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Abstract: Geometric tortuosity is an essential characteristic to consider when studying a porous
medium’s morphology. Knowing the material’s tortuosity allows us to understand and estimate
the different diffusion transport properties of the analyzed material. Geometric tortuosity is useful
to compute parameters, such as the effective diffusion coefficient, inertial factor, and diffusibility,
which are commonly found in porous media materials. This study proposes an alternative method to
estimate the geometric tortuosity of digitally created two-dimensional porous media. The porous
microstructure is generated by using the PoreSpy library of Python and converted to a binary matrix
for the computation of the parameters involved in this work. As a first step, porous media are
digitally generated with porosity values from 0.5 to 0.9; then, the geometric tortuosity is determined
using the A-star algorithm. This approach, commonly used in pathfinding problems, improves the
use of computational resources and complies with the theory found in the literature. Based on the
obtained results, the best geometric tortuosity–porosity correlations are proposed. The selection of
the best correlation considers the coefficient of determination value (99.7%) with a confidence interval
of 95%.

Keywords: geometric tortuosity; porosity; pathfinding; A-star algorithm

1. Introduction

Tortuosity is an intrinsic property that allows the characterization of porous media
considering their morphology. It serves as a measure of the medium’s resistance when a
fluid flow is passing through heterogeneous microstructures [1]. Traditionally, when the
tortuosity is considered a geometric parameter, it is defined as the ratio of an effective route
length to the medium’s shortest route length [2]. An effective route represents the route that
starts from one end of the sample and reaches the other end. Although the shortest route
length can be specified unambiguously, this does not apply to the effective route length.
This route varies according to the type of transport phenomenon evaluated. Consequently,
it is possible to have different kinds of tortuosity in the same system [2], such as geometric,
hydraulic, and electrical, which have been extensively analyzed in the literature [3–6].
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Tortuosity is widely used in multiple scientific fields. In medicine, the case of arterial
tortuosity may be a sign of vascular fragility or a useful indicator of arterial problems [7].
From an energy point of view, a fuel cell presents various porous media, e.g., catalyst and
gas diffusion layer. In the mentioned device, the tortuosity is crucial for evaluating different
diffusion transport phenomena [8,9].

Geometric tortuosity is represented as follows:

τgeometric =
Lg

L0
(1)

In Equation (1), as in Figure 1, L0 is the shortest route length of the analyzed material
(commonly the length of the straight-line size domain), and Lg is the mean of the effective
routes’ length obtained by considering the void spaces in the material.

Figure 1. Two-dimensional numerical representation of porous media for tortuosity explanation.

To compute an effective path, it is necessary to have a medium with void spaces.
Figure 1 is used to represent this medium, as white circles can be considered as void spaces
and black circles as filled spaces. The effective path Lg is obtained by considering the
Euclidean distance between these white circles, setting an initial and final circle. The thick
lines represent the paths obtained by the Euclidean distance. The dashed lines represent
the corresponding vertical and horizontal components of these paths, which is known as
long as a diagonal path is followed.

Since it is necessary to search paths, it could be treated as a pathfinding problem.
Several algorithms have been used to solve the required task in previous studies. In the
current study, the A-star algorithm is employed. It is not the best path-search algorithm,
because other methods can preprocess the map to guarantee more efficiency. Two of them
are contraction hierarchies [10,11] and transit routes [12]. However, studies have declared
that the A-star is a powerful tool and a well-known best-first search algorithm due to
its wide application range in solving problems [13,14]. Other algorithms have been used
extensively to compute geometric tortuosities, such as the direct shortest-path search [15],
the skeleton shortest path [16], fast marching [17], the Dijkstra algorithm [18], and the pore
centroid [19].

Nevertheless, pathfinding algorithms are not the only way to calculate geometric
tortuosity since several techniques have been developed for the study of colloidal sys-
tems [20,21] that can be applied to both prepared and modified models [22,23]. Many
techniques of colloidal analysis are used for the study of porous media in addition to
geometric tortuosity [24,25].

