach algebra and let ®: A — B be a continuous linear map which preserves
two-sided zero products. Then there exist:

e a closed left ideal L of B containing ®(A) and a continuous linear map U: L — B,

e a closed right ideal R of B containing ®(A) and a continuous linear map V: R — B
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such that
U(zy) =2U(y), V(zx)=V(z)x Vxe B, Yye L, Vz€ R,

U(®(a)) = V(®(a)) VYae A,

and
U(@(aob)) =V (P(aob)) =P(a) o ®(b) Va,be A.

Proof. Let (ex)xea be an approximate identity for A of bound M, and let C' be the
constant given in Theorem 6.2.1.

We define
L= {x € B: the net (:UCID(eA))AeA is convergent} ,
U:L— B, U(x)=limz®P(e)) Vzel,
A€A
and

R= {x € B: the net (CID(e)\)x) is convergent} )

AEA

ViR— B, V()= }\in{{q)(ek):v Vx € R.
€

It is clear that L is a left ideal of B, R is a right ideal of B, and routine verifications,
using that the net (®(ey))rea is bounded, show that both L and R are closed subspaces
of B. It is also obvious that both U and V' are continuous linear maps with ||U|| < M||®||
and ||V < M||®|| and that

U(zy) =2U(y), V(zax)=V(z)zr VexeB,VyelL, Vz€ R.

In the remainder of this proof we will verify that

®(A) C LNR, (6.9)
U(®(a)) =V(P(a)) Vace A, (6.10)

and
U(@(aob)) =V (P(aobd)) =P(a)o ®(b) Va,be A. (6.11)

For this purpose, we proceed to show that
((a®)®(er)) \cp = P(a)® Vae A (6.12)

Fix an a € A. By the Hahn-Banach theorem, for each A € A there exists a £, € B* with
[€x]l =1 and
(2(a®)®(e)) — ®(a)?, &) = || @(a®)D(er) — @(a)?]|. (6.13)

For each A\ € A, we consider the continuous bilinear functional

2% AXA— C, Sok(ua U) = <(I>(U)(P(’U),£)\> Vu,v € A7
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which clearly satisfies (6.3) and
loall < 1121

Hence Theorem 6.2.1 yields the existence of oy, 7y € A* such that

loxll < Cl@l?, Il < Clle?,

and

(P(u)P(v),Ex) = ox(uv) + Ta(vu) Vu,v € A.

From (6.13) and (6.14) we deduce that

|®(a®)®(ex) — (a)?[| = (®(a®)D(er), x) — (P(a)?, €0)
= ox(a?ey) 4 Ta(exa?) — ox(a?) — 1a(a?)

= 0’)\(&26)\ —a?®) +ma(exa® —a?) VYA €A,

We now observe that

lox(a®ex — a®)| < Cl|@|?[la’ex — a?],

|7')\(e,\a2 — a2)| < C’||<I>||2||e,\a2 — a2|| VA €A,

and so, taking limits and using that
li 2 42| = li 2 _ 2 — 0
lim [|a%e — a”|| = lim [lexa” — a”|| = 0,
we see that

AEA

Taking limit in (6.15) we now deduce that

lim 9(a)@(ex) — B(a)?| = 0,

which gives (6.12).
Of course, (6.12) gives

®(a?) € L, U(®(a?)) = ®(a)*> Vac€ A.
In the same way as (6.12) one proves that
(®(ex)®(a®)), ., — P(a)* Vae A,
which clearly yields
®(a®) € R, V(®(a?)) = ®(a)® Va € A.
From (6.16) and (6.17) we deduce immediately that

®(aob) e LNR Va,be A

lim a)\(a2e>\ — CLQ) = lim 7_/\(6)\@2 - a2) = 0.
AEA

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)
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and that (6.11) holds. Finally we are in a position to verify (6.9) and (6.10). Take a € A.

By [1, Theorem II.16], there exist b, c € A such that a = bcb, and hence
a=3bo(boc)—Ib?oc.
From (6.18) we deduce that
®(a) = $®(bo (boc)) — %@(b2 oc)e LNR,
and (6.9) is proved. Further, from (6.11) we see that
U(®(a)) = $U(@(bo (boc))) — sU(@(b* o)) =
sV(@(bo (boc)) = 5V(R(b o)) = V(®(a)),
which gives (6.10).
Lemma 6.2.3. Let A and B be Banach algebras, and suppose that:
(a) A is zero product determined;
(b) A has a bounded approximate identity;

(c) A is weakly amenable;

(d) B is faithful.

Let ®: A — B be a continuous linear map having dense range and preserving two-sided
zero products. Then there exists an injective continuous centralizer W: B — B such that

W(®(aob)) = P(a)o ®(b) Va,be A.

Proof. We apply Lemma 6.2.2. Since ¢ has dense range, it follows that L = R = B and

that U =V. Set W =U (= V). Then W is a centralizer on B and
W(®(aob)) = P(a) o ®(b) Va,be A
The only point remaining concerns the injectivity of W. We claim that
ker WB? = B3 ker W = {0}.

