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Abstract

Resistive Random Access Memories (RRAMs) are being studied by the industry

and academia because it is widely accepted that they are promising candidates

for the next generation of high density nonvolatile memories. Taking into ac-

count the stochastic nature of mechanisms behind resistive switching, a new

technique based on the use of functional data analysis has been developed to

accurately model resistive memory device characteristics. Functional principal

component analysis (FPCA) based on Karhunen-Loève expansion is applied to

obtain an orthogonal decomposition of the reset process in terms of uncorre-

lated scalar random variables. Then, the device current has been accurately

described making use of just one variable presenting a modeling approach that

can be very attractive from the circuit simulation viewpoint. The new method

allows a comprehensive description of the stochastic variability of these devices

by introducing a probability distribution that allows the simulation of the main

parameter that is employed for the model implementation. A rigorous descrip-

tion of the mathematical theory behind the technique is given and its application

for a broad set of experimental measurements is explained.

Keywords: Functional data, Karhunen-Loève expansion, Penalized splines,
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1. Introduction

Since the presentation of Moore’s law fifty years ago [? ], the scaling of

electronic devices has been increasing continuously till now. Gordon Moore

observed that the number of components within integrated circuits double ap-

proximately every 18 months. Since that time, in the sixties, the production5

lines in the electronic industry have been working under pressure with the ob-

jective of fulfilling Moore’s law. The most important internal computer circuits:

microprocessors and memories also have fallen under the influence of the scaling

trend imposed by this law [? ? ].

The reduction of semiconductor devices is not an easy task, the path of10

scaling is flooded with physical and technological hurdles that sometimes can

not be solved. This situation is found in different facets of the integrated circuit

industry, in particular in the non-volatile memory realm. The basic components

found in non-volatile memory chips, floating-gate transistors, are thought to be

facing important limits [? ]; therefore, other emerging technologies are under15

study both in the industry and the academia. Among them there can be found

resistive switching (RS) memories [? ? ? ? ], phase change memories (PCM)

[? ] and Spin-transfer torque random access memories (STT-RAM) [? ].

RRAMs can store information without the need of a power source when they

are switched off. These devices, with an operation based on resistive switch-20

ing mechanisms, show interesting characteristics such as fast switching speed,

endurance, low power operation and compatibility with current complementary

metal-oxide-semiconductor CMOS technology [? ? ]. Because all this, they are

considered the most promising future technology for non-volatile memories [? ?

? ].25

Each generation of devices developed in the microelectronic industry needs

to be completely characterized; i.e., the electric currents, capacitances and other

magnitudes have to be measured and modeled in such a way that they can be
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calculated versus the voltages applied at their terminals by means of analytical

equations. These analytical expressions are employed in circuit simulators, us-30

ing also Kirchhoff’s laws, to design electronic circuits. A set of equations and

the corresponding fitting parameters that characterize an electron device for

circuit simulation is known as a compact model and they are under continuous

development due to new physical effects that show up as device dimensions are

reduced and new materials and technological processes are employed in their35

fabrication.

A compact model is essential for the introduction of a technology since the

fabrication of new integrated circuits is extremely complicated if previous cir-

cuit simulations can not be performed. Although several authors have published

models for RRAMs [? ? ? ? ], there is a long way to go in this field, mostly40

taking into account the variety of physical mechanisms employed to explain the

physics behind the operation of dozens of different RRAMs to date [? ]. It is

well known that the mechanisms behind resistive switching, the core of RRAM

operation, are stochastic [? ? ]. The formation of conductive filaments that

help to drastically change the resistance of the device, from a High Resistance45

State (HRS) to a Low Resistance State (LRS) is known as a set process, the

reverse transition is known as a reset process; in this latter case, the conductive

filament is destroyed. These filaments are formed by the random clustering of

metallic ions or oxygen vacancies [? ? ]. That is why a mathematical model

and an analysis tool that allow the description of the current-voltage curves by50

considering the stochastic nature of the device operation are highly desirable.

