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Resumen

En 1982, Pierre Pansu terminé su tesis doctoral [136], centrada en la ge-
ometria de los grupos de Heisenberg. Estos grupos, denotados por H", se
pueden ver como C™ X R junto con el producto de grupo dado por

(z,t) * (w,s) = (z +w,t+ s+ Zn: Im(ziw,-)),
=1

y una base global de campos vectoriales invariantes a izquierdas dados por

0 0 0 0 0
Xi:aixi-i-yia, Y;:aiyi—xia, T:a.
El grupo de Heisenberg riemanniano se obtiene al considerar una métrica
riemanniana invariante a izquierda haciendo Xi,Y1,...,X,,Y,,T ortonor-
males. Remarcamos que X1, Y1, ..., X,, Y, satisfacen la llamada condicién
de Hormander. En su trabajo, Pansu probé que la dimensién de Hausdorff
de H' con la métrica de Carnot-Carathéodory es 4, y obtuvo la desigualdad
isoperimétrica para conjuntos abiertos con frontera C' dada por

HY(D) < (f)l/BHS(D)SM’
donde H? es la medida de Hausdorff s-dimensional con respecto a la distancia
de Carnot-Carathéodory. Ademas, Pansu prob6 que el exponente 3/4 es
Optimo mientras que la constante 12/7 no lo es. Observo que, tomando una
geodésica conectando el origen con un punto (0,0, p), todas las rotaciones de
v sobre el eje vertical son también geodésicas conectando el origen y (0,0, p)
y la unién de 7 y todas sus rotaciones forman una esfera con curvatura media
constante. Pansu conjeturé que dichas esferas, posteriormente denominadas
esferas de Pansu, son las tnicas regiones isoperimétricas en H', conjetura
que sigue abierta en este momento.

El objetivo de esta tesis es el estudio de problemas variacionales ge-
ométricos en grupos de Lie nilpotentes con una estructura sub-finsleriana.
Este ambiente extiende la geometria de finsleriana al &mbito de la geometria
sub-riemanniana de los grupos de nilpotentes considerando una norma in-
variante a izquierda en la distribucién horizontal del grupo.
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RESUMEN

En el capitulo 2 expondremos las principales caracteristicas de los espa-
cios de Carnot-Carathéodory y de los grupos de Lie nilpotentes. Diremos
que una distribucién H en un grupo de Lie nilpotente G es horizontal si al
tomar sucesivos corchetes de Lie de campos en H se obtiene el algebra de Lie
g de G. Fijada una distribucién horizontal invariante a izquierda H, dotare-
mos a GG de estructura sub-finsleriana tomando una norma en Hg. En el caso
de tomar una norma euclidea se obtiene un a estructura sub-riemanniana.
Estructuras sub-finslerianas simétricas han sido estudiadas recientemente,
especialmente relacionadas con el estudio de las geodésicas, en los trabajos
de Ardentov, Le Donne y Sachkov [8], y por Barilari, Boscain, Le Donne
y Sigalotti [12]. Pueden verse algunas propiedades de las distancias asoci-
adas a estructuras sub-finslerianas asimétricas en [119; 120] y [40]. Tomando
una base X de H formada por campos invariantes a izquierda, daremos una
nocion de (X, K)-perimetro relacionado con la estructura sub-finsleriana me-
diante la variacion de su funcién caracteristica, siguiendo el procedimiento
establecido con Ritoré en [142| (véase también [69]). La nocién de contenido
de Minkowski asociado a una estructura sub-finsleriana fue introducida por
Sanchez [154]. Obtendremos una relaciéon entre el (X, K)-perimetro con el
perimetro sub-riemanniano en el teorema 2.3.3.

En el capitulo 3 consideraremos un grupo de Lie nilpotente G' con una
familia de campos vectoriales invariantes a izquierda X generando una dis-
tribucion horizontal, y una norma | - | invariante a izquierda asociada a un
cuerpo convexo K. Como parte de un trabajo en desarrollo, estudiaremos la
existencia de regiones isoperimeétricas para cualquier volumen siguiendo los
argumentos de Galli y Ritoré en [77]. Ademaés, se obtendran propiedades ge-
ométricas de dichas regiones como su acotacién o que su frontera topolédgica
y esencial coinciden.

Algunos resultados en geometria sub-riemanniana sobre la existencia de
dichas regiones isoperimétricas son los obtenidos por Galli y Ritoré en var-
iedades de contacto sub-riemannianas [77] y el resultado de Rigot y Leonardi
en grupos de Carnot [109]. De especial importancia es el lema de deforma-
cion, el cual aparece en una gran variedad de referencias en la literatura,
algunas de ellas en [6; 7; 77; 114; 122; 131; 134].

En el capitulo 4 expondremos los resultados obtenidos en [141]. Gener-
alizaremos la desigualdad de Brunn-Minkowski clasica sustituyendo la suma
de Minkowski de conjuntos por un producto * : R¢ x R4 — R¢ de la forma

zxw=z+w+ (F1, Fa(z,w),..., Fg(z,w)) = z4+w+ F(z,w), (*)

donde F} es una constante y F; son funciones continuas que dependen solo de
Z1yeeny Zim1, W1, -, wi—1 Vi = 2,...,d. Aqui entendemos por un producto
cualquier operacién binaria sin asumir més propiedades como la asociativi-
dad. Probaremos que para cada A4, B C R? conjuntos medibles tales que
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RESUMEN

A x B es medible, se tiene que
|Ax B[V > | A+ | BV,

El producto de cualquier grupo de Lie nilpotente es de la forma (*) debido a
la expresion del producto del grupo en coordenadas exponenciales de primer
tipo. Este resultado generaliza al obtenido por Leonardi y Masnou [108] en
grupos de Heisenberg.

La desigualdad de Brunn-Minkowski tiene especial relevancia en la ge-
ometria convexa [156; 81]. Algunas de sus consecuencias mas relevantes
estan ligadas a las propiedades de las medidas de tipo gaussianas [21; 17],
asi como en la teoria de transporte 6ptimo [102; 9; 13; 121]. Algunas pruebas
conocidas pueden verse en [81; 94; 104].

En geometria sub-riemanniana, Monti [124] prob6 que la generalizacion
de la desigualdad de Brunn-Minkowski multiplicativa en H"” no puede tener
exponente (2n + 2)~!, hecho que fue mejorado posteriormente por Juillet
[102], quien prob6 que no puede darse la desigualdad usando exponente
menor que (2n+1)"!. Leonardi y Masnou [108] probaron que la desigualdad
se da con exponente (2n + 1)~!, correspondiente a la dimensién topolégica
de H", y finalmente Tao [160; 161] explicé en una entrada en su blog como
producir una desigualdad de Prékopa-Leindler en cualquier grupo nilpotente,
desigualdad equivalente a la de Brunn-Minkowski. Posteriormente a la escrit-
ura del articulo [141], el autor fue informado de que Bobkov probé idéntico
resultado en [16].

En el capitulo 5 incluiremos los resultados obtenidos con Ritoré en [142].
Consideraremos puntos criticos del perimetro asociado a una estructura sub-
finsleriana en el primer grupo de Heisenberg H'. En el caso de que la frontera
S de E sea una superficie C! o lipschitziana, el perimetro de E viene dado
por el funcional de area sub-finsleriana

Ak (S) :/ Nl dS.
S

donde | - [, esla norma dual de | - |, N}, es la proyeccion ortogonal sobre la
distribucion horizontal del vector unitario riemanniano N, y dS es la medida
riemanniana de S.

Si consideramos un cuerpo convexo K con frontera de clase C? con cur-
vatura geodésica positiva, podemos calcular la primera variacién del fun-
cional de area asociado a un campo vectorial U con soporte compacto en la
parte regular de S como

Al (0) = /Su (divs nk) dS.

La funcion Hg = divg nx se denomina la curvatura media de S. Compro-
baremos que la curvatura media estd localizada en las curvas horizontales de

xiii



RESUMEN

S. Probaremos que dichas curvas satisfacen una ecuacién diferencial, por lo
que podremos clasificar superficies de curvatura media prescrita clasificando
soluciones de una ecuaciéon diferencial ordinaria y mirando la interaccion de
dichas curvas con el conjunto singular Sy de S, compuesto por aquellos pun-
tos donde el plano tangente es horizontal, como se hizo en [151] en el caso
del perimetro sub-riemanniano.

Un observaciéon clave es que las rectas horizontales son soluciones de
Hy = 0 mientras que los levantamientos horizontales de K son soluciones
de Hg = 1. La convexidad estricta de K junto a la invarianza de la ecuacién
por traslaciones a izquierda y dilataciones implica que todas las soluciones
son de dicho tipo.

De ésta manera, construiremos el conjunto By obtenido como el conjunto
encerrado por los levantamientos horizontales de todas las traslaciones de la
curva OK que contienen a 0. Comprobaremos que de esta manera se obtiene
una esfera topolégica Sk con dos polos sobre la misma recta vertical, que
es la unién de dos grafos. Ademés, la frontera de By es C? fuera de los
polos, mientras que tiene regularidad C? sobre los polos. Cuando K = D
es el disco unidad, estos conjuntos fueron construidos por P. Pansu [137]
y son cominmente denominadas esferas de Pansu. Dichas esferas son de
clase C? pero no C? cerca de los puntos singulares, como se puede ver en la
proposicion 3.15 en [46].

Figure 1: El conjunto Byx cuando K es la bola unidad de la r-norma
1
@l = (2l + lyI") ", r = 1.5

Observamos que estas esferas tienen curvatura media constante. Por
tanto, son puntos criticos del funcional de area sub-finsleriano bajo una re-
stricciéon de volumen. En la seccién 5.5 probaremos que, bajo una condicion
geométrica, todo conjunto de perimetro finito con el mismo volumen que B g
tiene mayor perimetro o igual que dicho conjunto By.
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RESUMEN

Figure 2: El conjunto Bx cuando K es una aproximacion regular de la norma
triangular

Algunos resultados parciales sobre la conjetura de Pansu pueden verse en
[125; 126; 124; 151; 34; 147; 31; 33; 68; 108], asumiendo que los candidatos
pertenecen a una cierta familia de conjuntos. La monografia [27] proporciona
un estudio bastante completo de los resultados conocidos.

El capitulo 6 esta dedicado a los resultados obtenidos con Giovannardi y
Ritoré en [87]. En dicho capitulo, estudiaremos grafos horizontales enteros
que sean area-minimizantes en H' con una estructura sub-finsleriana invari-
ante a izquierda. Dichos ejemplos estdn basados en los correspondientes
en el caso sub-riemanniano obtenidos en [146|, y la mayoria de ellos tienen
una regularidad tnicamente lipschitziana. Ademés se expondran ejemplos
de conos area-minimizantes, en el espiritu de [91].

El capitulo 7 estd dedicado a algunos de los resultados obtenidos du-
rante la estancia en la Universitd di Trento en colaboracién con Giovan-
nardi, Pinamonti y Verzellesi. Estudiaremos la ecuacién de curvatura media
prescrita para t-grafos en un grupo de Heisenberg H" con una estructura
sub-finsleriana invariante a izquierda. Consideraremos el funcional

I(u):/ |Vu+FKO7*dxdy+/Hudxdy, (i)
Q Q

donde | - [, , denotalanorma dualde | - |, . En particular, cuando F(z,y) =
(—y, x) el primer término de (i) coincide con el 4rea sub-finsleriana del ¢-grafo
de u. Ademas, si Ky es la bola euclidea centrada en el origen y H = 0 en-
tonces (i) expresa el funcional de 4rea sub-riemanniano para t-grafos en el
grupo de Heisenberg, como se puede ver en [33; 99| y las referencias con-
tenidas. Decimos que el grafo de u tiene Ky-curvatura media prescrita H en
) si u es un minimizante de Z. La ecuacién de Euler-Lagrange asociada a
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fuera del conjunto singular, ésto es, los puntos donde Vu + F' se anula, viene
dada por
div(ng,(Vu+ F)) = H, (ii)

donde 7, es una cierta funcion 0-homogénea definida en (2.1.5). Nuestro
resultado mas importante es el teorema 7.4.1, donde probamos que, bajo
ciertas condiciones de regularidad en el dato al borde, existe una solucion
lipschitziana al problema de Dirichlet para la ecuacién de curvatura media
prescrita siempre que H sea constante y verifique que

|H| < Hg,y,00(%0) (iii)

para cada zg en 02, donde Hg, spn denota la curvatura media finsleriana
a la frontera 092 C R™ x R™. La acotacion (iii) de H en términos de la
curvatura media finsleriana del borde del dominio es la condicién analoga a
la condicién clasica de solucién del problema de Dirichlet para la ecuacién de
curvatura media en el espacio euclideo, como puede verse en [158], [84] o [83]
(véase también [85, Theorem 16.11]). Este problema ha sido estudiado en el
primer grupo de Heisenberg riemanniano en [2] bajo la misma condiciéon de
H. En el caso sub-riemanniano, dicho problema de Dirichlet con H = 0 ha
sido estudiado en [138; 35; 33; 32; 58; 139].

La demostracion del teorema 7.4.1 sigue el esquema desarrollado en [2].
Estudiaremos la familia de ecuaciones elipticas

div <7rKo(vu + ) [VurFlE ) = H, (iv)
(E3+VutF[3)3

donde 0 < € < 1. Dicha familia de ecuaciones se obtienen considerando

una sucesién de cuerpos convexos K. en R?"*! conteniendo el origen y con-

vergiendo a Ky con la distancia de Hausdorff. La eleccién de K. no es arbi-

traria. Consideramos para cada 0 < ¢ < 1 la norma invariante a izquierda

en TH" asociada a K., cuyo funcional del area finsleriana viene dado por

1
Ig(u):/ﬂ(eg-i-\Vu—l-Fﬁ(O,*)s dwdy—i—/ﬂHuda;dy.

Dado un dato al borde ¢ € C%%(€), la resoluciéon del problema de Dirichlet
asociado a la ecuaciéon res:I se reduce a probar estimaciones C*(Q) a pri-
ori. Dichas estimaciones se reducen de forma habitual a probar tres pasos:
estimar el supremo de |u|, estimar el gradiente de u la frontera y estimar
el gradiente de u en el interior. Las dos primeras estimaciones se siguen
usando un argumento de barreras, las cuales dependen de la distancia finsle-
riana desde la frontera 0f). Remarcamos que dichas estimaciones se siguen en
el caso de considerar la curvatura H no constante y lipschitziana. En el caso
de que H no sea constante, para obtener la estimacion de |u| asumiremos
que existe § € (0, 1] tal que

/Hvdwdy‘ < (1 —5)/ |V i, « dzdy (v)
Q Q
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para cada v € C°(f). La condicién (v) con 6 = 0 puede verse que es
necesaria al integrar por partes la ecuacion (iv). Ademés, en el espacio
euclideo, Giusti [90] prob6 que es también suficiente para la existencia de
soluciones para la ecuaciéon de curvatura media prescrita. Ademas, probamos
que para el caso 0 > 0, la condicién (v) es redundante cuando H = 0
es constante. El tinico paso en el que usaremos de manera crucial que H
es constante es al usar un principio del maximo para el gradiente de una
solucion que permite reducir la estimacién del gradiente en el interior a su
estimacion en la frontera. Una observacion clave es que las estimaciones C!
obtenidas son independientes de &, por lo que podremos usar el teorema de
Arzela-Ascoli para obtener la existencia de un minimizante lipschitziano del
problema de Dirichlet para la curvatura media.
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Chapter 1

Introduction

1.1 State of the art

The decade of 50 saw the dawn of the branch in mathematics known nowa-
days as Geometric Measure Theory. In 1952, Renato Caccioppoli published
his work Misura e integrazione sugli insiemi dimensionalmente orientati [23],
where among other results, he studied the family of sets approximable by
polyhedral domains of finite perimeter and called a set F' of finite perimeter
whenever the minimum limit of the perimeters of the polyhedra approxi-
mating F' in media is finite. Caccioppoli also defined the perimeter using
the notion of function of bounded variation on several variables developed
by Lamberto Cesari [29] in 1936. Thus a set F' has finite perimeter if, and
only if, its characteristic function has bounded variation. In 1954 Ennio de
Giorgi published Su una teoria generale della misura (r-1)-dimensionale in
uno spazio ad r dimensioni [50], where he proved that smoothing the charac-
teristic function of a set F, the limit of the variation of the approximations
is precisely the perimeter of F'. Moreover, he established a divergence the-
orem for F' as a limit in the divergence formula of the approximations. In
the following years, De Giorgi developed the theory of finite perimeter sets
in [51; 52|, proving that the perimeter is supported in the so called reduced
boundary. In 1958, after the death of Caccioppoli, he started to use the
name Caccioppoli sets for finite perimeter sets.

Later on in the 60s, another keystone on Geometric Measure Theory was
developed, the introduction of rectifiable and integral currents. In the paper
Normal and Integral Currents [63], Federer and Fleming used the definition
of currents given by Rham in 1955, to show that Plateau’s problem has solu-
tion in the class of integral currents. The name Geometric Measure Theory
was probably first used by Federer, and in 1969, he published his famous
book Geometric Measure Theory [61], one of the most cited text books in
mathematics, devoted to rectifiability and integral currents. Federer showed
that Caccioppoli sets are normal currents of dimension n in n-dimensional



2 Introduction

space. It is worth mentioning that, although the theory of Caccioppoli sets
can be studied as part of the theory of currents, it is usual to use the approach
of functions of bounded variation.

Soon after these results, contemporary authors encountered the difficult
problem of regularity. This problem consists in proving that Caccioppoli sets
or k-dimensional currents satisfying an area minimizing condition are neces-
sarily locally smooth manifolds of dimension k, except for a set of singular
points with small Hausdorff dimension. The first important results on this
problem are due to Reifenberg [144] and De Giorgi [53], who proved that
the singular set of a locally area minimizing set has k-dimensional Hausdorff
measure 0. Almgren proved [3] in the decade of the 60s almost everywhere
regularity for Plateau’s problem and a broader class of geometric variational
problems. In the particular case of K = n — 1, the existence of singular
points is closely related to the question of whether hyperplanes are the only
n — 1-dimensional cones in R™ which are locally minimal. It is natural to
think that the answer is positive, and Fleming proved in [65] that it is true
in dimension n = 3, a result later generalized by De Giorgi, Almgren and
Simons to dimension n < 7, so that area minimizer Caccioppoli sets have
no singular points in dimension n < 7. However, in dimension 8 Bombieri,
De Giorgi and Giusti provided a counterexample in [18], the Simons’ cone.
This cone is given in R® = R* x R* by |z| = |y|, where = and y are in R%.
As it was showed in [18], Simons’ cone is locally area minimizing with a sin-
gular point at its vertex 0. This result also implies a negative answer for the
Bernstein problem in dimension 8. By these contributions to the Bernstein
problem, and contributions on number theory, Enrico Bombieri was awarded
the Fields medal in 1974. Federer generalized this result to dimension > 8
in [62], proving that the singular set has Hausdorff dimension at most n — 8.

At the same time of the advances in the problem of regularity, Lars
Hormander started his study on hypoelliptic operators. In 1967, he published
Hypoelliptic second order differential equations |98], where he proved that,
given a family of vector fields X, ..., X under the so called Hérmander’s
condition, then the following Cauchy problem has a fundamental solution

{ 9u(t,z) = F(u(t,x)), t>0,z€RY,
u(0,-) = f(-),

where F'= 135" | X2 + X and X is a vector field. The main goal of [98]
is that, even when this operator is not elliptic, there exists a fundamental
solution under the weaker Hérmander’s condition. His contributions on par-
tial differential equations and, in particular, hypoelliptic operators, led him
to win the Fields Medal in 1962. It was in the year 1985 when Hormander’s
condition regained interest due to the work of Nagel, Stein and Wainger Balls
and metrics defined by vector fields I: Basic properties [133]. In this paper,
they consider a family of vector fields X1, ..., X in R" satisfying Hérman-



State of the art 3

der’s condition. Due to the previous results of Carathéodory 28], Chow [37]
and Rashevskii [143], it is possible to connect any pair of points p and ¢ by a
curve moving in the directions of the distribution generated by Xi,..., Xj.
Thus, taking the infimum of the length of unit-speed curves joining two given
points we obtain a distance, called the Carnot-Carathéodory distance. The
relevance of this distance is exposed by the property that, for any compact
set K, there exists two constants C; > 0, Cy > 0 and m > 1 such that for
any two points p and ¢ in K, there holds

Cilg —p| < d(p,q) < Calg —p|™,

where | - | stands for the Euclidean norm. In particular, Carnot-Carathéodory
distance does not come from any Riemannian metric on R"™.

We stop the timeline to introduce some isoperimetric problems, central in
this thesis. The classical isoperimetric problem in Euclidean space consists
on proving existence and characterizing those sets E in R" such that P(E) <
P(F) for all F in R™ with finite perimeter and the same volume as E. Those
sets satisfying the previous condition are called isoperimetric regions. The
problem is harder when we choose a more general definition of perimeter.
Some of the best known proofs of the solution are the proofs of Steiner
[159] and Schwarz [157] by means of symmetrization procedures and the
direct proof based on the Brunn-Minkowski inequality with the notion of
perimeter given by the Minkowski content. Two classical proofs of the Brunn-
Minkowski inequality, are the one by Hadwiger and Ohman [94] and the one
by Knothe [104]. This inequality was used by Borell in [19] to solve this
isoperimetric problem in R™ with the Gaussian area. A function related
to isoperimetric problems in a Riemannian manifold M is the isoperimetric
profile in M, defined as the function Ips : (0, |M]) — R given by

Ing(v) =inf{P(F): F C M, |F|=v}.

A lower bound on the isoperimetric profile is called an isoperimetric inequal-
ity. Throughout analytic properties of Iy it is possible to obtain information
on isoperimetric regions, as stated by Chavel [30] and Gallot [80] (see also
[148]). We remark this relation stating a result proven by Christophe Bavard
and Pierre Pansu in 1986 [15]: in a Riemannian manifold M, of volume v
with 2 C M isoperimetric region of volume 0 < ¢ < v, then the isoperimetric
profile Ips has left and right derivatives everywhere. Moreover, if H is the
mean curvature of 92, then

I' (t) < 2H < I.(¢).
The Wulff problem constitutes another problem closely related to the

classical isoperimetric problem. Considering a norm || - || in Euclidean space
with dual norm || - ||« and a C! surface S, we consider the integral

/ IN].dS,
S
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where N is a unit normal vector to S and dS is the Riemannian area element.
This Functional represents the Gibbs free energy, which is proportional to
the area of the surface of contact and the surface tension of an anisotropic
interface separating two fluids or gases. Minimizing the free energy for a
drop of given volume it is obtained an equilibrium state. Solutions of this
problem where described by G. Wulff in 1895: they are translations and
dilations of the unit ball related to the norm || - ||, known as Wulff shapes of
the free energy. The first proof of this fact was given by Dinghas in [56] and,
later on, by Busemann [22] and Taylor [162]. More recent proofs are due to
Fonseca [66] and Fonseca and Miiller [67].

In 1982, Pansu completed his Ph.D. [136], focused on the geometry of
Heisenberg groups. These groups, denoted by H", can be seen as C" x R
together with the group product * given by

(z,t) % (w,s) = (z +w,t+ s+ Zn: Im(zm’;ﬁ),

i=1
where z = (z1,...,2,) and w = (wy,...,wy,), and a global basis of left-
invariant vector fields is given by
0 0 0 0 0
X = i Ve — — . — T=__
Tom Yo T ey Mo at’
where ¢ = 1,...,n. The Riemannian Heisenberg group is obtained by taking
a left-invariant Riemannian metric ¢ making X1, Y1,..., Xy, Yy, T orthonor-

mal. Notice that the vector fields X1,Y7,...,X,,Y, satisfy Hérmander’s
condition. On this work [136], Pansu proved that the Hausdorff dimension
of H' with the Carnot-Caratheodory metric is 4, and obtained an isoperi-
metric inequality for open sets D with C! boundary

o) < (2) o,
where H?® is the s-dimensional Hausdorff measure with respect to the Carnot
Carathéodory distance. Pansu also proved that the exponent 3/4 is optimal
but the constant (12/7)'/3 is not. He noticed that, taking a geodesic conect-
ing the origin in the first Heisenberg group with a point (0,0,p), all the
rotations of v about the vertical axis are also geodesics conecting the origin
and (0,0, p) and the union of v and all its rotations forms a ball with con-
stant mean curvature. Pansu conjetured that this balls, later called Pansu
balls, are the only isoperimetric regions in H', a conjeture that remains open
at this moment.

The decade of the 90s was marked by the blossom of Differential Geome-
try. Using their tools, new proofs of classical isoperimetric inequalities were
provided. By means of the regularity results obtained by Almgren [3], Fed-
erer [62], and Gonzalez, Massari and Tamanini [92; 117], the isoperimetric
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problem can be restricted to sets with smooth boundary up to dimension
n < 7, which makes it a problem more suited to study in Riemannian man-
ifolds. The study of the first and second variation of perimeter can be used
to characterize minima, of perimeter with smooth boundary under a volume
constraint up to second order. This pathway was first used by Do Carmo and
Barbosa [10] to solved the isoperimetric problem in Euclidean space, and in
the sphere and hyperbolic space by Barbosa, Do Carmo and Eschenburg in
[11]. Ritoré and Ros studied stable surfaces in Space forms in [149], obtain-
ing a classification of isoperimetric sets in the 3-dimensional projective space.
These advances continued in the 2000s, and among the results we remark
the characterization of isoperimetric regions on rotationally symmetric sur-
faces by Ritoré [145], existence and characterization of isoperimetric regions
in Euclidean cones by Ritoré and Rosales in [150] and the general proof by
Frank Morgan in [131] of existence of isoperimetric regions of any volume in
Riemannian manifolds which have compact quotient under the action of the
isometry group. The monograph [148] presents a quite complete collection
of different existence results.

At the same time, Bruno Franchi, Raul Serapioni and Francesco Serra
Cassano started their work on the theory of BV functions depending on
vector fields. In [70], they proposed a notion of the space BV depending
on a family of vector fields, not necessarily satisfying a ellipticity condition
as Hormander’s condition, and prove that any function in this space can
be approximated by smooth functions. In |71], they studied the Heisenberg
group with the Carnot-Carathéodory metric and the intrinsic perimeter, and
dealt with the difficult problem of rectifiability of Caccioppoli sets from an
intrinsic perspective. Later on, they continued working in Carnot groups
[72], that is, Lie groups with a family of vector fields X1, ..., X} forming a
stratification on the Lie algebra g, that is, a decomposition as a direct sum
of subspaces

g=V®...0V,.

where Vy = span{X,..., X} and V;y; = [V, V;]. Carnot groups can be
seen as R™ with a family of polynomial vector fields satisfying a Hormander
condition, those that can be equipped with a family of dilations. An isoperi-
metric inequality for BV spaces related to a family of vector fields satisfying
a Hormander condition was proven in [82] by Garofalo and Nhieu.

The Heisenberg group H' has regained relevance in the context of Rie-
mannian geometry. It is one of the model spaces of the classification up to
isometries of 3-dimensional homogeneous manifolds with isometry group of
dimension 4, the so called E(k,7)-spaces. An intense work is been devel-
oped on this spaces to clasify constant mean curvature surfaces (CMC) and
minimal surfaces since the work of Daniel [43] and Abresch and Rosenberg
[1]. For 3-dimensional homogeneous manifolds with 3-dimensional isome-
try group, Meeks, Mira, Pérez and Ros in [118] proved uniqueness of CMC
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spheres and studied the values of the curvature for this sphere to exist.

The sub-Riemannian Plateau’s problem was first considered by Pauls
[138]. Under given Dirichlet conditions on p-convex domains, Cheng, Hwang
and Yang [35] proved existence and uniqueness of ¢-graphs which are Lips-
chitz continuous weak solutions of the minimal surface equation in H'. Later
on, Pinamonti, Serra Cassano, Treu and Vittone [140] obtained existence and
uniqueness of t-graphs on domains with boundary data satisfying a bounded
slope condition, thus showing that Lipschitz regularity is optimal at least
in the first Heisenberg group H!. Capogna, Citti and Manfredini [24] es-
tablished that intrinsic graphs of a Lipschitz continuous function which are
viscosity solutions of the sub-Riemannian minimal surface equation in H' are
of class C1, with higher regularity in the case of H*, n > 1, see [25]. It was
shown in [36] that the regular part of a t-graph of class C' with continuous
prescribed Sub-Riemannian mean curvature in H! is foliated by C? char-
acteristic curves. Furthermore, in [79] the authors generalized the previous
result when the boundary S is a general C! surface in a three-dimensional
contact sub-Riemannian manifold. Later on, Galli in [76] improved the re-
sult in [79] only assuming that the boundary S is Euclidean Lipschitz and
H-regular in the sense of [71]. Recently, in [88] the authors extended the
result in [76] to the sub-Finsler Heisenberg group.

Bernstein type problems for surfaces in H' have also received a special
attention. The nature of the sub-Riemannian Bernstein’s problem in the
Heisenberg group is completely different from the Fuclidean one even for
graphs. On the one hand the area functional for ¢-graphs is convex as in the
Euclidean setting. Therefore the critical points of the area are automatically
minimizers for the area functional. However, since t-graphs admit singular
points where the horizontal gradient vanishing their classification is not an
easy task. Thanks to a deep study of the singular set for C? surfaces in
H!, Cheng, Hwang, Malchiodi, and Yang [33] showed that minimal t-graphs
of class C? are congruent to the hyperbolic paraboloid u(x,y) = 2y or to
Euclidean planes. The same result was also obtained by Ritoré and Rosales
in [151]. If we consider the huge class of Euclidean Lipschitz t-graphs, the
previous classification does not hold true since there are several examples of
area-minimizing surfaces of low regularity, see [146]. The complete classi-
fication for C? surfaces was established by Hurtado, Ritoré and Rosales in
[99] where they showed that a complete, orientable, connected, stable area-
stationary surface is congruent to u(x,y) = zy or to a Euclidean plane. As
well as in the Euclidean setting the stability condition is crucial in order to
discard some minimal surfaces such as helicoids and catenoids.

On the other hand, the situation for intrinsic graphs is completely dif-
ferent since their associated area functional is not convex. Indeed Danielli,
Garofalo, Nhieu in [45] discovered that the family of graphs uq(z,t) = —%t

1+2az?
for e > 0 are area-stationary but unstable. In [128], Monti, Serra Cassano
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and Vittone provided an example of an area-minimizing intrinsic graph of
regularity C''/2(IR?) that is an intrinsic cone. Therefore the Euclidean thresh-
old of dimension n = 8 fails in the sub-Riemannian setting. In [14], Barone
Adesi, Serra Cassano and Vittone classified complete C? area-stationary in-
trinsic graphs. Later Danielli, Garofalo, Nhieu and Pauls in [48] showed that
a C? complete stable embedded minimal surface in H! with empty charac-
teristic set must be a plane. In [78] Galli and Ritoré proved that a com-
plete, oriented and stable area-stationary C'! surface without singular points
is a vertical plane. Later, Nicolussi Golo and Serra Cassano [135] showed
that Euclidean Lipschitz stable area-stationary intrinsic graphs are vertical
planes. Recently, Giovannardi and Ritoré [89] showed that in the Heisen-
berg group H' with a sub-Finsler structure, a complete, stable, Euclidean
Lipschitz surface without singular points is a vertical plane and Young [167]
proved that a ruled area-minimizing entire intrinsic graph in H' is a vertical
plane by introducing a family of deformations of graphical strips based on
variations of a vertical curve. See also [24; 47; 128].

For minimal surfaces in sub-Riemannian geometry, existence was proved
by Garofalo and Nhieu [82] while Ritoré [146] gave examples in H' of area-
minimizers of the perimeter with low regularity. Nevertheless, for sets with
boundaries with prescribed curvature and C! regularity, Cheng, Hwang and
Yang [36] proved that they are indeed C2. This result was extended by Galli
and Ritoré in [79] to contact manifolds, while Galli [76] improved it assuming
only Euclidean Lipschitz regularity of the boundary.

Area-stationary surfaces in sub-Riemannian spaces are usually classified
assuming a priori some regularity of the surface. In H' it was studied by
Ritoré and Rosales [151] for C2 surfaces and completed by Hurtado, Ritoré
and Rosales in [99] while, later on, Galli and Ritoré gave the classification
assuming C! regularity in [78]. More classification of area-stationary stable
surfaces in different sub-Riemannian spaces are in [75; 100]. Rosales [153]
studied CMC surfaces with empty singular set in sub-Riemannian Sasakian
3-manifolds. Closely related to the study of minimal and stable surfaces
is the computation of variational formulas for the area, some of them can
be found in [38; 97; 74]. The works [44] and [5] present several results on
sub-Riemannian calculus for hypersurfaces in Carnot groups and intrinsic
hypersurfaces in Heisenberg groups respectively.

Regarding Pansu’s conjeture, the boundaries of the conjectured solutions
to the isoperimetric problem in H! are of class C?. While the characterization
of isoperimetric regions is still open, there are several partial results assuming
that the candidates are in a given family. The monograph [27] provides a
quite complete survey of progress on the subject. We remark the works of
Monti, where in [125] he solved the conjeture assuming the candidates are
radially symmetric, in [126] and together with Rickly, under the condition of
convexity, and in [124], where he proved that it is not possible to expect a
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Brunn-Minkowski inequality to hold with the exponent of the homogeneous
dimension, 4, otherwise geodesic balls would be isoperimetric regions, and it
is easy to check that it is false. A major advance in the conjeture was the
work by Ritoré and Rosales [151], where they solve the conjeture among sets
with C? boundary. This proof, supported in the works of Cheng, Hwang,
Malchiodi and Yang [34] about the singular set of C', would constitute
a complete proof if it were not for the difficult problem of regularity in
sub-Riemannian geometry. We also remark the proof of Ritoré [147] that
constitutes the only known proof of Pansu’s conjeture that does not restrict
to a particular family of sets, but to be enclosed on a vertical circular cylinder
and containing the disk at the base. See also the works [31; 33; 68; 108|. For
isoperimetric inequalities, or the equivalent Sobolev inequalities, we remark
the articles by Garofalo and Nhieu [82] and Capogna, Danielli and Garofalo
[26].

Finally, we mention that sub-Riemannian geometry has been applied in
the study of the perceptual completion and formation of subjective surfaces
[39; 155].

1.2 Summary and conclusions

The aim of this thesis is to study variational geometric problems in nilpo-
tent Lie groups with a sub-Finsler structure. This setting extends Finsler
geometry to the sub-Riemannian nilpotent groups by considering a left-
infariant norm in the horizontal distribution. We will give a notion of (X, K)-
perimeter related to a sub-Finsler structure and provide examples of area-
minimizing surfaces in H' with low regularity, construct CMC spheres in H!
and prove a minimizing property together with regularity of such spheres,
and study the existence of solutions to the prescribed curvature equation
with Dirichlet conditions.
The structure of the manuscript is the following.

