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Abstract

The objective of this study is to characterize the knowledge of mathematics teachers in initial training
(MTITs) at the Universidad Nacional (Costa Rica) on the logic-syntactic and mathematical aspects involved in
proving, when evaluating mathematical arguments. The research is positioned in the interpretive paradigm
and has a qualitative approach. It consists of two empirical phases: in the first, a questionnaire regarding
logic-syntactic aspects was applied to 25 subjects, during the months of September and October 2018 and;
in the second phase, a second questionnaire covering mathematical aspects was applied to 19 subjects,
during the months of May and June 2019. For the analysis of the information, knowledge indicators were
proposed. Knowledge indicators are understood as phrases to determine evidence of knowledge in the
responses of the subjects. It was appreciated that the vast majority of future mathematics teachers show
knowledge to discriminate when a mathematical argument corresponds or not to a proof by virtue of the
logicand syntactic aspects, and of mathematical elements associated with propositions with the structure of
universal implication. In general, subjects displayed greater evidence of knowledge on the logic-syntactic
aspects than on the mathematical aspects. Specifically, they evidenced that consideration of a particular
case or the proof of the reciprocal proposition does not prove the result; likewise, subjects evidenced
knowledge about the direct and indirect proof of the universal implication. In the case of the mathematical
aspects considered as hypotheses, axioms, definitions and theorems, it was appreciated that subjects could
have different levels of difficulties to understand a proof.
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Resumen

El objetivo de este estudio es caracterizar el conocimiento de profesores de matematicas en formacién inicial en la
Universidad Nacional de Costa Rica sobre aspectos ldgico-sintacticos y matematicos de la demostracién, al evaluar
argumentos mateméticos. La investigacion se posiciona en el paradigma interpretativo y tiene un enfoque
cualitativo. Consta de dos fases empiricas: en la primera, se aplicé un cuestionario sobre los aspectos ldgico-
sintdcticos a 25 sujetos, durante los meses de setiembre y octubre de 2018 y, en la sequnda, un cuestionario
sobre los aspectos matematicos a 19 sujetos, durante los meses de mayo y junio de 2019. Para el anlisis de la
informacion, se propusieron indicadores de conocimientos, entendidos como frases para determinar evidencias
de conocimientos en las respuestas de los sujetos. Se aprecié que la gran mayoria de los futuros profesores
de mateméticas evidencian conocimiento para discriminar cudndo un argumento matematico corresponde o
no a una demostracion en virtud de los aspectos I6gicos y sintacticos, y de elementos matematicos asociados
a proposiciones con la estructura de la implicacién universal. En general, brindaron mayores evidencias de
conocimiento sobre los aspectos ldgico-sintdcticos que sobre los aspectos matematicos. Concretamente,
evidenciaron que un caso particular o la prueba de la proposicién reciproca no demuestra el resultado; asimismo,
evidenciaron conocimiento sobre la demostracién directa e indirecta de la implicacién universal. En el caso de los
aspectos matematicos considerados como las hipétesis, los axiomas, las definiciones y los teoremas, se apreci6
que podrian tener diferentes niveles de dificultades para comprender una demostracién.

Palabras clave: Conocimiento del profesor de matematicas; demostracion matematica; formacién inicial
de profesores de matematicas.

Resumo

Este estudo teve como objetivo caracterizar o conhecimento de professores de matematicas em formacéo
inicial na Universidade Nacional da Costa Rica sobre aspectos Idgico-sintaticos e matematicos da
demonstragdoao avaliarargumentos matematicos. A pesquisa estd posicionada no paradigma interpretativo
e tem um enfoque qualitativo. Consiste em duas fases empiricas: na primeira foi aplicado um questionario
sobre os aspectos I6gico-sintaticos a 25 sujeitos, durante os meses de setembro e outubro de 2018 e, na
segunda, um questiondrio sobre os aspectos matematicos a 19 sujeitos, durante os meses de maio e junho
de 2019. Para a andlise das informagdes foram estabelecidos indicadores de conhecimentos, entendidos
como frases para determinar evidéncias de conhecimentos nas respostas dos sujeitos. Constatou-se que a
grande maioria dos futuros professores de matematicas evidencia conhecimento para discriminar quando
um argumento matematico corresponde ou ndo a uma demonstragao em fungdo dos aspectos légicos e
sintaticos, e de elementos matematicos associados as proposicdes com a estrutura da implicagao universal.
Em geral, foram fornecidos maiores evidéncias de conhecimento sobre os aspectos légico-sintaticos do
que sobre os aspectos matematicos. Concretamente, evidenciaram que um caso particular ou a prova da
proposicdo reciproca ndo demonstra o resultado; da mesma forma, evidenciaram conhecimento sobre a
demonstragdo direta e indireta da implicacdo universal. No caso dos aspectos mateméticos considerados
como as hipdteses, os axiomas, as definicées e os teoremas, percebe-se que poderiam ter diferentes niveis
de dificuldades para compreender uma demonstracdo.

Palavras-chave: Conhecimento do professor de matematica; demonstracdo matemética; formacdo inicial
de professores de mateméticas.
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Introduction

Proofs are relevant in mathematics
and school mathematics. In mathematics,
the discovery and prove of new theorems
is at the highest level of research, yet there
is no generalized definition accepted with-
in the mathematical community. In general,
there are two main conceptualizations, one
approaching the realm of logic that con-
siders proofs as a sequence of mathemati-
cal propositions and the other close to the
practice of mathematicians, where semantic
and informal aspects have more relevance,
thereby considereing proofs more as argu-
ments to convince experts of the validity of
a theorem by emphasizing on the explana-
tion of veracity (Cabassut et al., 2012; Han-
na and De Villiers, 2012; Tall et al., 2012).

In school mathematics there exists
also the debate between the logic-syntac-
tic and semantic aspects of proofs. In some
countries, mathematical proving appears
in the curriculum as explicit teaching con-
tent, while in others as a process standard
that must be addressed in the different top-
ics. There is international consensus on its
importance in the training of students at all
educational levels, because it favors the un-
derstanding of mathematics and the process-
es to develop, establish and communicate
mathematical knowledge. In particular, it
is advocated to propose tasks to students in
which exploration, validation and interpre-
tation generate the need for comprehension,
in addition, it is considered important that
they confront unexpected results, presenting
ambiguities and contradictions to provoke
in them the urgency for mathematical prov-
ing (Cabassut et al., 2012; Durand-Guerrier
et al., 2012a; Mariotti, 2006; NCTM, 2003;
Stylianides, 2007; Stylianides et al., 2017;
Zaslavsky et al., 2012).
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In the case of secondary education
in Costa Rica, the mathematics curriculum
contemplates the process of “reasoning and
argumentation” in students. Mathematical
proving is considered as a formal phase of
argumentation and plays a relevant role in
the formulation of conjectures (Ministerio
de Educacion Publica, 2012).

To address mathematical proving in
the secondary education curriculum, as con-
tent or as a process, this topic matter must
be part of the knowledge required by math-
ematics teachers for their teacher perfor-
mance. In addition to apprehending the con-
tents and their relationships, teachers must
know how mathematical knowledge and
the syntactic rules of the discipline are pro-
duced (Flores-Medrano et al., 2016). In the
case of mathematical proofs, teachers must
possess specific knowledge that includes
knowing about their nature, about their log-
ic and syntactic aspects and; about mathe-
matical aspects, as well as being aware of
the role that mathematical proving plays in
the discipline of mathematics. Furthermore,
teachers must hold specific pedagogical
knowledge for the teaching of proving, that
is, knowledge of all the elements that enable
this topic matter to be tough in school math-
ematics (Buchbinder and McCrone, 2018;
Cabassut et al., 2012; Durand-Guerrier et
al.,2012b; Knuth, 2002; Lin et al., 2012; Lo
and McCrory, 2009; Pietropaolo and Cam-
pos, 2009; Tabach et al., 2009).

Nonetheless, in some investigations it
has been detected that mathematics teachers
exhibit complex and different conceptions
about proofs (Montoro, 2007). All studies
point to the importance of mathematical
proofs in mathematics (Ayalon and Even,
2008; Ramos et al.,2015; Viseu et al.,2017),
however, there are different points of view
regarding their role in school mathematics
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(Crespo and Ponteville, 2005; Ramos et al.,
2015). Likewise, some teachers show a re-
duced vision on the nature of proofs, exhibit
deficiencies in the involved mathematical
knowledge (Martinez-Recio, 1999; Knuth,
2002; Vicario and Carrillo, 2005), present
empirical arguments as if they were proofs
(Flores, 2007; Stylianides and Stylianides,
2009) and base their conviction on external
entities rather than their own knowledge
(Lin et al., 2012).

