Estadistica aplicada para ingenieros en MATLAB

Se presenta un curso que proporciona una base de Estadistica Aplicada para
Ingenieros. En el curso se desarrollan los fundamentos tedricos necesarios,
asi como su desarrollo con el programa informatico MATLAB, para tratar
temas tan importantes en la ingenieria como la estadistica descriptiva, las
funciones de probabilidad, las simulaciones o el ajuste de datos por
regresion.

En lo referente a su contenido, en cada tema se describen las funciones que
utiliza MATLAB y se resuelven distintos ejemplos. Ademas, al finalizar el
tema se proponen algunos problemas de ingenieria, cuya solucién se aporta
al final de la parte tedrica.
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1. File Inputs/Outputs
1.1 Inputs
1.2 Outputs



1.1 Inputs

» Importdata: to import data from files.

» a=importdata (‘data.txt’)
= a s a structure with fields: data, textdata, and

colheaders:
a= e data.txt
struct with fields:
e (62 double] cycles | stress

textdata: {'cycles' 'stress'} 200 2000000
colheaders: {'cycles' 'stress'} 420 856126
468 550000
= To read the fields: 250 186235
» X=a.data; 549 1256398

» nhames=a.colheaders: 246 359412



1.1 Inputs

> dimread: Read ASCII-delimited file of numeric data
INto matrix.

» a=dimread('data.txt',",R1,C1)

= start reading at row offset R1 and column offset C1.
For example, the offsets R1=0, C1=0 specify the first
value in the file.

» x:dlmread('data.txt',",

2nd row
15t column
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1.1 Inputs

» load: Load variables from file into workspace.
» a=load("'WANA_T 1052046");

» Xlsread: Read Microsoft Excel spreadsheet file.
» [num,txt,raw]=xIsread('data_xlc.xlsx','Sheet2');

" num contains numbers, txt contains strings, raw is
the entire cell array containing everything. ‘Sheet?2’
is the name of the sheet.



1.2 Outputs

» A=rand(10,4);
» save. Save workspace variables to file.

» save myData.mat A;

= Save all variables from the workspace in a binary
MAT-file

» save('pgfile.txt','A",'-ascil’);

= Save all variables from the workspace an ASCII file.



1.2 Outputs

» dimwrite: Write matrix to ASCII-delimited file.
» dimwrite('myFile.txt',A,'delimiter','\t','precision’,3);

= delimited by the tab character and using a precision
of 3 significant digits

» Xlswrite: Write Microsoft Excel spreadsheet file.
» XIswrite(‘'randomNumbers',A ,'Sheetl’);

= we specify the filename, the data and the sheet
name 6



1.2 Outputs

Other import/export functions, with differing degrees of
flexibility and ease of use, include csvread, csvwrite, fgets,

fprintf (which has an optional argument to specify a file),
fscanf, textread.
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2. Descriptive Statistics

2.1 Graphical Methods
2.2 Numerical Methods
2.3 Exercises
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2.1 Graphical Methods

» Histogram:

A histogram is a way to graphically represent the absolute frequency of a data

set. The absolute frequency of an event i represents the number ni of times
that a value appears within a given interval:

fabs,i= n;

t R 10000
=1 ni =Nt

8000 r
where Nt is the total size of the data.

Bin | Absolutefrequency Sl

0-1.42 m/s (bin width=1.42) 1647
1.42-2.84 m/s(bin width=1.42) 4753

(o]
o
o
o

absolute

2000 |

2.84-4.26 m/s (bin width=1.42) 7564

11



2.1 Graphical Methods

» Histogram:

The basic MATLAB package has a function for calculating and
plotting a histogram:

» histogram (X);
e computes the number of elements in the bin (absolute
frequency) with a uniform width.

» histogram (X, nbins);
* uses a number of bins specified by the scalar nbins

When vyou specify an output argument to the histogram function
(hist=histogram(X)), it returns a histogram object. You can use this object to
inspect the properties of the histograq\2 such as the number of bins or the
width of the bins.



2.1 Graphical Methods

» Histogram:

Example 2.1. Read the data in wana.txt. These data include sea
state parameters recorded every three hours from 1995 to 2011.
Represent the histogram of the wind velocity, and find the
number of bins, and the absolute frequencies.

3000

» data=dimread(‘wana.txt',",1,0);
» w=data(:,17);

» hist=histogram(w); S
» xlabel (‘'u_{wind} (m/s)"

1000 |

» ylabel (f_{absolute})

500 1
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2500

2000

uwind (m/s)

20 25



2.1 Graphical Methods

» Histogram:

» hist
Histogram with properties:
Data: [46661x1 double]

Values: [1x76 double]
NumBins: 76

BinEdges: [1x77 double]
BinWidth: 0.3000

BinLimits: [0 22.8000]

Normalization: 'count
FaceColor: 'auto’
EdgeColor: [0 0 0]

» hist. NumBIns
ans =76

» Fabs= hist.Values:
14



2.1 Graphical Methods

» Histogram:

Example 2.2. Represent the histogram of the wind velocity,
considering a number of bins N=16. After that, calculate the
relative frequency of the wind velocity, and its sum.

