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In this study, three discrete-time multi-state complex systems subject to multiple events are modeled, in a well
structured form, as Markovian arrival processes with marked arrivals. The systems, ranked by the number of
events affecting the online unit, have multiple and variable repairpersons, and the online unit are partitioned
into performance stages. The first system is subject only to internal failures. The second, additionally, considers
external shocks, which can produce any of three consequences; extreme failure, degradation of the internal per-
formance of the online unit or cumulative damage. Failure may be repairable or non-repairable. The repair facility
is composed of an indeterminate number of repairpersons. When a non-repairable failure occurs, the number of
repairpersons may be modified. Finally, the third system includes preventive maintenance in combination with
random inspections. Various measures are incorporated, in an algorithmic and computational form, in transient
and stationary regimes. Costs and rewards are included in the model to optimize the system from different stand-
points. The results of this study are implemented computationally with Matlab, and a numerical example shows
the versatility of the modeling.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Serious damage and considerable financial losses are caused when a
system failure occurs due to poor reliability. To avoid it, several relia-
bility methodologies are commonly employed such as redundancy and
maintenance policies. Redundant systems have been proposed in the re-
liability literature to solve different problems. The literature related to
cold, warm and k-out-of-n systems is extensive. For example, an opti-
mization problem was addressed by Levitin et al. [12], who considered
cold and warm standby groups. Wells [30] extended known analytic re-
sults to a case with repairable and non-repairable failures, while Levitin
et al. [10] presented a method for evaluating the probability of mis-
sion success for an arbitrary redundancy level in several 1-out-of-n sub-
systems where the environment is modeled by the Poisson process of
shocks, by increasing the failure rate. Kim and Kim [9] suggested the
exact reliability function for a cold standby redundant subsystem with
an imperfect detector/switch. Recently, the reliability of a parallel sys-
tem with active multicomponent and a single cold-standby unit has been
investigated by Yongjin et al. [34].

The provision of optimal maintenance is widely recommended as
an effective way of minimizing system downtime and hence mainte-
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nance costs. Effective system maintenance improves overall reliability,
prevents system failures and increases the benefit derived from the sys-
tem. Several recent papers have made valuable contributions to improv-
ing the effectiveness of maintenance policies. Thus, Nakagawa [17] has
discussed standard and advanced problems of maintenance policies for
system reliability models, Qiu et al. [23] recently studied optimal main-
tenance policies for a competing-risk repairable system with a working
state and a general number of failure modes undergoing periodic inspec-
tions, and Daneshkhah et al. [4] has developed probabilistic sensitivity
analysis methods to study the sensitivity of optimized preventive main-
tenance decisions.

Nowadays, it is well known that the classical binary system of ‘failure
vs. operational state’ has been extended by multi-state systems (MMS), a
concept introduced in the mid-1970s by Murchland [16]. The efficiency
of a system may vary according to the performance level of interest.
MMS can have a finite number of performance/degradation stages. This
approach has been studied using methods such as Markov and semi-
Markov models, generating functions, Lz-transform and Monte Carlo
simulations. Markov models have been considered to analyses the be-
havior of multi-state systems [13,22,31]. Yeh and Fiondella [33] de-
termined the optimal redundancy allocation such that computer net-
works reliability is maximized. In this respect, too, Yi and Cui [32] have
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used Z-transform to analyze repairable aggregated semi-Markov ternary
systems experiencing degradation and internal shocks, while Lisnianski
et al. [14] proposed a method based on an Lz-transform of the discrete-
state continuous time Markov process, and also on Ushakov’s Universal
Generating Operator, to evaluate the sensitivity of an aging MSS under
minimal repair. Finally, in this area, Levitin et al. [11] presented a novel
Markov model of standby systems composed of multi-state elements in
which, when an operating element fails, the standby element with the
best technical state is chosen. The present paper describes an iterative
algorithm to evaluate the reliability of the standby system.

Most studies of reliability focus on dynamic reliability systems in a
continuous-time setting, while very few take into account the discrete-
time case. However, not all systems can be continuously monitored and
some must be observed at certain times, for reasons such as the internal
structure of the system or the need for periodic inspections. Thus, War-
rington and Jones [29] proposed a method that integrates discrete event
simulation with path sets to achieve a dynamic system. This method was
applied to the analysis of Tornado aircraft movements. In the software
reliability engineering literature, studies of the fault debugging envi-
ronment have been made using discrete-time modeling. A discrete-time
model suitable for a periodic debugging schedule, describing maximum
likelihood estimation for the model parameters, was presented by De-
wanji et al. [6]. Another discrete-time model of software reliability for
such a scenario of periodic debugging has been developed by Das et al.
[5]. Discrete-time nonhomogeneous Poisson process-based software re-
liability models must be developed and formulated taking into account
the diversity of debugging scenarios. In this respect, Shatnawi [28] pro-
vides a new insight into the development of discrete-time modeling in
software reliability engineering. Semi-Markov processes have also been
considered to model discrete-time reliability systems [2,8]. Also, redun-
dant Markovian multi-state systems have been studied in discrete time
[13,27]. Therefore, reliability modelling in discrete time is necessary.
In this respect, it is important to note that discrete time is not an imme-
diate consequence of continuous time, and that relatively little research
has focused on this question.

Different problems appear when complex reliability systems are
modelled. The modelling process and the measures associated with the
model have intractable expressions of highly complex applicability and
interpretation. Furthermore, a reliability system can be subject to sev-
eral types of events that can produce failure or degradation. Inter-event
times are usually considered to be of a renewal type and to be indepen-
dent and identically distributed. A solution for both these questions is to
consider phase-type (PH) distributions and the Markovian Arrival Pro-
cess (MAP). PH distributions were introduced and described in detail
by Neuts [19, 20]. Due to their valuable properties, many varieties of
this class of distributions have been considered, in diverse branches of
science and engineering, and applied in reliability studies. An interest-
ing property highlighted by Neuts [20] is that any discrete distribution
with finite support is a discrete PH distribution with a corresponding
representation. These characteristics account for the widespread use of
PH distributions in stochastic modelling.

On the other hand, the MAP is a well-structured counting process
that enables reliability modelling to be developed in an algorithmic and
computational form. This class of process, which is related to PH distri-
butions, was introduced by Neuts [18] and comprehensively reviewed
by Artalejo et al. [1] and He [7]. The MAP has attractive properties from
the viewpoint of stochastic point processes. It is one of the most general
classes of stochastic counting processes and contains many commonly-
used arrival processes such as the Poisson process, the PH renewal pro-
cess and the Markov-modulated Poisson process (MMPP). Moreover, the
MAP is dense, meaning it can approximate an arbitrary stochastic point
process to a given degree of accuracy. It has been applied in fields such
as telecommunication and traffic queuing systems, reliability and indus-
trial engineering. An extension of this class of process is the MAP with
marked arrivals (MMAP). This approach is of interest in telecommuni-
cation, where different types of events are counted. In this respect, ap-
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proaches based on PH and the MAP has been extensively considered in
reliability studies. Ruiz-Castro [25] modelled redundant complex MSS
with different types of events, considering PH and MAPs, while Okamura
et al. [21] addressed a parameter estimation problem of the MAP by
proposing a numerical procedure for fitting a MAP and a MMPP in order
to group data with an algorithm based on the expectation-maximization
(EM) approach. Finally, Buchholz et al. [3] summarized the parame-
terization of PH distributions and MAPs, and analyzed different means
of fitting a PH distribution and MMAP, considering the EM algorithm
among others.

