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Abstract: An N-system with different units submitted to shock and wear is studied. The shocks
cause damage and, eventually, simultaneous failures of several units. The units can also fail due to
internal failures. At random times, the system is inspected, and the down units are simultaneously
replaced by identical ones. The arrival of shocks is governed by a Markovian arrival process. The
operational times and the interarrival times between inspections follow phase-type distributions.
The generator of the multidimensional Markov process modeling the system is constructed. This is
performed introducing indicator functions for the different transition rates among the units using the
algorithm of Kronecker. This is a general Markov process that can be applied for modeling different
reliability systems depending on the structure of the units and how the systems operate. The general
model is applied to the study of k-out-of-N systems, calculating the main performance measures.
A practical example is presented showing the approximation of the model to a system with units
following different Weibull distributions.
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1. Introduction
The use of wireless sensor networks (WSN) is broadly extended in high technology and
communications’ systems. A survey of the use, properties, characteristics and applications
is given in [1,2]. The WSN frequently operates in remote areas under hard environmental
conditions. The elements are formed by nodes operating unattended and the miniaturization implies that the elements in the nodes are so close that the arrival of a shock can
produce the failure of several elements simultaneously. Other structures of frequent use are
the high performance computing (HPC) systems, composed by aggregate computing power
in order to reach higher performance than particular computers or workstations, solving
problems in science, industry, and business. These two structures are formed by a large
number of components and systems, generally including redundancy and the possibility of
simultaneous failures. In the WSN, the maintenance is usually performed by inspections at
certain times for reducing costs and a higher effectivity.
In references [3,4], systems under simultaneous failures have been studied in the
discrete case. In the first one, series-parallel and parallel-series systems of order 3 with
lifetimes of the components not depending on the time are studied, and the reliability is
calculated by using combinatorial methods. In the second one, the reliability of a network
is calculated by using computational calculations, and the lifetime of the components are
discrete random variables.
The study of simultaneous failures in continuous time is not frequent in the literature.
In [5], an HPC system with multiple failures is studied. The failure time of the nodes is
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assumed to follow Weibull distributions, and the authors develop a reliability model for a
system with k nodes and simultaneous failures. The reliability, the failure rate, and the mean
time to failure of the system are calculated. Dependence between the reliability measures
and the number of nodes is detected. The analytical structure proposed by the authors
is a multivariate Weibull model based on the Marshall–Olkin multivariate exponential
distribution. The Markov processes have been an appropriate model in reliability, see [6,7],
among many others. A limitation of the Markov processes in modeling systems is that the
staying times in states are exponentially distributed, or, equivalently, that the instantaneous
transition rates do not depend on the time; they are constant. This is a severe restriction and
in many cases is not satisfied. We present an extension of this last paper to the case in which
the staying times follow phase-type distributions. The class of the phase-type distributions
is dense, in the sense of the distributions, in the family of the distribution functions defined
on the positive real half-line. Thus, this assumption supposes that the model can be applied
to systems in which the staying times follow distributions as Weibull, Gamma, Erlang,
and others; see [8]. Moreover, it can also be applied to datasets coming from lifetimes of
components of systems. In both cases, a model governing the system by approximating the
lifetimes of the components by Phase-type distributions can be constructed. Some models
using Phase-type distributions in reliability and other domains are [9,10], among others.
In [9], a reliability redundancy allocation problem is developed on a non-repairable system
with heterogenous components where lifetimes follow PH distributions. In [10], these
distributions are involved in a queuing model applied to nodes in a WSN.
We propose a model based in the matrix-analytic methods (MAMs), extending other
previous papers. The MAMs have proven to be a flexible structure for modeling arrival
of events and contain many familiar processes as very special cases, see [11–13], among
others. A survey of these MAMs applied to different domains is in [14]. The introduction
of the MAMs in the analysis of the systems implies the use of the following elements: the
Markovian arrival processes, the Phase-type distributions, and the Kronecker operations;
they play a central role in the study and calculations of the performance measures, and extend many other particular systems given the generality of these structures. The Kronecker
operations are studied in [15,16]. In [17], an updated revision of the Markovian arrival process, an essential element in the MAMs, is presented. A survey of the techniques through
the state-space models are investigated and compared, in order to facilitate the appropriate
model for calculating the reliability and the availability in a dynamic environment to practitioners [18]. When the model is constructed by using these methods, its applicability is
extended, and the stochastic process governing the system is a multidimensional Markov
process analytically tractable.
The system we present is submitted to shocks, and the shock models have been studied in