» Nbins=16; 10000
» figure() 8000 |
» hist2=histogram(w,Nbins);
» Xlabel (‘'u_{wind} (m/s)’)

» ylabel ('f_{absolute}')

» frel=hist2.Values./Nt; 2000
» sum(frel)

absolute
o
o
o
o

f

4000 r

ans=1 20

15

25



2.2 Numerical Methods

» Measures of central tendency: mean, median, mode.

| Function | Syntax | Description

Mean: average M=mean(A) returns the mean of the elements of A
or mean value

M=mean(A,dim) returns the mean of the elements of A
along dimension dim. Dim=1 (column),
Dim=2(row)
Median: M=mean(A) returns the median of the elements of A
median value
M=mean(A,dim) returns the median of the elements of A
along dimension dim
Mode: most M = mode(A) returns the mode of the elements of A
frequent values
M = mode(A,dim) returns the mode of the elements of A

elements along dimension dim
[M,F] = mode(__)
also returns a frequency array F



file:///C:/Matlab/r2016b/help/matlab/ref/mode.html#outputarg_M
file:///C:/Matlab/r2016b/help/matlab/ref/mode.html#outputarg_F

2.2 Numerical Methods

» Measures of central tendency: mean, median, mode.
Example 2.3. Calculate the mean, median, mode as well
as the number of times it occurs, of the wind velocity.

» M=mean(w)
M = 6.0865

» M=median(w)
M = 5.7000

» [M,F]=mode(w)

M= 5.5000

F= 688

17



2.2 Numerical Methods

» Measures of central tendency: mean, median, mode.
Example 2.4. Calculate the mean of the data included in
wana.txt along the columns (DIM=1), and represent the
different obtained values.

» data:dlmreadana.txt',",l,O);

» M=mean(data,1); =
» figure() \ 20007 @
» pIOt(M,IOI) column 1500 |

1000

500 1

0 ﬂﬂﬂﬂﬂﬂ 1 ) a )

18 0 5 10 15



2.2 Numerical Methods

» Quantile, percentile.
Function  |Syntax  |Descripion |

GUETCRGTERIES Y = quantile(X,p) returns quantiles of the values in data vector or

of a data set matrix X for the cumulative probability or
probabilities p in the interval [0,1]
Y = quantile(X,p,dim) returns quantiles along dimension dim
prctile: percentiles RN Jgadl=1) @) returns percentiles of the values in a data vector
of a data set or matrix X for the percentages p in the interval
[0,100]
Y = prctile(X,p,dim) returns percentiles along dimension dim.
I
A box plot helps to visualize these statistics: 2 i
- The tops and bottoms of each “box” are " |
the 25th and 75th percentiles of the samples, respectively. 101 |
- The line in the middle of each box is the sample median. 5 i
ol ==
» boxplot(x) : creates a box plot of the data in x 1

» boxplot(x,g) : creates a box plot using oncigor more grouping variables contained in g


file:///C:/Matlab/r2016b/help/stats/quantile.html#outputarg_Y
file:///C:/Matlab/r2016b/help/stats/quantile.html#inputarg_X
file:///C:/Matlab/r2016b/help/stats/quantile.html#inputarg_p
file:///C:/Matlab/r2016b/help/stats/quantile.html#outputarg_Y
file:///C:/Matlab/r2016b/help/stats/quantile.html#inputarg_X
file:///C:/Matlab/r2016b/help/stats/quantile.html#inputarg_p
file:///C:/Matlab/r2016b/help/stats/quantile.html#inputarg_dim

2.2 Numerical Methods

» Quantile, percentile.

Example 2.5. Calculate the quantile for the cumulative
probability 0.025, 0.25, 0.5, 0.75, 0.9, and the 2.5th, 25, 50t
75%,90t percentiles of the wind velocity. Represent the boxplot
of wind velocity, and find the median.

» pQ=[0.0250.25 0.50 0.75 0.90];,  ~ j

» Q=quantile(w,pQ)
Q=1.2000 3.5000 5.7000 7.9000 10.1400 | | M 16,08

» pY=[2.5,25,50,75,90]; e
» Y=prctile(w,pY) | S

Y =1.2000 3.9000 5.7000 7.9000 10.1400 ol L

1

» boxplot(w)

20



2.2 Numerical Methods

» Measures of the variation or dispersion of a set of
data values: variance, standard deviation.

V=var(A) returns the variance of the elements
of A

std: standard deviation. It [SEETe[lLY] returns the standard deviation of the
is the square of the elements of A

variance.

Example 2.6. Calculate the variance and standard deviation.

» V=var(w)
V=9.2242

» D=std(w)
D=3.0371
21


file:///C:/Matlab/r2016b/help/matlab/ref/var.html#inputarg_A
file:///C:/Matlab/r2016b/help/matlab/ref/std.html#inputarg_A

2.3 Exercises

1. Read the data in wana.txt. These data include sea state
parameters recorded every three hours from 1995 to
2011. Represent the histogram of the significant wave
height (column 5), considering a number of bins specified
by N=(1+3.3*log(Nt)), where Nt is the total size of the
data. Save the absolute frequency in binary MAT.file, in
ASCII file, and in Excel spreadsheed file.

Verify that the sum of the absolute frequencies is equal to
the total size of the data.

22



2.3 Exercises

2. Calculate the mean, median, mode, the quantile for the
cumulative probability 0.5, and the 50th percentile of the
significant wave height.

3. Calculate the standard deviation with the variance, and
verify that it is the same calculated with Matlab function
std.

4. Represent the annual variability of the significant wave
height with the boxplot. The data of years correspond to
the first column of the wana.txt.

