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1. Introduction

The classical Brunn-Minkowski inequality in Euclidean space asserts that, given A, B C R? measurable
sets such that A + B is also measurable, we have

|A+ B[V > |A]M + |B|M,

where |-| indicates the volume of a set, and A+B = {a+b: a € A,b € B} is the classical Minkowski addition
of sets. Taking A € [0, 1], and replacing A by AA and B by (1 — \)B, we get the equivalent inequality

IAA 4+ (1 = N)B|Y4 > AJAIY9 + (1 — \)|B|V.

First connected to the isoperimetric theorem, this inequality is a cornerstone in convex geometry [21,9].
Through the equivalent functional formulation of the Brunn-Minkowski inequality, the Prékopa-Leindler in-
equality, we can see some of the implications in the preservation of logarithmic concavity under convolutions
noticed by Brascamp and Lieb [5], as well as in the work of Bobkov and Ledoux [4] where it is derived the
concentration of measure of Gaussian-like measures, Brascamp-Lieb and logarithmic Sobolev inequalities.
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There are several ways of generalizing the Brunn-Minkowski inequality. In Lie groups we can define the
Minkowski addition of sets using the group product and take as volume the Haar measure of the group.
The Brunn-Minkowski inequality obtained this way is called the multiplicative Brunn-Minkowski inequality.
In general metric measure spaces the notion of s-intermediate points can be used to replace the convex
combination of points in Euclidean space, see [20]. This leads to the geodesic Brunn-Minkowski inequality.

A large number of proofs for the Brunn-Minkowski inequality in Euclidean space are known, some of
them can be found in [9,10,13]. Ritoré and Yepes [20] proved the geodesic Brunn-Minkowski inequality for
products of metric measures spaces. For Riemannian manifolds with a lower bound on the Ricci curvature
this inequality is proven in [6] employing techniques of optimal transport. These techniques were latter
applied to prove this inequality for CD spaces (see [8]). While Juillet [11] proved that no CD condition
holds in sub-Riemannian Heisenberg groups H", the optimal transport approach was followed by Balogh,
Kristaly and Sipos [1] and by Barilary and Rizzi [2] to prove geodesic Brunn-Minkowski inequalities in the
sub-Riemannian setting (see also [18]).

In 2003, Monti [19] observed that the multiplicative Brunn-Minkowski inequality in H" cannot hold
with exponent (2n + 2)~!, corresponding to the homogeneous dimension of H", since otherwise Carnot—
Carathéodory balls would be isoperimetric sets.

Leonardi and Masnou [16] proved in 2005 that this inequality holds with exponent (2n + 1)7!, corre-
sponding to the topological dimension of H". Their proof was based on Hadwiger-Ohmann’s proof of the
classical Brunn-Minkowski inequality given in [10].

Later on, Tao [22,23] posted an entry in his blog in 2011 explaining how to produce a Prékopa-Leindler
inequality in any nilpotent Lie group of topological dimension d, which provides a natural way to prove the
multiplicative Brunn-Minkowski inequality with exponent d—!.

Juillet [11] gave examples of sets for which the multiplicative Brunn-Minkowski inequality in H" does
not hold with exponent smaller than (2n + 1)1

In this article we prove a generalization of the Brunn-Minkowski inequality in Euclidean space where the
Minkowski addition of sets is replaced by any product * : R? x R — R¢ of the form

zxw=z+w+ (F1, Fa(z,w),..., Fy(z,w)) = z + w+ F(z,w), *)
where Fj is a constant and F; are continuous functions that depend only on z1,...,z;_1,w1,...,w;—1
Vi=2,...,d. By a product here we mean a binary operation without assuming any further properties such

as associativity.