The porous media studied are two-dimensional random digitally generated. The sam-
ples are binary porous media, i.e., their numerical structure is formed by zeros and ones. We



Computation 2022, 10, 59 3 of 17

selected unity to represent solid particles and zeros to void spaces. This approach is com-
monly used in artificial porous media computation [1,26,27]. In addition, the porous media
sizes are given in pixels, and every pixel was established as 1µm. Moreover, the porous
media have dimensions of 100 × 100 pixels for the efficient use of computational resources.

The open-source library of Python, PoreSpy, is used to comply with the porous media
generation [26]. The porosity for this study is in the range of 0.5 to 0.90, since it covers the
property of some modern materials, such as bio-based porous materials (0.70–0.95) [28], gas
diffusion layers (0.55–0.80) [29], and catalyst layers (0.40–0.60) [30]. On the other hand, for
porous media with porosity smaller than 0.5, the geometric tortuosity becomes challenging
to estimate due to the reduction in possible paths. In two-dimensional models, it is a critical
issue that is avoided by defining porosity values greater than 0.5.

Tortuosity, as a function of the porosity, is a common way of correlation in these types
of studies [1]. The well-known correlation is the Bruggeman equation, used previously on
electrochemical devices [19]. However, it is important to note that tortuosity depends not
only on the porosity. As demonstrated in the computational study presented by Espinoza-
Andaluz et al. [31], the tortuosity also depends on the particle shape of the media.

On the other hand, the methodologies are extensive due to the different types of
tortuosity [1]. One of them is the hydraulic tortuosity, a flux-based property, whose
numerical computation requires the simulation of dynamics fluid methods [30]. Although
some tortuosities are not related to other types, previous studies established a relationship
between hydraulic and geometrical tortuosity. For the same porous media structure, the
hydraulic tortuosity is higher than the geometrical one [4]. The current study compares the
geometric tortuosity computed using the A-star algorithm, and the hydraulic tortuosity
calculated with the lattice Boltzmann method.

In studies in which the porous media are reconstructed, the elementary representative
volume is initially defined [32,33]. However, the current research considers the porous
media digitally created, knowing from the beginning the bulk porosity of the media. In this
work, the porous media generation algorithm delivers porous media to the size and porosity
previously defined. The samples are generated based on random images, assuming they
represent porous media, and the tortuosity is computed. This study aims to test the A-star
algorithm as an alternative to tortuosity evaluation. As mentioned and cited previously in
this section, tortuosity evaluation has been carried out with pathfinding algorithms, even
with different particle shapes [31,34].

The rest of the paper is divided as follows. The methodology for solving paths through
the porous media with the A-star search algorithm is presented in Section 2. Results and
discussions are displayed in Section 3. Finally, conclusions and future directions are
presented in Section 4.

2. Materials and Methods

This section explains the methodology for solving paths through the porous media
with the A-star search algorithm. Before the A-star application, the variables included in the
study must be defined, and the generation process of the porous media must be explained.

2.1. Porous Media Generation

This procedure is relevant since it guarantees the application of the pathfinding
algorithm. The porous media creation starts with a matrix image of random noise generated
with zeroes and ones. Then, a multidimensional Gaussian filter is applied. It is implemented
as a sequence of one-dimensional Gaussian filters with a kernel of sigma equal to the mean
of the image’s size divided by 40 times a correction parameter named blobbiness. The sigma
formulation is intended to allow images with visually acceptable solid and porous space
distribution at low blobbiness values [26]. The blobbiness is the variable that controls the
morphology of the porous media and falls in the 0 to 1 range. By reducing its value, larger
pore diameters in the final structure are expected. Figure 2 shows a comparison between
two two-dimensional porous media with different blobbiness values where the black color
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represents solids and white means void spaces. In the current study, the blobbiness value
is established as a constant and is equal to 0.5.

