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Abstract

We study the non-extensive Tsallis statistics and its applications to QCD and high energy physics, and analyze the
possible connections of this statistics with a fractal structure of hadrons. Then, we describe how scaling properties of
Yang-Mills theories allow the appearance of self-similar structures in gauge fields, which actually behave as fractals.
The Tsallis entropic index, q, is deduced in terms of the field theory parameters, resulting in a good agreement with
the value obtained experimentally.
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1. Introduction

The description of Quantum Chromodynamics
(QCD) in the hot and dense regimes has experienced im-
portant advances in recent years. The study of hadronic
systems in a medium has motivated the introduction of
several approaches, including lattice studies [1], chi-
ral quark models [2], and hadron resonance gas (HRG)
models [3, 4]. The latter are based on the findings
of R. Hagedorn, who proposed a self-consistent ther-
modynamical approach to QCD formulated in terms of
Boltzmann-Gibbs (BG) statistics [5, 6], allowing a de-
scription of the confined phase as a multi-component
gas of non-interacting massive stable particles. In spite
of its remarkable success to describe the equation of
state of QCD, when confronted to pp experimental
data, the Hagedorn’s approach led to some discrepan-
cies that motivated a modification in the formalism.
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Tsallis statistics was introduced as a generalization of
BG statistics by considering a non-additive form of en-
tropy, and it has found wide applicability in the last few
years apart from high energy physics, see e.g. [7, 8].

On the other hand, fractals are complex systems with
internal structure presenting self-similarity [9]. One im-
portant aspect of fractals is the fractal dimension, which
describes how the measurable aspects of the system
change with scale. A direct consequence is the power-
law behavior of distributions observed for fractals.

The goal of this manuscript is to show the link be-
tween Tsallis statistics, fractals and renormalization
group (RG) invariance of Yang-Mills field (YMF) theo-
ries, with applications to the phenomenology of QCD.

2. Tsallis statistics in high energy physics

When the Hagedorn’s approach was applied to pp
collisions, it predicted the transverse momentum distri-
bution of the particle production of hadrons, given by

d2N

dp⊥dy
= gV

p⊥m⊥
(2π)2 e−m⊥/(kBT ) , (1)
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Figure 1: Fitting of the experimental data for p⊥ distribution of the
abundance of different hadron species, by considering the Tsallis fac-
tor of Eq. (2). The NESCT fits well data over 15 orders of magnitude.

where g is a constant, V is the volume of the system,
m⊥ = (p2

⊥ + m2)1/2, y is the rapidity, and kB is the Boltz-
mann constant. However, this exponential distribution
in energy and momentum turned out to be in disagree-
ment with experimental data, as these tend to behave in-
stead as a power-law, cf. Fig. 1. The non-extensive self-
consistent thermodynamics (NESCT) was proposed as
an extension of the Hagedorn’s theory to non-extensive
statistics [10], and it was based on the Tsallis factor

P(ε) = A
[
1 + (q − 1)

ε

kBT

]− 1
q−1

, (2)

instead of the exponential BG factor, PBG(ε) = e−ε/(kBT ).
This extended theory allowed to reproduce the distribu-
tion of all the species produced in pp collisions with
high accuracy, cf. Fig. 1, leading to q = 1.14 ± 0.01
and T = 62 ± 5 MeV [11, 12]. Moreover, the NESCT
predicts a power-law behavior for the hadron spec-
trum ρ(m) = ρo ·

[
1 + (q − 1) m

T

]1/(q−1)
[10]. A nu-

merical comparison with the hadron spectrum from the
PDG [13], leads to an important improvement with re-
spect to the distribution ρ(m) = ρ0 · em/TH proposed by
Hagedorn, specially at the lowest masses, cf. Ref. [11].