In Chapter 2 we state the main features of Carnot-Carathéodory spaces
(CC) and nilpotent groups. A sub-Finsler structure in a Carnot-Carathéodory
manifold with a completely non-integrable distribution H is defined by a
smooth norm on H. The case of a Euclidean norm is that of sub-Riemannian
geometry. Symmetric sub-Finsler structures in H' have received intense in-
terest recently, specially the study of geodesics by Ardentov, Le Donne and
Sachkov [8] and by Barilari, Boscain, Le Donne and Sigalotti [12], see [123]
for the classical sub-Riemannian case. General asymmetric sub-Finsler struc-
tures have an associated asymmetric distance and might have different metric
properties, see [119; 120] and [40].

In Section 2.3 we shall define a notion of (X, K)-perimeter as the by
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means of the variation of its characteristic function, following the procedure
established with Ritoré in [142]. The perimeter associated to the Euclidean
norm | -| is the sub-Riemannian perimeter as it is defined in [82; 71; 70]. A
set has finite perimeter for a given norm if and only if it has finite perimeter
for the standard sub-Riemannian perimeter. Hence all known results in
the standard case apply to the sub-Finsler perimeter. We prove in 2.3.1 a
representation of the (X, K)- perimeter in terms of the sub-Riemannian one
as the dual norm of the horizontal unit normal. The notion of sub-Finsler
Minkowski content was introduced by Sanchez [154] in his Ph.D. thesis, while
the perimeter as the variation of the characteristic function in H' was defined
by Pozuelo and Ritoré [142] and Franceschi et al. [69].

Different notion of perimeter of a submanifold of fixed degree immersed
in a graded manifold, can be found in [38; 86; 115].

In Chapter 3 we shall consider a nilpotent group G with a set of left-
invariant vector fields X satisfying a Hormander condition, and an asym-
metric left-invariant norm | - |- associated to a convex body K, without the
assumption of been equipped with a family of dilations. The main result
of the chapter is the existence of isoperimetric regions for any given vol-
ume. Moreover, any isoperimetric region has a finite number of connected
components.

This result is an extension of the existence result of Leonardi and Rigot
for nilpotent groups with no dilations and a sub-Finsler norm. The proof
follows the arguments in [77].

In sub-Riemannian geometry, apart from the compact case, there are
only two known results. Galli and Ritoré proved in [77] an existence re-
sult in contact sub-Riemannian manifolds. The argument followed Morgan’s
structure and can be seen in [148]: they pick a minimizing sequence of sets
of volume v whose perimeters approach the infimum of the perimeters of sets
of volume v. This sequence can be splitted into two subsequences. The first
subsequence is converging to a set, and it is proved that is isoperimetric for
its volume and bounded. Nevertheless, it might be a loss of mass at infinity.
In this case, they use isometries to translate the second subsequence, which
is diverging, to recover some of the lost volume. An essential point is that
they always recover a fixed fraction of the volume. In Carnot groups, ex-
istence of isoperimetric regions was proven by Leonardi and Rigot in [109].
Dilations in a Carnot group G plays a key role, since from them it is direct
that the isoperimetric profile has the form Ig(v) = Cv?, where C is a positive
constant and ¢ € (0,1). In particular, the function Ig is concave, a crucial
property to deduce that there is no loss of mass at infinity.

At this point, we shall assume that given a finite perimeter F' C G with
finite volume with nonempty interior, there exist C3 > 0 and a family of
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finite perimeter sets {F*} such that |F*| > |F| + AC3 and

Py (F*) — Pg(F) < C3\.

This result, called deformation lemma, can be seen in a variety of refer-
ences in literature, some of them in [6; 7; 77; 114; 122; 131; 134]. The proof
of this result usually relies on taking a vector field U and use the formulas for
the first variation of the volume and the area. In [77], Galli and Ritoré used
a calibration argument, exploiting that Pansu spheres in H' have constant
mean curvature to construct, in a neighborhood of a given point, a horizontal
vector field with bounded divergence.

By a calibration argument, we obtain in Proposition 3.2.1 that the isoperi-
metric profile is non-decreasing. The sub-additiveness is proven in Corollary
3.3.3. We shall also extend the properties obtained in Carnot groups by
Leonardi and Rigot in [109], that isoperimetric regions are bounded and its
topological boundary and the essential boundary coincide.

In Chapter 4, we show the results obtained in [141]. We have generalized
the classical Brunn-Minkowski inequality to be suited to nilpotent groups.
The classical Brunn-Minkowski inequality in Euclidean space asserts that,
given A, B C R? measurable sets such that A + B is also measurable, we
have

A+ B[V > |41V + BV,

where | - | indicates the volume of a set, and A+ B={a+b:a€ A,be B}
is the classical Minkowski addition of sets. Taking A € [0,1], and replacing
A by M and B by (1 — A\)B, we get the equivalent inequality

IAA 4 (1 = N)B|Y% = AJAIY? + (1 — \)|B|V

First connected to the isoperimetric theorem, this inequality is a corner-
stone in convex geometry [156; 81]. Through the equivalent functional formu-
lation of the Brunn-Minkowski inequality, the Prékopa-Leindler inequality,
we can see some of the implications in the preservation of logarithmic con-
cavity under convolutions noticed by Brascamp and Lieb [21], as well as in
the work of Bobkov and Ledoux [17] where it is derived the concentration of
measure of Gaussian-like measures, Brascamp-Lieb and logarithmic Sobolev
inequalities.

There are several ways of generalizing the Brunn-Minkowski inequality.
In Lie groups we can define the Minkowski addition of sets using the group
product and take as volume the Haar measure of the group. The Brunn-
Minkowski inequality obtained this way is called the multiplicative Brunn-
Minkowski inequality. In general metric measure spaces the notion of s-
intermediate points can be used to replace the convex combination of points
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in Euclidean space, see [152]. This leads to the geodesic Brunn-Minkowski
inequality.

A large number of proofs for the Brunn-Minkowski inequality in Eu-
clidean space are known, some of them can be found in [81; 94; 104]|. Ri-
toré and Yepes [152| proved the geodesic Brunn-Minkowski inequality for
products of metric measures spaces. For Riemannian manifolds with a lower
bound on the Ricci curvature this inequality is proven in [41] employing tech-
niques of optimal transport. This techniques where latter applied to prove
this inequality for CD spaces (see [64]). While Juillet [102] proved that no
CD condition holds in sub-Riemannian Heisenberg groups H", the optimal
transport approach was followed by Balogh, Kristaly and Sipos [9] and by
Barilari and Rizzi [13] to prove geodesic Brunn-Minkowski inequalities in the
sub-Riemannian setting (see also [121]).

In 2003, Monti [124] observed that the multiplicative Brunn-Minkowski
inequality in H" cannot hold with exponent (2n+2)~!, corresponding to the
homogeneous dimension of H", since otherwise Carnot-Carathéodory balls
would be isoperimetric sets.

Leonardi and Masnou [108] proved in 2005 that this inequality holds
with exponent (2n + 1)~!, corresponding to the topological dimension of
H"™. Their proof was based on Hadwiger-Ohmann’s proof of the classical
Brunn-Minkowski inequality given in [94].

Later on, Tao [160; 161] posted an entry in his blog in 2011 explaining
how to produce a Prékopa-Leindler inequality in any nilpotent Lie group of
topological dimension d, which provides a natural way to prove the multi-
plicative Brunn-Minkowski inequality with exponent d~!.

Juillet [102] gave examples of sets for which the multiplicative Brunn-
Minkowski inequality in H™ does not hold with exponent smaller than (2n +
1)~L.

In this chapter, we prove a generalization of the Brunn-Minkowski in-
equality in Euclidean space where the Minkowski addition of sets is replaced
by any product % : R? x R¢ — R of the form

zxw=z+w+ (F1, Fh(z,w),...,Fy(z,w)) =z+w+ F(z,w), (*)

where Fi is a constant and F; are continuous functions that depend only
ON 21,...,2i—1,W1,-..,Wi—1 V& = 2,...,d. By a product here we mean a
binary operation without assuming any further properties such as associa-
tivity. We prove that for any A, B C R? be measurable sets such that A x B
is measurable, we have

|Ax BV > 1AV 4 | BV,

The product in any nilpotent Lie group is of the form * because of the
expression of the group product in exponential coordinates of the first kind.
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This result is an extension of the result obtained by Leonardi and Masnou
[108] in Heisenberg groups. While the proof of Leonardi and Masnou only
works in Heisenberg groups, their arguments can be seen as the first step of
an induction argument developed in this chapter. In this chapter, we shall
consider a product * of the form (*), that not necessarily comes from a group
product, and change * for another one *,, ,, of the form (*), depending on
the sets A and B, that allows us to compare the volume of the Minkowski
addition of sets for the products * and *., ., as a consequence of Lemma
4.1.1. When the product * comes from a nilpotent group it is not true that
*2,0, can define a group product. Then, by an induction argument, we
will compare the volume of the Minkowski addition of sets A and B with
the volume of the Euclidean Minkowski addition of A and B, and establish
in Proposition 4.1.5 a sufficient condition in H' for the strict inequality in
(4.0.1).

At the end of the chapter, we state several classical variations of inequal-
ity (4.0.1) in the case of Carnot groups, where dilations can be defined.

After [141] was completed, the author was informed that Theorem 4.0.1
was also proven by Bobkov [16] in 2011, where he used Knothe’s map to
get the Brunn-Minkowski inequality for convex sets and obtained the gen-
eral result after proving the equivalent analytic version of the theorem, the
Prékopa-Leindler inequality.

In Chapter 5, we gather the results obtained with Ritoré in [142]. We
consider critical points of the perimeter associated to an asymmetric sub-
Finsler structure in the first Heisenberg group H'. Such a structure is defined
by means of an asymmetric left-invariant norm | - |, associated to a convex
body K C R? containing 0 in its interior.

In case the boundary S of E is a C' or Euclidean lipschitz surface, the
perimeter of F is given by the sub-Finsler area functional

Ax(S) = /S Nl dS, )

where |- |, , is the dual norm of |- |, N}, is the orthogonal projection to
the horizontal distribution of the Riemannian unit normal N , and dS is the
Riemannian measure on S.

If we consider a convex set K with boundary of class C% (i.e., so that
0K is of class C? and 0K has positive geodesic curvature everywhere), we
may compute the first variation of the area functional associated to a vector
field U with compact support in the regular part of S to get

Al (0) = /Su(divSnK) ds.

In this formula v = (U, N) is the normal component of the variation and
divg ng is the divergence on S of the vector field ng = 7x (vp,), where v, =
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Figure 1.1: The set Bxg when K is the unit ball of the r-norm ||(z,y)||, =
(J|" + lyI) ", r =15

Ny /|Np| is the horizontal unit normal and 7 is the map projecting any
vector v # 0 to the intersection of the supporting line in the direction of v
with |- |, = 1 (the boundary of K). The strict convexity of | - |, implies
that this map is well-defined.

The function Hx = divg ng appearing in the first variation of perimeter
is called the mean curvature of S. Further calculations imply that Hy is
equal to (Dzng,Z), where Z = —J(vy,) is the horizontal direction on the
regular part of S. Hence the mean curvature function is localized on the
horizontal curves of S. It is not difficult to check that a horizontal curve
in a surface with mean curvature Hx must satisfy a differential equation
depending on Hy. Hence we can reconstruct the regular part of a surface
with prescribed mean curvature by taking solutions of this differential equa-
tion. Furthermore, we might be able classify surfaces with prescribed mean
curvature by classifying solutions of this ordinary differential equation and
by looking at the interaction of these curves with the singular set Sy of S
composed of the points where the tangent plane is horizontal, as was done
in [151] for the standard sub-Riemannian perimeter.

Key observations are that horizontal straight lines are solutions of the
differential equation for Hx = 0 and that horizontal liftings of K are solu-
tions for Hx = 1. The strict convexity of K together with the invariance of
the equation by left-translations and dilations imply that all solutions are of
this type.

Hence, given a convex body K C R? containing 0 in its interior and
its associated left-invariant norm | - |, we consider the set Bx obtained as
the ball enclosed by the horizontal liftings of all translations of the curve 0K
containing 0. It is not difficult to prove that this way we obtain a topological
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Figure 1.2: The set Bg when K is a smooth approximation of the triangular
norm

sphere Sk with two poles on the same vertical line, that is the union of two
graphs. Moreover the boundary of By is C? outside the poles (indeed C* if
the boundary of K is of class C%, ¢ > 2) and of regularity C? around the
poles. When K = D, these sets were build by Pansu [137] and are frequently
referred to as Pansu spheres. We remark that Pansu spheres’ Bp are of class
C? but not C? near the singular points, see Proposition 3.15 in [46] and
Example 3.3 in [151].

We observe that these objects have constant mean curvature. Hence
they are critical points of the sub-Finsler area functional under a volume
constraint. Further evidence that they have stronger minimization properties
is given in Section 5.5, where it is proven that, under a geometric condition,
a set of finite perimeter E with volume equal to the volume of By has
perimeter larger than or equal to the one of the ball Byx. A slightly weaker
result for the Euclidean norm was proven in [147].

Chapter 6 is devoted to the results obtained with Giovannardi and Ri-
toré given in [87]. In this note, we provide examples of entire perimeter-
minimizing horizontal graphs for a fixed but arbitrary left-invariant sub-
Finsler structure in the first Heisenberg group H'. Our examples are inspired
by the corresponding sub-Riemannian ones in [146]. Of particular interest
are the conical examples invariant by the non-isotropic dilations of H'. In
the sub-Riemannian case these examples were investigated in [91] and [146].
In Theorem 5.2.1 of Section 6.1 we obtain a necessary and sufficient condi-
tion, based on Theorem 3.1 in [142], for a surface to be a critical point of the
sub-Finsler area. We assume that the surface is piecewise C2, composed of
pieces meeting in a C! way along C! curves. This condition will allow us to
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construct area-minimizing examples in Proposition 6.2.3 of Section 6.2, and
examples with low regularity in Proposition 6.2.4. The same construction,
keeping fixed the angle at one side of the singular line, provides examples of
area-minimizing cones, see Corollary 6.2.5. Finally, in Section 6.3 we provide
examples of area-minimizing cones in the spirit of [91]. These examples are
obtained in Theorem 6.3.2 from circular sectors of the area-minimizing cones
with one singular line obtained in Corollary 6.2.5.

Chapter 7 exposes some of the results obtained during the stay at Univer-
sitd di Trento in colaboration with Giovannardi, Pinamonti and Verzellesi.
We study the prescribed mean curvature equation for t-graphs in the Heisen-
berg group H" with an asymmetric left-invariant norm |- |, on the hori-
zontal distribution of H" associated to a convex body Ky C R?" containing
the origin in its interior. Let  C R?" be a bounded open set, H € L>(Q) ,
F € LY(Q,R?") and v € WH(Q). We consider the functional

I(u):/ |Vu—|—FKO7*dxdy+/Hudxdy, (i)
Q Q

where | - [ , denotes the dual norm of | - [, . In particular, when F(z,y) =
(—y,x) the first term in (i) coincides with the sub-Finsler area of the ¢-graph
of u. Moreover, if Ky is the Euclidean unit ball centered at the origin and
H = 0 then (i) boils down to the classical area functional for ¢-graphs in
Heisenberg group, see [33; 99] and references therein. We say that the graph
of u has prescribed Ky-mean curvature H in € if w is a minimizer of Z.
Indeed, the Fuler-Lagrange equation associated to Z out of the singular set
Qo, i.e. the set of points where Vu + F vanishes, is given by

div(mg,(Vu+ F)) = H, (ii)

where 7, is a suitable 0-homogeneous function defined in (2.1.5). When
we fix a boundary datum ¢ € WH1(Q), a solution to the Dirichlet problem
for the prescribed Kp-mean curvature equation is a minimizer uw of Z such
that u — ¢ belongs to the Sobolev space Wol’l(Q). Our main result is The-
orem 7.4.1, where we prove, under suitable regularity assumptions on the
data, that there exists a Lipschitz solution to the Dirichlet problem for the
prescribed Kyp-mean curvature equation when H is constant and satisfies

|H| < Hrey,00(20) (iii)

for each zp = (zo,y0) € 09, where Hg, oo denotes the Finsler mean cur-
vature of the boundary 9Q C R"™ x R™. Notice that the mean curvature
of the graph of u is computed with respect to the downward pointing unit
normal and the Finsler mean curvature of 0S2 is computed with respect to
the inner unit normal. The upper bound (iii) of H in terms of the Finsler
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mean curvature of the boundary is the Finsler analogous of the standard
assumption for the solution to the Dirichlet problem for the classical mean
curvature equation in the Euclidean setting as stated in [158], [84] or [83]
(see also [85, Theorem 16.11]). The Dirichlet problem for constant mean
curvature in the first Riemannian Heisenberg group has been studied in [2]
under the same condition on the mean curvature. It is worth mentioning
that this is the first time that the existence of solutions to the sub-Finsler
Dirichlet problem has been studied when H # 0, even in the particular case
in which Ky is the unit disk centered at 0, where the sub-Finsler and the
sub-Riemannian frameworks coincide. Indeed, as far as we know, the sub-
Riemannian Dirichlet problem has been studied in [138; 35; 33; 32; 58; 139]
only in the case of minimal surface under the bounded slope condition or the
p-convexity assumption on €. In particular, we point out that when n =1
our assumption (iii) implies that Q C R? is strictly convex, see Remark 7.3.7.
It is easy to check that our sub-Finsler functional Z for H = 0 satisfies the
hypothesis of the area functional considered in [58]. Thus, assuming the
bounded slope condition we directly obtain the existence of Euclidean Lips-
chitz minimizer for Plateau’s problem. The approach of the present chapter,
based on the Schauder fixed-point theory, follows the scheme developed in
[35] and extends its results both to the case of prescribed constant mean
curvature H # 0 and to the sub-Finsler setting. In Theorem 7.4.1 we can
not expect better regularity than Lipschitz.

Since equation (ii) is sub-elliptic degenerate and it is singular next the
singular set, inspired by [35; 138], we introduce a family of elliptic approxi-
mating equations given by

: Vu+F|? _ .
div (WKO(VU + F)W> =H (iv)
for each 0 < € < 1. A similar approximation scheme was considered in
the sub-Riemannian setting by [25; 24] to study the Lipschitz regularity for
non-characteristic minimal surfaces. To obtain this family of equations we
consider a 2n + 1 dimensional convex body K. containing the origin in its
interior, that converges in the Hausdorff sense to the 2n dimensional convex
body Ky as € tends to 0. The choice of the convex body K. is not arbitrary.
Indeed, we need a specific shape in order to obtain an approximating equa-
tion well defined in the classical sense in the singular set. It is interesting to
point out that the Riemannian approximation of [35; 138; 25; 24| produces an
approximation of the unit disk D C R?" by ellipsoids in the sub-Riemannian
setting, and this approximation does not work in the sub-Finsler context.
For 0 < € < 1, the convex body K. defines a Finsler norm on TH" whose
associated Finsler area functional is given by

1
I.(u) = /Q (e® + \Vu+F|§(O,*)3 d:l:dy—k/QHudxdy.
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It is easy to see that the Euler-Lagrange equation associated to this func-
tional is elliptic and avoids singularities. Given a boundary datum ¢ €
C%2(Q), the solvability of the Dirichlet problem associated to (iv) is re-
duced by [85, Theorem 13.8] to a priori estimates in C(Q) of a related
family of problems. As usual the a priori estimates in C(2) consist of three
parts: estimates of the supremum of |u|, boundary estimates of the gradient
of w and interior estimates of the gradient of u. Both the estimates of the
supremum and the boundary estimates of the gradient are obtained by a
barriers argument that depends on the Finsler distance from the boundary
0. Due to technical reasons in the construction of the barriers we need
to assume the strict inequality in (iii), avoiding the optimal case when H
coincides with Hp, sa(20) at a given point zy € 0Q0. We emphasize that
these results hold even if the prescribed curvature H is non-constant and
Lipschitz. When H is non-constant, in order to obtain the estimates of the
supremum we assume that there exists § € (0, 1] such that

/Hv dxdy‘ <(1- 5)/ |V K, « dzdy (v)
Q Q

for each v € C°(Q). Assumption (v) is a standard sufficient condition for
the estimates of the supremum of |u| (see [83] or [85]). Notice that (v) with
6 = 0 is a necessary condition obtained integrating by parts the elliptic
equation (iv). In the Euclidean space, Giusti [90] proved that (v) with § =0
is also a sufficient condition for the existence of solutions to the prescribed
mean curvature equation. This result was later generalized to weakly regular
domains in [111]. Moreover, in analogy with the Euclidean case, we show
that the sufficient condition (v) with § > 0, which is a priori stronger than
the necessary condition with § = 0, is redundant when H is constant. The
only crucial step where we need that H is constant is the maximum principle
for the gradient of the solution that allows us to reduce the interior estimates
of the gradient to its boundary estimates. Finally, once we realize that C*
estimates are independent of the approximation parameter ¢, passing to the
limit as € tends to 0 and using Arzela-Ascoli Theorem we get the existence
of a Lispchitz minimizer for the sub-Finsler Dirichlet problem.

The analysis of the Dirichlet problem with H # 0 constant for ¢-graphs
is essential since it is strictly related to the isoperimetric problem in H™. Re-
cently, similar results concerning CMC graphs and surfaces in the Euclidean
setting with an anisotropic norm have been obtained by [55; 54].

Appendix A contains an alternative proof of the representation of the
perimeter given in Theorem 2.3.3.






Chapter 2

Nilpotent groups and
sub-Finsler perimeter

The aim of this chapter is twofold. The first one is to introduce some back-
ground and notation that will be used throughout the thesis. The second is
to give different notions of the (X, K)-perimeter as introduced in [142]| and
[69].

In Section 2.1 it will be introduced the Carnot-Carathéodory spaces
(CC) and, with the notion of Minkowski norms of Subsection 2.1.1, the
sub-Finsler Carnot-Carathéodory spaces in Subsection 2.1.2. Relevant cases
of sub-Finsler CC spaces are sub-Finsler nilpotent groups, where X is taken
left-invariant and left-translations are isometries that preserves the perime-
ter. This groups are introduced in Section 2.2, while in Subsection 2.2.1 we
study sub-Finsler nilpotent groups with a suitable family of dilations.

In the second part of the chapter we introduce in Section 2.3 the notion of
(X, K)-variation of a function and proof the Divergence’s theorem 2.3.2. In
Subsection 2.3.1 we give a proof of the representation of the (X, K)-perimeter
given in Theorem 2.3.3.

2.1 Carnot-Carathéodory spaces

Given a family of smooth vector fields X = {X1,..., Xz} in R%, we consider
the distribution generated by X, called the horizontal distribution H, defined
in a point p of R? as

Hp = span{Xi(p),..., Xx(p)}-

A smooth curve 7 : [0, 7] — R is called horizontal if 5(t) € H., for all
t. In that case, we can write

k
() = Ai(t)X;.
=1
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Given p and ¢ in R?, we consider the quantity

T
d(p,q) = inf { / |5(t)|dt : ~y is horizontal, v(0) = p, v(T) = q}.
0

If there is no horizontal curve joining p and ¢, we define d(p, q) = 0.

In case that d is finite for every p and ¢ in RY, it defines a distance
[93; 123] called the Carnot-Carathéodory distance. A standard condition on
X that guarantees that dx is finite is Hérmander’s condition, also called the
bracket generating condition or Chow’s condition [37; 143]. We denote by
[U, V] the Lie bracket of two C! vector fields U, V on H". We consider

H'(p) :=H(p) + [H(p), H(p)],
H2(p) :=H'(p) + [H' (p), H(p)], (2.1.1)

ey

then X satisfies Hormander’s condition if there exists r(p) > 0 such that
H £ TR and M = T,R%.
2.1.1 Minkowski norms

We say that | - | : R? — R is a norm if verifies

L. |z =0<2z=0.

2. |sx| = s|z| Vs > 0 and Vo € R%.

3. |z +y| < |z + |y| Yo,y € RL
We stress the fact that we are not assuming the symmetry property | — v| =
|v].

The unit ball K = {z : |z| < 1} is a convex, compact set such that

0 € int(K). Reciprocally, given a convex compact set K such that 0 € K,
we can define the Minkowski norm associated to K as

|z| ¢ := min{t : z € tK}.

It is immediate that |- |, verifies (1) and (2). Let us show that (3) is also
verified. Given x and y in R? we denote ¢; = |z|x and t3 = |y|x. Let us see

that tfi}é is in K, and hence |z + y|x < t1 + t2 which is equivalent to (3).

T t T t
n Yy LI 2 g'
t1 + to t1 4+t t1 4+ t2 11 t1 + to to

Since £ i and < arein K and t1+t2 + t2+t1 = 1, we have that is a convex

combination of elements of K and thus tl]:i’z) isin K.

t+t
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We write | - | to indicate the dependence of the norm on K. The case of
a symmetric norm corresponds to a centrally symmetric convex body. The
norm associated to the closed unit disc D centered at 0 coincides with the
Euclidean norm and is denoted by |- |.

We say that a set K is a convex body if it is convex, compact and has
non-empty interior. We say that a convex body K is in C’_k;’a, for k € N and
a € [0,1], if OK is of class C*® with strictly positive principal curvatures.

It is well known that any norm is equivalent to the Euclidean norm |- |,
that is, given a norm | - | in R there exist constants 0 < ¢ < C such that

cl-I<|-lg<Cl-]. (2.1.2)

Given a norm | - | and a scalar product (-,-) in R we consider the dual
norm | - [, of | - |5 with respect to (-, -), defined by

||k« = sup(u,v). (2.1.3)
veK
The dual norm is the support function of the unit ball F' with respect to the
scalar product (-, -). Moreover, thanks to the above definitions the following
Cauchy-Schwarz formula holds:

(1, 0) < Jul o]k (2.1.4)

for any u,v € R?. If in addition we assume K to be strictly convex and u # 0,
then the compactness and strict convexity of K guarantee the existence of a
unique vector g (u) in 0K where the supremum in (2.1.3) is attained, i.e.

|ul g« = (u, TR (1)). (2.1.5)

It is easy to see that 7w is a positively 0-homogeneous map, i.e. mx(Au) =
7 (u) for any A > 0 and u € R?\ {0}, and that |7x(u)|x = 1 for any u €
R\ {0}. Moreover, if we assume that K is C%, then mx|ga1 : S971 — 0K is
a C! diffeomorphism whose inverse is the Gauss map N of 0K with respect
to the outer unit normal. Furthermore, we have that the norms |- |k and
|- |k« belongs to C**(R4\ {0}) if and only if 0K is C** for k € N and
0 < a < 1. For further details see [156, Section 2.5]. The relation between
the dual norm and the map 7x is given by

V0ulg« = mx(u). (2.1.6)
Indeed, for any u € R%\ {0}
Viulg« = V{u, i (u)) = m(u) + u - Drg(u) = mg(u),

where the last equality follows from the fact that 0-homogeneous functions
are radial.
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2.1.2 Sub-Finsler Carnot-Carathéodory spaces

Let X be a family of k linearly-independent vector fields in R and K a
convex body in R* with 0 € int(K).
We extend the Minkowski norm | - | to each fiber of H as

k
(‘Zfi(p)Xi(p)’K> = |(i®); - f1(P)) ] -
=1 P

Similarly, we extend |- [, , and mx to Ho. When |- [y is C! with [ > 2, all
norms (| - |x,)p are C'.

We define the sub-Finsler length of a piecewise smooth horizontal curve
v : I — R? by the formula

Liy) = /I Iy (3)]xc d.

Under the assumption that any two given points p, ¢ € R? can be joined by a
horizontal curve, we can define the (asymmetric) distance dg (p, ¢) between p
and ¢ as the infimum of the length of horizontal piecewise C'! curves joining
p and ¢. This distance satisfies the properties

L. dk(p,q) < di(p.7) + dk(r,q), for all p,q,r € H', and
2. di(p,q) =0 if and only if p = gq.

The second property follows from comparison with the standard Carnot-
Carathéodory distance. This asymmetric distance does not satisfy the prop-
erty dx(p,q) = di(q,p). We refer the reader to [119; 120] for properties of
asymmetric distances and their geodesics.

2.2 Nilpotent groups

We recall some results on nilpotent groups. For a quite complete description
of nilpotent Lie groups the reader is referred to Section 1.13 in [103].

The exponential map in a Lie group G of a left-invariant vector field X
will be denoted by exp(X), writing exp( if specifying the group is needed.
Unless otherwise specified, we shall write - for the group product of G. The
left-translation in G by ¢ is the map ¢,(p) = ¢ - p.

Let g be a Lie algebra. We define recursively go = g, gi+1 = [9,0i] =
span{[X,Y]: X € g,Y € g;}. The decreasing series

g=g029012922 ...

is called the lower central series of g. If g, = 0 and g,_1 # 0 for some r,
we say that g is nilpotent of step r. A connected Lie group is said to be
nilpotent if its Lie algebra is nilpotent.

The following Lemma will be used in the sequel.
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Lemma 2.2.1. Let g be a nilpotent Lie algebra. Then there exists a basis
{Y1,..., Yy} of g such that

1. for each 1 < n < d, by, = span{Yy_p41,...,Yq} is an ideal of g,
2. foreach 0 <i<r—1, b, =g.

A Dbasis verifying this is called a Malcev basis. This construction is
adapted from § 1.2 in [42]. Fixed a Malcev basis, the exponential map
centered at 0 provides a diffeomorphism between RY and G, given by the
map

x=(1,...,2q9) = exp(x1Y1 + ... + 24Yy).

This result can be found as Theorem 1.127 in [103]|. The inverse of this map
provides coordinates called canonical coordinates of the first kind. The group
product can be recovered by the Hausdorff-Campbell-Baker formula as
_ 1 1

(xlau . 7$d) : (ylv-”?yd) = €xp 1(X +Y + §[X7Y] + E[Xa [X7YH + )7
where X = le-}/;d Y = Zyl}/& (.7}1, = .,.%'d) - eXp(X) and (y17 B 7yd) =
exp(Y).

The structure of this product is given by the following theorem. It was
first proved by Malcev in 1949 [116], and a proof can be found as Theorem
4.1 in [165], or with some modification as Proposition 1.2.7 in [42].

Theorem 2.2.2. Let G be a simply connected nilpotent group. Then the
multiplication map takes the following form.:

zxw=z+w+ (Pi(z,w),..., Piz,w)), (2.2.1)
where z = (z1,...,2q), w = (wi,...,wgq), P1 is a constant and P; is a
polynomaal in the variables z1,...,2z;—1,w1,...,wi—1 Vi=d—n;+1,...,d.

The next result we show that, slightly refining Theorem 2.2.2, the mul-
tiplication map acts as a sum in the coordinates corresponding to the com-
plement of g;. This arguments can be seen also in [107], Proposition 6.0.16.

Theorem 2.2.3. Let G be a simply connected nilpotent group and let ng =
dim(gy). Then the multiplication map takes the following form:

zxw=z+w+(0,...,0, Pi_p,+1(2z,w), ..., Pi(z,w))

where z = (z1,...,2q4), w = (w1,...,wq) and P; is a polynomial in the
variables z1,...,2z_1,W1,...,wi_1 Vi=d—nyi+1,...,d.

Proof. Let Z = Zle 2 X, W = E‘ijzl w; X;. Since gp is an ideal in g,
there is a normal Lie subgroup G; C G whose Lie algebra is g;. Let ¢ :
G — G/G1 denote the projection over the quotient, Z = ¢(z), w = q(w),
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Z = (dq)o(Z), W = (dq)o(W). Notice that ker(dg)o = g1 and g/g; is
a trivial Lie algebra with the induced product. Therefore, by the Baker-
Campbell-Hausdorff formula,

Zw = Z+ 0. (2.2.2)

On the other hand, by Theorem 2.2.2 it holds that

expG/Gl(Z) expg/Gl(W) = q(expg(Z) expg(W)) =

d d—nq
q(eXpG (Z + W+ Z Pi(z, w)Xi)) = exPg/cy (Z + W+ Z Pi(z, w)Xi).
- T (23
Taking loge /¢, in (2.2.3), we obtain
Zxw=Z+w0+ (Pi(z,w),...,Pi—n,(z,w),0,...,0). (2.2.4)
From (2.2.2) and (2.2.4), we obtain that P, =0Vi=1,...,d — nj. O

From Theorem 2.2.3 it can be proved that right translations are maps
whose Jacobian determinant is equal to 1 at any point, and the change of
variables gives us the following theorem. The interested reader can find the
details as Theorem 1.2.9 and Theorem 1.2.10 in [42].

Proposition 2.2.4. Let G be a simply connected nilpotent group. Then,
after having chosen a strong Malcev basis on g, the exponential takes the
Lebesgue measure on R? to a Haar measure 1 on G, that is, for any A C G
measurable and any f : G — R integrable, one has

u(A) = |log(4)] and /G fdu = /R (f o exp)(x)d.

The Lebesgue measure of R? will be denoted as |- | and, as we can see
Theorem 1.2.10 in [42], it coincides with the Haar measure on R? with this
product.

From now on, we shall denote a simply connected nilpotent group as
(R4, ).

The dimension at infinity D of a simply connected nilpotent group (R, -)

is defined by
D = Z imi,

where m; := dim(g;—1) — dim(g;).

Given a simply connected nilpotent group (R?, -) and a system of linearly-
independent left-invariant vector fields X = {Xj,..., X;}, we define the
distributions

H := span(X) H™ o= H " [HH
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where H° = H. A vector field U is said to be horizontal if U(x) € H, for all
x in R%. The local dimension of R and X, denoted by [, is defined as

= sz;,

where m/; := dim(H~1) — dim(H~2) and m} := dim(H).

We consider a left-invariant Riemannian metric g := (-,-) forming X an
orthonormal basis of H, and making orthogonal the subbundles H and V,
where V' is a complementary subbundle of H.

The following result can be seen in Section IV.5 of [164].

Theorem 2.2.5 (Proposition IV.5.6 and Proposition IV.5.7 in [164]). Let
(R, -) be a simply connected nilpotent group with X a bracket-generating
system and D and | the dimension at infinity and the local dimension respec-
tively. There exist positive constants o and 3 such that

o <|B(0, 1) <att 0<t <1,
b b (2.2.5)
871" <|B(0, )] < BtP > 1.
In particular, we obtain the following inequality.
s\l
p(Bla,s) < C () u(Ba,m), (2.2.6)

WheremeRd,0<r<s<1.

We shall denote by (Rd, -, X, K) a simply connected sub-Finsler nilpotent
group, where - is the group product, X is a family of k linearly-independent
vector fields and K C R” is a convex body with 0 € int(K).