the literature under different methodologies and applied to different systems. The initial systematic study for shock models is [19]; from then, many extensions have been following different
ways. In [20], the behavior of different populations under shock models is studied. In [21], a
complete study of the different types of failures and models is performed. In [22], different
shock models following non-homogeneous Poisson processes are applied for calculating the
reliability of the systems. In [23], an analysis of the availability is made in a system affected
by attacks. One of the first papers applying the phase-type distributions as a model for arrival
of shocks is [24], extending previous papers. The shock models and the continuous Markov
processes have been considered suitable models for analyzing the ageing of components and
systems [25]. The MAP as a model for the arrival of failures is introduced in [26], and it is
applied in [27–30], for studying different reliability systems. In [31], a system under shocks,
damages, and other elements is modeled by a Markovian arrival process with marked arrivals.
We study an N-system with different units. It is submitted to internal failures affecting
single units, and shocks that can produce damage and, eventually, the failure of one or
several units. The maintenance is performed by inspections, replacing all the down units
(if any) with new and identical ones. The case under exponential units has been studied
in [6]. In the present paper, we extend it to a more general system: the lifetimes of the
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units follow PH-distributions, extending the exponential lifetimes; the arrival of shocks
is governed by a Markovian arrival processs (MAP), extending the Poisson process of
the previous paper; the time between inspections follows a PH-distribution, extending
the exponential case; the size of the damage produced by the shocks is introduced in the
study, and it follows a discrete PH-distribution, extending the exponential case, where
the number of failures follows a Geometric distribution. Clearly, the applicability of the
present paper is greater than the previous ones. The study we carry out does not follow
straightaway from the exponential version; the matricial structure in the present one has to
be constructed—it is not directly derived from the exponential case. A Markov process is
not a suitable structure for being applied to systems under simultaneous failures; it must be
treated in an appropriate way, and this is solved by introducing the Kronecker operations
involving indicator functions allowing for the preservation of the Markovian structure for
systems whose units are not exponentially distributed.
For this system, a multidimensional Markov process governing the system under the
conditions above given is constructed. The main quantities of interest associated with the
system can be calculated in an well-structured form in transient and stationary regimes.
In return, the dimensions of the involved matrices are very large even in systems with a
few units. Formally, the construction of the generator is not affected by the orders of the
involved matrices, though it is complex due to the simultaneity of the events. We illustrate
the general procedure applying it to a k-out-of-N system, of frequent use in engineering; an
application for N = 3 is carried out; in it, the performance measures usual in reliability are
calculated, and it is shown how the model can be applied taking into account the structure
of the system and how it operates. In [32], a computational method for determining the
reliability of a k-out-of-n system with different components is constructed; in the present
paper, we propose an alternative procedure applying the MAMs, and calculating other
performance measures using algebraic calculations with matrices. A numerical application
is added illustrating how the model can be constructed when the units follow Weibull
distributions.
The paper contributes to the study of general reliability systems in several ways:
(1) The units are different and they are not exponentially distributed; the lifetimes of
the units follow PH-distributions, this allows the approximation of systems with units
following general distributions; (2) the arrival of shocks is governed by an MAP, this
allows dependence among the interarrival times. In addition, they comprise the usual
arrival distributions; (3) the shocks produce damage and eventually the failure; (4) there
are simultaneous failures of units and simultaneous replacements are carried out after an
inspection; (5) the generator construction and the performed reliability analysis can be
applied to n-systems with dissimilar components arranged in different structures. The
general hypotheses established for this model and the compact expressions achieved by
using the MAM methodology expand its application possibilities.
The paper is organized as follows: in Section 1, we give the definitions of Phase-type
distributions and Markovian arrival processes and comment on how these operate. In
Section 2, the assumptions of the system are established and the multidimensional Markov
process governing the system is constructed. In Section 3, the model is applied to a kout-of-N system, obtaining explicit expressions for the performance measures. Section 4
is a methodological one, and a detailed numerical application to a 2-out-of-3 system is
performed, showing the steps for applying the calculations to other systems.
Preliminaries
The present section introduces the basic definitions used in the paper and some
comments about how the MAMs operate.
Definition 1. If A and B are rectangular matrices of orders m1 × m2 and n1 × n2 , respectively,
their Kronecker product A ⊗ B is the matrix of order m1 n1 × m2 n2 , written in compact form as
( aij B).
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The Kronecker sum of the square matrices C and D of orders p and q, respectively, is defined
by C ⊕ D = C ⊗ Iq + Ip ⊗ D, where Ik denotes the identity matrix of order k.
For more details about these operations, see references [12,15].
Definition 2. The distribution function H (·) on [0, ∞) of a phase-type distribution is
H ( x ) = 1 − α exp(Tx )e,