Along this line, the objective of the
present study is to characterize the knowl-
edge of mathematics teachers in initial
training (i.e., MTITs), belonging to the un-
dergraduate program Bachillerato y Licen-
ciatura en la Ensefianza de la Matematica
(translated as Bachelor and Licentiate Pro-
gram in Mathematics Teaching) at the Uni-
versidad Nacional (UNA) in Costa Rica,
on the mathematical practice of proving.
Since mathematical proving knowledge can
encompass several components, and the re-
search subjects (i.e., participants, MTITs)
are at a final stage in their formative pro-
gram and, therefore, have little profession-
al experience, this research was limited to
“mathematical knowledge”, specifically, to
knowledge on the logic-syntactic and math-
ematical aspects involved in the evaluation
of mathematical arguments.

The present work is contextualized
within the line of research on the training
of mathematics teachers and is part of the
greater research group “FQM 193. Didac-
tics of Mathematics. Numerical Thinking”.
The work specifically deals with the topic
of mathematical knowledge evidenced by
MTITs regarding the mathematical practice
of proving from the perspective of teacher
performance. Its contribution to this area of
research lays in providing inputs that can
favor the manner in which mathematical
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proving is approached in the curricular plan
of MTITs at the Universidad Nacional
in Costa Rica, and similar initial training
plans elsewhere, and realizes a theoretical
contribution in the construction of gaug-
ing components for the study of the state of
knowledge of MTITs regarding mathemat-
ical proving, particularly through the use
of knowledge indicators for logic-syntactic
and mathematical aspects.

Theoretical framework

The study of the professional knowl-
edge evidenced by mathematics teachers is a
focus of interest in research in Mathematics
Education. Notable works conducted in the
eighties are those of Elbaz (1983) and Shul-
man (1986), the investigations carried out by
the International Group for the Psychology
of Mathematics Education (IGPME) (Pon-
te and Chapman, 2006), and the theoretical
perspectives on knowledge, as well as beliefs
within teaching and teacher performance of
mathematics teachers described in the The
Handbook of Mathematics Teacher Educa-
tion (Sullivan & Wood, 2008).

To study the specialized knowledge
on mathematical proving possesed by
mathematics teachers, interest centers then
around knowledge on mathematical tasks,
that is to say, the way in which knowledge
is produced in mathematics (Carrillo et al.,
2018; Flores-Medrano et al., 2016). Thus,
to carry out the present research, it was con-
sidered pertinent to have a theoretical model
of the knowledge evidenced by mathemat-
ics teachers that would include mathemati-
cal proving within a category of knowledge.
The Mathematics Teacher’s Specialized
Knowledge (MTSK) model considers this
type of knowledge as part of mathematical
knowledge owned by mathematics teachers
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and assigns a subdomain within it, denomi-
nated Knowledge of Practices in Mathemat-
ics (KPM) (Carrillo et al., 2018).

The model takes an analytical ap-
proach with the purpose of obtaining infor-
mation about the teacher’s knowledge, par-
ticularly about the elements that compose it
and their interactions. For this, two domains
are considered: (1) mathematical knowledge
and (2) pedagogical content knowledge
(Carrillo et al., 2018). The object of prac-
tice in the context of the present research is
mathematics itself and, therefore, the inter-
est is focused on its operation and not on the
process of its teaching. Mathematical prac-
tice is understood in the sense indicated by
Carrillo ef al. (2018) as any mathematical
activity carried out in a systematic way, that
is fundamental in the creation of mathemat-
ical knowledge and that posseses a logic ba-
sis that allows the derivation of rules.

According to Carrillo et al. (2018),
“Knowledge of Practices in Mathematics
(KPM)” can be general or topic specific.
General “mathematical practice” refers to
the teacher’s knowledge on how mathemat-
ics is developed in a generic manner and
independent of particular topics. “Specific
mathematical practice” is a particular case
of ), “Knowledge of Practices in Mathe-
matics (KPM)” and is associated with the
particularities of the mathematical topic in
question. In this research, it is considered
that knowledge of the logic and syntactic
aspects of mathematical proving is attended
by general mathematical practice since, as
indicated by Carrillo et al. (2018), it encom-
passes the knowledge of the meaning of the
necessary and sufficient conditions, the type
of proof to guarantee the veracity of a math-
ematical statement, the various argumen-
tative practices, among others. Likewise,
knowledge about the mathematical aspects
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of proving is considered by specific math-
ematical practice, since not only is general
logic-syntactic knowledge required, but it
also considers the mathematics involved in
the propositions and their proofs.

To characterize the knowledge on
logic and syntactic aspects of mathemat-
ical proving evidenced by MTITs at the
Universidad Nacional in Costa Rica, three
elements of logic validity have been con-
sidered, which were specified based on the
conceptual analysis of mathematical proofs
(Alfaro, Flores and Valverde, 2019): (1)
type of proof, (2) type of quantifier and
(3) the type of logic connective. Regard-
ing the mathematical aspects of proving, it
must be considered that mathematical the-
ories are hypothetical and are made up of
propositions of the “if — then” form which
means that mathematical proving requires
rigor. The axioms, hypotheses, definitions
and theorems involved must be under-
stood and applied in their exact meanings
(Cabassut et al., 2012). In a formal theory
or mathematical system, three fundamental
elements are distinguished: (1) axioms, (2)
definitions and (3) theorems (Cabassut et
al., 2012; Garrido, 1991; Patterson, 1950;
Roberts,2010).

Methodology

The present work is positioned in the
interpretive paradigm and has a qualitative
approach because the object of interest is
the interpretation of the meanings that the
subjects (i.e., participants, MTITs) attri-
bute to their actions (Bryman, 2012; Cohen,
Manion and Morrison, 2007; Rodriguez,
2003; Sandin, 2003). It consists of two
empirical phases aimed at characterizing
the knowledge of MTITs at the Universi-
dad Nacional, regarding: (1) the logic and
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syntactic aspects of mathematical proving,
which correspond to the “logic validity” of
mathematical proofs and (2) the mathemat-
ical aspects of proving, which correlate to
the “mathematical validity” of proofs.

The undergraduate program in Math-
ematics Teaching at the Universidad Nacio-
nal is a joint program, the School of Math-
ematics offers the mathematical component
and the Division of Educology provides the
pedagogical component. Upon completion
of a 4-year academic curriculum, students
obtain the degree of Bachelor extendable to
an optional Licentiate degree upon achieve-
ment of three additional semesters and the
preparation of a final graduation project.
In phase 1 of the study, 25 MTIT subjects
participated, of which 18 were enrolled in
the fourth and final year of the bachelor pro-
gram and were thus denominated Bachelor
Group (BG); 7 subjects were enrolled in the
optional licentiate program and were iden-
tified as the Licentiate Group (LG). Both
groups constituted the entire population of
enrolled and active students at the corre-
sponding academic levels during the second
semester of 2018. In phase 2 of the study,
19 MTIT subjects participated, 12 were en-
rolled in the fourth year (BG) and 7 in the
fifth year (LG), similarly, both groups cor-
responded to the entire enrolled and active
student body at the corresponding academic
levels during the first semester of 2019. Of
the 12 subjects enrolled in the fourth year,
11 participated in phase 1. All 7 subjects en-
rolled in the fifth year had previously partic-
ipated participated in phase 1 of the study.
Subjects were coded using the letter “S” to
indicate that they were undergraduate stu-
dents; “B” bachelor or “L” licentiate; letters
“M” and “W” designate man and woman,
respectively; bachelor subjects were num-
bered 01 to 19 and licentiate from 01 to 07.
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All research subjects have approved the
academic courses contempleted in the pro-
gram’s curriculum thus demonstrating pro-
ficiency in mathematical propositions.

Information gathering

For collecting information in phases
1 and 2, two questionnaires were elabo-
rated. Questionnaire 1 denominated “logic
validity in the evaluation of mathematical
arguments” was applied in September and
October 2018 and questionnaire 2, “math-
ematical validity in the evaluation of math-
ematical arguments”, was applied in the
months of May and June 2019, both with an
approximate duration of one hour. In each
case, subjects completed the questionaires
individually during the schedules assigned
to the enrolled courses. Prior to their ap-
plication, questionnaires were reviewed by
three Mathematics Education specialists
who were chosen for their training in math-
ematics and mathematics didactics, in ad-
dition to their extensive knowledge of the
educational context of the research subjects
(MTITS).