Theorem 1.1 (Brunn-Minkowski inequality for (*) products). Let x : R x RY — R? be a product of the form
(*) and let A, B C R% be measurable sets such that A B is measurable. Then we have

|Ax B|V/4 > | AV + |B|V/4. (1.1)

Any nilpotent Lie group verifies the hypothesis of Theorem 1.1 because of the expression of the group
product in exponential coordinates of the first kind. This theorem is an extension of the result obtained by
Leonardi and Masnou [16] in Heisenberg groups. While the proof of Leonardi and Masnou only works in
Heisenberg groups, this argument can be seen as the first step of an induction argument developed in this
paper (see Remark 3.5 for more details). In this paper, we shall consider a product * of the form (*), that not
necessarily comes from a group product, and change * for another one *,, ,,, of the form (*), depending on
the sets A and B, that allows us to compare the volume of the Minkowski addition of sets for the products
* and *,, ,, as a consequence of Lemma 3.1. When the product * comes from a nilpotent group it is not
true that *, ., can define a group product. Then, by an induction argument, we will compare the volume
of the Minkowski addition of sets A and B with the volume of the Euclidean Minkowski addition of A and
B, and establish in Proposition 3.6 a sufficient condition in H* for the strict inequality in (1.1).
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At the end of the paper, we state several classical variations of inequality (1.1) in the case of Carnot
groups, where dilations can be defined.

After this article was completed, the author was informed that Theorem 1.1 was also proven by Bobkov
[3] in 2011, where he used Knothe’s map to get the Brunn-Minkowski inequality for convex sets and ob-
tained the general result after proving the equivalent analytic version of the theorem, the Prékopa-Leindler
inequality.

2. Preliminaries

For the convenience of the reader, we introduce some notation on Lie groups following the one in [25].
Given a Lie group G we shall denote 0 and [, the neutral element and the left-translation respectively. Its
tangent plane at 0 is the Lie algebra g and we write [-, -] for the Lie bracket of vector fields. The exponential
map of left-invariant vector field X will be denoted by exp(X), writing exp,, if specifying the group is
needed. A left-invariant or Haar measure in G will be denoted by p. In R™ it is the Lebesgue measure | - |,,.
We will drop the subscript when n is the topological dimension of G.

We recall some results on nilpotent and stratifiable groups. For a quite complete description of nilpotent
Lie groups the reader is referred to [12], and to [14] for stratifiable and Carnot groups.

Let G be a Lie group with Lie algebra g. We define recursively go = g, gi+1 = [g, 9i] = span{[X,Y]: X €
g,Y € g;}. The decreasing series

g=g02091 2022 ...

is called the lower central series of g. If g, = 0 and g,—1 # 0 for some r, we say that g is nilpotent, and the
number r is called the step of g. A connected Lie group is said to be nilpotent if its Lie algebra is nilpotent.
Notice that each g, is an ideal in g. We shall write n; for the dimension of g;.

Lemma 2.1. Let g be a nilpotent Lie algebra. Then there exists a basis {X1,...,Xq} of g such that

i) for each 1 <n <d, b, = span{Xg—nt1,...,Xa} s an ideal of g,
ii) for each 0 <i<r—1, b,, =g,

where n; denotes the dimension of g;.

A basis verifying this is called a strong Malcev basis. This construction is adapted from [7].
Fixed a strong Malcev basis in a simply connected nilpotent group, the exponential is a diffeomorphism
between R? and G, and is given by the map

x=(x1,...,2q) = exp(x1 X1 + ... + 4X4).

This result can be found as Theorem 1.127 in [12]. By abuse of notation we shall denote exp(z1 X + ... +
xqX4) = exp(x). The inverse of this map provides coordinates called canonical coordinates of the first kind,
and we denote it as log : G — R,

We define a multiplication map associated to the exponential in a simply connected nilpotent group by

z xw = log(exp(z) - exp(w)).

The structure of this product is given by the following theorem. It was first proved by Malcev in 1949
[17], and a proof can be found as Theorem 4.1 in [24], or with some modification as Proposition 1.2.7 in [7].
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Theorem 2.2. Let G be a simply connected nilpotent group. Then the multiplication map takes the following

form:

zxw=z+w+ (Pi(z,w),..., Pi(z,w)), (2.1)
where z = (21,...,24), w = (wi,...,wq), P1 s a constant and P; is a polynomial in the variables
Zlyen ey Zie1, W1, ..., W1 Vi=d—mn1+1,...,d.

In the next result we show that, slightly refining Theorem 2.2, the multiplication map acts as a sum in
the coordinates corresponding to the complement of g;. This argument can be seen also in [15], Proposition
6.0.16.