x≥0

It is associated with a finite Markov process with one absorbent state and initial vector
α. Matrix T is the submatrix of the generator of the process restricted to the transient states,
and it is non-singular. Vector e is a column vector of 1’s. The absorption column vector is
denoted by T0 , and it satisfies Te + T0 = 0. The order of matrix T and vectors T0 , e are the
same. It is said that the distribution has representation (α, T), and it is written PH (α, T).
H ( x ) is the distribution function of the first passage time of the Markov process for
the absorbent state given the initial vector α. The order of the distribution is the order
of matrix T. It is denoted a PH-distribution. A PH-renewal process is a renewal process
whose distribution function is given by a PH-distribution.
The discrete version of a PH-distribution is defined in [12], and it is denoted by
PHd -distribution.
Definition 3. Let D be an irreducible infinitesimal generator of a Markov process. Let a sequence
of matrices Dk , k = 1, 2, . . . , n be non-negative and matrix D0 have non-negative off-diagonal
entries. The diagonal entries of D0 are strictly negative, and it is non-singular. The following is
satisfied:
n

D = D0 +

∑ Dk .

k =1

Associated with this Markov process D, there is a renewal Markov process performing
an arrival process to real line operating as follows. It is assumed that there are n different
types of arrival. Matrix D0 governs the interarrival times, and matrix Dk , k = 1, 2, . . . , n,
governs the occurrence of the arrival of type k. This is the Markovian arrival process (MAP)
associated with the initial Markov process, with parameter matrices Dk , k = 1, 2, . . . , n. It is
denoted by MAP(D0 , Dk ), k = 1, . . . , n. The order of the MAP is the order of the involved
matrices. The states of the Markov process D are denominated virtual phases of the MAP,
and they follow exponential times.
A PH (α, T)-distribution can be interpreted as follows. While operating, the process
occupies exponential states (phases) randomly, and it finishes when it reaches the absorbent
one. The PH-renewal process associated with this PH-distribution is a renewal one that
reinitiates with matrix rate T0 α. A MAP(D0 , D1 ) with two parameter matrices extends
the concept of PH-renewal process when, after a renewal, the following period initiates
according to a rate depending on the phase occupied when the renewal occurs; the matrix
including the different initial rates after a renewal is D1 . Matrix D0 represents the change
of virtual phases not corresponding to renewals. The renewals will be interpreted as shocks
arriving to the system.
2. The System
We consider a system with N independent units under the conditions given in the
Introduction. The system is renewed randomly, replacing the non-operational units, if
any, with new and identical ones after inspections. The internal failures, the arrival of
shocks, the damage caused by the shocks, and the number of units affected by the shocks
are random, and they occur according to the following assumptions.
Assumption 1. The time of the internal failure of unit i follows a PH (αi , Ti )-distribution of order
mi , i = 1, 2, . . . , N.
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Assumption 2. The shocks arrive following an MAP(C0 , C1 ) with initial vector c and order a.
Assumption 3. The shocks cause damage or failure. The size of the damage is governed by a
discrete PHd ( β, D)-distribution with initial probability vector β and order r.
Assumption 4. The time between consecutive inspections follows a PH (γ, L)-distribution of order
b. The times of inspection are negligible.
The damage caused by a shock can be interpreted as a counter before the failure,
in such a way that, after a shock, the counter of the units changes and the absorption
in the discrete PH-distribution governing the damages would indicate the failure of the
corresponding unit.
First, we define the internal state of the units. The internal state of unit i is denoted by
εi . These states are characterized by the internal phase and the phase of damage. Unit i is
operational if it occupies any operational phase of PH (αi , Ti ) and the same for PHd ( β, D);
the corresponding absorption vectors for these distributions are T0i , and D0 , respectively.
The set associated with this case is {( j, k), 1 ≤ j ≤ mi , 1 ≤ k ≤ r }. In other cases, it
will be non-operational, the set associated is {mi + 1} ∪ {r + 1}, and it is formed by the
corresponding absorbent phases of the previous PH-distributions. We denote by Si the set
formed by the union of these sets:
Si = {( j, k), 1 ≤ j ≤ mi , 1 ≤ k ≤ r } ∪ {mi + 1} ∪ {r + 1}
Vector ε = (ε1 , ε2 , . . . , ε N ), εi ∈ Si , denotes the set of the internal states of the units.
The macro states of the system are determined by vectors εi , the virtual phases (ν) of the
MAP governing the arrival of shocks and the phases (l) of the PH-distribution governing
the time between inspections. They are denoted by
S = {(ε1 , ε2 , . . . , ε N , v, l ) : εi ∈ Si , 1 ≤ i ≤ N, 1 ≤ v ≤ a, 1 ≤ l ≤ b}
We denote by X (t) the number of non-operational units at time t. We will construct
the multidimensional Markov process { X (t), t ≥ 0} with space of macro states S.
If xi = 0, unit i is operational and xi = 1 if not, i = 1, 2, . . . , N. Vector x = ( x1 , x2 , . . . ., x N )
is a state-vector of the system. Given a state-vector x, the occurrence of a failure (internal or shock)
or inspection causes a transition to another state-vector y, and the changes in the components of
x,y
x,y
vector x are indicated by ωi = 1 if xi 6= yi and ωi = 0 in other case (there is no change).
x,y
x,y
x,y
This is an indicator of the change of a unit, and vector ωx,y = (ω1 , ω2 , . . . ., ωN ) registers the
changes of the units in a transition x → y. The number of units changing in such transition is
the sum over i of the components of the vector.
The number of non-operational units in vector x is s x = ∑iN=1 xi . The possible values
for s x are {0, 1, . . . , N }. The set {x : s x = m} is formed by the state-vectors having m
non operational units (non-null components). These sets form a partition of the set of
state-vectors. Let two state-vectors x, y and the Kronecker indicator δi,j = 1 if i = j and
δi,j = 0 if i 6= j; expression δsx −sy ,0 indicates that vectors x, y have the same number of
operational units.
We calculate a general Markov process governing the system considering that the
system fails when the last operational unit fails; this is equivalent to a system organized in
parallel. We will show that the case of a 1-out-of-N system is obtained from the present
model in a straight way. First, the transition rate matrices among the state-vectors are
constructed and then the generator Q including the transition rate matrices among the
states. Once Q is constructed, the transition probability matrix P(t) = ( Pij (t)) with Pij (t) =
P{ X (t) = j/X (0) = i } is calculated from expression P(t) = exp(Qt), t ≥ 0, P(0) = I, by
using computational calculations.
The transition among the state-vectors occurs by the arrival of one of the events: the
arrival of a shock, an internal failure, or an inspection. The construction of the Markov
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process governing the system follows the line in [6], but this does not mean that they are
calculated straightaway; new matrices are necessary and the operations of Kronecker play
a central role. Going forward, the subindices of the identity matrices indicate their order,
and it is the same for vectors e. The transition among the state-vectors are determined by
the state of the units (up or down) and the indicator of change ω.
If the system occupies state-vector x and a shock arrives, there is a possible transition
to state-vector y (that can be the same vector x) according to the rates among the phases of
the state-vectors; the rate of change of unit i due to a shock is given by
x,y
ϕi