Figure 2. Comparison between two porous media with porosity of 0.5 and blobbiness of (a) 0.5 and
(b) 1.0.

A Gaussian convolution is applied to the defined kernel and the random image
previously generated. The result is a normally distributed image that is converted to a
uniform (flat) distribution. Therefore, the resulting image can be defined as a gray-scale
matrix ψij(x). The solid–pore interface is set up by defining an edge level value, ψ0, which
falls in the 0 to 1 range. All pixel values in the last resulting image greater than the edge
level are rounded to the value one and defined as the solid phase; otherwise, a value
of 0 is set and defined as the pore phase, producing a set of binary values ψ(bin)ij as in
Carvalho et al. [32].

Therefore, the pore indicator function is written as:

χ(x) :=
{

1 if ψij(x) ≥ ψ0
0 if ψij(x) < ψ0

(2)

where χ(x) is used to convert the last resulting image’s gray-scale matrix into a 0/1 binary
matrix. The edge level ψ0, in the current study, is equal to the porosity.

On the other hand, the two-dimensional porosity φ can be defined as the pore area
divided by the total area. In two-dimensional images, it can be obtained by counting the
number of pixels in the solid phase and dividing by the total number of pixels from the
binarized images. Therefore, the porosity is written as [32]:

φ = 1−
∑Nx

i=1 ∑
Ny
j=1 ψ(bin)ij

NxxNy
(3)

where NX and Ny are the sizes of the binarized image. Figure 3 shows a summary of the
porous media generation process.

Figure 3. Flowchart of the porous media generation process.

2.2. Porous Media Selection

One of the critical points in this study is the two-dimensional generated porous media
considered for the computation of the parameters. This subsection presents the conditions
for selecting a generated medium. Figure 4 shows the steps followed to obtain the porous
media in which the geometric tortuosity is later computed.
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Figure 4. Flowchart showing the steps for the porous media selection.

To generate a sample, the process starts with a mold representing the generated
domain’s shape. The number of pixels used in the horizontal and vertical directions
is relevant for the digital generation. In the current study, a domain of 100 pixels by
side has been considered, since it allows for adequate computational resources. Once
the size domain is defined, the porosity range of the study is established. The common
porous media found in science and engineering applications were considered to select the
appropriate range of porosities. Based on the literature, some of the porosity values for
media in modern materials fall in the range of 0.50–0.90, as mentioned in Section 1. The
medium’s internal morphology is controlled by the blobbiness parameter, whose function
is to bring closer the pixels between them by controlling the standard deviation of the
Gaussian filter. A blobbiness property of 0.5 is selected to guarantee uniformity within the
media. The PoreSpy library generates the medium based on the established parameters,
and a possible effective path is searched. If at least one effective path between the inlet
and outlet is found, the porous medium’s digital representation is saved for computing
the geometric tortuosity. In the end, 540 samples were evaluated, i.e., 60 samples for every
value of porosity from 0.50 to 0.90 in steps of 0.05.

2.3. Geometric Path

The porous media were constituted by a matrix of zeros and ones. As mentioned,
the zeros represented the material’s void spaces, while the ones represented the solid
material. To find the geometric paths, the first column of the matrix was analyzed to know
the starting nodes. Nodes are represented by the pixels, the two-dimensional units that
make the medium are equal to zero or one. The term “node” is conventionally used in
pathfinding algorithms. The zero values are selected in the first and last columns as starting
and arrival nodes, respectively. The effective paths are determined following the zero
paths from the starting nodes to the arrival nodes. All arrival nodes are assigned for each
starting node, as visualized in Figure 5, for each initial point, possible arrival points are
assigned. This means that the last column is checked for points that have zero, which
means free spaces.

Figure 5. Schematic of a simplified porous medium showing roads with their possible arrival nodes.