Theorem 2.3. Let G be a simply connected nilpotent group. Then the multiplication map takes the following
form:

zew=z+w+ (0,...,0, Py_pn,4+1(z,w), ..., Pi(z,w))

where z = (21,...,24), w = (w1,...,wgq) and P; is a polynomial in the variables z1,...,zi—1,W1,...,W;i—1
Vi=d—ny1+1,...,d.

Proof. Let Z = ijl zi X W = Z?:l w; X;. Since g; is an ideal in g, there is a normal Lie subgroup
G1 C G whose Lie algebra is g;1. Let 7 : G — G/G1 denote the projection over the quotient, Z = 7 (z),

W =7(w), Z = (dr)o(Z), W = (dr)o(W). Notice that ker(dm)o = b,, and g/g; is a trivial Lie algebra with
the induced product. Therefore, by the Baker-Campbell-Hausdorff formula,

ZxW=Z+ 0. (2.2)
On the other hand, by Theorem 2.2 it holds that

GXPG/GI(Z) eXpG/Gl(W) = W(eXPG(Z) eXpG(W)) =

d _ ~ d—ny (23)
m(expg (Z+W + ZPi(z,w)Xi)) = exXPg/c, (Z+W+ Z Pi(z,w)X;).
i=1 i=1
Taking logg /g, in (2.3), we obtain
Zew=Z+w+ (P(z,w),...,Pi_n,(z,w),0,...,0). (2.4)

From (2.2) and (2.4), we obtain that P, =0Vi=1,...,d—n;. O

From Theorem 2.3 it can be proved that right translations are maps whose Jacobian determinant is equal
to 1 at any point, and the change of variables gives us the following theorem. The interested reader can find
the details as Theorem 1.2.9 and Theorem 1.2.10 in [7].

Proposition 2.4. Let G be a simply connected nilpotent group. Then, after having chosen a strong Malcev
basis on g, the exponential takes the Lebesque measure on R? to a Haar measure u on G, that is, for any
A C G measurable and any f : G — R integrable, one has

1(A) = |log(4)]  and / fdu = / (f o exp)(x)da.
G

Rd
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We refer the reader to [14] for the details on the rest of this section.
A stratification of a Lie algebra g is a direct-sum decomposition

g= Vip...od ‘/T,
for some integer r > 1, where V,. # {0}, [V1,V;] = Viyq for all i € {1,...,r} and V41 = {0}. We say that a
Lie algebra is stratifiable if there exists a stratification on it. We say that a Lie algebra is stratified when it is
stratifiable and endowed with a fixed stratification. We say that a Lie group is stratifiable if it is connected
and simply connected and its Lie algebra is stratifiable.

The following lemma assures that any stratifiable group is a nilpotent group.

Lemma 2.5. Let g =V @ ... B V,. be a stratified Lie algebra. Then
g1 =V ®...0 V..
In particular, g is a nilpotent Lie algebra of step v, and g = V1 © ¢g;.

It is worth checking that Theorem 2.3 manifests that the multiplication map acts as a sum in the
coordinates corresponding to V;. The reader can find the following proposition and an example of a nilpotent
group which is not stratifiable in [14].

Proposition 2.6. Let g be a stratifiable Lie algebra with stratifications
g=Vid..eV, =W d...0W,.

Then r = s and there exists a Lie algebra automorphism A : g — g such that A(V;) =W, fori=1,...,r.

Proposition 2.6 guarantees that for a stratifiable group G, the natural number
i
Q=Y idim(V;),
i=1

does not depend on the particular stratification. @ is called the homogeneous dimension of G.
For A > 0 we define the dilation on g of factor A as the unique linear map §y : g — g such that

KNX)=XNX VXeV,Vte{l,...,r}.
Remark 2.7. Dilations J) : g — g are Lie algebra isomorphisms.
The fact that G is simply connected certifies that there exists a unique Lie groups automorphism ¢y :
G — G (denoted as the dilation on the Lie algebra) whose differential at 0 is the dilation on g of factor .

This automorphism is called dilation on G of factor A.

Proposition 2.8. Let G be a stratified group with Haar measure p and let A > 0. Then

[ fdn=2@ [ (5o 2)dn

G G

where @ is the homogeneous dimension of G.
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Let G be a stratified group, with the stratification g =V, ® Vo @ ... ® V;, and fix a norm || - || on V5. We
can construct a distance d homogeneous with respect to dy, that is,

d(0x(p),ox(q)) = Md(p,q)  YA>0 VYp,qed.