 e mi ⊗ D0
=
I ⊗D
 mi
1

x,y

if ωi = 1
x,y
if ωi = 0, xi = 0
x,y
if ωi = 0, xi = 1

The first line indicates that there is a change in unit i, the failure of the unit is governed
by D0 , and it can occur from any phase (emi ). The Kronecker product expresses the changes
in terms of the corresponding matrices and vectors. The second line indicates that there
is no change (given by Imi ), and a shock arrives (counter D) producing no change. In the
third line, the unit is not operational.
The expression of the change for all units in vector x to the arrival of a shock is
calculated using the Kronecker product, and it is
x,y

x,y

x,y

ϕx,y = ϕ1 ⊗ ϕ2 ⊗ · · · ⊗ ϕ N

If an internal failure arrives, the rate among the phases of the state-vectors is given by
reasoning similarly as above for the arrival of internal failures, and we have for unit i:

x,y
Ψi

 0
 Ti ⊗ er
(Ti ⊗ Ir )δsy −sx ,0 + (Imi ⊗ Ir )(1 − δsy −sx ,0 )
=

1

x,y

if ωi = 1
x,y
if ωi = 0, xi = 0
x,y
if ωi = 0, xi = 1

The first line indicates that the failure of the unit is governed by T0i , and it occurs in
any phase of damage (er ). The second line indicates that there is a change in an operational
phase without damage (Ti ) or there is a change in another unit; in the second summand, a
change is produced in one unit different from i, and this is represented by 1 − δsx −sy ,0 . For
the total of units, we have
x,y

x,y

x,y

Ψ x,y = Ψ1 ⊗ Ψ2 ⊗ · · · ⊗ Ψ N

Note that expressions ϕx,y , Ψ x,y are similar, though in the previous one the shocks
can be simultaneous and in the last the internal failures cannot. The difference is that, in
x,y
expression Ψi , simultaneous failures are not allowed; this is performed incorporating the
Kronecker’s delta.
After the occurrence of an inspection, the unit i is affected in two ways:
x,y