3. Tsallis statistics and QCD thermodynamics

Tsallis statistics is a generalization of BG statistics,
where the entropy is given by [14]

S q = −kB log(−)
q p(x) , (3)

where p(x) is the probability of x to be observed, and
q is the entropic index. This leads to a non-extensive

thermodynamics that is described in terms of the q-
exponential, e(±)

q (x) = [1 ± (q − 1)x]±1/(q−1), and q-
logarithmic, log(±)

q (x) = ±(x±(q−1)−1)/(q−1), functions.
A direct consequence of Eq. (3) is the non-additivity of
entropy, since for two independent systems, A and B,
the entropy of the combined system is

S A+B = S A + S B + k−1
B (q − 1)S AS B , (4)

where q measures the degree of non-additivity. As q →
1 the BG statistics is recovered. This formalism has
been applied to QCD at finite temperature and chemical
potential. The grand-canonical partition function for a
non-extensive ideal quantum gas is given by [15, 16]

log Zq(V,T, µ)

= −ξV
∫

d3 p
(2π)3

∑
r=±

Θ(rx) log(−r)
q

e(r)
q (x) − ξ

e(r)
q (x)

 , (5)

where x = (Ep − µ)/(kBT ), Ep is the particle energy, µ
is the chemical potential, ξ = ±1 for bosons(fermions),
and Θ is the step function. Tsallis statistics has been
used to successfully describe the thermodynamics of
QCD in the confined phase by using the HRG ap-
proach [6]. In this approach, the partition function is

log Zq(V,T, {µQ}) =
∑

i∈hadrons

log Zq(V,T, µQi ) , (6)

where µQi refers to the chemical potential of charge Q
for the i-th hadron. The states are usually taken as the
conventional hadrons listed in the review by the Parti-
cle Data Group (PDG) [13]. Using the arguments of
Refs. [17, 18], the phase transition line in the T − µB

diagram, with µB the baryonic chemical potential, can
be determined by the conditions 〈E〉/〈N〉 ' 1 GeV or
s/T 3 ' 5. The results, displayed in Fig. 2, show that
the freeze-out line spams over the region of 0 < µB <
1039.2 MeV, with an inflection for µB ∼ 0.9 GeV re-
lated to the sharp increase in the baryon density as µB

approaches the proton/neutron mass mp,n ' 0.94 GeV.

4. Thermofractals

The emergence of the non-extensive behavior has
been attributed to different causes: i) long-range inter-
actions, correlations and memory effects [19]; ii) tem-
perature fluctuations; and iii) finite size of the system.
We will study in this section a natural derivation of non-
extensive statistics in terms of thermofractals.
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Figure 2: Chemical freeze-out line T = T (µB). We plot the result by
using BG statistics, and Tsallis statistics with q = 1.14.

4.1. Fractals and self-similarity

Fractals are defined in terms of their self-similar
properties at different scales. A scaling transformation
changes the size of a physical system by a scaling fac-
tor, λ, leading this to some specific behaviors with λ of
the physical quantities characterizing the system. On
the other hand, a self-similar system is a system which
is similar to a part of itself. If length is reduced by the
scaling factor as `(λ) =

`0
λ

, then a system can be filled
by N smaller self-similar systems, where N(λ) = N0λ

D.
The fractal dimension, D, is then defined as

D = lim
λ→∞

log N(λ)
log λ

. (7)

A classical example of fractal is the length of coastlines,
as it depends on the resolution, i.e. L(λ) = N(λ)`(λ) =

L0 · λ
D−1, where L0 = N0`0 is the measured length at

some initial resolution. One can see that the increase of
L with λ is indicative of a fractal dimension D > 1.

4.2. Thermofractals

These are systems in thermodynamical equilibrium
presenting the following properties [20]:

(i) Total energy is given by U = F + E, where F is
the kinetic energy, and E is the internal energy of
N constituent subsystems, so that E =

∑N
i=1 ε

(1)
i .

(ii) The constituent particles are thermofractals. This
means that the energy distribution PTF(E) is self-
similar, i.e. at level n of the hierarchy of subsys-
tems, PTF(n)(ε) is equal to the distribution in any
other level, PTF(n)(ε) ∝ PTF(n+m)(ε).

In thermofractals, the phase space must include momen-
tum d.o.f. (∝ f (F)) of free particles as well as internal

d.o.f. (∝ f (ε)). According to property (ii) of self-similar
thermofractals, the energy distribution is given by

PTF(0)(U)dU = A′F
3N
2 −1e−αF/(kBT )dF

[
PTF(1)(ε)

]ν dε (8)

with α = 1 + ε
(kBT ) and ε

kBT = E
F , and ν should be de-

termined. By imposing PTF(0)(U) ∝ PTF(1)(ε), one finds

PTF(n)(ε) = A(n) ·

[
1 + (q − 1)

ε

kBτ

]− 1
q−1

. (9)

The distribution of thermofractals then obeys Tsallis
statistics with q− 1 = 2(1− ν)/(3N) and τ = N(q− 1)T .