The creation of both questionnaires
contemplated elements from the theoretical
framework of logic and mathematical va-
lidity knowledge involved in mathematical
proving. In the case of questionnaire 1, re-
search subjects had to evaluate the way to
proceed in proving proposition P: Any real
number satisfies that, if it is positive, then
the sum of it and its multiplicative inverse is
greater than or equal to two (Winicki-Land-
man, 1998). This proposition was used by
Knuth (2002) in his research with 16 math-
ematics teachers where he presented them
with an argument that proved the recipro-
cal predicate. In questionnaire 1, in addi-
tion to the argument on the reciprocal, three
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additional arguments were included, one
considers a particular case and the other two
present a direct proof and proof by reduc-
tion to absurdity. In this way, the question-
naire consists of four tasks. In addition, the
veracity of said proposition was indicated.
Table 1 provides each of the mathematical
arguments presented with the tasks.
Questionnaire 2 consists of four
tasks. In each of them, a mathematical
proposition and a mathematical argument
are presented to guarantee their validity.
The first three arguments have errors with
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respect to mathematical aspects, specifi-
cally, in the first task, an inappropriate use
is made of the “hypothesis” of the mathe-
matical proposition; in the second, the im-
proper use of an “axiom” and in the third,
the improper use of “definitions”. In the
event that subjects (i.e., MTITs) would
detect errors, they were asked to indicate
what modifications they would apply to the
argument to convert it to a mathematical
proof. Table 2 provides each of the mathe-
matical propositions and mathematical ar-
guments presented in the tasks.

Table 1. Mathematical arguments involved in the tasks of questionnaire 1

Task Mathematical argument
;‘askfllz) Consider the real number (2 —v/3). It is clear that (2 — v3) > 0. Additionally, (2 —v3) +
1‘00. ya 1 (2=v3)°+1 _ 4-4y3+3+1 _ 4(2—3)

particular case s R S e S
Since it is true that 4 > 2, hen the validity of the proposition P is guaranteed.

Task 2: Consider any real number x. Suppose true that the sum of this number and its multi-

Proof of reciprocal plicative inverse is greater than or equal to two, that is, (x + 1)
thus = — 2 > 0. Performing a substraction on the left side of the 1nequa11ty results in
M > 0 which on rearranging and factoring the fraction’s numerator, one arrives
at %2 > 0. Because &= xl) > 0 is true and, additionally, (x — 1)* > 0 is also true, it is
concluded that x > 0. Consequently, the proposition P is true.

Task 3: Consider any real number x. Suppose true that the number is positive, that

Direct proof of is, x > 0. It must be guaranteed that the sum of this number and its multi-

Fhe u.mv?rsal plicative inverse is greater than or equal to two, namely (x + l) > 2. Indeed,

implication ) *
x+l_2=x +1_2=x2+1—2x=x2—2x+1=(x—1)2 . ) . .

. . - - + - Since (x — 1)* > 0 is true and, addi-
tionally, x > 0 then it is true that —— = 1) > 0. Therefore, it is true that (x + i - 2) > 0and
thus, necessarily, (x + ;) > 2 olds true, as it was intended to demonstrate. Consequent-
ly, proposition P is true.

Task 4: Suppose that there exists a real number x that satisfies being positive and that the
Pr?of of tl.le .. sumofitand its multiplicative inverse is less than two, that is, x > 0 and (x + l) <2
universal lmphcatlon 1 1 x2+1 x2+1-2x x2—2x+1x (x—1)?
by reduction to Thus(x+——2)<0 On the other hand, x +-—2 = —2=— ==
absurdity . Consequently, —— &1 < 0 and since x > 0 it must necessarily be true that (x — 1)* <0.

Since it is true that (x — 1)* > 0 then the proposition (x — 1)* <0 A (x — 1)* > 0) is true,
however, it is certain that it is false. Consequently, proposition P is true.

Note: Own source from the present investigation.
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Table 2. Mathematical propositions and arguments involved in the tasks of questionnaire 2

Task and mathematical Mathematical argument
proposition

Task 1: partial use of the ~ Suppose we have @, b, ¢ € R such that a # 0 y (b* — 4ac) > 0. It
non-negative discriminant must be demonstrated that 3x € R (ax> + bx + ¢ = 0). Consider the

hypothesis -b 5 -b\? —b
Pl:I[fa, b c€R aresuch  real number x =27 Then ax +tbhx+c=a (z) +b (Z) tc=
> 2 2 2_5p2 —(p2—
thata#0and (b*—4dac) 20, b2 _ 122 . _ bP-2bPedac  —(Poted) h o 4400 > 0 as hy-
then (ax? + bx + ¢ = 0) 4a o 2a da . da
’ pothesis, it can be particularly assumed that (5> — 4ac) = 0 and thus
—(b?%-4 - -b
ax?*+bx+c= % =2=y Hence, the real number X = — sastisfies
. a 4a 2a
existence.
Task 2: improper use of Suppose that m, n € Z such that m divides n and vice versa. It must be shown

the axiom of existence of  that |m| = |n|. Indeed, since m divides n and vice versa, then, there are two inte-
the multiplicative inverse  gers p, ¢ such that (1) m =n - p and (2) n = m - q. By substituting (1) in (2) it
P2: If'm, n € 7 are such that follows that n = (n - p) - ¢, and thus by multiplying both sides of the equality
m divides n and vice versa, by n! we have that p - ¢ = 1. Since p and g are integers, it follows that p =

then |m| = |n|. g=1orp=g=-1.1f p=¢g =1, then substituting in (1) we have m = n and,
consequently, |m| = |n|. In either case, it is guaranteed that |m| = |n|.

Task 3: improper use of Suppose we have m, n € Z such that m y n s are odd numbers. It must be

the definitions of odd and  shown that m + n is an even number. Indeed, since m y n are odd numbers,

even integer then, according to the definition of odd number it follows that there exists two

Ifm, n € Z are such that m  integers p, g such that (1) 2m + 1 =p and (2) 2n+ 1 =¢. Then 2m + 1) + (2n
and n are odd numbers, then + 1) =p + g and in this manner it follows that 2m +2n 2 =p + g, hat is, 2(m +
m + n is an even number. n)=p+q-2.Letj=p+q—2andsincep, g, 2 € Z thenj € Z. Thus 2(m + n)
=j, where j € Z which, according to the definition of even number, guarantees
that m + n is an even number.
Task 4: proper use of hy-  Suppose we have any triangle A4BC in Euclidean geometry. It must be shown
potheses, axioms, defini- that the sum of the measures of its interior angles is 180 degrees, that is, m
tions and theorems in the 24 + msB + m«C = 180°. Indeed, since point B does not belong to line AC
proof of the theorem of the then, by virtue of the parallel postulate, a unique line L exists that contains B
sum of the measures of the and is parallel to line AC. Consider the following figure illustrating the above
interior angles of a triangle description:
in Euclidean geometry

In any triangle in Euclidean ’
geometry the sum of the
measures of the interior . .

angles of a triangle is 180

degrees. That is, given any
triangle A4ABC, it is true that Let D y E be two points on linei such that D — B — E and the points 4 and

msA+mzB+meC=180° D are on the same side of line BC. Since point 4 is contained within angle £
DBC, it follows that m£DBC = m£DBA + m£ABC .Also, m£DBC + m£CBE
=180°, since both angles form a linear pair. In this way we have that m£DBA+
msABC m£CBE =180° (*). On the other hand, m£DBA = m£BAC since the
angles are alternate interior angles between parallels. Furthermore, m£DBA
= m<£BAC because they are also alternate interior angles between parallels.
Substituting in (*) we obtain that m£BAC+ ms£ABC + m£BAC =180° which is
equivalent to mzA + msB + msC = 180°.

Note: Own source from the present investigation.
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Methodological aspects of informa- case, (2) proof of reciprocal, (3) direct
tion analysis proof of the universal implication, and (4)
proof of the universal implication by re-
duction to absurdity. Based on the study
of each of the four arguments, knowledge
indicators were generated which are phras-
es to ascertain evidence of knowledge in
the subjects’ responses. Such indicators are
presented in Table 3.