Hi



=

αi ⊗ β
I mi ⊗ I r

x,y

if ωi = 1
x,y
if ωi = 0, xi = 0

The first line indicates a replacement of the down unit that reinitiates (αi ) and the
counter reinitiates (β). The second line indicates that nothing occurs. For the total of units,
we have
x,y

x,y

x,y

Hx,y = H1 ⊗ H2 ⊗ · · · ⊗ HN
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The matrix transition rates among the state-vectors depend on the number of units
failing, which is sy − s x , and the special case s x = N. They are
Λ x,y = ϕx,y ⊗C1 ⊗ Ib + (Ψ x,y ⊗Ia ⊗ Ib )δsy −sx ,1 i f sy − s x ≥ 1 ( at least one unit f ails)
"

∑ ⊕(Ti ⊗ Ir )

i"
up

+
+

∏ ⊗(Imi ⊗ Ir )

"i up

+

⊗Ia ⊗ Ib +
#

∏ ⊗(Imi ⊗ Ir )

"i up

Λ x,y =

#

⊗C0 ⊗ Ib +
i f sy − s x = 0, s x 6= N

#

∏ ⊗(Imi ⊗ D)

(1)

⊗Ia ⊗ (L + L0 γδsx ,0 )+
#

⊗C1 ⊗ Ib

i up

Λ x,y = (C0 + C1 ) ⊗ Ib + Ia ⊗ L i f sy − s x = 0, s x = N
Λ x,y = Hx,y ⊗ Ia ⊗ L0 γ i f sy − s x ≤ −1, s x = N ( a replacement)
The matrix grouping the transition rates between states i → j in terms of the statevectors is

Qij = Λ xy { x:sx =i}
{y:sy = j}

and, finally, the generator of the Markov process in terms of the macro states is
Q = (Qij ) 0≤ j≤ N

(2)

0≤ k ≤ N

The order of Q is
k= N

∑

∑

k =0 1≤i1 ≤...≤ik ≤ N

mi1 mi2 · · · mik · r N −k ab

If X (0) = 0, the initial block vector of the Markov process is
(N)

ρ = (ρ0 , 0, . . . , 0) with ρ0 = ((α1 ⊗ β) ⊗ · · · ⊗ (α N ⊗ β) ⊗ c ⊗ γ)

(3)

Vector ρ0 is of order
N

∏ mi

!
r N ab

i =1

The number of 0’s in the expression of ρ is the difference between the order of Q and
the order of the first component.
The stationary distribution is obtained as in the exponential case, changing the corresponding matrices [6].
3. k-Out-of-N Systems
The model we have constructed is organized as in parallel, since the system fails when
the last operational unit fails. One of the advantages of the use of MAMs is that they are
versatile and can be applied to systems under other assumptions with the appropriate
changes. We dedicate this section to studying the k-out-of-N systems under the assumptions
and notation in Section 2. This class of systems is of frequent use in the applications.
The system is operational if at least k units are. The set of macro-states is S = {0, 1, . . . , N };
this set can be partitioned in SU = {0, 1, . . . , N − k} and SD = { N − k + 1, . . . , N }, operational and non-operational macro-states. Grouping the set of non-operational macro-states in
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one, denoted by 0, the set of macro-states of the system is Sk/N = {0, 1, . . . , N − k, 0}. The
initial probability vector (3) and generator Q in (2), are, respectively,
(N−k)

ρk/N = (ρ0 , 0, . . . , 0, 0)

Qk/N = (Qij )i,j=0,1,...,N −k,0

(4)

The occupancy probabilities of the operational macro states are ρ0 P0j (t)e, j ∈ SU .
The reliability R(t) is the time of the first failure of the system; it is a PH (ρk/N ∗ , Q∗k/N )distribution, where ρ∗k/N and Q∗k/N are derived from ρk/N and Qk/N , respectively, eliminating the row and column associated with 0. The availability at time t is given by
A ( t ) = ρ0