2.2.1 Sub-Finsler Carnot groups

We refer the reader to [106] for the details on the rest of this section.
A stratification of a Lie algebra g is a direct-sum decomposition

g=Vo®...oV,,

for some integer r > 1, where V,. # {0}, [Vp, V] = Vigq for alli e {1,...,r}
and V41 = {0}. We say that a Lie algebra is stratifiable if there exists
a stratification on it. We say that a Lie algebra is stratified when it is
stratifiable and endowed with a fixed stratification. We say that a Lie group
is stratifiable if it is connected and simply connected and its Lie algebra is
stratifiable.

The following lemma assures that any stratifiable group is a nilpotent

group.
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Lemma 2.2.6. Let g=Vy @ ... ®V, be a stratified Lie algebra. Then
O1=Vp®...0 V.

In particular, g is a simply connected nilpotent Lie algebra of step r, and
g=Voa-

It is worth noting that Theorem 2.2.3 manifests that the multiplication
map acts as a sum in the coordinates corresponding to Vj.

Remark 2.2.7. In a stratifiable group, not every subspace V{ such that
g = Vi ® g1 generates a stratification. Moreover, not every nilpotent group
is stratifiable (see Example 1.8 and 1.9 [106]).

Proposition 2.2.8. Let g be a stratifiable Lie algebra with stratifications
g=V®.. oV, =Wod...0 W,

Then r = s and there exists a Lie algebra automorphism A : g — g such that
AV;)) =W fori=1,...,r.

Proposition 2.2.8 guarantees that for a stratifiable group (Rd, -), the nat-
ural number

Q=" idim(Vj),
=1

does not depends on the particular stratification. ) is called the homoge-
neous dimension of (R%,.).

Remark 2.2.9. Given a simply connected nilpotent group (R%,-) with a
system of left-invariant vector fields X, dimension at infinity D and local
dimension [, it is clear that D > [. Moreover, D = [ if and only if (R%,-) is
stratifiable and X generates a stratification on g. Moreover, D =1 = Q.

For A > 0 we define the dilation on g of factor A as the unique linear
map 0y : g — g such that

HNX)=MNX VXeVivte{l,...r}.
Remark 2.2.10. Dilations 6y : g — g are Lie algebra isomorphisms.

The fact that (RY,-) is simply connected certifies that there exists a
unique Lie groups automorphism &y : R¢ — R? (denoted as the dilation on
the Lie algebra) whose differential at 0 is the dilation on g of factor A. This
automorphism is called dilation on (R,-) of factor \.

Proposition 2.2.11. Let (R%, ) be a stratified group and let X > 0. Then
fda = /\Q/ (f 0 0y)d,
Rd Rd

where Q is the homogeneous dimension of (RY,").
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Let (R4, .) be a stratified group with stratification
g=VWWolhho...aV,,
We take the Malcev basis {Y7,...,Y;} given by Lemma 2.2.1. In particular,
span{Yy ..., Y} = Vo,

where k = d — dim(g;).

We can extend Y1, ..., Y; to a family of linearly-independent left-invariant
vector fields, also denoted by Yi,...,Y;. A stratified group (RZ,-) with
X = {Y1,...,Y;} and a convex body K in R¥ with 0 € int(K) is called
sub-Finsler Carnot group, and is denoted by (R, -, K). The sub-Finsler CC
distance is denoted by d.

It is easy to check that di is homogeneous with respect to Jy, that is,

di (0x(p), 0x(q)) = Mdk(p,q) YA >0 Vp,qeR% (2.2.7)

Moreover, the sub-Finsler CC distance of two given points p and p’ is pre-
served by left translations. That is, for any ¢ in R?, we have

dr(6q(p), Lq(P)) = dx (p, 1),

where £4(p) = q - p.
Given 0 < L < 1, we denote gy, the Riemannian metric making orthonor-
mal the basis _
Yi = L3Y,,
where Y; € V;. When L is 1 we shall omit the subindex L.
Thanks to Theorem 2.2.3, the projection over the first k£ coordinates ¢
of the product is given by

k
@ (peXp(thiYi)) =p1 +tv,
=1

where v = (v1,...,v:) € R¥, p = (p1,p2) € RF x R and t € R. In
particular, it is easy to check that the projection of (df,)o(v) over V =
span{a%l, ce %}, qv, is given by

k k

qv ((dfp)o(z UiYi)) = ai, :
i=1 '

=1

In particular, we get

0 d 0
Vi=gnt 2 fugy,

j=k+1

for some smooth functions f; ;.
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2.2.2 The Heisenberg group H"

In this subsection we follow the notation and background given in [151]. We
define the product * in R?"*! = C" x R given by

n
(z,8) - (2, ) == (2 + 2t + 1 + > Im(z7)),
=1

where z = (21,...,2,) and 2’ = (2],...,2}). The Lie group (R*"*! .) is
referred to as the n Heisenberg group and denoted by H". For p € H",
the left translation by p is the diffeomorphism ¢,(¢) = p-¢q. A basis of

left-invariant vector fields is given by

0 0 0 0 0
Xi—ail,i‘*‘yia; Y;—afyi—%ia, T—a;
where i = 1...,n and z; = (x;,y;) € C. The horizontal distribution H in
H" is the smooth planar distribution generated by Xi,Y1,..., X5, Y,. The
horizontal projection of a vector U onto H will be denoted by Up. A vector
field U is called horizontal if U = U,,. A horizontal curve is a C' curve
whose tangent vector lies in the horizontal distribution.

Note that [X;,T| = [Y;,T] = 0, while [X;,Y;] = —2T. The last equality
implies that H is a bracket generating distribution. Moreover, by Frobenius
Theorem we have that H is nonintegrable. The horizontal distribution H is
the kernel of the (contact) 1-form w := """ | —y; dz; + ; dy; + dt.

We shall consider on H" the (left invariant) Riemannian metric g = (-, -)
so that {X1,Y7,...,X,,Y,, T} is an orthonormal basis at every point, and
the associated Levi-Civitd connection D. The modulus of a vector field U
with respect to this Riemannian metric will be denoted by |U|. The following
derivatives can be easily computed

Dx,X; =0, DyY; =0,  DyT =0,
Dx,Y;=—6,T, DxT=Y;, DyT=-X, (2.2.8)
Dy, X; = 6;,T, DrX =Y, DrY,=-X;

for any 1 < 14,j < n, where ¢; ; is the Kronecker delta. Setting J(U) = DyT
for any vector field U in H" we get J(X;) =Y;, J(Y;) = —X; and J(T') = 0.
Therefore —J? coincides with the identity when restricted to the horizontal
distribution.

The Riemannian volume of a set F is, up to a constant, the Haar measure
of the group and is denoted by |E|. The integral of a function f with respect
to the Riemannian measure by [ f dH".

2.2.2.1 Immersed surfaces in H!

We consider oriented surfaces of class C? immersed in H! and we shall choose
a unit normal to S. In case S is the boundary of a domain Q C H', we always
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choose the outer unit normal. The singular set of S is denoted by Sy and it is
composed of the points in p € S where the tangent space T}, coincides with
the horizontal distribution H,. The horizontal unit normal v}, is defined in
S \ SO by

v = Nn
S
The vector field Z is defined by
Z = —J().

The vector field Z is defined on S\ Sy and it is tangent to S and horizontal.
It generates at every point p € S\ Sy the subspace T),S N H,,.

2.3 (X, K)-variation and (X, K)-Caccioppoli sets

Let X = {X1,..., X} in R? be a family of linearly-independent smooth
vector fields and | - |- the norm associated to a convex body K C RF with
0 € int(K).

Given a horizontal vector field U in an open set Q C R¢ is said horizontal
if U(p) € Hp for all p € Q. The set of horizontal vector fields in Q of class
C1(9) is denoted by HL(9).

Taking X’ a family of d linearly-independent smooth vector fields that
extends X, we consider the Riemannian metric ¢ making X’ an orthonormal
basis. We write the divergence of U = 3% w; X; € H'(Q) as

k
=1

Remark 2.3.1. Fixed a distribution H and a Riemannian metric g in H,
div is independent of the chosen family X orthonormal at every point.

Given an open set Q C R? and a function v : R — R in L(Q), we
define say that u has locally finite (X, K)-variation in € if for any relatively
compact open set V' C ) we have

Vic(u; V) = sup{/ udivUdz : U € HEV), |U|ko < 1} < +oo0.
R4

In this expression, |U|k oo = sup,cy |Up|x. The integral is computed with
respect to the Lebesgue measure dz on R?. If u is the characteristic function
of a measurable set F, we say that E is a locally (X, K)-Caccioppoli set or
a locally (X, K)-finite perimeter set.

The quantity Vi (u; Q) is called the (X, K)-variation of v in 2. Whenever
u is the characteristic function of a measurable set F, Vi (u; ) is called the
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(X, K)-perimeter of E in  and is denoted by Px(E;Q). When X defines
a structure of Carnot group, we call Px the K-perimeter. We shall write
Pg(E) whenever Q = R?,

Let K, K’ convex bodies with 0 in its interior. Then there exist constants
a, 8 > 0 such that

alz|gr < |z|g < Blz|gr, forall z € R*.

Let © C R% an open set, V C § a relatively open set and u : R* — R in
LY(Q). Take U € HL(V) with |U|k 0o < 1. Hence |aU|g < |U|x < 1 and

/ udiv(U)dz = 1/ udiv(alU) dr < lVK(u; V),
E @ JE @
Taking supremum over the vector fields in H.(V) with ||, < 1, we get
Vi (u; V) < 1Vir(u; V). In a similar way we get %VK/(U; V) < Vi (u; V), so
that we have
Vi (w; V) < Vg (w3 V) < 2V (u; V). (2.3.1)

As a consequence, u has locally finite (X, K)-variation if and only if it has
locally finite (X, K')-variation.

Let E C R? be a set with locally finite (X, K)-perimeter in 2. We can
define a linear functional L : C}(Q,R*) — R by

L(h) = L((h1,...,ht)) = /Ediv(h1X1 + ...+ hiUy) dz.

For any relatively compact open set V' C 2 we have
C(V) :=sup{L(h) : h € CLV,R¥), |h|x 0 < 1} < 400,

We fix any compact subset C' C  and take a relatively compact open
set V such that C C V C Q. For each h € C.(9, R¥) with support in K we
can find a sequence of C! functions (h;);en with support in V' such that h;
converges uniformly to h. Hence equality

L(h) = lim L(h;)

1—00
allows to extend L to a linear functional I : C.(Q, R*) — R satisfying
sup{L(h) : h € Co(Q,R¥),supp(h) C C, |h|x.00 < 1} < C(V) < 4o00.

The proof of the Riesz Representation Theorem, see § 1.8 in [59], can
be adapted to obtain the existence of a Radon measure ux on 2 and a
px-measurable function vg = (vq,..., 1) : Q — RF satisfying

() = | (hovic) diac
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The measure pg is the total variation measure
prc (V) =sup{L(h) : h € Ce(Q,R?), supp(h) CV, |hlx oo < 1}

that coincides with Pk (E; V) since L is a continuous extension of L. Hence-
forth we denote px by |0F|x and we shall drop the subscript K when the
convex is the unit disk D.

Let us check that

|(vK)plk,« = 1 for |OE|k-a.e. p. (2.3.2)

Here | - [y, is the dual norm of |- [. To prove (2.3.2) we take a relatively

compact open set V C Q and h € C.(Q, R¥) with supp(h) C V and |h|x 0 <
1. Since (h,vk) < |Vvk|K « we have

I(h) < / vk |k d|OF .
\%

Taking supremum over such g we have
OEI(Y) < [ il dlOE]k.
1%

On the other hand, we can take a sequence (¢;) = ((¢¥1)iy-.-,(pr)i) in
CL(V) such that |p;|x < 1 and (p;,vk) converges to |vi|k. |OE|k-a.e.
This is a consequence of Lusin’s Theorem, see § 1.2 in [59], and follows
by approximating the measurable function 7x (vx) by continuous uniformly
bounded functions. Then we would have

| 1K licadiOE | = lm (o1, vi)dIOE i < |OELi(V).
174 1— 00

So we would have
OBk (V) = / vkl dOE
1%

and so |vi|k« = 1 for |0E|g-a.e. Observe that h = (hy,...,hx) and vg =
(v1,...,v;) can be canonically identified with the vector fields Zle h; X;
and Zle v; X;. Thus we obtained the following result.

Theorem 2.3.2. Let E be a finite perimeter set in R? and U € HL(Q).
Then, there exists a measure |0E|k and a |0E|k-measurable function vk
with Vi |k« = 1 such that

/div(U)da:z/(U,uK>|8E|K. (2.3.3)
E Vv
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2.3.1 Representations of the (X, K)-variation

Given two convex sets K, K’ C R¥ containing 0 in their interiors, We shall
obtain the following representation formula for the sub-Finsler perimeter
measure |0F|x and the vector field v in terms of K’ and vi.

Theorem 2.3.3. Given two convez sets K, K' C R¥ with 0 in their interiors,

147¢
’VK’|K7* ’

|OE|k = [vir|k «|OE|Kr,  vi = (2.3.4)

In particular, considering the unit disk D and its associated sub-Finsler
perimeter measure |OF|, we have

Px(E) = /]R'i |V|k.«|OFE)|, (2.3.5)
where v =vp and |OFE| = |0F|k.
Proof. From (2.3.1), there exist two positive constants A, A such that
MOE|g < |0E|x < A|OE|k.
This implies that each of the Radon measures |0F|k, |0F|k is absolutely
continuous with respect to the other one. Hence both Radon-Nikodym

derivatives exist. Take a relatively compact open set V C Q and U € H(V).
Then we have

/(U,Z/K/>d|6E|K/:/ xg div(U) dH
\%4 \%4

d|OE
:/<U, Vi) d|aE\K:/<U,’|KuK>daE|K,.
14 14

d|OE |k
(2.3.6)
By the uniqueness of vgs we have
d|OFE|k
= OF|k-a.e. 2.3.7
v = gl e 0Bl (2:3.7)

On the other hand, inserting U € H}(V) in (2.3.6) with |U|x < 1 we get

/<U,VK>d‘3E|K:/<U,I/K/>daE|K/ </ |VK/|K’*d|8E|K/
\%4 \% \%

Taking supremum over U we obtain

dOE]| i
/de OB = 9Bk (V /\VK,yK*dyaE\K,
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and, since V is arbitrary, we have

d|OFE|k

STK < lwrlis |OE|k-ae. 2.3.8
B, <l 9Bl (2358)

Substituting (2.3.7) into (2.3.8) we have

d|OF|k d|OE |k
< |lvir|lkx = —==— |0FE|k-a.e.
0B o < VKK = Gap) . 10Flk-ae
Hence we have equality and so
d|OE
M = lvir|lge  |OE|k-a.e. (2.3.9)
Hence we get from equation (2.3.4) from (2.3.9) and (2.3.7). O
For the closed unit disk D C RF centered at 0 we know that in the C!
case vp = vy, and |Np| = |Np|p.«. Hence we have
Vp,
|OE|k = |vp|k«d|OE|, vk = :
|Vh|K,*

Here |OF| is the standard sub-Riemannian perimeter measure.

Proposition 2.3.4. Let (R, -, K) be a sub-Finsler Carnot group. Given Q
and E open sets in R with S = OF Euclidean Lipschitz, then

Pi(E:D) = [ INu(p)licadS (o), (2:3.10)
SN

where Ny, is the horizontal projection of the unit normal to S and dS is the

Riemannian measure on S.

Notes

Notes of § 2.3 1. In [115] and in [38] can be seen definitions of area for
immersed submanifold of fixed degree in stratified groups and in graded
manifolds respectively. A notion of perimeter for submanifolds with intrinsic
regularity in Heisenberg groups can be found in [73]. See also [86].

Notes of § 2.3.1 1. An alternative proof of (2.3.5) is given in Appendix A
using techniques of convex analysis developed by Bouchitté and Valadier in
[20]. This approach can be adapted to generalize the result to a CC space
with a different norm in any subspace H,, although we will restrict to the
case with only one fixed norm.






Chapter 3

Existence of isoperimetric
regions in sub-Finsler nilpotent
groups

This chapter contains the results of a work in progress.

We consider a sub-Finsler nilpotent group (R%,-, X, K). In this chapter
we prove the existence of minimizers of the perimeter functional Px associ-
ated to | - |, under a volume (Haar measure) constraint.

The privileged position of Carnot groups within geometric measure the-
ory is revealed by its characterization as the only metric spaces that are
locally compact, geodesic, isometrically homogeneous, and self-similar (i.e.
admitting a dilation). This characterization can be found as Theorem 1.1 in
[105]. Removing the self-similarity condition, sub-Finsler nilpotent groups
acquire relevant importance.

In sub-Riemannian geometry, apart from the compact case, there are few
known results. Galli and Ritoré proved in |77] an existence result in contact
sub-Riemannian manifolds. The argument followed Morgan’s structure: they
pick a minimizing sequence of sets of volume v whose perimeters approach the
infimum of the perimeters of sets of volume v. This sequence can be splitted
into two subsequences. The first subsequence is converging to a set, and it
is proved that is isoperimetric for its volume and bounded. Nevertheless,
it might be a loss of mass at infinity. In this case, they use isometries to
translate the second subsequence, which is diverging, to recover some of the
lost volume. An essential point is that they always recover a fixed fraction
of the volume.

The main result of the chapter is the following theorem.

Theorem 3.0.1 (Existence of isoperimetric regions). Let (G, X, K) be a sub-
Finsler nilpotent group. Then, for any v > 0, there exists a finite perimeter
set E such that |[E| = v and Ix(v) = Pg(FE). Moreover, E has a finite
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number of connected components.

This result is an extension of the existence result of Leonardi and Rigot
for nilpotent groups with no dilations and a sub-Finsler norm. The proof
follows the arguments in [77]. As in [77], one of the main difficulties is to
prove a Deformation Lemma that allow us to increase the volume of any
finite perimeter set while modifying the perimeter in a controlled way, more
precisely, the difference of the perimeters is linear with respect to the volume
we are adding.

We shall assume the validity of the following result.

Theorem 3.0.2 (Deformation Lemma). Let (G, X, K) be a sub-Finsler nilpo-
tent group. Let F' C G be a finite perimeter and finite volume set and suppose
that there exists p € int(F'). Then there exist Cs > 0 and a family of finite
perimeter sets {F} such that |[F*| > |F| + \C and

Py (F) — Pg(F) < C3\. (3.0.1)

There are a large number of deformation lemmas in literature, some of
them in [7; 6; 77; 114; 122; 131; 134]. The proof of Theorem 3.0.2 usually
relies on taking a vector field U and use the formulas for the first variation
of the volume and the area. In [77]|, Galli and Ritoré used a calibration
argument, exploiting that Pansu spheres in H! have constant mean curvature
to construct, in a neighborhood of a given point, a horizontal vector field with
bounded divergence.

By a calibration argument, we obtain in Proposition 3.2.1 that the isoperi-
metric profile is non-decreasing. One advantage of our proof of Theorem 3.0.2
is that the constant C' depends only on the radius of a ball inside F'. The
property of sub-additiveness of the isoperimetric profile is proven in Corol-
lary 3.3.3. We shall also extend the properties obtained in Carnot groups by
Leonardi and Rigot in [109], that isoperimetric regions are bounded and its
topological and essential boundaries coincide.

This chapter is organized as follows. In Section 3.1, we fix some no-
tation and give some background on sub-Finsler nilpotent groups and the
notion of K-perimeter. In Section 3.2, we prove Theorem 3.0.2 and study
some properties of the isoperimetric regions such as that they are open up
to a nullset (Corollary 3.2.3), bounded (Theorem 3.2.9) and its essential
and topological boundaries coincide (Theorem 3.2.8), and prove in Proposi-
tion 3.2.1 that the isoperimetric profile is non-decreasing. In Section 3.3, we
prove Theorem 3.0.1, the existence of isoperimetric regions and deduce that
the isoperimetric profile is a sub-additive function in Corollary 3.3.3.
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3.1 Preliminaries

We consider a left-invariant Riemannian metric g := (-,-) forming X an
orthonormal basis of HY, and making orthogonal the subbundles H° and V/,
where V is a complementary subbundle of H°.

From the definition and that the Lebesgue measure is invariant by left-
translations it follows that, for any p € R,

P(X,K)(fp B3l - Q) = P(X,K)(E§ Q).

We shall use exhaustively the following decomposition of the K-perimeter

Pyg(E) > Pk(ENB)+ Pg(E\ B)—2C1P(EN B;0B), (3.1.1)
where B is any sub-Riemannian ball in R? and P is the sub-Riemannian
perimeter. Indeed, we have

Pix(ENB)=Pg(ENB;B)+ Px(ENB; B°) = Px(F; B)+ Px(ENB;0B).

From the above equation and the relation between the Euclidean and the
Minkowski norm (2.3.1), we obtain

Px(E;B) = Pk(ENB)— Px(EN B;0B) (3.1.2)
> Px(ENB) - C;'P(EN B;0B). o

Similarly, it holds
Py(B;B°) = Px(E\ B) — Px(E\ B;0B)
> Pi(E\ B)— C;'P(E\ B;dB) (3.1.3)
= Px(E\ B) — C{'P(EN B;0B).
Adding (3.1.2) and (3.1.3), we obtain (3.1.1).

The following relation between the sub-Riemannian perimeter and the
derivative of the volume can be found as Lemma 3.5 in [4].

Lemma 3.1.1. Let (R%, -, X, K) be a sub-Finsler nilpotent group. Let F C
R? be a finite (sub-Riemannian) perimeter set and B, the sub-Riemannian
ball of radius r centered in 0. Then for a.e. r > 0, we have

max{P(F N B,;0B,), P(F\B,;0B,)} < —di |F'\ Bs|. (3.1.4)
Sls=r

A measurable set [ is said to have density s at a point x provided the
following limit exists and equals s
FNnB
L |E0 B, )|
t—0+  |B(z,7)|
The set of points where de density of F'is s is denoted by Fs. The essential
boundary of F is R?\ (F} U Fp).
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3.1.1 Isoperimetric inequality for small volumes

A fundamental tool in a metric measure space (X,d, p) is the existence of
a (1,1)-Poincaré Inequality, that is, the existence of constants C' > 0 and
A > 1 such that

/ |f = forldp < Cr/ IV fldu, (3.1.5)
B(pr) B(p,r)

for all f locally Lipschitz, where B(p,r) is the metric ball of center p and
radius r, fp, = 1/|B(p,r)| fB(p,?“) fdup and |V f| is an upper gradient of
f in the sense of Heinonen and Koskela [96]. In the context of connected
Lie groups with polynomial volume growth, a (1, 1)-Poincaré inequality was
proven by Varopoulos in [163], and in R? with a Lie bracket generating
system by Jerison in [101]. As stated by Hajlasz and Koskela in Theorem
5.1 and 9.7 in [95], the (1, 1)-Poincaré inequality (3.1.5) together with (2.2.6)
implies the following Sobolev inequality.

-0 .
(f =5l a0) " <Crf  pdp 310)
B(p,r) B

(pr)

From Inequality (3.1.6) and (2.3.1), the relative isoperimetric inequality eas-
ily follows (see also Theorem 1.18 in [82]).

Theorem 3.1.2 (Relative Isoperimetric inequality). Let (R, -, X, K) be a
sub-Finsler nilpotent group with local dimension [. There exists C' > 0 such
that if F C R? is any finite perimeter, then

Cmin{|F 1 B(p,7)], |B(p,r) \ FN- < Pi(F; B(p,7)),  (3.1.7)
for any p € R and 0 < r < 1.

From a classical covering argument, we obtain the following isoperimetric
inequality for small volumes. The proof follows identically as in Lemma 3.10
of [77]. It is also proven in Proposition 3.20 [7], in the context of PI-spaces,
that is, metric measure spaces satisfying a weak (1,1)-Poincaré inequality
and doubling property, which are uniformly s-Ahlfors regular.

Theorem 3.1.3 (Isoperimetric inequality for small volumes). Let (R?, -, X, K)
be a sub-Finsler nilpotent group with local dimension l. There exists Cy > 0
and vg > 0 such that if F C R? is any finite perimeter set and |F| < vy,
then

Co|FI'7YE < Pre(F). (3.1.8)
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3.2 Properties of isoperimetric regions

Throughout this section, (R?, -, X, K) denotes a nilpotent group with X a
Lie bracket generating system, K denotes a convex body in H{ containing 0
in its interior, B(p,r) the sub-Riemannian ball centered in p of radius r > 0.
We shall see that an isoperimetric region F is open up to a nullset and its
topological and essential boundary coincide, using the arguments developed
in [109; 49]. We shall also prove that isoperimetric regions are bounded.
Moreover, we shall prove a Deformation Lemma.
The isoperimetric profile is defined as

Ik (v) := inf{Pg(E) : E CR? is a finite perimeter set and |E| = v}.

Proposition 3.2.1. Let (R?, -, X, K) be a sub-Finsler nilpotent group. The
isoperimetric profile is non-decreasing.

Proof. We recall from the previous section that we can take X; in X \ g1, D
be the distribution orthogonal to X; and S a hypersurface passing through 0
with T'S = D. Moreover, S is orientable. Let ST and S~ the open regions in
R? with boundary S and horizontal normal vectors X; and —X respectively.

Fix v > w > 0 and let E, C R? such that |E,| = v and Pg(E,) =
Ix(v) + 1. Let p, be such that |¢,, E, N S*| = w. By abuse of notation,
we will write E, and E, for ¢, E, and ¢, ,E, NS~ respectively. Let U €
ITx(X1) be a projection over K, that is, satisfying (?7). Applying (2.3.3) to
E. and U, we get

/ divUdx = —/ (mr(X1), X1)d|OE, |k —|—/ (U,v)d|OE, | k.
En EnNS En

n

Since U has constant coordinates in X, divU = 0. Therefore, from (2.3.5)
we get

Pg(E,NST;8) = / (U,v)d|OF, |k < Px(En;S™). (3.2.1)
Ey
Adding Pk (E,;S™) to both sides of Equation (3.2.1), we get

1
Iic(w) < Pic(Bp N157) < Pie(Bn) = Iic(v) + - 0

We shall need the following Lemma proven in [109] for Carnot groups.

Lemma 3.2.2. Let E be an isoperimetric region, p € R and 0 < r < 1.
Then there exists € > 0 such that if r~'|B(p,r) \ E| < ¢, then

[B(p,7/2)\ E| =0,

where is B(p,r) the sub-Riemannian ball centered in p of radius r > 0.
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Proof. Let |E| = v. Suppose that »~!|B(p,r) \ E| < e. Lett >0, B :=
B(p,t), B := EUB and m(t) := |B\ E|. It is clear that

Pi(E) > Pg(E; B) + Pk (E; B°)

— Py(E; B) + Py (Ey; BY).

It follows that
Py (Ey; B°) < Pk (E) — Pg(E; B).

Then

Pk (E;) = Pk (Ey; B) + Px(Ey; B) + Pi(Ey; 0B)

< P(E) — Py (E; B) + P (E;0B), 322)

where we used that Px(E:; B) = 0. On the other hand, using (3.1.4) and
that —|E°\ B|' =m/(t), we get

Py (Ey;0B) < C1P(E,;0B) = C1P(E°\ B;dB) < Cim'(t).  (3.2.3)
Using again (3.1.4),
Pyg(E;B) = Px(B\ E) — Pxk(B\ E;0B) > Px(B\ E) —m/(t). (3.2.4)
Since |E¢| > |E| and E is an isoperimetric region, Proposition 3.2.1 gives us
Pr(E) < Pg(Ey). (3.2.5)
Substituting (6.2.4), (6.2.5) and (6.2.6) in (3.2.2), it follows that
Pg(B\ E) < (14 Cy)m/(t).
From the Isoperimetric Inequality (3.1.8),
Cmt)' Y </ (1). (3.2.6)

The above inequalities holds for a.e. ¢t > 0. Suppose that m(t) > 0 for
all t € [r/2,r], otherwise there is nothing to prove. Then we can rewrite
Inequality (3.2.6) as
(1)
< 7
< m(t)l—l/l’

and integrating between r/2 and r,
r < C(m(r)Y' = m(r/2)YY < Cm(r)V' < Cetir

This is impossible for € small enough, and we get a contradiction. Therefore
|B(xz,7/2)\ E| =0. O

Corollary 3.2.3. Let E be an isoperimetric region. Then there exists an
open set Ey that coincides with E almost everywhere.
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Proof. Let p be in E;. By (2.2.6) we get

B\ E| _ 5B\ E|
> ¢ >0
B rl

for r small enough. Since the left hand side of the above inequality converges
to 0, we can apply Lemma 3.2.2. O

Remark 3.2.4. From now on we shall assume that an isoperimetric region
FE is exactly Fh, and therefore an open set.

Remark 3.2.5. Notice that in the proof of Corollary 3.2.4 is important to
have the same exponent [ in (2.2.6) and in (3.1.8).

Remark 3.2.6. The constant C3 depends on the radius of the ball B(p,r)
taken inside F. Therefore, if » > 0 and F} and F5 are two finite perimeter
sets with finite volume such that B(p1,r) C Fy and B(pa,r) C F; for some
p1 and pe, then we can take C3 > 0 satisfying (3.0.1).

In Lemma 3.2.2 we proved that if we have a ball that is almost contained
in an isoperimetric region E, then the ball of half the radius is in . Following
again the arguments in [109] and using the Deformation Lemma 3.0.2, we
prove in Lemma 3.2.7 the analog result when the starting ball is almost
outside E.

Lemma 3.2.7. Let E be an isoperimetric region, p € R% and 0 < r < 1.
Then there exists € > 0 such that if r~!|E N B(p,7)| < ¢, then

|E N B(p,r/2)| =0.
where is B(p,r) the sub-Riemannian ball centered in x of radius r > 0.

Proof. Let t > 0, B := B(p,t) and m(t) = |[E N B|. Under the assumption
that r—!|E N B(x,7)| < &, m(t) is small enough to define E; := (E\ B)™®
as the set given by the Deformation Lemma 3.0.2 with volume |E;| = |E].
Thus

Py (FE) < P (Ey).

On the other hand, reasoning as in Lemma 3.2.2 and using the Deformation
Lemma, we get

Pr(Ey) < Pg(E\ B) + Csm(t)
< PK(E) — PK(E N B) + (1 + C'l)m’(t) + Cgm(t)
< Pe(B) — m(t) V! 4 (14 Crym (1) + Cxm(t).

The above inequalities gives us

m(t)V = (1 + C)m(t) < Csm/(t).
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For m(t) small enough, there exists C' > 0 such that
Cm() = < ()Y — (1 + Crym(t),
and
C'm ()Y < m! ().
Again, supposing that m(t) > 0 for all ¢ € [r/2,r], we have
,_ ()
= m(t)lfl/l’

and integrating over r/2 and r, we get a contradiction for ¢ > 0 small
enough. O

Let E be an isoperimetric region, we define the sets

Ey = {p e R?: 3r > 0 such that |B(p,r)\ E| =0}
Eo = {p € R%:3r > 0 such that |[E N B(p,r)| = 0}
S ={peR:: min{|ENBp,r)|,|Blp,r)\ E|} >e Vr <1}.

Theorem 3.2.8. Let (R%,-, X, K) be a sub-Finsler nilpotent group and let
E be a isoperimetric region. Then the topological and essential boundaries
of E coincide.

Proof. By Lemma 3.2.2 and 3.2.7, the sets Ey, E1 and S form a partition of
R?. Since E; and Ej are open and disjoint, 0F; U dEy C S. On the other
hand, if p € S and r > 0, B(p,r) N Ey # () then B(p,r) N Ey # 0, otherwise
p € int(E1), and p € 0E, N OEy. 0

Theorem 3.2.9 (Boundedness). Any isoperimetric region in a sub-Finsler
nilpotent group (R%, -, X, K) is bounded.

Proof. Let E be an isoperimetric set of volume v, B the sub-Riemannian
ball centered in 0 of radius 7 > 0, and m(r) = |E \ B|, and (E N B)™") be
the family given by Lemma 3.0.2. Since |(E N B)™")| = v, we have

Pi(E) < Pg((E N B)™™). (3.2.7)

Using the Deformation Lemma (3.0.1), the Isoperimetric inequality (3.1.8)
and Equations (3.1.4) and (3.1.1), we get

Pi((E N B)™")) <Pr(E N B) + Cym(r)
<Py(E) — Px(E\ B) +2C1P(E N B;0B) + C3m(r)
<Py (E) — Pg(E\ B) —2C1m/(r) + Csm(r)
<P (E) — Com(r)' =Y = 201m/ (r) + Cym(r).

(3.2.8)
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Subtracting Inequality (3.2.7) in (3.2.8), we get
—20,m!(r) = Coym(r)! =1 — Cam(r).

As m(r) tends to 0 as r tends to oo, for r big enough there exists C' > 0
such that
C’gm(r)l_l/l — Csm(r) > Cm(r)l_l/l.

Let r > 1 and suppose that m(r) > 0. Then

m—(;’;@/l >0, (3.2.9)

Since

r _m/(s) m(r) 1 y )
L om(s) U _/m(l) a—ids = m(1) = m(r)M!, (3.2.10)

Integrating (3.2.9) between 1 and r and using (3.2.10), we get
m(D)Y = Cr + m(r)/!

and r is bounded. O

3.3 Existence of isoperimetric regions

Throughout this section, K shall denote a convex body in H{ containing 0
in its interior and B(p,r) the sub-Riemannian ball centered in p of radius
r > 0. We shall follow the arguments of Galli and Ritoré [77].

The following lemma can be found in [109] for Carnot groups, and in
the context of sub-Finsler nilpotent groups the proof can be done mutatis
mutandis.

Lemma 3.3.1 (Concentration Lemma). Let F' be a set with finite perimeter
and volume. Suppose that there exists m € (0,|B(0,1)|/2) such that |[F N
B(p,1)| < m for all p € RY. Then there exists C > 0 depending only on |
such that

C|F|'Pg(F)~t < m.

The following Lemma can be found in [110].

Lemma 3.3.2. Let {E,} be a sequence of uniformly bounded perimeter sets
of volumes {v,} converging to v > 0. Let E be the limit in Li (R?) of
E,. Then there exists a divergence sequence of radii {r,} such that, setting

F, = E,\ B(0,r,) and up to a subsequence, it is satisfied

|E|+ lim inf |F,| = v,
n—0o0

3.3.1
Pr (E)+ liminf Py (F,) < hrr_l)inf Pr(E,). ( )
n—oo n—oo
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Proof. Take {s,} increasing with s,, — s,+1 > n. We claim that there exists
T iN [Sp, Spt1] such that

P(E,NOB(0,r,); 0B(0,7y)) < v,/n,

where P and B(0,r) are the sub-Riemannian perimeter and ball of center 0
and radius r respectively. Otherwise, by Inequality (3.1.4) we have
Sn+1 d

Sn+1
vn</ P(EnmaB(o,t))dtg/ ot B 0 B(O, 8)ldt < vy
S
Sn Sn

Therefore, by Inequality (3.1.1) we get

Px(E,) 2Pg(E, N B(0,7,)) + P (E, \ B(0,7,))
—2C1P(E, NdB(0,ry,); 0B(0,7,)) (3.3.2)
>Pg(E, N B(0,r,)) + Px(F,) — 2C v, /n.