The responses of each subject were
thoroughly reviewed, and coded 1 or 0
for presence or absense of knowledge in-
dicators, respectively. Additionally, the
responses, and a synthesis of them, that
could not be classified by such indica-
tors were recorded. The procedure fol-
lowed for coding subject responses that
gave rise to the results is illustrated for
Task 1—proof by a particular case. The

Information collected from both
questionnaires was examined by content
analysis which is a scientific research
technique for making replicable and val-
id inferences from texts (or other mean-
ingful matter) to the contexts of their use
(Cohen, Manion, y Morrison, 2007; Krip-
pendorftf, 2004).

To analyze the responses of the
subjects of questionnaire 1, the syntactic
structure of the given proposition was con-
sidered and for each argument an a priori
analysis of the elements of knowledge on
the logic validity that could be studied was
made. Based on the latter, four categories
were considered: (1) proof by a particular

Table 3. Knowledge indicators generated for the universal implication of questionnaire 1
Tasks Generated Knowledge indicators

TASK 1 Manifests that the argument is not a proof because a particular case is considered.

Argument 1: proof by a

particular case

TASK 2 Manifests that the argument is not a proof because the reciprocal of the pred-

Argument 2: proof of

reciprocal

icate is considered, that is, the consequent (x + %) > 2 is assumed to be true
and the veracity of the antecedent x > 0 is guaranteed.

TASK 3 Manifests that an arbitrary element of the universe R must be considered.
Argument 3: direct proof of Manifests that the antecedent x > 0 must be assumed to be a true proposition.

the universal implication Manifests that it must be guaranteed that the consequent (x + %) =>21is atrue

proposition based on the antecedent x > 0 and the mathematical theory where
both propositions are inserted.

Manifests that the property x > 0 = (x + i) = 2 s satisfied for all the elements

of the universe set R because it had been validated for an arbitrary element.
TASK 4 Manifests that the negation of the given proposition must be assumed to be
Argument 4: proof of the

universal implication by L
reduction to absurdity Manifests that it must be shown that -vx € R (x >0= (x + ;) > 2) = F,

where F represents any contradictory statement, in this case F|; is the contra-
diction (x — 1> <0 A (x— 1)>>0).

Manifests that once F) is guaranteed then —-vx € R (x >0= (x + i) > 2) must

2
true and that it is equivalent to the proposition 3x € R [x >0A (x “) < 2].

x

be false and, consequently, Vx € R (x >0= (x + l) > 2) must be true.
X.

Note: Own source from the present investigation.
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responses of subject SBW12 for tasks 1
and 2 are presented.

Based on the analysis of Figure 1, it
is certain that the subject evidences in his
response the following knowledge indicator
defined for task 1 (see table 3): “the argu-
ment is not a proof because it is considered
a particular case”. Thus, such response is
coded as 1 for this particular indicator.

Based on the analysis of Figure 2, it is
certain that the subject evidences in his re-

sponse the knowledge indicator defined for

http://dx.doi.org/10.15359/ru.36-1.9
E-ISSN: 2215-3470
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task 2 (see table 3): “the argument is not a
proof because it is considered the recipro-
cal of the predicate, that is, the consequent

(x+3)>2) is assumed to be true and the ve-
racity of antecedent x > 0 is guaranteed”,
therefore, 1 is assigned.

To analyze the responses of the sub-
jects in questionnaire 2, four categories
were established based on the elements of
mathematical validity raised in the theo-
retical framework: “(1) partial use of the
non-negative  discriminant  hypothesis”

Translation of task statement and response (justification) provided by the subject

TASK 1

P: Any real number satisfies that, if it is positive, then the sum of it and its multiplicative inverse is greater

than or equal to two.

Consider the real number (2 - \/§) It is clear that (2 - \/§) > 0.
1 (2-V3)’+1 _ 4-4VB43+1 _ 4(2-V3) _ 4

Additionally, (2 . \/§) + T G -

2-v3
Since it is true that 4 > 2, then the validity of the proposition P is guaranteed.

Does the argument given in task 1 correspond to a mathematical proof of the proposition P?

Yes No X

Justification

“The proposition P states that for any real number, that is, it is a universal quantifier, the presented argument
does not satisfy this, since it is a particular case, the proposition P fulfills that specific element, however, this

does not prove the generality of statement of P”.

TAREA 1

P: Cualquicr niimero real satisface que, si es positivo, entonces la suma de este y su inverso

multiplicative es mayor o igual a doxs.

Considere el nimero real (2

(= ‘/;5)’1 1 4 —4

J3 ) Es claro gue (2 — f)) - 0.

-3 4(2-J3)

1 a

Ademas, (2 —J3 )+ — = — — 4.

( +5} (z-J3) 2-f3 2—J3 2—-J3
Puesto gue es verdadero que 4 = 2 entonces se garantiza la validez de la proposici .
SOl argumento brindado en la tarea 1 corrcsponde a una demostracién matemitica de la
proposiciGn 7
=i NO <
Justificacion

Figure 1. Response of subject SBW12 for task 1
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Translation of task statement and response (justification) provided by the subject

TASK 2
P: Any real number satisfies that, if it is positive, then the sum of it and its multiplicative inverse is greater
than or equal to two.

Consider any real number x. Suppose true that the sum of this number and its multiplicative inverse is

2 2
greater than or equal to two, that is, (x + %) > 2. Then, % x“ > 2 and thus £ x“ — 2 2 0. Performing a
x2+1-2x

substraction on the lefl side of the inequality results in > 0, which on rearranging and factoring

—~1)2 _1)2
ac. £ xl) >0 is true and, additionally,

the fraction’s numerator, one arrives at — > 0. Because
(x — 1)? > 0is also true, it is concluded that x > 0. Consequently, the proposition P is true.

Docs the argument given in task 2 correspond to a mathematical proof of the proposition P?
Yes No X

Justification

“The argument presented is not a valid proof, since the proposition P corresponds (o an implication, where the
hypothesis is that x is positive, with x € R and the thesis is that the sum of x with its multiplicative inverse is
greater than or cqual to two. The argument takes as hypothesis what corresponds to the thesis and as a thesis
what corresponds to the hypothesis. This is an incorrect way of demonstrating an implication”.

TAREA 2
rr: Cwalguier nuimero real satixface que, si es positive, entonoes la suma de exte y su inverso
multiplicative s mayor o igual a dos.

— —
Considere un mimero real cualgulernn x Supongase verdasdero gue la suma de este y so

(

1
inverso multiplicativo es mayor o igual a dos, ex decir gue L E -+ -—-J =2
x

3 2 &
Luego, =21 2 2 y de cata manera se tiene que = i1 _2=20
x ’

x
Al efeciaar la resin en el lado laguierdo de 1 desigualdad se obliene gue =0

(x ')? =0

v ordenando y factorizando el numerados de la fraccion se sigue gue
x

(x—1)"

Cusrny —— " 2 0 es cieno y ademas, (x 1) 7 = 0 tuntien os verdadoro, se concluye

“
que x> (. Ho consecucncia la proposicion I* es verdaders

LEI argumento brindado en In twres 2 corresponde & una demostracion matemdtioa de Ia
proposicidn P?
b S NO

Justificackén

Figure 2. Response of subject SBW12 for task 2

present in task 1, “(2) improper use of the
axiom of existence of the multiplicative in-
verse” present in task 2, “(3) improper use
of the definitions of odd and even integer”
present in task 3 and “( 4) proper use of hy-
potheses, axioms, definitions and theorems
in the proof of the theorem of the sum of the

measures of the interior angles of a triangle
in Euclidean geometry” present in task 4.
For each of the tasks, the researchers
analyze a priori the mathematical elements
that are consider could be taken into account
in the evaluation of the arguments involved.
This process is illustrated in task 1, where
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the argument is not a mathematical proof
because the non-negative discriminant hy-
pothesis (b* — 4ac) > 0 is partially used by
assuming that * — 4ac = 0. Based on this, a
knowledge indicator was proposed for the
explanation that the argument is not a math-
ematical proof, namely: “Manifests that the
argument is not a proof because the hypoth-
esis (b* — 4ac) > 07 is partially used”. To
effectuate the modification of the argument
to make it a proof, it was considered that
the hypothesis (b* — 4ac) > 0 must be used
and, based on it, exhibit in the correction

http://dx.doi.org/10.15359/ru.36-1.9
E-ISSN: 2215-3470
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—b+Vb2-4ac —-b-Vb2-4ac
= X=———"—"". ThUS, two

2a 2a
knowledge indicators were raised: “Mani-

fests that the hypothesis (b? — 4ac) > 0 must
be considered for correcting the argument,
however, it does not exhibit any of the real
numbers that satisfy existence” and “Mani-
fests that the hypothesis (b? — 4ac) > 0 must
be considered in order to exhibit any of the

—-b+Vb2—-4ac —-b—Vb2-4ac
real numbers X = T 0 X = T

in the argument’s correction”. Table 4 pres-
ents the knowledge indicators associated
with the tasks of questionnaire 2.

at least one of the following real numbers

Table 4. Knowledge indicators developed for the analysis categories of questionnaire 2
Tasks Generated Knowledge indicators

TASK 1 Manifests that the argument is not a proof because the hypothesis

Argument 1: partial (b? — 4ac) = 0 is partially used.

use of the non-negative Manifests that the hypothesis (b? — 4ac) > 0 must be considered for correcting

discriminant hypothesis the argument, however, it does not exhibit any of the real numbers that satisfy
existence.
Manifests that the hypothesis (b? — 4ac) > 0 must be considered in order to ex-

—b+vVb%-4ac —b—vb%-4ac

—_— T 2
20 or x = ————— in the argument’s

hibit any of the real numbers x =
correction.