In reliability literature, complex systems are usually considered to
be subject to non-repairable failures such that the failed unit is replaced
by another, identical one. However, in many situations this assump-
tion is not realistic and, indeed, may not even be necessary while the
system is operational. Accordingly, Ruiz-Castro [24] and Ruiz-Castro
and Fernandez-Villodre [26] studied different standby complex systems
with loss of units. The availability of multiple repairpersons is not usu-
ally assumed in reliability modelling and even less so is that of variable
multiple repairpersons according to the number of units in the system.

This paper describes the algorithmic procedure used to model three
multi-state complex cold standby systems with loss of units and an in-
determinate and variable number of repairpersons, using MMAP. This
paper makes two main contributions: on the one hand, we consider the
loss of units with variable numbers of repairpersons; on the other, com-
plex MMAPs are used to model complex systems with multiple events,
after which the stationary distribution is determined. In the first of these
systems, the online unit is only subject to failure by wear; the second ex-
tends this by including external shocks with diverse consequences, and
the third includes inspections, so that the effects of preventive main-
tenance and of the variable number of repairpersons, depending on the
number of units present in the system, are analyzed. An optimal mainte-
nance policy enables policymakers to decide what level of degradation
should be taken into account for preventive maintenance in response
to an inspection, whether preventive maintenance is profitable and the
optimum number of repairpersons at a given time. This study extends
previous research in this area in the following ways: the online multi-
state unit passes through an indeterminate level of degradation, external
shocks can produce several consequences (extreme failure, cumulative
external damage, aggravation of the internal degradation or internal
failure), preventive maintenance is performed in response to random in-
spections, the loss of units is considered (when a non-repairable failure
occurs, the unit is not replaced while the system is operational), variable
numbers of repairpersons are considered (the number of repairpersons
depends on the number of units in the system), rewards and costs are in-
cluded in the system and an optimizing example is shown and all results
are expressed in algorithmic form, with PH distributions and Markovian
arrival processes, with marked arrivals in discrete time (D-MMAP).

The applications considered range from performance and reliabil-
ity/availability analyses of different configurations of non-repairable
and repairable systems, to the development of maintenance strategies
providing the desired system functioning, to the optimization of sys-
tem structure, performance and maintenance schedules. In this respect,
Markopoulos and Platis [15] considered MSS and semi-Markov model-
ing to restructure an IEEE 6 BUS RBTS energy system in order to en-
hance its reliability. Real-life systems are modeled in the present pa-
per. The model presented can be applied in fields such as civil, indus-
trial and computer engineering. For instance, in computer engineering,
a computer server with three hard drives, two of which are available
in cold standby, might be assumed. The online hard drive is periodi-
cally inspected by an installed monitoring program that analyses logic
and physics parameters to detect possible errors. In civil engineering a
fundamental element in well machinery is the drill bit. This is essential
to advance the construction and it is subject to wear and/or breakage.
Drill bits are very expensive and so they are regularly inspected and
preventive maintenance is considered. New drill bits are kept in cold
standby.



J.E. Ruiz-Castro et al.

The rest of this paper is organized as follows. The systems and the
state-spaces are detailed in Section 2. In Section 3 the online unit and the
repair facility are modeled. The MMAP for each system are developed
in Section 4. Measures of the transient and the stationary distributions
are obtained by considering matrix-analytics methods in Section 5, after
which costs and rewards are introduced in Section 6. A numerical appli-
cation illustrating the versatility of the model is presented in Section 7,
and finally Section 8 presents the main conclusions drawn.

2. The systems

Three complex systems are described and modeled. The first is the
most basic and the last, the most complex. The systems are available in
cold standby, and the online unit is multi-state and subject to different
types of events.

SYSTEM I

The online unit is multi-state and subject to internal repairable or
non-repairable failure. The internal performance of the system is com-
posed of several states which are partitioned into two well-differentiated
groups: minor and major damage states, which reflect a low and high
risk of failure, respectively.

SYSTEM 11

The online unit is multi-state and subject to internal repairable or
non-repairable failure and external shocks with different consequences,
such as extreme failure of the online unit (non-repairable), degrada-
tion of the internal performance of the online unit, caused by a re-
pairable internal failure, and cumulative external damage where if a
threshold is reached a non-repairable failure occurs. Each time an ex-
ternal shock takes place, the cumulative external damage increases by
passing through an external damage state. These cumulative external
damage states are also well-differentiated in two groups: minor and ma-
jor cumulative external damage states.

SYSTEM III

Random inspections are added to system II. If a major internal stage
is reached and/or major external cumulative damage is observed by the
inspection, the unit is sent to the repair facility for preventive mainte-
nance. The time distributions for repairable failures and for preventive
maintenance may be different.

Three main contributions are incorporated in these systems. The ini-
tial number of units in the system is general, K, each time that a unit
undergoes a non-repairable failure is removed and the number of re-
pairpersons in the repair facility is general and varies each time that a
non-repairable failure occurs. The system continues working while there
are units in the system. The number of repairpersons when there k units
in the system is denoted by R, where 1 <R; <k.

The systems are modeled and presented sequentially; the state-space,
the modeling of the online unit, that of the repair facility, the associated
MMAPs (from the online unit and the repair facility), the measures used
and the costs produced. Examples are given in the modeling of the repair
facility to illustrate the algorithmic approach used.

2.1. Assumptions

The cumulative assumptions for the systems are the following.
SYSTEM I

Assumption 1. The internal operational time of the online unit is PH-
distributed with representation (a, T). The number of operational states
is equal to n, and these are partitioned in minors (the first n; states) and
majors states (states n; +1, ..., n). The internal failure is repairable.

Assumption 2. When an internal failure occurs, it may be repairable or
non-repairable. The probability of a repairable or non-repairable failure
occurring depends on the transient states, and is given by the column
vectors T? and T , respectively. If the online unit is in the operational
transient state i then the probability of a repairable or non-repairable
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failure occurring is given by the ith element of the column vectors T?
and TO, respectively.

Assumption 3. When the online unit undergoes a non-repairable fail-
ure then it is removed and the number of the repairpersons is modified.

Assumption 4. The corrective repair time when the online unit fails is
PH distributed with representation (f;, S;). The order of this matrix is
equal to z; (number of corrective repair phases).

Assumption 5. When the system is composed of only one unit and this
one undergoes a non-repairable failure, the system is replaced by new
and identical K-units system.

SYSTEM II

Assumption 6. External shocks over the online place occur according to
a phase type renewal process. If the online place is busy, this event pro-
duces the failure of the unit. The time between two consecutive events
is PH distributed with representation (y, L). The order of the matrix L
is equal to t.

Assumption 7. One external shock can produce external cumulative
damage, aggravation of the internal degradation where a repairable fail-
ure can produce or an extreme failure (non-repairable failure).

Assumption 8. External damage can pass through an indeterminate
number of external degradation states. The number of external degrada-
tion states is equal to d, and these are partitioned in minors (the first d;
states) and major states (states d; + 1,...,d). If the external degradation
state is i, then the external shock changes this one to state j with proba-
bility d;;. These probabilities are contained in the matrix D. A cumulative
external damage threshold is reached from the external damage states
after an external shock through the probability column vector DO. If it
occurs then the unit undergoes a non-repairable failure. Initially, previ-
ously to an external shock, the unit is in external degradation state 1 (no
damage due to external shock). The initial distribution for external dam-
age when one unit occupies the online place initially is @ = (1,0,...,0)144.