∑

P0j (t)e

(5)

j∈SU

Particular systems are the series and parallel ones. As particular cases, we have the
1-out-of-N system (parallel) and the N-out-of-N system (series). The corresponding renewal
processes associated with the first time of failure can be studied straightaway as can be
seen in references from the authors.
Let a k-out-of-3 system be N = 3. For k = 1, it is a parallel system. The set of
operational and non-operational states are SU = {0, 1, 2}, SD = {3}, respectively. The
∗ , Q∗ )-distribution with
failure of the system follows a PH (ρ1/3
1/3


Q00 Q01 Q02
∗
ρ1/3
= (ρ0 , 0, 0) Q∗1/3 =  Q10 Q11 Q12 
Q20
0
Q22
∗ ( Q∗ )−1 e. The renewal of the system occurs when
The mean time of failure is −ρ1/3
1/3
an inspection arrives while the system occupies state 3. The time until the renewal follows
a PH (g1/3 , G1/3 )-distribution with



g1/3 = (ρ0 , 0, 0, 0)

G1/3

Q00
 Q10
=
 Q20
0

Q01
Q11
0
0

Q02
Q12
Q22
0


Q03
Q13 

Q23 
Q33

∗ , Q ∗ )For k = 2, SU = {0, 1}, SD = {2, 3}. The failure of the system follows a PH (ρ2/3
2/3
distribution with


Q00 Q01
∗
∗
ρ2/3 = (ρ0 , 0) Q2/3 =
Q10 Q11
∗ ( Q∗ )−1 e. The renewal of the system occurs when
The mean time of failure is −ρ2/3
2/3
an inspection arrives and the system is down; it follows a PH (g2/3 , G2/3 )-distribution with



g2/3 = (ρ0 , 0, 0, 0)

G2/3

Q00
 Q10
=
 0
0

Q01
Q11
0
0

Q02
Q12
Q22
0


Q03
Q13 

Q23 
Q33

For k = 3, SU = {0}, states 1, 2, 3, are non-operational. The first time of failure follows
∗ , Q∗ ) with
a PH (ρ3/3
3/3
∗
ρ3/3
= ρ0
and

Q∗3/3 = Q00
1
The mean time of failure is −ρ0 Q−
00 e.
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The renewal of the system occurs when an inspection arrives while the system occupies
a non-operational state. The time until the renewal of the system follows a PH (g3/3 , G3/3 )
with vector
g3/3 = (ρ0 , 0, 0, 0)
and


G3/3

Q00
 0
=
 0
0

Q01
Q11
0
0

Q02
Q12
Q22
0


Q03
Q13 

Q23 
Q33

These are the fundamental matrices for calculating the performance measures associated with the system.
4. Numerical Application
The expressions above can be directly applied when the lifetimes of the units are
governed by PH-distributions. In engineering, the Weibull and the lognormal distributions,
among others, are frequently used. The Weibull distribution plays a central role in reliability,
a text presenting in an integrated form different types of Weibull models is [33]; it is a
complete survey, classifying different models, including an inferential study and applying
to several domains with special dedication to reliability. We illustrate the numerical
application to k-out-of-3 systems with units governed by Weibull distributions. The first
step is to fit a PH-distribution, and then to apply the results in the previous section.
The reliability function of a two parametric (λ, β) Weibull distribution is
W (t) = exp[−(λt) β ], t ≥ 0
with mean and variance given, respectively, by
m = (1/λ)Γ[1 + (1/β)]

σ2 = (1/λ)2 {Γ[1 + (2/β)] − Γ2 [1 + (1/β)]}

4.1. Fitting PH-Distributions
We consider three different Weibull distributions corresponding to the three units with
the parameters given below. For every one, the mean and the variance are calculated. A fit
of a PH-distribution is performed applying the EM algorithm [8]. The number of data are
n = 400, and 1000 iterations are realized. In every case, the first PH-distribution selected
for fitting is of order 2; if the fitting is rejected, then a PH-distribution of order 3 is fitted,
and so on. The goodness of the fit is calculated using the Kolmogorov–Smirnov test. In the
cases we present, two of them are well fitted to PH-distributions of order 2, and the other
to a PH-distribution of order 3. In all cases, the statistic calculated Z from the sample is less
than the statistics Z0.05 = 0.0675, and all the fittings are not rejected.
We assume a prefixed unit time. The goodness of the fits guarantees a good approximation of the model and consequently also for the performance measures to the initial
system. The calculations using the MAMs are more tractable than the ones with the Weibull
distributions. In the following figures, when the first significant decimal figure is after a
ten thousandth, it approaches zero.
Unit 1 is assumed to follow a Weibull distribution with λ1 = 1, β 1 = 1.2. Then,
m1 = 0.9407 u.t., σ1 = 0.7872 u.t. The representation (α1 , T1 ) of the PH-distribution fitted is