23
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3.1 Introduction

The probability density function (f (x)) represents the ratio
of the probability that a value x is within an infinitesimal , 15 Probability Density Function
interval and the length of the infinitesimal interval | | |

0.17

fx(x) = Pr(x € (x;,x; + Ax)) /Ax

0.05¢

The cumulative distribution function (cdf) is defined as:

087
0.6
047

Fy (X)=Pr(X < x):_Ji f, (X)dx

027

25 0




3.2 Empirical Estimation

» The empirical probability density function could be estimated from the

histogram as:
f (X)=Pr(xe(x,X +Ax))/Ax

nl
fx(x) = Nt - Ax

The code will be the following:

» N=length(x)

» hist = histogram(x)

» n=hist.Values:;

» dx=hist.BinWidth,

» frel=n/N;

» pdf = frel./(dx);

» b= hist.BinEdges;

» Xc= (b(2:end)+b(1:end-1))./2;
» bar(xc,pdf)

26



3.2 Empirical Estimation

» The empirical cumulative distribution function could be estimated as the
cumulative sum of the relative frequency:

» cdf=cumsum(frel)

» Also it is possible to use a Matlab function:

» [f,x] = ecdf(y): returns the empirical cumulative distribution function f, evaluated at
the points in x, using the data in the vectory.

» [f,x,flo,fup] = ecdf(__ ): also returns the 95% lower and upper confidence bounds
for the evaluated function values.

27



3.2 Empirical Estimation

Example 3.1 Represent the cumulative distribution function and consider the
95% lower and upper confidence bounds of the wind velocity.

1

» [f,x,flo,fup] = ecdf(w);
» figure() 0s|
» plOt(X,f,lr|),hO|d on, ' —— Empirical \{vith ecdf
» plot(x,flo,'g--"),hold on os| — upper conidence bound
» plot(x,fup,'b--"), = |
» legend('Empirical with ecdf',... " oal
'lower confidence bound', ...
'upper confidence bound’) 02l
» Xlabel('u_{wind}(m/s)")
» ylabel('cdf') 0 .
0 5 10 15 20
u,.4(m’s)

28



3.3 Common Theoretical Distributions

3.3.1 Graphic User Interfaces

» To open the GUIs, click in APPS/Distribution Fit

“d\ MATLAB R2016b - academic use

ptation
. - Wy e =) )
E Distribution Fitting Tocl ﬁ E ﬁ V_\J -
Getlore Install Package  CurveFitng  Optimization PID Tuner System  Signal Analyzer  Image Instrument  MATLAB Coder  Application  Classification |  Distribution
File View Tools Window Help Apps App App Identification Acquisition Control Compiler Learner Fitting
- - - FILE ‘ APPS L
Q | S ‘iﬂ-? |.Im % <A E | L » © b Users » 304042 b Desktop b Matlab course » P
- | Current Folder Workspace ® | [ Editor - course.m @ X G Variables - x
Display type: Density (PDF) - Normal Name 4 Value +25 [ LECTURA COEFICIENTESZ.m ¢ | OPTIMIZACION dN_GLOBALm ¢ | objfun_anom | coursem | + |
HHa 26279 418 % modelfun = @(b,x) (b(1)-b(2)*exp(-b(3)*x));
] ] [H atfa 36,3813 419 $ XX=[1.40421428388900,1.77213828627408,0.948649954582016,2.10975789745717,1.2602
l Data... ] l New Fit... ] l Manage Fits... ] l Evaluate... ] [ Exciude... ] ans 200 420 % YY=[0.789676224611984,1.02461820257047, 0. 763580277487844,0.981271596328660,1.01
Hi b 05320 421 $Example 5.6 8
Ho [0.3000,0,6000,0.9000,0.3000,0.6000,... 422 x=[1.40,1.77,0.94,2.10,1.26,0.72,3.74,0.56,1.14,0.77,0.66,3.33,2.10];
1 EEq [-0.5229,-0.2218,-0.0458,-0.5229,-0 423 y=[0.78,1.024,0.76,0.98,1.01,0.61,0.87,0.32,0.81,0.69,0.31,0.92,0.98] ; =
T T T T T T T T tiLa [-1.3979,-0.6198,0.1612,-0.8861,-0. 424 i
s [-3,-2,-3,-2-2,-2,-1.3010,-1.3010,-1.... 425 fun = @(b,x) (b(1)-b(2) *exp(-b(3)*x)):
0g b | par [1.5609;2,6279;0.5320] 126 betal = [2;2;2];
8 Q [0.0400,0.2400,0.6900,0.1300,0.8200,... 427 [beta, R] = nlinfit(x,y,fun,betad):
%s [L.0000-03,1.0000¢-03 1 0000¢-03,.. 428 figure () ,plot (2,7, '0')
ol EEflf iﬁzoﬁu:leb' 429 xx=(min(x):0.01:max (x)) 7
- o xlf‘:tT 45136001 ot o0 R
'E 431 held on
HH xafit 16491 double
il HH xzFrT 4926001 double KNl I I r
EYHT 491x6001 doubie Command Window
size as P containing the lower and upper confidence bounds. o~
06
[...] = wbledf(...,'upper') returns the upper tail probability of
% i the Weibull distribution.
c 05 Select "Data” to begin distribution fitting
8 See also cdf, wblfit, wblinv, wbllike, wblpdf, wblrnd, wblstat.
04t 5 Reference page for wblcdf 3
03[ ) 7 -
021 1
o1 1
0 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 06 0.7 08 09 1