Let = € ker W. For each a € A, we have

0= W (z)®(a®) = W(x®(a?)) = 2W(®(a?)) = 2®(a)?,
and, since the range of ® is dense, we arrive at

2P =0 VyeB.

We thus get
x(yz+2zy) =0 Vze€kerW, Vy,z € B.

(6.19)
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For all x € ker W and y, z,w € B we have (using that xz € ker W)
(zyz)w = (—zzy)w = —(z2)yw = (z2)wy = z(zw)y = —zy(zw),

whence zyzw = 0, and so ker WB? = {0}. Similarly we see that B3ker W = {0}. Thus,
(6.19) holds.

It is an elementary exercise to show that an element b in a faithful algebra B
satisfying bB® = B3b = {0} must be 0. Indeed, one first observes that every ¢ € B2bB?
satisfies cB = Bc = {0}, which yields B?bB? = {0}. Similarly we see that this implies
B?bB = BbB? = {0}, hence BbB = B?b = bB? = {0}, and finally bB = Bb = {0}.
Therefore, b = 0.

Thus, (6.19) shows that ker W = {0}. O

Lemma 6.2.4. Let A and B be Banach algebras, and suppose that B has a bounded
approximate identity. Let ®: A — B be a surjective linear map, and let W: B — B be a
linear map such that

W(®(aob)) =®(a)o ®(b) Va,be A.
Then W s surjective.

Proof. Set x € B. By [1, Theorem II.16], there exist y, z € B such that x = yzy, so that

z=gyo(yoz) —3y°0z

Since @ is surjective, we can choose a,b,c,d € A with
a) =y, ®Ob)=yoz, &(c)=y°, &d) ==
The condition on W now gives

W(®(3aob—3cod)) =

NI— N

®(a) o ®(b) — 1®(c) o ®(d)
y

o(yoz)—3y?ozr=u. O

We are now ready to establish our main result.
Theorem 6.2.5. Let A and B be Banach algebras, and suppose that:
(a) A is zero product determined;
(b) A has a bounded approximate identity;
(c) A is weakly amenable;

(d) B has a bounded approzimate identity.

Let ®: A — B be a surjective continuous linear map which preserves two-sided zero
products. Then ® is a weighted Jordan homomorphism.
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Proof. Since B has a bounded approximate identity, it follows that B is faithful. We
conclude from Lemma 6.2.3 that there exists an injective continuous centralizer W: B —
B such that

W(®(aob)) =P(a)o ®(b) Va,be A. (6.20)

Lemma 6.2.4 now shows that W is surjective.

Having proved that W is an invertible centralizer, we can define ¥ = W~1® which
is a surjective continuous linear map and, further, we deduce from (6.20) that ¥ is a
Jordan homomorphism. Of course, ® = WW. O

The crucial examples of zero product determined Banach algebras are the group
algebras L'(G) for each locally compact group G and C*-algebras [24, Theorems 5.19 and
5.21]. Furthermore, these Banach algebras are also weakly amenable and have bounded
approximate identities. Therefore, it is legitimate to apply Theorem 6.2.5 in the case
where A is a group algebra or a C*-algebra.

Corollary 6.2.6. Let G be a locally compact group, let B be a Banach algebra having a
bounded approzimate identity, and let ®: L*(G) — B be a surjective continuous linear map
which preserves two-sided zero products. Then ® is a weighted Jordan homomorphism.

Our final corollary generalizes [14, Theorem 3.1 (i)].

Corollary 6.2.7. Let G and H be locally compact groups, and let ®: L*(G) — L'(H)
be a surjective continuous linear map which preserves two-sided zero products. Then

there erist a surjective continuous Jordan homomorphism ¥: L*(G) — L'(H) and an
invertible central measure p € M(H) such that ®(f) = u* ¥(f) for each f € L'(Q).

Proof. By Corollary 6.2.6, there exist an invertible centralizer W of L'(H) and a surjective
continuous Jordan homomorphism ¥: L'(G) — LY(H) such that ® = WW. The
centralizer W can be thought of as an element of the centre of the multiplier algebra
of L'(H) which is, by Wendel’s Theorem (see [36, Theorem 3.3.40]), isomorphic to the
measure algebra M (H). This gives a measure p € M(H) as required. O

6.3 Maps satisfying ab =ba =0 = ®(a) o &(b) =0

We will not discuss Theorem 6.2.5 in the case where A is a C*-algebra, because in this
case condition (6.1) can be weakened to condition (6.2). Showing this is the main purpose
of this section.

Lemma 6.3.1. Let A be a Banach algebra, and suppose that:
(a) A is zero product determined;

(b) A has a bounded approximate identity.
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Let B be a Banach algebra and let ®: A — B be a continuous linear map satisfying
condition (6.2). Then there exist a closed linear subspace J of B containing ®(A) and a
continuous linear map W: J — B such that

W(®(aob)) =P(a) o ®(b) Va,be A.

Moreover, if B has a bounded approrimate identity and ® is surjective, then W is a
surjective map from B onto itself.