Assumption 9. One external shock can produce an extreme failure
(non-repairable failure). It occurs with a probability equal to .

Assumption 10. One external shock can produce modification in the
internal degradation state. If the internal degradation state is i, then the
external shock changes this one to state j with probability w;;. These
probabilities are given in the matrix W. An internal failure can occur
due to this fact from any performance state with a probability column
vector WO,

Fig. 1 shows a diagram for systems I and II.
SYSTEM III

Assumption 11. While the online place is busy, random inspections can
occur. The time between two consecutive inspections is PH distributed
with representation (7, M). The order of the matrix M is equal to &.

Assumption 12. When major internal or/and cumulative external dam-
age is observed then the unit goes to preventive maintenance for preven-
tive maintenance. Preventive maintenance time is PH distributed with
representation (f,, Sy). The order of this matrix is equal to z, (number
of preventive maintenance states).

Fig. 2 shows a diagram of system III.
2.2. The state-space

The state-space of the system is composed of macro-states. This state-
space is different according to the systems.

SYSTEM 1
The state space of the system is composed of two levels of macro-
states. This state space is denoted by § = {UX, UX-! ... U'}, where Uk
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Fig. 1. Diagram of systems I and IL

is the second level, containing the phases when there are k units in the
system. These macro-states are composed of the macro-states of the first
level, U = {EX, E’f ,Ei} where EX contains the phases when there are
k units in the system and s units are in the repair facility. The phases
of the system if the online unit is in state i and the units in corrective
repair, if any, are in states ry, ..., yings. g, are fork=1,...,Kands=1,...,
k-1,

EX = {(kii);i = 1,.on); Bf = {(k,s;i,rl,...,rmin{S’Rk}>; i=1...m,
r, = 1,.,z,h=1,...,min {s, Rk}}

Ef {(k,k;rl,...,rmm{x’Rk}); tp=1,.,z;,h=1,... min{s, Rk}}

SYSTEM 11

The state-space of system II is again composed of two levels, but in
this case the states of the inspection time, j, and the external cumulative
damage, u, are included. Then, for k=1,..., Kand s=1,..., k-1,

Ef = {(k.Oiijouyi=1,.onj=1..tu=1_.d}

E’; = <k, s;j,r],...,rmin{S,Rk}>;j =1,..,t,=1,..,2,
,...,min {S,Rk}}

1
E’S‘ {(k, S;i’j’“’rl’""rmin{s,Rk}>; i=1,.,nj=1,.,t,u=1,..4d,
1

h

r,=1,.,z,h=1,...,min {s,Rk}}
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SYSTEM III

The state space of System III is composed of three levels of macro-
states. In this case the order of the units in the repair facility has to
be saved in memory, as there are two types of repair, corrective and
preventive maintenance. For this reason, the macro-state E’Sc is composed
of the first level of macro-states Ef‘l """ i These macro-states contain the
phases when there are k units in the system, with s of them in the repair
facility, and the type of repair is given by the ordered sequence iy i,
The values of i; are equal to 1 or 2 if the unit is in corrective repair or
preventive maintenance, respectively. Then, for k=1, ..., K,

Bl = ((k,0;0, j,u,myi=1,.omj=1,. tu=1,.,dm=1,..¢€
B = {BE =120 = Lsi = s
for s=1,...,k where

.= {(k,s;i,j,u,m,rl,.A.,rmin{sYRk});i =1,.,nj=1,..1,
h= 1,...,min{s, Rk}}

wnd,m=1,.. 61, = 1,...,z,-h,

fors=1,....,k—1 and

k - AP — —
Eilv-wik = {(k,s,j,rl,...,rRk),j =1,..,t,r, = 1,...,z,-h,h— l,.,.,Rk}.

The phase (k,s;i,j,u,m,rq,... ’rmin{:,Rk)) indicates that there are k
units in the system of which s of them are in the repair facility, the in-
ternal performance is in state i, the external shock time is in state j, the
cumulative damage undergone by external shocks is given by u, m is the
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phase of the inspection time and r is the corrective repair/preventive
maintenance phase for the units that are being repaired in the repair
facility.

3. Modeling the systems

The systems are governed by a Markov process vector in discrete time
with the state space described in Section 2.2. To model any proposed
complex system, the behavior of the online unit and of the repair facility
must be described separately. This section shows the case of System III
but analogous reasoning can be performed for Systems I and II. The
corresponding matrices for all systems are given in Appendices A and B.

3.1. Modeling the online unit

The online unit of system III can undergo different types of events.
These ones are partitioned as:

A;: Internal repairable failure due to internal degradation

A,: Internal repairable failure due to external shocks

B;: Major revision for only major internal degradation after inspec-
tion

B,: Major revision for only major external cumulative damage after
inspection

Bj: Major revision in both cases (internal and external cumulative
damage)

C,: Non-repairable failure due to internal degradation

C,: Non-repairable failure due to one external shock
O: No events

The transition for each event affecting the online unit is obtained as
follows. The repairable case (A;, A,) is discussed below, and the remain-
ing cases are shown in Appendix A. Throughout the paper, the column
vector e denotes a column vector of ones with appropriate order, e, a
column vector of 1’s with order a, I is the identity matrix with appropri-
ate order, Ii.ongition} iS the indicatory function that it is equal to 1 if the
condition is true and O otherwise and ® is the Kronecker product. An
internal repairable failure (A;) can occur due to internal degradation or
after an external shock. In the first case, the online unit undergoes an
internal repairable failure and another unit occupies the online place
(T?(x); an external shock occurs or does not (LOy, L respectively); if it
does, cumulative damage occurs but there is no non-repairable failure,
Dew(1 — »°). If an inspection takes place at the same time, the unit un-
dergoes a repairable failure and the inspection time begins for the new
online unit (e,n). This transitions is governed by
Hrlep = [T?(x QL Qew+ T?u QLYY ® Deo)(l - wo)] ®e.n.

If the online unit is the only operational unit and a repair does not
occur, then none unit will occupy the online place at the next time. In
this case,

H;lp =[T'®L®e,+T°® LY ® De(1 - ') ®e,.

A similar reasoning can be applied when an external shock provokes

an internal repairable failure (A,). In this case, an external shock oc-
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curs (L%) and the internal behavior is modified to address the internal
failure (TWa). This shock does not provoke a non-repairable failure
(Dew(1 — ®°)). The transition matrix is governed by

H?

wp = [TWa ® L% ® Deo(1 -

)] ®e,n.
Analogously, if at the next time the online place is empty then

H? = o) ®e,.

rep

[TW’ ® L%y @ De(1 —

The rest of the matrices are given in Appendix A.

3.2. Modeling the repair facility

As mentioned above, the modeling is developed for System III, but
the method described is valid for Systems I and II if only corrective repair
and non-repairable failures are considered. The transition matrix for the
repair facility depends on the number of repairpersons, the number of
units in the repair facility, the number of units that are successfully
repaired and the type of failure (if any) of the online unit. The number
of repairpersons when there are k units in the system, with k<K, is
given by R, <k and the number of units in the repair facility is denoted
as L. Let a be the number of units which finish the repair. Let k;, be the
ordinal of the repairpersons who concluded the repair, and let i;, and jj
be the type of repair (corrective, 1, preventive maintenance, 2) for the
ordered units, after and before the transition, respectively. The online
unit can undergo two types of events that can require the unit to be sent
to the repair facility: repairable failure or major inspection. This fact is
included in the modeling through the variable mr, which is equal to 0
if the unit does not undergo an event and 1 if a repairable failure or a
major inspection occurs. The online unit is also subject to non-repairable
failure. If this occurs, it is denoted by nr=1, otherwise it is equal to
0.When a non-repairable failure occurs, the number of repairpersons
can be modified. In this case, if there are fewer repairpersons after a
transition than remaining units being repaired, some of these units will
be returned to the queue in the repair facility. The number of units to
be returned is denoted by b. This value is given by

b = max {min {I,Rk} —a—Ty— Ry — 1{,,,=0)Rk,0}.