Each element within the porous domain is assigned zero or one according to its nature,
i.e., zero for the pore phase and one for the solid phase. The matrix elements represent
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the porous domain (ξ = Porous media), and the elements’ subscripts help to identify each
node’s position. The porous media elements received the following subscripts:

ξ =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 (4)

To find the possible paths to be analyzed in the porous media, it is required to identify
the starting and arrival nodes. The connection between the starting nodes, i.e., the zero-
elements belonging to the first column of the binary matrix (4), and the arrival nodes, i.e.,
the zero-elements occupying the last column, allows the computation of the geometric
tortuosity. The connectivity between the starting and arrival nodes is found considering
the intermediate zero-nodes within the domain. Since the number of possible paths for
each starting node can be less or equal to the number of arrival nodes, as seen in Figure 5,
the maximum number of geometric paths cannot exceed the square of the number of rows
of the half-pore represented as pixels. This case can occur if both the first and final columns
of the matrix are all zeros and exist as connections between their nodes.

2.4. A-Star Algorithm

The A-star algorithm allows for generating an optimal path by avoiding proximity
with the solid obstacle nodes.

It is a computer algorithm widely used in planning routes on a graph. A-star works
similarly to Dijkstra’s algorithm, with the difference that it guides its search towards some
promising states, saving computation time [35].

Figure 6 shows that the generated route can pass near the obstacles to ensure the
shortest path [36].

Figure 6. The solid-void distribution and a path generated by the A-star algorithm in a simplified
selected porous medium.

The traditional formula applied in the A-star algorithm is expressed as:

f (n) = f (x, y) = g(x, y) + h(x, y) (5)

where f (n) is the weight labeled as the node n; it can be seen as an estimation of the best
path that passes through n. The real cheapest cost of obtaining the node n from the initial
node is represented by g(n), and h(n) is the so-called heuristic estimation of the cost to
reach n [36]. The A-star algorithm moves in eight possible directions when applied to a
two-dimensional porous medium, as shown in Figure 7.
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Figure 7. Possible directions followed during the application of the A-star algorithm in a two-
dimensional grid.

Since the materials in this study are porous media and search-path-finding is a require-
ment, it was necessary to define an entry and endpoint (inlet and outlet boundaries). The
entry and endpoints define the different paths followed through the domain’s void spaces.
The referred paths are seen as species that can flow through the material. To determine the
nodes occupied during the species’ movement, a free displacement in the four cardinal
positions is considered, i.e., up, down, left, and right, as well as the ordinal positions shown
in Figure 7. The simulated streamlines can flow from the inlet to the outlet. Hence, it avoids
obstacles until reaching the end of the material and produces effective routes.

The measure of the effective path is carried out by calculating the Euclidean distances
using Equation (5) between the ith and (i + 1)th connected nodes in the obtained path.
Once the path is confirmed, a minimum value of paths for every entry node is computed,
considering all the arrival nodes. The referred procedure computes effective route lengths
and makes possible the calculation of Lg in Figure 1. Since there are multiple possible paths,
the calculation of effective routes represents intensive computational work. The number of
possible paths increases according to the size of the domain and porosity of the material.

For two-dimensional regular structure meshes, the function h(x,y) is calculated with
the Euclidean heuristic function:

h(x, y) =
√
(xi − xj)

2 + (yi − yj)
2 (6)

In this case, i represents the node in the ith position, and j is used to describe the node
in the (i + 1)th position.

2.5. Geometric Tortuosity

To find the geometric tortuosity of a porous medium, all the possible paths based
on the arrival nodes are evaluated, as depicted in Figure 5. Computing the geometric
tortuosity requires finding a minimum value for all the possible paths that originated from
a starting point. The evaluation was carried out on each starting node, and the computation
was carried out by using Equation (7):

τ =
1
m ∑m

i=1[min(Ci)]

L
. (7)

where i corresponds to the index for the starting nodes, Ci is the set of paths for the starting
node i, m represents the number of starting nodes, and L is the shorter length of the domain
in the x-direction, equal to 100 in the current study.