On the other hand,
|En| = |E, N B(0,1,)] + |En \ B(0,15,)]. (3.3.3)

Taking inferior limits in n in (3.3.2) and (3.3.3), and using the lower semi-
continuity, we have the result. O

Proof of Theorem 3.0.1. Let {E, }xen be a minimizing sequence of sets with
|En| = v and Px(E,) < Ix(v)+ L. By compactness, the sequence converges

in L}, (R?) to a set E°. Let vy := |E°|. By Lemma 3.3.2, we can find a
sequence of divergence radii r, such that, denoting F,, := E,, \ B(0,r,), we
have

vo+ liminf |F,| = v,
n—oo

oL (3.3.4)
Pg(E )—i—hnimfPK(Fn) < Ik (v).

If v9 = v, then the Theorem is proven. If vy < v, we claim that Ey is
isoperimetric for its volume. Otherwise, we can find O C G such that |O] =
vp and Pk (O) < Pg(E"). By Theorem 3.2.8, O is bounded and by definition
of F,, we can find ng such that Vn > ng, O and F,, are disjoint. Then

lim inf |OU F,| = 0]+ lim inf |Fp| = v.
By Equation (3.3.4),
Iic(v) < liminf Pe(O U Fy)
= Pr(0) + I%Lniig.}f Pk (F,)
< Pr(E°) +liminf P (F,)

< IK(U)a
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and we have a contradiction.

Step two. If vg < v we apply Lemma 3.3.1 to find a divergent sequence
of points {pl} such that |F, N B(py,1)| = mo|F,|. The sets ¢_, F, con-
verge in L}OC(Rd) to a set B! of volume v; < lim, 500 |Fn| = v — v9. By
Lemma 3.3.2, we can find a divergent sequence {7/,} of radii so that the sets
F) = ({_p, Fy) \ B(0,r],) verifies

v1+liminf |F)| = v — vy,
I P (T < T (3:35)
Pr(E")+liminf Pg(F,) < liminf Pg (F},).

Since EY in bounded, we can suppose that E° N E! = (). If v; = v — v, then
|EU E'| = |E°| + |E!| = v and

Px(E°U EY) = Pg(E®) + Py (E') < Px(E°) + lim Py (F,) < I(v).

n—o0

Thus E° U E! is the isoperimetric region of volume v. If v; < v — vg, then
E°U E' is isoperimetric for its volume. Otherwise there exists O C G such
that |O| = vg + v1 and Pk (O) < Pg(E®) + Px(E"). Then
Ik (v) < liminf P (O U F))
n—oo
= Pg(O) + liminf Pg(F))
n—oo
< Py (E®) + Px(EY) + liminf Py (F))
n—oo

< Pg(E®) + liminf Py (F),)
n—oo

< IK(U)a
and we have a contradiction.
By induction, we get a sequence of sets E°,..., E" pairwise disjoint of
volumes vy, . . ., v, whose union is isoperimetric for its volume > ;" | v;. Sup-

pose that there exists a infinite number of pieces E*. Then > 2 v; < v. Let
j and k with v; > v; for all i and vy small enough so we can take (E7)% the
family defined in 3.0.2 and there exists C' > 0 with C’vﬁfl/l > C3vg. Then,
by the Deformation Lemma (3.0.1) and the Isoperimetric Inequality (3.1.3),
we get

IK(ZUZ) < Z PK(EZ) + PK((Ej)vk) < ZPK(EZ) + Cgvk

i#£jk ik
i 1—1/1 i
<3 Pr(BY + Cuopg < Pr(EY) + Pr(ER) = Ig (Y i),
ik ik i

which is a contradiction. Therefore there are a finite number of pieces, r,
until >, v; > v, and E°UE!'.. .UE" is the isoperimetric region of volume
. O
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Corollary 3.3.3. Let (R -, X, K) be a sub-Finsler nilpotent group. The
1soperimetric profile I is sub-additive.

Proof. Let vy, ...,v, = 0. Take E} isoperimetric region of volume vg. By
Theorem 3.2.9, Ej, is bounded and we can take E; N E; = (). Therefore

n n

I(vo+ ... +vn) < Pe(| Br) = Pr(BEp) =Y Tic(vg). O
k=1 k=1 k=1



Chapter 4

The Brunn-Minkowski
inequality in Nilpotent Lie
groups

In this chapter we show the results obtained in [141]. We shall prove a
generalization of the Brunn-Minkowski inequality in Euclidean space where
the Minkowski addition of sets is replaced by any product * : R4 x R4 — R¢
of the form

zxw=z+w+ (F1, Fa(z,w),...,Fy(z,w)) = z+w+ F(z,w), (*)

where F} is a constant and F; are continuous functions that depend only on
21y Ziml, W, - ., Wi—1 Vi = 2,...,d. By a product here we mean a binary
operation without assuming any further properties such as associativity.

Theorem 4.0.1 (Brunn-Minkowski inequality for (*) products). Let * :
R? x R? — R? be a product of the form (*) and let A, B C R% be measurable
sets such that A x B is measurable. Then we have

|Ax BV > 1AV 4 | BV, (4.0.1)

Any nilpotent Lie group verifies the hypothesis of Theorem 4.0.1 because
of the expression of the group product in exponential coordinates of the first
kind. In this chapter, we shall consider a product * of the form (*), that not
necessarily comes from a group product, and change * for another one *;, ,,
of the form (*), depending on the sets A and B, that allows us to compare
the volume of the Minkowski addition of sets for the products * and *,, 4, , as
a consequence of Lemma 4.1.1. When the product % comes from a nilpotent
group it is not true that *,, ,, can define a group product. Then, by an
induction argument, we will compare the volume of the Minkowski addition
of sets A and B with the volume of the Euclidean Minkowski addition of A
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and B, and establish in Proposition 4.1.5 a sufficient condition in H' for the
strict inequality in (4.0.1).

At the end of the chapter, we state several classical variations of inequal-
ity (4.0.1) in the case of Carnot groups, where dilations can be defined.

4.1 The Brunn-Minkowski inequality

We have seen that any simply connected nilpotent group is isomorphic to
R? with a product of the form (2.2.1). Now we prove the Brunn-Minkowski
inequality for any product * : RY x R? — RY of the form (*). This product
does not necessarily defines a group structure in R%. Given such a map F
and 2}, w] € R, we can define another product R R? x R — R%, by

z *Zi’wi w=z+w —|—F<(Zi,§)7 (U]i,'lf))),

where 2 = (22,...,24), W = (wa,...,wq). We define the map Fs ) :
R x RO — R4 by

Frop i) (2,0) = (B, .., Fa) (24, 2), (w}, @) (4.1.1)

Notice that Fj((z], 2), (w},w)) only depends on the first ¢ — 2 variables of Z
and @ and so Fy((2},2), (w},w)) is constant. Thus the product % : R4~ x
R4~ — R4 given by

§>T<u~}:§+’LTJ+F(Zﬂ7w/1)(2,ID), (4.1.2)

has the form (*). Notice that the product % depends on the choice of 2, w].
We hall denote | - |, the Lebesgue measure in R?. We will drop the
subscript when n coincides with the topological dimension.

Lemma 4.1.1. Let x :ERd x R% — RY be a product of the form (*) and let
A, B C ]Rd~be~A =1x A, and B =J x B, where I,J are compact intervals
in R and A, B C R*! are compact. Then

A« B| > |1+ J1JA% Blay, (413)

where % is the product described in (4.1.2) for certain 2z € I and w| € J.
Moreover, if F' does not depends on z1, w1, then equality holds in (4.1.3).

Proof. Notice that A« B and A% B are compact, and so measurable. Let
I=]ab],J=d,t]andl=b—a,l' = —a'. The product is

A*B:{z+w+F(z,w):z1€I, wy € J, 2 €A, ﬁ;eB}.
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We define a diffeomorphism ¢ : R? — R? by (s,2) + (2,5 — z). The inverse
¢ Hz,w) = (2 + w,z) is a diffeomorphism between the sets I x .J and
{(s1,21):s1€I+J, z1 €IN(sy —J)=K(s1)}. Hence, we clearly have

Ax B = {(51;2“"(2)) + (Fl,F¢(517zl))(§7@D) 181 € I_|_ J’

Fe Az € K(sy), € B}.
Now we use Fubini’s theorem and we obtain

|A* B| = / h(s1)ds1, (4.1.4)
I+J

where h: I+ J — Rar is the function

h(si)=|{peR" " : (s1+ F1,p) € AxB}|, | =

U D5y 21)

z21€K(s1) d—1
(4.1.5)
and
Doy ) = {2+ W+ Fy(s, ) (5,0) 1 Z€ A, @ € B} (4.1.6)

Now we compare h(s1) with the measure of Dy, . ) for some 2. Let
z1 : I+ J — R be the function

z1(s1) = tl + a,

s1—(a+a’)

- 1t is clear that 0 <t < 1, hence z1(s1) € I. Moreover,

where t =
tl+a=s —tl' —d,

and therefore z1(s1) € s;1 —J. Then z1(s1) € K(s1).

Let f: I+ J — RJ be the map given by f(s;) = ‘D(SI,ZI(Sl))’d—l' It is
easy to check that f is continuous, and hence f reaches its minimum at a
certain value sj. Thus, we get

/ h(s1)ds; > f(s1)ds1 > f(sh)dsy = [T+ T f(s)). (4.1.7)
I+J I+J I+J

Denoting by 2] := z1(s}) and w’l~ ::~s’1 — 21, We can write Fy(y 1) = Flor ).
Hence we have that Dy 1) = A% B and

f(s1) = |A%Bla1. (4.1.8)

From (4.1.4), (4.1.7) and (4.1.8) we obtain (4.1.3).
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Suppose that F' does not depend on zj,ws, let us prove that equality
holds in (4.1.3). It is enough to prove equality in (4.1.7). For any s; € I+ J
and z; € K(s1), we have that

Py o = Foywn = Fosy,20)

s$1,21) —

where wy = s1 — z1. Therefore

D(Sll»zi) - D(Sl7zl) = U D(s1,z1)- (419)
ZIGK(Sl)

Hence, from (4.1.5) and (4.1.9) we get that f(s}) = h(s1) for all sy € I + J.
Thus equality holds in (4.1.7) and the result follows. O

Remark 4.1.2. The product *,, ,» does not depend on 21, w; and Lemma
4.1.1 guarantees

|Ax B| >[I+ J|1|A% Blq_y = [A %, Bl. (4.1.10)

Recall that . . acts as a sum in the first two coordinates, and someway
(4.1.10) allows us to compare the measure of A x B with the measure of a
set more similar to the Euclidean Minkowski addition of A and B.

Proof of Theorem 4.0.1. The proof is divided into three steps.
Step 1. We first claim that (4.0.1) holds for a pair of d-rectangles A and
B, that is,

A=D1 x - x Iy
B=J, x - xJy

where I;, J; are compact intervals V 1 < ¢,7 < d. We shall see that

and the classical Brunn-Minkowski inequality in R? would imply (4.0.1).
In order to prove (4.1.11), we use Lemma 4.1.1 to obtain

|A* B| > |I + J11|A% Blg_1,

but now A = Iy x (I3 x ... x I3), B = Jy x (J3x ... x Jy) and % has the form
(*), and so we can apply Lemma 4.1.1 to the sets A and B. Iterating this
process, we get (4.1.11).

Step 2. Now we consider the case where A and B are finite unions of
dyadic d-rectangles, that is, A = A1 U...UA,, B= By U...U DB, where
A =1 x...xI},, Bj=J{ x...xJ}and, for any k = 1,...,d and r # s
(p # q), it is satisfied that either int(I}) Nint(I;) = 0 or I} = I} (either
int(JY) Nint(J¥) = 0 or J = J{), where int(I) denotes the interior of I.
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We proceed by induction on the total number n + m of d-rectangles. If
n+m = 2, then A and B are d-rectangles and we can apply step 1. Suppose
that the theorem holds for n +m — 1, where n +m > 3. Then we can
find a hyperplane P : {z; = a;} such that some A, C {z > a;} and some
Ay C {Zz < ai}.

If the hyperplane has as equation P : {z; = a1}, the proof is the same as
the classical proof of Hadwiger and Ohmann for the addition of sets in R
We include it for the sake of completeness. The sets

AT =ANn{z > a1}, AT =ANn{xn < a1}

are unions of d-rectangles whose sum is strictly less than n. We choose a
parallel hyperplane @ : {z; = b1} verifying that

B* A+
||B|| = ||A", (4.1.12)

where BT and B~ are the sets given by
BT =Bn{z > b}, B~ =Bn{z < b}

Moreover, BT and B~ are disjoint unions of d-rectangles whose sum is at
most m. We apply the induction hypothesis to the pairs AT, BT and A=, B,
and we obtain
|AT x BT
|A™ *« B™|

(JAFVE 4 | BF )

4113
(| ATV (BT, ( )

Z
=

On the other hand, P % @ is contained in another vertical plane {z; =
a1 +b1} CRY AT« BT c (P*Q)*", and A=« B~ C (P *Q)~. Therefore
AT % Bt and A~ % B~ are disjoint sets (up to a null set) in A% B. Combining
this with (4.1.12) and (4.1.13) we get the inequality

|AxB| > |AT«BY|+|A™ * B™|

>
> (|ATYE BT (JAT [V | BV

()

= (|44 + BV,

= (AT +]47])

and the theorem is proved for such A and B.
If there is no such hyperplane with equation P : {z; = a1} but with
equation P : {23 = as}, then for any w,v,p,q, [V = IV = I, JV = J{ = J;
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and for some r # s, int(I5) Nint(75) = (), and we can write
A:Uh X Ihx ... x I =1 x <UI§><...><I§> =11 x A
i i

B=JhxJHx. ..xJj=nhx||JBx...xJ)| =5 xB.
j j

We have seen in (4.1.10) that
|A * B| = |A *zi,wﬂ B’

Now we repeat the above argument, where now we apply the induction hy-
pothesis to the product . ,», thus the sets AT * 2 ) Bt and A™ * 0wl BT
are disjoint (up to a null set). Hence, by (4.1.10) we obtain

|AxB| > ‘A*zi,w’lB’ > |A+*z’1,w’1 B+‘+‘A7*z{,w’1 B7| > (|A‘1/d+|B‘1/le/d

and the result is proved.

Repeating this reasoning we have covered the general case where P :
{Zi = ai}.

Step 3. Let us prove (4.0.1) for A and B are measurable sets such that
A x B is measurable. We can suppose that A, B and A x B have finite
measure, since otherwise the inequality is trivial. Fix € > 0 and take an
open set O such that A* B C O and |O \ A * B| < ¢. Take open sets
O4 D A and Op D B such that |04\ A| < ¢ and |Op \ B| < . Since * is
continuous, we can assume also that O * Og C O. Now we approximate
the open sets O4 and Op from inside by dyadic d-rectangles, D4 and Dp so
that |04\ Da| <e¢, |Op\ Dp| < . Using step 2 for D4 and Dp, we obtain

(JAx Bl + )4 > |09 > |04 % 0p|"? > | Dy % Dp|"/?
> [DalV% + |Dp|M? = (JA| - 26)Y + (|B] — 2¢)V<.

Taking ¢ — 0 we obtain (4.0.1). O

As a particular case, we have the Brunn-Minkowski inequality in nilpo-
tent groups.

Theorem 4.1.3 (Brunn-Minkowski inequality in nilpotent groups). Let G
be a simply connected nilpotent group of topological dimension d with Haar
measure |, and let A, B C G be measurable sets such that A- B is measurable.
Then we have

w(A- BV > (A 4 (B (4.1.14)
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Proof. We denote A = log(A), B = log(B). Using Proposition 2.2.4 and
Theorem 4.0.1, we have

u(A- B) = |log(A- B)| = | log(exp(A) - exp(B))| = |A B
> (A + BV = (A4 u(B) )Y 0

Remark 4.1.4. Since the right-hand side of (4.1.14) is symmetric in A and
B, it follows

min{p(A - B), p(B - A} > p(A)V + u(B)4.

An example where (A - B) and p(B - A) are different can be found in [108].

4.1.1 A sufficient condition for strict inequality in the Heisen-
berg group

A set A in the Heisenberg group H' of the form A = Ay x Ay, where A; is a
measurable set in R? and A, is a measurable set in R is called a generalized
cylinder.

In this subsection we prove in Proposition 4.1.5 that the Brunn-Minkowski
inequality (4.1.14) is strict in H' for a pair of generalized cylinders A and B
such that the volumes of A1 and B; are positive.

Recall that a point a in R? is a density point of A if
. |AnB(a,r)]

lim

=1
r—0t |B(a,r)| ’

where B(a,r) is the ball of center a and radius r with the CC distance.
The set of density points of a set A will be denoted as A°. We can always
normalize a set by including its density points in the set. The existence of a
density point in A implies that the volume of A is positive.

Proposition 4.1.5. Let A, B C H' be generalized cylinders such that A- B
and A+ B are measurable. Suppose that |A1| > 0 and |By| > 0. Then

|A-B| > |A+B|. (4.1.15)

Proof. By Fubini’s theorem, we have

|A . B‘ = / h(Sl)dsl,
A1+B;

where h(s1) = [{t+t +Im(z(s1 —2)) : t € Ay, t' € By, 2z € K(s1)}|1 and
K(s1) = IN(s1—J). Denoting s1 = (s, 5y) , we can see that Im(2(s; — 2)) =
Im(257) = ys, — xsy. We write

Iy, ={yss —xsy : (x,y) € K(s1)}.
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By the Brunn-Minkowski inequality in R,

h(Sl) = |{52 —|—Im(st) 189 € Ay + By, z € K(Sl)Hl
=H{sa+a:s0€ Ay+ By, a€ I}
> ‘AQ + th + “[51’1'

We assert that if [K(s1)|2 > 0, then |I, |1 > 0. To see that, we can take
the diffeomorphism ¢ : R2 — R2 given by (x,y) — (ny — XSy, ﬁ — ﬁ)

Then |Jac(¢)| = 1 and applying the change of variables formula to ¢~!, we
have

0 <K (s1)le = [ xicienEz = [ ot () = [0 ()l

Now we use that, for any set O C R? with |O|z > 0, it holds that |71 (O)|1 > 0
where 7 (x,y) = x, since |m1(0)[1 = 0 implies |Olz < |m1(0) x R|2 = 0.
Hence

[Ls, |1 = |m1(¢(K (s1))) 1 > 0.

To complete the proof it remains to show that {s; € A1+ By : |[K(s1)]2 >
0} has positive measure. Let a € A9, b € Bf and s; = a+b € A} + BY.
Then a = s; — b is a density point in s; — B; and therefore a is a density
point in Ay N (s; — B1) = K(s1) which implies that |K(s;)|2 > 0. Finally
A9+ B¢ C Aj+ By has positive measure since |A{+BY|a > |A9|2 = |A1|2 > 0,
and

’{81 S A1+Bl : ‘K(Sl)‘g > 0}‘2 = ‘{81 S A‘lj—i-Bf : ‘K(slﬂg > O}’Q >0. O

Remark 4.1.6. In order to characterize the equality in (4.1.14) for gener-
alized cylinders, we can distinguish several cases. If A and B lie in parallel
vertical hyperplanes, then |A - B| = 0 and we have equality in (4.1.14). If A
and B are convex and homothetic then either [A;|2 > 0 and By is a point and
the equality holds, or |[A;|2 > 0 and |By]2 > 0, and therefore, by Proposition
4.1.5 jointly with the (Euclidean) Brunn-Minkowski inequality, equality does
not hold in (4.1.14). The same argument works if A and B lie in horizontal
hyperplanes with |[A1|2 > 0 and |Bi|2 > 0. The case in which A and B lie
in horizontal hyperplanes with |A;|2 = 0 is not known in general.

4.2 Consequences

Another equivalent version of the Brunn-Minkowski inequality in Euclidean
space is the Prékopa-Leindler inequality. Now we show how the proof of
the Prékopa-Leindler inequality from the Brunn-Minkowski inequality can
be adapted to the case of nilpotent groups.
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Theorem 4.2.1 (Prékopa-Leindler inequality in nilpotent groups). Let G
be a simply connected nilpotent group of topological dimension d with Haar
measure . Let f,g,h : G — ]Ra' be measurable functions and 0 < a < 1
verifying

h(a-b) = f(a)'~*g(b)* Va,b <€ G. (4.2.1)

/Ghd,u> (1_a)d1(1_a)ada </Gfd,u>1a (/ngﬂ)a. (4.2.2)

Proof. We proceed by induction on d.
Let d =1and a-b € {f > A}-{g > A}. Then we have h(a-b) >
f(a)t=%g(b)® > A, and as a consequence

Then

{h>X}D{f>A} -{g>A}.

Now we can apply Theorem 4.1.3 to get

p({h > A}) = p({f > A}) +p({g > A}).

Integrating in A and using Cavalieri’s Principle,

/hdu:/oou({h>)\})d)\2

G 0
| s> a) +utta > a)ar= [ sdu+ [ gau @423)
0 G G

Now we use the weighted inequality between the geometric and arithmetic

means,
d l-a d «
/(}fdu—k/cgdu} <flG_fOfL) <fGagu> . (4.2.4)

From (4.2.3) and (4.2.4) we have (4.2.2).

Suppose that Theorem 4.2.1 holds for d — 1. We shall prove (4.2.4)
for the functions f, g, h composed with exp and use Proposition 2.2.4. Let
2= (21,...,24-1), W' = (wi,...,wg_1) € R By (2.2.1), we can write
(2, zq)* (W', wg) = (/' w', zg+wg+ Py(2',w')). Recall that R is isomorphic
to g once we fix the strong Malcev basis { X1, ..., Xy}, and X, spans an ideal

H; in g. Thus g/H; = (R4=1 /) is a nilpotent group. Now we define the
functions f,g,h: R — R(J{ by

§

f(za) = (f o exp) (7, 2a),
9(wa) = (g 0 exp)(w', wa),
h(t) = (hoexp)(z' « ' t+ Py(z',w')).
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Let us see that these functions verify (4.2.1):

h(zq + wa) = (hoexp)((¢/, zq) * (W', wq)) = (eXP(Z zq) - exp(w’, wy))
> (f oexp)' (2, 2q) (g 0 exp)*(w', wa) = f17*(20)§%(wa). (4.2.5)

By induction hypothesis,

/Rﬁ(t)dt> (1_a =P (/f 2q) dzd>1 a(/Rg(wd)dwd>a. (4.2.6)

By the invariance of the 1-dimensional Lebesgue measure by translations we
get

/ (hoexp)(z' « w',t)dt = / h(t)dt. (4.2.7)
R R

Inequality (4.2.5) is valid for any 2/, w’ € R and we can define the func-
tions F,G, H : R¥~! — Rar given by

() = e | Feadey

Gw') =+ /R §(wa)dwa (4.2.8)

«
H(?) = /(h oexp) (2, t)dt.
R
Applying (4.2.7) we can rewrite (4.2.6) as
H(Z ¥ w') = / h(t)dt > F(2')'72G(w)® V2 w' € R
R

and again by the induction hypothesis, we get

H(Zd >

Rd—1
1 - -
/ /
(1 — a)(@-D(-a)g(d-Ta </Rd1 F(2)dz > ( s G(w')dw' > )
The result now follows from Fubini’s theorem. O

The Prékopa-Leindler inequality in R? is usually stated using h((1—a)z+
ay) instead of h(x+y) in order to eliminate the factor ((1 —a)d1—®)qde)=1
This can be done when dilations are defined, and in this case, this inequality
take a more pleasant expression.

Corollary 4.2.2. Let G be a stratifiable group of topological dimension d
with Haar measure p and homogeneous dimension Q. Let f,g,h: G — ]RS'
be measurable functions, and 0 < a < 1 verifying

h(6-aya- dab) > f(a) "*g(b)* Va,beG.
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Then

11—« o
/ hdp > (1 — 0)(@-D(1-0) 4 (@—d)a </ fdﬂ> (/ gdﬂ> '
G G G

Proof. For the sake of simplicity, dy(a) will be just written as Aa for any
A>0and a € G. We denote ¢’ = (1 —a)a, b’ = ab, fi_a(a) = f(12;) and
gala) = g(2). Then we have

') > @ g = £ (1 )Mg (b) = fial@) g0,

1—« o

By Theorem 4.2.1, we have

1 11—« «
hdu > _od od .
/G 12 1= a)ii-alqda </Gf “) </Gg “’)

Using now Proposition 2.2.11,

[ fatariutar = [ 1(125) dnta) = -0 [ siaauta')

and after using also Proposition 2.2.11 for the integral of g,, we obtain

l-a o
/ hdp > (1 — o) @ D1=0)(@=d)a </ fdu) </ gdu) . O
G G G

As we can find in [156], there are several equivalent statements for the
Brunn-Minkowski inequality in Euclidean space. Similarly, we have the fol-
lowing result.

Corollary 4.2.3 (Multiplicative Brunn-Minkowski inequalities in Carnot
groups). Let G be a Carnot group of topological dimension d with Haar mea-
sure p and homogeneous dimension Q. Let A, B C G be measurable sets
such that A - B is measurable, and 0 < o < 1. Then

10—y A - 5aB)% > (1= )9/ pu(A) /4 a@/dy (B,
1A~ 52B) > (1 - a) @D (@ Dy g)1=a (),

Proof. We use Theorem 4.1.3 with the sets §;_q)A and 6,B, and from
Proposition 2.2.11 we get the first inequality.

For the second one, we take f = x4, g = xp and h = X3(1_a)A-da B and
apply Corollary 4.2.2, obtaining the result. O
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Notes

Notes of § 4.1 1. Theorem 4.0.1 is an extension of the result obtained by
Leonardi and Masnou [108] in Heisenberg groups. They prove the theorem
first for the case where A and B are cubes in R2"H1 of the form A; x
Ay where A; is a dyadic cube in R?" and A, is a measurable set in R,
then when A and B are unions of a finite number of cubes, using then an
approximation argument. This has the crucial property that either exists a
vertical hyperplane that separates cubes or the union is a cube itself. We
call a hyperplane vertical when is also a hyperplane after left multiplication.
Then we can consider only vertical hyperplanes to separate cubes. In R¢
with a product of the form (*) this property is not true, since the union of
the cubes takes the form

U11><~~><In1XIfL1+1X~.-XIé=I1><.~.><In1>< (UI:L1+IX...XIQ>.
i

i

This set is not of the form A; x Ay and the argument fails. While the proof of
Leonardi and Masnou only works in Heisenberg groups, this arguments can
be seen as the first step of an induction argument developed in this chapter.

The exponent of (4.0.1) cannot be improved to @ ~!. Indeed, if we replace
the exponent d~! by Q~!, Monti [124] proved that geodesic balls would
be isoperimetric sets among sufficiently regular sets, which are not. By
sufficiently regular sets we refer to sets whose Minkowski content coincides
with its perimeter, a property that holds whenever the boundary is C?, see
[127].

Juillet [102] developed a method to disprove Brunn-Minkowski inequal-
ities, first connected to the geodesic Brunn-Minkowski inequality and the
measure contraction property of metric measure spaces. He used this method
to disprove the Brunn-Minkowski inequality in H" with any exponent be-
tween (2n+1)~! and (2n +2)~ L.

After [141] was completed, the author was informed that Theorem 4.0.1
was also proven by Bobkov [16] in 2011, where he used Knothe’s map to
get the Brunn-Minkowski inequality for convex sets and obtained the gen-
eral result after proving the equivalent analytic version of the theorem, the
Prékopa-Leindler inequality.

Notes of § 4.2 1. Terence Tao [160; 161] posted an entry in his blog in 2011
explaining how to produce a Prékopa-Leindler inequality in any nilpotent Lie
group of topological dimension d, which provides a natural way to prove the
multiplicative Brunn-Minkowski inequality with exponent d~!. We remark
that the path developed in this chapter is the opposite and is equivalent.



Chapter 5

Pansu-Wulff shapes in H!

This chapter gather the results obtained with Ritoré in [142].

We consider a convex set K with boundary of class C_% (i.e., so that
OK is of class C? and 0K has positive geodesic curvature everywhere) and
an open region Q C H' with boundary 9Q = S of class C?. We compute
the first variation of the area functional associated to a vector field U with
compact support in the regular part of S to get

Al (0) = /Su (divsni) dS.

In this formula v = (U, N) is the normal component of the variation and
divg g is the divergence on S of the vector field ng = i (vp), where v, =
N}, /|Np| is the horizontal unit normal and 7k is the projection map defined
in Subsection 2.1.1.

The function Hg = divg ng is called the mean curvature of S. Further
calculations imply that Hg is equal to (Dznk,Z), where Z = —J(vy,) is
the horizontal direction on the regular part of S. Hence the mean curvature
function is localized on the horizontal curves of S. It is not difficult to check
that a horizontal curve in a surface with mean curvature Hg must satisfy a
differential equation depending on Hg. Hence we can reconstruct the regu-
lar part of a surface with prescribed mean curvature by taking solutions of
this differential equation. Furthermore, we might be able classify surfaces
with prescribed mean curvature by classifying solutions of this ordinary dif-
ferential equation and by looking at the interaction of these curves with
the singular set Sy of S composed of the points where the tangent plane is
horizontal, as was done in [151] for the standard sub-Riemannian perimeter.

Key observations are that horizontal straight lines are solutions of the
differential equation for Hx = 0 and that horizontal liftings of the curve
| | = 1 are solutions for Hgx = 1. The strict convexity of 0K together
with the invariance of the equation by left-translations and dilations imply
that all solutions are of this type.
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Hence, given a convex body K C R? containing 0 in its interior and
its associated left-invariant norm | - |, we consider the set Bx obtained as
the ball enclosed by the horizontal liftings of all translations of the curve 0K
containing 0. It is not difficult to prove that this way we obtain a topological
sphere Sk with two poles on the same vertical line, that is the union of two
graphs. Moreover the boundary of Bx is C? outside the poles (indeed C*
if the boundary of K is of class C*, ¢ > 2) and of regularity C? around
the poles. When K = D, these sets were build by P. Pansu [137] and are
frequently referred to as Pansu spheres. We remark that Pansu spheres’ Bp
are of class C2 but not C? near the singular points, see Proposition 3.15 in
[46] and Example 3.3 in [151].

Figure 5.1: The set Bx when K is the unit ball of the r-norm ||(z,y)||, =
(|2l + o) r =15

We observe that these objects have constant mean curvature. Hence
they are critical points of the sub-Finsler area functional under a volume
constraint. Further evidence that they have stronger minimization properties
is given in Section 5.5, where it is proven that, under a geometric condition,
a set of finite perimeter E with volume equal to the volume of By has
perimeter larger than or equal to the one of the ball Byx. A slightly weaker
result for the Euclidean norm was proven in [147|. Moreover, at the end of
Section 5.5 it is proven that

This chapter is organized into several sections. In the next one we fix no-
tation and give some background, focusing specially in properties of the sub-
Finsler perimeter. In Section 5.2 we compute the first variation of perimeter
for surfaces of class C? and prove the property that the regular part of
the surface is foliated by horizontal liftings of translations of homothetic
expansions of K. In Section 5.3 we define the Pansu-Wulff shapes and
compute some examples and prove regularity properties of these objects. In
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Figure 5.2: The set B when K is a smooth approximation of the triangular
norm

Section 5.4 we study some geometric properties of the Pansu-Wulff shapes
and in Section 5.5 we obtain a minimization property of these Pansu-Wulff
shapes. Finally, in Subsection 5.5.1 we prove that Pansu-Wulff shapes are
the only minimizers of perimeter under a slightly stronger geometric condi-
tion. This property indicates that these shapes are good candidates to be
solutions of the sub-Finsler isoperimetric problem in H?!.

5.1 The pseudo-hermitian connection

The pseudo-hermitian connection V on H!' is the only affine connection sat-
isfying the following properties:

1. V is a metric connection,
2. Tor(U,V)=2(J(U),V)T for all vector fields U, V.

The existence of the pseudo-hermitian connection can be easily obtained
adapting the proof of existence of the Levi-Civita connection, see Theorem
3.6 in [57].

We shall use the following relation between the pseudo-hermitian and the
Levi-Civita connections.

Lemma 5.1.1. Let U, V and W be vector fields where V and W are hori-
zontal. Then the following equation holds

(VuV, W) = (DyV, W) + (J(W), V)(T,U). (5.1.1)

In particular

VyV = DyV — (T, U)J(V). (5.1.2)
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Proof. By Koszul formula, see § 3 in [57]. The terms in the first two lines
are equal to (DyV,W). The last three terms can be computed using the
expression for the torsion to get

(JW), V)(T,U).
This proves (5.1.1). O

Using Koszul formula it can be easily seen that VX = VY = 0.

Corollary 5.1.2. Let v : I — S be a curve on H' and let V/ds, D/ds
be the covariant derivatives induced by the pseudo-hermitian connection and
the Levi-Civita connection in vy, respectively. Let V' be a vector field along .
Then we have

V., D .
V=V -3 IV). (5.1.3)

In particular, if v is a horizontal curve, the covariant derivatives coincide.

5.2 First variation of sub-Finsler area

In this section we fix a convex body K C R? containing 0 in its interior
with C? boundary and consider its associated left-invariant norm |- |, in
H'. Since the convex body is fixed, we drop the subscript along this section.

Let S be an oriented C? surface immersed in H'. Let U be a C? vector
field with compact support on S, normal component v = (U, N) and associ-
ated one-parameter group of diffeomorphisms {¢;}scr. In this subsection we
compute the first variation of the sub-Finsler area A(s) = A(ys(S)). More
precisely

Theorem 5.2.1. Let S be an oriented C? surface immersed in (H', K). Let
U be a C? vector field with compact support on S, normal component u =
(U,N) and {@s}ser the associated one-parameter group of diffeomorphisms.
Let n = w(vy). Then we have

A(gps(S)):/S(udivsn—2u(N,T><J(Nh),77))dS
—/divs (unT) ds,
S

where divg is the Riemannian divergence in S, and the superscript T indi-
cates the tangent projection to S.