5. Fractal structures in Yang-Mills fields

We have discussed in previous sections that QCD can
be described by Tsallis statistics, and that thermofrac-
tals obey this statistics. We will address now whether it
is possible a thermofractal description of YMF theory.

5.1. Renormalization of gauge fields
The YMF theory was shown to be renormalizable in

Ref. [21]. This means that vertex functions, that are
regularized to avoid the ultraviolet divergences, are re-
lated to the renormalized vertex functions, Γ(p,m, g) =

λ−DΓ(p, m̄, ḡ), where m̄ and ḡ are renormalized pa-
rameters, and λ is a scale transformation parameter,
i.e., pµ → p′ µ = λpµ [22, 23]. This property is
described by the RG equation, also known as Callan-
Symanzik (CS) equation [24, 25][

M
∂

∂M
+ βḡ

∂

∂ḡ
+ γ̄

]
Γ = 0 , (10)

where M is the scale parameter of the theory, and the
beta function is defined as βḡ = M ∂ḡ

∂M . As it is shown
in Fig. 3 (left), RG invariance means that, after proper
scaling, the loop in a higher order graph in the pertur-
bative expansion is identical to a loop in lower orders.
This is a direct consequence of the CS equation, and it
is indicative of self-similar properties of gauge fields.

A physical situation in which these self-similar prop-
erties emerge is in multiparticle production in pp colli-
sions [26]. We show in Fig. 3 (right) a typical diagram in
which two partons are created in each vertex. The line
of the respective field represents an effective particle,
and the vertices are related to the creation of an effec-
tive parton. Another example is the hadron structure: as
in multiparticle production, too many complex graphs
should be considered when studying the hadron at a
high resolution [26]. Then, calculations are limited ei-
ther to the first leading orders, or to lattice QCD.
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Figure 3: Left panel: Diagrams showing the scaling properties of
YMF. It is shown the loops at different orders in the perturbative ex-
pansion. Right panel: Diagrams of multiparticle production in pp
collisions. The initial parton (first black line from the left) may be con-
sidered as a constituent of another parton (first red line from the left).
The circles indicate the effective vertex couplings, given by Eq. (15).

5.2. Fractal structure of gauge fields

We will consider that at any scale the system can
be described by an ideal gas of particles with different
masses, i.e. masses might change with the scale. Let us
study the time evolution of an initial partonic state

|Ψ(t)〉 = e−iHt |Ψo〉 . (11)

We will introduce two different bases: i) |Ψn〉 represent
states with n interactions, and ii) |ψN〉 are states with
N partons. The number of particles in the state |Ψn〉 is
not directly related to n, since there might by annihila-
tion of particles at any order. We will denote by Ñ the
number of particles created or annihilated at each inter-
action. Let us study the probability to find a state with
one parton with mass between mo and mo + dmo, and
momentum between po and po + dpo. This is given by

P̃(ε)d4 p0dE ≡ 〈γo,mo, po, . . . |Ψ(t)〉

=
∑

n

∑
N

〈Ψn|Ψ(t)〉 〈ψN |Ψn〉 〈γo,mo, po, . . . |ψN〉 . (12)

The factor 〈Ψn|Ψ(t)〉 = GnP(E)dE is related to the prob-
ability that an effective parton with energy between E
and E+dE and probability distribution P(E), will evolve
in such a way that at time t it will generate an arbitrary
number of secondary effective partons in a process with
n interactions. The bracket 〈ψN |Ψn〉 '

n�1

(
N

n(Ñ−1)

)4
is the

probability to get the configuration with N particles af-
ter n interactions. Finally, the last bracket can be cal-
culated statistically, leading to the following result [27]

〈γo,mo, po, . . . |ψN〉 = A(N)PN

(ε j

E

)
d4

( p j

E

)
, (13)

with A(N) = 1
8π

Γ(4N)
Γ(4(N−1)) and PN(x) = (1 − x)4N−5, while

pµj is the four-momentum of particle j inside the system

of N particles, and ε j = p0
j . Let us consider that the sys-

tem with energy E in which the parton with energy ε j

is one among N constituents, is itself a parton inside a
larger system with energyM. Then self-similarity im-
plies that P̃