3.3 Common Theoretical Distributions

3.3.1 Graphic User Interfaces

» |Import data from workspace. o o |
- Click the Data button in the e ) Dat ree:
main window of the Distribution S m | prsrrsr——
Fitting Tool. Censoring: | (none) «| [ select Column or Row.
- Select the array containing the Frequency: | (none) ~ | [ select Colurmn o Row..
data you want to fit from drop- Tm s LD
down list in the Data field.
- Click Create Data Set. It is Manage data sets:

Mo data sets have been created

possible to change the
histogram bins by click the Set
Bin Rules button. Furthermore,
it is possible to display bounds
selecting Conf Bounds next to
de Data Set. L — - _

View Set Bin Rules Rename Delete

é
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3.3 Common Theoretical Distributions

3.3.1 Graphic User Interfaces e C—

» Creating a New Fit. e [T 5

- Click the New Fit button necg
- Select the distribution you want

to fit from drop-down list in the

Distribution button.
- Click Apply and the Results SanoEus

4| Distribution Fitting Tool

. Display type: |Density (PDF} i Normal Distribution: Weibull
panel displays the values of the o Ton T emm | [one | | o0 iietinooa: -1ssess
Domain: 0 <« v <« Inf

Mean: 6.08634

estimated parameters. - ‘ S [PV

M . -""7' =] I E im S5td. E .
- The main window of jeremeter Eevimere S

% B 2.10408 0.0075119

Distribution Fitting Tool displays S , cvinaces covariance of paranecer escimaces:
—‘%DDB’ / I, B

the empirical distribution with Pl | |
the theoretical distribution [ sovetowarpace. | [ MonsgeFis | [_close | [_Help |

0.04 1

E 3.7636%e-05 5.64287e-05




3.3.1 Graphic User Interfaces

3.3 Common Theoretical Distributions

» Display type.
Specify the type of plot displayed: pdf, cdf, quantile, probability plot (exponential,
extreme value, logistic, log-logistic, lognormal, normal, Rayleigh, weibull).

, :

File View Tools Window Help

, ,

File View Tools Window Help

NSRRI =T

R =

Display type:

Cumulative probability (CDF) | I Normal

Display type: |Quantie (iverssCOF) =] | Normal

Cumulative probability

-

o
©

o©
™

o
3

o
o

©
&)

©
=

o©
w

o
&

e
=

o

’ Data... H New Fit. H Manage Fits. . H Evaluate.. ” Exclude... ]

—— wdata
—WEBL b

Data

’ Data... ]’ Mew Fit... l i Manage Fits... ]’ Evaluate.. ]’ Exclude... ]

—— wdata
—WEL

Quantile

01 02 03 04 05 06 0.7 08 09
Probability
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3.3 Common Theoretical Distributions

3.3.1 Graphic User Interfaces

» Managing Fits.

It is possible to opens a new fit window (New fit button), create a copy of the
selected fit (Copy button), edit the fit (Edit button), or delete the selected fit
(Delete button). Furthermore, it is possible to display bounds for the fit selecting

Conf Bounds. — n— - .
P
EDistributionFiftingTocl "D = H ‘ -l—ableoffltsll—
File View Tools Window Help
B0 [EER Plot Confbounds MName Data set Distributicn
il WEL w data Weibull
l Data.. H New Fit... I[ Manage Fits... IH Evaluate... I[ Exclude... ]
0.
z
5 0 Select "Data" to begin distribution fitling
[=]
[ Mew Fit ] [ Copy ] [ Edit ] [ Save to workspace... ] [ Delete ]
0s [ Close ] [ Help ]
Dat:
33




3.3 Common Theoretical Distributions

3.3.1 Graphic User Interfaces

» Evaluating Fits.

- select the fit that you want to evaluate

- select the type of probability function you want to evaluate (pdf, cdf, quantile...)
- enter the vector of points at which you want to evaluate the function

- Itis possible to compute the confidence bounds

- Click Apply and the results of the evaluated function appeared on the right

- Click Export to Workspace allow saving results in the Workspace.

4| Distribution Fitting Toal =@ ® J - -
File View Tools Window Help 4\ Evaluate re— . E@éj
@AY ﬁ B Fit: X MUEC
Display type: |Densty (PDF) x| Distribution: |Normal WEL F(X) LB UB
[ I I — il — ]i[ = 5 04008 (039716 |0.40446
6 0.52841 0.52474 0.53209
7 064641 064293 064989
j j 8 0.74763 0.74446 0.75079
09 9 0.82866 0.82589 0.83141
10 088941 08871 0.89169
07
buﬁ Function: :Cumulati\re probability (C... v:
-% 0.5 Select "Data" to begin distribution fitting q I Atx= 5:1:10
[s]
Compute confidence bounds
0.3 B I Level 95 %
02 1 Apply
0.1 1 | .
DD DI‘I DTZ D.‘J 0‘4 0‘5 D.‘ﬁ D‘T D‘B 0‘9 1 34 I
Data ’ Export to Workspace... ] ’ Close ] ’ Help ]




3.3 Common Theoretical Distributions

3.3.2 Command Line Functions

The process to represent the theoretical distribution fitted to the data is to
estimate the parameter of the function, using the command function

name_of distribution_fit. After that, it is possible to represent it with the functions
name_of distribution_pdf or name_of distribution_cdf.

normfit normpdf normcdf
LogNormal lognfit lognpdf logncdf
wblfit wblpdf wblcdf
Generalized Extreme value gevfit gevpdf gevcdf
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3.3 Common Theoretical Distributions

3.3.2 Command Line Functions

Example 3.2. The wind speed follows a Weibull distribution. Find the fitting
parameters and calculate the probability that the wind speed is 22.6 m/s.