The present study addresses this problem by proposing a novel approach based

on Functional Data Analysis (FDA) methodologies for modeling and reconstruc-

tion of RRAM current-voltage curves. As far as we know, it is the first time

that FDA is used to model these type of reset/set stochastic processes. The55

interested reader is referred to [? ? ? ? ? ] for a detailed study of the the-

oretical, computational and applied aspects of the most basic FDA statistical

methods.

FDA is a very successful subject of statistical research where the data units
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are functions of a continuous domain instead of vectors as in classical multi-60

variate analysis. In the most usual case, the functions are curves defined on

a real interval of time or other continuous magnitude as voltage in the case

of RRAM reset/set processes. The dimension reduction technique Functional

Principal Component Analysis (FPCA) is performed in this paper to provide

an approximated orthogonal decomposition of the stochastic process generating65

the current-voltage curves in terms of a finite set of uncorrelated scalar ran-

dom variables that explain the main features of process variability [? ]. FPCA

is based on the well known Karhunen-Loève expansion introduced by [? ? ].

FDA techniques have been successfully applied in chemical, physics, engineer-

ing and mathematics, including many other interdisciplinary areas [? ? ? ? ]70

[? ? ? ? ].

In our analysis, experimental measurements from a sample of reset cycles

have been employed to formulate and estimate the statistical model in a com-

prehensive and coherent manner. In FDA, the first step, previous to apply a

concrete methodology, is to reconstruct the mathematical shape of the curves75

over their entire domain. The problem related with having discrete observations

of the reset process with different domains among sample curves (their domains

are upper bounded by the reset voltage) is solved by a new approach based

on synchronization of the observed curves in a common interval. Then, FPCA

is estimated by using P-spline smoothing in terms of basis representation with80

B-spline functions [? ]. In this way some of the well-known FDA features are

employed here to their full extent in order to capture the random characteristics

of RRAM operation. The most important goal in this paper is to study and

model important patterns of variability among the data (the goals of functional

data analysis are essentially the same as those of any other branch of statistics85

[? ], Chap. 1).

The manuscript is organized as follows. In Section 2, we describe the tech-

nological details of the fabricated devices and observational data. In Section 3

the features of the modeling procedure based on FPCA are explained. In Sec-

tion 4 the main results and the corresponding discussion are given. Finally, in90
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Section 5 we wrap up the contents presented along the paper.

2. Device fabrication and observational data

The devices studied were fabricated at the IMB-CNM (CSIC) in Barcelona.

They are based on a Ni/HfO2/Si− n+ structure, the dielectric layer was 20nm

thick; other details of the fabrication process and measurement setup are given95

in [? ]. In these memories, conduction takes place inside conductive filaments

(CFs) that are formed and destroyed within the RS device operation [? ? ].

In this work, only experimental measurements are used. Nevertheless, simu-

lated results can also be used in future developments since we have implemented

a simulation tool that accounts for the main physical effects involved in RRAM100

operation [? ? ? ].

A few current-voltage curves corresponding to several set-reset cycles are

shown in Figure 1. Reset curves are shown in red lines while set curves are

given in blue lines. These curves correspond to different cycles from a set-reset

series of three thousands cycles. It can be seen that the curves are different in105

all the cases, this is due to the stochastic nature of the processes behind the

conductive filament formation that determines the device resistance, i.e., the

ratio between the device voltage and the corresponding current [? ? ? ? ].