To model the behavior of the repair facility we define the follow-
ing matrix function that governs the behavior in one transition of the
units that are being repaired where the order of the units repaired are
specified. This function is given by

Clk.la,biky, . kyiiys oo ii_gpmes dis 1)
SH® - ®@S(min{l.R,}): i a =jgs=1,...,Ls#k,Vz
= 5= X Tk <s)
0; otherwise
fork<K,1>1,a>1,b>0, where
sj.’ i 3ze{l,..,allh=k,
S(h) = e— S?;. ; histhe ordmal of the last b units being repaired
without ending '
th ; otherwise

If a=0, then the definition is analogous but we will consider the
following notation

Clkilya=0,b5iy, ... sipymys o0 ds) =
Y ii=j;1<s<
S ®..85 Jmin {,Ry, ® <e Jmin {1,Ry }— b+l> is=Jslsssl
_ 0
® ®<e S]min(l,Rk)>
0 . otherwise

If @ = min{/, R, }, then the definition is analogous but we will con-
sider the following notation

C(k,a=min{l, R },0:j1, ... js) =) @ ... ® fmm“Rk}
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Example 1. For instance, we assume a system composed of 4 repairper-
sons and 6 units (k=6, Rg =4), 5 of them in the repair facility (I=5; pre-
ventive maintenance, corrective repair, preventive maintenance, correc-
tive repair and preventive maintenance respectively). At the next time
three units that are being repaired finishes the repair, and the online unit
undergoes a non repairable failure. The number of repairpersons is only
two when the system is composed of 5 units (R5=2) and the units in
the repair facility after non-repairable failure are types corrective repair
and preventive maintenance respectively.

In this case the number of units that are devolved to the queue in the
repair facility is b = max{min{5,4} — 3 — 2,0} = 0. If the first three units
are repaired then this transition for the units that was being repaired
with the established order is

C(k=6,1=50a=3b=0k =1,ky=2,ky=3;i; = Liy =2;j, =2,
= 1j3=2j,=1j5=2)=50@S'®@S)®S,.

From this matrix function the transition probability, if only a is
known and the order is not specified, is given by

B(k’l’a’b;il’ ""[I—a+mr;jl’ ""j/)
C(k 1,0, B3y e sy J1s oo dy) ; a=0,b>0,0>0
min {/,R, } —a+1 min {/,R, }-a+2  min {L.R, }
. ; a>0,a7’:min{l,Rk}
= k=1 ky=ky+1 o=k, +1
Ck 1, a,biky, oo kgiiys oo sip_gymes 1o o0 dy)
C(k,l,a,O;jl,...,j,) ; a=min{l,Rk},

1 i a=0,b=0,/=0

Example 2. If the Example 1 is considered, then transition probabil-

ity matrix when the order of the units repaired are not specified is

given by

Blk=6,1=5a=3b=0;i;=1,iy=2,j, =2.j, = 1,j3 =2, J,

=1js5=)=50S/®5®S+0+5)® S5, ®S) @S +0.
After one transition, new units that were in queue or not can entry

in repair. The number of units that will begin the repair at the next time

is given by

e = min {max {0,/ — R, } + mr, I,

— min {min {R,, !} —

=1} Ri—1 + L =0y R
a d e Ry + Tipeo Ry} -

The matrix function that governs the transition probability of the
repair facility when a of [ units are repaired for [>0 and a#l is
given by

E(k,l,a,b;il,...,i,_a+m,;j],...,j,;mr,nr)
B(k,1,a, 03y, oy bi—gympsJ1s 5 d))® 5 €>0
ﬁmm(l Ry )—a+1 ®R..Q ﬂmm(l Ry )—a+e
(k,l,a,b,ll,...,l,,ﬁm,,jl,“.,/,) ;0 €=0
0 ; otherwise

If =0 or a=1 with [ <Ry, then this function is denoted as

Ek,1=0,a=0,b=0;mr=0,nr=0,1)=1,
E(k 1=0,a=0,b=0; tm,,mrzl,anO) =
E(k,l,a=1,b=0;j,...
E(k,l,a=1,b=0;i,:j,...

=B(k,1,1,0;jy, ...

ﬁlmr
s

,1,;mr:0,nr:0,l) =B(k,l,l,0§j1»...,jl),

JJpmr=1,nr = O)
J/) ® ﬁim’
Example 3. If the Examples 1 and 2 are considered, then
the number of units that entry in repair is given by e=
min{max{0,1} + 0,2 — min{4 — 3,2}} = 1. Therefore, the transition
probability for the repair facility is given by
E(k =6,1=5a=3,b=0iy,=1,i,=2,j,=2,j,=1,j3=2,js =1,
Jjs=2smr=0,nr = 1)
= (S @S)®S +5®S5; 85 ®S))®p2
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4. The Markovian arrival processes with marked arrivals

The systems I, II and III, are modeled by different MMAPs by consid-
ering the different types of events described in Section 3.1. The MMAPs
for the different systems have the following representations,

Model I: (D9, D41, DC1, DFC)
Model II: (D9, DA1, D42, D€1, D2, DFC1 DFC2)
Model III: (D, D41, D42, D51, DB, DB D¢, D%, DFC, DFC),

FC; and FC, denote the same that C; and C, respectively when only
one unit is present in the system. These events will be used to count the
number of new systems by time.

The matrix DY contains the transition probabilities when the event
Y has occurred for Y=0, A, A,, By, By, B3, C;, Cy, FCy, FC,.

The matrix DY is built following three matrix block levels, always
when the event Y occurs. The third level corresponds to the transitions
from the macro-state UK to UX or UK~1. These matrix blocks are com-
posed of the matrices Dlyh’k which correspond to the transitions between
the macro-states from E;‘ to either E‘;l or E’;l‘l (level 2).

Finally, when preventive maintenance is introduced (system III) sev-
eral types of repairing can be produced. Therefore, the type of failure
of the units in the repair facility has to be saved in memory. The matri-
ces Dlyh’k are composed of matrix blocks corresponding to the transition
from the macro-states Ef.‘l , to Ef.‘l

Dlyh’k(i Is--->ipsj1»---,Jjp) contains the transition probabilities described
above where the type of repair in the repair facility is ordered for the
case before and after transition. These blocks are built by considering the
matrices H defined in Section 3.1 and developed in Appendix A (level
1). Next, the case A, for the model III, a repairable internal failure oc-
curs, is described in detail. The rest is given in an algorithmic form in
Appendix B.

Building the matrix D41

This matrix D41 is a matrix block that governs the transitions when
an internal repairable failure occurs. Then this matrix is a diagonal
matrix block D41 = diag(DA1-K, DA1-K-1 DALK=2 DALY given that a
non-repairable failure does not occur. The matrix block D4 contains
the transitions when this fact occurs with k units in the system. The ele-
ments of the matrix D41’ for k=1,..., K are matrix blocks by considering
the number of units in the system, [ and h before and after the transition
respectively. It is given by

Ak _ Aq.k

..... in

>l,h=0,...,k

where Dﬁl"k =0ifh>1+1orh<l+1-min{l, R(k)} or [=k.