TASK 2 Manifests that the argument is not a proof because the multiplicative inverse

Argument 2: improper use axiom is used incorrectly when considering the real number n~! without guar-

of the axiom of existence of anteeing that n # 0.

the multiplicative inverse = Manifests that two cases must be considered for the correction of the argu-
ment: (1) when n # 0, use of the inverse axiom must be made and thus multi-
plication by #! and (2) when »n = 0, it must be deduced that m = 0 and therefore
lm| = |nl.

TASK 3 Manifests that the argument is not a proof because the definitions of odd and

Argument 3: improper use even number are used incorrectly.

of the definitions of odd Manifests that the definition of odd number should be employed for correcting

and even integer the argument to express that 2p + 1 =m and 2¢q + 1 = n; and the definition of
even number to conclude that m + n = 2j withj € Z.

TASK 4 Manifests that the hypothesis of the theorem considers any triangle in Euclid-

Argument 4: proper ean geometry.

mathematical proof of the Manifests that the parallel postulate of Euclidean geometry is employed in the

theorem of the sum of the argument.

measures of the interior Manifests that mathematical definitions are employed in the argument.

angles of a triangle in Manifests that mathematical theorems are employed in the argument.

Euclidean geometry.

Note: Own source from the present investigation.
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For each subject, an exhaustive re-
view of their responses was carried out in
a similar manner as was done for question-
naire 1. In this way, the presence or absence
of the defined knowledge indicators were
assigned as 1 or 0, respectively. Addition-
ally, the responses, and a synthesis of them,
that could not be classified by such indica-
tors were recorded.

Results

This section presents the results on the
knowledge of mathematics teachers in ini-
tial training (MTITs) relative to the evalua-
tion of mathematical arguments. In the first
section, the logic-syntactic aspects are con-
sidered followed by mathematical aspects.

Results of empirical phase 1: spe-
cialized knowledge about the logic
validity of the mathematical proof

The results are presented considering
the four categories generated when evaluat-
ing mathematical arguments to prove prop-
osition P: any real number satisfies that, if it
is positive, then the sum of it and its multi-
plicative inverse is greater than or equal to
two: (1) proof by a particular case, (2) proof
of reciprocal, (3) direct proof of the univer-
sal implication and (4) proof of the universal
implication by reduction to absurdity. For
each argument, it is presented the number
of subjects who considered the argument to
be a proof and who evidenced knowledge
of the proposed indicators in their respons-
es. In addition, and when appropriate for
each argument, it is presented the synthesis
of the responses that could not be classified
by the defined indicators and that evidenced
knowledge of the logic-syntactic aspects of
the proof.

http://dx.doi.org/10.15359/ru.36-1.9
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Argument 1: Proof by a particular
case

In the evaluation of this argument, 23
of the 25 subjects considered the argument
did not to correspond to a mathematical proof
of the given proposition and all of the sub-
jects were aware that this was due to the fact
that the argument only considered a particu-
lar case. A representative response follows:

» Asitisaproposition that applies to all the
elements of the set (R), it is not possible
to demonstrate it by means of a specific
example with one particular element, in-
stead, one must initiate by considering a
generic element from the set, the generic
element being representable of any ele-
ment of that set, and prove with it that
the property is satisfied (SBM10).

A group of six subjects considered that
the argument would be a mathematical proof
if the proposition had an existential quanti-
fier, which evidences knowledge about how
to prove a proposition with said quantifier by
exhibiting a concrete element of the universe.
A representative response follows:

> The number (2 — V3) is specifically tak-
en, however the proposition applies for
all numbers, thus the argument is val-
id to demonstrate that there is a num-
ber that does satisfy the proposition

(SBWO5).

Argument 2: Proof of reciprocal

In the evaluation of this argument, 23
of the 25 subjects considered that it did not
correspond to a mathematical proof of the
given proposition and 19 subjects evidenced
knowledge that this was due to the fact that
the argument considered the reciprocal of
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the predicate. Some representative respons-
es are as follows:

» Because the proposition has an implica-
tion form (P = (), one must assume the
antecedent to be true and seek to prove
the consequent, not vice versa, since
this would not be the logic structure
(SBM16).

» Because the proposition P is Vx € R ((x
>0) = (x +x'>2)) (expressed symbol-
ically) and in the given argument, the
reciprocal is proved, that is, Vx € R ((x
+x'>2)) = (x> 0))(SLWO07).

Argument 3: Direct proof of the
universal implication

In the evaluation of this argument, 22
of the 25 subjects considered that it corre-
sponded to a mathematical proof of the giv-
en proposition and all subjects manifested
to possess knowledge. Table 5 presents the
number of subjects whose responses dis-
played evidence of the knowledge indica-
tors defined for the direct proof of the uni-
versal implication.

As can be seen in the previous table,
most of the subjects evidence knowledge
about how to proceed in the direct proof of
the universal implication, that is, they know

http://dx.doi.org/10.15359/ru.36-1.9
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that the antecedent must be assumed to be
true and, subsequently, the veracity of the
consequent must be guaranteed. Nonethe-
less, very few subjects made explicit refer-
ence to the selection of an arbitrary element
of the universe set, which is precisely what
supports the way of proceeding in directly
proving the implication. Likewise, none of
the subjects expressed the validity of the
property for all the elements of the universe
set by virtue of the fact that it was guaran-
teed for a generic element. Some represen-
tative responses include:

» Because the proposition has an impli-
cation form, it is assumed that x > 0 is
true and it must be verified that the sum
of the number and its multiplicative in-
verse is true, as shown in the box. Be-
sides, verification is performed for an
arbitrary but fixed value of x (SBM16).

» It starts correctly, according to the giv-
en quantifier, by providing any element
that is real. Then, implication is correct-
ly used with the hypothesis that x > 0
and mention is made of the consequent
(what needs to be proved). The conse-
quent is then proved from the operation

x +=—2, which is utilized out of con-
venience, whilst already knowing that

Table 5. Number of subjects evidencing knowledge indicators for the direct proof of the
universal implication.

Knowledge indicators Task 3
Manifests that an arbitrary element of the universeR must be considered. 8
Manifests that the antecedent x > 0 must be assumed to be a true proposition. 20
Manifests that it must be guaranteed that the consequent (x + i) = 2 s a true proposi-
tion based on the antecedent x > 0 and the mathematical theory where both proposi- 20
tions are inserted.
Manifests that the property x > 0 = (x + %) > 2is satisfied for all the elements of the 0

universe setR because it had been validated for an arbitrary element.

Note: Own source from the present investigation.

Christian Alfaro-Carvajal « Pablo Flores-Martinez « Gabriela-Valverde Soto 14

ID"BUN@RIDUIDIUNE)SIAL ] « BIDUSIDIUN/ID IR BUN'SRISTAIMMM @) * 7707 Toquiadaq-Arenue( “gz-1 *dd T " N 9¢ ‘JOA VIDNAIDIN


http://dx.doi.org/10.15359/ru.36-1.9
https://creativecommons.org/licenses/by-nc-nd/3.0/deed.en
mailto:revistauniciencia%40una.cr?subject=

its equivalent expression is greater than
or equal to zero, thus the expression is
also greater than or equal to zero and
manages to prove the consequent of the
implication (SLMO02).