2.6. Tortuosity Path

As mentioned before, there are several types of tortuosity to characterize the porous
media. This section focuses on differentiating the geometric tortuosity from the others.
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The comparison considers the streamlines used in the geometric tortuosity and hydraulic
tortuosity computation.

Geometric tortuosity: The geometric tortuosity depends on the solid material’s distri-
bution within the domain. It can be determined as the ratio between the average length of
the followed geometric paths to the straight path across an analyzed domain (side length).
The geometric paths found in porous media do not follow the exact contour of solid parti-
cles. The geometric paths follow a consecutive connection of void nodes restricted to small
straight lines, as shown for Lg in Figure 8a.

Figure 8. Visual comparison between geometric (a) and hydraulic (b) paths in the same porous
medium. White regions represent void spaces, while black regions represent solid materials. The
fluid can pass only through the white regions, and the solid obstacles are considered impermeable.
Lg represents the actual geometric path, while Lh corresponds to the actual hydraulic path.

Hydraulic tortuosity: The complexity of a medium can also be characterized by hy-
draulic tortuosity. Diffusion parameters participate actively in several transport processes
in porous media [7], and the hydraulic tortuosity plays a crucial role in diffusion characteri-
zation. Similar to porosity, it is also a dimensionless parameter, but it is always greater than
unity. The hydraulic tortuosity is determined by solving the lattice Boltzmann equation, a
powerful tool to mimic fluid behavior in complex media [37,38]:

∂ f (r, t)
∂t

+ c·∇ f (r, t) = Ω (8)

where f is the particle distribution function that depends on position r, velocity c, and time t;
the collision operator is represented by Ω and is a function of f. Due to the complexity of the
collision term, one approximation is used to replace Ω without giving significant errors in
the simulation result; this is called the Bhatnagar, Gross, and Krook (BGK) approximation.
Therefore, Equation (8) is also expressed as:

∂ fi(r, t)
∂t

+ ci·∇ fi(r, t) =
1
τ1
[ f eq

i (r, t)− fi(r, t)] (9)

where fi(r,t) is the particle distribution function at position r and time t; f eq
i (r, t) is the

equilibrium particle distribution function, and τ1 is the relaxation time; ci is the velocity in
the corresponding i-direction.

To solve Equation (9), it is required to define the equilibrium particle distribution
function f eq

i ; since LBM can solve diffusion, advection–diffusion, energy, and momen-
tum equations; the equilibrium particle distribution function comes by the normalized
Maxwell’s distribution function represented as a Taylor polynomial approximation [38]
and is written as:

f eq
i = Φwi[A + Bciu + C(ciu)

2 + Du2] (10)

where u is the macroscopic velocity vector, wi is the weighting factor, and A, B, C, and D
are constants that are defined based on the conservation equation that is applied. Φ is a
scalar parameter that often refers to density, temperature, or species concentration.
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Once Equation (10) is solved, it is possible to recover macroscopic parameters, such as
density ρ, velocity u, and momentum ρ·u. The following expression shows how to recover
the macroscopic velocity field.

u =
1
ρ

n−1

∑
i=0

fici (11)

Hydraulic tortuosity is commonly related to diffusion parameters, such as the velocity
field as fluid enters the porous medium. It is defined as the division between the magnitude
of the velocity field umag over the absolute value of the velocity in the fluid flow direction:

τhydraulic =
∑i,j umag(i, j)

∑i,j |ux(i, j)| . (12)

where the velocity magnitude of each node umag is defined as:

umag(i, j) =
√

ux(i, j)2 + uy(i, j)2 (13)

The hydraulic tortuosity, analyzed from its streamlines, shows that the paths are
smoother than those when the geometric paths are considered. Lh in Figure 8b represents
the streamlines taken in the hydraulic case.