Two of the curves plotted above have been isolated in Figure 2. The VReset

and IReset points are marked for the reset curve (red line). For any reset curve,110

these magnitudes represent the reset voltage and reset current linked to the

rupture of the conductive filament [? ? ]. So the reset point is determined

by the sudden drop of the current and at this point the device enters the high

resistance state because the resistance of the conductive filament is much lower

than the dielectric resistance. The VSet and ISet points are also marked for the115

set curve (blue line). For any set curve, these magnitudes mark the set voltage

and set current where the creation of the conductive filament takes place. The

filament formation makes the RRAM resistance greatly diminish because of the

low resistance of the conductive filament.
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Figure 1: Experimental current versus applied voltage for several set/reset transitions in a long

set-reset series for devices based on a Ni/HfO2/Si− n+ structure. Although the Ni electrode

had a negative voltage applied while the substrate was grounded [? ], we have considered

absolute values for the applied voltage in order to ease the modeling process for curves in the

first quadrant. The curves have been plotted on a logarithmic scale for the current.

As it will be shown in the next section, the reset voltage is a key parameter120

for our modeling procedure, since all the reset curves studied are defined between

zero and the corresponding VReset, which is different among them. Because of

this, all the curves are first normalized in the interval [0,1]. Then, the other

FDA steps are performed.

3. Functional data analysis125

As stated in the introduction, Functional Data Analysis is performed in

this paper for modeling and explaining the stochastic variability of the curves

of evolution of electric current (I) in terms of voltage (V) from a sample of

reset cycles in Resistive Random Access Memories (RRAMs). Let us denote by

{I(v) : v ∈ T} the stochastic process of evolution of current in terms of voltage130

in a real interval T.

In order to reduce the dimension and explain the main features and modes of

variation of the current-voltage reset process, the present study perform a new

approach based on functional principal component analysis (FPCA) that was

introduced by [? ? ] as a generalization of multivariate principal component135
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Figure 2: Experimental current versus applied voltage for a set and reset transitions for a

device based on a Ni/HfO2/Si− n+ structure. The (VReset, IReset) and (VSet, ISet) points

are highlighted.

analysis to the case of a continuous-time stochastic processes. FPCA is based on

the well known Karhunen-Loève expansion (KLE) that makes and orthogonal

decomposition of the process in terms of uncorrelated random variables and

deterministic functions. This method was first introduced as harmonic analysis

of a stochastic process. Asymptotic theory and statistical inference on FPCA140

were developed in [? ].

3.1. Karhunen-Loève expansion

Let us suppose that {I(v)} is a second order stochastic process defined on a

probabilistic space (Ω, A, P ), continuous in quadratic mean and whose sample

functions belong to the Hilbert space L2[T ] of the square integrable functions

on T , with the natural inner product defined by

< f |g >:=

∫
T

f(v)g(v)dv for all f, g ∈ L2[T ].

The covariance operator C of {I(v)} is a positive autoadjoint compact operator

defined on L2[T ] by

C(f(v)) :=

∫
T

C(v, u)f(u)ds,

with kernel the covariance function C(v, u), Then, the spectral representation

of C provides the following orthogonal decomposition of the process, known as
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Karhunen-Loève orthogonal expansion [? ? ]:145

I(v) = µ(v) +

∞∑
j=1

fj(v)ξj , (1)

where {fj} is the orthonormal family of eigenfunctions of the covariance operator

C associated with its decreasing sequence of non null eigenvalues {λj}, that is

C(fj(v)) =

∫
T

C(v, u)fj(u)du = λjfj(v), v ∈ T,

and {ξi} is the family of uncorrelated zero-mean random variables defined by

ξj :=

∫
T

fj(v)(I(v)− µ(v))dv.

The random variable ξj is called the jth principal component and has the max-

imum variance λj out of all the generalized linear combinations of I(v) which

are uncorrelated with ξk (k = 1, .., j− 1). Similarly, fj is called the jth principal

weight function or harmonic factor.

Taking into account that the total variance of {I(v)} is given by

V :=

∫
T

C(v, v)dv =

∞∑
j=1

λj ,

then the ratio λj/V is the variance explained by the jth component.150

In addition, the series (1) truncated in the qth term is the best approximation

of the process (in the least-squares sense) by a sum of q quasi-deterministic

terms [? ]. Therefore the process admits the following principal component

reconstruction:

I(v)q = µ(v) +

q∑
j=1

fj(v)ξj ,

in terms of the first q principal components so that the sum of the variances

explained by them is as close as possible to one.