» parameters=wblfit(w);

» a=parameters(1);b=parameters(2);
» X=22.6;

»PpP= wblcdf(x,a,b)

P=1
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3.3 Common Theoretical Distributions

3.3.2 Command Line Functions

Example 3.3. Represent the empirical cumulative distribution function with the
theoretical cumulative distribution function of the wind speed supposed as a

Weibull distribution.
1 T T L

» [fe,X] = eCdf(W), O empirical
» W_Sort=Sort(W); 0.8 —theoretical
» ft=wblcdf(w_sort,a,b);
0.6
» figure() g
» plot(x,fe,'ro"),hold on 047
» plot(w_sort,ft,'b-")
» legend(‘empirical’,'theoretical’) 027
» Xlabel('u_{wind} (m/s)")
» ylabel('cdf’) 5 10 15 20 25
U ing (m/s)

37



3.4 Exercises

Estimate the probability density function and the cumulative distribution
function of the significant wave height, considering the relative frequency
values. Compare the cdf results with the Matlab function and consider the
95% lower and upper confidence bounds.

Find the best distribution function to the significant wave height using the
Graphic User Interface. The best fit will have the lowest value of the Log
likelihood. After that, evaluate the cumulative distribution function of the
median of the data, and the quantile for the cumulative probability 0.5

Represent the cumulative distribution function obtained in the Exercise 2, with
command line functions.

38
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4. Sampling
4.1 Direct Methods
4.2 Inversion Methods
4.3 Exercises
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4.1 Direct Methods

» Direct methods directly use the definition of the
distribution, and generate random numbers that are
uniformly distributed.

LEE normrnd
LogNormal lognrnd
WECTIR whirnd

Generalized Extreme F&Vigale
value

40



4.1 Direct Methods

Example 4.1. Represent the histogram of 1000 uniform
random variables obtained from a Weibull distribution
with scale parameter a= 6.8717, and shape parameter
b=2.1038.

» a=6.8717:b=2.1038;

» random=[1 1000]; %1 random sample of
size 1000

» R = wblrnd(a,b,random);
»[n,X]=hist(R);

» figure()

» bar(x,n)

» ylabel('frequency')

» Xlabel('sampling’)

250

frequency

0 5 10 15 20
sampling
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4.1 Direct Methods

Example 4.2. Generate 10 random samples of size 100, following
a hormal distribution with mean=0 and standard deviation=0.2.
Represent the 3™ random sample.

» m=10:n=100; X1,1 Xq1,2 0 eve e oe X1,100
» X=zeros(m,n);

» mu=0;sigma=0.2; X=

» for I=1:m %generate m random samples of X10,1 X10,2 ++ +++ ==+ =+ X10,100
size n

»  X(i,-)=normrnd(mu,sigma,1,n);
» end

o o o
N~ O

sampling
o

» figure()
» plot(x(3,:))
» ylabel('sampling’)

o
[N

<
~

42
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4.2 Inversion Methods

It uses the fact that the cumulative distribution function F(U) is uniform (0,1),
then we can obtain the desired random variable X from the following
relationship:

X=F1W
The inverse distribution function F-1(U) is obtained with the following functions:

INormal R
LogNormal Logninv
Weibull s VT

Generalized Extreme " F:E1\%
value

The general procedure for the inverse transformation method is:
- Generate a uniform random number of probabilities U, with the Matlab function

rand.
- Apply the desired inverse distribution flgnction.



4.2 Inversion Methods

Example 4.3. Generate a random sample of size 1000
from an exponential distribution for A=2.

» lam=2;

» n=1000;

» U=rand(1,n);

» X=expinv(U,lam);

44



4.2 Inversion Methods

Example 4.4. Plot the empirical cumulative distribution
function of the above results and compare it with the

exponential distribution function.
1

» X_sort=sort(X);

» cdf_rnd=ecdf(X_sort);

» lambda=expfit(X_sort);

» cdf=expcdf(X_sort,lambda);

0.8

» figure() - 067
» plot(X_sort,cdf,'ro") 3 |
» hold on 0418
» plot(X_sort,cdf rnd(2:end));

» ylabel('cdf’) 0.2 ]

» xlabel('sample’)

15 20
sample
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4.3 Exercises

1. Generate a random sample of size 2000 from the
distribution function obtained in the Exercise 2
(Probability Distributions). Use direct and inverse
methods, and calculate its median value.

2. Generate 100 random samples of size 1000,

following a normal distribution with mean=1 and
standard deviation=0.5.
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5.1 Simple Linear Regression

> p = polyfit(x,y,n): returns the coefficients for a polynomial p(x) of degree n that is a
best fit (in a least-squares sense) for the data in y. The coefficients in p are in
descending powers, and the length of p is n+1:

P(X)=p X +p X" 4. AP XD, .

Example 5.1. Generate 10 points equally spaced along a cosine curve in the
interval [0,2pi]. Use polyfit to fit a 7th-degree polynomial to the points.