4
dsls=0 (5.2.1)

In the proof of Theorem 5.2.1 we shall make use of the following Lemma
and its consequences.
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Lemma 5.2.2. Let v : I — H' be a C' curve, where I C R is an open
interval, and V' a horizontal vector field along v. We have

LWVl = (V) + (0 TIVI VD). (522)
s s

Proof. We fix sg € I and let p = vy(sg). Assume that 7(V(sg)) = aX, + bY),
for some a,b € R. Take the vector field W(s) := aX, (s + bY, () along 7.
It coincides with m(V (sp)) when s = s¢, and it is the restriction to ~y of the
left-invariant vector field aX +bY. In particular, [(aX +bY),(5)l|y(s) = 1 for
all s € I. Hence

V(s)l« = (V(s),(aX +bY)y)) forallsel,

and, since equality holds in the above inequality when s = sg, we have

d d
Ts V()] = Is (V(s), (aX +bY ), (s))
$=80 $=580
= (G| VOV o))
since
% (CLX + bY)'y(s) = aVv/(SO)X + val(SO)Y = 0.
s=sq

The result follows from the relation between the covariant derivatives given
in Equation (5.1.3). O

Remark 5.2.3. In the proof of Lemma 5.2.2 we have obtained the equality

d \Y
V] = (- V(V)
for a horizontal vector field V along a curve . Since V is a metric connection,

we also have

d \Y \Y
TVl = (G Vom(V) + (V, m (V).
Hence we get
W %r(v» —0 (5.2.3)

for a horizontal vector field V' along v, where V /ds is the covariant deriva-
tive induced by the pseudo-hermitian connection on . Taking into account

the relation between the Levi-Civita and pseudo-hermitian connections we
deduce from (5.2.3) and (5.1.3)

D
<V7 .

—n(V) = (3, ) (x(V))) = 0. (5.2.4)

The following is an easy consequence of Lemma 5.2.2
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Corollary 5.2.4. Let F' be a vector field tangent to S and v an integral
curve of F. We have

D

(o) = —(F.T) (0, (). (525

In particular, if F' is horizontal,
D
<£nﬂ,, vp) = 0. (5.2.6)
Proof. We take V = v}, and we get (5.2.5) from equation (5.2.4). O

Proof of Theorem 5.2.1. Standard variational arguments, see the proof of
Lemma 4.3 in [151], yield

s - [ (5

where N is a smooth choice of unit normal to ¢4(S) for small s. We fix a
point p € S and consider the curve v(s) = ps(p). Lemma 5.2.2 now implies

d
A(0) = —
)=~

|(No)ale + [ Nal divs U) a5,
s=0

d

ds

D

’(Ns)h|* = <

. I (Ns)n,mp) + (Up, Tp) (Ni)p, J (1p)),

s=0

By the definition of (Nj);, we also have

D

D
— N
s ( )h

. = (NS — (NS,T>T),

s=0

where Nj is the Riemannian unit normal to ¢4(5). A well-known lemma in
Riemannian geometry implies

D

| Ne=—(Vsu)(p) - As(U})),

s=0

where Ag is the Weingarten endomorphism of S. Since %|8:0T = J(Up)
and 7 is horizontal, calling

BU) = =(N, T){J(U),m) + (U, T){Nn, J(n)),
we get

2ol (Noale = ((=Vsu— As(UT),m)), + B(Up)
= —(Vsu,n)p + BU;) + (= (As(U),m), + B(U,))
= (= (Vsu,m) = 2u(N,T)(J(Np),m)), + Uy (| N3]
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Observe that
—(Vsu,n) = udivgn — divg(un)
= udivgn — divg(un ") — divg(u(N,n)N)
= udivgn — divg(un') — u|Np|, divg N.

Hence we get
A(0) = / (wdivsn — 2u(N,T)(J(Ny),m)) dS
S
—i—/divs (INuUT —un')ds.
S

From here we obtain formula (5.2.1) since the integral [ |N,|.U"dS is equal
to 0 by the divergence theorem for Lipschitz vector fields. O

Now we simplify the first term appearing in the first variation formula
(5.2.1).

Lemma 5.2.5. Let S be a C? surface immersed in (H', K) with unit normal
N horizontal unit normal vy,. Let Z = J(vp,). Then we have

divsn— 2(N, T)(J(Ny),n) = (D, Z). (5.2.7)

Proof. Let us consider the orthonormal basis in S\ Sy given by the vector
fields Z = —J(vp,) and E = (N, T)vy, — |[NL|T = avp, + bT. Using equation
(5.2.5) with F' = E, we get

(Den, E) = a{Dgn, va) + b(Dpn, T)
= —a(E,T)(n, J(va)) + b(E((n,T)) — (n, DpT))
= —ab(n, J(vn)) — ab(n, J(vn))
= —2ab(n, J(vn)),
as DT = J(F) = aJ(vy) = —aZ. From ab = —(N,T)|Np| we obtain

Taking into account this equation and that diven = (Dzn, S) + (Dgn, E),
we obtain equation (5.2.7). O

Definition 5.2.6. Given an oriented surface S immersed in (H!, K') endowed
with a smooth strictly convex left-invariant norm |- |, its mean curvature
is the function

H=(Dznk,Z), (5.2.8)

defined on S\ Sp.
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Corollary 5.2.7. Let S be an oriented C? surface immersed in (H', K). Let
U be a C? vector field with compact support on S\ So, normal component

u = (U, N) and associated one-parameter group of diffeomorphisms {@s}scr.
Then

d
—1  Alps = Hds,
G| Al = [uras

where H is the mean curvature of S defined in (5.2.8).

By equation (5.2.8), a unit speed horizontal curve I" contained in the
regular part of a surface S satisfy the equation

D
<ds7r
where D/ds is the covariant derivative along I'. Uniqueness of curves I'
satisfying (5.2.9) with given initial conditions T'(0), I'(0) cannot be obtained
from (5.2.9). In the next result we prove that the horizontal components of
I satisfy indeed an ordinary differential equation, thus providing uniqueness
with given initial conditions.

(J(1)), 1) = H, (5.2.9)

Corollary 5.2.8. Let S be a C? oriented surface immersed in (H', K) with
mean curvature H. Let T' : I — S\ Sy be a horizontal curve in the reqular
part of S parameterized by arc-length with I'(s) = (z1(s), z2(s),t(s)). Then
v(s) = (x1, z2) satisfies a differential equation of the form

5= P(3), (5.2.10)
where F (%) = H [A(Y)](¥) and A is a nonsingular C* matriz of order 2.

Proof. Let % be the covariant derivative along the curve I'. Since I is
horizontal and parameterized by arc-length, the vector field %F along I' is
proportional to J(I'). Then there exists a function \ : I — R such that

Dp = \J(I).

Taking scalar product with n = w(J(T')) we get

) (DT 7 (J(1)) _ 4 r(J(I))) _H.

| J(T)]x [J(D)]-

Hence we have . . o '
|J(D) 2T — fJ(I) = —HJ(), (5.2.11)
where f = (I, 7(J(I))). Since I' = i1 X + 22Y, 2T = # X + #Y, and
J(I) = =iy X + 41Y, equation (5.2.11) is equivalent to the system
|J(F)|* T+ f;jjg = His,

. . (5.2.12)
|J(D) | &2 — fi1 = —Hiy.
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Let us compute f = df /ds. Writing 7(aX +bY) = m1(a,b) X + ma(a, b)Y we
have
f = (F, W(J(F)» = 5U17T1(—j62, i’l) + ii‘QTFQ(—i‘Q, :'Bl)

and so:

Fe(mt e 46,22 i 4 (97— 5,97 iy = gty + b
- 1 18.’172 26132 1 2 18171 28.%‘ 2 = gT1 25

where the functions 71, 79 are evaluated at (—i2, @1). Hence equation (5.2.12)

is equivalent to
| J(D)]« + g hio ) <:1:1> < io >
. : . .| =H . 5.2.13
( —g1 |J(D)|« — hd1) \Z2 —@ ( )

The determinant of the square matrix in (5.2.13) is equal to

[T« (|J(D)]« + (g1 — hii1)).
Since

or;

g1 — hig = (711;'32 - 7r2m1 Z l’liﬁja = —|J )« + Z mlac]a

,j=1 1,j=1

we get that the determinant is equal to

Z xlx] 8:5
j

i,j=1

and we write
Zl‘l’ l" P ) 87T1/8$1 87‘(1/3:{?2 i‘l
! 38 ! 2 87T2/8.7}1 87@/83:2 .%"2 ’
Since the kernel of (87ri/89:j)ij is generated by (—i2,41), we have
87T1/8.1’1 (97T1/8:E2 j?l 7§0
87T2/8.T1 87‘&'2/81’2 ig ’
and, since the image of (8771-/895]-)”. is generated by (&1, d2), we get
. . 87T1/8x1 871’1/8.1‘2 j}l
(xl mQ) <87T2/8:U1 87‘(2/83}2) <LU2) 7& 0.

So we can invert the matrix in (5.2.13) to get (5.2.10). O
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Remark 5.2.9. It is not difficult to prove that
%W(J(f)) = HI — |JD)], T.

Indeed it is only necessary to show that <%7T(J(f)), J(I")) = 0, which follows
from (5.2.6) using that J(I') = v,. Observe that the above equation is
equivalent to

[2x(J(1))], = HT.

Writing I' = & X + §Y, we have

871'1/8%1 871'1/8332 —jlj — T

87‘1’2/81‘1 87T2/0$2 T o y )
However, since the determinant of the square matrix is 0 we cannot invert
it to obtain an ordinary differential equation for (Z, ).

Lemma 5.2.10. Let K be a C3 convezr body in R? with 0 € int(K). Let
v : I = R? be a unit speed clockwise parameterization of a translation of the

unit sphere of OK by a vector v € R%. Let I' be a horizontal lifting of z.
Then ' satisfies the equation

1= (2x(J(D)),T). (5.2.14)

Proof. We have n(J(I')) = m1(J(¥)) X + m2(J(¥))Y. Since J(¥) is the outer
normal to the unit sphere at v — v we have v — v = (w1 (J(I")), m2(J(I"))).

Hence 27(J(I')) = X + yY and we get (5.2.14). O

Lemma 5.2.11. Let K be a C% convex body in R? with 0 € int(K) and T a
horizontal curve parameterized by arc-length satisfying the equation

with H € R. Then o(s) = ha(I'(s/X)) is parameterized by arc-length and
(Zm(J(6)),) = H/A.

Proof. We have ¢(s) = I'(s/A) and J(d(s)) = J(I'(s/\)). O

Remark 5.2.12. Horizontal straight lines are solutions of

since I is the restriction of a left-invariant vector field in H' and so they are
J(T') and w(J(T)).
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Theorem 5.2.13. Let K be a C% convex body in R* with 0 € int(K). Let
I" be a horizontal curve satisfying the equation

(Zm(J(D)),1) = H, (5.2.15)

for some H > 0. Then I is either a horizontal straight line if H = 0 or
the horizontal lifting of a dilation and traslation of o unit speed clockwise
parameterization of 0K in case H > 0.

Proof. Horizontal straight lines and horizontal liftings of translations and
dilations of 0K satisfy equation (5.2.15). Uniqueness follow since the pro-
jection to t = 0 satisfy equation (5.2.10) and, by using translations and
dilations, we can obtain any prescribed initial condition. O

Remark 5.2.14. The result in Theorem 5.2.13 includes that constant mean
curvature surfaces for the sub-Riemannian area in the Heisenberg group are
foliated by geodesics.

To finish this section we prove the following result, that holds trivially
for variations supported in the regular part of .S.

Proposition 5.2.15. Let S be a compact C? oriented surface in (H!, K)
enclosing a region E. Assume that S has constant mean curvature H and a
finite number of singular points. Then

1. S is a critical point of the sub-Finsler area for any volume-preserving
variation.

2. S is a critical point of the functional A— H | -|.

Proof. Tt is only necessary to prove that if U is a smooth vector field with
compact support in H' and {,}scr is its associated flow, then

a
ds

SZOA(npS(S)):/SHudS.

From formula (5.2.1) this is equivalent to proving that
/ divg (unT) ds =0.
S

To compute the integral |, S un ' dS we consider the finite number of singular
points p1, ..., pn, and take small disjoint balls B;(p;) centered at the points
pi. For € > 0 small enough so that the balls B.(p;) are contained in B; we
have

/ divun' dS = Z/ (&, U77T> d(0Bc(pi)),
S\Ui_; Be(ps) i—1 Y 0B (pi)
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where &; is the unit inner normal to B.(p;). Since un' is bounded and the
lengths of 0B:(p;) go to 0 when € — 0 we have

n

lim / &, un') d(dB.(p;)) = 0.
E_}(); aBg(pﬂ( ) d(0Bc(pi))

Since the modulus of
divg(un') = (Veu,n') +udiven'
= (Vsu,n') +u(divgn — (n', N)divg N)
is uniformly bounded, the dominated convergence theorem implies

/ divgun'dS = lim divun' dS
s 0 JS\Up, Be(pi)

Corollary 5.2.16 (Minkowski formula). Let S be a compact C? oriented
surface in (H', K) enclosing a region E. Assume that S has constant mean
curvature H and a finite number of singular points. Then

3A(S) — 4H|E| = 0. (5.2.16)

Proof. We consider the vector field W = xa% + ya% + 2% and its associated
flow @s((z,y,t)) = (e*z, %y, e>5t). Since

d d
— A(ps =3A(S), — s(E)| = 4|E|,
G| A =349, T] [em) =48
Proposition 5.2.15 implies
d d
0= Alps(8) ~HI| lou(B) =3A(S) ~4H|Bl. D
S 1s=0 S1s=0

5.3 Pansu-Wulff spheres and examples

We consider a convex body K C R? containing 0 in its interior and the
associated norm | - |- in H'.

Definition 5.3.1. Consider a clockwise-oriented L-periodic parameteriza-
tion v : R — R? of K. TFor fixed v € R take the translated curve
u +— y(u +v) — y(v) and its horizontal lifting T', : R — H! with initial
point (0,0,0) at u = 0.
The set Sk is defined as
Sk = J Tw(l0,L]). (5.3.1)
ve(0,L)

We shall refer to Sk as the Pansu- Wulff sphere associated to the left-invariant
norm | - |-
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When K = D, the closed unit disk centered at the origin in R?, the
Pansu-Wulff sphere Sp is Pansu’s sphere, see [136; 137].

Remark 5.3.2. In the construction of the Pansu-Wulff sphere we are not as-
suming any regularity on the boundary of K. Since 0K is a locally Lipschitz
curve, its horizontal lifting is well defined.

Remark 5.3.3. The set Sk is union of curves leaving from (0,0,0) that
meet again at the point (0,0,2|K]|). Since « is L-periodic, the construction
is L-periodic in v and so Sk is the image of a continuous map from a sphere
to H!.

Example 5.3.4. Given the Euclidean norm |-| in R? and a = (a1, az2),
where a1, as > 0, we define the norm:

(@1, z2)lle = (5} @)l

-3

Figure 5.3: The Pansu-Wulff sphere associated to the norm || - ||, with a =
(1,1.5). Observe that the projection to the horizontal plane ¢ = 0 is an
ellipse with semiaxes of lengths 2 and 3.

The unit ball K, for this norm is an ellipsoid with axes of length a; and
as. We parameterize clockwise 0K by

~v(s) = (a1 sin(s),ag cos(s)), s €R.
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This parameterization is injective of period 27. The translation of this curve
to the origin by the point —y(v) is given by the curve

Ay(u) =v(u+v) —v(v).

The horizontal lifting of A, is given by (A,(u),t,(u)), where

Since
A(€) - T(Au(€)) = (Y€ +v) — 7(v)) - J(F(€ +v)),

we get
to(u) = araz(u + sin(v) cos(u + v) — cos(v) sin(u + v)).
Hence a parameterization of Sk, is given by

z(u,v) = ay (sin(u + v) — sin(v))
y(u,v) = as( cos(u + v) — sin(v)),

t(u,v) = araz(u + sin(v) cos(u + v) — cos(v) sin(u + v)).

Example 5.3.5. Given any convex set K containing 0 in its interior, we can
parameterize its Lipschitz boundary 0K as

v(s) = (z(s),y(s)) = r(s) (sin(s),cos(s)), s€R.

where r(s) = p(sin(s),cos(s)) and p is the radial function of K defined as
p(u) = sup{\ = 0: \u € K} for any vector u of modulus 1 in R2.

A horizontal lifting of the curve  passing through the point (7(0),0) can
be obtained computing

w$=[waJmm%=AZ%ma

since J(¥(s)) = r(s) (sin(s), cos(s)) +7(s) (— cos(s),sin(s)). Hence the curve

Hﬁzmmmwmnzmmﬁﬁmma

is a horizontal lifting of the curve ~.
Now we translate all these curves to pass through the origin of H'. This
way we get the parameterization ®x of Sk given by

(u,v) = Lp()(F(u + v))
for (u,v) € [0, 27]%. Since

g(xo,yo,to)(xv Y, t) = (.%' + zo,y + Yo, t +to + (l‘yo - xO?J))?
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computing the left-translation using the expression for I' obtained before we
get

x(u,v) = r(u+v)sin(u + v) — r(v) sin(v),

y(u,v) = r(u+v)cos(u + v) — r(v) cos(v),

t(u,v) = r(v)r(u+ v)(sin(v) cos(u 4 v) — cos(v) sin(u + v))
+ [T (€) de.

(5.3.2)

The parameterization given by equations (5.3.2) is useful to obtain reg-
ularity properties of Sg. If 0K is of class C¢, ¢ > 0, its radial function
r(s) = (z(s)? 4+ y(5)?)"/2 is of class C* and hence the parameterization ® g
is an immersion of class C* for 0 < u < 2.

Example 5.3.6. Let ¢ > 1. We consider the /-norm in R? defined as

1/¢
(@1, 22) e = (|21]° + |22]") ",

Denote by K, the unit ball for this £-norm. We can parametrize the unit
circle || - ||¢ = 1 using (5.3.2). In this case

1

S — =1.

p(r,y) =

By the previous example, the Pansu-Wulff sphere Sk, is parameterized by
equations (5.3.2).

Remark 5.3.7. Assume we have a sequence of of convex sets (K;) converg-
ing in Hausdorff distance to a limit convex set K. Then the radial functions
rk, uniformly converge to the radial function 7 of the limit set K. Hence
equations (5.3.2) imply that the Pansu-Wulff spheres Sk, converge in Haus-
dorff distance to a ball bounded by the horizontal liftings of translations of
a parameterization v of 0K.

Since limg1 || - ||¢ = || - [|1 and limy oo || - |J¢ = | - |, We can use the
previous argument to show that the Pansu-Wulff spheres Sk, converge to the
two spheres S; and So,. Under these conditions, it is not difficult to check
that the corresponding perimeters converge to the limit perimeter.
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Figure 5.4: The Pansu-Wulff sphere Sk, for the f-norm, ¢ = 1.5. The

horizontal curve is the projection of the equator to the plane ¢ = 0. We

observe that the Pansu-Wulff sphere projects to the set | - [, <2inthet =10

plane.
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Figure 5.5: The sphere S; obtained as Hausdorff limit of the Pansu-Wulff
spheres Sk, of the /-norm when ¢ converges to 1.
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Figure 5.6: The sphere So, obtained as Hausdorff limit of the Pansu-Wulff
spheres Sk, of the /-norm when ¢ converges to oo

Example 5.3.8. Let us consider the equilateral triangle T in the plane R?
defined as the convex envelope of the points a; = (0,1), a2 = (v/3/2,—1/2),
az = (—/3/1,—1/2). We can define a norm | - | by the equality

|z|r = max {(z,a;) : 1 =1,2,3}, € R2.

The unit ball of the norm | - | is the triangle T'. It is neither smooth nor
strictly convex. However we may consider the approximating norms

|| = <Z§;max{<x, a;), 0}€> W.

These norms are smooth and strictly convex and limy_, |x|7¢ = |z|p. Hence
the Pansu-Wulff spheres Sg,., converge in Hausdorft distance when ¢ — oo
to the sphere St obtained by traslating 97 to touch the origin and lifting
the obtained curves as horizontal ones to H'.
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5.4 Geometric properties of the Pansu-Wulff spheres

In this section we show several geometric properties of the Pansu-Wulff
spheres Sk associated with a left-invariant norm |- |, . We start by look-
ing at the projection of the sphere to the t = 0 plane. This projection is
determined by the geometry of the convex set K.

Given a convex body K C R"”, the difference body of K is the set

DK=K-K={zx—y:z,ye K}.

The difference body DK is a centrally symmetric convex body. This means
that —z € DK whenever x € DK. If hg is the support function of K then
the support function of DK is given by

hDK(u) = hK(U) + hK(—u),
see [156, p. 140]. This is the width of K in the direction of w.

Lemma 5.4.1. Let K C R"™ be a convez body with 0 € int(K). We consider
the set
Ko= J (-p+K). (5.4.1)
peOK

Then we have
1. 0 € Ky.
2. Ky is a convex body.

3. Ko is the difference body of K. In particular, Ky is centrally symmet-
ric.

4. If K s centrally symmetric then Ko = 2K.

5. We have
U (—p+K)= |J (-p+0K).

pEOK pEOK

Proof. To prove 1 take into account that 0 = —p+p € —p+ K C Kj for
any p € 0K.
To prove 2, we take p1,ps € 0K, q1,q2 € K and A € [0,1]. Then

A=p1 +q1) + (1 = A)(=p2 + @2) = —px + i,

where
pr = Ap1 + (1 = \)p2, o= Aq1 + (1= N)go.

If py = g) then —py+ g\ = 0 € K. Otherwise the segment [py, ¢»] is not
trivial and contained in K. Let pg > 1 such that g\ + po(pr—qn) € OK. The



78 Pansu-Wulff shapes in H!

value pg is computed as the supremum of the set {u > 0: g) 4+ u(pr — qn) €
K}. We have

—px+ o = —(@x + po(er —arn)) + (on + (o — 1)(px — ar))-

The point gx + uo(px — gx) belongs to K by the choice of up and the point
ar+(1o—1)(px—qn) belongs to K since 0 < pp—1 < pp. Hence —py+qy € Ky
and so K is convex.

To prove 3, we take a vector v with (v,v) = 1. Let ¢ € 9K such that

hi,(v) = {q,v) = (z,v) V z € K. (5.4.2)

By the definition of Ky, there exists p € K such that ¢ € —p + K. We
claim that ¢ € —p + OK: otherwise p + ¢ € int(K) and there exists ¢ > 0
such that p4+ g+ ev € K. So we have

(—p+ (p+q+ev),v) ={(q+ev,v) ={(q,v) +e>{q,v).

Since p + g + ev € K this yields a contradiction. Hence ¢ € —p + 0K =
O(—p + K) for some p € 0K.

Since —p + K C Ky and ¢ is a boundary point for both sets, we deduce
that v is a normal vector to —p+ K at ¢. As h_, g (v) = —(p,v) +hi(v),we
have

hico(0) = hopr i (v) = hic(v) + (p, —v).

It remains to prove that hx(—v) = (p, —v). Assume by contradiction
that (p, —v) < hx(—v) = (x, —v) for some = € K. Then we have

(=z+(p+4q),v) = (—2+p,v) +{(q,v) > (g, ),

that cannot hold by (5.4.2) since p+¢q € K and so —z+p+q € —x+ K C K.
To prove 4, we note that hg(v) = hx(—v) when K is centrally symm-
metric and, by 3, hg, = 2hi. Hence K = 2K,.
Finally, to prove 5 we notice that UpeaK(—p +K)D UpeaK(—p + 0K).
To prove the remaining inclusion we take p € 0K and u € K such that ¢ =
—p+u € UpeaK(—p-i- K). Then Lemma 5.4.2 allows us to find p1,u; € 0K
such that ¢ = —p+u = —p1 + u1. Hence q € | cyx(—p + 9K). O

Lemma 5.4.2. Let K C R be a conver body, and a,b € K. Then there exist
P’q€3K SUCh thatb—a:qu

Proof. If a = b or a,b € OK the result follows trivially. Henceforth we
assume a # b and that at least a or b is an interior point of K. We pick
a point ¢ € K out of the line ab. Let P be the plane containing a, b, ¢ and
W = KN P. The set W is a convex body in P and the boundary of W
in P is contained in K. We take orthogonal coordinates (z,y) in P so
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that (b — a) points into the positive direction of the y-axis. Let I be the
orthogonal projection in P of W onto the z-axis.

Given x € I, define the set W(z) as {y € R : (z,y) € W}. A simple
application of Kuratowski criterion, see Theorem 1.8.8 in [156], implies that
W (z;) converges to W (x) in Hausdorfl distance when z; converges to x.
Hence the function z € I — |W(z)| is continuous and takes a value larger
than |b — a| at the projection of a,b over the z-axis. If |W(z)| = |b — a for
some x € I, we take as p, g the extreme points of the interval W (z) chosen
so that ¢ — p = b — a to conclude the proof. Otherwise, we would have
|W(zo)| > |b— a| at an extreme point xo of I. We may choose two points
p,q € W(xg) such that the length |[p,q]|1 = |b—a| and ¢ — p = b — a. Since
W (z) is contained in the boundary of W in P, it is contained in 0K and
so p,q € 0K. O

Now we refine the results in Lemma 5.4.1 when K is strictly convex and
has boundary of class Cﬁ, £ > 2. We say that a convex body K is of class
Cﬁ, ¢ > 1, when 0K is of class C*¢ and its normal map Ny : 0K — S is a
diffeomorphism of class C*~1.

Corollary 5.4.3. Let K C R? be a conver body with 0 € int(K). Then
1. If K C R? is strictly convex, then K is strictly conver.

2. If K is of class C’f_, > 2, then Ky is of class C’ﬁ_.

Proof. To prove that Ky is strictly convex, we take two different points
T1—T9, Y1 — Y2 € 0Ky, with z;,y; € K, i =1,2. Then the four points belong
to the boundary of K. For any A € (0, 1), we write the convex combination
)\(1‘1 — .TQ) + (1 - )\)(y1 - yg) as

Ty — Yy = ()\CEl + (1 — )\)yl) — ()\.TQ + (1 — /\)yg).

Since x1 # y1 or T2 # Yo, the strict convexity of K implies that z) or gy is an
interior point of K. Then x) — y is an interior point of Kj. Since A € (0,1)
and the boundary points are arbitrary, the set Ky is strictly convex.

To prove the boundary regularity of K we follow Schneider’s arguments
[156, p. 115] and observe that the support function hx of K is defined, when
u # 0, by

hie(u) = (u, Nig' (u)),

where N : 0K — S' is the Gauss map, a diffeomorphism of class C*~1
since K is of class Cﬁ. By Corollary 7.1.3 in [156]

Vhic(u) = NKl( “ ) (5.4.3)

[l
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and so hyg is of class C¢. This implies that the support function of Ky,
hiy(u) = hi(w) + hx(—u), is of class C*. Hence the polar body K of Ko
has boundary of class C*. The Gauss map NKS of K can be described as

Ngs : p(K§,u)u — —2——"—
5 P Ty

where p(K§,-) = hj' () is the radial function of K, of class C*~!. Hence
Nk; is a diffeomorphism of class C* ! and so K is of class C{. Now

the support function of K is of class C’ﬁ and we reason in the same way
interchanging the roles of Kj and Ky to get the result. 0

Remark 5.4.4. If K C R? is a centrally symmetric convex body, for any
p € 0K, the line passing through p and —p divides K into two regions of equal
area. Hence the line through 0 and —2p divides —p 4+ K into two regions of
the same area. When p moves along 0K, the point —2p parametrizes 0(2K).

Let K be a convex set of class Cﬁ, (>2 C=0Kand vy:R — R? an
L-periodic clockwise arc-length parameterization of C, with L = length(C).
The set Ko = U,ec(—p + K) has smooth boundary Cp. For any v € R,
we denote by v,(u) = y(u +v) —y(v). Let I'y = (7, ty) be the horizontal
lifting of v, with ¢,(0) = 0. If we call Q,(u) the planar region delimited
by the segment [0, v,(u)] and the restriction of 7, to [0,u] then a standard
application of the Divergence Theorem to the vector field x% + ya% implies

() = /0 e TR (E) de = 2|0 (u).

Our next goal is to prove that Sk is the union of two graphs defined in
K of class C? and coinciding on 0K).

Theorem 5.4.5. Let K C R? be a conver body with Cﬁ boundary, £ > 2.
Then

1. Sk is of class C* outside the poles.

2. There exist two functions g1, go : Ko — R of class C* on int(Kg) such
that

Sk = graph(g1) U graph(g2),
with g1 > go on int(Ky) and g1 = go on Cy. This imples that Sk is an
embedded surface.

Moreover, if K is centrally symmetric then g1 + go = 2| K| and hence
Sk is symmetric with respect to the horizontal Euclidean plane t = |K|.

Definition 5.4.6. The domain delimited by the embedded sphere Sg is a
ball By that we call the Pansu- Wulff shape of | - .
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Proof of Theorem 5.4.5. That Sk is C* outside the singular set follows from
the parameterization (5.3.2) since the function 7(s) is of class C*. This proves
1.

We break the proof of 2 into several steps. Recall that C = 0K and
Co = 0Ky.

Step 1. Given =z € Ko\{0}, we claim that x € C — p for some p € C
if and only if the segment [p,p + z] is contained in K and p,p + x € C.
This means that the number of curves C' — p, with p € C, passing through
x # 0 coincides with the number of segments parallel to = of length |z| and
boundary points in C'. This step is trivial.

Step 2. Given x € Ky \ {0}, the number of segments [p, p + x| contained
in K with p,p+a € C'is either 1 or 2. The first case corresponds to maximal
length and happens if and only if x belongs to Cj.

To prove this we consider v = x/|x| and a line L orthogonal to v. For any
z in L we consider the intersection I, = L, N K, where L, is the line passing
through z with direction v. The set J = {z € L : I, # (} is a non-trivial
segment in L. The strict convexity of K implies that the map F : J — R
defined by F(z) = |I,] is strictly concave. Since F' vanishes at the extreme
points of J, it has just one maximum point zg € int(J) and each value in the
interval (0, F'(z9)) is taken by two different points in J. The observation that
there is a bijective correspondence between the segments [p, p + 2| contained
in K with p,p+ 2 € C and the points z € L with F(z) = |z| proves the first
part of the claim.

K

Figure 5.9: Construction of the map F

To prove the second part of the claim we fix some x € Ky. We take p € C
such that the segment [p, p+ x] is contained in K and p,p+x € C. Assume
first that x € Cp. If there were a larger segment [q, ¢ + pz] contained in K
with ¢,q + pr € C and p > 1 then we would have pur € C — q C Ky, a
contradiction. Hence the length of [p,p + z] is is the largest possible in the
direction of z. Assume now that the length of [p, p+ x| yields the maximum
of length of intervals contained in K in the direction of z. If z ¢ Cy then
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x is an interior point of Ky and, since 0 € int(Ky), there would exist A > 1
such that Az € Ky. Hence there is some g € C such that Ax € C' — p and
the segment [g, ¢ + Az] C C and has length larger than |z|, a contradiction
that proves that = € Cj.

Step 3. Given any point x € int(K)j), there are exactly two points in Sx at
heights g1(x) > g2(x). In case K is centrally symmetric then g1 (z)+g2(z) =
2| K.

By the previous steps, there are exactly two points p,q € C so that
p+x,q+ x € C and the segments [p,p + x|, [¢, ¢ + x| are contained in K.
We may assume that p,p + x,q + z, ¢ are ordered clockwise along C. The
heights of the points in Sk projecting over x are given by twice the areas of
the sets A and B, where A is determined by the portion of C' from p to p+x
and the segment [p + z,p|, and B is determined by the portion of C from ¢
to ¢ + « and the segment [q + z,¢]. Since A is properly contained in B we
have ga(z) = 2|A| < 2|B| = g1(=).

In case K is centrally symmetric, the central symmetry maps p + x to
q and ¢ + x to p since [p,p + z] and [g, ¢ + ] are the only segments in K
of length |z| with boundary points on C. Hence |A| 4+ |B| = |K| and so
g1(2) + ga(a) = 2| .

Step 4. The functions g1, g2 are of class C* in int(Kj) \ {0}.

This follows from the implicit function theorem since Sk is C¢ outside
the poles. O

Theorem 5.4.7. Let K C R? be a convex body of class C’_%_. Then Sg is of
class C?% around the poles.

Proof. We consider a horizontal lifting I' = (z,y,t) of a clockwise arc-
length parametrization v of OK. Then a parameterization of Sx is given
by (%,¥,t)(u,v) = £_p@)(I'(u +v)). This means

x(u,v) = z(u+v) — z(v),
y(u,0) = y(u +v) = y(v), (5.4.4)
t(u,v) =t(u+v) —t(v) —z(u+v)y(v) + y(u + v)x(v).

The tangent vectors d/0u,d/0u are the image of (1,0) and (0,1) under the
parameterization and are given by

o . .
8—u—az(u+v)X+y(u+v)Y.

% = (@(u+v) — &) X + (glu+v) —§(v) Y + h(u,v) T,

where

h(u,v) = Q(i(v)(y(u +v) —y)) —y)(x(u+v) — x(v))) (5.4.5)
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Geometrically, h(u,v) is the scalar product of the position vector (z(u +
v) — z(v),y(u + v) —y(v)) with J((2,9)), that is always negative for u >
0. A Riemannian unit normal vector N can be easily computed from the
expressions of 9/0u and 0/0v and is given by

h(g(u+v)X — &(u+v)Y) + gT

N = 4.
ey
where
g(u,v) = z(v)y(u +v) — g(v)x(u + v). (5.4.7)
We have "
g
INb| = ——=7, (NT)=———175
(h2 +gz)1/2 (h2 +g2)1/2

Let us see that Sk is a C? surface near the south pole (0,0,0). The
arguments for the north pole of are similar. To see that Sk is C! near the
south pole, it is enough to check that N extends continuously to v = 0. Let

us see that
lim N(u,v)=-T. (5.4.8)

(u,v)—(0,v9)

Since g < 0, from the expression (5.4.6) it is enough to prove that

h
lim —(u,v) =0. 5.4.9
(u,v)—(0,v0) g( ) ( )

Since = and y are functions of class C?, we use Taylor expansions around v
to get

z(u+v) =z() + z(v)u+ R(u,v)u, y(u+v)=1y)+y)u+ R(u,v)u,
t(u+v) =2(v) + Z(v)u+ R(u,v)u, ylu+v)=y)+ §()u+ R(u,v)u.

In the above equations R denotes a continuous functions of (u, v) (depending
on the equation) that converges to 0 when u — 0 independently of v. This
follows from the integral expression for the reminder in Taylor’s expansion.
Then we have

lim ﬁ(u v) = lim R(u, v)u
(uv)—>(000) § (u,0)—(0,00) —k(V)u + R(u,v)u
R(u,v)

9

im =
(uw)—(0,00) —K(vV) + R(u,v)
where

k(v) = (i — &ij) (v)

is the (positive) geodesic curvature of . This proves (5.4.9) and so Sk is of
class C! around (0,0,0).
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To prove that Sk is of class C? around the origin it is enough to show
that the Riemannian second fundamental form of Si converges to 0 when
(u,v) = (0,v0). We first compute

lim Da/auN.