Proof. Let (ex)xea be an approximate identity for A of bound M.
We define

J = {:z: € B: the net (®(ey) o z) is convergent}

AEA

and
W:J—= B, W(z)=Ilimi®(e\)ox Vzel
AEA

It is clear that J is a linear subspace of B and routine verifications, using that the net
(®(ex))rea is bounded, show that J is a closed linear subspace of B. It is also obvious
that TV is a continuous linear map with |[W|| < M||®]|.
Applying [24, Theorem 6.1 and Remark 6.2] to the continuous bilinear map ¢: Ax A —
B defined by
o(a,b) = ®(a) o ®(b) Va,be A

we see that there exists a continuous linear map S: A — B such that

®(a) o ®(b) = S(aob) Va,be A. (6.21)
For each a € A, we thus have

P(ey) o P(a) = S(exoca) VAeA.
Using limyeca €y 0 a = 2a and the continuity of S, we see by taking limit that

}\ienzl\ ®(ey) o ®(a) =25(a).

This shows that ®(a) € J and that W(®(a)) = S(a). On the other hand, using (6.21),
we see that
W(®(aob)) =S(aob) =P(a) o ®(b) Va,be A. (6.22)

Of course, if ® is surjective, then J = B. Now suppose that, in addition, B has a
bounded approximate identity. Then, on account of (6.22), Lemma 6.2.4 shows that W
is surjective. O

Lemma 6.3.2. Let A and B be a Banach algebras, let ®: A — B be a continuous linear
map, and let w € B. Suppose that:

(a) A is the closed linear span of its idempotents.
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(b) ®(a?)ow = 2®(a)? for each a € A.
Then w?®(a) = ®(a)w? for each a € A.
Proof. Let e € A be an idempotent. From (b) we see that
wd(e) + B(e)w = B(e) ow = B(e?) ow = 2B(e). (6.23)

By multiplying (6.23) by ®(e) on the left we obtain

D(e)wd(e) + ®(e)’w = 2d(e)? (6.24)
and multiplying by ®(e) on the right we get

wd(e)? + d(e)wd(e) = 20(e). (6.25)

From (6.24) and (6.25) we arrive at w®(e)? = ®(e)?w, which, on account of (6.23), yields

Since A is the closed linear span of its idempotents, it follows that
W2®(a) = ®(a)w? Va e A. O

In the proof of the next results we will use the first Arens product on the second dual
A** of a Banach algebra A. We will denote this product by juxtaposition. Furthermore,
we will use the following basic facts about the weak™ continuity of the first Arens product
which the reader can find in [36].

(A1) For each a € A, the map £ — a from A** to itself is weak* continuous.
(A2) For each £ € A** the map ¢ — (£ from A** to itself is weak* continuous.
(A3) If Ais a C*-algebra, then the product in A** is separately weak* continuous.

Theorem 6.3.3. Let A be a C*-algebra, let B be a Banach algebra having a bounded
approzimate identity, and let ®: A — B be a surjective continuous linear map such that
for all a,b € A,

ab=ba=0 = ®(a) o ®(b) =0.

Then ® is a weighted Jordan homomorphism.

Proof. By Lemma 6.3.1 there exists a surjective continuous linear map W: B — B such
that
W(®(aob)) =P(a) o ®(b) Va,be A (6.26)

We write ®**: A** — B** and W**: B** — B** for the second duals of the continuous
linear maps ®: A — B and W: B — B, respectively. We claim that

W (@™ (zoy)) = & (x) o ™ (y) Vax,y € A™. (6.27)
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Set z,y € A**, and take nets (a;);cr and (b;)jes in A such that

(a’i)iEI — T,
(bj)jes =y in (A", 0(A™, AY)).

On account of (6.26), we have
W(@(aibj + bjai)) = @(ai)q)(bj) + <I>(bj)<I>(al-) Viel, VjeJ, (6.28)

and the task is now to take the iterated limit lim;¢ s lim;c; on both sides of the above
equation. Throughout the proof, the limits lim;c; and lim;c; are taken with respect
to the weak™ topology. From (A3) and the weak® continuity of both ®** and W** we
deduce that
lim lim W** (®** (a;b; + bja;)) = 11151 W (®**(xb; + bjz))
j€

= W* (@™ (zy + yz)).

From (A1)-(A2) (applied to the Arens product of B**) and the weak* continuity of ®**
we deduce that
lim lim ®(b;)®(a;) = lAimJ O(bj) 2™ (x)
jE

= O™ (y) 2™ (x).

The remaining iterated limits

lim lim ®(a;)®(b;

jEJ i€l (a:)@(b;)
must be treated with much more care than the previous ones. We regard A as a C*-
algebra acting on the Hilbert space of its universal representation, and we regard the
continuous bilinear map

AxA— B, (a,b)— ®(a)®(d)

as a continuous bilinear map with values in the Banach space B** which is separately
ultraweak-weak* continuous. By applying [55, Theorem 2.3], we obtain that the bilinear
map above extends uniquely, without change of norm, to a continuous bilinear map
¢ A¥ x A*™ — B** which is separately weak™® continuous. From this, and using (A1)-(A2)
and the weak* continuity of ®**, we obtain
lim lim ®(a;)®(b;) = lim lim ¢(a;, b;
jeJ icl (a:) @ (b;) jeJieI¢( b))
= ¢(z,y)
= lim li iy b
el jer #(as, b;)
= lim lim ®(a;)®(b;
lim lim, &(a;) (b;)
= lim ®(a;)®**
i @ (a;)2™ (1)