» X = linspace(0, 2*pi,10);

» Y = Cc0S(X);
_ : p(x)=0x"+0.001x°®-
; E POIYRt(:y.7) 0.0187x5+0.1074x%-0.1181x-
0.3974x2-0.0327x+1

0.0000 0.0010 -0.0187 0.1074 -

0.1181 -0.3974 -0.0327 1.0000
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5.1 Simple Linear Regression

» Yy = polyval(p,x): returns the value of a polynomial of degree n evaluated at x. The
input argument p is a vector of length n+1 whose elements are the coefficients in
descending powers of the polynomial to be evaluated.

Example 5.2. Evaluate the previous polynomial and plot the results.

1.5

» x1 = linspace(0,2*pi); 1
» y1 = polyval(p,x1);

» figure()

» plot(x,y,'0") °f
» hold on

» plot(x1,yl)

0.5

-0.5




5.2 Multilinear Regression

> [b,bint,r] = regress(y,X):

* returns a vector b of coefficient estimates for a multilinear regression of the responses
in y on the predictors in X. Additionally returns a matrix bint of 95% confidence intervals
for the coefficient estimates, and a vector r of residuals.

e assume that a matrix X will contain a first column of ones that corresponds to an
“intercept” parameter beta.

» rcoplot(R, Rint): residuals plot. The residuals are the difference between the observed
values of the response (dependent) variable and the values that a model predicts
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5.2 Multilinear Regression

Example 5.3. Estimate the coefficients of a multiple linear regression, of
acceleration and displacement as predictors, and weight as the response of the

sample data: carsmall.

» load carsmall

» X1 = Acceleration;

» X2 = Displacement;

» y = Weight;

» X = [ones(size(x1)) x1 x2];

» b = regress(y,X)

» figure()

» scatter3(x1,x2,y,'filled");hold on

» x1fit = min(x1):1:max(x1);

» X2fit = min(x2):1:max(x2);

»[X1FIT,X2FIT] =meshgrid(x1fit,x2fit);

» YFIT = b(1) + b(2)*X1FIT + b(3)*X2FIT;

» mesh(X1FIT,X2FIT,YFIT)

» xlabel('Acceleration');ylabel('Displacement')
» zlabel('Weight') 51
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5.3 Non-Linear Regression

» Transform the variables to make the relationship linear.

N Function to Fit Vanable Substutution/Parameter Restoration
| vy=a/x+b v =1/x

2 v=b/(x+a) v = 1/v. a= !r'_.'xf. b=1/d

3 y = ab" V=Inv.a=e", b=¢

4 V= !H'l“ ‘I.'r = I".‘I'. .h —- I‘.'.".

5 v=o¢=be ™ v =In(c~v)

6 v = ax’ vV =Iny. 2 = Inx

7 v = axe™ v = In{y/x)

8  yv=c/(1+be™) vV =Inlc/v=1), b=¢"

9 v=alnx+b Y= lInx

Example 5.4. It is known that the data tabulated below can be modelled by the following
equation: y=a*x"b . Use the linear regression (polyfit) to determinate the parameters a and
b. Data:x = [10 20 30 40 50 60 70 80];y = [25 70 380 550 610 1220 830 1450];

» Ly=log10(y); Transform:

» Lx=log10(x); Ly=pp,1+p;LX.

» p = polyfit(Lx,Ly,1); Ly=log(y);Lx=log(x)
» b=p(1)=1.9842 - a=10"p,,;

» a=10"p(2)= 0.2741 b=p,



5.3 Non-Linear Regression

» Alternatively, try to fit a nonlinear function directly using either the Statistics
and Machine Learning Toolbox™ nlinfit function, the Optimization Toolbox™
Isqgcurvefit function, or by applying functions in the Curve Fitting Toolbox.

» X = Isgcurvefit(fun,x0,xdata,ydata): starts at x0 and finds coefficients x to best fit the
nonlinear function fun(x,xdata) to the data ydata (in the least-squares sense)

53



5.3 Non-Linear Regression

Example 5.5. Find the best fit to the data: x=[-36.7-19.6 -11.5-2.6 7.6 15.4 26.1

42.2 60.6 80.1]; y=[15 10 20 40 60 100 200 400 760]; with the equation log(Y)=A-

(B/x+273.15).Represent the results.

» function F=myfun(par,x)

» F=10."par(1)-(par(2)./(x+273.15)));

» end

» y=[15 10 20 40 60 100 200 400 760];

» Xx=[-36.7 -19.6 -11.5 -2.6 7.6 15.4 26.1 42.2 60.6 80.1];

» X0=[5;500];

»[par, resnorm, residual]=Isqcurvefit(@myfun,x0,X,y)

» figure(),plot(x,y,'0"),

» XX=(min(x):0.01:max(x));
» F=myfun(par,xx);

» hold on

» plot(xx,F)
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5.3 Non-Linear Regression

» [beta,R] = nlinfit(X,Y,modelfun,beta0): returns a vector beta of estimated coefficients
for the nonlinear regression of the responses in Y on the predictors in X using the model
specified by modelfun. The coefficients are estimated using iterative least squares
estimation, with initial values specified by beta0. Additionally returns the residuals, R.
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5.3 Non-Linear Regression

Example 5.6. Fit the nonlinear model y=a-b*exp(-c*x) with nlinfit and represent the
fitting results and the residuals for the data:
x=[1.40,1.77,0.94,2.10,1.26,0.72,3.74,0.56,1.14,0.77,0.66,3.33,2.10];
Y=[0.78,1.024,0.76,0.98,1.01,0.61,0.87,0.32,0.81,0.69,0.31,0.92,0.98];

» fun = @(b,x)(b(1)-b(2)*exp(-b(3)*x)); 0.15
» beta0 = [2;2;2]; 01!
»[beta, R] = nlinfit(x,y,fun,beta0) 005!