Finally, these matrices are again composed of matrix blocks by taking
into account the order of the units in the repair facility. Thus, if there
are k units in the system, [ of them in the repair facility with ordered
type of failure (j,, ..., j,), a units are repaired and one repairable failure
occurs then the transition matrix is given by

Ak (s . . N 1 "
D,,;H,a(’l’ TN IR b ST le) = (Hrep1(1<k—1om>0) +Hrepl{l=k—landa=0))
®E(k,l,a70;i17~~,i1+1_,,_1,1;j1,~~sj[§1,0),

forl=1,..., k—1; a=0,..., min{l, R} and k> 1.
The matrix is obtained according to the following algorithm.
1. DA] = diag(DAl’K,DAI‘K_],DAI‘K_Z, ,DAI‘I)
3. Building blocks D/,'"* for I+1 —min{l, R(k)} <h<I+1andl#k
3.1 If[=0
a. Calculating
E(k,0,0,0;1;1,0)
!
al Ifk>1- Hﬂep else Hr;p
a.2. Function E(k, 0, 0, 0; 1; 1, 0) =B(k, 0, 0, 0; 1)®p!
a.2.1. Calculating ¢ and b (in this case it is equal to one and
zero respectively)
a.2.2. Calculating function B(k, 0, 0, 0; 1) =1

’
Ijjsyy +H!

Apk
D, (= (H} repl tk=1}) ®

rep
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3.2. Forl=1,...,k-1; a=0,..., min{l, R} withk>1
a. Calculating

Ay.k . . . . 4
DL[l.H_a(I]w-- viptzamts Ldps o ,J:) = (Hl!cpl(l<k—]0m>0) +Hr¢lp1(l:k—landu:0))
® E(k,1,a,05iy, ... i1 1o ys 5 j1s e dis 1,0)
1 1
a.l. If/ < k- lora > 0-H, else H,

a.2. Function E(k,1,a,05i, ..., 014 1—q—1> Lij1s .53 1,0)
a.2.1. Calculating ¢ and b (in this case b is equal to zero)
a.2.2. Calculating function

B(k,l,a,O;il, ,il_a+1_1»1§j1»-~aj[)

The rest of matrices are given in Appendix B.
5. The transient and stationary distribution and measures

The transient and stationary distributions have been built so as sev-
eral measures of interest. These measures are developed for the system
III. The other models can be achieved in a similar way.

5.1. The transient distribution

Once built the D-MMAP, the transition probability matrix that gov-
erns the discrete Markov chain associated to the system III is given
by D=D"+D% + D + D% + DA + DB + D1 + D2 + DFCL + DFC,
Given the initial distribution of the system 6, the transient distribution
is worked out as p¥ = OD". Therefore, the probability of being in the
macro-state E’S‘ at time v is the corresponding part of p¥ and it is de-
noted by p;: e

5.2. Stationary distribution

The stationary distribution, x, has been built solving the balance
equations by applying matrix analytic methods. It is well known that
the stationary distribution verifies #D = st and me = 1. This system has
been solved for the macro-state EX, k units in the system. The stationary
distribution for this macro-state is denoted by mg«. Then, the station-
ary distribution is @ = (7gk, k-1, ..., TR1). From the MMAP the tran-
sition probability matrices for the transition from EX to EX or EX~! are
denoted by

D, =D + DAk 4 DAk DBk y DBk L DBk k=1, K
Dy =Dk + DOk k=2, K
Dl K= DFC1,1 +DFC2’1

The stationary distribution has been worked out from the balance
equations. These probabilities are equal to

gk = nElRl,k’ for k= 2,...,K,

being

R],K :Dl,K(I—DK,K)_l ]
Rl,k = Rl,k+le+l,k(I - Dk.k)

fork=2,..., K-1.
The vector my1 can be expressed as

K
gt = (1,0)< (I+ > R1,k>e
k=2

where the matrix A* is the matrix A without the first column.
The stationary distribution associated to the macro-state EX is given
by the corresponding part of g« and it id denoted by mgy.

-1
[Dl,l +R D, —I]*> ,

5.3. Measures

Several interesting reliability measures such as availability, reliabil-
ity, mean times and mean number of events are calculated in this section
for the transient and stationary regime.
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5.3.1. Availability

The availability
the system is
given by

that
is

the
at

is
operational

probability

time V. It

K
A(v)=1—2p2k ‘e
k=1 K

This measure is also calculated in the stationary case and it is equal

toA=1-3K 1“Ek'

5.3.2. Reliability

Two different reliability functions have been built: the time up to
the first time that the system in non-operational (all units in the repair
facility) and the time up to the first time that the system is replaced (all
units have undergone a non-repairable failure).

In the first case, the probability distribution is given by the phase-
type distribution with representation (6’, D’) where the vector and the
matrix are equal to (0, D) restricted to the macro-states E§ fork=1,...,
Kand s=0,...,k—1.

In the second case, the time up to the first time that the system
is replaced by another an identical one is phase-type distributed with

representation (6, D*) where the matrix is given by D with the blocks
DFCLI — pFC21 _ .

5.3.3. Mean time in each macro-state
The mean time that the system is in macro-state E’S‘ (k units in the
system and s of them in the repair facility) up to time v is given by

v
Vs = Y P, e
m=0

From this expression, the mean time in macro state EX (k units in the
system) is given by

k
Vi) = ) v, ().
s=0

The corresponding stationary values are y, , = 3" _ T, e and y,; =

k
ZA:() Wk,s'

5.3.4. Mean operational time up to time v

From the measures described above in Section 5.3.3, the mean time
that the system is operational up to time v can be calculated. It is
given by

K k-1

HopW) = D0 W ().

k=1 5=0

This mean time in stationary regime is the operational time ratio and
it is ”op Zk 12; ()Wks

5.3.5. Mean time that the repairpersons are idle and busy

The systems proposed in this work have different number of repair-
persons depending on the number of units in the system. One interesting
aspect is to analyze the mean cumulative time that the repairpersons are
idle up to a certain time. This measure is given by

K k=1
HiareW) = D, D (R
k=15=0

In the stationary regime this measure is the mean number of idle
repairpersons per unit of time,

— min {Rk, s}) Wi s (V).