= O™ (2)®™ (y)-

(6.31)



138 Chapter 6. Maps preserving two-sided zero products on Banach algebras

From (6.28), (6.29), (6.30), and (6.31), it may be concluded that

W* (™ (2 0 y)) = lim lim W (®(a; o b;))

jeJiel
= lim lim ®(a;)®(b;) + lim lim ®(b;)®(a;
Limy lim (ai)®( )+1€r921€rgl (bj)®(ai)

=0 () 0 ™ (y),

and (6.27) is proved.
Define w = ®**(1) € B**, where 1 is the unit of the von Neumann algebra A**.
Setting z = y in (6.27) we conclude that

W* (@ (2%)) = ®**(x)? Vo € A™, (6.32)
and setting y = 1 in (6.27) we see that
QW (0™ () = wdP™ (2) + @™ (2)w Vo € A™. (6.33)
From (6.32) and (6.33) we deduce that
O™ (2%) ow = 20**(2)? Vo € A™.

Since A** is a von Neumann algebra, it is the closed linear span of its projections and we
are in a position to apply Lemma 6.3.2, which gives

WO (z)) = &**(2)w? Yz € A*.

In particular,
Ww2®(a) = ®(a)w? Va € A.
Since @ is surjective, it may be concluded that
wiu = uw? Yue€ B.

From (6.33) we see that, for each a € A,

W (2(a) =w} (0 2(a) + B(a)e)
(w*®(a) + w®(a)w)
5(®(a Yw? + w®(a)w)
; (®(a)w + wP(a))w
=W(®(a))w

_1
—2
1

Since both ® and W are surjective, it may be concluded that
wu=uw Yu € B. (6.34)
From (6.33) we now deduce that

W (®(a)) = 3 (w®(a) + P(a)w) = wP(a) Va € A,
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and hence that
W(u) =wu VYu e B.

Furthermore, for all a,b € B, using (6.34) we obtain
W (ab) = wab = W(a)b,

W(ab) = (wa)b = (aw)b = aW (b),

whence W is a centralizer on B. In order to prove that W is an invertible centralizer, it
remains to show that W is injective. If a € ker W, then

aB =aW(B) = W(a)B = {0}

and therefore a = 0.
Since W is an invertible centralizer on B, (6.26) shows that W~'® is a Jordan
homomorphism, and hence ® is a weighted Jordan homomorphism. O

Our final concern will be the algebra A(X) of approximable operators on a Banach
space X. It is shown in [2] that A(X) has the so-called property B for each Banach space
X (see also [24, Example 5.15]). Further, it is known that A(X) has a bounded left
approximate identity if and only if the Banach space X has the bounded approximation
property (see [36, Theorem 2.9.37]). In this case, A(X) is actually a zero product
determined Banach algebra (see [2, Lemma 2.3] or, alternatively, [24, Proposition 5.5]).
Another remarkable feature of A(X) is that it has a bounded approximate identity if
and only if X* has the bounded approximation property (see [36, Theorem 2.9.37]).

Theorem 6.3.4. Let X be a Banach space such that X* has the bounded approximation
property, let B be a Banach algebra having a bounded approximate identity, and let
¢: A(X) — B be a surjective continuous linear map such that for all S,T € A(X),

ST=TS=0 = ®(S)o®(T)=0.
Then ® is a weighted Jordan homomorphism.

Proof. We begin by applying Lemma 6.3.1 to obtain a surjective continuous linear map
W: B — B such that

W(®(S 0 T)) = ®(S) 0 ®(T) ¥S,T € AX). (6.35)

Let (E))xea be a bounded approximate identity for A(X). Then we regard
(®(EN)) xea s a bounded net in the second dual B** of B. It follows from the Banach-
Alaoglu theorem that this net has a o(B**, B*)-convergent subnet. Hence, by passing
to a subnet, we may suppose that (E))aeca is a bounded approximate identity for A(X)
such that

}\ien/l\ ®(E)\) =w in (B*™,0(B*,B"Y))

for some w € B**.
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Set T' € A(X). Writting E for S in (6.35), we obtain
W(Q(E\T + TE))) = ®(EN)P(T) + &(T)P(E)) VA€ A, (6.36)
and our next goal is to take limits on both sides of (6.36). Since
(BT + TE) = 2T in (A(X), |- )
the continuity of W® gives

lim W(R(EAT + TEy)) = 2W ((T)) in (B, |- ). (6.37)

On the other hand, since

lim ®(E)\) =w in (B**,0(B**, B*))
AEA

and ®(T') € B, we can appeal to (A1)-(A2) to deduce that

lim ®(E,)8(T) = w(T),

6.38
}\in{i O(T)P(E)) = ®(T)w in (B*™,0(B*,B")). (6.38)
€
Hence, taking limits in (6.36) and using (6.37) and (6.38), we obtain
oMW (B(T)) = wd(T) + B(T)w. (6.39)

Having (6.35) and (6.39) and using that A(X) is the closed linear span of its idempo-
tents, we can now apply Lemma 6.3.2 to obtain

WrO(T) = ®(T)w? VT € A(X).
From the surjectivity of ® we deduce that
w?a = aw? Va € B.