3.2. Sample FPCA

In practice, to estimate the functional principal components and weight func-

tions we have a random sample of functional data that consists of n reset curves

denoted by

{Ii(v) : i = 1, . . . , n; v ∈ [0, Vi−reset]},
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where Vi−reset is the voltage to reset. In addition, the data consist of discrete

observations of each reset curve Ii(v) at a finite set of current values until the155

Vi−reset point. Concretely, each curve Ii(v) is observed at ki = Vi−reset ∗ 103

discrete equally spaced sampling points vj = j ∗ 10−3 (j = 1, . . . , ki).

In this context, the estimation of FPCA presents two important problems.

On one hand, the reset curves are not defined on the same domain because the

voltage to reset is different among cycles. On the other hand, we only have160

discrete observations of each reset curve at a finite set of current values until

the Vreset point. To solve these problems we propose a novel FDA approach

based on three main steps:

1. Registration of the reset curves in the interval [0,1].

2. Reconstruction of the reset curves by P-spline smoothing on the registered165

data.

3. Functional PCA of the basis representation of reset curves in terms of

P-splines.

Let us now briefly summarize each of these steps.

Registration170

Let us observe that the reset curves have different domains because the

voltage to reset is different among cycles. In this case, the first step in FDA is

curve registration (transforming curves by transforming their arguments (see [?

], Chap. 7, for a detailed description). In this paper we propose to do it in the

simplest way that consists of transforming the domain [0, Vi−reset] of each reset

curve in the interval [0, 1] by the function v/Vi−reset. Then, FDA methodologies

will be performed on the synchronized curves given by

I∗i (u) := Ii(u ∗ Vi−reset) ∀u ∈ [0, 1],

so that

Ii(v) = I∗i (v/Vi−reset) ∀v ∈ [0, Vi−reset].
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This way, for each curve we have a new set of arguments in the interval [0,1]

given by

uij :=
vj

Vi−reset
=

j

ki
(j = 1, . . . , ki).

This means that the sampling points where the registered curves are observed

are different not only in number but also in position.

Basis representation and smoothing

In order to reconstruct the true functional form of registered reset curves

we will assume that they belong to a finite-dimension space spanned by a basis175

{φ1 (t) , . . . , φp (t)}, so that they are expressed as

I∗i (u) =

p∑
j=1

aijφj (u) , i = 1, . . . , n. (2)

The selection of the basis and its dimension p is crucial and must be done ac-

cording to the characteristics of the curves. Useful basis systems are Fourier

basis for periodic data, B-spline basis for non-periodic smooth data with con-

tinuous derivatives up to certain order, and wavelet basis for data with a strong

local behavior whose derivatives are not required [? ? ? ]. Assuming that the

reset curves are smooth and observed with error

I∗ij = I∗i (uij) + εij j = 0, 1, . . . , ki, i = 1, . . . , n,

least squares approximation with B-splines basis is an appropriate choice to

approximate the basis coefficients aij .

A B-spline basis of order p+1 (degree p) generates the space of the splines of

the same degree, defined as curves consisting of piecewise polynomials of degree180

p that join up smoothly at a set of definition knots with continuity in their

derivatives up to order p− 1. A detailed study of these bases can be seen in [?

]. A pioneer work on data analysis with splines was developed by [? ].

In this paper, the iterative definition of B-splines introduced by [? ] is

considered. Denoting the definition knots by t0 < . . . < tm, and extending this185

partition of the domain as t−p < . . . < t−2 < t−1 < t0 < . . . < tm < tm+1 <
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tm+2 < . . . < tm+p, the basis of B-splines of order p+ 1 (degree p) is iteratively

defined by

Bj,p+1 (t) :=
t− tj−2

tj+p−2 − tj−2
Bj,p (t) +

tj+p−1 − t
tj+p−1 − tj−1

Bj+1,p (t)

p = 1, 2, . . . ; j = −1, 0, . . . ,m− p+ 4,

with

Bj,1 (t) :=

 1 tj−2 ≤ t < tj−1

0 otherwise
, j = −1, 0, 1, . . . ,m+ 4.