First we extend V; and || - || to a left-invariant subbundle A of the tangent bundle and a left-invariant norm
on A by left translations:

{ A, = (dlg)ovl Vo e G
1(dls)o(0)]| = o] Vv e V1.

Now we define the Carnot-Carathéodory distance or CC-distance associated with A and || -|| via piecewise
smooth paths v € Cp5,([0,1],G) as

1
d(p,q) = inf /W(t)l\dt 1y € Cpu([0,1],G), 7(0) =p, (1) =q, 7'(t) € A
0

We call the data (G, dx, A, ||+ ||, d) a Carnot group or, more explicitly, subFinsler Carnot group. Usually, the
term Carnot group is used when the norm comes from a scalar product, but in this paper we shall make no
distinction.

3. The Brunn-Minkowski inequality

We have seen that any simply connected nilpotent group is isomorphic to R¢ with a product of the form
(2.1). Now we prove the Brunn-Minkowski inequality for any product * : R¢ x R? — R? of the form (*).
This product does not necessarily define a group structure in R%. Given such a map F and z},w}] € R, we
can define another product *.; . : R¢ x R — R?, by

Z %y W=z +w~+ F((21, 2), (W), 0)),
where Z = (22,...,2a), W = (w2, ..., wq). We define the map F(.; ) : R x R — RO~ by
Fiop oy (2,0) = (Fy, ..., Fa)((21, 2), (wy, @)). (3.1)

Notice that F;((21, Z), (w}],w)) only depends on the first i — 2 variables of Z and w and so F»((z1, 2), (w}, @))
is constant. Thus the product % : R4~! x R~! — R4~1 given by

2¥@=§+@+F(zi7w/1)(2,u7), (3.2)
has the form (*). Notice that the product % depends on the choice of 21, w].

Lemma 3.1. Let * : R x R4 — R? be a product of the form (*) and let A,B C R be A =1 x A, and
B =.J x B, where I, J are compact intervals in R and A, B c R qre compact. Then

|Ax B| > I+ J|1|A%Blq_1, (3.3)

where % is the product described in (3.2) for certain zi € I and wy € J. Moreover, if F' does not depend on
21, w1, then equality holds in (3.3).
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Proof. Notice that A B and A % B are compact, and so measurable. Let I = [a,b], J = [a’,b'] and | = b—a,
"=V —a'. The product is

A*B:{z+w+F(z,w):z1 el, wyeld, ze A, ﬁ)eB}.
We define a diffeomorphism ¢ : R? — R? by (s,z) + (2,5 — z). The inverse ¢~ !(z,w) = (2 + w,2) is a

diffeomorphism between the sets I x J and {(s1,21) : 51 € I +J, z1 € IN(s1 — J) = K(s1)}. Hence, we
clearly have

AxB= {(51,24-117) + (F1, Fysy,o)(Z0) 151 €T+ J, 2 € A2y € K(s1),0 € B}.
Now we use Fubini’s theorem and we obtain

|Ax B| = / h(s1)ds1, (3.4)
I+J

where h: I +J — Rar is the function

h(s1)=|{peR" " : (s1+ F1,p) € A«B}|, | = U Dsyoy| s (3.5)
z1€K(s1) d—1
and
D(Shzl) = {Z +w + F¢(51721)(2,ﬂ~}) : ZE /L w e B} (36)

Now we compare h(s;) with the measure of Dy, .,y for some z;. Let 2 : I +J — R be the function
21(31) =tl+ a,
where t = %‘;—a/) It is clear that 0 <t < 1, hence z1(s1) € I. Moreover,

tl+a=s —tl' —d,

and therefore z1(s1) € s1 — J. Then 21(s1) € K(s1).
Let f: I+J — R{ be the map given by f(s1) = |D(sl,zl(s1)) |d_1. It is easy to check that f is continuous,
and hence f reaches its minimum at a certain value s}. Thus, we get

/h(sl)dslz /f(sl)dslz /f(s’l)dslz\l—i—th(s’l). (3.7)