» figure(),plot(x,y,'0"),

» Xx=(min(x):0.01:max(x));
» F=fun(beta,xx);

» hold on

» plot(xx,F)

» figure(),plot(x,R,'0")

0.8

0.6

0.4

0.2

residual

-0.1F

-0.15

-0.2




5.4 Exercises

Use polyfit to fit a 1th-degree polynomial to the vectors x =[10 20 30 40 50 60
70 80],y=[2570380550 6101220 830 1450]. Represent the fit, and the
residuals. Based on your analysis predict y at x=50.

It is known that the data tabulated below can be modelled by the following
equation: y=a*x"b . Use non-linear regression (/sqcurvefit or nlinf function) to

determinate the parameters a and b.
x=[1020304050607080];y=[2570380550610 1220830 1450];
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5.4 Exercises

3. A material is tested for cyclic fatigue failure whereby a stress, in MPa, is applied
to the material and the number of cycles needed to cause failure is measured.
The results are below. Use nonlinear regression to fit a model (log N=A+B log S)
to this data. N=[1 10 100 1000 10000 100000 1000000]; S=[1100 1000 925 800
625 550 420].

4. The following data were collected for the steady flow of water in a concrete
circular pipe:

Experiment 1 2 3 4 5 6 7 8 9
Diameter 0.3 0.6 0.9 0.3 0.6 0.9 0.3 0.6 0.9
Slope 0.001 | 0.001 | 0.001 | 0.01 | 0.01 0.01 0.05 0.05 0.05
Flow 0.04 0.24 0.69 0.13 | 0.82 2.38 0.31 1.95 5.66

Use multiple linear regression to fit the following model to this data:

where Q=flow, D=diameter, and S=slope. Represent the observed and

predicted data.

Q = aD?® SP
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SOLUTIONS



DESCRIPTIVE STATISTICS

1. Read the data in wana.txt. These data include sea state parameters recorded every three hours
from 1995 to 2011. Represent the histogram of the significant wave height (column 5), considering a
number of bins specified by N=(1+3.3*log(Nt)), where Nt is the total size of the data. Save the
absolute frequency in binary MAT.file, in ASCII file, and in Excel spreadsheed file.

Verify that the sum of the absolute frequencies is equal to the total size of the data.

data=dlmread('wana.txt','',1,0);
H=data (:,5);

Nt=length (H) ;

Nbins=floor (1+3.3*1ogl0 (Nt)) ;
hist=histogram (H,Nbins) ;
values=hist.Values;

sum=sum (values)

Nt==sum

values=hist.Values;

save Fabsmat.mat wvalues

save ('Fabstxt.txt', 'values', '"-ascii')
xlswrite ('Fabsxls',values, 'Sheetl');

2. Calculate the mean, median, mode, the quantile for the cumulative probability 0.5, and the 50th
percentile of the significant wave height.

mean (H)

mode (H)
median (H)
quantile (H,0.5)
prctile (H, 50)

3. Calculate the standard deviation with the variance, and verify that it is the same calculated with
Matlab function std.

S=sqgrt (var (H))

S matlab=std (H)

4. Represent the annual variability of the significant wave height with the boxplot. The data of years
correspond to the first column of the wana.txt.

year=data(:,1);
boxplot (H, year)



PROBABILITY DISTRIBUTIONS

1. Estimate the probability density function and the cumulative distribution function of the
significant wave height, considering the relative frequency values. Compare the cdf results
with the Matlab function and consider the 95% lower and upper confidence bounds.

data=dlmread('wana.txt','',1,0);
H=data (:,5);

N=length (H) ;

histo = histogram (H) ;
n=histo.Values;
dx=histo.BinWidth;

frel=n/N;

pdf = frel./ (dx);

b= histo.BinEdges;
xc=(b(2:end)+b(l:end-1))./2;

figure ()

bar (xc,pdf) ;
xlabel ("Hs (m) ")
ylabel ('pdf'")
cdf=cumsum (frel) ;

figure ()
plot(xc,cdf, 'o-")
xlabel ("Hs (m) ")
ylabel ('cdf'")

[f,x,flo, fup] = ecdf (H);
hold on,

plot(x,f,'c"),

hold on
plot(x,flo, 'g--") ,hold on
plot(x, fup, 'b--"),

legend ('Empirical with frel', '"Empirical with ecdf',...
'lower confidence bound', 'upper confidence bound')

2. Find the best distribution function to the significant wave height using the Graphic User
Interface. The best fit will have the lowest value of the Log likelihood. After that, evaluate
the cumulative distribution function of the median of the data, and the quantile for the
cumulative probability 0.5

The best fit= Lognormal (Log likelihood=-45469.7)

The median of the data is H=1 m (calculated in Exercise 2 of DESCRIPTIVE STATISTICS). The
cumulative distribution function at H=1 m is 0.48517

Quantile at p=0.5 is H=1.02356

3. Represent the cumulative distribution function obtained in the Exercise 2, with command
line functions.

The best fit is the Lognormal. We find the parameters of the distribution model, and we calculate
the cumulative distribution function

[fe,x] = ecdf (H);
h sort=sort (H);



par=lognfit (h sort);
ft=logncdf (h_sort,par(l),par(2));

figure ()
plot(x,fe, 'ro'),hold on
plot (h sort, ft, 'b-")

legend?'empirical','theoretical')
xlabel ('H (m) ")
ylabel ('cdf')

SAMPLING

1. Generate a random sample of size 2000 from the distribution function obtained in the Exercise 2
(Probability Distributions). Use direct and inverse methods, and calculate its median value.