Argument 4: Proof of the univer-
sal implication by reduction to
absurdity

In the evaluation of this argument, 21
of the 25 subjects considered that it corre-
sponded to a mathematical proof of the giv-
en proposition and 16 of them manifested
knowledge of the three proposed indicators.
In addition, four subjects affirmed that the
argument was a proof, although their re-
sponses did not evidence any indicator as
was the case for the four subjects who de-
clared that it was not a mathematical proof.

Table 6 presents the number of sub-
jects whose responses displayed evidence
of the knowledge indicators defined for the
proof of the universal implication by reduc-
tion to absurdity.

Some representative responses of the
subjects who evidenced knowledge include:

» Indeed it corresponds to a for all (V)
proof or for any positive real number
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proof, because it emanates from the
assumption that there must exist an el-
ement that does not fulfill the proposi-
tion and when reaching a contradiction,
there is nothing left but to conclude that
the proposition is true (SBM17).

» It stems from the assumption that the
proposition P is false and a logic contra-
diction is being reached, this concludes
that the proposition P cannot be false
and according to the Law of excluded
middle the proposition must be true,
thus constituting a proof of proposition
P (SLMO06).

Based on the results presented in this
section, it can be seen that a large major-
ity of future mathematics teachers possess
knowledge to discriminate whether or not
an argument is a mathematical proof of an
arithmetic property such as the one pro-
posed. Their knowledge allows them to
recognize perverse justifications that cannot
be considered proofs, such as the proof by
a particular case, or that of the reciprocal
theorem; their insight also allows them to
recognize when the precise steps have been
followed to prove the proposition. Nonethe-
less, the number of subjects who identify the

Table 6. Number of subjects evidencing knowledge indicators for the proof of the universal
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implication by reduction to absurdity
Knowledge indicators Task 3
Manifests that the negation of the given proposition must be assumed to be true and 16

2
that it is equivalent to the proposition 3x € R [x >0A (x x“) < 2].

. . 16
Manifests that it must be demonstrated that 7Vx € R (x >0= (x + i) = 2) = Fy where
F, represents any contradictory statement, in this case £ is the contradiction ((x — 1)
<O0A (x—1)*>0).
Manifests that once F, is guaranteed then 7V € R(X >0= (x + %) 2 2) must be false 16

1
and, consequently, VX € R (x >0= (x + ;) 2 2) must be true.

Note: Own source from the present investigation.
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steps when a reduction to absurdity proof is
proposed decreases considerably.

Results of empirical phase 2: Spe-
cialized knowledge on the mathe-
matical validity of the proof

The results are presented considering
the four categories defined in this second
phase to analyze the responses provided by
research subjects regarding their indication
of whether the argument corresponded to a
mathematical proof of the given proposition,
explaining the reasons for their choice and,
in the case that the provided argument was
not deemed a mathematical proof, indicate
the modifications they would realize to the
mathematical argument to make it a mathe-
matical proof. For each category is presented
the number of subjects who considered the
proposed argument to be a proof and whose
responses evidenced knowledge of the pro-
posed indicators. In addition, and when ap-
propriate, it is presented the synthesis of the
responses that were not contemplated by the
indicators and that evidence knowledge of
the mathematical aspects of proving.

Category 1: Partial use of the
non-negative discriminant
hypothesis
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In the evaluation of this argument in
task 1, 17 of the 19 subjects considered that
it did not correspond to a mathematical proof
of the given proposition and 15 subjects dis-
played evidenced of at least one of the de-
fined knowledge indicators. Additionally,
two subjects manifested that the argument
was a proof, but did not evidence any indica-
tor as did two other subjects who manifested
that it was not a mathematical proof. Table
7 presents the number of subjects whose
responses displayed evidence of the knowl-
edge indicators defined for this category.

Representative responses provided by
two subjects are presented. Both manifest-
ed that the argument was not a proof due
to the partial use of the hypothesis, subject
SLMO06 completes his assessment by ex-
hibiting a real number to satisfy existence,
while subject SBW12 does not:

» Explanation: It is only shown that the
mathematical proposition is valid for
the case when b* — 4ac = 0, it would be
necessary to prove it for the case when
b* — 4ac = 0. It uses a particular case.
Correction: For the case when b* — 4ac
= 0. It suffices to consider the real num-

—-b+Vb2-4ac
ber x = — Then

Table 7. Number of subjects evidencing category 1 knowledge indicators: Partial use of the
non-negative discriminant hypothesis.

Knowledge indicators Task 1
Manifests that the argument is not a proof because the hypothesis (5> — 4ac) > 0 is 15
partially used.
Manifests that the hypothesis (5% — 4ac) > 0 must be considered for correcting the argu- 8
ment, however, it does not exhibit any of the real numbers that satisfy existence.
Manifests that the hypothesis (b* — 4ac) > 0 must be considered in order to exhibit any
of the real numbers x = == Zb:_mc orx =22 2”:_4ac for correcting the argument. 7

Note: Own source from the present investigation.
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2
—b+\/2b;—4ac) +b (—b+\/2b:—4ac) te
bVb? — 4ac — b?
:ﬁzz(bz — 4ac — 2b/ b? —4ac+b2)+T+c
_b2—4ac—2b\/b2—4ac+b2+bvb2 —4ac — b? N
- 4a 2a
2b% — 4ac — 2bVb? — 4ac  bVb? — 4ac — b?
= + +c
4a 2a
?(b? — 2ac — bVb? — 4ac) bVb2 — 4ac — b?
= +
da 2a
b? — 2ac — bVb? — 4ac + bVb? — 4ac — b? + 2ac

= 2a

ax2+bx+c=a(

c

+c

2a
=0

—-b+Vb2-4ac

Thus, the real number x = p”

satisfies existence (SLMO06).

» Explanation: In the hypothesis it is stated
that 5* — 4ac > 0, but when the proof is
performed, only the case where b*> — 4ac
= 0 is taken into account without consid-
ering the case for greater than zero, thus,
the proof is not entirely correct. Correc-
tion: I would consider both cases, > —
4ac = 0 and b* — 4ac >. Therefore, it will
be necessary to search for an x € R that
fulfills the second case (SBW12).

Category 2: Improper use of the ax-
iom of existence of the multiplica-
tive inverse

In this argument, present in task 2,
only seven subjects appreciated the abusive
quality of the reasoning, manifesting that it
was not a mathematical proof and, of them,
five evidenced the reason by means of one
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of the proposed indicators. Table 8 presents
the number of subjects whose responses
displayed evidence of the knowledge indi-
cators defined for this category.

As can be seen in the previous table,
five subjects manifested that the argument
was not a proof due to the improper use of
the multiplicative inverse axiom and, of
them, four evidenced in their argument cor-
rections of the need to consider two cases:
when n # 0 and n = 0. Presented are rep-
resentative responses of two subjects who
manifested that the argument was not a
proof due to the improper use of the mul-
tiplicative inverse axiom, one belongs to
subject SBM02 whose correction argument
makes reference to the consideration of cas-
es to utilize the multiplicative inverse while
the response of subject SBM03 does not:

» Explanation: Because it is generalized
for any m, n € Z and initiates from the
fact that m divides » and n divides m,
although if one of them is zero for them
to be divisible with each other, both must
be zero. To avoid ' which is undefined
in the case when it is zero. Correction:
Considering n, m € 7 — {0} Case I as
was done. Separately Case II for n = 0
and m/n = m/0 = mg =0, ¢ € Z and
since n/m =>nk=m, k€7 = 0k=m =
m = 0. Therefore |0| = |0]. Thus by case I
and case I |m| = |n| (SBMO02).

Table 8. Number of subjects evidencing category 2 knowledge indicators: improper use of
the axiom of existence of the multiplicative inverse

Knowledge indicators Task 2
Manifests that the argument is not a proof because the multiplicative inverse axiom is 5
used incorrectly when considering the real number n~! without guaranteeing that n # 0.
Manifests that two cases must be considered for the correction of the argument: (1) 4

when n # 0, use of the inverse axiom must be made and thus multiplication by »™' and
(2) when n = 0, it should be deduced that m = 0 and therefore |m| = |n.

Note: Own source from the present investigation.
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» Explanation: The proof is incomplete,
the definition that one number is di-
visible by another is used correctly,
and all the rest of the steps are correct.
However, it seems adequate to in-
clude the case n =0 o m =0, because
in one step we are multiplying both
sides of the inequality by »!, but it is
clear that n will not be equal to 0, or
else the hypothesis that m/n and n/m
would be contradicted, as we end up
with m/0 and 0 X m. The same would
occur if m = 0. For 0 to be satisfied,
both m, n must be 0. Correccion: If m
=0,n#0,n/0y0Xn ! contradicts the
hypothesis. If n =0, m # 0, m/0 y 0 X
m ! contradicts the hypothesis. If n =
0,m#0,m0yO0Xmj!, the theorem
holds since |0 = |0] (SBMO03).