(u,v)—(0,v9)

Since

0 (Mte)) 0 (Mo, sy

DyguN = — - —
oo 8u<\/h2+g2 ou\ \/n2 + g2
(V) )
+ (A + T
ou h2 + g2 h2 + g2

(5.4.10)

A direct computation taking into account % = 2g yields
0 h _ 2% - gh%e o g _ h2%% — 292}
o\ i+ g) " W\ rg) T

It is straightforward to check from the Taylor expressions that

lim 7(u U) _ lim —Ii(vo)u2 + R(u,’U)u2 _ —1 '
(uw)—(0w0) g2 (u)—=(0w0) K(v0)?u? + R(u,v)u?  K(vp)

Then we immediately get, dividing by —g?,
i 9 < h ) y —2+ 5%
im ——= im —— 9%
(w0)=000) T\ /2 + g2 ) wa)(00) (B)2 +1)3/2

and
i (LYo TR B
(u,v)—(0,v0) ou \ , /h2 + 92 (u,0)—(0,v0) ((%)2 + 1)3/2 ’

Taking limits in (5.4.10) we get
lim  DypuN = J(Z)— J(E)+0=0.

(u,v)—(0,v0)

We complete % to an orthonormal basis of the tangent plane by adding

the vector
9 _ <@ 9\ 9
ov ou’ Ov/ Ou

o 0 :
(1= (5=, 55)2)1/2

Since limy, ) (0,v0) 6% =0, we have

lim DE'N = lim Da/avN

(u,v)—(0,v0) (u,v)—(0,v0)

= lim — g L J(@) + 2 9
" (uv)=(0,00) ov \/W Ou v \ (k2 + g2)1/2

)
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A computation shows that

) h 29— gn3e ] g K280 — gn ok
W\ h2+g2)  (R+g2)¥27 O \rtyg2) (B4 g2
We trivially have
lim —(w,v)= lim @(u,v) =0.

(u,0)—(0,09) OV (u,0)—(0,v0) OV

Hence

0 g T ggZov + % v
lim  — () = lim 7 =2 = 0.
(u,0)=(0,00) OV \ \/h2 + ¢2 (w2)=(000) ((2)2 41)3/2

On the other hand

1 0h h Og
—20h L R YJ

lim 9 <h> — lim _g9v | g?0v =0
(w)=(000) D\ /B2 + g2/ (ww)(0w0) (B2 + g2)3/2

This equality holds from the Taylor expansions since

. 1 0h . R(u,v)u
lim ——(u,v)= lim =0.
(u,0)—(0,v0) g OV (uw)—(0,00) —K(V)u + R(u,v)u
So we conclude that limy ) (0,09) DEN = 0. O

5.5 Minimization property of the Pansu-Wulff shapes

We prove in this section a minimization property satisfied by the balls B
Let K be a convex body containing 0 in its interior. We assume that K is
of class Cﬁ, with £ > 2.

Definition 5.5.1. Given Sk, we let g : Ky — R be the function g(z) =
(g1(z) + g2(x))/2, where g1 and g9 are the functions obtained in Theo-
rem 5.4.5.

We also introduce the notation Sj. := Sg N {(2,t) : t > g(x)}, Sg =
SN{(z,t):t < g(x)} and Dy = {(x,9(x)) : © € Ko}.

Theorem 5.5.2. Let K C R? be conves body of class C*, with £ > 2 and
0 € int(K). Letr > 0 and h: 1Ko — R a C° function. Consider a subset
E Cc H' with finite volume and finite K -perimeter such that

graph(h) C E C rKo x R.

Then
|0E|k > |0BE|k, (5.5.1)

where By is the Wulff shape in (H', K) with |E| = |Bg|.
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Proof. Let g, : 1Ko — R the function defined by g,(x) = r2g(%x), where g is
the function in Definition 5.5.1. Let D be the graph of g,. We know that D
divides the Wulff shape Sk into two parts TS';( and rSy. Let W+ and W~
the vector fields in rKy x R\ L defined by translating vertically the vector
fields
WK(VO)}TS;F(’ WK(VO)‘TSI;’

respectively. Here 1y is the horizontal unit normal to Sg.

As a first step in the proof we are going to show that if ' C rKp x R is
a set of finite volume and K-perimeter so that rel int(D) C int(F'), then the
inequality

1P| < / (W — W, Np)dD + |9F|x (5.5.2)
D

holds, where Np is the Riemannian normal pointing down and dD is the
Riemannian measure of D. Equality holds in (5.5.2) if and only if W* =
7k (vp) |0k Fl-a.e. on FY = FN{t > g,} and W~ = 7 (1) |0k F|-a.e. on
F~ = Fn{t<g,}. Herey, is the horizontal unit normal to F.

To prove (5.5.2) we consider two families of functions. For 0 < e < 1 we
consider smooth functions ¢., depending on the Riemannian distance to the
vertical axis L = {z = y = 0}, so that 0 < ¢. < 1 and

¢e(p) =0, d(p,L)

ve(p) =1, d(p,L)
[Ve(p)| < 2/e, 2 <d(p,L) < e.

3

2
€5,
2 €,

Again for 0 < ¢ < 1 we consider smooth functions 1., depending on the
Riemannian distance to the Euclidean hyperplane Iy = {t = 0}, so that
0<vY:.<1and

ve(p) =1,  d(p,Tp) <e /2
Gp) =0, d(p,Tlo) > 7241,
Ve-(p)l <2, e V2<d(p,To) <e V21

For any ¢ > 0, the vector field 4. W has compact support.

It is easy to prove that F'* and F'~ have finite K-perimeter. Since F'* has
also finite (sub-Riemannian) perimeter, applying the Divergence Theorem to
F7* and the horizontal vector field o). W™, we have

/ div(cpe W) dH! = / (oW, Np)dD

B b (5.5.3)

+/ (bW, vp)d|OF)|.
{t>gr}

Where Np is the Riemannian unit normal to D pointing into F'~, dD is the
Riemannian area element on D, and vy, is the outer horizontal unit normal
to F.
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We take limits in the left hand side of Equation (5.5.3) when ¢ — 0. We
write

/ div(ep. W) dH! = / Qetpe div WHIH! + / (V(petpe), WT)dH .
F+ F+ Ft

(5.5.4)
Since (p:Vpe, WT) is bounded and converges pointwise to 0, and
/ <w6V(P67W+> < / wslv(Pe‘dHly
F+ {(z,t):e2<|z|<e, O<t<e—1/241}

we have
lim [ (V(pebe), WHdH! = 0. (5.5.5)
e—0 F+

On the other hand, div W+ = 1 the mean curvature of rBx. We consider

T

the orthonormal vectors Z = —J(vp,), E = (N, T) vp,—|vp| T and N, globally
defined on (rKyxR)\ L by vertical translations. We know from Lemma 5.2.5
that

(DZWH,Z) =1, (DEWT,E) =2(N,T)|N; (WF, J(w)).

It remains to compute (DyW™, N). We express N = A\E + uT as a linear
combination of E and T, where A = |N|/(N,T), u = 1/(N,T). Observe
that (N,T) # 0 on int(Ky) since 7S} is a t-graph. So we have
(DNW*,N) = XDgW*,N) + u(DrW*,N)

= A (DpW*, E) + M({DgW*,T) + u(J(WH), Np)

= XDEW*, B) — (N, YW, J(1)) — s Nl OV, T ()

2
= () @81 g 09
= (DgW™T,E),

where we have used that DrW* = J(W™) since W is a linear combination
of W*,Y multiplied by functions that do not depend on ¢. Hence

1
divWwt = (DWW, Z) + (DEW™,E) + (DyWT,N) = -

r

on int(Kjp). Since petpe div W is uniformly bounded, F* has finite volume
and limg_0 e = 1, we can apply Lebesgue’s Dominated Convergence

Theorem to get

lim [ . divWTdH! = 1|FH). (5.5.6)
e—0 F+

So we get from (5.5.4), (5.5.5) and (5.5.6)
lim [ div(peypeWT)dH" = L |FF|. (5.5.7)

e—0 F+
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Now we treat the remainings terms in (5.5.3). Using the representation
of perimeter obtained in (2.3.4) for sets of finite K-perimeter sets we have

/ (W vp)d|OF| < / [vp|«d|OF| = |0F T |k, (5.5.8)
{t>g'r}

{t>gr}

with equality if and only if W = n(v,) |0F|-a.e. on {¢t > g¢,}. From
equations (5.5.7) and (5.5.8), taking limits in Equation (5.5.3) when ¢ — 0,

LFT| < / (W*,Np)dD + |0F " |k, (5.5.9)
D

with equality if and only if W = 7(v) |0F|-a.e. on OF N{t > g, }.
We consider now the foliation of 7Ky x R by vertical translations of rS..
Reasoning as in the previous case we get

Pl < / (W=, NpydD + |0F | . (5.5.10)
D

with equality if and only if W~ = w () |0F|-a.e. on 9{t < gr}. Hence,
adding (5.5.9) and (5.5.10), and taking into account |0F |k (H'\ D) = |0F |k
and that F'N D does not contribute to the volume of F, we get

1F| < / (W — W, Np)dD + |0F .
D

and so (5.5.2) holds, with equality if and only if equalities (5.5.9) and (5.5.10)
hold. This completes the first part of the proof.

Recall that h : 7Ky — R is a function so that D = graph(h) C E. We
take two values t,, < tps such that

httm < gr < h+tuy.
We apply inequality (5.5.2) to the set B = B~ U B U BT, where
o B ={(z,t) 1z € rKo, |t — gr| < (tmr — tm)/2},
o BT =1BL + (0, (ty — tm)/2),
o B~ =rB; —(0,(tar —tm)/2).

By construction, D = graph(g,) C BY. Since the lateral boundary of
BY is contained in d(rKg x R) and the outer unit normal to d(rKy x R)
coincides with T and W™, the lateral K-boundary area of B is equal to

o —tm)/a( [l (5.5.11)
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TS};
gr+@ h+ty
g — titn h+ tm

Sy

Figure 5.10: Geometric construction in the proof of Theorem 5.5.2

where d(0(rKjp)) is the Riemannian length element of the C! curve 9(rKj).
Hence we get

0Bl = (tar — tm) / Vol d(@(rKo)) + |0(rBx) i
9(rKo)

On the other hand, since
|B| = [rBk| + |rKol(ta — tm),

we obtain

L(|rBi| + [rKol(tar — tm)) = / (W — W=, Np)dD
D

+ (tar — t) / Vol dD(r o) + 0B k.
A(rKp)

(5.5.12)

Now we apply (5.5.2) to the set E consisting on the union of Et =
En{t > h} translated by the vector (0,t5), E= = EN{t < h} translated
by the vector (0,t,,) and the vertical filling in between the two sets. We
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reason as before to get

L(1B| + [rKo|(tar — tm)) < / (W W, Np)dD
b (5.5.13)
+ (t]y[ — tm)/a ]1/0|*d6D0 + |8E‘K
D

From (5.5.12) and (5.5.13) we get
0E|Kk > |0(rBK)|x + 7(|E] — [rB]).

Let f(p) = |0(pBK)|x + %(|E! — |pB|). Since pBg has mean curvature
%, Theorem 5.2.15 guarantees that the Wulff shape pBj is a critical point

of A— % -| for any variation. Therefore |9(pBk)|j — %|,0BK]’ = (0 where
primes indicates the derivative with respect to p. Hence we have

1'(p) = — 5 (1B| - pBx]).

So the only critical point of f corresponds to the value pgy so that [poBx| =
|E|. Since the function p — |pBg]| is strictly increasing and takes its values
in (0, 400), we obtain that f(p) is a convex function with a unique minimum
at pg. Hence we obtain

|0E|k = f(r) = f(po) = |0(roBK)| K, (5.5.14)
which implies (5.5.1). O

5.5.1 A uniqueness result in 7Ky x R

We consider a horizontal lifting I' = (z, y, t) of a clockwise arc-length parametriza-
tion v of OK. Then a parameterization of Sk is given by (x,y,t)(u,v) =
{_p@)(T'(u +v)). This means

x(u,v) = z(u +v) — x(v),
yv(u,v) =y(u+v) —y(v), (5.5.15)
t(u,v) =t(u+v) —t(v) —z(u+v)y(v) + y(u + v)x(v).

As can be seen in the proof of Theorem 5.4.5, there is a unique value v'(v) =
v" such that

(V') € 0Ky, (5.5.16)
where v, (u) = (v + u) — y(v). We shall use the notation
Sg= | Tw(0,0], sk= |J Tl L),
ve([0,L) ve[0,L)

where I';, is the horizontal lifting of v, (u) and L is the length of v. We write
Vg to denote the horizontal unit normal vector to Sk. It is easy to see that

vo(u, v)]s = |J (o (W)« = [J((u+v)) |« = [y(u+ ). (5.5.17)
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Lemma 5.5.3. Let 8 an arc-length parametrization of 0Ky. The map 9 :
[0, L] — 0Ky given by
is bijective, C* and (B~ o) > 1.

Proof. Fixed vy, the curve v(v))) — (-) is in Ky and equal to 1 at vy, and
we can take sg such that

B(so) = ¥ (vo), B(s0) = —¥(vo).

In particular, we have
¥(vo) = B(B7(—H(v0))

and v = o ﬁ_l o —4. Hence 1 is bijective. Since 0Kj has less curvature
than 0K and B(sg) = —*%(vp), it follows that

BN =A(vo +1)) = =3 (= (vo + ) = vo + .
Hence we get

(B~ o) (vo +t) = (B~ 0 9p)(wo) > ¢,
and it follows that (87! ow) > 1. O

Given f € C°(0Kj), we shall abuse the notation and write f = f o
when the domain is [0, L). We define the sets

S; = |UJ Tu(0.1+ (0,0, f(v))

ve[0,L)

S}_ = U FU[U/7 L) + (0707 f(U))
ve[0,L)

(5.5.18)

Lemma 5.5.4. Let f and g be Fuclidean Lipschitz functions in 0Ky. Then
IS7 |k + 1S4 |k — 0Bk |k >
L ) , v’ (v)
| re=gon( [ ne+wla)a. 6519

where V' (v) is defined in (5.5.16). Moreover, equality holds in (5.5.19) if and
only if f' = ¢ = 0 almost everywhere.

Proof. Let ® is the parametrization of Sk given in (5.5.15). The map
@ (u,v) = ®(u,v)+ (0,0, f(v)) is a parametrization of Sy. By the represen-
tation of the sub-Finsler perimeter for Euclidean Lipschitz surfaces (2.3.10),
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we have

dudv

*

B Lo (8U‘I)f X 8vq)f)h

L v
= / / |(au‘1)f X 3U<I>f)h|*dudv
0 0
L v
= / / [(0u® x 0y® + 0,® x (0,0, f'))p|«dudv.
0 0

Let 79 = (04 ® x 0,®)y, and 74 = 79 + (0, P(u, v) X f'(v))s. By definition of
®, it is clear that

(0u®(u,v) x f'(v))n = f'(v) I (Y(u+v)).

Since 79/]0,® x 0,®| and J(§(u + v)) are the horizontal part of the normal
to Sk and the horizontal unit normal to Sk respectively, they are the same
vector but for a multiplicative constant. Hence 7 (7o(u,v)) = w(J(¥(u+v))).
Using (5.5.17) and the definition of 7, we conclude that

L
57l = [ [ o). mrp o)) dude
L o
2/0 /0 (T4 (u,v), m(10(u,v)))dudv
L po
:/ / (to(u,v), 7(10(u, v)))dudv (5.5.20)
0 0

L v
= [0 PGt o). st ) dus
) ,

—IS7 Ik +/ f’(v)/ (0 + u)|dudv.
0 0
Reasoning similarly for [S]|x and adding we get

ISt | + 18y 1k — 0Bk |k
/ L

> /O C /0 " (o + )l dudo + /0 ") / (0 + )\dudo

/

/

-/ (W - ) [ e+ wiauao+ [ “ s / o+ wldu

!

L v
- /0 (F'(0) — ¢ (v)) /0 (v + )| dud.

where we used that fOL |7(v + w)|du is independent of v and h is L-periodic.
Equality holds in (5.5.20) if and only if 7(74) = 7(70) almost everywhere.
We know that 7y (u,v) = A(u,v)ro(u,v) for some A. Let vy and ¢ > 0
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such that f’(vo) exists and f’(vg) = —e. Notice that ®(u,vp) tends to a
singular point as u tends to L. Hence lim,_, 79(u,v9) = 0. Let uy and
Q C [0, L[x]0, L] open such that, for any v and v in € it holds

|T()(U0,U0)‘ < 8/4
|70 (w, v) — T0(up, vo)| < €/4

|f'(v) = f'(vo)| < /2.

Then |1o(u,v)| < /2 < |f'(V)||J(F(u + v))| and 74 (u,v) = A(u, v)10(u, V)
for A(u,v) < 0. It follows that 7(7p) # m(70) in Q. O

The vector fields Ut and U~ in (rKp x R) \ L are defined by vertical
translations of

‘](V0|S,T0)’ J(VO‘S;O)‘

For any (z,y,t) in the interior of (rKo x R) \ L we can write locally U™ as
Ut =rxu+v)X +yu+v)y),

where (u,v) = (x,y)~!, u > v’ is well defined by Theorem 5.4.5. Therefore
there exists a unique integral curve of U™ passing through (x,y,t). Given
q € 0(rKp) x R, we consider the vertical translation containing ¢ of the
horizontal lifting of a parametrization of 9(rKj). Such a curve is denoted by
U, and assume that ¥, (0) = ¢, and is also an integral curve of Ut. Hence
an integral curve of U™ in d(rKy) x R can move along 9(rKp) x R or move
into int(rKp) x R.

Theorem 5.5.5. Let r > 0 and h : 1Ky — R a C° function. Consider a
subset E C H' with finite volume and K -perimeter such that

graph(h) C B C 7Ky x R.

Moreover, assume that there exists h—_, hy : OrKy — R Fuclidean Lipschitz
functions with h_ < hy such that

i) graph(hy) C OF,
ii) C:={(z,t): 2 € 0Ky, h_(z) <t< hy(z2)} COE,

iii) There exists {t,} \, O such that for any q € graph(hy) and p €
graph(h-),
W,(ta) € O,  Wy(—ta) ¢ OF.

where U, is the vertical translation of the horizontal lifting of a clockwise
parametrization of O(rKy) x R passing through q at 0. Then, equality holds
in (5.5.1) if and only if the sets E and Bg coincide.
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Proof. We proof of Theorem 5.5.5 is divided into several steps. We shall use
the notation used in the proof of Theorem 5.5.2.

Step 1. Equality holds in (5.5.14) and by convexity r = pg. Moreover,
equality also holds in (5.5.13) and 7k (1) coincides with W in (OE N {t >
gr})\ L, and with W~ in (O0EN{t < ¢,}) \ L, where v, is the horizontal unit
normal to F. Hence vy = Ay with A > 0 by the strict convexity of K. Since
vp and vy, has unit norm we get v, = vg. By [129, Theorem 1.2|, 0E\ L is a
H-regular hypersurface and by [147, Lemma 2.5] the integral curves of J(vp)
starting from points in (OF N {t > g,}) \ L are contained in 0F \ L. Such a
curve is also an integral curve of Ut or U~. Thus, by hypothesis, the sets
TS;T,+, TSL_ and C are contained in 9E, where h, 1 (x) = r?h+(Z). Hence

0Bk = [rSf | +rS;,, |k +|Clk. (5.5.21)

Step 2. Let us denote p(v) = fovl |v(v + u)|du and ¢ = hyy — hy .
Thanks to Lemma 5.5.4 and the homogeneity of the K-perimeter, we get

L
\TS;;JK + 7Sy, [k — [0Bp |k = 7“3/ ¢ pdv. (5.5.22)
’ ’ 0

From the expression for the lateral perimeter (5.5.11), Lemma 5.5.3 and
(5.5.17), we have

L
Clic= [ b = h)lled(@r) > 7 [ ool +u)ldv. (5523

Moreover, taking the derivative of ¢ we get |y(v' + u)| = ¢'(v) + |y(v)].
Hence we obtain

L L L L L
/0 iodv + /0 S + u)ldv > /0 ¢odv + /0 oo+ /0 olyldv
L L
= [6elb + /0 dlld = /0 olldv. (5.5.24)

Substituting (5.5.22) and (5.5.23) in (5.5.21) and using (5.5.24), we get

L
0Flic > 0B lic +1° [ ) (0)ldv > 0B (5.5.25)

If equality holds then we have equality in (5.5.25) and in (5.5.19) from where
we obtain that hy = h_ and hi and h_ are constant. Hence T‘SXT7+ U T‘Siﬁ
is a translation of 7S \ rS% and rSg \ rSY% C 9F.

Step 3. We claim that B,, C E. To prove this we shall show that
B,, \ L C E reasoning by contradiction. If B,, \ L ¢ E, since rSg =
OB,, C OF, there is a point p in the interior of By, \ L so that p ¢ E.
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The Euclidean orthonormal projection = of p over t = 0 lies in D C F.
Hence there is a point ¢ in the segment [p, z] C B, that belongs to OF \ L.
As OF \ L is H-regular, the perimeter of OF in a small ball contained in
the interior of B,, \ L and centered at ¢ is positive, and so, |0E| > |9B,,],
which contradicts our assumption that equality holds in (5.5.1). This implies
B,, C E. As |B,,| = |E| we obtain B,, = E by the normalization of E. [

Remark 5.5.6. Hypothesis 4), 4i) and 44i) in Theorem 5.5.5 holds as soon
as the intersection of OF with 0rKg x R is an Fuclidean Lipschitz curve.

Notes

Notes of § 5.2 1. In [154], the author obtained an expression of the mean
curvature of a C? surface in terms of a parametrization when H! is endowed
with the left-invariant norm |- |, and defined a notion of distributional
mean curvature for polygonal norms.

The result in Theorem 5.2.13 includes that constant mean curvature sur-
faces for the sub-Riemannian area in the Heisenberg group are foliated by
geodesics. This result can be found, with slight variations, in [33; 36; 34; 79;
78].

Notes of § 5.5 1. Theorem 5.5.2 differs from Theorem 3.1 in [147] in two
aspects when restricted to the sub-Riemannian case. On the one hand, in
Theorem 5.5.2 we consider sets with a membrane not necessarily the same
as the one of the Pansu-Wulff shape, but any continuous function over the
cylinder. But on the other hand, we do not characterize those sets for which

equality holds in (5.5.1).






Chapter 6

Area-minimizing t-graphs with
low-regularity in H!

This chapter is devoted to the results obtained with Giovannardi and Ritoré
given in [87].

We consider (H', K) and provide examples of entire area-minimizing hor-
izontal graphs which are locally Lipschitz in Euclidean sense. A large num-
ber of them fail to have further regularity properties. The examples are
obtained prescribing as singular set a horizontal line or a finite union of hor-
izontal half-lines extending from a given point. Of particular interest are
the conical examples invariant by the non-isotropic dilations of H'. In the
sub-Riemannian case these examples were investigated in [91] and [146].

The chapter is organized the following way. In Section 6.1 we obtain
a necessary and sufficient condition, based on Theorem 5.2.1, for a surface
to be a critical point of the sub-Finsler area. We assume that the sur-
face is piecewise C?, composed of pieces meeting in a C! way along C!
curves. This condition will allow us to construct area-minimizing exam-
ples in Proposition 6.2.3 of Section 6.2, and examples with low regularity in
Proposition 6.2.4. The same construction, keeping fixed the angle at one side
of the singular line, provides examples of area-minimizing cones, see Corol-
lary 6.2.5. Finally, in Section 6.3 we provide examples of area-minimizing
cones in the spirit of [91]. These examples are obtained in Theorem 6.3.2
from circular sectors of the area-minimizing cones with one singular line
obtained in Corollary 6.2.5.

6.1 The first variation formula and a stationary
condition

In this section we present some consequences of the first variation formula.
We consider (H', K), where K is of class C2 with 0 € int(K).
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Using Theorem 5.2.1 we can prove the following necessary and sufficient
condition for a surface S to be Ag-stationary. When a surface S of class C*
is divided into two parts S*, S~ by a singular curve Sy so that ST, S~ are
of class C? up to the boundary, the tangent vectors Zt, Z~ can be chosen
so that they parameterize the characteristic curves as curves leaving from
So, see Corollary 3.6 in [33]. In this case n* = w(v,) = n(J(Z71)) and
n- =n(J(Z7)).

Corollary 6.1.1. Let S be an oriented surface of class C' such that the
singular set Sy is a C' curve. Assume that S~ Sy is the union of two
surfaces ST, 8~ of class C? meeting along So. Let nT,n~ the restrictions of
n to ST and S, respectively. Then S is area-stationary if and only if

1. Hx =0, and
2. nt —n~ is tangent to Sp.

In particular, condition Hi = 0 implies that S \ Sy s foliated by horizontal
stratght lines.

Proof. We may apply the divergence theorem to the second term in (5.2.1)
to get

d _
Sl antesn = [ Hcwds - [ wieot - n)T)ds,
Sls=0 S\So So

where ¢ is the outer unit normal to ST along Sy. Hence the stationary
condition is equivalent to H =0 on S\ Sy and ({,n7 —n~) = 0. The latter
condition is equivalent to that n™ — 1~ be tangent to Sp.

That Hx = 0 implies that S \ Sy is foliated by horizontal straight lines
was proven in Theorem 3.14 in [142]. O

Since vt = J(Z1), v = J(Z7), where ZT and Z~ are the extensions of
the horizontal tangent vectors in ST, S™, we have that the second condition
in Corollary 6.1.1 is equivalent to

m(J(Z1)) —n(J(Z7)) is tangent to Sp. (6.1.1)

So a natural question is, given a Cﬁ convex body K containing 0 in its
interior, and a unit vector v € S', can we find a pair of unit vectors Z+, 2~
such that (6.1.1) is satisfied? If such vectors exist, how many pairs can we
get? The answer follows from next Lemma.

Lemma 6.1.2. Let K be a conver body of class C2 such that 0 € int(K).
Given v € R%2\ {0}, let L C R? be the vector line generated by v. Then, for
any u € OK, we have the following possibilities

1. The only w € OK such that w —u € L is w = u, or
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2. There is only one w € OK, w # u such that w —u € L.

The first case happens if and only if L is parallel to the support line of K at
u.

Proof. Let T be the translation in R? of vector u. Then T(L) is a line
that meets OK at u. The line T'(L) intersects 0K only once when L is the
supporting line of T'(K) at 0; otherwise L intersects K at another point
w # u so that w —u € L. O

Remark 6.1.3. We use Lemma 6.1.2 to understand the behavior of char-
acteristic curves meeting at a singular point p € Sy. Let Z*,Z~ be the
tangent vectors to the characteristic lines starting from p. Let v*,v~ be
the vectors J(Z7T),J(Z7), and L the line generated by the tangent vector
to So at p. The condition that S is stationary implies that n*™ —n~ € L.
If w=mn" and u = n~ are equal then v = v~ are orthogonal to L, which
implies that Z7,Z~ lie in L. This is not possible since characteristic lines
meet tranversaly the singular line, again by Corollary 3.6 in [33].

Hence nt # n~ and 1" is uniquely determined from 7~ by Lemma 6.1.2.
Obviously the roles of n* and i~ are interchangeable.

V*zu’[

Figure 6.1: Geometric construction to obtain w = ™ from u = 1~ so that
the stationary condition is satisfied. The case v = v~ cannot hold.

6.2 Examples of entire K-perimeter minimizing hor-
izontal graphs with one singular line

Remark 6.1.3 implies that Z~ can be uniquely determined from Z+ when S
is a stationary surface. Let us see that this result can be refined to provide
a smooth dependence of the oriented angle Z(v, Z7) in terms of Z(v, Z").
We use complex notation for horizontal vectors assuming that the horizontal
distribution is positively oriented by v, J(v) for any v € H ~ {0}.
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Lemma 6.2.1. Let K be a conver body of class C2 with 0 € int(K). Con-
sider a unit vector v € R? and let L C R? be the vector line generated by
v. Then, for any o € (0,m) there exists a unique [ € (mw,2m) such that if
Zt =we, 77 =wve, then n(J(Z7)) — n(J(ZT)) belongs to L.

Moreover the function B : (0,7) — (m,27) is of class C' with negative
derivative.

Proof. We change coordinates so that L is the line y = 0. We observe that
Zt = ve™ implies that J(Z1) = ve!(@T7/2) We define (z,y) : S' — 0K by

(2(e), y(@)) = Ny (ve'@F7/2)),

where N : 0K — S! is the (outer) Gauss map of K. The functions z,y
are C'! since N is C1. The point (x(a),y(a)) is the only one in K such
that the clockwise oriented tangent vector to 0K makes an angle o with the
positive direction of the line L. A line parallel to L meets 0K at a single
point only when o+ 7/2 = 7/2 or a + 7/2 = 37/2. Hence, for a € (0, ),
there is a unique 8 € (m, 27) such that

(@(8),y(8)) — (x(a),y()) € L.

Observe that, for a € (0, 7), we have dy/da > 0 and, for € (m,27), we get
dy/dpB < 0. we can use the implicit function theorem (applied to y(5)—y(a))
to conclude that 8 is a C' function of o. Moreover

dg  dy/da

do ~ dyjap =" -

Now we give the main construction in this section.

We fix a vector v € R? \ {0} and the line L, = {\v: A € R}. For every
A € R, we consider two half-lines, rj\r,r; C R?, extending from the point
p = A € L, with angles a(\) and S()) respectively. Here a : R — (0, 7)
is a non-increasing function and () is the composition of «(A) with the
function obtained in Lemma 6.2.1. Hence 5(A) is a non-decreasing function.
The line L, can be lifted to the horizontal straight line R, = L, x {0} C H!
passing through the point (0,0,0), and the half-lines ri[ can be lifted to
horizontal half-lines Rf starting from the point (Av,0) in the line R,.

The surface obtained as the union of the half-lines R;\r and Ry, for A €
R, is denoted by X, .. Since any Rf is a graph over rAi and U)\GR(T:\F U
ry ) covers the xzy-plane, we can write the surface ¥, as the graph of a
continuous function u, : R? — R. Writing v = €', the surface %, , can be
parametrized by ¥ : R? — R3 as follows

WO ) = (Aet@o + petlaota) —pxsina(N)),
T (e 4 et BN, _|uasin B(N)),
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2m — B(a)

Figure 6.2: The planar configuration to obtain the surface X, ,. Here a is
a constant function and K is the unit disc D. Such surfaces were called
herringbone surfaces by Young [166] as they are the union of horizontal rays
that branch out of a horizontal line.

Example 6.2.2. An special example to be considered is the sub-Riemannian
cone X, where a € (0, 7). The projection of ¥, to the horizontal plane t = 0
is composed of the line y = 0 and the half-lines starting from points in y = 0
with angles o and —a. This cone can be parametrized, for s € R, ¢ > 0, by

(u,v) = (u+ v cos a,vsin a, —uw sin @)
when y > 0, and by
(u 4 v cos o, —vsin a, uv sin )

when y < 0. A straigthforward computation implies that Y, is the t-graph
of the function

ua(z,y) = —xy + cot aylyl. (6.2.2)
Observe that
+oo, y >0,
lim ua(z,y) =40, y=0, (6.2.3)
—00, ¥y <0,

so that the subgraph of ¥, converges pointwise locally when @ — 0 to a
vertical half-space.

The following lemma provides some properties of u, when a()\) is a
smooth function of A.

Proposition 6.2.3. Let a € CF(R), k > 2, be a non-decreasing function.
Then

i) U is a OF function in R?\ L,
i) Uuq 15 merely CY' near L, when 3 # a + .

i11) uq 15 C™ in any open set I of values of X when f=a+m on I.
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W) Xy is K-perimeter-minimizing when 8 = B(«).
v) The projection of the singular set of ¥, o to the xy-plane is L.

Proof. 1), ii), iii) and v) are proven in Lemma 3.1 in [146].

We prove iv) by a calibration argument. We shall drop the subscript « to
simplify the notation. Let E be the subgraph of v and F' C H' such that F' =
E outside a Euclidean ball centered at the origin. Let P = {(z,t) : (z,v) =
0}, Pt = {(2,t) : (z,v) > 0} and P? = {(2,t) : {z,v) < 0}. We define two
vector fields U', U? on P!, P? respectively by vertical translations of the
vectors m(vg)|p1 = 0T and w(vg)|p2 = n~. They are C? in the interior of the
halfspaces and extend continuously to the boundary plane P. As div(U’ )(m)
coincides with the sub-Finsler mean curvature of the translation of X, .
passing through (z,t) as defined in (5.2.8), and this surfaces are foliated by
horizontal straight lines in the interior of the halfspaces, by Theorem 5.2.13
we get

diviU’ =0 j=1,2.
Here div U is the Riemannian divergence of the vector field U. We apply the
divergence theorem (Theorem 2.1 in [146]) to get

0:/ divUﬂ‘:/<Uj,quB>|a(ijB)\+/ (U7, vp)|OF)|.
FNPIiNB F PinB

Let C = PN B. Then, for every p € C, we have vping = J(v) is a normal
vector to the plane P and vp2ng = —J(v), Ul = n* and U? = . Hence,
by Lemma 6.2.1, we get

(U, vping) + (U, vpanp) = (" =07, J(v)) =0 peC.
Adding the above integrals we obtain

0=>" /F<Uj,u3>d\aB\+/B (U7, vp)d|OF). (6.2.4)

j=1,2 Nint(P7)

From the Cauchy-Schwarz inequality and the fact that |OF| is a positive
measure, we get that

> / (U7, vp)d|dF| < Pi(F,B). (6.2.5)
j=1,2 BNPJ
In particular, if we apply the same reasoning to E, equality holds and
0=3" / (U7, v)d|OB]| + Pk (E, B). (6.2.6)
j=12"F

From (6.2.4), (6.2.5), (6.2.6) and the fact that F' = F in the boundary of B,
we get
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The general properties of 3, , when « is only continuous are given in the
following proposition.

Proposition 6.2.4. Let a : R — R be a continuous and non-decreasing
function. Then

i) U 18 locally Lipschitz in Euclidean sense,
i) Eq is a set of locally finite perimeter in H', and
i) Yoo is K-perimeter-minimizing in H!.

Proof. 1) and ii) are proven in [146], Proposition 3.2. Let

the usual convolution, where § is a Dirac function and 0. = 5(“;/6). Then
e is a C non-decreasing function and «, converges uniformly to « on
compact sets of R. By Lemma 6.2.1, . = B(ac) is a C! non-decreasing
function. Since 8 is C' with respect to « it follows the uniform convergence
on compact sets of (. to a function J.