K k-1

=2 (R

k=1 5=0

Hidle s —min {Ry,s}) - i,
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Following a similar reasoning to analyze the number of repairpersons
that are busy

K k

Hausy) = X, 3 min { Ry s} (),

k=1 s=1
K k
PINED I

5.3.6. Mean time working on corrective and preventive repair

The repairpersons can be working on corrective repair or preven-
tive maintenance. The mean time that the repairpersons are working
on corrective repair and preventive maintenance up to time v is given
respectively by

and in the stationary regime s, = min{ Ry, s} - wy ;-

Heorr(V) = Z Z ZPE" " )
m=0 k=1 s=1

and
v K k

Hpm(V) = Z 22 gt @
m=0 k=1 s=1

where qf(l) and qf (2) are column vectors that contains the number of re-
pairpersons that are working on corrective repair and preventive main-
tenance respectively according to the macro-state E ;‘ These column vec-
tors are given by

k
dx (De t(nds) {5k} 7,4 (])quin{s,Rk)—dé‘(])
k 2
q’;(l) _ d; (2)et(nd£) (%K) ¢IT(2)szin{;.Rk)fdl,§(2) i
k K-1 X
d¥ (T egy 25 + I(S#K)zs)el(”ds)l(ﬁﬁk}Zldi‘(i)ZZmin(x.Rk]—di‘(i)
for
k
g (e Hnde)15#k) 7, min {5.Re =g 1) k)
k
€@ = 8D s -t
k K-1 |
85 (I(A=K)2 + [(S#K)zs)e,(ndg)’(s;ék)ZIn1in(s.Rk}fgf(2)12g,‘§(2>
being  d¥(@) the ith element of the vector d*=
1 min{s, R }
(0)o O(0) ® €;max(s-r;.0) With
1 k-1 1
a = I{szk}[(O)O o(o) +ey1]+
h R d gG) the ith el
1”‘>Rk’(0)o O(O) ® eyk-r -1 an g (i) the it element
0 min{s, R, } 0
of the vector = (I)O o(1) ® eymaxis-re.0y  and
0 k-1 0 0 R 0
k_ k
8 = Ti=ry (g o) T luera (g o)) ® Ex-rict
fork=1,..., Kands=1,...k wherea®b=a®e, + ¢, ® a being a and

b column vectors with order n and m respectively.
These measures in  stationary regime

Zklz E q(l)andl“pms ZklzslnEk'

are Heorrs =

q%(2) respectively.
5.3.7. Mean number of events

Thanks to the structure built, the expected number of events up to
a certain time v is worked out. It is given by AY(v) = ¥_, p*~'DYe, for
Y=A,, Ay By, By B; C;, C, FC; FC,. In stationary regime, the mean
number of events per unit of time is AY = aD"e.

6. Costs and rewards

Several costs and rewards have been included in the model to study
the effectiveness of the model from an economic standpoint. Thus, we
assume that there is a gross profit per unit of time while the system
is operational equal to B. While the system is operational a mean cost
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per unit of time depending on the operational phase occurs. This cost is
given by the vector c,. There are two different types of repair, corrective
repair and preventive maintenance. The mean cost per unit of time when
a unit is in corrective repair or preventive maintenance depending on
the repair phase is given by the vectors cr; and cr, respectively. Also,
we assume a fixed cost per unit of time for each repairperson equal to H
and a loss per unit of time while the system is not operational equal to C.
Finally, each time that the online unit undergoes a repairable failure or a
major inspection a fixed cost is produced equal to fcr or fpm respectively.
The mean cost per one new unit is fnu (the cost of a new system is K-fnu).

To calculate the total net profit up to time v is necessary to build
the vector cost for the macro-state EX and several rewards and costs
functions.

6.1. Net profit vector associated to the phases

When the systems is composed of k units and s of them are in the re-
pair facility, then the online unit provokes a net reward for the different
phases of the system given by

Bentde — ¢ ® €rde > s=0
Be 25 X X
ntde-2s=min (SR} 3 7 D) 850
i=1
c®e ' K k
0 ® rde2s-min {s.Ri )z kD gk . o 1
k cE®e ) " P > S= Lk
nry =4 _ 0 tdsZ""““‘[“'Rk)zldS (2)22g3(2)
cE®e . ; :
0 ® tdgzx—mm{.Y,Rk)zldf(Z“‘)Zng(ZJ)
—Ce k=R -1 P K Pos=k
12" kT s=K,Rg <K} Y zlds(i>zng (@)
i=1
Then, for the state space it is
!
K K K' LK K-1 K-V .
nr = (nro SJACT ., Ar Org Or; .., Arg” ..., nr;,nr, ) .

If the repair facility is considered, the cost vector per unit of time
depending on the type of repair associated to the macro-state E;‘ for
s=1,..., k, is
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6.2. Rewards measures

Several rewards measures have been built in transient and stationary
regime.

Mean net profit up to time v

The mean net profit by considering only the online unit up to time v
is given by

v
Vo o_ m
CDW_Zp - nr,
m=0

and it is in stationary regime the meat neat profit per unit of time, @,
7 -nr.
Mean cost due to corrective and preventive repair

The mean cost due to corrective repair and preventive maintenance
up to time up v is given respectively by

@y, =3, op" -me’ and @) =3 p" mc’” where me is the
vector nc with er, = 0,, and me?™ is the vector nc with er; = 0, , being
0, a column vector of zeros with order a.

These measures in stationary regime, net cost per unit of time due to
corrective or preventive maintenance, are ®, =7 mc” and o,
7 - me”™ respectively.

Total net profit

The total net profit up to time v is worked out by adding costs and
profits produced by the events. If the fixed cost per event is included
then it is equal to

z0

S

QY= @y — DY — DY~ (1+ AN W)+ ATPW)) K- fru— (AM(W)
+A2W)) - fer = (AP ) + AB2(v) + AB3)) - fpm = (Mgt + Hpusy) - H.

Finally, the total net profit per unit of time (stationary regime) is

— FC1 FC2
o=, -0, @  —(1+ACT+AFC) K- fru

— (AAI _LAA2) - fer — (’Asl + AB2 +AB3) - fpm— (Mid,e +Mbmy) " H.
7. A numerical example

Any facility that requires a reliable electrical supply (such as depart-
ment stores, hospitals, military installations and hydroelectric plants)

min {s, Rk}
s—min {5.Ry }— r r r
et(nds)lh#k)z’ {sRyc} I{s=K.Rg#K} ® ry © cry © o ry
e I s=min {s, R} =T o_k R %K ® ey O ey O O cr,
€ ey (5240 2~ R T (s Ry K ® ea, O a O ©
€ (ndey! (5240 2~ R T (o rig K ® ea, O a, O O
K
e ® ea; O ey O © ¢y O e
K e ® ¢y O e O © e, O cr
ncy = .
e ® e, O ¢, O © ¢ O o
e ® ea, O ¢, O © oa, O o
The total vector for the cost due to repair is given by must have additional generating resources available. When the ordinary
J KK Kt K1 Y electricity supply fails, a cold standby generating set comes into action.
ne= (nco JMC - MG, NG, L, NC L G-, G L NG ) . For a large dam, at least two such generating sets must be installed

Thus, the net profit vector associated to the macro-state E¥ is given
by c’é = nrg, ¢ =nr¥ —nc* for s=1,...,k. Finally, the net column profit
vector associated to the macro-state EX is given by ¢k = (cf, ..., ¢f)’ thus
the global net column profit vector associated to the macro-state E is

given by

¢c=nr —nc=

122

in cold standby. The generating set may fail for the same reasons as
any motor, provoking either a total failure of the motor or a repairable
failure, and preventive maintenance may be necessary. Therefore, we
assume a cold standby system composed of three units, as Systems II
and III. To optimize the system, two questions must be answered. Is
preventive maintenance profitable? How many repairpersons, depend-
ing on the number of units in the system, would have to be deployed
to optimize the profit? In this numerical example, the effectiveness of
preventive maintenance is analyzed and the optimum number of repair-
persons is calculated.
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Without preventive maintenance
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Fig. 3. Mean operational ratio (first row) and mean number of idle repairpersons per unit of time (second row) with preventive maintenance (first column) and

without preventive maintenance (second column).

Table 1

Internal operational, external shock and inspection time distributions.