By using the same method as in the proof of Theorem 6.3.3 we verify that wa = aw for
each a € B, that W (a) = wa for each a € A, and that W is an invertible centralizer on
B such that W~1® is a Jordan homomorphism. O



Bibliography

[1]

M. Akkar and M. Laayouni. “Théorémes de factorisation dans les algebres complétes
de Jordan”. Collect. Math. 46.3 (1995), 239-254.
http://eudml.org/doc/40062.

J. Alaminos, M. Bresar, J. Extremera, and A. R. Villena. “Maps preserving zero
products”. Studia Math. 193.2 (2009), 131-159.
https://doi.org/10.4064/sm193-2-3.

J. Alaminos, M. Bresar, J. Extremera, and A. R. Villena. “Characterizing Jordan
maps on C*-algebras through zero products”. Proc. Edinb. Math. Soc. (2) 53.3
(2010), 543-555.

https://doi.org/10.1017/S0013091509000534.

J. Alaminos, M. Bresar, J. Extremera, and A. R. Villena. “Zero Lie product
determined Banach algebras”. Studia Math. 239.2 (2017), 189-199.
https://doi.org/10.4064/sm8734-4-2017.

J. Alaminos, M. Bresar, J. Extremera, and A. R. Villena. “Zero Lie product
determined Banach algebras, II”. J. Math. Anal. Appl. 474.2 (2019), 1498-1511.
https://doi.org/10.1016/j.jmaa.2019.02.034.

J. Alaminos, M. Bresar, J. Extremera, and A. R. Villena. “Zero Jordan product
determined Banach algebras”. J. Aust. Math. Soc. 111.2 (2021), 145-158.
https://doi.org/10.1017/51446788719000478.

J. Alaminos, M. Bresar, S. Spenko, and A. R. Villena. “Orthogonally Additive
Polynomials and Orthosymmetric Maps in Banach Algebras with Properties A and
B”. Proc. Edinb. Math. Soc. 59.3 (2016), 559-568.
https://doi.org/10.1017/50013091515000383.

J. Alaminos, J. Extremera, M. L. C. Godoy, and A. R. Villena. “Orthogonally
additive polynomials on convolution algebras associated with a compact group”. J.

Math. Anal. Appl. 472.1 (2019), 285-302.
https://doi.org/10.1016/j.jmaa.2018.11.024.

J. Alaminos, J. Extremera, M. L. C. Godoy, and A. R. Villena. “Hyperreflexivity
of the space of module homomorphisms between non-commutative LP-spaces”. J.
Math. Anal. Appl. 498.2 (2021), 124964.
https://doi.org/10.1016/j.jmaa.2021.124964.

141



142 Bibliography

[10] J. Alaminos, J. Extremera, M. L. C. Godoy, and A. R. Villena. “Strongly zero
product determined Banach algebras”. Linear Algebra Appl. 630 (2021), 326-354.
https://doi.org/10.1016/j.1laa.2021.09.002.

[11] J. Alaminos, J. Extremera, and A. R. Villena. “Approximately zero-product-
preserving maps”. Isr. J. Math. 178.1 (2010), 1-28.
https://doi.org/10.1007/s11856-010-0055-4.

[12] J. Alaminos, J. Extremera, and A. R. Villena. “Hyperreflexivity of the derivation
space of some group algebras”. Math. Z. 266.3 (2010), 571-582.
https://doi.org/10.1007/s00209-009-0586-8.

[13] J. Alaminos, J. Extremera, and A. R. Villena. “Hyperreflexivity of the derivation
space of some group algebras, II”. Bull. London Math. Soc. 44.2 (2012), 323-335.
https://doi.org/10.1112/b1lms/bdr096.

[14] J. Alaminos, J. Extremera, and A. R. Villena. “Orthogonality preserving linear
maps on group algebras”. Math. Proc. Cambridge Philos. Soc. 158.3 (2015), 493—
504.
https://doi.org/10.1017/50305004115000110.

[15] J. Alaminos, J. Extremera, and A. R. Villena. “Orthogonally additive polynomials
on Fourier algebras”. J. Math. Anal. Appl. 422.1 (2015), 72-83.
https://doi.org/10.1016/5.jmaa.2014.08.035.

[16] J. Alaminos, M. L. C. Godoy, and A. R. Villena. “Orthogonally additive polynomials
on the algebras of approximable operators”. Linear Multilinear Algebra 67.9 (2019),
1922-1936.
https://doi.org/10.1080/03081087.2018. 1476445,

[17] J. Alaminos, M. L. C. Godoy, and A. R. Villena. “Orthogonally additive polynomials
on non-commutative LP-spaces”. Rev. Mat. Complut. 33.3 (2020), 835-858.
https://doi.org/10.1007/s13163-019-00330-1.

[18] G. R. Allan and T. J. Ransford. “Power-dominated elements in a Banach algebra”.
Studia Math. 94.1 (1989), 63-79.
https://doi.org/10.4064/sm-94-1-63-79.