Taking F' C H' so that F' = E outside a Euclidean ball centered at the
origin. We follow the arguents of the proof of iv) in Proposition 6.2.3 and
define vector fields div(U?) translating vertically 7(vg,), where E. is the
subgraph of X,_, to obtain by the divergence theorem

S [ wheerl= 3 [ wiveer,
j=12 Bnint(P?) j=1,2 Bnint(P?)

the left hand side is the K-perimeter of E., while the right hand side is
trivially bounded by the K-perimeter of F'. Therefore

Pk (E., B) < Px(F, B).
Since E. converges uniformly in compact sets to F/, we obtain the result. [

We study now with some detail the case when ¥, , is a C* surface.

Corollary 6.2.5. When « is constant, the surface ¥, o is a K-perimeter-
minimizing cone in H' of class CY 1. The singular set is a horizontal straight
line and the regular part of ¥, o is a C™ surface.

The following lemma extends the already known notion that in the sub-
Riemannian setting the surfaces 3, /5 are C°°.

Lemma 6.2.6. Let v € R? \ {0} and o € (0,7) be fized. If K is centrally
symmetric with respect to O = %77'*' + %n_ then B(a) = a + m, where n* =
7(J(ve'®)) and n~ = w(J(ve')).
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Proof. Let K be centrally symmetric with respect to O. Then 7~ is the
symmetric point of n*. On the other hand, the convex body K — O is
symmetric with respect to the origin. Then the dual norm is even and,
in particular, 7x_o(—v") = —wx_o(r"). Now, since a translation takes
symmetric points on K — O with respect to the origin to symmetric points
of K with respect to O, we get v~ = —v™T, that is, (o) = a + 7. O

The existence of a convex body K of class C% such that 0 € int(K) for
which ¥, o is C*° is studied in Corollary 6.2.7 and Proposition 6.2.8.

Corollary 6.2.7. Let v € R2~\ {0} and o € (0,7) be fived. Then there exists
a convez body K of class C2 with 0 € int(K) such that £, o is C*°.

Proof. To construct the convex body K, fix a point p € {(z,y) : {(z,y),ve’®) >
0} and O € J(L)+pNL, where L is the vector line generated by v. Then any
K of class C’i centrally symmetric with respect to O containing the origin
such that p € K and ve'® L T,0K satisfies the hypothesis of Lemma 6.2.6,
where nT = p and ™ is the symmetric of n* with respect to O. Thus, by
(4i) in Proposition 6.2.3 we get that X, 4 is C°. O

Proposition 6.2.8. Given a convez body K of class 03_ with 0 € int(K),
there exists v € R? such that Y2 is C.

Proof. Let p and ¢ be points in K at maximal distance. Then the lines
through p and q orthogonal to ¢ —p are support lines to K. Takingv =qg—p
and setting p = ™ we have ¢ = n~, while the vectors v and v~ are over
the line L(v), that is, ZT Z~ make angles 7/2 and 37/2 with L(v). O

For fixed v € R?, we define the surface Zf; o @s the one composed of all
the horizontal half-lines Rj\ and Ry C R? extending from the lifting of the
point p = A\v € Ly, A > 0, to H!. The surface Zj,a has a boundary composed
of two horizontal lines and its singular set is the ray L} = { v : A > 0}. We

present some pictures of such surfaces.
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A

Figure 6.3: The surface E;t/?) /6 associated to the norm |- |, where D is

the unit disk. The singular set corresponds to the purple ray of angle et /3.

A

Figure 6.4: The surface 2:/3 /6 associated to the p-norm with p = 1.5. The

left part of the figure coincides with the left part of Figure 6.3, while the
angle [ is bigger. Notice that also the height has increased.

A

Figure 6.5: The surface E:Tr/g /6 with 8 = a + m. There existence of K is

granted by Corollary 6.2.7.
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6.3 Area-Minimizing Cones in H!

We proceed now to construct examples of K-perimeter minimizing cones
in H' with an arbitrary finite number of horizontal half-lines meeting at the
origin. The building blocks for this construction are lifting of circular sectors
of the cones considered in Corollary 6.2.5.

We first prove the following result.

Lemma 6.3.1. Let K be a conver body of class C2 such that 0 € int(K).
Let u,w € S', 0 = Z(u,w) > 0. Then there exists v € S' such that the
vector line L, generated by v splits the sector determined by v and w into
two sectors of oriented angles a and B such that o + 8 = 0. Moreover, the
stationary condition w(J(u)) — nx (J(w)) € L, is salisfied.

PTOOf. Let v, = J(u)a Vy = J(w) and N = W(Vu)a T = ﬂ-(yw)7~77u 7é Th
since 7 is a C! diffeomorphism. Thus there exists a unique line L passing
through 7, and 7, and L = L — 1, is a straight line passing though the
origin. Notice that L splits K in two connect open components 0K and
0K5. There exist two points n; € 0K; and 1y € 0K» such that L +
(resp. L+m2) is the support line at 71 (resp. 172). Setting v1 = Nyg(n1) and
vy = Nk (n2) we gain that v; for i = 1,2 is perpendicular to L. Without loss
of generality we set that —J(v1) belongs to the portion of plane identified
by the # and —J(v2) belongs to the portion of plane identified by the 27 — 6.
Then we set v = —J(v1). Notice that v splits 6 in two angles § = Z(u,v),
a=Z(v,w) with § =a+ g and L = L,. O

Now we proceed with the construction inspired by the sub-Riemannian
construction in [91]. For k > 3 consider a fixed angle 6y and family of positive
oriented angles 61,...,0; such that 6; 4 --- 4 0 = 2w. Consider the planar
vectors ug = (cos(6p), sin(fy)) and

ui:(COS((90+91+"'+91‘),Sin(90+91+"'+9i)), 1=1,...,k.

Observe that uy = ug. For every i € {1,...,k} consider the vectors u;_1,u;
and apply Lemma 6.3.1 to obtain a family of k vectors v; in S' between u;_1
and u;. We lift the half-lines L; = {\v; : A > 0} to horizontal straight lines
passing through (0,0,0) € H!, and we also lift the half-lines

Avi + {pui—l tp 2z 0}, A\v; + {puZ = O}7

to horizontal straight lines starting from (Av;,0). This way we obtain a
surface
Ck(6p,01,...,0k)

with the following properties
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Theorem 6.3.2. The surface Ck (0o, 01,...,0r) is K-perimeter-minimizing
cone which is the graph of a C' function.

Proof. Ck(0o,061,...,0;)is a cone by construction. It is an entire graph since
it is composed of horizontal lifting of straight half-lines in the xy-plane that
covered the whole plane without interesecting themselves transversally. The
K-perimeter-minimizing property follows in a similar way to from Propo-
sition 2.4 in [91]. That it is the graph of a C! function is proven like in
Proposition 3.2(4) in [91]. O

Example 6.3.3. A particular example of area-minimizing cones are those
who uses the sub-Riemannian cones C,, restricted to the circular sector with
0 € (—a,a) as as model piece of the cone. Taking K = D, k > 3 and
anglea = 7/k, we define

T 27 27
%, ?’ ceey ?) .
Let us denote by uy the functions in R? whose graph is C(k). The be-
haviour when k tends to infinity of wg in a disk is analyzed in the folowing
Proposition.

C(k) = Cp(

Proposition 6.3.4. The sequence uj converge to 0 uniformly on compact
subsets of R%2. Moreover, the sub-Riemannian area of uy, converges locally to
the sub-Riemannian area of the plane t = 0. Moreover the sub-Riemannian
area of up converges to the one of the plane t = 0.

Proof. Since uy, is obtained by collating of u,, where a = 7/k, we can esti-
mate the height of uy by the height of u,. By (6.2.2), using polar coordinates
(r,0), where 0 € [—a, o] and r < 19, we get

lug| < 2r8|sin(n/k)|

on D(rg) = B(0,79). The claim follows since limy_, sin(r/k) = 0.
The sub-Riemannian area of the graph of uy over D(rg) is given by
Ap(unro) = [ [Vuy+ (~,a)ldedy.
D(ro)
Since the sub-Riemannian perimeter is rotationally invariant, we can decom-
pose the above integral as k times the area of the cone C, in the circular
sector with 6 € (—a, ) and r < 9. By (6.2.2), it is immediate that
Vug(a,y) + (—y,2)| = 2Jy|sin™" ().
A direct computation shows that
4y 1 —cosm/k
3 (w/k)sinm/k’

AD (uka TO) =

3
2mry

Then Ap(ug,r0) tends to as k — 4o0. O
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Figure 6.6: The cone C(4). The singular set is composed of the red rays of
angle 0,7/2, 7, (37)/2, while the rays of angles /4, (37)/4, (57)/4), (77)/4,
where two pieces of the construction meet, are depicted in cyan.

Figure 6.7: The cones C(8) and C(16). They are depicted at the same in
this Figure and the previous one. As the number of angles increases, the
cone produces more oscilations of smaller height.



Chapter 7

The prescribed mean curvature
equation for t-graphs in H"

This chapter exposes the some of the results obtained during the stay at Uni-
versita di Trento in colaboration with Giovannardi, Pinamonti and Verzellesi.

The aim of this chapter is to study the prescribed mean curvature equa-
tion for t-graphs in the sub-Finsler Heisenberg group (H", Kp). Let Q C R??
be a bounded open set, H € L>(Q) , F € L*(Q,R?*") and u € W1(Q). We
consider the functional

I(u):/ |Vu+FKO7*dxdy+/Huda:dy, (7.0.1)
Q Q

where |- |k, « denotes the dual norm of | - | . In particular, when F(z,y) =
(—y,x) the first term in (7.0.1) coincides with the sub-Finsler area of the t-
graph of u, see [142; 69]. Moreover, if Ky is the Euclidean unit ball centered
at the origin and H = 0 then (7.0.1) boils down to the classical area func-
tional for t-graphs in Heisenberg group, see [33; 99| and references therein.
We say that the graph of u has prescribed Kg-mean curvature H in € if u is
a minimizer of Z. Indeed, the Euler-Lagrange equation associated to Z out
of the singular set €2, i.e. the set of points where Vu 4+ F vanishes, is given
by

div(rg,(Vu+ F)) = H, (7.0.2)

where 7, is a suitable 0-homogeneous function defined in (2.1.5). When
we fix a boundary datum ¢ € WH1(Q), a solution to the Dirichlet problem
for the prescribed Kp-mean curvature equation is a minimizer v of Z such
that u — ¢ belongs to the Sobolev space WOLI(Q). Our main result is The-
orem 7.4.1, where we prove, under suitable regularity assumptions on the
data, that there exists a Lipschitz solution to the Dirichlet problem for the
prescribed Ky-mean curvature equation when H is constant and satisfies

|H| < Hpe,,00(%0) (7.0.3)
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for each zp = (zo,y0) € 0N, where Hg, po denotes the Finsler mean cur-
vature of the boundary 02 C R™ x R™. Notice that the mean curvature
of the graph of u is computed with respect to the downward pointing unit
normal and the Finsler mean curvature of 90 is computed with respect to
the inner unit normal. The upper bound (7.0.3) of H in terms of the Finsler
mean curvature of the boundary is the Finsler analogous of the standard
assumption for the solution to the Dirichlet problem for the classical mean
curvature equation in the Euclidean setting as stated in [158], [84] or [83]
(see also |85, Theorem 16.11]). The approach of the present chapter, based
on the Schauder fixed-point theory, follows the scheme developed in [35] and
extends its results both to the case of prescribed constant mean curvature
H # 0 and to the sub-Finsler setting. In Theorem 7.4.1 we can not expect
better regularity than Lipschitz, as exhibit in Chapter 6.

Since equation (7.0.2) is sub-elliptic degenerate and it is singular next
the singular set, inspired by [35; 138], we introduce a family of elliptic ap-
proximating equations given by

di Vu+ F)— Vel ) g 7.04
v <7TKO( v )(a3+|Vu+F\§)% (7.04)

for each 0 < & < 1. To obtain this family of equations we consider a 2n +
1 dimensional convex body K. containing the origin in its interior, that
converges in the Hausdorff sense to the 2n dimensional convex body Ky as
€ — 0. The choice of the convex body K. is not arbitrary. Indeed, we need
a specific shape in order to obtain an approximating equation well defined
in the classical sense in the singular set. For 0 < € < 1, the convex body K.
defines a Finsler norm on TH™ whose associated Finsler area functional is
given by

X 1
Z-(u) —/{2(53+\Vu+F|§<0,*)3 d:rdy—i—/QHudxdy.

It is easy to see that the Euler-Lagrange equation associated to this func-
tional is elliptic and avoids singularities. Given a boundary datum ¢ €
C%2(Q), the solvability of the Dirichlet problem associated to (7.0.4) is re-
duced by [85, Theorem 13.8] to a priori estimates in C1(Q) of a related
family of problems. As usual the a priori estimates in C(€2) consist of three
parts: estimates of the supremum of |u|, boundary estimates of the gradient
of u and interior estimates of the gradient of u. Both the estimates of the
supremum and the boundary estimates of the gradient are obtained by a
barriers argument that depends on the Finsler distance from the boundary
0f). Due to technical reasons in the construction of the barriers we need
to assume the strict inequality in (7.0.3), avoiding the optimal case when
H coincides with Hg, g0 (20) at a given point zp € 9Q2. We emphasize that
these results hold even if the prescribed curvature H is non-constant and
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Lipschitz. When H is non-constant, in order to obtain the estimates of the
supremum we assume that there exists ¢ € (0,1] such that

/ Hv d:cdy‘ <(1- 6)/ |V K, « dzdy (7.0.5)
Q Q

for each v € C2°(Q2). Assumption (7.0.5) is a standard sufficient condition for
the estimates of the supremum of |u| (see [83] or [85]). Moreover, in analogy
with the Euclidean case, we show that the sufficient condition (7.0.5) with
6 > 0, which is a prior: stronger than the necessary condition with § = 0,
is redundant when H is constant. The only crucial step where we need that
H is constant is the maximum principle for the gradient of the solution that
allows us to reduce the interior estimates of the gradient to its boundary
estimates. Finally, once we realize that C! estimates are independent of the
approximation parameter £, passing to the limit as € tends to 0 and using
Arzela-Ascoli Theorem we get the existence of a Lispchitz minimizer for the
sub-Finsler Dirichlet problem.

The chapter is organized as follows. In Section 7.1 we introduce some
preliminary definitions and results, such as the Minkowski norm, the Finsler
geometry of a hypersurface in R?”, the Heisenberg group, the sub-Finsler
perimeter and the sub-Finsler functional Z. Section 7.2 is dedicated to the
Finsler approximation by the K. convex body of the sub-Finsler convex body
K. Section 7.3 deals with the a priori estimates for the C! norm of the solu-
tion to the approximating elliptic equations. In particular, Proposition 7.3.4
deals with the a priori estimates of |u| when H is Lispchitz and verifies
the integral condition (7.0.5), in Proposition 7.3.6 we deduce the boundary
estimates of the gradient when H is Lispchitz, in Proposition 7.3.5 we es-
tablish the maximum principle for the gradient for H constant, and finally,
in Proposition 7.3.8 we achieve a priori estimates of |u| when H is constant.
To conclude, Section 7.4 contains the main Theorem 7.4.1.

7.1 Preliminaries

Unless otherwise specified, we let n,d € N, n,d > 1. Given two open sets
A, B CR%, we write A @ B whenever A C B.

7.1.1 Finsler geometry of hypersurfaces in Euclidean space

Let K C R? be a convex body in C?H 0 € int K and Q C R? be a bounded do-
main with boundary 9Q = ¥ of class C2. Let N be the inner unit normal to
3. Then the derivative map (Wk ), = —dp(mx o N) : T2 — T (N(p) OK
is called the K-Weingarten map. Let v C OK be a differentiable curve with
7(0) = mx (p) and v/(0) € Ty (;,) OK. By definition of 7x, the function

f(t) = (1), p)
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has a maximum at 0 and therefore (7/(0),p) = f/(0) = 0, which gives
T ()OK = T,S%1. Moreover it is well known that (dN), is an endo-
morphism of 733 and therefore Wi s, is an endomorphism of 7,X. We
define the K-mean curvature of 3 as

Hyg sy = Trace(Wk 5) = —divs (g o N),

where divy is the divergence in the tangent directions to ¥. We remark that
Wk s is neither necessarily self-adjoint nor symmetric. Let us check that
Wk s is diagonalizable. Indeed, given a parametrization X of ¥, dN has
a symmetric matrix representation S in the basis B = {0, X,...,0,,X}.
On the other hand, g = /\/};1 and, since K is in C_Qi_, the matrix A which
represents d(N, [}1) with respect to B is positive definite. Therefore, there
exists an invertible matrix P such that A = P'P. Notice that the matrices
P'PS and PSP! has the same spectrum, and equal to the spectrum of Wk x.
Since S is symmetric we can apply the criterion of Sylvester to obtain that
all the eigenvalues of PSP! are real. The eigenvalues of Wik s are called
K -principal curvatures and the eigenvectors of Wi s, are called K-principal
directions.

7.1.1.1 Finsler distance from the boundary and the Eikonal equa-
tion

In this and the following section we want to rely on some results by [113;
112], and so we assume that K is in C%°, i.e. OK is of class C*° with
strictly positive principal curvatures. Let Q C R? be a bounded domain
with boundary 9Q = ¥ of class C*%, for 0 < a < 1, and inner unit normal
N. We shall adapt Theorem 4.26 in [130] and the remarks at the end of
Section 4.5 in [130] to prove existence of a tubular neighborhood of ¥ and
compute the K-mean curvature of parallel hypersurfaces. The interior signed
K-distance to ¥ is the function dg  : R? — R given by

A s(p) = min{|p — q|x : ¢ € £} ifpe
KR = —min{|p—q|lxg:q€ X} ifp¢gQ.

Throughout this chapter, we shall use the notation Bg(p,r) to denote the
ball of radius r > 0 in R? associated to the distance d K,p- 1t is easy to check
that |p|x = | — p|_x for any p € RY, so that

B_g(pr)={q€R? : [p—qlx <7} (7.1.1)

for any p € R? and r > 0.
Consider the map F : ¥ x R — R? given by

F(q,t) = q+t(rx o N)(q).
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For any v € T;%, we have (dF') 4.1 (v,0) = v+td(rxoN)(q) and (dF)4,)(0,1) =
(mx o N)(q). Since K contains the origin,

(rg(N),N) >0

and dF is invertible at t = 0. Thus F' is locally a diffeomorphism and, being
Y a compact hypersurface, F' is a diffeomorphism in a domain ¥ x (-4, 0).
The set F(X x (—6,0)) is called a tubular neighborhood of ¥. Notice that if
p = F(q,t), then

p—q=t(rx o N)(q) (7.1.2)
and, taking the K-norm, we obtain that di x(p) = t. We know (cf. [113])
that, under our assumptions, there exists § > 0 such that

dis € C**(F(Z x (=9,9))).
for any 6 < 0. Given || < §, we let
Y ={peR?:p=F(q,t) for some q € IK}. (7.1.3)

Proposition 7.1.1. Let Q C R? be a bounded domain with boundary 0 = %
of class C? and let F(X x (—6,6)) be a tubular neighborhood of ¥. The K-
mean curvature of ¥y at p € ¥, 1s given by

U

~ kilg)

— 1 —tri(q)’

Hgx,(p) = (7.1.4)

where q € X satisfies p = F(q,t) and k1(q), ..., kq—1(q) are the K-principal
curvatures of % at q.

Proof. Let {ej1,...,eq_1} be a basis of K-principal directions of ¥. Then
(dF)(g,1)(€i,0) = (1 — tr;)e;. Therefore a basis of principal directions in X

M el €d—1 .
s {Fs s T }. Since we have

—d(ﬂKoN)q( G ) LB

= (&
1—tl-€i 1—tl-€i

foreach i =1,...,d — 1 we obtain the result. ]

Remark 7.1.2. From (7.1.4), we obtain that the K-mean curvature is in-
creasing in t. In particular, given ¢ € ¥ and p = F(q,t) for t > 0, it holds
that

Hg s, (p) =2 Hi x(q). (7.1.5)

The following Eikonal equation can be deduced using classical arguments.
We include the proof for sake of completeness.
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Proposition 7.1.3. It holds that
|Vdg 5 (p)| Kk« =1 (7.1.6)
Jor any p where di pq is differentiable.
Proof. It is clear that, for any p,p’ in R%, we have
drs(p') <P = plKx + dr2(p).
Taking p’ = p + tv where t > 0, we get
dgs(p+tv) —drgx(p) < |tv|k.

Therefore,
(v, Vdg »(p)) < |v|k. (7.1.7)

Taking v = 7 (Vdg x(p)) in (7.1.7), we obtain

Vdgs(p)lk+ < 1.
On the other hand, let v(t) = F'(qo,t). By (7.1.2) we have that

di=(y(t)) =t.
Taking derivatives in the previous equation, we obtain
(' (1), Vdr s(v(t))) = 1.
Since v/(t) = (rx o N)(qo), we get that |7/(¢)|x = 1. Using (2.1.4), we get
IVdgs(v()|g« = 1. O

Given a tubular neighborhood O of 92 and p = F(q,t) € Q, we denote
N¢(p) the inner unit normal to Xy at p. Let us explicitly compute div(mg o
Ni)(p). Let us recall that, to the 0-homogeneity of 7y, we get that

q-Drg(q) =0
for any g € R%. In particular, taking ¢ = N;, we obtain
Ny - D(mg o N¢) = Nt - D (Ny) - DNy = 0,
which implies that
—div(rg o Ny)(p) = — divs(mk o Ni)(p) = Hg z,(p) 2 Hrpa(q). (7-1.8)

With the next result we better understand the relationship between the
Finsler mean curvature of 3, the Euclidean curvatures of ¥ and the Euclidean
principal curvatures of K.
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Proposition 7.1.4. Let K be a convex body in C’i, 0€cint K. Let Q C R?
be a bounded domain with 0Q = X of class C? and let Ny be the inner unit
normal to ¥ at q. Then we have

d—1
De N, 761
Hg x(q ! q 7.1.9
where k‘ZK are the Euclidean principal curvatures of 0K and eq,...,eq_1 is

an orthonormal basis of Fuclidean principal directions of OK.

Proof. We shall drop the subscript for mx. Let ¢ in ¥ and eq,...,eq_1 be
an orthonormal basis of R~ = Tr(n,)OK such that

(ANK)r(vp€i = ki (m(Ng))ei

By hypothesis, kX > 0fori=1,...,d—1. Here N denotes the Gauss map
of 0K. Then we have

d—1

Hg x(q) = —divs(m(Ng)) = = Y (De;m(Ny), €),
=1

where D is the Levi-Civita connection in R%. We claim that D, ,m(N,) =
dm(De,Ng). Indeed, let v : (¢,€) — X such that y(0) = ¢ and 4(0) = e; for
t=1,...,d—1. Then we have

d
D d 0
Dem(Ng) = 2| _ m(Nas)) = ;ds o) g
d
D 0
= ;wj( 2 o0 = (dm) N, De, Ny
Moreover, since dr is a symmetric matrix we gain
d—1 d—1
HK,E(Q) = *Z«dﬂ-)NqDeiNqaez = Z DGZqu (dm) N ei). (7.1.10)
i=1 i=1

Since 7 = N;;! we obtain dr = (dNk)~! and
ei = AN dN (i) = AN (k] (m(Ng))er) = ki (m(Ng))drm(es),

by linearity. Therefore, we have dr(e;) = (kX (m(N,)))'e;. Hence, plugging
this last equality in (7.1.10) we gain (7.1.9). O
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7.1.1.2 The Ridge of the Finsler distance

In the previous section we obtained some regularity and geometric properties
of dk sq in a tubular neighborhood of 0f2. We shall see that some of these
properties holds outside a tubular neighborhood. We fix a convex body
K € (% and a bounded domain € C R? with C?! boundary. For any
p € Q, welet D(p) := {q € 00 : drgoa(p) = |p — qlx}. Since dg s is
continuous, then clearly D(p) # 0 for any p € Q. Accordingly, we define the

set
O :={peQ: D(p)is a singleton}, (7.1.11)

and we define the Ridge of 2 by
R:=Q\ int ;.
We know, again thanks to [113], that, under our assumptions on K and (2,
di o0 € C*!(int Q1 U 9Q). (7.1.12)

Moreover, in [112, Corollary 1.6] it is proven that the Hausdorff dimension
of R is at most d — 1. This fact implies that R has empty interior, so that

d(int Q) = 0Q U R. (7.1.13)
The following result is inspired partially by [60, Lemma 3.4].

Proposition 7.1.5. Let p € Q, let ¢ € D(p) and let

(p,q) ={tp+(1—1t)g : t€(0,1)}

Then (p,q) C int Qy and
D(v) ={q} (7.1.14)

for any v € (p,q)-

Proof. Let p,q be as in the statement, and fix v € (p,q). We already know
that D(vy) # (. On the other hand, assume that there exists ¢’ # ¢ such that
¢ € D(v). Let us notice that p,q,q cannot lie on the same line. Indeed,
if by contradiction this was the case, then the only possibility is that p is a
convex combination of v and ¢/. But then the strict convexity of K would
imply that

W=dlk <lv—dr<lp—dr<lp-d|xk <|v—dx.

which is a contradiction. This in particular implies that p,~, ¢’ do not lie on
the same line. Therefore, thanks again to the strict convexity of K, we get
that

p—dlk <lp=Ak+v—dlxk <lp—7k+|v—dx =p—dqx,
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a contradiction with ¢ € D(p). Hence (7.1.14) is proved. Assume by con-
tradiction that v € R. By Corollary 4.11 in [112], any point of the form
g+ A(y—¢q) with A > 1 has a point in 92 closer than ¢. On the other hand,
taking w the midpoint of p and ~, then by (7.1.14) it holds that D(w) = {¢}.
A contradiction then follows. O

Let us take a point p € int 2, and let ¢ € D(p). Thanks to Proposi-
tion 7.1.5, we know that

droo(z) = |z — q|k

for any z in (p, q). Recalling that (p,q) C int Q, together with (7.1.12), and
Proposition 7.1.3 it is easy to see that Vdg ga(z) # 0. Thus, at least locally,
the level set ¥4, aa(p) is a well defined C? hypersurface. Reasoning as in
Section 7.1.1.1 we conclude that

—div(mg o NdKﬁQ)(p) > HKO’aQ(q) (7.1.15)

for any p € int Qq, where ¢ € D(p).

7.1.2 Sub-Finsler area

Let Ko C R?" be a C? convex body with 0 € int K, and let |- lxor | |y 4
and 7, be the associated left-invariant extensions to Ho (see § 2.1.2). In the
following we shall write |- [, and 7 instead of | - | . and 7k, respectively.

Given a horizontal vector field U of class C!, we define n(U) as the C!
horizontal vector field satisfying

Uls = (U, =(U))-

Proceeding as in § 2.1.1, it is easy to see that the projection satisfies

T . iXi +9:Y; :N_1<(ﬁg)>,
@f i ) s\ T+ o7

where [f[* = (f, f).
Recall that, by Proposition 2.3.4, if £ has C' boundary 0F, then

Py, (E) = /BE |Np|wdo =: Ak, (OF),

where Nj, is the projection on the horizontal distribution H of the Rie-
mannian normal N with respect to the metric ¢ and do is the Riemannian
measure of OF.
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As a significant example, we consider a bounded open set  C R?"” and
a C! function u : @ — R. Let Gr(u) = {(z,y,t) € H" : u(z,y) —t = 0} be
the graph of u. Then we have

" (ue — y) X 4+ 2)Y;
Ny = 2imilta Z Xt (e TOYe s TV PR dady,
V14 |Vu+ F?

where Vu(z,y) is the Euclidean gradient of u(x,y) and F(x,y) = (—y, z).
Therefore we get

Ak, (Gr(u)) :/ |Vu+ F|, dzdy.
Q

7.1.3 The sub-Finsler prescribed mean curvature equation

Inspired by the previous computation and the sub-Riemannian problem stud-
ied by [35] we consider the following problem. Let Q C R?" be a bounded
open set and let F' € LY(Q,R?), p € WL(Q) and H € L°°(Q). Then we
set

I(u):/ |Vu—|—F*dxdy+/Huda:dy (7.1.16)
Q Q

for each u € WH1(Q) such that u — ¢ € Wol’l(Q). We say that u € WhH1(Q)
is a minimizer for 7 if

Z(u) < Z(v)

for all v € W1(Q) such that v—¢ € W(}’l(Q). In 35, Section 3] the authors
investigate the first variation of the functional Z when | - |« is the Euclidean
norm | - |, taking into account the bad beaviour of the singular set

Qo ={(z,y) € : (Vu+ F)(z,y) =0}. (7.1.17)

In the next result we derive the Euler-Lagrange equation associated to Z for
C? minimizers.

Proposition 7.1.6. Let Ko be a C3 conver body such that 0 € int(Ky).
Let u € C*(Q) be a minimizer for T defined in (7.1.16). Assume that F €
CH(Q,R?™). Let Qg be the singular set defined in (7.1.17). Then u satisfies

div(r(Vu+ F)) =H (7.1.18)

Proof. Given v € C(2\ Q), by [142, Lemma 3.2] the first variation is



The Finsler approximation problem 119

given by
d
—|  Z(u+ sv) / V(u+ sv) + F|i dedy + Hv dxdy
ds l1s=0 Q\Qo dS s= 0 O\ Qo
/ |Vu+ F + sVu|, dedy + Hv dzxdy
O\ dS s=0 O\Qo
/ (Vu,m(Vu+ F))) dedy + Hv dzdy
2\ Qo 2\Qo
_ / v (H = div(r(Vu+ F))) dady. 0
2\

Remark 7.1.7. When K| is the unit disk Dy C R?" centered at 0 of radius

1 we have
Vu+ F

and (7.1.18) is equivalent to

Vu+ F
di H.
v (!Vu |>

7.2 The Finsler approximation problem

In this section we develop the Finsler approximation scheme in order to get
rid of the singular nature of equation (7.1.18). To this aim, given Ky a
convex body in C’_% such that 0 € int Ky and ¢ € (0,1), we denote by K. the
set

3
H 2 3
K. {@,y,t) exntt: (M) i, < 1} SN CERY

Notice that K, c R** = T,H"» (here ToH™ denotes the tangent space
of H" at p = 0) is a strictly convex body with 0 € int(K.). Moreover 0K, is
of class C'. Indeed it is a level set of the C! function

3
]\ 2 3
gs(l‘,y,t) = ; + |($7y)|K07

whose gradient never vanishes on 0K.. Hence, the projection mx_ is well
defined and continuous. We shall write | -|_, ||, , and 7. instead of |- |x_,
|| k. and g, respectively. The map 7 is defined as the first 2n compo-
nents of 7.. By abuse of notation, we write 7"(z,y) = 7/(2,y, —1) when

there is no confusion.

Proposition 7.2.1. Let Kq be a convex body in C’_% such that 0 € int Ky, and
let K. C R?"! be the set defined in (7.2.1). Then the following assertions
hold:



120 The PMC equation in H"

(i) The map 7l : R?" < {0} — R?" satisfies
(2, )12

o
€+ |(z, 9)2)°

ml(z,y) = n(z,y)

i) The map 7 can be extended to a C* map in R2™ by setting 7(0,0) =
&g g
(0,0).

1
(iii) [(2,y, —Dlx..» = (* + [z, 9)[2) *-
Proof. Let us prove that
me(z,y,—1) = (ar(z,y), —(1 — a*/?))?/3 (7.2.2)

for some 0 < a(z,y) < 1. Given (x,y) in R?"\ {0}, we denote by ¢ the
2n + 1 coordinate of 7.(z,y, —1) and we let K;, C R?" be the convex set
defined by

K, = {(2",y) : (@,¢,ty) € K.}

Then we have

Kot = (1)

=319k, < (1 - ('”))

Hence there exists & = a(z,y) such that Ky, = @Ky and m, = ar. On
the other hand, since 7. is the inverse of the Gauss map, we can see that
(z,y,—1) is normal to 0K, at m-(z,y, —1) and so (x,y) is normal to 0Ky, at
7l (x,y). Since Ky, is strictly convex, the projection is unique and 7 = 7.
Hence (7.2.2) follows. Taking the scalar product of (z,y, —1) with the curve
5(3) = (Sﬂ—(xa y)? _E(l - 33/2)2/3)7 we get

(29, =1), B(s)) = s|(x, )|« + (1 = >2)*.

Notice that § is in K. and («) is m.. Hence in s = o the maximum of the
scalar products of (z,y, —1) with an element of K. is attained. Thus we can
take derivatives in s = « and equal to 0, and get

3
2

3
+ 1, v)lE, <1}

1
o2

0=|(z,y)|s —e——.
(@l = ey

Then we obtain )
B (G )l
(€% + (2, y)[2)¥/3
and we get (). Since |(z,y,—1)|k. « = ((z,y,—1), (2, y,—1)), a straight-
forward computation shows (éi7). Finally, (i7) follows from (7) and the 2-
. 2
homogeneity of the map 7(-) |- |7 O

*
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Lemma 7.2.2. Let u,v € ToH" and s € R. Then we have

d

Ts ol T svlew = (v, me(u). (7.2.3)

Proof. Let f(s) = |u+ sv|.« and g(s) = (u+ sv, m-(u)). Notice that f(s) >
g(s) for each s € R, since by definition |u+sv|c « = (u+sv,m-(u)) and f(0) =
|ule« = (u, m-(u)) = g(0). Therefore, by a standard argument f'(0) = ¢’(0),
and the thesis follows. O]

Given Ky C R?" a convex body in C’_% with 0 € int(Kp), and K. defined
as in (7.2.1), we extend the reasoning of § 2.1.2 to define a left-invariant
norm |- | on TH by means of the equality

|3 AXi+ gV WT| = 1), 9(), k)
i=1 ’

for any p € H" with f = (f1,..., fn) and g = (91,...,9n)- Again, |- \67* and
7. can be extended to the tangent bundle in the usual way.

Definition 7.2.3. Given a measurable set ¥ C H" we say that F has finite
K.-perimeter if

PKE(E) = sup {/ diV(U) dH™, U € .}:O(Hn), |U’K€,oo < 1} < 400,
E

where |U|k. o0 = sup,egn |Uple and Xo(H") is the space of C' compactly
supported vector fields in H".

Remark 7.2.4. Notice that we are abusing the notation Pg_ since it is
related to the left-invariant basis {X1,Y1,..., X, Y, T} of all the tangent
bundle of H" instead of the horizontal distribution Hg.

Remark 7.2.5. If E has C' boundary 0F, then
P (E) = / Nlendo = A.(9E),
OFE

where N is the Riemannian normal with respect to the metric g and do is
the Riemannian measure of 0F. Indeed by the divergence theorem we have

Pic.(E) = sup {/ div(U) dH", U € Zo(H"), |U|x. 00 < 1}
E

= sup{/ (U,N) dH",U € Xo(H"), |U|k. 00 < 1}
oF

= / |N|c do,
OF

where the last equality can be proved proceeding exactly as in [71; 82].