The distribution function is the Lognormal, so we define one random sample of size 2000 and we
generate the values from the Lognormal distribution using the parameters of the fitting calculated in
the Exercise 3:

random=[1 2000];

$direct
R = lognrnd(par(l),par(2),random) ;
median (R)

%indirect

Il=rand(1,2000);

I2=logninv (Il,par(l),par(2));
median (I2)

2. Generate 100 random samples of size 1000, following a normal distribution with mean=1 and
standard deviation=0.5.

We define an array of ceros with m rows and n column, where m=number of random samples; and
n= size of the variables.

For each row or random sample, we are going to generate n values following a normal distribution.

m=100;n=1000;
x=zeros (m,n) ;
mu=1;sigma=0.5;
for i=1:m
%X (i, :)=normrnd (mu, sigma,l,n);
end



REGRESSION ANALYSIS

1. Use polyfit to fit a 1th-degree polynomial to the vectors x = [10 20 30 40 50 60 70 80], y = [25
70380 550 610 1220 830 1450]. Represent the fit, and the residuals. Based on your analysis
predict y at x=50.

x = [10 20 30 40 50 60 70 80];
y = [25 70 380 550 610 1220 830 1450];

p = polyfit(x,y,1);

figure (),

plot(x,y,'o")

hold on
xx=(0:0.1:max(x));yy=p(2)+p(l) .*xx;
plot (xx,vyVy);

yfit=polyval (p, x);
yres=y-yfit;
figure(),plot (x,yres)
legend ('residuals')

ypredict = polyval (p, 50);

2. ltis known that the data tabulated below can be modelled by the following equation:
y=a*x"b . Use non-linear regression (Isqcurvefit or nlinf function) to determinate the
parameters aand b. x=[10 20 3040 50 60 70 80]; y = [25 70 380 550 610 1220 830 1450];

We define the function:
function F=myfun2 (par, x)

F=par (1) *x."par (2) ;
end

We apply Isqgcurvefit:

x = [10 20 30 40 50 60 70 80];

y = [25 70 380 550 610 1220 830 14501];

x0=[5;2];

[par, resnorm, residual]=lsgcurvefit (@myfun2,x0,x,vy)
a=par(1)

b=par(2)

We use nlinf

clear all

fun=0@ (par,x) par(l)*x.”"par(2);
x0=1[2;2];

x = [10 20 30 40 50 60 70 807;

y = [25 70 380 550 610 1220 830 1450];



[beta, R] = nlinfit(x,y,fun,x0)
a=beta(1)

b=beta(2)

3. A material is tested for cyclic fatigue failure whereby a stress, in MPa, is applied to the
material and the number of cycles needed to cause failure is measured. The results are
below. Use nonlinear regression to fit a model (log N=A+B log S) to this data. N=[1 10 100
1000 10000 100000 1000000]; S=[1100 1000 925 800 625 550 420].

stres=[1100 1000 925 800 625 550 420];
cycle=[1 10 100 1000 10000 100000 1000000];

figure ()
loglog(cycle, stres,

IOI)

S=@Q(a,x) (10%a(l)./x).~(1/a(2));
betal0=[13,2];

beta = nlinfit(cycle,stres,S,betal);

hold on

N=[min (cycle) :100:max (cycle) ];
St=S (beta,N);

loglog (N, St)

grid on

4. The following data were collected for the steady flow of water in a concrete circular pipe:

Experiment 1 2 3 4 5 6 7 8 9

Diameter |0.3 |06 |09 |03 |0.6 0.9 0.3 0.6 0.9
Slope 0.00 |0.00 (0.00 |0.0 |O0.01 |0.01 |0.05 |0.05 |0.05

Flow 0.04 |0.24 (0.69 |0.1 |0.82 |238 |031 |195 |5.66

Use multiple linear regression to fit the following model to this data:
Q =aDasP

where Q=flow, D=diameter, and S=slope. Represent the observed and
predicted data.

We apply this expression:

logQ =loga+alogD +blog$

[0.3 0.6 0.9 0.3 0.6 0.9 0.3 0.6 0.9];
[0.001 0.001 0.001 0.01 0.01 0.01 0.05 0.05 0.05];
[0.04 0.24 0.69 0.13 0.82 2.38 0.31 1.95 5.661;

D
S
Q



LD=1ogl0 (D) ;
LS=10gl0(S) ;
L0=10gl0(Q);

X = [ones(length(LD),1) LD' LS'];
par = regress (LQ',X)

figure ()

scatter3(D,S,Q, 'filled")

hold on

x1fit = min(D) :0.0001:max (D) ;
x2fit = min(S) :0.0001:max(S) ;
[X1IFIT,X2FIT] = meshgrid(xlfit,x2fit);
alfa=10"par (1) ;

a= par(2);

b=par (3);

YFIT = alfa*X1FIT. a.*X2FIT. b ;
mesh (X1FIT,X2FIT,YFIT)

xlabel ('Diameter'")

ylabel ('Slope')

zlabel ('"Flow')
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