The curves fitted by ordinary least squares approximation in terms of B-

spline basis are known as regression splines and their main problem is that they190

don’t control the degree of smoothness. Penalized spline smoothers are usu-

ally considered to solve this problem by introducing a penalized least squares

approach that measures the roughness of the curves. Smoothing splines (con-

tinuous roughness penalty) were applied to improve the extraction of threshold

voltage in MOSFETs transistors ([? ? ]). In this paper, P-splines (discrete195

roughness penalty) are used for reconstructing the reset curves. They measure

the roughness of the curves by summing squared d-order differences between

adjacent B-splines and their main advantage is that the number of knots is not

so determinant as in regression splines and can be easily compute ([? ? ]). As

the reset curves are smooth enough to ensure an accurate spline approximation,200

an appropriate alternative to P-splines could be using regression splines and

choosing the dimension of the B-spline basis by cross-validation.

For each reset curve, the basis coefficients of the penalized spline smoother

in terms of B-spline basis functions are computed by minimizing the penalized

least squares error

PMSEd (ai|I∗i ) := (I∗i − Φiai)
′
(I∗i − Φiai) + λa′iPdai,

with I∗i = (Ii1, Ii2, . . . , Iiki
)
′

being the vector of discrete measures of the regis-

tered curve I∗i (u), Φi := (φj (uij))ki×p being the matrix of values of the basis
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functions at the sampling points and Pd :=
(
4d
)′4d with 4d being the matrix205

representation of the d-order difference operator.

Then, the B-spline basis coefficients for each curve are given by

âi = (Φ′iΦi + λPd)
−1

Φ′iI
∗
i .

In general, the knots of a P-spline must be equally spaced and its number

sufficiently large to fit the data and not so large that computation time is unnec-

essarily big. There are some important choices related to the P-spline fitting:

the smoothing parameter, the order of the penalty, the degree of the B-spline210

basis and the number of knots. The simplest and most usual choice for these

parameters that should work well in most applications is using cross-validation

for chosen the smoothing parameter, a quadratic penalty, cubic splines and one

knot for every four or five observations up to a maximum of about 40 knots (see

[? ] for a comparative study of the performance of regression splines, smoothing215

splines and P-splines on simulated and real data).

In order to select the same smoothing parameter for all the n sample paths

we propose to minimize the mean of the leave-one-out cross validation errors

over all sample curves.

The leave-one-out cross validation (CV) method consist of selecting the

smoothing parameter λ that minimizes

CV (λ) =
1

n

n∑
i=1

CVi(λ),

where

CVi(λ) =

√√√√ ki∑
j=0

(
I∗ij − Î∗

−j)
ij

)2
/(ki + 1),

with Î∗
−j)
ij being the values of the i -th sample path estimated at time tij avoiding220

the j -th time point in the iterative estimation process.

A computationally simplest approach very used in the literature about smooth-

ing splines is generalized cross-validation (GCV) [? ]. The GCV method consist
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of selecting λ which minimizes

GCV (λ) =
1

n

n∑
i=1

GCVi (λ) ,

where

GCVi (λ) =
(ki + 1)MSEi (λ)

[trace (I −Hi (λ))]2
,

with MSEi (λ) = 1
n

∑ki

j=0

(
I∗ij − Î∗ij

)2
, Hi (λ) = Φi (Φ′iΦi + λPd)

−1
Φ′i, Φi

being the B-spline basis evaluated at the observation knots and Pd the discrete

penalty matrix.