Regarding the 12 subjects who man-
ifested that the argument was a mathemat-
ical proof, none of them evidenced any of
the proposed indicators. However, three
of them made reference to the multiplica-
tive inverse in their explanation. Subject
SBW11 stated that it was unnecessary for
n”' to be an integer, but without specify-
ing that its existence would not be guaran-
teed in the event that n was zero. Subjects
SBWO05 and SBM16 manifested that n'
exists when # is different from zero, how-
ever, they evidenced knowledge on the
concept of divisibility that implied that
n was different from zero. Following, the
three responses:

» Explanation: n' does not need to be an
integer, so it would not affect us at any
time. In addition, it is initiated from the
definition to conclude with a truth value
(SBWII).
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» Explanation: The arguments are cor-
rect. It is clear that if m/n and n/m, n
and m cannot be zero. It would then be
appropriate to specify that n' exists.
Hypotheses are separated, translation
is performed correctly, and properties
are adequately applied. Clearly draws
a conclusion in which it is evidenced
what needed to be proved (SBWO05).

» Explanation: The only problem that the
argument could present is when it is
multiplied by »' in the equality, how-
ever, due to the hypothesis m/n; then
m # 0 and since n/m then n # 0, thus
n! is perfectly defined. Because of this,
all reasonings thereafter, make perfect
sense, and also all the gaps that could
remain are covered, the only thing that
can be added is that the substitution can
be carried out in any of the two equa-
tions resulting from the definition of
m/n and n/m (SBM16).

The previous answers demonstrate
that subjects SBW05 and SBM16 consid-
ered the argument as a proof due to inaccu-
racies in their knowledge about divisibility,
however, they evidence knowledge that a
real number has a multiplicative inverse if
it is different from zero.

Category 3: Improper use of the
definitions of odd and even integer

In this argument, present in task 3,
16 of the 19 subjects manifested that it was
not a mathematical proof and, of them, 14
evidenced some of the proposed indicators.
In addition, three subjects stated that the ar-
gument was a proof, but did not evidenced
any indicator, as did two other subjects who
manifested that it was not a mathemati-
cal proof. Table 9 presents the number of

Christian Alfaro-Carvajal « Pablo Flores-Martinez « Gabriela-Valverde Soto 18

ID"BUN@RIDUIDIUNE)SIAL ] « BIDUSIDIUN/ID IR BUN'SRISTAIMMM @) * 7707 Toquiadaq-Arenue( “gz-1 *dd T " N 9¢ ‘JOA VIDNAIDIN


http://dx.doi.org/10.15359/ru.36-1.9
https://creativecommons.org/licenses/by-nc-nd/3.0/deed.en
mailto:revistauniciencia%40una.cr?subject=

http://dx.doi.org/10.15359/ru.36-1.9
E-ISSN: 2215-3470
CC: BY-NC-ND

Table 9. Number of subjects evidencing category 3 knowledge indicators: improper use of
the definitions of odd and even integer

Knowledge indicators Task 2
Manifests that the argument is not a proof because the definitions of odd and even 13
numbers are used incorrectly.
Manifests that the definition of odd number should be employed for correcting the 14

argument to express that 2p + 1 =m and 2¢ + 1 = n; and the definition of even number

to conclude that m + n =2j withj € Z

Note: Own source from the present investigation.

subjects whose responses displayed evi-
dence of the knowledge indicators defined
for this category.

As can be seen in the table above, 13
subjects manifested that the argument was
not a demonstration due to the improper use
of the definitions of even and odd integer
and all of them evidenced the correct use of
the definitions in the correction of the argu-
ment. There was a subject, SBM02, who did
not evidenced the first indicator in his ex-
planation, however, in the correction of the
argument, he manifested knowledge of the
second indicator.

Representative responses from three
subjects who manifested that the argument
was not a proof are presented. Following, the
response of the SBM02 subject mentioned
in the previous paragraph and the respons-
es of SBWI12 and SLMO02 who evidenced
knowledge of the two raised indicators:

» Explanation: 2m + 1 = p is considered
in line 3, clearly p is taken as an even
number. Thus 2m + 1 =p = 2m=p —

1=>m=p7_1andpis even, then p — 1

is odd, som=pz;16£Zsince2X(p— 1).
The same rationale applies for 2n + 1 =
gq. Correction: Consider m = 2p + 1 and
n=2q+ 1inline 3. Then,m + n=2p +
1+2g+1=2p+2q+2=2(p+q+2).
Where p+g+2€7.Takea=p+q+2.
Thus, m +n=2(p + g+ 2)=2a which is

the definition of an even integer. Guar-
anteeing that m + n is even (SBM02).
Explanation: By stating that 2m + 1 =
D, it is guaranteed that p is odd, howev-
er, it does not guarantee that m is odd,
since if m is even or odd the same is
true. On the other hand, it is arrived at
2(m + n) =, j € Z guarantees that j, but
not m + n, is even, the latter sum could
be odd but when it is multiplied by 2, j
becomes an even number. Correction: It
is best to take the definitions for m and
n,asm=2p+1yn=2q+,sothat when
they are added the result is m +n =2(p
+ g + 1) thereby ensuring that m + n is
even (SBW12).

Explanation: The values of m and » are
defined incorrectly as integers, also they
should be inverted, that is, the value of
m should be flipped for p, and likewise
n for g. Correction: Since m and n are
odd, they satisfy that: m =2p + 1 and n
=2q+1,withp, g€ Z. Thenm+n=2p
+2g+2=>m+n=2p+q+1), with
p,q€7Z. Thus,m+n=2 r,withr=p
+ g+ 1 and r € Z having the form of an
even number m + n (SLMO02).
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Category 4: Proper use of hypoth-
eses, axioms, definitions and theo-
rems in the proof of the theorem of
the sum of the measures of the inte-
rior angles of a triangle in Euclide-
an geometry

In this argument, present in task 4, all
19 subjects stated that it was a mathemat-
ical proof, however, most subjects limited
themselves to a mere statement since only
nine subjects showed any of the proposed
knowledge indicators. Table 10 presents the
number of subjects whose responses dis-
played evidence of the defined knowledge
indicators for this category.

Based on the previous table, it can be
noted that, despite the fact that all future
mathematics teachers identified as valid
the proof of the property of the sum of the
measures of the interior angles of a trian-
gle, none made reference to the fact that the
proposition is a general statement, which
stems from the hypothesis that any trian-
gle in Euclidean geometry was to be con-
sidered. However, two subjects evidenced
knowledge about the use of the parallel pos-
tulate, definitions and theorems, simultane-
ously; four subjects only evidenced the use
of the parallel postulate; and three subjects
only evidenced the use of mathematical the-
orems in the argument. To illustrate this,
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three responses are presented: that of sub-
ject SBW12 evidences the use of the paral-
lel postulate, definitions and theorems; that
of subject SBMO?2 refers only to the parallel
postulate; and that of the subject SBWOS5 re-
fers only to the use of theorems:

» Explanation: The theorems being used
have already been proven, namely, the
parallel postulate and the alternate in-
terior angles postulate between paral-
lels. Similarly, definitions such as linear
pair and interior angle are properly em-
ployed (SBW12).

» Explanation: Euclidean geometry is
guaranteed to be established. Thus Eu-
clid’s 5° postulate (parallel postulate) is
true. In addition, it guarantees that the
generated points create a linear pair to
correctly substitute the angles for their
corresponding internal alternates. This
demonstrates that the sum of interior
angles is 180° (SBMO02).

» Explanation: All statements and theo-
rems are used correctly. Clearly shows
that each of the steps is true. Uses prop-
erties. Starts from hypotheses, applies
the properties correctly, and clearly in-
dicates what needs to proved. Realizes
the conclusion (SBWO05).