Because hydraulic tortuosity is calculated based on flow simulation, the streamlines
tend to be soft lines. Note that Lg is shorter than Lh because Lg takes shortcuts that cross
streamlines [4]. Therefore, geometric tortuosity is smaller than hydraulic tortuosity τg < τh.

2.7. Other Algorithms

Image-based methods, including pathfinding algorithms, have been developed to
evaluate the tortuosity of porous media. These geometrical algorithms work on the voxel
space, similar to the A-star algorithm. The pore centroid method, skeleton shortest path,
and Dijkstra algorithm were compared with our study since they have been used in different
areas. The pore centroid method has been involved in the electrochemical characterization
of porous membranes [19]. Cooper et al. [39] used it to contrast the tortuosity factor
estimation with other approaches on a solid oxide fuel cell cathode. Skeleton’s shortest
path has been used on microstructure characterization. It has been applied to computing
the tortuosity over the pore skeleton instead of the pore space. This approach makes
the tortuosity values greater than usual with pore space computation [15]. In this case,
the PoreSpy library of Python was used to apply this method. In the end, the Dijkstra
algorithm was also considered as a pathfinding algorithm for its common uses. The
mentioned algorithm has been involved in geometric tortuosity estimation [1,18].

3. Results and Discussion

This section presents the obtained results, and relevant discussions are carried out.
First, the generated porous media are visualized. The tortuosity and porosity values are
computed and correlations are proposed. Moreover, the result of the tortuosity comparison
is shown.

3.1. Generated Porous Media

A total of 540 samples were generated based on an analysis of the number of samples.
Sixty different samples were generated for each porosity value in the range 0.50–0.90 with a
step of 0.05 (Appendix A). The PoreSpy library developed by Porous Materials Engineering
& Analysis Lab (PMEAL) was used to generate the analyzed porous media. This package
generates amorphous blobs [26], considered as porous media in this study. Each two-
dimensional domain consists of a 100 × 100 pixel quantity. Furthermore, considering the
domain size can increase the number of nodes and paths; the 100 × 100 domain size gives
us a computation time affordable for our resources. The average computation time for both
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the generation and estimation of the geometric tortuosity of a porous medium of porosity
0.7 is 11.601154708862305 s. Figure 9 shows some porous media samples evaluated in this
study. Solid particles or grains are represented by a black pixel, while the white areas
represent the empty area. Moreover, all starting nodes are located in the white areas on the
leftmost, and the arrival nodes are located in the white areas on the rightmost.

Figure 9. Selected samples of generated porous media with porosity values of (a) 0.50, (b) 0.65,
(c) 0.80, and (d) 0.90.

3.2. Tortuosity–Porosity Correlations

The corresponding curve fitting is applied to the data once the tortuosity values are
computed for all the generated porous media. The three best correlations are selected and
presented in Table 1. Given the aleatory characteristic of the porous media generation
process, the tortuosities are computed for each sample group. The computed tortuosity
values agree with the expected, i.e., lower values correspond to higher porosities, while
higher values are related to lower porosities. The coefficient of determination is obtained
directly from the MATLAB program and its value is used to select the best fitting curve; the
higher the coefficient, the better the fitting.

Table 1. Empirical tortuosity–porosity correlations for the generated porous media. The coefficient of
determination for each possible correlation is also presented.

Empirical Correlation for τ Coefficient of Determination Type

9.112·10−2·φ−2.155 + 0.9093 0.9975 Power
3.524·e−4.664∗φ + 0.9703 0.9969 Exponential

1.142·φ2 − 2.328·φ + 2.187 0.9888 Polynomial

Consequently, all selected correlations presented the behavior shown in previous
studies, i.e., tortuosity behaves inversely proportional to porosity. Based on the results
presented in Table 1, the correlation describing the geometric tortuosity behavior best is
selected considering a high coefficient of determination. The power type is the correlation
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that best fits the obtained data, which also agrees with the widely known Brugemann
correlation trend.