As alternative to the methodology exposed above, the relation between P-225

splines and BLUP (best linear and unbiased predictor) in a mixed model allows,

in some cases, to use the existing methodology in the field of mixed models in

order to select a common smoothing parameter for all curves. In fact, this idea is

based on writing a non-parametric or semi-parametric model as a mixed model [?

? ]. Using the mixed model framework it is possible to estimate the smoothing230

parameter together with the rest of the parameters of the model, instead of

using cross validation algorithms. The standard method for the estimation

of variance components in mixed models is the restricted maximum likelihood

method (REML).

Sample estimation235

The sample estimate of the j-th principal component score associated with

the registered reset process is given by

ξ̂∗ij :=

∫ 1

0

(
I∗i (u)− Ī∗(u)

)
f̂∗j (u) du, i = 1, . . . , n,

where Ī∗(u) is the sample mean function

Ī∗(u) :=
1

n

n∑
i=1

I∗i (u),

and the weight functions f̂∗j are the eigenfunctions of the sample covariance

operator Ĉ∗. That is, the solutions to the second order eigenequation

Ĉ∗(f∗j )(u) =

∫ 1

0

Ĉ∗ (u, v) f̂∗j (v) dv = λ̂∗j f̂
∗
j (u),
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PC Percentage of variance

1 97.2723

2 2.3562

3 0.2344

4 0.0989

Table 1: Percentages of variance explained by the first four principal components of P-spline

smoothing on the registered reset curves.

where Ĉ∗ (u, v) is the sample covariance function

Ĉ∗(u, v) :=
1

n− 1

n∑
i=1

(I∗i (u)− Ī∗(u))(I∗i (v)− Ī∗(v)).

Then, an approximation of the sample curves is computed by truncating the

KLE in terms of the first q principal components

I∗
q

i (u) = Ī∗(u) +

q∑
j=1

ξ̂∗ij f̂
∗
j (u) ,

whose explained variance is given by
∑q

j=1 λ̂
∗
j .

Let us consider that the registered sample paths are expressed in terms of

basis functions as in 2 and let us denote by A = (aij)n×p the matrix of basis

coefficients. Then, the principal component weight function f̂∗j admits the basis

expansion

f̂∗j (u) =

p∑
k=1

bjkφk (u) ,

and FPCA is equivalent to multivariate PCA of matrix AΨ
1
2 [? ], with Ψ

1
2

being the squared root of the matrix of inner products between basis functions

Ψ := (Ψij)p×p :=
∫
T
φi (u)φj (u) du.

Then, the vector bj of basis coefficients of the j-th principal weight function240

is given by bj = Ψ−
1
2uj , where the vectors uj are computed as the solutions

to the eigenvalue problem n−1Ψ
1
2A′AΨ

1
2uj = λ∗juj , where n−1Ψ

1
2A′AΨ

1
2 is the

sample covariance matrix of AΨ
1
2 .
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Figure 3: Sample of 3057 reset curves obtained for the same device under successive set-reset

cycles registered in the interval [0,1].

4. Results and discussion

In order to estimate the principal component decomposition of the reset

process previously developed, we have a sample of 3057 reset current-voltage

curves obtained for the same device under successive set-reset cycles

{Ii(v) : i = 1, . . . , 3057},

observed at the voltage points vj = j ∗ 10−3 (j = 1, . . . ) until the filament245

rupture that defines the end of the domain given by the reset voltage Vi−reset.

FPCA of the reset process is estimated by following the three steps described in

previous section. First, sample reset curves are registered in the interval [0,1].

All the registered curves are displayed in Figure 3. The sample mean function

(left) next to pointwise confidence bands are displayed in Figure 4. Second, P-250

spline smoothing on the registered discrete data is performed for each of the reset

curves in terms of a basis of cubic B-splines defined on 17 equally spaced knots in

the interval [0,1]. And third, functional principal components are computed by

multivariate PCA on the matrix of basic coefficients appropriately transformed.