[19] W. Arveson. “Interpolation problems in nest algebras”. J. Funct. Anal. 20.3 (1975),
208-233.
https://doi.org/10.1016/0022-1236(75)90041-5.

[20] W. Arveson. Ten lectures on operator algebras. Vol. 55. CBMS Regional Conference
Series in Mathematics. American Mathematical Society, Providence, RI, 1984.
https://doi.org/10.1090/cbms/055.

[21] Y. Benyamini, S. Lassalle, and J. G. Llavona. “Homogeneous orthogonally additive

polynomials on Banach lattices”. Bull. London Math. Soc. 38.3 (2006), 459-469.
https://doi.org/10.1112/50024609306018364.



Bibliography 143

22]

[23]

[24]

[26]

[27]

32]

[33]

B. Blackadar. Operator algebras. Vol. 122. Encyclopaedia of Mathematical Sciences.
Theory of C*-algebras and von Neumann algebras, Operator Algebras and Non-
commutative Geometry, III. Springer-Verlag, Berlin, 2006.
https://doi.org/10.1007/3-540-28517-2.

M. Bresar. Introduction to noncommutative algebra. Universitext. Springer, Cham,
2014.
https://doi.org/10.1007/978-3-319-08693-4.

M. Bresar. Zero product determined algebras. Frontiers in Mathematics. Birkhauser
Springer, Cham, 2021.
https://doi.org/10.1007/978-3-030-80242-4.

M. Bresar. “Automorphisms and derivations of finite-dimensional algebras”. J.
Algebra 599 (2022), 104-121.
https://doi.org/10.1016/j.jalgebra.2022.02.010.

M. Bresar, M. A. Chebotar, and W. S. Martindale III. Functional identities.
Frontiers in Mathematics. Birkh&user Verlag, Basel, 2007.
https://doi.org/10.1007/978-3-7643-7796-0.

M. Bresar and M. L. C. Godoy. “Weighted Jordan homomorphisms”. Linear
Multilinear Algebra (2022). In press.
https://doi.org/10.1080/03081087.2022.2059434.

M. Bresar, M. L. C. Godoy, and A. R. Villena. “Maps preserving two-sided zero
products on Banach algebras”. J. Math. Anal. Appl. 515.1 (2022), 126372.
https://doi.org/10.1016/5. jmaa.2022.126372.

D. Carando, S. Lassalle, and 1. Zalduendo. “Orthogonally additive polynomials
over C'(K) are measures — a short proof”. Integr. Equ. Oper. Theory 56.4 (2006),
597-602.

https://doi.org/10.1007/s00020-006-1439-z.

L. Catalano. “On maps characterized by action on equal products”. J. Algebra 511
(2018), 148-154.
https://doi.org/10.1016/j.jalgebra.2018.06.022.

L. Catalano, S. Hsu, and R. Kapalko. “On maps preserving products of matrices”.
Linear Algebra Appl. 563 (2019), 193-206.
https://doi.org/10.1016/j.1aa.2018.10.029.

M. A. Chebotar, W.-F. Ke, P.-H. Lee, and R. Zhang. “On maps preserving zero
Jordan products”. Monatsh. Math. 149.2 (2006), 91-101.
https://doi.org/10.1007/s00605-005-0371-7.

E. Christensen. “Perturbations of operator algebras. II”. Indiana Univ. Math. J.
26.5 (1977), 891-904.
https://doi.org/10.1512/iumj.1977.26.26072.

E. Christensen. “Extension of derivations”. J. Funct. Anal. 27.2 (1978), 234-247.
https://doi.org/10.1016/0022-1236(78)90029-0.



144 Bibliography

[35] E. Christensen. “Extensions of derivations. II”. Math. Scand. 50.1 (1982), 111-122.
https://doi.org/10.7146/math.scand.a-11948.

[36] H. G. Dales. Banach algebras and automatic continuity. Vol. 24. London Mathemat-
ical Society Monographs. New Series. Oxford Science Publications. The Clarendon
Press, Oxford University Press, New York, 2000.
https://global.oup.com/academic/product/9780198500131.

[37] K. R. Davidson. C*-algebras by example. Vol. 6. Fields Institute Monographs.
American Mathematical Society, Providence, RI, 1996.
https://doi.org/10.1090/£im/006.

[38] K. R. Davidson and S. J. Szarek. “Local operator theory, random matrices and
Banach spaces”. In: Handbook of the geometry of Banach spaces, Vol. I. North-
Holland, Amsterdam, 2001, 317-366.
https://doi.org/10.1016/51874-5849(01)80010-3.

[39] S. Dineen. Complex analysis on infinite-dimensional spaces. Springer Monographs
in Mathematics. Springer-Verlag London, Ltd., London, 1999.
https://doi.org/10.1007/978-1-4471-0869-6.

[40] R. E. Edwards. Fourier series. Vol. 2. Vol. 85. Graduate Texts in Mathematics. A
modern introduction. Springer-Verlag, New York-Berlin, 1982.
https://doi.org/10.1007/978-1-4613-8156-3.