122 The PMC equation in H"

7.2.1 The Finsler prescribed mean curvature equation

We are ready to derive the Finsler prescribed mean curvature equation, essen-
tially in the same way as in the previous section. To this aim, let Q C {t = 0}
be a bounded open set and u : Q@ — R be a C? function. Then we have

N = Z?:l (uzz - y)Xz + (uyi + l’)Y; =T

V1+|Vu+ FJ?
do = /1+ |Vu+ F|?dzdy,

where F'(z,y) = (—y,x). Therefore we get

AKE(Gr(u)):/Q](Vu+F,—1)|57*d:cdy.

Therefore, inspired by this computation and thanks to Proposition 7.2.1,
given F' € LY(Q,R?"), o € WH1(Q) and H € L>(Q), we define the approx-
imating Finsler functional Z. by

T (u) = /Q (&% +[(Vu+ F)\;:’)% dxdy + /QHudxdy, (7.2.4)

for any u € Wh(Q) such that u — ¢ € Wol’l(Q). Arguing as in the
previous section, and thanks to Lemma 7.2.2, we are able to deduce the
Euler-Lagrange equation associated to (7.2.4). Indeed, given v € C°(Q2), by
Lemma 7.2.2, the first variation is given by:

d

7 Z.(u+ sv)

s=0
_/d
_QdS
_/d
_QdS

—/<(V’U,0),7T5((VU+F,—1))> dxdy+/Hvdxdy
Q Q

0\(V(u+sv)+F,—1)\€7* dxdy—i—/ Huvdzxdy
5= Q

0\(Vu + F,—1) 4+ s(Vv,0)|c « dedy + / Huvdzdy
§= Q
:/<VU,7r?(Vu+F)> dxdy + / Hv dxdy
Q Q
= / v(H — div(7?(Vu + F))) dzdy.
Q
Then the Finsler prescribed mean curvature equation for the graph of w is

given by
div(7™(Vu + F)) = H in Q. (7.2.5)
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7.3 A priori estimates for the Finsler Prescribed
Mean Curvature Equation

In this section we want to find classical solutions to the Finsler approximating
Dirichlet problem associated to (7.2.5), that is

{div (r¢(Vu+F))=H inQ (7.3.1)

U= in 09,

where Q C R?" is a bounded domain with C%® boundary for 0 < a < 1,
Ky is a convex body in Ci’a with 0 € int Ko, H € Lip(Q), F € C1*(Q)
and ¢ € C*%(Q). To this aim, let us fix some notation. It is easy to see
that the map G : R?"\ {0} — R2?" defined by G(p) = 7(p)|p|> can be
extended to a 2-homogeneous and C! map setting G(0) = 0. Moreover, for
any 1 =1,...,2n ‘
Dy(| - [}) = 36Gi(2),
where G = (G1,...,G2,). Thanks to Proposition 7.2.1, we can write (7.2.5)
in the form
div (ﬂw + )Vt 2) — H.
(e3+[Vu+tF[3)3

An easy computation yields

1
EFITeTE (€% + |Vu + F|?) div(G(Vu + F))—
€ U o

—2G(Vu + F)(D*u+ DF)G(Vu + F)") = H.
Therefore, we can write (7.2.5) in the familiar form

2n
> A5z, Vu; F)Djju+ B*(2,Vu; F) = H,
e

where the coefficients Aaj and B¢ are defined by

1
A (2,0 F) = D;Gi(p+F)
’ (3 +Ip+ FR)5
2
- Gilp+ F)Gj(p+ F)
(3 +|p+ FI3)3 ’
and
1 2n
B (z,p; F) :== — D,Gi(p+ F)D;F}
<83+|p+F:Z’>5mZ:1 ’ ’
2
— G(p+ F)DFG(p+ F)T.

(€3 + [p+ FJ3)3
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for any 2z € Q and p € R?". Therefore (7.2.5) is a second-order quasi-linear
equation. Moreover, thanks to the computations of the previous section
and (i4¢) in Proposition 7.2.1, we know that (7.2.5) is the Euler-Lagrange
equation associated to the functional

1
u>—>/ (8% + |Vu+ FI2)® + uH dz.
Q

Since the function (3 + | - +F|2)Y/3 is strictly convex we get that (7.2.5) is
elliptic. Finally, it is easy to see that the matrix A® is symmetric. There-
fore we are in position to apply the classical theory for quasi-linear elliptic
equation of [85]. In particular, we wish to rely on the following fundamental
result, which is a direct consequence of [85, Theorem 13.8] and subsequent
remarks.

Proposition 7.3.1. Let Q C R?" be a bounded domain with C*>“ bound-
ary, for some 0 < a < 1, and let ¢ € C>*(Q). Let us assume that
Aij(-,jUF),BE(-,-;O'F) € CYQ x R?™) for any o € [0,1], and that the
maps

o Aj (- 0F), 0w B°(,0F)

are continuous as maps from [0,1] to C*(Q x R*"™). If there exist a constant
M > 0 such that, for any o € [0,1], any solution u € C>*(Q) to the problem

div(r?(Vu+oF)) = ocH m Q (73.9)
U =0 in OS2
satisfies
HuHcl(ﬁ) < M,
then
{div(w?(Vu +F)=H in Q (733)
U= in OS2

admits a solution in C*%(Q).

Our aim is to prove a priori estimates for the C'' norm of solutions to
(7.3.2). As a consequence of this procedure we will get C! estimates for
solutions to (7.3.3) which are uniform in € € (0,1). First of all we need to
guarantee the requested regularity for the coefficients of the equation.

Lemrila 7.3.2. Let Ky be a convex body in Cf_’a with 0 € int K. Let F €
CY(Q). Then there erists 0 < B < 1 such that AZE-J(-,-;JF),BE(-,-;JF) €
CP(Q x R?") for any o € [0,1]. Moreover, the maps

o Aji(0F), o B°(,0F)

are continuous as maps from [0,1] to C8(Q x R?™).
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Proof. The second statement follows easily from the definition of the coeffi-
cients. Let us prove the first statement. It is clear, thanks to our assumptions
on Ko and F, that A7 ;(-,-,0F) and B*(,-,0F) belong to Co%(Q x R?") for
any o € [0, 1]. Moreover, notice that for any ¢,5 =1,...,2n

2|plumj(p)mi(p) + [pl2Dim;(p) ifp#0

D;(Gi(p)) = {0 fp—0

is C%(R?" \ 0) since 0Ky is C%“. Finally, we get

D,G;
i PiGil) _
p—0 Ip|«
Indeed, we have
D.:G; ) |«
D; a’( : ‘ |a’ ;(p)mi(p) + |pl2Dim; (p)|
Ip| | \
P .
< I\“ “(|mi(p)mi(p)| + |pl«| Dim;(p)])
< Clpli®

asp — 0, since Ii E is bounded and the last factor in the previous inequality is

0-homogeneous, thus in particular bounded. Then D;G; belongs to C*(R?").
Since Ai ; and B¢ are obtained as composition, sum and product of Holder
functions, the conclusion follows. O

Therefore we are in position to try to apply Proposition 7.3.1. First of
all we want to obtain estimates for the C” norm of solutions to (7.3.2). In
order to do this, inspired by [84], we assume that there exists § € (0, 1] such

that
/ Huvdz
Q

for any non-negative function v € C°(£2). To justify this assumption, as-
sume that we have a function u € C?(£2) which solves (7.3.1). Then, multi-
plying (7.3.1) by a test function v € C2°(2) and integrating over 2, we get
that

/Hvdz
Q

<(- 5)/9 Vol.dz (7.3.4)

vdiv(n?(Vu + F))
Q

/\ (Vu+ F), V)| dz

é/ |Vulidz. (7.3.5)
Q

Notice that, as already pointed out in the introduction, (7.3.4) is slightly
stronger than (7.3.5). We begin by proving a technical lemma.
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Lemma 7.3.3. Let 0 € [0,1] and € € (0,1). Then
(p,l(p+0F)) > |pl =1 = [Fl. — | = F]. (7.3.6)
for any p € R?" and z € Q.

Proof. Let us fix z € Q and p € R?**. If p = 0 or p + oF = 0, then the
thesis is trivial. Therefore, assume p,p + oF # 0. It is clear, recalling
Proposition 7.2.1 and using the Cauchy -Schwarz formula (2.1.4), that

(p, 7! (p+0F)) = (p+oF,wl(p+oF)) — (oF, 7l (p+ oF))

2

p+oFF ( p+oF? >3 o F|

T (B+pt+oFP)i  \E+Ip+oFl "
lp+oF[?

) 3\2 [l

(e +p+oFld)s
Hence, noticing that
|p+0—F‘* = ‘p’*_‘_UF’* = ’p‘*_‘_F’*

by the triangle inequality, it suffices to prove that

|p—|-JF|§
(e +p+oF3)

> |p+oF|, — 1. (7.3.7)

(V1N

When |p+oF|. <1 (7.3.7) is trivial. Therefore let us assume |p+oF|, > 1.
Notice that (7.3.7) is equivalent to

3
2

9
p+0FIZ > (Ip+0Fl. - 1)} + [p+ o F[2).

Since a? — P > (a — b)P? when 0 < b < a and p > 1, it is enough to check
that

p+oF|2? > (p+oF2? = 1)+ p+oF)
— B+ oF +p+oFY? =S —|p+oFp,
which is clearly true since [p+oF|, > 1 and € < 1. O

Proposition 7.3.4. Let o € (0,1) and Ko be a convex body in CJQF’O‘ with
0 € int Kog. Let Q C R?™ be a bounded open set, ¢ € C%(Q), H € L*>(9)
and F € C°(Q). If condition (7.3.4) is satisfied then there evists a constant
Cy1 = Ci(n, Ko, Q,p, F,8) > 0, independent of o € [0,1] and € € (0,1), such
that, for any solution u € C*(Q) to (7.3.2), it holds that

1wl oo (@) < Ch.
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Proof. Let us notice that (7.3.6), the equivalence between |- |, and the Eu-
clidean norm and the boundedness of F allow to find constants ag, as > 0,

independent of o € [0, 1] and € € (0, 1), such that

(p, 7wt (p+ o F)) > aolp| — az

for any z € Q and p € R?". This fact, together with the boundedness
of H, suggests to relay on [85, Lemma 10.8] to limit ourselves to estimate
lull 1 (q)- Indeed, it is not difficult to show that [85, Lemma 10.8] remains
true when condition (10.23) of [85] allows a positive coefficient multiplying
Ip|]. Moreover, its proof can be easily adapted to achieve estimates from
above of supg —u in terms of [|u~||z1(q)y for any solution of Qu = 0 where
Q is defined in (10.5) of [85]. In the end it suffices to estimate [|u™|11(q)
and [[u”[|1(q). We only estimate [[u™||1(q), being the other case analogous.
Moreover, up to replacing u by u — ||¢]/s0,00, We can assume that u < 0 in
0Q. Let us set v = u*. Then it is clear that v € WH>(Q) N Wol’l(Q), and
moreover Vv exists in the classical sense for almost every z € (2. Therefore,
since w is in particular a weak solution to

div(r?(Vu+ oF)) = 0H,

it follows that

/<VU,7T?(V’IL +0oF))dz = —/ voHdz. (7.3.8)
Q Q
We claim that

(Vo, " (Vu+oF)) > |Vol, =1 — |F|« — | = F. (7.3.9)

holds in any point where Vv exists in the classical sense. Indeed, in such
points Vv is either 0 or Vu. In the first case (7.3.9) is trivial, while in
the second case it follows from Lemma 7.3.3. It is well known that, since
v>0and v € VVO1 ’1(9), there exists a sequence of non-negative functions
(vg)r € C°(9) converging to v strongly in WOI’I(Q). Moreover, thanks to
(7.3.4) it holds that
/ Hudz
Q

Hence, passing to the limit in the previous equation, and recalling that | - |,
is equivalent to the Euclidean norm, we conclude that (7.3.4) holds for v.

< (1—5)/ Vg, de.
Q
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Combining this information with (7.3.8) and (7.3.9) we get that

0:/ —<vu,wg(vU+oF)>dz—/vaHdz
Q

Q
/dez
Q

< / —|Vols + 1+ |Fli+ | — Fl«s + (1 = 9)| V| dz
Q

</—\Vvy*+1+yF|*+y—F*dz+
Q

< [ 1+ IFl+ |~ Pl = 890l
Q
which implies
(5/ \Vv]*dzg/ 1+ |Fls+|— Flsdz.
) Q

Thanks to the Poincaré inequality and the equivalence between | - |, and
the Euclidean norm, we conclude that there exists a constant c;, independent
of 0 €10,1] and € € (0,1). Such that

/u+dz < .
Q

Since in the same way we can achieve an estimate for u~, the thesis follows.
O

The next step is to achieve gradient estimates, again in the C° norm,
for solutions to (7.3.2). As customary in this framework, we want to reduce
ourselves to boundary gradient estimates via a suitable maximum principle.
To this aim, arguing as in [35], we need to assume the existence of scalar
functions fi, ..., fon € C*(Q) such that

DipF; = D;f forany i,k=1,...,2n. (7.3.10)

Thanks to this assumption, the following maximum principle, which is the
Finsler counterpart of |35, Proposition 4.3|, holds.

Proposition 7.3.5. Let Ky be a conver body in C’i’a for 0 < a < 1 with
0 € int Kg. Let Q C R?" be a bounded domain. Let F € C'(Q,R*™) be such
that (7.3.10) holds. Let H be a constant. Let u € C*(Q) be a solution to
(7.3.2). Then

Voo < [Vulloo,00 + 2/ flloc.0; (7.3.11)

where f = (f1,..., fon) is as in (7.3.10).
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Proof. Fix o € [0,1] and € € (0,1). Let v € C2(Q) and fix k € {1,...,2n}.
Then, multiplying (7.3.2) by Dyv, using Proposition 7.2.1, integrating over
), integrating by parts and exploiting the properties of F', it holds that

0= / <div ( (Vu + o F)—Yutoll: 2> - aH> Dyvdz
Q (e3+|VutoF|3)3

:/div m(Vu+ oF) _ [VutoFlk Dyvdz
Q (e3+|VutoF[3)3

2n
:_Z ( (Vu+ oF)—VutoFlE )Dkafudz
(53+\Vu+aF\3)3
= _Z/ < (Vu+oF) _[VutoFlk >D;€Div dz
(53+\Vu+o—F\3)3

= Z/ Dy (m Vu + o F)—YutolE 2>Dw dz
(e34+|VutoF|3)3

= Z/ 27 (2, Vu)Dg(Dju + o F;)D;v dz

3,j=1
— Z/ 27 (x,Vu)D;(Dyu + o fi;) Divdz,
i,7=1
where
7 (0.p) — DG+ o F)E £ o+ oF[Y) ~26u(p + )Gy (p + o F)
%,] ’ - :

(&3 +Ip+ oF[3)
Therefore we proved that

Z / 27(z,Vu)D;(Dgu + o fr)Divdz =0 (7.3.12)
i,j=1

for any v € C?(Q). Arguing as in [35, Proposition 4.3] it is easy to show
that (7.3.12) actually holds for any v € CL(Q). Therefore we proved that
Dyu + o fy, 1s a weak solution to the linear elliptic equation

div(a;7 Djw) = 0.

Hence, being a3’ 7 (2, Vu) bounded over Q, thanks to [85, Theorem 8.1] with
bi,c;,d =0 we can conclude that

[Vu+ 0 flloc,2 < |V 4 0 floc,00,

which in particular implies that

HVUHOOQ HVUHOO 6Q+2‘|f||OOQ (7313)
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Finally we are left to provide boundary gradient estimates for solutions
to (7.3.2). Therefore, inspired by [84], we have to impose some constraints
on the values of H depending on the Finsler mean curvature of 0§2. More
precisely, we require that

[H|(20) < Hrc,,00(20) (7.3.14)

for any zp € 0€2, where Hg, pq is the Kp-mean curvature as defined in § 7.1.1.
Here and in the rest of this section we assume that Ky is a convex body in
O such that 0 € int Ko, since we need to apply the results of § 7.1.1.1 and
§7.1.1.2.

Proposition 7.3.6. Let Ko be a conver body in C° with 0 € int Ko. Let
Q C R? be an open and bounded set with C*>® boundary, for some 0 <
a < 1. Let g € C*(Q), F € C°%Q) and H € Lip(Q) satisfying (7.3.14).
Finally, assume that there ezists a constant C; = C’l(n,Ko,Q,gp, F,H) >0,
independent of o € [0,1] and € € (0, 1), such that, for any solution u € C*(Q)
to (7.3.2), it holds that

|lu]|co.0 < Ch. (7.3.15)

Then, there exists a constant Cy = Cy(n, Ko, Q, ¢, F,C1, H) > 0, indepen-
dent of o € [0,1] and £ € (0,1), such that, for any solution u € C%(Q) to
(7.3.2), it holds that

HVUHOO’QQ < Cs. (7.3.16)

Proof. First of all we notice that, being 02 compact and Hg, gn continuous,
(7.3.14) implies the existence of a positive constant C3 such that

[H (20)| < Hip00(20) —2C3 (7.3.17)

for any zg € 0€2. In order to prove this result we use a barriers argument as in
[85, Chapter 14]. Therefore, for any zg € 952, we have to find a neighborhood
N of zp in © and two functions w*,w™ € C?(N), called upper barrier and
lower barrier respectively, such that

B

w Zo) = w_(ZO) = U‘P('ZO)?

for any z € ON,

div(r®(Vw™ + oF)) < oH
for any z € N and

div(r"(Vw™ + oF)) > oH

for any z € N. In this proof we deal only with the upper barrier, being
the other case analogous. In order to find an upper barrier, we consider a
tubular neighborhood O of 902 and we let I', := {z € Q : dg, 00(r) < p},



A priori estimates for the Finsler PMC equation 131

where p > 0 is small enough to ensure that I'y €@ O and dg, sn denotes
the Finsler distance from the boundary. We define w™ : I',R by wt(z) :=
kdk, 00(2) +op(z), where k > 0 has to be chosen. First, thanks to (7.1.12),
wt € C*(T,), and for any z € T, there exists a unique zg € 9 such that
diy.00(2) = |z — 20|k,- Moreover, it is clear that w'(z9) = op(z9) for any
zo € 092. Thanks to (7.3.15), if we choose

b5 Gt lielsn
W

it follows that w'(z) = u(x) for any z € Q with dg, 90(z) = u, and so we
conclude that u(z) < wt(z) for any z € 9T',. We are left to show that w™
is a subsolution to (7.3.2). Therefore it suffices to show that

(& + |Vut + oF )3 (div(r(Vwt + o F)) — 0 H) < 0

onI',. Taking k > supgq |—F|«, (7.1.6) ensures that kVdg, sa(z)+0F(z) # 0
for any z € I'), and o € [0,1]. Let us notice that Proposition 7.2.1 and a
simple computation imply that

(34| VT + UFE)g div(r?(Vw™ + o F))
m(Vwt + oF)|Vwt + oF|?
(€3 + |Vwt + o F[3)3 >
=(3 + |VwT + oF]?) div(n(Vw' 4 o F)|[Vuw™ + o F|?)
A

(&3 + |VuT + o F])3 div (

+ (& + |Vut +oFP)3
\Vwt + oF|2(n(Vw' 4+ oF),V (63 + |Vwt + 0F|f)_§)> .

B

We estimate separately A and B. In the following computations we let
d = dg, 00 and Ry := oV + ocF. We are going to exploit the fact that,
thanks to the homogeneity properties of the equation, the contribution of
R, as k — oo is negligible. Let us notice that by (7.1.6) and (2.1.6) we get

7(Vdk,.00) - D*di,.00 = 0. (7.3.18)

Hence, thanks to (7.1.6), (7.3.18), the 1-homogeneity of | - |, , the 0-homogeneity
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of m, the —1-homogeneity of D7 and the properties of | - |,, it holds that

2n
A =kVd+ Ry2Y" Di (m(kVd + R,))
i=1
2n
+ 3" 7i(kVd + Ry)D; ([kVd + R,|?)
=1

2n
=|kVd+ Re|2 Y Dimj(kVd + Ry)(kDyjd + DiRy ;)

ij=1
+ 2|kVd + R,|«7(kVd + R,) - (kD?d + DR,) - 7(kVd + R,)T
R, |? & R DR,
1.2 i s i . LIV
=hk* |\Vd + = *i;Dm (Vd+ k)(D”d—i— ; )
T
vor?|va+ Be| (vas B2 (D24 Pl 1 (v Be
k|, k k k
=k2(1 + o(1))(div(n(Vd)) + o(1))
+2k2(1 + 0(1))(n(Vd) - D*d - 7(Vd)T + 0(1))

=k? div(7(Vd)) + o(k?),
which allows to infer that
(€3 + |VuwT + oF|2)A = K div(n(Vd)) + o(k?)

as k — oo, where o(k?) is uniform with respect to z € I',, € € (0,1) and
o € [0,1]. Now, exploiting the same properties as above, we estimate B.

(% + |kVd + R, )3 B
= —2/kVd + R,|*(n(kVd + Ry),V(|kVd + Rs|+))
= —2|kVd + R,[*7(kVd + R,) - (kD*d + DR,) - 7(kVd + R,)T
4 T
(o8 D (o2 (o8
T (Vd+ i) : <D2d+ lf) T (Vd+R>

= —2k° |Vd + %

k

= —2K5(1 + 0(1))(;(w) - D*d-mw(Vd)" + o(1))
= —2k"(1+ o(1))o(1)
= 0(k5).

as k — oo and uniformly with respect to ¢ € (0,1), o € [0,1] and z € T',,.
Finally, it is easy to see that

(3 + |Vt + oFP)iocH < (63 + |Vw' + o F|3)3|H| = k°|H| + o(k®)
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as k — oo and uniformly with respect to e € (0,1), 0 € [0,1] and z € T',,. In
the end we get that

(€3+’VU}+—|—UF|2)%(diV(F?(vw+—|—O‘F))—O'H) < P (div(n(Vd))+|H|)+o(k®)

as k — oo and uniformly with respect to € € (0,1), 0 € [0,1] and z € T',,.

Now, let z € ', and let zg € OS2 be such that d(z) = |z — 20|k,. Thanks
to the Lipschitz continuity of H and the equivalence between | - | and the
Euclidean norm, there exists a constant Cy4 such that

|H|(2) = [H|(20) + |H|(2) = [H|(20) < [H|(20) + C1d(2) < |H[(20) + Caps
(7.3.19)

Hence, thanks to Remark 7.1.4, (7.1.8) and (7.3.17), we conclude that

div(m(Vd))(2) + [H|(20) + Capp = divg,, (1(Vd))(2) + |H|(20) + Cap
< divga(m(Vd))(20) + [H|(20) + Cape
= —Hk, 00(20) + |H|(20) + Cap
< —-C3 <0,

provided that p < g—z. Hence we found an upper barrier, from which the

thesis follows. O

Remark 7.3.7. Assume that n = 1, let Q@ € R? and K € Ci be a con-
vex body of R2. If (7.3.14) holds then Q is strictly convex. Indeed, by
Proposition 7.1.4 we have

(D Nagier) _ K(z0)
Ro(m(Nz)) kRO (m(Nag))'

0< |H| <

where k%0 and k%? are the the Euclidean geodesic curvature of K and
09 Since kX0 is strictly positive we obtain k%?(zg) > 0, hence € is strictly
COnvex.

To conclude this section, inspired by [158] we want to show that, in the
particular case in which H is constant, then we can exploit (7.3.14) in order
to obtain uniform estimates of the function, without requiring the validity
of (7.3.4). Again, in order to apply the results of § 7.1.1.1 and § 7.1.1.2,
we assume that Ko is a convex body in C¢° such that 0 € int Ky and 02
belongs to C?1.

We denote by By (p,r) the ball of radius » > 0 in R? associated to
the distance di, and R the Ridge of € as defined in §7.1.1.1 and §7.1.1.2
respectively.

Proposition 7.3.8. Let Ko be a convezr body in C° with 0 € int Ko. Let
Q C R*™ be a bounded domain with C*1 boundary, let o € C?*(Q) and
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let H be a constant which satisfies (7.3.14). There exists a constant Ch =
Cy(n, Ko, Q,p, H, F) > 0, independent of o € [0,1] and ¢ € (0,1), such that,
for any solution u € C*(Q) to (7.3.2), it holds that

ulloc < 1.
Proof. Let us define the function v : int 1R by

v(z) := sup |p| + kdk, 00(2)
o0

for any z € 1, where £ > 0 has to be chosen and 21 is the set defined in
(7.1.11). We already know (cf. (7.1.12)) that v € C?(intQ;). We repeat
the computations of the proof of Proposition 7.3.6, avoiding (7.3.19) thanks
to the fact that H is constant, to find & > 0, independent of ¢ € (0, 1),
o € [0,1] and z € €, such that v is a subsolution to (7.3.2) on int ;.
Therefore, arguing as in the proof of [85, Theorem 10.7], it follows that
w = u — v is a weak supersolution on int 27 to a linear elliptic equation of
the form

2n 2n
Y Di(aij(z)Djw(2)) + Y ci(2) Diw(z) = 0.
=1

ij=1
Hence, thanks to [85, Theorem 8.1] and recalling (7.1.13), it follows that

sup(u — v) < sup ((u—v)").
o OQUR

Noticing that v — v < 0 on 92 and that int 2 = Q, we obtain that

u(2) — v(2) < sup(u — v) = sup(u — v) < sup((u — v)*) = sup((u — v)")
Q Q1 o0 R

for any z € Q. We are left to show that supp((u—1v)™) < 0. Indeed, assume
by contradiction that supp((u —v)™) > 0. Since R is compact, there exists
zo € R such that

u(z0) — v(20) = sup((u — v)*) = sup(u — v).
R R
Moreover, zg is a maximum point for v — v on Q. Let us fix yo € 09 such
that dg, a0(20) = |20 — yo|k,- Then, thanks to Proposition 7.1.5, it is easy
to see that
dK(J,aQ(Z) = ‘Z - yO’Ko (7.3.20)

for any z belonging to (yo, 20), the segment connecting yp and z9. Let now
vi= ég:jg'. By (7.3.20) it holds that v(z) < v(zp) for any z € (yo, 20), and
moreover

<0. (7.3.21)

+ e V(0 + ) —w(z0)
o) = iy
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Since zp is a maximum point of u — v, it holds in particular that D u(zg) <
D} v(2g), which implies, together with (7.3.21), that D u(z9) = D,u(z) <
0. This proves that Du(zp) # 0. Since then zg is a regular point for u, the
level set {z € Q : u(z) = u(z0)} is locally a C? hypersurface. Therefore
there exists a small Euclidean ball B, such that B, is tangent to the level
set at zp and moreover Be, C {z € Q : u(z) > u(z9)}. Now, since by our
assumptions the Finsler balls relative to —Kj are uniformly convex and C?,
there exists 7 > 0 and z¢ € ) such that

B_ky(xo,m) C{z € Q : u(z) > u(z0)} (7.3.22)

and B_g,(zo,n) is tangent to By, at zp. Indeed, fix a Finsler ball tangent
t0 Bey at zg relative to — Ky, say Bp. On one hand, the principal curvatures
of 0By at zp are fixed. On the other hand, noticing that the principal
curvatures of a Ci convex set admit a positive lower bound, we can dilate
and translate Br to make the curvature of Br as big as we want to ensure
that (7.3.22) holds. Notice that

dKO7aQ(Z) > dKOﬁQ(Zo) (7.3.23)
for any z € B_g,(xo,m). Indeed, if by contradiction there exists z €
B_k,(z0,m) such that dg, sn(z) < di,s0(20), then (7.3.22) would imply

uw(z) — kdg,.00(2) = u(z20) — kdg,y00(2) > u(z0) — kdk, 00(20),

a contradiction with the maximality of zy. Let now wg € 02 be such that
di o0(w0) = |ro — wol|rK,, and let by be the unique point of intersection
between 0B_,(x,n) and the segment joining wy and xo. Then by (7.1.1),
(7.3.20), (7.3.23), the choice of by and the strict convexity of Ky, it holds
that

dr,00(x0) = |r0 — wo|Kk, = |20 — bo|k, + [bo — wol K,
=1+ dg,.00(bo) = 1+ di,,00(20)-
On the other hand, (7.1.1) and the triangle inequality imply

diy,00(20) < [To — Yolk, < [0 — 20|k, + |20 — Yol Ky = 1+ diry00(20)-
Putting together the previous inequalities we get that

dky,00(0) = |20 — Yol Kk, = [0 — 20|k, + |20 — Yol ko> (7.3.24)

from which in particular we conclude, exploiting again the strict convexity of
Ky, that o lies on (yo,x¢). Therefore, thanks to this fact, the first equality
in (7.3.24) and Proposition 7.1.5, we conclude that zo € int {2y, which is a
contradiction. In the end we proved that
supu < sup |¢| + kmax dg, o0-
Q o0 Q

Since the converse estimate can be obtained in a similar way, the thesis is
proved. ]
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7.4 Existence of Lipschitz minimizer for the sub-
Finsler functional 1

Thanks to the a priori estimates of the previous section, together with
Proposition 7.3.1 and the uniformity of the estimates with respect to € €
(0,1), we are in position both to solve the Finsler Prescribed Mean Curva-
ture Equation and to pass to the limit and find a solution to the Sub-Finsler
Prescribed Mean Curvature equation.

Theorem 7.4.1. Let Ko € C$° be a convex body such that 0 € int K. Let
Q C R?" be a bounded domain with C*' boundary. Let ¢ € C*%(Q), for
0<a<l,andlet F € CY%(Q) be such that (7.3.10) is satisfied. Assume
that H is a constant such that (7.3.14) holds. Then, for any ¢ € (0,1), the
exists a function u. € C%%(Q) which solves (7.3.1). Moreover, there exists
a constant M > 0, independent of € € (0,1), such that any solution u. to
(7.3.1) satisfies

sgp lue| + sgp |Vues| < M. (7.4.1)

Finally, there exists a Lipschitz continuous minimizer ug € Lip(Q) for T with
ug = ¢ on O0N.

Proof. Let 0 < ¢ < 1. By Proposition 7.3.8, Proposition 7.3.5 and Proposi-
tion 7.3.6, there exists a constant M > 0 such that, for any o € [0,1], any
solution v € C%%(Q) to the problem (7.3.2) satisfies

sup |u| + sup |Vu| < M.
Q Q

Then by Proposition 7.3.1 there exists a solution u. € C*%(Q) to

div(zt(Vu+F))=H inQ
U= in 09).

Again by Proposition 7.3.8, Proposition 7.3.5 and Proposition 7.3.6, we have
that
sup |ue| + sup |Vue| < M, (7.4.2)
Q Q

where the constant M > 0 is uniform in 0 < ¢ < 1. Let {¢;};en C (0,1) be
a sequence such that ; — 0 as j — co. Since M is uniform in € by (7.4.2)
we gain that supg |ue,;| < M and that for any z,y €

‘uej (r) — Ue; (y)| < M|z —yl|. (7.4.3)

Then, by Ascoli-Arzela theorem there exists ug € C(2) such that u.; — ug
uniformly in Q. It is clear that u = ¢ on 9§2. Moreover, taking the limit as
j — 01in (7.4.3), we gain that

up [10(2) = ()

< M,
THy |$—y|
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thus ug is Lipschitz. We claim that g is a minimizer for Z defined in (7.1.16).
Indeed, we have that [juc,;|lw11q) < M|Q|, [uollwii) < M|Q| and wu,
converge to ug in L'(Q). Moreover, the function (p, (z,y)) — |p + F(z,v)|«
is positive, continuous and convex in p. Therefore, by [132, Theorem 4.1.2] Z,
is lower semicontinuous with respect to the strong L!-topology, from which
we have that

T(uo) < liminf Z(uc;). (7.4.4)

Jj—o0

For each v € W11(Q) such that v — ¢ € Wol’l(Q), it follows that

I(usj):/Q|Vu5j—|—F|*dz+/QHu5j dz

</(8§?+Vugj+F|i’)édz—|—/Hu5j dz
@ 1 @ (7.4.5)

g/(€?+VU+F]§)3dz+/Hvdz
Q Q

<£j|(2+/ |Vv—|—F\*dz+/Hvdz,
Q Q

where we have used the fact that the Dirichlet solution u., € C?*(€) is
a minimizer for the functional v — [ (e + [Vo + F]i)% + Jo Hv for each
v e Wh(Q)st. v—p € Wol’l(Q). Passing to the liminf in (7.4.5) and
taking into account (7.4.4), we obtain Z(ug) < Z(v) for each v € WH1(Q)
s.t. v — @ e Wy (Q). O

Remark 7.4.2. A deeper look to [113; 112] suggests that it should be possi-
ble to prove that the aforementioned results still hold only assuming that K
is a convex body in Ci’a with 0 € int Ky, for some 0 < a < 1. Accordingly,
it is reasonable that in Theorem 7.4.1 the regularity of 0K can be weakened
to C%, for some 0 < o < 1.






Appendix A

Alternative proof of
Theorem 2.3.3

Given a measure u, we say that a family of measurable functions H is PCU -
stable if for every family {a1,...,an} of C1(RY) that forms a partition of
unity at all p in R, and every subset {v1,...,v,} in H, then >, ojv; is an
element of H.

A normal convex integrad is a measurable function j : Q x RF — R U
{400, —o0} such that for every p in Q, j(p,-) is convex and lower semi-
continuous.

The family

H={gecCHV;R"): |g|k 100 < 1}

is PCU-stable, since
1> ailp)gi(p)l = ailp)lgi(p)| < 1.
el i€l
We consider the normal convex functional
i(p,2) = —(z,vn(p)).

Given p in R?, let us prove that

gériij(p,g(p)) = —|vh(P)]|- K -

It is clear from the definition of the norm that |g|x = | — g|-x. Thus, for
g € —H we have

—(9,vn) 2 —[Vn|-K
On the other hand, let ¢ € CL(R*) such that ¢(p) = 1 and 0 < ¢(q) < 1
for every ¢ € R%. Thereore the function pr_f(vy) is in CH(R? RF) and
lom_ Kk (Vh)|—K +00 < 1. Moreover,

()7 (Vn(P)), v(P)) = V(D) K »-

139
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Taking the infimum in H, we get

. - y
glglfqg(p) < |vn(p)|

Therefore, by Theorem 1 in [20], we get

sup/ (U,vp,)d|OE| = inf / —(U, vp)d|0OE)|
veH JRA veE—H JRpd

:/ —|I/h’,K7*d|8E‘ :/ ’Vh|K7*d|8E‘.
R4 R4

By (2.3.3) and the definition of perimeter, we get (2.3.5).
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