(
ε j

E

)
∝ P

(
E
M

)
, and it can be shown that

P
(
ε

λ

)
=

[
1 + (q − 1)

ε

λ

]− 1
q−1

, (14)

where q − 1 = (1 − ν)/(4N − 5), and λ = (q − 1)Λ
is a reduced scale. This power-law distribution corre-
sponds to the one derived in Eq. (9) for thermofractals,
cf. [20, 28]. Notice that Eq. (14) describes how the en-
ergy received by the initial parton flows to its internal
d.o.f.. This suggests that at each vertex, this distribution
plays the role of an effective coupling (cf. Fig. 3 (right))

ḡ =

Ñ∏
i=1

G
[
1 + (q − 1)

εi

λ

]− 1
q−1

. (15)

5.3. Beta function: determination of q
The renormalized vertex functions together with the

CS equation were used to derive the beta function of
QCD, leading to the 1-loop result [29, 30]

βQCD = −
1

16π2

[
11
3

c1 −
4
3

c2

]
ḡ3 , (16)

where c1 = Nc and c2 = N f /2. The beta function
derived within our formalism can be computed as fol-
lows. Let us consider a vertex in two different orders,
cf. Fig. 4. From a comparison of the vertex function at
scale λo, i.e. Γo = 〈γ2 p2, γ3 p3|ḡ(λo) e−iHot |γ1 p1〉, with
the vertex function at scale λ which contains one addi-
tional loop, Γ, one can identify the effective coupling ḡ.
By using the result of Eq. (15) with λ = λo/µ, where µ is
a scaling factor, together with previous considerations,
one can calculate the 1-loop beta function, leading to

βḡ = µ
∂ḡ
∂µ

= −
1

16π2

1
q − 1

gÑ+1 , (17)

with Ñ = 2 in YMF theory. By comparing with the
QCD result of Eq. (16), one obtains q = 1.14 when us-
ing Nc = N f /2 = 3, in excellent agreement with the
experimental data analyses discussed in Secs. 2 and 3.

6. Applications

The main problem is to verify to what extent the frac-
tal structure can describe experimental data in high en-
ergy physics. One of the most used techniques to unveil
fractal dimensions from p⊥ distributions [12, 31, 32] is
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Figure 4: Vertex functions at scale λo (left) and λ (right).

the intermittency analysis. Let N(y) be the rapidity dis-
tribution, let k denote the number of particles detected in
a narrow window δy in one event, and let Qk be the num-
ber of times that the multiplicity k recurs in N events.
One can define the moments of order q̃ by

Gq̃ =

∑∞
k=0 kq̃Qk(∑∞
k=0 kQk

)q̃ ∝ δy
(q̃−1)D , (18)

where D is the Hausdorff fractal dimension. The analy-
sis of these moments leads to D = 0.65 [33–38]. From
the thermofractal structure it can be obtainedN ∝ ED−1,
leading to D = 0.69 when q = 1.14 is considered, in
agreement with the intermittency analysis, cf. Ref. [20].

The application of the NESCT to systems with fi-
nite chemical potential has allowed the application of
the thermodynamics properties of hadrons to the study
of neutron stars [39, 40]. It is found that the inter-
nal temperature of the stars decreases with the increase
of q. This aspect may have important consequences
when the star evolves from a hot and lepton rich ob-
ject to a cold and deleptonized compact star. Finally,
the hadron structure can benefit from the thermofractal
theory presented here. Some models have already used
Tsallis statistics to introduce the fractal aspects of QCD
in the description of hadron structure [41, 42].

7. Conclusions

We have investigated the structure of a thermodynam-
ical system presenting fractal properties showing that it
naturally leads to Tsallis non-extensive statistics. By us-
ing a formalism that reflects the self-similar features of
fractals, we have shown that renormalizable field theo-
ries can lead to fractal structures. Within this picture, we
have computed the effective coupling and the beta func-
tion of QCD, giving a prediction for the entropic index,
q, which is in good agreement with the value obtained
by fitting Tsallis distributions to experimental data. Be-
yond the phenomenological success of this description,
let us remark that self-similarity in gauge fields leads to
interesting properties, as e.g. fractal structure, recursive

calculations at any order, reconciliation of Hagedorn’s
theory with QCD, and fractal dimension in multiparti-
cle production (see Ref. [43] for a recent review). The
study of all these features deserves further investigation.
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