α1 = (0.6774, 0.3226)

T1 =

−1.8597 1.7830
0.0043 −1.7070
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Unit 2 is assumed to follow a Weibull distribution with λ1 = 1, β 1 = 1.5. Then,
m2 = 0.9027 u.t., σ2 = 0.6129 u.t. The representation (α2 , T2 ) of the PH-distribution fitted is

α2 = (0.9571, 0.0429)

T2 =

−2.1664 2.1632
0
−2.1664



Unit 3 is assumed to follow a Weibull distribution with λ1 = 1, β 1 = 2. Then,
m3 = 0.9407 u.t., σ3 = 0.7872 u.t. The representation (α3 , T3 ) of the PH-distribution fitted is


α3 = (0.0107, 0.9893, 0)


−3.3649
0
0
T3 =
0
−3.3554 3.3512 
3.3542
−0
−3.3542

4.2. System 2-Out-of-3
We apply the results to a 2-out-of-3 system. The matrices of the MAP governing the
arrival of shocks are assumed to be




−3.30 1.2
1.10 1
c = (1, 0)
C0 =
C1 =
1.2
−3.5
1.3
1
The probability of a fatal shock is p = 0.15, and q = 0.85 is the probability that it
only causes damage. For simplifying the calculations, the occurrence of a fatal shock after
k − 1 non fatal shocks follows a geometric distribution G ( p) defined by pk = (1 − p)k p;
k = 1, 2, . . .; it is a PHd ( β, D)-distribution with β = 1, D = 1 − p = 0.85. The time between
inspections is assumed to be exponentially distributed with mean 1/2; then, γ = 1 and
L = −2.
The rate of failure of the system is
r (t) =

∗ exp( Q∗ t )(− Q∗ e )
ρ2/3
2/3
2/3
∗ exp( Q∗ t ) e
ρ2/3
2/3

,t ≥ 0

The availability A(t), the reliability R(t), and the rate of system failure r (t) for different
values of time are obtained in Table 1. The last column represents the stationary values of
the performance measures.
Table 1. Availability, reliability, and rate of failure of the system for different values of t.
t · 10−1

0

2

4

6

8

10

∞

A(t)
R(t)
r (t)

1
1
0.1276

0.9159
0.9024
0.8486

0.7923
0.7245
1.3155

0.6947
0.5393
1.6116

0.6371
0.3826
1.7775

0.6099
0.2664
1.8577

0.5986
0
1.9171

The availability decreases and approaches the stationary value for t ≥ 10, the failure
rate increases with time, and the reliability decreases quickly.
These are performance measures for the system. We consider the cycles associated with
the system. A cycle is the timespan of two consecutive operational and non-operational
periods, the length of it is denoted by TC . The mean number of renewals is νR = 1/E[ TC ].
The study of these measures in the cycles is relevant, since it allows us to know the behavior
of the system in a transient regime. Denoting by TU , TD the up and down times in a cycle,
respectively, we have TC = TU + TD . The fraction of time that the system is operational in
a cycle is
∗ (Q∗ )−1 e
−ρ2/3
E[ TU ]
2/3
fC =
=
E[ TC ]
−g2/3 (G2/3 )−1 e
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The values of these measures are E[ TU ] = 0.7187, E[ TC ] = 1.2187, v R = 0.8206, f C =
0.5817. It is deduced that the system is operational close to 58% of the time in a cycle, and
the failure rate is less than the one in the transient case for t > 10−1 .
In order to improve the previous performance measures, the only quantity that can
be controlled by the researcher in the evolution of the system is the inspection. We take
into account this to study how the performance measures change in terms of the inspection
time. We consider the stationary regime. In Table 2, the numerical values of the availability
(A), the mean time operational in a cycle (E[ TU ]), and the fraction of time that the system is
operational in a cycle f C are calculated for different values of µ I = −1/L.
Table 2. Some performance measures for different values of inspection mean time.
µI

0

1/2

1

3/2

2

3

5

A
E[ TU ]
fC

1
7.5129
1

0.5986
0.7781
0.6008

0.4050
0.7042
0.4132

0.3059
0.6797
0.3118

0.2459
0.6676
0.2503

0.1766
0.6554
0.1793

0.1131
0.6457
0.1144

The variation of these performance measures is observed; availability, the mean time
operational in a cycle, and the fraction of time that the system is operational in a cycle
decrease when the mean time of the inspections increases.
Finally, we give a graphical comparison among the studied 2-out-of-3 system, and
series and parallel ones. In Figure 1, the availability of these three systems is plotted.