[41] J. J. Garcés. “Complete orthogonality preservers between C*-algebras”. J. Math.
Anal. Appl. 483.1 (2020), Paper No. 123596, 16.
https://doi.org/10.1016/j.jmaa.2019.123596.

[42] J.J. Garcés and A. M. Peralta. “One-parameter groups of orthogonality preservers
on C*-algebras”. Banach J. Math. Anal. 15.1 (2021), Paper No. 24, 23.
https://doi.org/10.1007/s43037-020-00100-y.

[43] J. J. Garcés, A. M. Peralta, D. Puglisi, and M. I. Ramirez. “Orthogonally additive
and orthogonality preserving holomorphic mappings between C*-algebras”. Abstr.
Appl. Anal. 2013 (2013).
https://doi.org/10.1155/2013/415354.

[44] S. Goldstein. “Stationarity of operator algebras”. J. Funct. Anal. 118.2 (1993),
275-308.
https://doi.org/10.1006/jfan.1993.1146.

[45] U. Groh. “Uniform ergodic theorems for identity preserving Schwarz maps on
W*-algebras”. J. Operator Theory 11.2 (1984), 395-404.
www.theta.ro/jot/archive/1984-011-002/1984-011-002-012.html.

[46] U. Haagerup. “LP-spaces associated with an arbitrary von Neumann algebra”. In:

Algébres d’opérateurs et leurs applications en physique mathématique (Proc. Collog.,
Marseille, 1977). Vol. 274. Colloq. Internat. CNRS. CNRS, Paris, 1979, 175-184.
https://dmitripavlov.org/scans/haagerup.pdf.



Bibliography 145

[47]

[48]

[49]

[50]

[54]

[55]

[57]

[58]

U. Haagerup. “All nuclear C*-algebras are amenable”. Invent. Math. 74.2 (1983),
305-319.
https://doi.org/10.1007/BF01394319.

U. Haagerup. “The Grothendieck inequality for bilinear forms on C*-algebras”.
Adv. Math. 56.2 (1985), 93-116.

https://doi.org/10.1016/0001-8708(85)90026-X.

S. Heinrich. “Ultraproducts in Banach space theory”. J. Reine Angew. Math. 313
(1980), 72—-104.
https://doi.org/10.1515/cr11.1980.313.72.

I. N. Herstein. “Jordan homomorphisms”. Trans. Amer. Math. Soc. 81 (1956),
331-341.
https://doi.org/10.2307/1992920.

I. N. Herstein. Topics in ring theory. University of Chicago Press, Chicago, Ill.-
London, 1969.
https://doi.org/10.1007/978-3-642-11036-8_2.

E. Hewitt and K. A. Ross. Abstract harmonic analysis. Vol. II: Structure and
analysis for compact groups. Analysis on locally compact Abelian groups. Die
Grundlehren der mathematischen Wissenschaften, Band 152. Springer-Verlag, New
York-Berlin, 1970.

https://doi.org/10.1007/978-3-642-62008-9.

A. Ibort, P. Linares, and J. G. Llavona. “A representation theorem for orthogonally
additive polynomials on Riesz spaces”. Rev. Mat. Complut. 25.1 (2012), 21-30.
https://doi.org/10.1007/s13163-010-0053-4.

N. Jacobson and C. E. Rickart. “Jordan homomorphisms of rings”. Trans. Amer.

Math. Soc. 69 (1950), 479-502.
https://doi.org/10.2307/1990495.

B. E. Johnson, R. V. Kadison, and J. R. Ringrose. “Cohomology of operator
algebras. III. Reduction to normal cohomology”. Bull. Soc. Math. France 100
(1972), 73-96.

https://doi.org/10.24033/bsmf . 1731.

M. Junge and D. Sherman. “Noncommutative LP modules”. J. Operator Theory
53.1 (2005), 3-34.
www.theta.ro/jot/archive/2005-053-001/2005-053-001-001 . html.

T. Kochanek. “Approximately order zero maps between C*-algebras”. J. Funct.
Anal. 281.2 (2021), Paper No. 109025, 49.
https://doi.org/10.1016/5.jfa.2021.109025.

J. Kraus and D. R. Larson. “Some applications of a technique for constructing
reflexive operator algebras”. J. Operator Theory 13.2 (1985), 227-236.
www.theta.ro/jot/archive/1985-013-002/1985-013-002-003.html.



146

Bibliography

[59]

[63]

[64]

[68]

[69]

J. Kraus and D. R. Larson. “Reflexivity and distance formulae”. Proc. London
Math. Soc. (3) 53.2 (1986), 340-356.
https://doi.org/10.1112/plms/s3-53.2.340.

D. R. Larson. “Hyperreflexivity and a dual product construction”. Trans. Amer.
Math. Soc. 294.1 (1986), 79-88.
https://doi.org/10.2307/2000119.

D. R. Larson. “On similarity of nests in Hilbert space and in Banach spaces”.
In: Functional analysis (Austin, TX, 1986-87). Vol. 1332. Lecture Notes in Math.
Springer, Berlin, 1988, 179-194.

https://doi.org/10.1007/BFb0081620.