Internal operational time

External shock Inspection time

a=(1,0,0,0,0)
0.99  0.002 0 0 0
0 09  0.001 0 0
T=| 0 0 09 0002 0
0 0 0 0.6 0
0 0 0 0 0.6

Mean time: 102.0201

¥ =(10) n=(10)
0.89 0.1 0.85 0.1
L= < 0.1 0.8) M= <o‘45 o.4>

Mean time: 25 Mean time: 15.56

System times

The internal behavior of the online unit passes through five perfor-
mance levels, where the degradation is minor in the first three stages
and major in the last two. The online unit is also subject to external
shocks and inspections. The operational time distribution of the online
unit, the inspection time distribution and the external shock time are
PH distributed with representation given in Table 1.

Each time that the online unit undergoes an external shock, a total
non-repairable failure occurs with a probability equal to 0.05. If no such
failure occurs, the internal performance may be degraded according to
the following probability matrix

06 02 01 0.1 0
0 06 02 01 0.1
W=|0 0 06 02 02]
0 0 0 05 03
0 0 0 0 0.4

When an external shock takes place, cumulative external damage
occurs. Four external degradation levels are assumed, the first two of
which are minor and the last two, major. Changes in the external degra-
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dation levels are governed by the matrix

0 03 07 0
0 0 06 04

D= 0 0 0 05/
0 0 0 03

where initially the external degradation level is the stage 1 (without
external damage).

Each time that a repairable failure or a major inspection occurs, the
online units goes to the repair facility. The corrective repair time and
the preventive maintenance time distributions are given in Table 2.
Performance of the systems according to the number of repairpersons

As mentioned above, the systems with and without preventive main-
tenance (Systems III and II, respectively) are compared by considering
all possibilities for the number of repairpersons. Thus, the system i_j k
denotes a system with i, j, k repairpersons when there are 1, 2, 3 units
in the system respectively fori=1,j=1, 2, k=1, 2, 3. In total there are
12 possible systems, six with preventive maintenance and six without.
Several measures have been worked out and compared in transient and
stationary regime.

Fig. 3 shows the mean operational time and the mean number of
idle repairpersons per unit of time for Systems II and III. The optimum
mean operational time ratio is reached for System 1_2_3 when the op-
erational time ratio in a stationary regime is equal to 0.9467 for the
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With preventive maintenance
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Without preventive maintenance
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Fig. 4. Mean net profit per unit of time up to time 25,500 and the stationary case for system II (with preventive maintenance) and system III (without preventive

Preventive maintenance time distribution

maintenance).

Table 2

Corrective repair and preventive maintenance time distributions.
Corrective repair time distribution
B! =(1,0) p? =(1,0)

091  0.01 0.1 0.1
S“(o o.s) SZ_(O o.1>
Mean time: 11.67 Mean time: 1.23
Table 3

Mean number of events up to time 1500 (without preventive maintenance in parenthesis).

SYSTEM A%1(1500) A%2(1500) ABI(1500)  AB(1500)  AB:(1500)  ACi(1500) AC:(1500) AFCI(1500)
+AFC(1500)

Time 1500 123 21.6051 (22.3598) 0.0160 (0.0158) 0.0741 (-) 12.1965 () 0.2521 (=) 3.5750 (3.1678) 5.6187 (8.5369) 4.1283 (5.3222)
1.2.2 21.6038 (22.3585) 0.0160 (0.0158) 0.0741 (-) 12.1957 (-) 0.2521 (=) 3.5748 (3.1676) 5.6184 (8.5365) 4.1280 (5.3219)
1.2.1 21.5840 (22.3403) 0.0160 (0.0157) 0.0733 (-) 12.1253 (-) 0.2499 (=) 3.5703 (3.1651) 5.6237 (8.5298) 4.1283 (5.3177)
1.1.3 21.5328(22.2864) 0.0159 (0.0157) 0.0738 (-) 12.1531 (=) 0.2512 (=) 3.5634 (3.1577) 5.6012 (8.5098) 4.1136 (5.3037)
1.1.2 21.5315(22.2850) 0.0159 (0.0157) 0.0738 (-) 12.1522 () 0.2512 (=) 3.5632(3.1575) 5.6009 (8.5093) 4.1133 (5.3034)
1.1.1 21.5053 (22.2638) 0.0159 (0.0157) 0.0730 (-) 12.0797 (-) 0.2489 (=) 3.5577 (3.1546) 5.6045 (8.5016) 4.1123 (5.2985)

system with preventive maintenance and 0.9346 for the case without
preventive maintenance. This outcome is to expect but as the repairper-
sons have a cost, it is interesting to analyze the mean number of idle
repairpersons. In this case, the maximum is reached for System 1 23
with a mean number of idle repairpersons per unit of time in the sta-
tionary regime equal to 1.8847 and 1.7663 for the systems with and
without preventive maintenance, respectively.

Another interesting aspect to study is that of the mean number of
events up to a certain time. This measure was calculated for every system
and for several units of time. Table 3 shows the results obtained for 1500
units of time.
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The number of new systems up to time 1500 is given by the last
column of the Table 3. The minimum is reached when always one re-
pairperson is assumed.

Analysis of systems when costs and rewards are included

Rewards and costs have been included in the analysis to optimize
the model form an economical standpoint. Each time that the system
is operational a reward equal to B=100 is produced and a lost with
the same quantity is considered while the system is not operational.
The operational cost per unit of time while the online unit is working
depends on the internal degradation level according to the vector ¢, =
(10,20, 30, 40, 50). While the unit is being repaired two different costs per
unit of time can be produced according if they are corrective repair or
preventive maintenance. In the first case a cost equal to 5 is given and
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in the second case 0.5. Finally when a repairable failure occurs a fixed
cost equal to 20 is produced and if it is a major inspection this cost is 1.
A new unit of the system costs 200 and any repairperson has a cost of
one per unit of time.

The mean net reward has been calculated for any system to achieve
the more profitable system. Fig. 4 shows them per unit of time for the
cases with and without preventive maintenance.

If the mean net profit is observed in stationary regime the most prof-
itable situation is for system 1_2_1 with preventive maintenance. Ini-
tially the number of repairpersons should be only one, when the first
non-repairable failure occurs then one repairperson is added and finally
only one repairperson should be when another non-repairable failure
occurs. The optimum mean net profit in this case is equal to 74.0513 in
stationary regime.

8. Conclusions

In this study, three multi-state cold standby systems, evolving in dis-
crete time, are modeled in an algorithmic and computational form using
Markovian arrival processes with marked arrivals. The online unit is a
multi-state device depending on degradation/performance levels. The
three systems are modeled following similar methods, ranked from sim-
plest to most complex. The latter includes multiple events: internal fail-
ure, external shocks with different consequences and inspections. Cor-
rective repair and preventive maintenance are included as responses to
a repairable failure and to major damage (internal or external) when
the unit is inspected, respectively. Non-repairable failures, whether in-
ternal or due to an external shock, are possible and in this case the unit
is removed.

Two interesting contributions are made in the present study. The
number of repairpersons is indeterminate and variable depending on the
number of units in the system. A system can be optimized by considering
two different standpoints: the profitability of preventive maintenance
and the number of repairpersons present according to the number of
units in the system.

This complex system is modeled by a MMAP, which is shown to be
useful for expressing the modeling and its associated measures in a well-
structured form. Furthermore, this method makes it possible to deter-
mine the transient and stationary distributions and measures associated
with the system in a matrix-algorithmic and computational form.

Other redundant systems such as warm standby systems and k — out-
of-n: G systems can be modeled following this algorithmic methodology.
Also, in a similar way and following this methodology, repairpersons
could be replaced by repair sources, a situation in which costs and the
associated repair times need not be the same.