Figure 10 shows the obtained results that consider the range of porosity analyzed.
It is crucial to notice that the proposed correlation describes the geometric tortuosity for
porosities between 0.50 and 0.90. Figure 10 shows the selected correlation and the average
values for each porosity and their corresponding deviation errors.

Figure 10. Tortuosity values trend as a function of the porosity represented by the power correlation
from Table 2.

Table 2 is a collection of theoretical and empirical tortuosity–porosity correlations that
satisfy the three requirements for tortuosity τ [40]. These are:

τ2 = 1, (14)

Table 2. Theoretical and empirical tortuosity-porosity correlations available in the literature.

Correlation for τ Structure Author Reference

0.8(1− φ) + 1 Randomly placed fully
overlapping rectangles Koponen et al. (1996) [41]

1
2

[
1 + 1

2
√

1− φ +

√
(1−
√

1−φ)
2
+ 1−φ

4

1−
√

1−φ

]
Square shaped particles Yu and Li (2004) [42]

19
18

ln(φ)
ln( 8

9 ) Sierpinski carpet Li and Yu (2011) [43]

1.47e−0.3708φ Circle-shaped particles Espinoza et al. (2019) [31]

This means that the obtained path crossed by the species, while diffusing in the internal
fluid in a porous domain, is greater than in the non-existence of the solid phase.

lim
φ→1

τ = 1 (15)

That is, there is no diffusion in the absence of solid particles.

lim
φ→0

τ → ∞; (16)

i.e., the tortuosity is finite for all nonzero values of porosity.
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The nature of the proposed correlation, i.e., the power type, complies with these
conditions. Table 2 includes remarks on the physical system on which each correlation is
based. These are useful to provide the validity of the obtained results, in contrast with
other real-physical correlations.

Figure 11 depicts the proposed correlation obtained based on the current computa-
tional study and previously published results, considering the correlations presented in
Table 2.

Figure 11. Comparison of tortuosity values obtained in the current study and others found in
the literature.

To compare the obtained results against other theoretical-empirical correlations, Figure 11
presents the tortuosity behavior of four tortuosity correlations as a function of porosity,
considering two-dimensional porous media. As shown in Figure 11, for porosity values
greater than 0.60, most of the correlations surpass the tortuosity values obtained in the
current study. At the same time, for porosity values smaller than 0.60, the correlation
presented by Espinoza et al. underestimates the tortuosity compared to the obtained values.
At porosity values smaller than 0.50, the proposed correlation predicts similar tortuosity
values to the presented by Koponen et al. [36] and Li and Yu [38]. Finally, the matching
behavior of our correlation with the proposed, by Yu and Li [37] for the analyzed porosity
range, is noted.

3.3. Hydraulic Tortuosity vs. Geometric Tortuosity

A comparison between the hydraulic and geometric tortuosity was performed. A
digitally generated porous medium with a porosity of 0.75 was selected to analyze both
tortuosity values.

First, the velocity field over the void spaces was computed following Equation (10).
Then, the hydraulic tortuosity was determined. A MATLAB script simulating the lattice
Boltzmann method was used to compute the hydraulic tortuosity. At the same time, the
geometric tortuosity was calculated considering the A-star algorithm proposed in this study
by using Equation (7). The results revealed that the hydraulic tortuosity was τh = 1.1768,
and the geometric tortuosity computed using the A-star algorithm was τg = 1.1342. Thus,
the geometric tortuosity is smaller than the hydraulic tortuosity by around 3.7%. Figure 12a
shows the fluid’s velocity field through the selected porous domain, where the red re-
gions are the spaces with higher velocities, while blue regions represent lower velocities.
Figure 12b corresponds to the digital representation of the selected domain with some
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geometric paths obtained by the A-star algorithm to compare both the hydraulic and
geometric tortuosity.