I+J I+J I+J
Denoting by 2| := 21(s}) and w| := s} — 27, we can write Fy(s .1y = F(ur ). Hence we have that
D(S,lvzi) =A% B and

f(s1) =A% Bla-1. (3.8)

From (3.4), (3.7) and (3.8) we obtain (3.3).
Suppose that F' does not depend on z, wy, let us prove that equality holds in (3.3). It is enough to prove
equality in (3.7). For any s1 € I + J and z; € K(s1), we have that

Fysy20) = Fepwl = Foy o = Fo(sy,20)
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where w; = s1 — z1. Therefore

Doy =Disveny= U Disroy- (3.9)
21€K(s1)

Hence, from (3.5) and (3.9) we get that f(s}) = h(sy) for all s; € I + J. Thus equality holds in (3.7) and
the result follows. O

Remark 3.2. The product *,; ,; does not depend on 21, w; and Lemma 3.1 guarantees
|Ax B > T+ J|1|A%Bla—1 = |A .y u Bl. (3.10)

Recall that *.; ,» acts as a sum in the first two coordinates, and someway (3.10) allows us to compare the
measure of A x B with the measure of a set more similar to the Euclidean Minkowski addition of A and B.

Proof of Theorem 1.1. The proof is divided into three steps.
Step 1. We first claim that (1.1) holds for a pair of d-rectangles A and B, that is,

A= x---x 14
B=Jy x-xJg,

where I;, J; are compact intervals V 1 <¢,7 < d. We shall see that
|AxB| >[I + Ji|1 ... [la + Ja = |[A + B, (3.11)

and the classical Brunn-Minkowski inequality in R? would imply (1.1).
In order to prove (3.11), we use Lemma 3.1 to obtain

|A% B| > |l + Ji|1|A% Bla—1,

but now A = Iy x (I3 X ... x I4),B = Jy x (J3 x ... x Jy) and ¥ has the form (*), and so we can apply
Lemma 3.1 to the sets A and B. Iterating this process, we get (3.11).

Step 2. Now we consider the case where A and B are finite unions of dyadic d-rectangles, that is,
A=AU...UA,, B=B,U...UB,, where A; = I} x ... x I, B; = J{ x...x J} and, for any k = 1,...,d
and r # s (p # q), it is satisfied that either int(I}) Nint(I7) = 0@ or I = I} (either int(J}) Nint(J{) =0 or
JY = J), where int(I) denotes the interior of I.

We proceed by induction on the total number n + m of d-rectangles. If n +m = 2, then A and B are
d-rectangles and we can apply step 1. Suppose that the theorem holds for n +m — 1, where n +m > 3.
Then we can find a hyperplane P : {z; = a;} such that some A, C {z; > a;} and some A, C {z < a;}.

If the hyperplane has as equation P : {z; = a;}, the proof is the same as the classical proof of Hadwiger
and Ohmann for the addition of sets in R%. We include it for the sake of completeness. The sets

A+=Aﬂ{2120,1}, Aszﬂ{zlgal}

are unions of d-rectangles whose sum is strictly less than n. We choose a parallel hyperplane Q : {z; = b1}
verifying that
|B*| _ AT

(il S 3.12
B A (3.12)
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where BT and B~ are the sets given by
B+:Bﬁ{212b1}, BizBﬂ{Zlﬁbl}.

Moreover, BT and B~ are disjoint unions of d-rectangles whose sum is at most m. We apply the induction
hypothesis to the pairs AT, BT and A=, B~, and we obtain

AT BE| > (JAT[V 4 B[V

3.13
|A”* B7| > (JAT [V + BTV )

On the other hand, P * Q) is contained in another vertical plane {z; = a; +b;} C R%, At x B C (P*xQ)¥,
and A~ * B~ C (P x Q). Therefore AT x Bt and A~ x B~ are disjoint sets (up to a null set) in A * B.
Combining this with (3.12) and (3.13) we get the inequality
|AxB| > |AT * BT|+|A” « B™|
> (|A+‘1/d + |B+|1/d)d + (|A—|1/d + |B—|1/d)d

(2]

= (|AM + B[V,

= (AT +147))

and the theorem is proved for such A and B.
If there is no such hyperplane with equation P : {z; = a;} but with equation P : {22 = as}, then for any
u,v,p,q, I = I} = I, J¥ = J! = J; and for some r # s, int(I3) Nint(l5) = (), and we can write