Several measures, developed in an algorithmic form, are worked out
in transient and stationary regime in an algorithmic and computational
way. A numerical example illustrates the versatility of the modeling per-
formed, and the optimum system is obtained.
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Appendix A

MODEL I
The transition matrices for the online unit for the system I case are,

O: No events: Hy =T

Ay: Repairable internal failure: H = Toa; H! o= T?

Cy: Non-repairable failure: H, . =T) o H, =T)
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MODEL II
The transition matrices for the online unit for the system II case are,

O:No events: Hy=T®L® I+ TW ® L% ® D(1 — «°)
A: Repairable internal failure
A;: Repairable internal failure not due to shock:

H =T'a®L®eo+T 0 ® LY ® Dew(1 - o’)

rep

H! =

rep

T'®L®e, + T ® L% ® De(1 - o°)

Aj: Repairable internal failure due to shock: H},, = TWa ® L% ®
Deo(1 — o”)

"2 0 0 0
H: =TW’ @ L% ®De(l - w’)

C: Non-repairable failure
C;: Non-repairable internal failure: H!

arep = TNa®L®eo+ T a®
L% ® Dew(1 — o°)

H!

nrep

=T) L®e+T) QLY @ De(1 - )

Cy:
(e@w” + Do (1 — &)

Non-repairable failure due to shock: H? =eax® L'y ®

nrep

H2

nrep

MODEL III

Auxiliary matrices for minor/major inspection

The matrix U; and V), for [=1,2, are square matrices of order n and
d respectively, whose element (s, t) is given by,

=e®L% ® (e’ +D°(1 - 0°))

1 ; 1<s=t<n 1 s os=t>m
Ui(s.0) = {O ;  otherwise U0 = {0 i otherwise
1 5 1<s=1<4 15 s=t>4d

1) = |2 1) = .
Vi(s, ) {0 ;  otherwise - Vals.1) {0 ;  otherwise

The matrices U and V will be taken into account when one inspection
occurs and the internal degradation level and cumulative external dam-
age are observed respectively. The subscripts 1 and 2 will be considered
when the damage observed is minor or major respectively.

O: No events:

H)= [TQLRI+TWQLY®D(I -’)| @M
+[UT®L®V, +U,TWR L%y ® V,D(1 - 0°)] ® M%
H =[UTQL®V,]+U,TQL®I
+U TWQ L%’y ® V,D(1 - 0°)
+U,TW® L’y ® D(1 - °)] ® M%
B: Major revision
B;: Major revision for only internal major damage
H =[U)(e-T")a®L®V,en
+U,TWea ® L%y ® V| Dew (1 - 0°)] @ My
B,: Major revision for only external cumulative damage
H, =[U,(e-T)a®L ® Ve + U TWea ® Ly ® V,Den (1 — )] @ M’y
Bs: Major revision for internal and external cumulative damage
H =[U,(e-T°)a®L® V,ew + U,TWea ® L’y ® V,Den (1 - 0°)] @ M’y
C: Non-repairable failure
C,: Non-repairable internal failure:
H;,rep =T a®@L®ew®@en+ T a®L% @Den(1 - ') Qen
Hl =T, ®@Loe®e+T, ®LY®De(l-0’) ®e

C,: Non-repairable failure due to shock: H?_ =ea®Ly®

nrep
(e@w® + Dw(1 — 0°)) ® ey
H?

nrep

=e®Loy®(ew0+D0(l—w°))®e
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Appendix B

The matrices for the Markovian arrival processes have been devel-
oped in the following way.
DY = diag(D"K, DY-K-1 DYK=2 pV1)

for Y=0, A;, Ay, By, B, and

0 DVK
0 DY-K-1
DY = , for Y = C; C,and
DY,2
0 0
0 0
pY =| :
0 :
D¥:l 0 0

for Y=FC, FC,.

Matrix DY for Y=0, C;, C,, FC, FC,

The elements of the matrix D¥** for k=1,..., K and Y=0, C;,
FCy, FC,, are given by

Cz,

D" Y=0
( h )| p=o,...k
Y.k ]
DYk = (Dlh )1:0,.“,1( ;o Y=C.L.G
h=0....k—1
(DIY;{I)I=O,1 Y =FC|,FCyk=1
h=0....,

where D% =0 if h>1 or h<l-min{l Ry}, D" =0 if h>1 or

h<Il-min{l, R} or [=k and D! Z 0 for all 1 and h excepting for the

Ih
case [=h=0.
Fork=1,..., K,
DY‘k_{H9+I(k=1)H;m; Y=0
= . ,
00 Hn’;gp; Y = Cyp0tY = FC,p,
Forl=1,..., Ry
H, ® E(k,1,1,0; jy, ..., j;;0,0) . Y=0ad!l<k
D) (isoonndi) = \Hitls ® E(K 11,0y, i 0,1) 5 ¥ =G and <k,
¢ E(k,1,1,0; )y, ...,j;;0,0) ;. Y=Oandl=k

with §=a for system I, { = a ® (L +L%) for system Il and {=a ®
(L + L%) ® n ® o for system III.
Forl=1,...,k—-1;a=0,..., min{Ry, |- 1} with k>1,

DK (it siiasdis oo i)
[H, + 1{,:k,landa:U,H;u,] ® E(k,1,a,0:iy,....1)_gij1s ... ji0,0); Y =0
= HLy,‘éf;I (1<k=lora>0) T Hn?él:fl {I=k—1anda=0}
QE(k.1,a,byiy, ... iy_gijissji0,1); Y =Cppp
Fora=1,..., min{Ry, k-1},
ok . S . . L .
Dk,k—a(ll’ el Js s di) = E® E(k. k, 0,0,11, EERR S r S PR ,Jk,O,O),
with k> 1.
Fork=1, ..., K,
Ok (. A .
Dk,k (11, T P FT ,jk)
_ E(k,k,0,0;il, T PR ST ,jk;0,0); system 1
T L(L+LY%) @ E(k, k0,051, ..., igijis 2 jg: 0,0);  systems IT,ITT"
Matrix DAk
The elements of the matrix DA% for i=1, 2 and fork=1,..., K are
given by
DAk — (DAisk>
th ] 1h=0...k

where DlAh"’k =0ifh>1+1orh<l+1-min{l, R(k)} or [=k.
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For type=1, 2, then

Aypypok /
D, (1) = (Hgﬁel(b” + Hr’eﬁf’ez[k:”) ® E(k,0,0,0;1;1,0).

D

Forl=1,...,k-1; a=0,..., min{l, R} with k>1

Atype-k
Ll+1-a

_ type "type
- (Hrep I{1<k—10ra>0) +Hrep I{1=k—landa=0))

(its oo sirptmats L s e i)

® E(k,1,a,03iy, ... yijpy—goys Lijis-ees i3 1,0)
Matrix DBik
The elements of the matrix DB* fori=1, 2, 3 and for k=1,...,K are
given by
DBk = (DB,,k>
th )| p=0....k

where D;;"’k =0ifh>l+1orh<l+1-min{l Rg} orl>k-1.

For type=1, 2, 3 then

D, () = HYP 141, ® E(K,0,0,0;2; 1,0).

Forl=1,...,k—2; a=0,..., min{l, R} with k>1

Df,lfle;ka(llv sl 11> 215 5 1)
=HY @ E(k,1,a,05i1, .. ijpy_q_1523 1, -+ J13 1,0)
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