Figure 12. Selected porous media in which the hydraulic and geometric tortuosity have been
computed for their corresponding comparison. (a) Velocity field in the selected porous domain; color
bar with normalized velocity values; and (b) geometric paths for the digital representation of the
generated porous domain.

3.4. Geometric Tortuosity (A-Star) vs. Other Algorithms

Comparing the obtained results with previous studies, it was determined that when
applying the skeleton shortest path method, a 10.685% deviation was found. That could
happen, since the skeleton tends to consider more central paths into the pore space, in
contrast to the A-star algorithm, whose paths can be closer to the obstacles or solid phase
than to the center point of the pore phase. This can result in higher values, as shown in
Table 3. Another algorithm considered, was the pore centroid. This procedure gave us an
8.503% deviation compared to our study. The reason can be similar since the pore centroid
also estimates central points. Specifically, it considers centroids for path planning. This
methodology can also result in higher values in contrast to the A-star algorithm. In the end,
the Dijkstra algorithm was also computed and gave us a 3.655% deviation compared to
our study. This was expected since the A-star algorithm has the Dijkstra procedure’s basis,
however, with a heuristic function implemented.

Table 3. Comparison between other geometric tortuosity algorithms with our study.

Pathfinding Methods Tortuosity τ Relative Deviation (%)

This study 1.2747 -
Pore centroid 1.3831 8.503

Skeleton (PoreSpy) 1.4109 10.685
Dijkstra 1.3213 3.655

4. Conclusions

An alternative method to compute several random porous media tortuosities with
porosities between 0.50–0.90 was developed in this study. The porous media were digitally
created with the help of the PoreSpy of Python library. These were combined with the
pathfinding algorithm A-star to search the best paths and compute the geometric tortuosity.
This method ensures an easy implementation to both study and test for further applications.
The test was performed following valid statistical analyses in the scientific field.

On the other hand, this study was compared with previous studies and different
algorithms to compute geometric tortuosity to guarantee the confidence of the values,
obtaining satisfying results. Once the tortuosity was obtained, correlations were generated
based on the calculated data. A total of 540 samples were randomly generated to allow for
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greater diversity in the study. The coefficient of determination metric was used to select the
best predictive correlation. Hence, the best correlation based on the fitting parameters with
a confidence interval of 95% is expressed with the power function. Finally, a possible step
forward in this work is the consideration of three-dimensional porous media. In addition,
the incidence of the geometric tortuosity of dead nodes, better defined as those nodes
where a path ends without reaching an exit, will also be considered.
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Appendix A. Determination of the Number of Samples

To determine the number of samples for each porosity value, a cumulative stan-
dard deviation (CSD) and standard error of the mean (SEM) analysis was performed [44].
Figures A1 and A2 show that the CSD is stabilized around the sample numbers 40 to 50.

Furthermore, the CSD for the first 20 consecutive samples is smaller than 0.006 and
0.0004, and the average calculation of the coefficient of variation (CV) for all samples is
around 0.45%.

Figure A1. CSD and SEM behavior of geometric tortuosity of calculated samples.
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Figure A2. Evaluation of the cumulative mean shows a trend as the number of samples increases.

Based on all samples’ SEM obtained, the whole population falls between 1.24 and 1.26,
with a 95% confidence level. In addition, the change in the cumulative average is shown in
Figure A3.

Figure A3. Geometric tortuosity variation as the number of samples increases.

As observed, the cumulative average decreases as the number of samples increases.
This result is expected compared to the law of large numbers (LLN) in experiments. The
solid line shows how the cumulative mean behaves for one sample generated n times. The
behavior can be represented with the following function:

f (n) = 0.006392 n−1.211 (A1)

According to Equation (A1), when the number of samples is high, the difference in the
consecutive values, i.e., actual and previous, of the cumulative mean tends to be zero.
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