Table 10. Number of subjects evidencing category 4 knowledge indicators: proper use of
hypotheses, axioms, definitions and theorems in the proof of the theorem of the sum of the
measures of the interior angles of a triangle in Euclidean geometry

Knowledge indicators Tasks 2
Manifests that the hypothesis of the theorem is to consider any triangle in Euclidean 0
geometry.
Manifests that the parallel postulate of Euclidean geometry is employed in the argu- 6
ment.
Manifests that mathematical definitions are employed in the argument. 2
Manifests that mathematical theorems are employed in the argument. 5

Note: Own source from the present investigation.
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For the 10 research subjects who indi-
cated that the argument was a proof of the
given proposition, but who did not evidence
any of the proposed indicators, in their an-
swers we found inaccuracies to justify the
validity of a correct mathematical argument,
basing their answers on generalities such
as: the presence of an adequate logic struc-
ture, that is, starting from a true proposition
and generating true partial conclusions that
lead to the conclusion, the consideration of
all the possibilities and their correspond-
ing justification, the use of previous results
from Euclidean geometry and the clarity of
the argument.

Based on the results presented in this
section, it can be seen that all future math-
ematics teachers evidence knowledge to
determine when an argument constitutes
a mathematical proof of a proposition, al-
though few subjects provide the justifi-
cations for it. Likewise, the vast majority
evidence knowledge to discriminate if an
argument does not correspond to a math-
ematical proof based on mathematical as-
pects such as the partial use of the hypoth-
esis and the improper use of definitions.
However, there is a significant decrease in
subjects that identify the improper use of
the multiplicative inverse axiom.

Regarding the correction of the argu-
ments that do not correspond to a mathemat-
ical proof, there is a decrease in the number
of subjects who consider in their proposals
to modify the argument, the mathematical
aspects that invalidated it: (1) in argument
3, 14 of 19 subjects suggested that the defi-
nitions of odd and even number should be
modified, (2) in argument /, 7 of 19 sub-
jects indicated that the complete hypothesis
of the non-negative discriminant should be
used and exhibited some real number to sat-
isfy existence, while 8 of 19 subjects only
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made reference to the use of the complete
hypothesis and (3) in argument 2, 4 of 19
subjects manifested that two cases must
be considered for the number in question,
when it was zero and when it was different
from zero to be able to use the multiplica-
tive inverse axiom.

Conclusions

Most of the mathematics teachers in
initial training (MTITs) evidenced knowl-
edge of the logic-syntactic aspects in the
evaluation of the four mathematical argu-
ments proposed in questionnaire 1 for uni-
versal implication, corresponding to the
mathematical proposition P: any real num-
ber satisfies that, if it is positive, then the
sum of it and its multiplicative inverse is
greater than or equal to two.

For the first two arguments, the ma-
jority of the subjects manifested that they
did not correspond to a proof, appreciating
that, in the first argument, the proof allud-
ed to a particular case and that in the sec-
ond, the reciprocal of the predicate was
proved. For the third and fourth arguments,
the majority of subjects indicated that they
did correspond to proofs. In the case of the
third argument, regarding the direct proof
of the universal implication, the majority
of subjects evidenced knowledge that the
antecedent had to be assumed to be true
and subsequently, guarantee the veracity of
the consequent. However, only a minority
evidenced knowledge about the consider-
ation of a generic element of the universe
and none made reference to the fact that the
property was valid by virtue that it had been
guaranteed for a generic element that rep-
resents any element of the universe. These
results coincide with those obtained by Du-
rand-Guerrier et al. (2012b). In the fourth
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argument, regarding the proof by reduction
to absurdity of the universal implication, the
majority of subjects displayed evidence of
knowledge of the three proposed indicators,
namely, that the negation of the given prop-
osition should be assumed, that a contradic-
tion should be generated and once generat-
ed, it could be concluded that the original
proposition was true.

The proposition of questionnaire 2 was
used by Knuth (2002) in his research with
16 mathematics teachers where he presented
them with an argument that proved the recip-
rocal predicate. According to this research-
er, 10 teachers considered it as a proof and
focused on correcting the algebraic manipu-
lations more than on validity aspects. In our
study, the majority of mathematics teachers
in initial training (MTITs) focused on logic
correction rather than on the mathematics
employed in each argument, which allows us
to observe adequate knowledge of the log-
ic-syntactic aspects involved in proving by
universal implication. Specifically, MTITs
evidence knowledge to discern that the
consideration of a particular case does not
constitute mathematical proving, and they
appreciate the argument that uses this falla-
cy. Also, they have demonstrated to possess
knowledge on how to proceed in direct and
reduction to absurdity proving.

The study of knowledge regarding the
mathematical aspects of proving is com-
plex, since, in addition to logic-syntactic
elements, concepts and their meanings in-
tervene in the mathematical theory in which
proofs are inserted. In this sense, Mariotti
(2006) points out that, contrary to what hap-
pens within a formal theory, in the practice
of mathematical deduction there exists de-
pendence on the comprehension and prior
assimilation of the meaning of the concepts
from which certain properties are followed
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logically. The mathematical aspects consid-
ered in this investigation such as hypothe-
ses, axioms, definitions and theorems could
have presented different levels of difficulty
in understanding a proof.

In the case of the first argument, corre-
sponding to the category denominated “par-
tial use of the non-negative discriminant
hypothesis” (in a second degree equation
in a real variable), the hypothesis appears
explicitly in the proposition to be proved.
The vast majority of the research subjects
evidenced that it was not a proof due to this
partial use. In correcting the argument, a
minority of the subjects evidenced knowl-
edge regarding the fact that the hypothesis
of the discriminant must be considered in its
entirety and also sought and proposed a real
number that would comply with existence.

In the remaining three arguments, the
definitions, axioms and theorems employed
are not necessarily explicit in the proposi-
tion to be proved and, therefore, the subjects
are required to know them in depth in or-
der to evaluate their use during proving. In
the second argument corresponding to the
category denominated “improper use of the
axiom of existence of the multiplicative in-
verse” (to demonstrate the equality in abso-
lute value of two integers divisible by each
other), very few subjects evidenced knowl-
edge about the argument not being a proof
due to the improper use of the multiplica-
tive inverse. Likewise, very few subjects, in
their suggested argument correction, mani-
fested that the number in question must be
considered to be non-zero in order to use its
multiplicative inverse.

In the third argument corresponding
to the category denominated “improper use
of the definitions of even and odd integers”
(to demonstrate the parity of the sum of
two odd numbers), the majority of subjects
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evidenced that it was not a proof due to the
inappropriate use of definitions. In correct-
ing the argument, most subjects evidenced
knowledge of the algebraic conditions that
characterize odd and even numbers, possi-
bly because they have used them frequently
in undergraduate courses. However, the ig-
norance of all the conditions of the defini-
tions could lead to the subjects misjudging
an argument. For example, in the second
argument, two subjects considered that in
the definition of divisibility the numbers in-
volved are necessarily non-zero, therefore,
existence of the multiplicative inverse was
justified for them, which implied that they
considered the argument to be a proof.

In the fourth argument correspond-
ing to the category denominated “proper
use of hypotheses, axioms, definitions and
theorems in the proof of the theorem of the
sum of the measures of the interior angles
of a triangle in Euclidean geometry”, the
totality of the subjects manifested that the
argument was a mathematical proof. How-
ever, only a minority evidenced knowl-
edge of the proposed indicators. This fact
suggests that it is easier to explain when a
mathematical argument has errors than to
justify its correctness.

According to Mariotti (2006), tra-
ditionally, the mathematical proof is con-
sidered in itself possible of being separat-
ed from the proposition which it supports
and from the theoretical framework with-
in which such support makes sense. In
the present research it has been evidenced
that the vast majority of research subjects
(MTITs) took notice that in a proof all these
elements are involved simultaneously and
it is impossible to comprehend the meaning
of a mathematical proof without linking the
proposition to which it refers and the math-
ematical theory in which it is inscribed. In
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this way, in mathematical practice the truth
values of propositions are proved, but the
term “truth” must always be understood in
relation to a particular theory.

The results obtained support the
appreciation of Cabassut et al. (2012) in
which they affirm that the mathematical
proof does not establish facts, but rather
guarantees the validity of propositions of
the type “if-then”, this implies that the hy-
potheses, axioms, theorems and definitions
must be understood and applied in their
precise meanings within a mathematical
theory. It is thus considered that the math-
ematical aspects of proving can contribute
to the specialized knowledge of mathemat-
ics teachers to understand that mathemati-
cal results are not universal truths. For ex-
ample, when it is stated that the sum of the
measures of the interior angles of any tri-
angle is 180 degrees, the knowledge about
the mathematical validity of the proof al-
lows us to understand that in a certain the-
ory this result can be derived.
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