A=Jh xIx...xIj=1x (UI;><...><I§>:L></~1
i i

B:UJligx...ij:Jlx UJ%X...XJ& :Jle.
J J

We have seen in (3.10) that

Now we repeat the above argument, where now we apply the induction hypothesis to the product ., .,
thus the sets AT ./ v Bt and A~ %,; ,» B~ are disjoint (up to a null set). Hence, by (3.10) we obtain

A% Bl 2 |Akag g Bl 2 |AY 5o 0p B+ A7 %o BT| 2 (JA1Y9 + | BV

21wy
and the result is proved.

Repeating this reasoning we have covered the general case where P : {z; = a;}.

Step 3. Let us prove (1.1) for A and B are measurable sets such that A B is measurable. We can suppose
that A, B and A« B have finite measure, since otherwise the inequality is trivial. Fix ¢ > 0 and take an open
set O such that Ax B C O and |O\ Ax* B| < e. Take open sets O4 D A and Opg D B such that |04\ A] < e
and |Op \ B| < e. Since * is continuous, we can assume also that O4 * Op C O. Now we approximate the
open sets O4 and Op from inside by dyadic d-rectangles, D4 and Dp so that |04\ Dy| < ¢, |Op\ Dp| < €.
Using step 2 for D4 and Dp, we obtain
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(JA% Bl + )% > |0]Y? > |04 % Op|*/? > | D4 * Dp|"/?
> [DalY? 4+ |Dp|? > (JA] — 2¢)V? + (|B| — 2¢) /.

Taking € — 0 we obtain (1.1). O
As a particular case, we have the Brunn-Minkowski inequality in nilpotent groups.

Theorem 3.3 (Brunn-Minkowski inequality in nilpotent groups). Let G be a simply connected nilpotent group
of topological dimension d with Haar measure p and let A, B C G be measurable sets such that A - B is
measurable. Then we have

p(A- B> (A + w(B)M . (3.14)
Proof. We denote a =log(A), b = log(B). Using Proposition 2.4 and Theorem 1.1, we have

i(A- B) = [log(A - B)| = | log(exp(a) - exp(6))] = ax b] > (Jaf'/* 4 [b["/4)°
— (WA + u(B)Y. O

Remark 3.4. Since the right-hand side of (3.14) is symmetric in A and B, it follows
min{u(A - B), (B - A}V > p(A) 4 w(B).
An example where p(A - B) and pu(B - A) are different can be found in [16].

Remark 3.5. The arguments used by Leonardi and Masnou [16] can not be applied to this setting. They
prove the theorem first for the case where A and B are cubes in R2"*! of the form A; x Ay where A; is
a dyadic cube in R2" and A, is a measurable set in R, then when A and B are unions of a finite number
of cubes, using then an approximation argument. This has the crucial property that either exists a vertical
hyperplane that separates cubes or the union is a cube itself. We call a hyperplane vertical when is also a
hyperplane after left multiplication. Then we can consider only vertical hyperplanes to separate cubes. In
R9 with a product of the form (*) this property is not true, since the union of the cubes takes the form

Uh X oo X Ly X IL Ly o x I =T x ... x Iy, X (UIfHH ><...><Ifl>.
i i

This set is not of the form A; x Ay and the argument fails.

3.1. A sufficient condition for strict inequality in the Heisenberg group

A set A in the Heisenberg group H' of the form A = A; x As, where A; is a measurable set in R? and
As is a measurable set in R is called a generalized cylinder.

In this subsection we prove in Proposition 3.6 that the Brunn-Minkowski inequality (3.14) is strict in H?!
for a pair of generalized cylinders A and B such that the volumes of A; and B; are positive.