The principal component weights associated with the first four principal
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Figure 4: Functional mean of reset curves and confidence bands computed as ± 2 times the

standard deviation at each current.

components are shown in Figure 5. The percentages of variance explained by

the first four principal components are given in Table 1. Let us observe that only

the first principal component explains more than a 97% of the total variability

of the reset process. Because of this, the principal component decomposition

of the registered reset curves can be truncated in the first term providing the

following model:

I∗
1

(u) = Ī∗(u) + ξ∗1f
∗
1 (u) , u ∈ [0, 1],

where ξ∗1 is an scalar random variable (first principal component score) and f∗1255

is a deterministic function (principal component weight curve). The accurated

reconstruction given by this principal component decomposition can be seen in

Figure 6 where some of the registered curves are approximated in terms of the

first principal component. One of the main advantages of this simple linear

representation of the reset process is that it could be used for circuit simulation260

if the distribution of probability of the first principal component is known.

In order to fit a probability model to the scores of the first principal compo-

nent, the histogram of frequencies related to those scores can be seen in Figure

7 (left panel). This distribution presents a clear skewness to the left, and then

some transformation should be considered in order to fit this data by a known265
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Figure 5: First four principal components weigh functions of the registered curves.

distribution. After some trials, the transformation 1/(ξ∗1 + 1) has been consid-

ered. The corresponding histogram of frequencies is shown in Figure 7 (right

panel).

Taking into account the new transformed data, distributions such as Gamma

or Log-normal have been considered without success.270

Finally, a Gumbel distribution was considered so that the Kolmogorov-

Smirnov goodness-of-fit test provides a P − value = 0.06. Then, with a sig-

nificance level of 5%, a Gumbel distribution can be accepted to model the first

p.c. scores. The ML estimation of its parameters is µ = 0.99992, β = 0.00014,

with µ and β being the location and scale parameters, respectively. This fit has275

been represented in Figure8.

5. Conclusions

Resistive Random Access Memories (RRAMs), based on the resistive switch-

ing of transition metal oxide films (TMOs), is one of the strongest candidates
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Figure 6: P-spline smoothing of some reset curves (black line) superposed with their recon-

structions (red broken line) in terms of the first p.c. (left) and the first two pc’s (right).
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Figure 7: Histogram of absolute frequencies related to the scores of the first functional principal

component with and without transformation (right and left panels, respectively).

for future nonvolatile applications due to their good scalability, long endurance,280

fast switching speed, and ease of integration in the back end of the line of CMOS

processing.

This paper introduces a new method to model RRAM devices that can easily

account for their current calculation and their statistical variability description.

The methodology is based on a powerful tool of functional data analysis that285

allows the device current calculation making use of just one random parame-

ter. A three step procedure based on curve registration, basis representation

by P-spline smoothing and FPCA orthogonal decomposition, is developed. In

this manner, previous complicated compact models for RRAMs can be sim-

plified. In addition, variability, a key issue to take into consideration prior to290

industrial use of RRAMs, can be analyzed in an intuitive way, considering a

probability function to describe accurately the distribution of the only parame-

ter employed in the model. This new implementation represents a step forward

in the simplicity-accuracy dilemma that is always presented in the compact

modeling context since a reasonable accuracy has been obtained with just one295

parameter. Two random parameters can be used if a more restrictive fitting
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Figure 8: Density function fitted from a Gumbel distribution with parameters µ =

0.99992, β = 0.00014, with µ and β being the location and scale parameters, respectively.

process is needed; nevertheless, two parameters is also a low number compared

to the set of parameters employed in other modeling approaches. Further re-

search studies focused on the physical meaning of this parameter and other

higher order principal components can be easily performed by employing this300

new technique. Other lines of future research will be based on using advanced

functional regression models (functional principal component and partial least

squared regression [? ], functional logit regression [? ], functional analysis of

variance [? ], ...) for modelling important scalar variables related with the

design of RRAM devices.305
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