Figure 1. Comparison of the availability in series, parallel, and 2-out-of-3 systems.

As expected, the availability is significantly higher when units are arranged in parallel.
In a similar way, other performance measures could be compared, and other numerical
analysis can be performed according to the interest of the researcher in the practice.
5. Conclusions
The major novelty in this paper is the construction of a Markovian model for the study
of systems under simultaneous failures with non-exponential units. Another contribution
is the applicability to systems whose units have different lifetimes or only observed values
of the lifetimes are available. The Markovian structure governing the system is maintained
though there are simultaneous failures, and the analytical structure of this type of process
is calculated, obtaining explicit expressions for the performance measures of the system in
a well-structured form. The system we consider is submitted to shocks, damages, internal
failures, inspections, replacements, and multiple failures; some particular cases can be
directly deduced, eliminating some of them. The versatility of the MAMs allows the
application of the model to other systems, such as the k-out-of-N ones, deduced from the
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general model directly. The study allows for extending methods previously proposed by
other authors to systems under multiple failures and incorporating damages, such as in the
wireless sensor networks (WSN) and in the high performance computing (HPC) systems,
supplying a more powerful model. The possibility of the applications depends on the order
of the involved matrices, and the use of computational programs is essential for solving the
systems under the conditions given.
Author Contributions: Formal analysis, D.M.-C. and R.P.-O.; Investigation, R.P.-O.; Methodology, D.M.-C. and R.P.-O.; Software, D.M.-C.; Supervision, R.P.-O.; Writing—original draft, D.M.-C.;
Writing—review & editing, R.P.-O. All authors have read and agreed to the published version of the
manuscript.
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Notation
PH (αi , Ti )
MAP(C0 , C1 )
PHd ( β, D)
PH (γ, L)
Ir
er
εi
ε = ( ε1 , ε2 , . . . , ε N )
xi
x = ( x1 , x2 , . . . ., x N )
sx
x,y
ωi
x,y
x,y
x,y
ω x,y = (ω1 , ω2 , . . . ., ω N )
x,y
ϕi
x,y

x,y

x,y

ϕx,y = ϕ1 ⊗ ϕ2 ⊗ · · · ⊗ ϕ N
x,y

Ψi

x,y

x,y

x,y

x,y

x,y

Ψ x,y = Ψ1 ⊗ Ψ2 ⊗ · · · ⊗ Ψ N
x,y

Hi

x,y

Hx,y = H1 ⊗ H2 ⊗ · · · ⊗ HN
Λ x,y
Q
ρk/N , Qk/N
PH (ρk/N ∗ , Q∗k/N )
PH (gk/N , Gk/N )
E[ TU ]
E[ TD ]
E[ TC ]
fC
νR
A(t)
R(t)
r (t)

distribution of the lifetime of unit i.
shock arrival process.
distribution of the size of the damage caused by shocks.
distribution of inter inspections time.
identity matrix of order r.
column vector of 1’s of order r.
internal state of unit i.
vector collecting the internal states of all units.
indicator of operational (0) or non-operational state (1) in unit i.
vector collecting the operational or non-operational states of all units.
non-operational units in vector x
indicator of a change of unit i in the transition from x to y.
vector collecting the indicators of change of all units, in the transition from x to y.
rate of change of unit i due to a shock, in the transition from x to y.
vector collecting the rate of change of all units i due to a shock, in the transition
from x to y.
rate of change of unit i due to internal failure, in the transition from x to y.
vector collecting the rate of change of all units i due to an internal failure, in the
transition from x to y.
the rate of change of unit i due to the arrival of an inspection, in the transition
from x to y.
vector collecting the rate of change of all units i due to the arrival of an inspection,
in the transition from x to y.
block rate transition from x to y.
generator of the model.
initial probability vector and generator, respectively, for a K-out-of N system.
distribution of the lifetime of a K-out-of N system.
distribution of the renewal time in a K-out-of N system.
expected length of the up period of the system.
expected length of the down period of the system.
expected length of a cycle of the system.
fraction of time that the system is operational in a cycle.
the mean number of renewals.
Availability of the system in time t, the stationary value is A.
Reliability of the system in time t.
Rate of failure of the system in time t.
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