Recall that a point a in R? is a density point of A if

lim |AN B(a,r)|

=1
r—0t  |B(a,r)]

where B(a,r) is the Euclidean ball of center a and radius r. The set of density points of a set A will be
denoted as A°. We can always normalize a set by including its density points in the set. The existence of a
density point in A implies that the volume of A is positive.
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Proposition 3.6. Let A, B C H' be generalized cylinders such that A-B and A+ B are measurable. Suppose
that |A1| > 0 and |B1| > 0. Then

|A-B|>|A+ B|. (3.15)
Proof. By Fubini’s theorem, we have
1A-B| = / h(s1)ds1,
A1+B;

where h(sy) = [{t +t' + Im(z(s1 — 2)) : t € Ao, t/ € By, z € K(s1)}1 and K(s1) = IN(s3 — J). Denoting
s1 = (83, 5y), we can see that Im(z(s; — 2)) = Im(257) = ys, — xs,. We write

Isl = {ysz — TSy - ($,y) € K(sl)}
By the Brunn-Minkowski inequality in R,

h(s1) = |{s2 + Im(257) : s2 € Ay + Ba, z € K(s1)}1
= |{82 +a: sy € Ay + By, a € Isl}‘l
> |Ag + Baly + |1, |-

We assert that if |K(s1)]2 > 0, then |I5, |1 > 0. To see that, we can take the diffeomorphism ¢ : R? — R?
given by (z,y) — (yss — x5y, 5 — 7). Then |Jac(¢)| = 1 and applying the change of variables formula
to ¢!, we have

0< [K(s1)]2 = / Xicon) (2)dz = / Yoty (2)dz = [6(K (51))]:.

R2 R2

Now we use that, for any set O C R? with |O|, > 0, it holds that |7 (O)|; > 0 where m(z,y) = z, since
|71(O)|1 = 0 implies |Olz < |71(O) x R|2 = 0. Hence

I, |1 = |m1(o(K (s1)))]1 > 0.

To complete the proof it remains to show that {s; € A; + By : |K(s1)|2 > 0} has positive measure. Let
a€Af,be By and sy =a+be A} + BY. Then a = s; — b is a density point in s; — By and therefore a is
a density point in A; N (s1 — By) = K(s1) which implies that |K(s1)|2 > 0. Finally A+ BY C A; + Bj has
positive measure since |A§ + BY|s > |A9]2 = |A1]2 > 0, and

|{81 €A+ By |K(81)|2 > O}|2 > ‘{81 S A(f +Bf : |K(31)‘2 > 0}|2 >0. O

Remark 3.7. In order to characterize the equality in (3.14) for generalized cylinders, we can distinguish
several cases. If A and B lie in parallel vertical hyperplanes, then |A - B| = 0 and we have equality in
(3.14). If A and B are convex and homothetic then either |A;]s > 0 and Bj is a point and the equality
holds, or |A1]2 > 0 and |Bi]z > 0, and therefore, by Proposition 3.6 jointly with the (Euclidean) Brunn-
Minkowski inequality, equality does not hold in (3.14). The same argument works if A and B lie in horizontal
hyperplanes with |A1]z > 0 and |By|z > 0. The case in which A and B lie in horizontal hyperplanes with
|A1|2 = 0 is not known in general.
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4. Consequences

Another equivalent version of the Brunn-Minkowski inequality in Euclidean space is the Prékopa-Leindler
inequality. Now we show how the proof of the Prékopa-Leindler inequality from the Brunn-Minkowski
inequality can be adapted to the case of nilpotent groups.

Theorem 4.1 (Prékopa-Leindler inequality in nilpotent groups). Let G be a simply connected nilpotent group
of topological dimension d with Haar measure . Let f, g, h : G — R{ be measurable functions and 0 < o < 1

verifying

h(a-b) > f(a)*2g(b)* Va,beG. (4.1)
Then
11—« «@
1
[ > it | [ 1n) | [ (42)
G G G

Proof. We proceed by induction on d.
Let d=1and a-b€ {f > A}-{g > A}. Then we have h(a-b) > f(a)'=%g(b)* > A, and as a consequence

{h>X}D{f>A}-{g> A}

Now we can apply Theorem 3.3 to get

p({h > A}) > p({f > A}) +u{g > A}).

Integrating in A and using Cavalieri’s Principle,

/ hdju = / ({h > A})d 7 (7 > W)+ nlly > M)ax= [ sdu+ [ gdn. (4.3)
0

G G

Now we use the weighted inequality between the geometric and arithmetic means,

fre fou (22)” ()
G G

From (4.3) and (4.4) we have (4.2).