A. N. Loginov and V. S. Sul’'man. “Hereditary and intermediate reflexivity of
W+*-algebras”. Math. USSR Izv. 9.6 (1975), 1189-1201.
https://doi.org/10.1070/im1975v009n06abeh001517.

S. M. Manjegani and J. Soltani Farsani. “On the Fourier algebra of certain hyper-
groups”. Quaest. Math. 43.11 (2020), 1513-1525.
https://doi.org/10.2989/16073606.2019.1636152.

J. Mujica. Complex analysis in Banach spaces. Vol. 120. North-Holland Mathematics
Studies. North-Holland Publishing Co., Amsterdam, 1986.
https://www.sciencedirect.com/science/book/9780444878861.

E. Nelson. “Notes on non-commutative integration”. J. Funct. Anal. 15.2 (1974),
103-116.
https://doi.org/https://doi.org/10.1016/0022-1236(74)90014-7.

T. Oikhberg. “On the stability of some preservers”. Linear Algebra Appl. 563 (2019),
494-526.
https://doi.org/10.1016/j.1aa.2018.11.006.

C. Palazuelos, A. M. Peralta, and I. Villanueva. “Orthogonally additive polynomials
on C*-algebras”. Q. J. Math. 59.3 (2008), 363-374.
https://doi.org/10.1093/qmath/ham042.

A. Peralta and D. Puglisi. “Orthogonally additive holomorphic functions on C*-
algebras”. Oper. Matrices 6 (Sept. 2012), 621-629.
https://doi.org/10.7153/0am-06-43.

D. Pérez-Garcia and I. Villanueva. “Orthogonally additive polynomials on spaces
of continuous functions”. J. Math. Anal. Appl. 306.1 (2005), 97-105.
https://doi.org/10.1016/5. jmaa.2004.12.036.

G. Pisier and Q. Xu. “Non-commutative LP-spaces”. In: Handbook of the geometry
of Banach spaces, Vol. 2. North-Holland, Amsterdam, 2003, 1459-1517.
https://doi.org/10.1016/S1874-5849(03)80041-4.

Y. Raynaud. “On ultrapowers of non commutative L, spaces”. J. Operator Theory
48.1 (2002), 41-68.
www.theta.ro/jot/archive/2002-048-001/2002-048-001-003.html.



Bibliography 147

[72]

73]

[74]

[75]

[82]

[83]

Y. Raynaud and Q. Xu. “On subspaces of non-commutative L,-spaces”. J. Funct.
Anal. 203.1 (2003), 149-196.
https://doi.org/10.1016/S0022-1236(03)00045-4.

V. Runde. Amenable Banach algebras. Springer Monographs in Mathematics. A
panorama. Springer-Verlag, New York, 2020.
https://doi.org/10.1007/978-1-0716-0351-2.

K.-S. Saito. “Noncommutative LP-spaces with 0 < p < 1”. Math. Proc. Cambridge
Philos. Soc. 89.3 (1981), 405-411.
https://doi.org/10.1017/S030500410005831X.

E. Samei. “Reflexivity and hyperreflexivity of bounded n-cocycles from group

algebras”. Proc. Amer. Math. Soc. 139.1 (2011), 163-176.
https://doi.org/10.1090/S0002-9939-2010-10454-9.

E. Samei and J. Soltani Farsani. “Hyperreflexivity of bounded n-cocycle spaces of

banach algebras”. Monatsh. Math. 175.3 (2014), 429-455.
https://doi.org/10.1007/s00605-014-0628-0.

E. Samei and J. Soltani Farsani. “Hyperreflexivity constants of the bounded n-
cocycle spaces of group algebras and C*-algebras”. J. Aust. Math. Soc. 109.1 (2020),
112-130.

https://doi.org/10.1017/51446788719000089.

K. Sundaresan. “Geometry of spaces of homogeneous polynomials on Banach
lattices”. In: Applied geometry and discrete mathematics. Vol. 4. DIMACS Ser.
Discrete Math. Theoret. Comput. Sci. Amer. Math. Soc., Providence, RI, 1991,
571-586.

https://doi.org/10.1090/dimacs/004/43.

M. Takesaki. Theory of operator algebras. I. Springer-Verlag, New York-Heidelberg,
1979.
https://doi.org/10.1007/978-1-4612-6188-9.

M. Terp. “LP spaces associated with von Neumann algebras”. Notes. Copenhagen
University, 1981.
https://www.fuw.edu.pl/~kostecki/scans/terp1981.pdf.

A. R. Villena. “Orthogonally additive polynomials on Banach function algebras”.
J. Math. Anal. Appl. 448.1 (2017), 447-472.
https://doi.org/10.1016/j.jmaa.2016.11.010.

Y. S. Wang. “Orthogonally additive and multiplicative maps between Figa-
Talamanca-Herz algebras”. J. Math. Anal. Appl. 459.2 (2018), 1222-1232.
https://doi.org/10.1016/j.jmaa.2017.11.040.

Y. S. Wang and N. C. Wong. “Orthogonally additive and multiplicative polynomials
and holomorphic maps between Fourier algebras”. Q. J. Math. 67.1 (2016), 125-136.
https://doi.org/10.1093/gmath/hav036.