Suppose that Theorem 4.1 holds for d — 1. We shall prove (4.4) for the functions f, g, h composed with
exp and use Proposition 2.4. Let 2’ = (21,...,24-1), W' = (wy,...,wq_1) € R¥"L By (2.1), we can write
(2, zq) * (W, wq) = (&' ¥ W', 2q +wq + Py(2',w')). Recall that RY is isomorphic to g once we fix the strong
Malcev basis {X1,..., X4}, and X4 spans an ideal b; in g. Thus g/h; = (R?! ') is a nilpotent group.
Now we define the functions f,g, h:R— Rg by

f(za) = (f o exp) (¢, za),
9(wa) = (g 0 exp)(w’, wa),
h(t) = (hoexp)(z' « w',t + Py(z',w')).

Let us see that these functions verify (4.1):
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h(zq +wq) = (hoexp)((2, za) * (W', wq)) = h(exp(2’, zq) - exp(w’, wq))
> (foexp)' (2, za) (g 0 exp)*(w',wa) = [ (24)§% (wa).  (4.5)

By induction hypothesis,

e

/fz(t)dt > = (1 mp / zq)dzg /g(wd)dwd . (4.6)

R R R
By the invariance of the 1-dimensional Lebesgue measure by translations we get
/(h oexp)(z' * w' t)dt = /iz(t)dt. (4.7
R R

Inequality (4.5) is valid for any 2’,w’ € R?!, and we can define the functions F, G, H : R¥~! — R given
by

F() = ﬁ/f(zd)dzd
R

G(w') = é/g(wd)dwd (4.8)
R

H(Z)= /(h o exp) (2, t)dt.
R

Applying (4.7) we can rewrite (4.6) as

H( «w') = /iz(t)dt > F()'eG(w')™ V2w’ € R
R

and again by the induction hypothesis, we get

-«
/ ! ]‘ ! !/ !/ !
/ H(Z)dz > (1= a)@D-a)gldDa F(2'")dz G(w")dw
d—1

Rd-1 d—1

The result now follows from Fubini’s theorem. O
The Prékopa-Leindler inequality in R? is usually stated using h((1 — a)z + ay) instead of h(z + %) in
order to eliminate the factor ((1 —a)¥*=*)q*)=1 This can be done when dilations are defined, and in this

case, this inequality takes a more pleasant expression.

Corollary 4.2. Let G be a stratifiable group of topological dimension d with Haar measure p and homogeneous
dimension Q. Let f,g,h: G — RS‘ be measurable functions, and 0 < a < 1 wverifying

h(5(1_a)a ~0ab) > f(a)lfag(b)o‘ Va,b € G.

Then
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-« a

/hdu > (1 - )(@D(1-0) 4@ /fdu /gdu

G G G

Proof. For the sake of simplicity, dx(a) will be just written as Aa for any A > 0 and a € G. We denote
a'=(1—-a)a, b =ab, fi_a(a) = f(125) and ga(a) = g(%). Then we have

11—«

1) 2 Ja) e = 1 (1 )g (b—) = (@) g ()"

11—« «

By Theorem 4.1, we have

1
/ hdp 2 AT e / fi-adu / Godlps
G

G

Using now Proposition 2.8,

[ hee@inta) = [ 1 (m) dpla) = (1 = ) [ J(a)in(a),
G G G

and after using also Proposition 2.8 for the integral of g,, we obtain

-« «@

/hd,u > (1 — @)@ D-a)y(Q-d)a /fdu /gdu . O
G

G G

As we can find in [21], there are several equivalent statements for the Brunn-Minkowski inequality in
Euclidean space. Similarly, we have the following result.

Corollary 4.3 (Multiplicative Brunn-Minkowski inequalities in Carnot groups). Let G be a Carnot group of
topological dimension d with Haar measure p and homogeneous dimension Q. Let A, B C G be measurable
sets such that A - B is measurable, and 0 < a < 1. Then

H( (1A - 6. B) > (1 @)@/ pu(4) % 1 0@/ y(B)V
U (- A -6, B) = (1 - a) @D q@- Doy g) =y (B)e,

Proof. We use Theorem 3.3 with the sets d(;1_o)A4 and 0, B, and from Proposition 2.8 we get the first
inequality.

For the second one, we take f = x4, g = xp and h = Xs,_,,a.6,5 and apply Corollary 4.2, obtaining
the result. O
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